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SUMMARY

The theoretical and experimental aspects of the project have been
closely coordinated in keeping with the underlying philosophy of this project.
Substantial progress has been made theoretically on the development of the
Kramers-Kronig (Hilbert) transforms and their application to optical data.
-Kramers-Kréﬁig analysis of optical reflectivity data has been used extensively -
in the literature although the reliability of this analysis until now has been
questionable. We are now in a position ‘to anaiyze optical reflectivity data
on single crystals and thin films,and determine the fundamental optical
constants, n and k, with a reliability and accuracy well beyond that availabTle
in the past.

In addition, computer programs are under development which will delineate
the optimum experimental cciiditions and will perform analysis of the optical
constants of thin films from transmission data.

Basic to this program is a comparison of the properties of materials in
single crystal and amorphous form. The growth of large single crystals of
several compounds and their solid solutions has been successfully accomplished
and a considerabie amount of optical data has been amassed on these crystals.

> A very significant finding has-been that the standard method of preparing
the amorphous forms of the Group V-VI compounds by vacuum evaporation from the
compound is very unreliable from the compositional viewpoint. It appears pro-
bable that no data has ever been reported on truly "§b25e3"'amorphous films,
despite considerable literature on the subject. Several approaches have been
taken, or are under development, which have yielded amorphous SbéSe3 films.

Initial Mossbauer studies have shown that the Sb atoms in amorphous

Skaey (x <2, y>3) films differ in environment from the single crystal

form and therefore appear to be amorpoous rather than micrecrystalline.




Highlights in the optical studies to date are: the band gap in SbZSe3
appears to be due to a direct transition; plasma resonance frequencies can
be accurately determined by thermoreflectance data; photon counter techniques
show great promise in determining the critical points in band structurep o~
measurement of the phase shift between the incident radiation and the photo-
response is a powerful technique for determining the spectral dependence of life-
time and thus can yield fundamental data on differences between the amorphous
and single crystal forms of a material (eg. Se); contacts do not influence the
spectral response of Sb25e3 provided that they are shielded from the incident
radiation.

We feel that a good start has been made in the past four months on a
broad systematic approach toward the understanding of the electrical and optical
properties of the Group V-VI amorphous semiconductors. A better understanding

of the basic properties of these amorphous materials should lead to improved,

more reliable and new device applications.
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THEORETICAL RESEARCH

The theoretical research accomplished during the firsi four months of the
contract period has been substantial. The work on Kramers-Krgnig (Hilbert)
transforms is essentially complete and. is to be detailed in two papers, the
first of which is now_being submitted for publication (Appendix 1). The
second, which contains the specifics of applying the technique to optical
properties, i.e. to obtaining the optical functions of a system from normal
incidence reflectivity data is in preparation for submission. It appears
that the method of carrying out Kramers-Krbnig transforms which has been
adopted in this work is extremely accurate and that it can be of great value
for the analysis of data as well as for obtaining liilbert transforms which
are of interest in applied solid-state theory such as those of densities of
states calculated by Monte-Carlo techniques. These are of interest in im-
purity problems.

There is underway another effort dealing with analysis of optical data.
In this instance we are attempting to construct computational techniques to
extract the optical constants of thin films upon non-absorbing substrates
from normal-incidence reflectivity and transmissivily measurements. This
is « problem which has, in our opinion, never been satisfactorily resolved
although much effort has been expended toward its solution. It appears that
measurements upon at least two systems of differing thickness and a fitting
technique which includes interference exactly in some spectral regions is
necessary for the proper resolution of the optical constants of the thin film
materials with which we are concerned. In other spectral regions it appears

possible to neglect interference and to sum up the multiple reflections in




intensity in order to find n and k. There are, in addition, spectral regions
in which interference is not resolvable and the exact equations may be
appropriately averaged. Computational codes for dealing with this important
data reduction problem are in development.

There is fontinu1ng work on the electronic structure of amorphous solids.
The preliminary calculation on Ge indicated that great care must be taken in
the construction of ensemble-averaged structure factors for amorhpous systems
in order to eliminate spurious energy eigenvalues from the final results (i.e.,
energy eigenvalues which appear in the solution for the amorphous system but
do not converge to the proper solutions in the extreme crystalline 1limit).
Presently the problem is being reformulated in the Wannier (real-space)
representation in terms of the real-space pair-correlation function. The
same techniques for averaging computationally over an ensemble of lattice
configurations are being used. It is expected that this reformulation of the
problem will lead to proper behaviour of the solutions in the extreme limits

of the crystalline and random lattices.
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MATERIALS PREPARATION

A) Single Crystals

No difficulties have been experienced with growing large single crystals
of SbyoTez and SboSes. A simple horizontal zone-refiner with background
heating to prevent dissociation of the compound during melting is being used
to grow the crystals. The shape of the freezing interface can be seen and
controlled for self-seeded single crystal growth.

Growth of Sb,S3 has proved to be more difficult due to the high dissociation
vapor pressure of S over the melt. A vertical zone-refiner and a vertical
Bridgman furnace with an extremely sharp temperature gradient have been
constructed. It is expected that one of these will prove suitable for the
growth of single crystal Sb253.

B) Amorphous Thin Films

An amorphous thin film can be readily prepared by vacuum evaporation from
a source of Sb25e3 on to a room-temperature substrate. This is the standard
procedure reported in the literature. However, we have found by chemical and
x-ray emission analysis that the resulting compositions of the films deviate
considerably from stoichiometry, generally on the Se-rich side and with the
composition depending greatly on the temperature of the evaporation boat. Since
there is considerable data in the literature on so-called amorphous "Sb25e3"

films, it is of considerable interest, therefore, to examine the optical

properties of amorphous Films of the Sb-Se system as a function of Sb to Se

ratio.
T
The type of apparatus used for our evaporation experiments was developed ]
prior to the contract and is generally described in the attached publication f%
(Appendix 2) with the main difference being that the substrate temperature can %‘
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be controlled down to ligq. N2 temperatures by insertion of a copper cold
-fi%ger into the system.

