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ABSTRACT 

Cheng's analysis of strong viscous interaction between a laminar 

boundary layer growing over a flat plate and the external hypersonic 

flow field is extended to cover curved surfaces. It is demonstrated that 

the solutions for concave surfaces are oscillatory and physically unreal¬ 

istic. The reason for this behavior is that the Busemann term in the 

Newton-Busemann pressure law used in Cheng's analysis over-corrects 

for centrifugal effects. The removal of the Busemann term or the sub¬ 

stitution of the tangent-wedge pressure law results in a more realistic 

analysis which can cover both strong and weak viscous interaction over a 

variety of two-dimensional shapes. A number of examples are included 

together with comparative experimental data. 
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NOMENCLATURE 

(^r) °-664 (* + 

constant in temperature-viscosity law 

skin friction coefficient 

pressure coefficient 

M dy / dx 

constant 

a characteristic length defined by equation (25) 

a characteristic length defined by equations (11) and (19) 

Mach number 

index of pressure variation 

index of body shape - see e.g. equation (35) 

P/Ro 

Prandtl number 

static pressure 

Reynolds number 

Stanton munber 

temperature 

x/L 

cartesian coordinates along and normal to the chord line 

y/aL 

y /1 or y /al 
e e 

incidence, local surface slope or constant in description of body 
shape i. e. y^ ■ ax11 

ratio of specific heats 

boundary layer displacement thickness 

x/i 

dummy variable, see equation (1) 

viscous interaction parameter u 



NOMENCLATURE (Conf d) 

Subscripts 

edgs e 

*P 

o 

w 

fist piste with no viscous inter action 

reservoir 

wall 

free stream 
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I. INTRODUCTION 

Th« classic paper by Cheng et al^ laid the foundations of the problem 

by clearly demonstrating the mutual effects of local surface incidence and 

boundary layer growth. By adopting Lees' "local flat plate similarity" 

theory^ for hypersonic boundary layers together with the Newton-Busemann 

approximation for the pressure distribution, he was able to elegantly 

uncover the controlling parameter for strong viscous interaction over any 

shape of sharp-edged surface though the only application so far has been 

to flat plates at incidence. 

The use of the Newton-Busemann pressure law limited Cheng's 

analysis to strong interaction regions but any one of a number of approx¬ 

imate pressure relations can be used in its place. More recently, Sullivan' 

has used the tangent-wedge approximation in combination with Lee ^bound¬ 

ary layer theory^ to investigate the flow around a convex corner. 

The aim of this paper is to apply both of the above methods to a 

wider variety of two-dimensional configurations, to compare and contrast 

the results, and to discuss them in the light of experimental data wherever 

possible. 
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U. THEORY 

The local flat plate similarity solution for hypersonic boundary 

layers leads to the following simple results (Pr * 1): 

(1) 

d») 

(2) 

Cf » 2 St (3) 

where X (4) 

Values of the constants for other Prandtl numbers have been quoted by 
4 5 Dewey and Sullivan . 

If the pressure distribution can be expressed in terms of the 

effective body shape, yÄ(x), 

as P= P(ye) (5) 

where y s V™ + Ö* 
0 W 

then Eqs. (1), (5), and (6) can be solved for P, ye, and Õ* once the 

surface shape yw(x) i* specified. 

A. THE NEWTON-BUSEMANN LAW 

Cheng used the Newton-Busemann relation for the pressure 

distribution i. e. 

p = y PooM2 (y;2 + ye y¿') = y feM2 (ygy^)' (7) 
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which when substituted in (1) gives 

(ye ■ 

This is identical to Cheng's resvdt with the minor error of omission of 

y from the denominator repaired. Equation (8) is the fundamental 

equation for ye given any shape of wall: a number of examples will be 

considered. Since B is a constant, the equation may be scaled to 

make B * 1. 

