LHE R7IPLGE OF LORG, THGH CILINDRICAL SHELLS

A0K D GEVELD?
ST LS TN 271 ik, £

Cam et b ‘ £
L X PR

VO ADDID AASL ON THE fc:,«zwseAL VIBRATIONS AND

£, %, Palmer e SR

Thes B2.amA0T DT PROR R 3 T
S He rgle 88 g BRI, m &gl ot
g ypiomited

DE A% WENT OF STRUCTURAL AECHAN!C$
K756 ARCH AND DEVELOPKENT REPORT




T

TR 2 g, T R

e

iosgd
s
wﬁwﬂg

e S PR

b
N

NSRS

b R

B L

W gne wipsgrGd g @nd 277 wehitelog, Jtowos Tomed Ao Blesen 1907 by mutgsing the

ket IF Lgbormeny) sl Aapepolis, Marylend,  The Mue Defense Laoorstory (now Nasva!
o 37“;:&0?}‘?&}?.65)Qﬁ\u;Cify{; Fiorldr became part-of the Center in Novembar 3967, ¢+ )

. P
acd N D }, " T, kN
S A P UG “x, N <
LR« 2 RN . . y .
wFh Ll v o
s el w T [
N o (A i‘ (a) i ') \)( v : ) o '
. . ‘s oo
o ™ ,.,:;a;‘,, N R
‘o 522 \ . ' KN - i
X . R £ Tov '
-, ‘ P @& . - MR oy
¢ . g M ; v : . / .
Y R s Ny R g S e e ann g, -
o P T PRI e et et e Nt -
IR R ) - z
YN Tene L A coh ad vibament Coater 18 8 3.5 Savy cunter for Iaborntory oftor

by st Camleack, Burytong ead Lhe Marine Bognecpng Lehoruoey mmow |

N Y e

picas T TF twsvnorndn f T
Tar Lo TR EGuesL bR § o N3 -

: " , )“ c";} [ W [IFWRE 2 N 1, T B
L A“ ~ T -

¢ "

L . o o K
b, ,1 b

< - 5 s

. a«&l‘ 1

wy - AL Vicher L

W‘IE: Pt

0 SERA Y .

R dca o Yo

e T e
L

"
S~oéi<k6'r§gé%§w
X,
7t 3 YU P
Lazt -

boriimers Awairmet g
REFARDRRTEY

-5 aniancs '

SRR e
- En,

5 TR O iR

et e, s o G e T vt | S EIER LM 5

&

P

B

B R | AW i 3 o W L2 R

v
&fﬂg

A

~ ,
N 5,
PN
ve o S
AT il

PO \ux‘::,% - R
S Vet Haval ;Smg] insewich .and Development Centes 1
e o ol Bl s }::c"’ A N GE!Z{&QN@, n‘c' 2003.4 - Vo
e A o g .- - A PO E
R N ’ < ' o \‘)
" . "
& . . o,y
¥ ¢ 2 N
Ay oLt o, e -, ST e
e o . ¢ . :
. i e «.,f:-‘t“-,;f«-,m_ 3 el el PSRRI N ci...—..«..—.m—w
I A W URLASIAR TN AL LORFURER TS
» e 3 s b il N 0 ( [ | 5 ) .
o0 BB T L g kil .
T N (s N g -
bay o LU B BN LSS 5 - ‘ 3
s & / I N 5'}!{“{3@;5 . . - s
S0t e IV %f ‘t ‘-Mﬁ;}?'u’ ‘ o o 3 o
oyt e v Ge T N PR L T4 e e :
g FarngRt oRGATOR - f A S LT
IS A N . L. hd N ' > O Liat " ' 1 N A ' ¢ ~ ~
2 L L T T RS YN L Lo BT

v
e e e e

I
i

&

T
ot
1
Lna At

PSSy DU S S

<
VU

R

-
P
e, :
e er d;" +
Jte T ,
. ’5, “3 [ f':
RGeS
PR AN
P g
e q,;wEg,;
WAL I I 0 N
i i S PN dp At

N Noed o A

S 2, §
i K

i ) /“
“ %
. 3
e 2 PR
S RS
4
. 4
[
f B é 4
i

<

§
-
P
-~
£
22
<
b

P

~ 4

. '
h

7

?

e



Best
Available

Copy




=~

LR R Lt

~

e T e e TR T e

o w e wem r -

~EUSE TRy Y

Eralad

cop
.