We have found that Se is preferentially evaporated at Tow source
temperatures - particularly below the melting point of the source material
~ 610°C). Films approaching stoichiometry have been made by

(mp. of Sb_Se
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raising the source temperature to 700°C, i.e. well above the melting point
and well above that required for fast rates of depositions; but the films,
although less Se rich than at lower temperatures, were still in the range
beSey (where x << y). The results suggest that Sb25e3 does not evaporate
as a molecular species. However, the lack of stoichiometry in the films may
be partly a sticking coefficient problem; thus a comparison of composition as
a function of substrate temperature will be tried and should help elucidate
this effect.
Currently, experiments are underway to use large evaporation sources
rich in Sb, eg. SbSe, and to examine the stoichiometry of the films as a
function of subsequent depositions keeping the source temperature fixed at
~6500C. Initial results show some success by this approach. A thick film
(~20u) of Sb,Se; composition has been prepared and will be used in the Moss-
bauer experiments.
An alternative approach to obtain stoichiometric films is being tried,
namely, coevaporation of Sb and Se in an ion-pumped bell-jar system with the
relative rates of evaporation being controlled by quartz-crystal oscillators.
Early difficulties in rate fluctions appear now to be resolved and again
early indications are that films of controlled stoichiometry can be prepared
by this technique. 4
A third approach to be tried is to prepare amorphous films by sputtering, E

and a system has been designed to accomplish this. Correspondence between




source and deposited film is expected by first allowing equilibrium conditicns
to be maintained before exposing the substrate to deposition (1),(2),(3).

R. F. Sputtering will be employed to clean the fused quartz substrates before
deposition of the film.

C) X-ray Emission Analysis

A Norelco Vacuum X-ray Spectrograph with LiF analyser and Cu-target
has been employed to analyse the composition of our evaporated films. The
intensities of the Kal and K, lines of Sb and Se were measured to determine
the Sb:Se ratio in the films. This is not a reliable absolute method of
analysis and therefore it is essential to prepare standards for analysis and,
because of reabsorption of the characteristic emmitted x-rays, it is essential
that these standards are of a form closely approximating to that of the material
to be analyzed.

Standards for analysis were prepared by heating weighed amounts of Sb
and Se in a flat-bottomed evacuated quartz capsule placed in a rocking furnace.
The charge was quenched onto the flat-bottom section and thus approximated in
geometry to the thin evaporated film samples. Despite extreme quenching
conditions (i.e. quenching into a super-saturated salt-water solution held near
solid 002 temperatures) the resulting discs of beSey compositions were always
crystalline showing that vapor quenching is much more effective in producing
amorphous material. Since the x-ray emission intensities are thickness
dependent, reliable analysis can only be obtained on very thick or very thin

samples.



STRUCTURAL INVESTIGATIONS

A) Mossbauer Studies

Mossbauer studies using a high intensity Sb source have been carried out™
on two powdered samples of single-crystal Sb25e3 and on two amorphous films
of SbXSey, vacuum deposited onto fused quartz substrates. Very thick (~ tens
of microns) samples of beSe.y were prepared for these experiments in order to

2 for these measurements. Diffi-

obtain the optimum content of % mg of Sb per cm
culty experienced in the thick films peeling from the substrate was overcome
by reducing the size of the source aperture thus slowing the evaporation rate.

The single crystal samples showed Mossbauer spectra which could be fitted
only by postulating two sites for the Sb atoms, which is consistent with
crystallographic data. For the amorphous films a single Sb site fit was ob-
tained showing that the very short range order differs significantly in the
amorphous form, i.e. the films cannot be regarded as microcrystalline. It should
be noted that these films were of the conventional amorphous variety i.e. non-
stoichiometric composition. A further thick film sample has been prepared
which appears from x-ray emission data to be Sb25e3 and this will be Mossbauer
analyzed shortly.

A further Mossbauer study, to be carried out in our laboratories, has been
designed to clarify the role of Sn in ASZSe3SnX-glasses on the composition de-
pendence of electrical conductivity and microhardness. A model in which a SnSez-
type bond is replaced by a SnSe-type bond, as the concentration of tin increases,
has been postulated by Shkol'nikov (4) to explain hardness and conductivity
changes. Borisova et al (5) conclude in a recent Mossbauer study that the only

sn#* occurs and that Sn is bonded only to Se; however, an examination of their

data leads us to conclude that a distribution of ionic states is present which

* In collaboration with Dr. Stén Ruby of Argonne National Laboratory.




could, in fact, be that predicted by Shkov'nikov. Further, Borisova et al

do not find the correlation of intensity with coordination number previously
found in glasses.(6) The Mossbauer experiments on AsZSe3Snx-glasses will be
repeated with narrower source lines and better statistics to determine the
degree of local order and the distribution of ionic states of Sn. A test

of the relationship of Mossbauer intensity to coordination will also be made.

B) X-ray Studies

The experimental equipment consisting of a Laue camera, a Weissenberg
and precession camera, in connection with a Norelco generator, has been
set up for investigating the SbZTe3_xSex system. In addition to verifying
and possibly refining the exact structure of Sb_Te_,k by x-ray data, it is of

2 3
particular interest, to study the changes in the structure due to incorporation
of Se atoms. The question of the specific 6rder1ng is of great importance
since it has a strong influence on the transport properties.

According to Teramoto and Takayangi (7) in the Sb2Te3_xSex solid
solutions 2/3 of all Te atoms can be replaced by Se without changes of the
rhombohedral (hexagonal) structure. Due to the smaller atomic radius of Se,
the lattice dimensions of a and ¢ decrease with increasing amounts of Se.

When 2/3 of the Te atoms are replaced by Se, the lattice constant change
amounts to about 4% for a and 3% for c. The antimony may go intn either the c
or a posfitions or be statistically distributed into both. Since the atomic
scattefihg factors of Te and Se vary considerably, the scattering amplitude
will differ considerably for these various possibilities. Once the correct
model is established, the parameters can be refined by a least squares method

using the intensities of all reflections. Changes of inter-atomic distances

will be ¢orrelated with transport properties.

ok



OPTICAL PROPERTIES

Work related to this program on the properties and growth of Group
V-VI compounds was already underway before the commencement of this contract.
In particular, a large amount of work on the growth of single crystals of

Sb Te3 - Sb25e3 solid solutions together with the measurements of their optical

2
properties, was nearing completion. However, analysis of the data was
carried out under the contract and the results of this work have been accepted
for publication (Appendix 3).
A) Reflectivity

The optical reflectance and transmission of single crystal specimens of
solid solutions of the szTe3_xSex compounds were investigated in the photon
energy range 0.04 eV to 6.5 eV. A wide range of solid solutions from x = 0

to 2 were prepared all having rhombohedral structure and were found to exhibit
properties closely corresponding to the isostructural compounds BezTe3, 812$e3.
Small indirect band gaps approaching semimetallic values were obtained for all
compositions. The high free-carrier concentrations gave rise to plasma

effects in the near infra-red. The chemical bonding concepts applied to similar
systems seemed applicabie with only slight modification.