1. Flat Plate (Strong Interaction) 

If yw * 0 then writing 

z * ye/ ! and i :/1 (9) 

converts (8) to 

z ( ) * 1 (10) 

provided 

I ■ 
A*X*s 

TpW 
(ID 

Substitution of z« k;m in (10) shows that the equation is satisfied 

for m« 3/4 and k« 2 Vz/S^ yielding the familiar strong inter- 

action results: 

(AID4. MO 
X 

Peo 
' Ax 

(12) 

(13) 

i 

and 

(14) 
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where A (15) 2. 6 

and 

St, » 0.332 Vc/Rev . 
fp * X 

The weak interaction result does not satisfy the Newton-Busemann 

relation and hence is not a solution of (10). 

2. Surfaces Described by y^ = kxn 

The family of shapes 

Iw /X y 

al * ( I / or 

is of some interest and includes the flat plate at incidence (n ■ 1). 

Equation (8) may be written as 

(z - ;n) (-V^ ) * 1 

provided that 

A* X*x 
"4'ÿ M* a4 

In terms of the new variables the required physical quantities are 

Õ* , ,n. 
ÎT ■ • 4 » 

and 

P 
y Ro Mo 

(zz')' 

ASt 
0. 332 a34y 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

Thus from the scaling (Eq. 19) Cheng's analysis highlights the parameter 

(M2a*/ A x) which controls the relative importance of the effects of 

4 



f 
I 
*. 

* 

incidence and strong interaction (displacement). 

B. THE TANGENT - WEDGE APPROXIMATION 

The scope of the theoretical analysis can be extended by using an 

alternative pressure law which is capable of embracing both the strong 

and weak interaction regions. For example, a modified Newtonian law 

could be used of the form 

P - -E- 
Pco 

1 + yM*y¿2 ■ 1 + yK* (23) 

One of the more successful approximations at hypersonic speeds is the 

tangent-wedge rule and Sullivan has used this in place of the Newton- 

Busemann law employed by Cheng. 

The boundary layer equation (see (1)) may be written as 

¥~ * AxVt 

and if L is chosen such that 

then 

and 

L ■ A,xax 

X - x/L « (Ax)'1 

Mfl* B VS. 
L P 

where 
P 

(25) 

(26) 

(27) 

(28) 

The tangent wedge rule is 

(29) 

(30) 
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where 

From (27) 

K - M 
dye Jdõ! + *2) 
dx * \X d* / 

M 
dô. 
dx 

_I 

2R 

R' 
l/a 

dP 
dX 

Eliminating dö*/dx from the last pair of equation* and eubetituting 

for K lead* to the final reeult. 

« »I I "" r{i^(p-0} J 
dR 
dX 

■ P 

Equation« (33) and (34) can be solved for P(x), R(x), and then 

6*(x) from (24) once y i« «pecified. 

C. 
TANGENT-WEDGE APPROXIMATION APPLIED TO SURFACES 

__ «_n 
described by yw * kx 

For a family of shapes 

yw f * V 
T“ a(r) 

(31) 

(32) 

(33) 

(34) 

(35) 

or 
Yw « X° where Yw ■ Yw/aL Änd X « x/L 

the equations to solve become 

dP B Pf 
dX 2R < 

1 4 2R 
dY 

dX 
w (P - Ü 

V* + ^ (p-i>. 

(36) 

(37) 

dR . p 
and lx " p 

(34) 
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Por th. p»rticttUr cue of . <Ut plM. ,t „ro Incid.oc. 

dYw/dX * 0. Subltitution oí p . kX» with p» , i,, (34, in<1 

(37) enables k and m to be evaluated as 

p . iÆIl . A_ 

which L identicmi to th. r..ult given by Cox .nd Cr.btr..‘, Th. u.. 

of the modified Newtonien rule (eee (23)) would heve given 

P * lr(fr • Ax 

The weak interaction condition is also satisfied since from (37) 

dP 1 Jn 

dX 2X *• P “* 1. i.e. — 0 as X — ® . 

(38) 

(39) 
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m. RESULTS 

The governing equetione for both theoriee hnve been solved for e 

veriety of eurfnc.e including the flet pint. « both poeitlv. «id negntive 

incidence (n*l). concave end convex pintee (n»2. 3). end compreeeion 

end expansion corner.. The numerical reeult. were obtained by digital 

machine computation u.lng an IBM 7094 «id FORTRAN W Unguage. A 

standard 3rd order Runge-Kutta technique was adopted with double 

precision arithmetic and a fixed step si*e of 10 . 