'DEPARTMENT OF THE NAVY

NAVAL SHIP RESEARCH AND DEVELOPMENT CENTER
WASHINGTON, DIC. 20034

THE INFLUENCE OF ADDED ‘MASS ON THE NATURAL VIBRATIONS AND
IMPULSE RESPONSE OF LONG, THIN CYLINDRICAL SHELLS

E. W, Palmer

This document has been approved for
public release and sale; its distrbution  *
-is unlimited.

October 1970- Report 3395 '




TR YRR AT

TABLE OF CONTENTS

ABSTRACT v 50 Jesnense sivesger ons e s s ens v
ADMINISTRATIVE INFORMATION coio. oot eeescerecens svveviressss s s svsssssons sessss s estas nssssss ssses s
L. AINTRODBUCTION AND LITERATURE SURVEY ..o ccoennnins o corsivsss sessssssses ssessssses
Il STATEMENT OF THE'PROBLEM..... .............................................................. soon an

HL. NATURAL ‘VIBRATIONS..ocovveervesrevs e reeeesuveeershes e sReeAARY s bR et s seebsRRRSS S abEraERY 0
A, "GOVERNING BQUATIONS coveeevcies crvevane vmvanns eeveureares e ateasas ene e e e sbae Sabbanss st eee
B. SOLUTION OF THE-GOVERNING EQUATIONS oo sssssssessssessans sevesses
C.. CONSIDERATION OF THE ADDED MASS..cuivviirierteissessssens sevcssessessnsssssssansens smens
D. NATURAL FREQUENCIES covvivieviesiuissorssos sesssssonssaisss s eoisessass sessssssss sssses s st ues
B, NORMAL MODE SHAPES . cvessvanesmss s ensesesvessssnenns Sove suinenssensaneresrsnen bensesens sessmens
F. NUMERICAL SOLUTIONS oo ervesinnseses oo re eevese s sabees e euess Shbe eknaaesahesshbees e

L -Influenee of Mass on Frequencids.,....... +tnes antaesastern sere sirensesessenntasensaate oo sreessessanens
2, Influence of ' Mass onMode Shapes .. vvricnnn ceveees pooserannes et reeernsnensene bees

G. -CO.\il':\I(iSO;\"\\'l'PllﬁP}XPEl!l.\lENT ................ e s sare s s b st sere sebens
H. "DISCUSEION .ottt sass s saetan sveesssss ssssssssiss sssssons sesasssstasssessssss soos sis

1. Influence of Mass on FrequenCies. v e, veesn snernns o e tersertaet toes sunars sssss
20 Tolluence of Mass-on Mode SHapes ... veveieesens s servereen ¢ o sereannens seserene

[V, IMPULSE RESP INSE oot ceevecestcetnieseiensis seeesmssssnss sors sasssnss sosssass sessssts sosssuns sovars o A
A, GENERAL SOLUTION v et sevein sere e svsne s rerureris sers e bt sirb e be sassaves sere e

B. SOLUTION FOR SPECIFIED INITIAL CONDITIONS ... . ocemevaressssnresonsescssrsnns

C. COMPARISON WITH EXPERIMENTAL RESULTS .uiieerrersssennss v corsnssssssssess oo

f. Cylinduer-with Added Mass i cenveicenes v v otuuers bevesseren setbae et sesee enssenien

-2, Cylinder without Added-Mass....uwene v crisecnnn, e saesraned o e resestets sans sttesersre e sesean

3. Ring without Added Mass et norresssses senn sases S sasaess sons PR radbe serespians sessentesnresnees

D. DISCUSSION ..ovveros s evvsssre s sosne s O e s bunsessesssn o st
Ve DISCUSSION o versoes s s s s s s s s e
VI, SUMMARY oovevoeasressee s ot s s ssesees s seessesessessess s s ssstass srsssss ossssnsesesssmses o
ACKNOWELEDGMENTS oo everrerenn v e snse o s st st S

34

36

36
14
16
46
50

63

6

'
H
[
T
e e ESUPEIE S e Tin T o S - - ~

= s = T B = i LN = = T == = =
i S - = e
- E]
- G
N
4
*
' 3

D as e o e e e i i s
- T e e o e D et e e S e e e T e ST e et o s i




T I e

wOWITTIT

"

R T T

Figu!‘e l - Coor‘dinate System I R I O N T T S R S R I R I 6

Figure

Figure

Figure

Figure:

Figure

Figure

‘Figure

“Figure-

B R

LIST OF FIGURES

2 - Dynamical Equilibrium of the Added Mass . .