A result of some significance to this program was that both the reflectivity
and transmission data show that the absorption edge of orthorhombic Sb,Seq
corresponds to direct transitions, at least for non-polarized light perpendicular
to the cleavage plane, i.e. with the electric vector parallel to the (a) and (c)
directions. This is in contrast to the assignment of an indirect transition by
Shutov et. al. (8) and is of utmost importance for future comparisons of the
band structure of Sb,Se, in the amorphous and crystalline form.

2773
Experiments are currently underway to measure the reflectivity and
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transmission data as a function of polarized light in the three primary
crystallographic orientations of Sb25e3. Some difficulty has been experienced

in preparing good reflectivity surfaces cut perpendicular to the cleavage

plane, or thin optical transmission samples of the same orientation, due

to the propensity of the crystals to cleave easily. An encapsulation tech-

nique in a polyester casting resin shows some promise of overcoming this
difficulty. The suitability of various chemical etches for preparing surfaces
for reflectivity measurements has also been investigated. For Sb25e3.. 2

parts HC1: 1 part H202 by voiume has been found to produce a satisfactory surface;

and for Sb2Te the best etch appears to consist of 14 parts Acetic Acid

(saturated wiih Citric Acid) 1 part Bromine.

Although no difficuities have been experienced in preparfng good amorphous
thin film specimens for optical measurement, work has been held up in this area
mainly by lack of control of stoichiometry of the films (see Preparative Section)
and by lack of a suitable analytical techniques to accurately obtain the n and k
values for comparison with data on single crystals (see Theory Section).

B) Thermally modulated reflectivity

The thermally modulated reflectivity of single crystalline materials
Sb,Te;  Se (x =0 - 2) was measured in the U, visible and IR region.
Experiments were performed in the IR region (8-28u) in order to confirm the
existence of plasma resonance of free holes. The reflectivity structure due
to this resonance was rather broad due to strong free-carriers absorption and
interband (1ight and heavy hole bands) transitions, which mask the resonance °
effect. However, the thermal modulation gave precisely the resonance fre-

quencies wp* The knowledge of this resonance frequency wp together with the

Hall coefficient and resistivity can determine the optical effective mass and

i
—
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the relaxation time due to free-carrier-phonon scattering. This data has been
submitted for publication (see Appendix 4).

The thermomodu]ated reflectivity was also performed for Sb2Te3 in the
visible and near UV region using a modified Cary 14R spectrophotometer to
confirm the existence of critical points corresponding to transitions at points
of high symmetry in the Brillouin zone. Preliminary results yield quite sharp
structure which indicates agreement with identification of these critical points
in the work of Sobolev et al. (9) from low temperature reflectivity measurements.
The structure of the thermomodulation spectrum agrees with the photon counter
(see Transmission measurements).

So far it has been found difficult to extend measurements beyond the
region 3000A to 7000A° due to cut-off of the photomultiplier and to low light W
intensity in the UV region. These problems are expected to be solved using
the RCA C31015C "Quantacon" photomultiplier having an extended response from
2000 to 9000A° and using the McPherson 225 Vacuum UV monochromator. The
SbZTeB-xsex compounds are very suitable for the thermomodulated spectro;copy
for x = 0 to 2 due to their low resistivity. However, for x > 2, the thermo-
modulation is difficult as the resistivity increases with x and other forms
of modulations have to be applied. Electric field and/or photomodulation seem
to be the most appropriate.

C) Transmission measurements

Direct transmission measurements were performed on thinly cleaved specimens

of Sb2Te3 Se (x =0 to 3) in the 2000 to 10,000A° wavelength region. This -
-X X

X
photon energy range is higher than the direct gap, and because the absorption

5

coefficient is high ('v104 to 10 cm'l) in this range, a sensitive detector must : i

be used even for very thin samples (~lu). Also stringent precautions must be
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taken to avoid any stray light. The latter problem was successfully solved
using an 0-ring sealed vacuum-tight blackened tube with the sample sealed
inside. Using a photon counter, a transmission of 10~7 to 10-8 was measured
with a S/N ratio of 100/1 to 100/3 provided good stability of the light
source was maintained. This set-up is expected to be improved using a double
beam method, i.e. a double-channel photon-counter with an on-1ine computer.

The transmission spectrum showed fine structure corresponding to critical
points in the 3rillouin zone in agreement with published data for x = 0 by V. V.
Sobolev et al., (9) and for x = 3 by S. D. Shutov et al. (8) Our structure was
much sharper than that obtained by the above investigators, even in comparison
with their low temperature reflectivity data.

A sharp transmission window at ~2,800A° was shown by all samples, which
coincides with sharp fall of the reflectivity. This effect is probably due
to sharp fall-off of the density of states, in agreement with the band model

of isostructural Sb_ Te, by Borghese and Donato (10) rather than to a plasma

273
resonance of electrons in the valence band. The latter effect is expected to
occur at a higher energy range (~10 - 14 eV) and can provide the coordination
number and the degree of ionicity of the bonds.

D) Photoemission

Photoemission measurements can yield the electronic density of states,
the electron-electron scattering length and the conservation of the electron
momentum can be obtained. The latter is of considerable importance for the
study of the difference between amorphous and single crystalline materials as
far as the selection rules and the degree of localization of electronic states ]
are concerned.
A special phototube has been designed and is under construction which

will allow measurements on freshly cleaved surfaces of single crystals or on
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amorphous films evaporated in the ultra-high vacuum of 1079 to 10-11 torr.