A. FLAT PLATE AT ZERO INCIDENCE 

Comparison, between the various theories and some experiment« 

data are shown in Flga 1 and 3. A. mentioned earlier, Cheng's theory 

is for strong Interaction only, but it immediately indicates the importance 

of the parameter A* provided the leading edge is sharp. First order 

strong and weak viscous interaction theoriee give a reasonable indication 

of the flow development with the changeover from strong to weak inter¬ 

action occurring near Ax - 1.5. The use of the tangent wedge rule for 

pressure gives a smooth transition from strong to weak interaction and 

the agr.em.n* with some experimental data taken from Ref. 7 is reasonably 

B. FLAT PLATE AT INCIDENCE 

The pressure distribution over a wedge (o positive) as calculated 

using the method of Cheng and Sullivan is shown in Fig. 3. Cheng's 

result show, that near the leading edge the displacement effect Is 

dominant and the pressure distribution is identical to that on a flat plate 

at rero incidence. Further downstream the incidence effect, increase 

in importance and eventually the curve "peel, off" toward, the inviscid 

limit _ (40) 
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Cheng'• reeult hold» for ell Me provided that the shock is strong. 

Recently Kemp has reported some tests in helium et M - 42 which 

show that Cheng's theory predicts the trends quite well under these 
conditions. 

H the tangent wedge approximation ia need, then there is a 

different solution for every Mo and the asymptotic pressure level is 

Ä ' (V -[(HV . ¡fe]“} . 
This will only tend to Cheng's velue for M.a » 1. Because of these 

differing asymptotes, the curves look dissimilar. A more realistic 

comparison can be achieved either by interpreting Cheng's result as 

P " Pwedge io that his asymptotic value becomes 

Pwedge * 1 + VW* a* 

or by plotting all the results as 

P " Pwedge 
y M*a* + 1 

Presented in this way, the curves compare well (Fig 4). 

The heat transfer rates calculated by the two methods are similar, 

the agreement improving a. Mn is increased (Fig S). Cheng's result. 

•how that it isn't until M»a‘/ AJ is of order unity that large deviation. 

from the aero incidence condition occur. The flat plate value can be 
expressed as 

A St 
0.332*4? a9 8? 

(40a) 

(41) 

(42) 

Similar remarks apply to the negative incidence results. Any 

calculation, made using Cheng's method must show the pressure distri¬ 

bution tending asymptotically to sero. whereas the tangent wedge limit is 
given by 

9 



(43) P + y M2a2 ! X±A 
t. 4 

1 

M2 a* 

VA 

Since P cannot be negative, the lowest permissible value of Ma is 

V(y * 1 )• Of course, the range of the calculations could be extended 

by using a more suitable pressure law for expansive flows. 

C. CONCAVE SURFACES (yw =kxn; n = 2,3) 

The most striking feature of Cheng's results for these bodies is 

the oscillatory behavior of the boundary layer. The boundary layer, 

dominated near the leading edge by displacement effects, grows initially 

as though supported by a flat plate. Faced with the adverse pressure 

gradient downstream the boundary layer thins dramatically to a "neck," 

then widens again and the cycle of events is repeated. Beneath each 

"neck" the pressure and heat transfer rate reach local peaks. This 

pattern of behavior is similar in character to, but much more severe in 

magnitude than that found experimentally; it appears that the Busemann 

centrifugal correction is far too powerful in the assumed pressure law. 