3 - Variation of Frequency with Mass, Zeroth. and
First Modes, Extensional Class, Z = 0.,0001.

4 - Variation of Frequency with Mass, Second
Mode, Extensional Class, Z = 0,0001 . , . .

5 - Vapiation of Frequency with Mass, Second
Mode‘,‘ Flexural ClaSS, 2 = ’0900_01 ¢ v o o o

6 = Variation of Frequency with Mass, Third

‘Mode, Flexural -Class, 7 = 0.000L -, 4 & % o -

7 - Normalized Mode-'Shapes, Extensional Class,
Z'_'OSOOOl'oooo‘ol-op’o-c-cooo

8 - Normalized--Mode Shapes, Flexural Class,
Z = 0.0001 L] o 0 , * * L] * o L ] *- o e -0 @ L ]

9 - Experimental lode -Shapes, Second Hode,
Flexural Class Symmetrical Branch,
Z-26x10- ¢ o 0 6 o o & 0 e 0 & o o o

Figure 10- Experlmental Mode Shapes, Thlrd Mode,

Flexupral Class, Symmetrical Brafch,
Z_2\6.xlo-6 T 6 @ o . @ * &+ & 9 & o ¢

Figure 11~ Theoretical -and ‘Experimental Velocity

HlS,‘th‘les, e =0 Z = 0 00194 e 0 ¢ o o

Figure. 12~ Theoretlcal and Experimental Stress

Table
Table

Table

HlstorleS,R-O 2—00001101q00001

‘LIST. OF TABLES -

1 - Natural Frequencies, Extensiénal Class,

Z‘OOOOlloooooo.ooocooc'oo'

2 - Natupal~Ffequencie$,‘PlexuralyClaSS;

Zéfgo’OIOOloo‘omooaoo,ooovuiov607

3= Veloc:.ty Mode Amplitudes, 6 = n
Z—OOOlgq‘ e 0 o o ¢ + o 8 s .6 o e 2 ¢ 3 0

Ta

T R

RIS it SO IE S

| PRS2SR

-

Sy P O O NN

T R O P T

e et ST e T T it T T s S T g R s T o B s o % s

iii

-~ S - - - »za
;;
5
§
Page ]
:
(- ‘
C e e e . 10
6 e o e 0 9 21}
¢ 0 0 e s o 25 N
c e e e .. 26 :
- 0 e -0 e -0 - 27 -
¢ & & & & 0 29 ::)
¢ o o e s e 30 ’
i
2 ¢ 0 & o o 32 '5
!
......;33 1:
¢ ¢ ¢ 4 s @ l¥9 ‘;
A
Page
* e o 0 e 22
I T T I 23 3
o ¢ 0 o 16 [“8 )
E

R T



Ty
b

ST

T T

ARy et

Pucie it

oey

T

{ ehshaan s

et Y,

@
e b

[+

n’\

[o4]
—
'I.

e

[ogh |

LIST OF SYMBOLS

Cross section area of unit width ring.
Mode constants for antisymmetrical branch,
Normalized ith'modé constant, antisymmetrical branch.

Radius of neutral surface, or subscript meaning antisymmetrical
branch.

_ . +th s sas <ot
Flekural, symmetric, 1 B mode constant from initial conditions.
. .t N . .
Flexural, symmetric, 1 h mode constant in terms -of 3.
Flexural, antisymmetric, ith mode constant from initial conditions.

Elexgral,_symmetrig,,nth mode constant from initial conditions,

R = 0, -

Flexural, symmetric,xnth mode constant from: specific initial
conditions, R = 0,

Mode constants for symmetrical branch,
‘Normalized ith*mbde constant, symmetrical branch.

Flexural, symmetric, ith mode constant from initial conditions.

Flexural, antisymmetric, 1th mode constant from initial conditions.

ma2 w2

EA

Frequency parameter,

Extensional frequency parameter.