A vacuum UV Monochromator (McPherson 225) will be used as the radiation source.
This monochromator has been modified by attaching a Varian 4001/sec noble gas
pump to assure oil-free operation, which is a necessary condition for the
windowless operation of the light source for energies over 12 eV. The
possibility of utilizing the radiation from the Synchrotron at the University
of Wisconsin is also being explored.

An electronic circuit has been constructed to measure the photoemission
current (~ 10-11 A to 10'14A). The main part consists of a feedback Keithley
604 or 640 electrometer, and a Keithley 82 and a PAR HR - 8 Lock-in amplifier
together with a bridge circuit for rejection of the capacitive component of
the photoemission current.

E) Photoconductivity

Photoconductivity measurements have been performed with emphasis on optical
and trangport properties. An experimental technique of measuring the spectral
dependence of the lifetime t of photogenerated carriers was developed which
employs a measurement of the phase shift y between the square 1ight pulses and
the first harmoic frequency of the photocurrent response using a Lock-in amplifier.

This methed was applied first to the rather well-investigated element Se in
the amorphous and single crystal (trigonal) form at 909K and 300%°K. It was
found that the photoconductivity of single crystal of trigonal Se comprises both
valence to conduction band transitions as well as transitions from states inside
the forbidden gap into the conduction band. In the amorphous Se, only the

valence band to conduction band transitions contribute to the photoconductivity. ;

In fact, in amorphous Se the photoconductivity onset occurs at higher energies

than the band gap, which has been explained (11) by strong exciton absorption.

y o

This work has been submitted for publication (Appendix 5).
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Similar results were obtained for amorphous films of SbySe; with an
excess of Se. While the photoconductivity onset for these films occured either
at 0.8y or at 1.0y, the absorption edge is located at longer wavelengths ( 1.2
to 1.3u). Further experiments on the photoconductivity of stoichiometric amor-
phous films of Sb25e3 should indicate whether the above effect is due to exciton
absorption, similar to case of amorphous Se films, or the light scattering in .
amorphous films or to optical absorption due to excess Se atums in non-stoichio-
metric films.

The photoconductivity of Sb25e3 films was measured using evaporated Au or
Sb contracts. The overall spectral response was the same, for both contacts con-
trary to the work of Lyubin et al. (12) who maintain that Au contacts were block-
ing and Sb injecting, and that they produce a different photoconductive spectral
response. Our optical transmission measurements on Sb25e3 films show an absorp-
tion peak at 0.75u in accordance with (13) and sometimes additional structure at
1.0u and 0.85u. Results in (12) may be due to the use of a sandwich structure
with unavoidable illumination of contacts producing photovoltaic effects, while
in our case contacts were carefully shielded from illumination.

The photoconductivity in orthorhombic single crystals of Sb Se was investi-
gated as a function of polarization of the eloctrical vector E, of the incident
1ight with respect to crystallographic axes of the single crystal. Edrift was
|| ¢ with evaporated gold contacts. For this orientation, the photocurrent
showed a maximum at 1.05u and a secondary maximum at 0.75.. For E || a the
first maximum was shifted towards 1.075: (in accordance with the shift of the
absorption edge) while the secondary maximum remained at 0.75,. Also, another
maximum was found at 0.575.. The secondary maximum at 0.75: was not reported
in earlier work on single crystals (13) but was repnrted to occur in Sb25e3

amorphous films (13), in agreement with our results.
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TRANSPORT PROPERTIES

Hall Effect Measurements

There is some evidence to indicate that inorganic materials with a chain-
like crystal structure, e.g. single crystals of selenium (14), exhibit a
barrier-type photoconductivity. The phctoconductive mechanism in some compounds
containing selenium, e.g. PbSe, and related chalcogenides, has long been in
contention with the barrier theory receiving strong consideration (15). Since
the arsenic and antimony chalcogenides are related structurally and composition-
ally to the above materials it is essential that methods developed tc¢ investigate
transport and photoconductive mechanisms will allow one to distinguish between
carrier generation and barrier layer theories. A Hall-effect or pheto-Hall
effect measurement in which the frequency of the applied electric field can be
varied up to high values (~ MHz) will, by virtue of shorting potential barriers,
allow this distinction to be made.

Inftially, the Hall coefficient for single crystals of selenium will be
measured as a function of frequency of the applied electric field. The fre-
quencies used will range of 20 Hz to 1 Milz. The resistivity will aiso be
measured for the same frequency range.

A typical 6 contact Hall sample will be used together with 3 RF switches
to measute current, Hall voltage and voltage drop due to resistance. The input
signal will be obtained from a Hewlett-Packard oscillator through a RF trans-
former which has a flat response from 20 Hz to 5 MHz. The actual voltage
measurements will be made by a Keithley lock-in amplifier system. Preliminary
measureménts indicate no distortion of wave form up to 1 MHz and signals as small

as 10u volts have been measured to an accuracy of a few percent.



(1)
(2)
(3)

(4)
(5)
(6)

(7)
(8)

(9)

(10)
(1)
(12)

(13)

(14)
(15)

V.

J‘
R.
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ABSTRACT

It is shown that the Hermite functions form a compact, swiftly
convergent representation of the Hilbert transform operator (Kramers-
Kronig transform). Application is made to the practfcal]y important
case of the Hilbert transform of a function non-zero only over a finite
region. Hermite functions form a natural expansion set in such cases.
If the function to be Hilbert transformed has discontinuous derivatives
(critical point structure) at a set of values Wy then the transformed
function also has discontinuous derivatives at the same set of . The
number and w position of criticai point structure is shown to be invariant
to Hilbert transformation. The practical significance of measuring
experimental optical data only at the zeros of Hermite polynomidls is
stressed. The zeros and weight functions for Hermite integration for

n =20, 26, 50, 76, 150, and 300 is given in an appendix.