As the flow moves around the surface, the dominant influence changes 

from displacement to incidence and the pressure should approach the 

inviscid value 

P s yM^^zz')' (44) 

For n = 2(2=42) this relationship implies that 

P7T2 = 642 = 96y2 <. —*■ V 
y Ma I AX j (45) 

and as Fig. 6 shows, the pressure distribution does, in fact, oscillate 

about this line for large x. Similar remarks apply to the cubic surface, 

the " final pressure" oscillating around 

= (¾1 )8 (46» 

10 



When the more realistic tangent-wedge approximation is used then 

there is no oscillation, the boundary layer thickness decreasing steadily 

as the pressure rises. As a. further check, the modified Newtonian 

pressure distribution 

P = 1 + y K2 (47) 

was used to calculate the flow around the quadratic surface and the 

result is also plotted on Fig 6. There is no oscillatory behavior and the 

numerical values are close to those calculated using the tangent wedge 

law 

Figure 7 shows the corresponding heat transfer rate distributions 

tor the body yw s ax2. Values calculated using Cheng's method 

oscillate about the limiting value (y^ —* y^) which for this shape of 

body is 

A St (48) 
0.332 • 4y• a3 

In contrast the values calculated using either the tangent-wedge or 

modified Newtonian pressure laws are well behaved, approach the 

asymptotic value smoothly, and are physically more realistic. 

Two theoretical predictions of boundary layer growth over a 

cubic surface (yw * x3/150) are compared with an estimate made 

from a schlieren picture of the flow in Fig 8. The "pulsating" thickness 

predicted by Cheng1 s method is clearly shown with the outer edge coming 

very close to the wall at the first " neck. " The estimate using the » 

tangent-wedge law is more realistic with the layer thinning slowly but 

continuously in the downstream region. Both estimates describe 

broadly the main features of the flow. Near the leading edge the displace¬ 

ment effect is dominant and the layer grows much as it would over a flat 

plate. Then, as the surface slope increases, so the incidence effect 

grows in importance and the shape of the outer edge of the layer approaches 

11 



that of the wall. The approximate estimate oí boundary Inysr thickness 

taken from a schlieren picture confirms these trends. The favorable 

comparison between measured and estimated pressure distributions is 

shown in Fig 9. 

D. CONVEX SURFACES 

For convex surfaces Cheng's method is not oscillntory# the 

boundary layer growing rapidly but smoothly in the helpful pressure 

gradient. Since the Newton-Busemann law is used, the theory can only 

apply if y¿ is positive, i. e. , in regions close to the leading edge or 

where the negative body slope is small. 

Figure 10 compares the pressure distribution over three surfaces 

of the family * * -1” where n* 1, 2 and 3. 

E. FLOW PAST COMPRESSION CORNERS 

As now expected, Cheng's method predicts an oscillatory behavior 

more violent than that found experimentally. Therefore, only the method 

suggested by Sullivan has been used to compare some theoretical 

predictions with experimental data. Comparisons have been made with 

three sets of pressure and heat transfer rate data at M * 9. 7, and 20, 

(Figs 1 l(a)-(c)). Considering the simplicity of the mathematical model 

and the closeness of the experimental flows to incipient separation, the 

agreement between prediction and measurement is encouraging. It is 

noticeable in many of the comparisons that the predictions "lag" on the 

measurements in regions of strong pressure gradient. This may be due 

in part to the inability of the mathematical model to recognise either 

upstream influence or the presence of normal pressure gradients. 



F. FLOW PAST EXPANSION CORNERS 

Both methods are applied to an expansion corner in Fig 12 and 

both give predictions which are in reasonable agreement with the experi¬ 

mental data. The calculation using Sullivan's method is particularly 

good over the wedge-surface ahead of the corner. Both methods predict 

the rapid drop in pressure just downstream of the corner and the sub¬ 

sequent very slow decline towards the final level. The comparison 

further shows how in practice the influence of the corner feeds upstream, 

•ft effect which neither theory can predict, and how erroneous the inviscid 

pressure distribution is under these test conditions. Considering how 

nonsimilar the experimental profiles were downstream of the corner 

the predictions are surprisingly good. 
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IV. CONCLUSIONS 

Lees "local flat plate similarity" method for calculating boundary 

layer growth can be combined with any one of a number of approximate 

pressure laws linking pressure to the slope of the effective body (body 

plus displacement thickness) to estimate the effect of viscous interaction 

on any two-dimensional surface. If the Newton-Busemann law is used 

as Cheng did, then the results are often oscillatory and physically unreal¬ 

istic, though the importance of the parameter (M2a2/A\) is immediately 

highlighted. If the tangent wedge rule is employed (as Sullivan did to 

examine the flow downstream of an expansion) or even the modified 

Newtonian rule, then the results are sensible and predict the main features 

of the flow very well. 