Flexuiral frequency parameter.

Frequency parameter for case of added mass.

Frequency parameter for case of no :added mass,

Haterial..sound velocity, V@?-.

Extensional, symmetric, ith mode constant from initial conditions.

Extensional, antisymmetric, ith mode. constant from initial
conditions.,

. . .t :
Extensional, symmetric, 1 h mode constant in terms of Cso

SRR

PP

L &1a -

s et st sy - &
RN . .

FLN ey

A N
® _wrtdpreant ~'-~4~\£-E \ nod s v -

¥ ARtk i

Nehmaroh o w




o, wmerw wdp
"

W AR

Enping)

- < Eitensional, symmetric, nth mode constant from initial conditions, ;
. R = 0. 4
: Aé; Extensional, symmetric, nth mode constant from specific initial :
conditions, R = 0,
D Determinate of coefficients of constants Ak and BP’

A Dy Determinate of coefficients of constants A, . :
| Dy Determinate of coefficients of constants B, . !
. D Stiffness parameter,—cilr-. :
L s I - ¥
' ! () s [ . . * '3 . . §
] di Extensional, symmetric, 1th mode constant from initial conditioms., j
» , ‘
L d; Extensional, antisymmetric, ™ node constant from initial j
" conditions, :
: E  Young's modulus. i
% - E ]
! E . d
| 3
Eki Constant 1in Cye :
. e Base of natural logarithms, or subscript meaning extensional class, b

( Fki jConstant in a,.
- f  Subscript meaning flexural class. ]
| "
f f° Rigid body zeroth mode constant. :
j fl Rigid body first mode constant. 1

A9

: b5
i G Moment stress resultant, o
: ) :
‘ g Rigid body zeroth mode constant, 3
i 8, Rigid body first mode constant. {
h  Shell thickness,
E ho Rigid body zeroth mode constant. J
. ) hl- Rigid body first mode constant, :
% ;
- 3 Moment of inertia of unit width ring cross. section about mneutral 4
P axis. :
;’ e I}‘D_ ‘“Mim‘mum? impulse amplitude,
& e e e e e e
' :
H i
4
4




,.w’m
12

H

N

|

|

£

'

PRI TR ]

7

T
et

i V -1, or integer subscript denoting mode number or solution state.

&)

j Integer subscript denoting solution state.,

Eh3
12(1 - »?9)

5“
.
N 58 A LRk

.

K Stiffness parameter,

TS
-y
s e

k Integer subscript.

: N Mass per unit length of the added line mass. i
f . m Mass per unit length of ring of unit width, or integer subscript, ;
: R Shear stress resultant. {
1 :
E n Integer subscript denoting mode number, R = 0, :
3 E
g ny Mode parameters from equation (12). %
. M §
R Hass ratio, = ;
<71 a2 51
r Radial coordinate. : ;
s Subscript meaning symmetrical branch,
3 T Thrust stress resultant. ;
% t Time variable. :
3 - u Axial displacement. :
E*
q u Axial acceleration. .
: v Tangential displacement, time independent, ]
j Vi Tangential displacement, time independent, ith mode. p
5 , V.. ]
3 i :
kj, V. —_—, E
, ia A, 4
% 11
; /
vig Yi.
5 —
3 Bli i
? v Tangential displacement-. §
% ]
% Y Tangential acceleration.,
3 th s

vy Tangéntial displacement, i~ mode.

v Initial :tangential displacement. j

vi

e e I




Tangential velocity,.ith mode.,

Initial tangential velocity.

Radial displacement, time independent.

Radial displacement, time independent,\ith

L .

Radial displacement.
Radial acceleration,

. . .th
Radial displacement, i mode,
Initial radisl displacement.

Radial velocity, ith mode.

Initial radial velocity,
Maximum initial radial velocity.

Constants in A...
11

Constants in B, ..
11

Stiffness parameter, '25"
Aa

Axial coordinate.

Circular argument, n, 7 , for coefficients of

k
Mode parameter for stress, R

0.

0.

Mode parameter for stress, R
Angular coordinate,

Angular- location of added mass.,

vibo

mode.

Ak and |

w ot




I
3
W Circular frequency of vibration,

0 Circular frequency -of vibration, ith"' mode or sclution state. :
- wy  Circular frequency with added mass.

w Circular frequency, R = 0.