I. INTRODUCTION

Lo ool

Dispersion relations, starting with the classical work of
Kronigl and Kramers,2 have been applied to an ever widening
variety of problems 1n.phyéics. Eleéant formalisms>~ now
exist so that the mathematical structure of the Hilbert transform
is fully, and completely understood. The practical application
of the Hilbert transform to physics, especially to the analysils
of experimental data, has been problematic for two principle reasons:
(1) Direct integration of (necessarily) discontinuous data with
singular kernels 1is computationally impossible; (2) Data do not
exist over the whole real line (- = < ¢ < =), but only over a
finite range or, at best, a sequence of overlapping finite ranges.
The first problem has generally been treated by "smoothing" the
data over a region. If the smoothing was achlieved by expanding
M data points in a Taylor serles to order N (M > N), then the
smooth function 1is continuous in its zeroth through Nth deriva-
tives in the reglon, but discontinuous in the sense that N 4+ 1th
énd higher dcrivatives are set equal to zero (Removing informa-
tion from the Hilbert transform.) At the region boundaries all
derivatives are discontinuous. The effect of these discontinuitics
and forced zeros on the resultant Hilbert transform is generally
unknown. This problem is usually solved by making plausibllity .
arguments that if the transform functlon 1is smooth and or 1if %
applying thc Hillbert ‘ransform twice rcturns approximately the %f

negatlve of the origlnal smoothed funection, then the transformatiom




was successful.

The second problem exacerbates the first. Generally the
data are continued above the last data point wp, by means of a
Laurent expansion (~ g a, whn 5”), where a are expansion
coefficients, and g 12 the measured independent variable. Below
the first data polnt a Taylors' serlies 1s the expansion set. Again
plausibility arguments are used. (We neglect completely in
thls paper the problem of extrapolation in cases where significant
structure exists in an unmeasured region.)

The increased application of Monte Carlo methods to physical
models ylelds numerical results which cannot be represented in
closed form. Thus the calculation of the Hilbert transform of
such results 1s also difficult as, for example, in the important
case of finding the Hilbert transform of a density of states.

In this paper we consider a mathematically exact treatment
of this problem which 1is simple to use, can be applied to a
varilely of cases , aulomatically least-square fils discontinuous |
data over the entire measurcd region, provides a nalural form
of extrapolation function, and in the special case of optical
data allows a simultaneous best fit to all of the variables
e (w), ex(w), 1InR (w), ¢ (w) N(w), k(w), and T(w) in terms of

one expansion sect, where ¢, and e, and N(w) and k() are the real

e -

and imaginary partis of the dieleectric function and the index

of refraction respeciively, R is ihe normal reflectivity, ¢ Lhe

gl =

phase, and T the fractional transmitled intensity. In Scction

s

II we discuss the formal derivation of our teehnique. 1In



‘Section II1 we give the results of two applications: the Hilbert transform of the
density of states of Monte Carlo calculations of a simple cubic s band and face
centered cubic palladium. Section IV summarizes our results and discusses
application to other systems. The numerical application to the analysis of normal

reflectivity data will be detailed in a further publication.

I1. FORMALISM

A.  The Hilbert Operator

As 1s well known, the Kramers-Kronig relation between the

real and Imaginary parts of a response function arise because of

causality. If, in the long wave length limit, a time varyling

tield E(t) 1s dwmpressed upon a media at t = 0, then the linear

response D(L) must also be zero for L < 0, and is #lven by

D(L) = e(t) B(T) (1)

where ¢ 1s the gencrallzed susceptibility. Upon taking the

complex Fourler transform of (1) we obtain the Kramers-Kronig

relatlons: |

- c,(w')d '
el( (l)) - 1 = -E —-——2...-..._.....‘.”.___.
Tem @b -
(2)
o (e (u) - 1)dw
eolw) = - £ I 1
- n . '
0 - w
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where ¢ and € denote the rea)l and imaginary parts and the 3
comes from the fact that ¢1(m) = 1. If we regard the principle

value integrals of (2) as an operator P then we have the functional

relation:
(tl = 1) = P (62)
. (3)
€ = = P (,Cl - 1)
or that
(ey - 1) = - P2 (¢, - 1) (%)

'pair. The close relationship between Hilbert and Fourier

transformations is seen in that the kernel for Fouriler transforma-

tion 1s given by
Kp (0 - o) = = J; dt cos (g - o)t (5)

Whereas the kernel for the Hilbert transformation ig

Kﬁ (v - w;) = % fp dt sin (o - w;)t . | ' (6) .

(¢)

A more familiar form for (5) and (6) 1s

Kp (w - w;) = 8§ (0 - w;) (7)

A h -t e e e -
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(a Dirac delta function) and ’

o (o= w) = w (8)
vhich we define as

Ky (0w - w') 2P (0- o) (9)

The relations (5) and (6) torm representations of the

operators K., and K Any denumerable, complete set of functions

F H'
defined over the whole real line may be used to form a represen-
tation for (5) since in terms of any complete orthonormal set

qn(w) we have,

6§ (w - w').= g (o) ¥, (') (10)

where the sum extends over all of the members of the set.
An analogous representation for the opcrator P (g - ') may be
constructed as follows: ]

From (6), or by direct integration we have that p 1is

given by !
p(m_w').—_-%% dt SGN (t) ello - w')t (11)

where 49N (t) is the signature cr signum function (-1 for & < O
and +1 for t » O and 0, say, if t = O). We recall that the

signum function, like the delta functlon, is a generalized
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4

functibn, and has the property that

é% SGN (x - x') = 2 § (x - x') (12)

Equation (11) allows us to construct an infinite number of
representation of the Hilbert operator by simply finding the
representation for exp (iwt ) in terms of the complete set and
using (11). Here, anc for the rest of this paper, we will con-
centrate on a single representation, the Hermite functions,

t,(w). We recall’ that the nth order orthonormal Hermite function

i8 found from the corresponding Hermite polynomial Hn(m) by

2
-

(@) =N e ° H (o) (13)

where Nn is a normalization factor given by

NG = (2" nty@) (14)

The .nost important property of the Hermite functions we need 1is
that up to a trivial factor 1", the Fourier transform of a \

" Hermite function of order n, is the same Hermite function:

V%:,?; ‘[-m eiw't dwl _@n(w|) = 1n 'n(t) .. (15) ’

Multiply both sides of Eq. (15) by qn(w), and utilizing cq. (10),

we have a representation for clot,
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| elot _ a7 5 1" in(t) v, (w) (16)
n .