This method should work well when the boundary layer profiles are 

reasonably similar. Its accuracy must decrease as separation conditions 

are approached and of course this technique can give no indication of 

either separation or upstream influence. 

Comparisons between predictions and experimental data over a 

wide variety uf conditions give confidence in the use of the mathematical 

model for initial design purposes. 

14 



REFERENCES 

Cheng, H. K. ; Hall, J. G. ; Golian, T. C., and Hetzberg, A. , 

" Boundary-Layer Displacement and Leading-Edge Bluntness 

Effects in High-Temperature Hypersonic Flow," J. Aero. Sei. , 

Vol. 28, No. 5, p. 353, (May 1961). 

Lees, L. , "Laminar Heat Transfer Over Blunt Nosed Bodies at 

Hypersonic Flight Speeds, " Jet Propulsion, Vol 26, No. 4, p.259, 

(April 1956). 

Sullivan, P. A. , "On the Interaction of a Laminar Hypersonic 

Boundary Layer and a Corner Expansion Wave," AIAA Paper 

No 69-137, (January 1969). 

Dewey, C. F. , Jr. , "The Use of Local Similarity Concepts in 

Hypersonic Viscous Interaction Problems, " AIAA. J. Voll, No 1, 

p. 20, (January 1963). 

Sullivan, P. A., "On the Interaction of a Laminar Hypersonic 

Boundary Layer and a Corner Expansion Wave, " Univ. of Toronto, 

UTIAS Tech. Note 129, (August 1968). 

Cox, R. N. and Crabtree, L. F. , Elements of Hypersonic Aerodynamics. 

English Universities Press, London, (1965). 

Hayes, W. D. and Probstein, R.F. , Hypersonic Flow Theory, 

Academic Press, New York, (1959). 

Kemp, J.H., Jr. , "Hypersonic Viscous Interaction on Sharp and 

Blunt Enclosed Plates," AIAA. J. Vol 7, No 7, p. 1280, (July 1969). 

Needham, D. A., " Laminar Separation in Hypersonic Flow" London 

University Fh. D. Thesis, (August 1965). 

Holden, M. S. , "Theoretical and Experimental Studies of Laminar 

Flow Separation on Flat Plate-Wedge Compression Surfaces in the 

Hypersonic Strong Interaction Regime, " ARL 67-0112, (May 1967). 

Stollery, J. L. , "Hypersonic Viscous Interaction - An Experimental 

Investigation of the Flow over Flat Plates at Incidence and Around 

an Expansion Corner, " ARL 70-0125, July 1970. 



0
0
0
1

 

16 

F
ig

u
re
 
i 

A
 c

o
m

p
a
ri

so
n
 b

e
tw

e
e
n
 t

h
e
o
re

ti
c
a
l 

e
s
ti

m
a
te

s
 o

f 
th

e
 p

re
s
s
u
re

 d
is

tr
ib

u
ti

o
n
 i

n
d

u
c
e
d

 
o
n
 a
 s

h
a
rp

 f
la

t 
p

la
te

 a
t 

z
e
ro

 i
n
c
id

e
n
c
e
. 



X*M3yC/R», 

Figure 2 Weak and atrong interaction on an 
ina'olated fiat plate in air. 
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Figure 5 Heat transfer on a flat plate at positive and negative 
incidence. 
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Tw / To s 0. 22 (Experimental data from 

Ref 9). 
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Figure 11b Pressure and beat transfer distribution on a 
wedge compression corner at M ■ 20, 
•wedge ■ 16°* Tw/ To " 0‘06» XML * 19' 8 
(Experimental data from Ref 10). 
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Figure 11c Pressure and heat transfer distribution on a 
wedge compression corner at M ■ 20, 
»wedge * 2l°* Tw/ To ■ 0. 06, xHL ■ 19. 8 
(Experimental data from Ref 10). 
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