>

%: and o lw'®

¥

| e'iw't = VQTT PN ("i)m *m(t) 'm(w') (17)
o :

Placing (16) and (17) in (11) we have that

p(lh e I=R (=) > (D" 0" y(0) vy, (o) S5 (18)

where Sﬁm is given by

(7]

St = I; dt SGN (t) y, (t) ¢, (£) . - (18)

nm

e notice that Sﬁm forms the representation of the signum
operator in terms of the Hermite functions. We recall that the
Hermite functions are simply odd or even by the rule: tn(-t) =

(-1)" wn(t). The integral for negalive t may be reduced to
St = (D™ [T dg (o) g (p) (19)
nm . p¢np me

30 that the whole integral 1s glven by:

st = [14 (-))" D I: at g (1) . (t) (20)

‘q. (20) makes clear that Eie is z€ro nnless o+ m is odd. [Let

s assume that this is true. Then (20) miy be written
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St =2 j: dt §,(t) 4, (t) (21)

and in terms of the Hermite polynomials Hn(t), eq. (21) may be
written as

© 2
St

_ -1 . i
V=2 fo ™" N N H (t)H (t)dt . (22)

We recall” that a product of two Hermite polynomials may be written

min(n,m)

H(t) 1 (t) = . 2% vt (D) (Q) Hy o oo (8)

Il ™

r

(23)

so0 that

min(n,m) (0)
Shim = 2 - f o ' v) (v ) Np Ny Hotn - 2p-1 (24)

min(n,m) ( M-n-21 ‘)
Spn = 7 n Nm P2 2" ry (r) r) (-1)

r =0

|
V]
=

x Awmn-ge-l))
‘ (mln-5v-l :

or that
Y rEe ml_;.__;
apnl e N &
o= (14 (-1) Voo (-1
min(n,m) oT (10 (mpn=0=1) g
x N =T oo ey cmserer (=1) (°5)
P N €S0 R SR B S TRy
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'
squation (18) makes clear that S,p 18 a symmetric, real matrix
SOOWe may assume m > n o, We recall that the pramma functlon

(r(prl) = nt) has the property

ln( 25/‘) R _’-‘:I..

L 2v-1/2 r(
v 2

2 2) o7+ 1/2) . (26)

The ratlo of the tactorlals involving n + m reduce to

r'(m#n-2r) _ 1 s(mpn-2r)-1/2 mn-21
min=2T T T3y 2 r (=) (27)
r(BE) - Ve
Let m = nt2htl, then after simpllifying, we find
- n! (n4-2hl)! n+h
Sh, ni2h-l \ﬁi"' - (-1)
(28)
« ; (=3)F(2n12n-2p-1) 11
~ reg L (nt2h-r+1)1(n-r]!

The Tatter relation, although correct in principle to all orders, becomes
inaccurate for purposes of compution above n,m >35. Therefore, S,n was
found from (18) by simply integrating using the zeros of the SOOtRmorder
Hermite functions as outlined in Appendix A. The latter technique is
extremely fast and up to order n+m = 500, is exact

Returning to our original relation (1.2), we have

P - ') = (-1 - N _yni?hel
(w - w') = (-1) E ﬁ (1) (-1) ¥l o) ¥nyons1 (@')

]
88 n, ni-2hil (29)
Let us define Sn,m such that
bJ - e 2] “' KX » X
l (w o' ) n)ﬁl " '-"( U)) "m( w") y ( 30)
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Then the relatlon between S and S' with m = n4-2h+1l is given by

i, .
Spm = (=108 5 Sy = - Sy (31)

The compactness of the operator P can be seen either from -

cquation (4) or from the fact that for fixed n

lim S

haw s D2htl » 0 . (32)

at least as fast as(egh(Eh + 1) "1 the latter is easily proved by
d!vecﬁ expansion of equatlion (28).

We now take up the problem of [f1lbert transforms of functions. -
This problem is especlally of in.erest in exploring the lnter-

relationship of' optical properties.

B.. Qptical Properties

We have seen in the ;ast subsection that the Hermite functions , 1
form a compact representation'of the Hilbert transform operator.
Here we will exploit the fact that these functlons also possess |
simple propertics in the complex plane.  wo such functions are
ol practical inlerest: The complex square oot ZL/Q; and the
homographic transformation. The first gfvcu Lhe relationship
between the dieleciric function and the index of relraction;
The second the relation between the log of the reflectivity and

the index of rvefraction.  Our purpose herc 1s to show that a

single set of exphnslon coetlieionts of the Heomioe rvnettons
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characterizes all the optical functions. In particular we will
show the 1ntep_rnlationgh1ps between fthe expansion coefficients,

Let us assume that we have

= ¢ + ie2

™
|

ZC ip(w) (33)

and

It

N=n+1ik=gd y, (o) (34)

5™

where Cn’ d_ are complex expansion coefficlents which factor

m
into real and wholly imaginary parts as n,m increase (decrease)

by 1. Then we have N = (£)1/2 or that

R RN ENCRIE
(35)
= v da, 1"
ng N4 "nk

Again exploiting the extremely simple "Clebsh-Gordon" coefficients

for the Hermlbte functlons, cq. (23), we have after a little

algebra, and assuming that 4 > n
n

m . . Al N
NN N, s 20 et (1) (

- £
ng n L.20

e e

(36)

7 — o o)
2 r° 2 . 2y -x©
3 f_,,, Hhrg-2r (-“\/’3 ) 1y (Vg 2) o dx
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Expénding the latter again using eq. (23) we have

emo AP D r n L
Tne =My Ny N\ = 27 et (1) ()

ng 4 r r
r=0 (37)
L min(mén+z-2r) . (m)(n+4_2r)(l)n+m+zé2r-2h
V' h=0 h’* h 13
X “n+m+z—2r—2h (0)
which makes clcar that m has the same parity symmetry as
n g. Let us assume that n + m + ¢ 1s ecven. Then we have
| N min(m,ntg-2r)
In, = Ny N NN 5 5 2Ty
LY OT 0 h=0
4mi g-2r-2h
4N ) m 04 g=-2r 1, ”'m'ﬁ )
« (1) () () (MEE (5) T2 (38)
Nt =210
v (-1) “'dlé zr-2h (n#mt-g=2r-2h) !
- ' ’ (n+m+g—29—2h ]
. 2 ©
which shows that IE’ ls also a compact operator. Ve stress that

~

the utilizatlon ot' ca. (3%) 1n pracileal appllcations 1s sub-
stantially easicr than the form of ca. (38) might initially
suggest. We wlll rtvre 1o "Lls fhenn acatn In Scedton ITT.

anally We Contder e TN BTN PP '“[.)_.“”:,.;-.!.h1“

Cransi'orant fon
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= e (39)

IN

and the related Lransformation

i

an 2 = gn(az - g) - an(vz + §) (10)

where here g = 8= v = 8§ = 1, Z is the complex reflectivity
Reiw and z the complex index of refraction. Since 2], the
veflectivity, is bounded by 1, we have that gn(Z) = gn(1 + (g-l))

and

o (z) 5 (-1)° E=BT (1)
n-l

Exploiting cquation (11) on boéh sides of eq. (40), and by
expanding both Z and 4. 1into Hermite functions,.and making repeated
use of ecq. (23), we would come to the conclusion that the operator
connec%ing the two sides of eq. (40).wou1d also be compact. How-
ever we believe the analog of equatlon (38) for the logarithm is
too complicated for practical applicationn ~ We corclude
that if -a sufficiently great number N were chosen, then an
cxpansion of, for exahplv. any one ol the optical functions in
the first N Hermlite Fune:tons with cxpans fon coerficionts C,
guaranteas that all of vhe relted mnerlons may be found with

an error no larger than ony yluen sl mmmberp g,
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III. RESULTS AND APPLICATIONS

Our discussioﬁ in the last section was purely formal &nd
essentially hinged on showing the compactness of various operators,
in terms of Hermite functions. Here we will be entirely concerned
with the practical application of our formal results to real sys-
tems. We wlll also slightly exgend our definition of expansion
and furthermore show compactness in the important case of finite

5até rangesf

A. s-band Densitx of States

First we consider a problem in which the function to be
transformed 1s.def1ned everywhere, We apply our results to the
important problem of deriving the "F" function for the density

of states of s states in the simple cubic lattice:

F( w) - £ j_: d' ;%1—2’% (42)
where
so') = —2 [ans (E(n) - w) (43)
. - (2m)
E (h) = cos (hxa) + cos (hya) + cos (hza) ,. (4h)
and - g <h, hy, h, < g . In Figure 1(a) we plol a thrcc

hundred histogrun approximation to (43), where we have used
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9 to integrate (43). We notice that

one-million Monte Carlo points
whereas (43) is completely a symmetric function around ' = 0, our
Monte Carlo approximation has a small, but finite, odd part. Normally
this imperfection should be removed by symmetrizing, but here this
is not necessary since our operator form of the Hilbert kernel, eq.
(30), does not depend on the parity of the expansion functions except
in that even functions are transformed into odd ones, etc. Moreover
the small odd part of g(w) forms a measure of the error in the Monte
Carlo integration. By expanding the delta function, we may write
(43) as

g(w) = g—f “dtcos wt 3 (1) (45)

2n J_,, o

a form first utilized by Ca]]away.10

The Hilbert transform of g(w)

'Ic”
Flw) = ﬂr“—"'-.— o) .

7 | w-w
nl!
Thus we have the analytic representations:

2 e 3 ()
Figure 1 gives the result of integrating the above forms at the 250
positive zeros of the 500th order Hermite function by Hermite integra-
tion (see Appendix A).
Although the Hermite expansions are exact in principle, the
convergence of the expansion in Hermite functions may be substantially

improved by removing the low order moments from g(w) and transforming these

analytically. Then a Laurent expansion of F(w) will begin with order
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m+l as
P z_E z N' m A
Wn' w (W-)
m=0
so that - A ol
Flw) = 1 P Z w""fdw' w'Mg(w).
WL m=0 -

In practice good results are achieved if only the zeroth moment is removed.

r rom g(W) the triangle-like function g (w) is subtracted where
3

ggw) = £ - sen(ww/Z.
This function is also plotted in Fig. 1 (fgs(w)dw = 2). The analytic

transform of this is given by

Fg(w) = 'EL- [}" !;é‘_ %on lw-3)(we3 ‘
wt3l 3 .

3n
This is also plotted in Fig. 1. Note that to first order, the log poles

are subtracted out. The residium of has been expanded using the first
250 Hermite functions and a scale factor of a = G(EEII where N = 250

so that, in effect, the highest functions just span the range from O to
6. This scaling avoids any "edge effects" due to a confluence of the
upper level of the range of integration ani the Hermite function

expansion set. Table I lists the first 20 expansion coefficients.
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Since Fig. 1 plots both g(w) and F(w) on the same scale, we see
that the four critical points of g(w) are mapped into four points at
the same w, except that the types11 of critical points have inter-
changed under Hilbert transform; i.e., M0 M1 M3. We conclude
from this example that critical point structure cannot shift under

a proper Hilbert transformation.

B. Transition Metal

For our second example we cunsider the electronic structure of a
face centered cubic pure transition metal--here palladium as calculated
by Mueller, Freeman, Dimmock and Furdyna.12 We recall that the non-
interacting electronic Greens' function in the momentum and frequency

representation for n bands is given by13

6(kw) = I (- Epk) + 16 SGN (E (k) - u))™}  (48)
n n

where & is an infinitesimal and u is the Fermi energy EF. The imaginary

part of (48) is given by
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o

Im G (_}S:w) =

and the density of states by:

8(w) = & SN (y-u) (—2—2—)3— [ 1q 6%x,0) ax

mw

In Ilgure 3(a)

the Brillouin zone (BZ)

dlspersion relation for the Greens' function is g
o 1Rk, 0')SON( ' -)

dy!
o o' - w

whcre the presence of signua function

the signum function 1in (h9),
In (51) is just the prinetpal part of
we consider only the dependence or (51)

over the first BZ to produce the Hilbe

GR -+ iGI where

Gplw) = E—j—)—; [ re @rie) ax .

and

GI((D) =mg (w) .

Ve have Laken e Hilbopt 1,r'a111:;(':>r'm ol (4,'.‘.) Wit i
cltven An Scetlon [T by expanding (e ) Voot U
Hoeonlbe fanei tors, vy hiwve uysed a geale et o a
reom TOP* o = (¥4 1 1), /2 wheve here 'foP booned

~m SN (K, (K) - u) s (E (k) - w)

a delta function,

of the imaginary part of Go(g,w).

iven by:

(49)

(50)

we have plotted the welghted integral over

The

in (51) removes

8o that the integral to be performeqd

Here
by intcgrating (51)

rt transform pair G =

(52)

(53)

©ome L hod

U,

il e ped

N S | oy

',.-‘I e

B ot gl
s e




not.ice that the fact that g(w) has no parity symmetry does not

harm our completely general transformation, eq. (30). We give

our results in Figure 3(b), and again 1ist the first 20 expansion
coefficlents in Table WX Note that we have used atomic units'

ol' states per atom-Rydberg fof both the real and imaginary parts.
The total time for our routines for the 300 term expansion was

10 minutes on the IBM 360/50/75 at the Applied Mathematics Division

at Argonne Natinnal Laboratory.

IV. Summary and Discussion

In this paper we have considered an exact numerical procedure
for finding the Kramers-Kronig or Hilbert transform of a given
function by means of an expansion in terms of Hermite functions. .
Although our procedure 1s most caslly applicd to cases where
the function to be transformed i1s defined over the whole, real
Line, we have seen that simple cxbensions off the notlon of least-
saquare €itiing allow us Lo Lreal the practically twportant case
of’ n function detined only over a repgion.  We have seen that the
compactness of our expansion allows us to freat the speclal case
of optical data, which has scveral varlables velated by non-llnear
equations, by means ol i single sel of expansion coefrticlents of
the Hermite tunctlons. Vte have stressed that although onr pro-
cedures are well-det'ined in the case of evenly spaced data, the
best use of our tcehnigues will be achieved 1t the dava §s svaced

by the zeros of & hlgh order Hermite polynomial., We belleve tha
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the advantages of the latter procedure are so great that all
optical experiments should be performed in this way.

Recause of the simpllcity and speed of e¢xpansion of numerical
functions in terms of Hermite polynomlals, we believe that our
procedures should prove useful in a wide variety of problems.
Morcover we stress that because the Hilbert
transform has been performed analytically, rather than numerically,
our results are independent of the "noise" or discontinuilties
of' Lhe data. Ve believe that thls 1is not true of numerical pro-
cedures which operate on data directly. Finally although all
of' our discussion of this paper has been couched In terms of the
Hilbert treansform, we point out that our procedures arc equally N ¢
valld for the Fourier transform operator, eq. (15). Thus in
contrast Lo Russellv who concluded in 1933 that "this use of
Hermite functions (1.0., touricr Lransformation) +eo 18, 1in

seneral, not practicable,’
&

'"wic belicve that Hermite functions are
eminently suttable for sueh numerical work. Only future results
can determine whether such an expansion technique tn Hermite function

wonld be actually faster than "The Fast Fourlier Tran: form Method18 "

3
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APPENDIX A YERMITE INTEGRATION

Here we consider Hermite integration of a function defined

over the whole rcal line. A thorough discussion of Lhis problem

has been given by Hochstrasserlg and Davis and Polunsky20

on the classic work of Russelel and Salzer?'2 cl.al. OQur resulls

basced .
differ from that of the previous workers only in that we have
gone to higher order 23 and used a different weight function., Hermite
integration of a function f(x) to order n 1is given by s
© 2 n

f e™® f(x) dx =% W (xri’) £(x7) (A1)

- 1=1 D 1
where x? is the 1th zero of the nth order lermite polynomial H.»

and the weight factors wn are piven by

wn(XZ) } 2n—1 ni \G: (42)

2 .
n2 [Hn—l (x?)] .!

A . § 5




A numericaliy nore convenlent representation for Hermite inte-

gration is achieved if we consider instead

0

n T n [ 12
f B(x) dx =1§1 n(xi) g(xi) (43)

-

where wn' is gilven by

W'n(x?) = W (x?) exp (x?a) = l/(nwi_l(x;)) (AH)
where ¥n 1s the n'th order orthonormal Hermite function.
In Table IV we 1list the positivé zeros and welght funct lons Wn'
for the Hermlite polynomials of order 20, 26, 50, 76, 150 and 300.
For the overlapping case of n == 20, over results agree wi{h those
ot Salzer, et al, to at least 14 significant tigures.

Ve have found the cros of the Hermite polynomials (or
Hevmite functions) by noticlng that the sequence of polynomials
Ho’ Hi poc Hn form a Sturm sequence. Thus by counting the number
of sign changes 1n thce sequence, we know precisely, by Budan's
Theorem, the number ot :cros between a given point x and zero.
(Infinitesimally above zcro the sigﬁ of all the lermite polynomials
is plus). An estimate o the largest zevo of the llermite poly-

nomial of order n is fourd by vemembering that the Hewmmlite

functions are eigenfunctlin:i (@i elpenvalue Hn = (n+l/2)hw)
2
of the aimple harmonic oselllin‘o - operitor, H o gﬁ 1 %k x?,where

w 5\/k . We recall that ‘i provut 111 dersisr off the nth

harmonic oscillator eigenfunctlion In towrded bv otie elassleal
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LPE
1imit,= , or in the appropriate units (m = k = 1), by X ax =

v¥2n + 1 . Thus all of the zeros of the n'th Hermite polynomial

lic between ﬁ'vﬁﬁ”l'i.

Our computational procedurc for evaluating the zeros of
the n'th polynomial used the 1ﬁterva1 given by the absolute bounds
£V2n + 1 and continuously sub-divided this interval by a factor
of 2. Each subinterval was selected for further operation depending
on whether‘the Sturm sequence predicted an appropriate zero in
the left or right-hand portions. Such a procedure quickly, and
accurately converged to our results in Table IV. We have tested our

zeros through the sum rule:
n ny2 n(n-1)
z (Xi) = - — (A5)

i=1 2

to an accuracy of at least 14 significant figures.

\/
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TABLE T The first few Hermite function expansion cocfficients of
the triple cosine donslly of states. As c\p]nand in the text, the
scale factor o = 6/V2NF1 was uscd where here N = 150, The coefficient
for €, (1,) arc non-zevo for even (odd) order bccnu«o they vere de-
rived from a Monte-Carlo function which was accuvate to about 1%.
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