P Poisson's ratio. : 7

7 0 Material mass density.. .
;; B
g o Stress. !
3 3

Stress due to moment.

Q
[e»]

ey

- ‘Stress due to thrust.
3 - ) ct 5

: T Non-dimensionalk time variable, ek L
(- +
i

T T

a .
L .
s '
. - t
* E I
, - i
v
) . [
b
p v
L8
'
N !
¢
i .
N §
N
g .
3 '
i!
. }
LS
H

-
e e )
P Al SN

PO

T IO

&

e ;
B S T

:
:

Sz m e A ooa b st e e -
B




T
£

27 (e ot L

T

St i

(AT Yot tarvin, s

T

ABSTRACT -

The plane strain solution is obtained for the natural vibrations and im-
pulse response of -a thin.circular cylinder containing an added line mass. The
solution for.a uniform cylinder is derived by taking the added mass to be zero.
Numerical calculations of the frequencies and mode shapes for several of the
lower modes are presented in graphical form.for various values of the added
mass. The general impulse response-solution.for arbitrary initial conditions
is obtained by normal mode theory. Eor both.the natural vibrations and im-
pulse response, the theory is found to be in reasonable agreement with
available experimental results.

In a particular mode, four distinct solution states<are found to exist:

a symmetrical and anti-symmetrical branch for each class of vibration,.flex-
ural and extensional. Noteworthy features revealéd by this investigation are
the difference in frequency and mode shape of each solution state and.the
presence of coupling:between the flexural and extensional classes, particular-
ly noticeable in the extensional class mode shapes, In comparing-impulse re-
sponse solutions f{or velecity with and without the added mass, the mﬁjor in:
fluence of the added mass is found to be an increased participation of the
flexural class modes, including the rigid body translation, and decreased.

participation of the extensiopral class oscillatory imodes.

ADMINISTRATIVE INFORMATION

The research reported herein formed a thesis submitted to and approved by the Graduate
Faculty of the Virginia Polytechnic Institute in partial fulfillment of the requirements for the
degree of Doctor of Philosophy in Engineering Mechanics.

] This report is related:to the program entitled ‘‘Hull Response Inputs to Equipment;”’
NAVSHIPS Task area SF 35,422,110, Task 15041.
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I. INTRODUCTION AND LITERATURE.SURVEY ‘

The vibrations of mass loaded cylindrical shells are of interest
in many engineering situdtions; e.g., in the dynamic behavior of hydro
and aerospace vehicles with equipment attached to their cylindrical '
walls, +ith the added mass considered as an imperfection, .such a study
should also be important in fundamental studies of vibrations of
imperfect 'bodies of revolution inasmuch as the effect of such imperfec-
tions can be quite: distinct as has been shown by several experimental
investigations [1,2?3]*. A study of the impulse response of such
structures is of particular interest in military defense applications,
both in response of the shell itself and of attached equipment repre- ‘
sented by  the added mass.

The first formal analytical work in this area..apparently was By

AT e e

-

Den Hartog [4] in 1928, In studying the natural vibrations of ring~-like

frames of electrical machines containing lumped masseS, he derived

approximate fundamental flexural frequencies for thése frames by the

B

Rayleigh method. In 1962, Palmer [S5] investigated the variations in the
1 natural flexural vibratichs without -extension due to a lumped mass on a
] ring by solving the classical eigenvalue problem., A significant result

of that study was the difference in frequency and mode shape found

; between the symmetrical and anti-symmetrical branches of each mode.

g e o g A - ez w = oo

s dichalopoulos and Muster [6] in 1966 obtained the natural vibration
t solution of a ring-stiffened, mass-loaded cylindrical shell using an

energy formulation with thé displacements represented approximately by

¢
i PSSR

"Nuhbers in brackets, [ ], refer to references listed on page -6k, .

n
.
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finite Fourier series.

vy awte v

The natural vibrations of a stiffened pressur-

ized cylindrical shell with an attached mass were considered by Ojalve

and- Newman [7] in 1967 by an approximate energy technique,
determined mode shapes for the shell without the attached mass and used

these as assumed mode shapes ‘to determine the natural vibrations for

the shell-mass system,

They

Lee, et al, [8] in 1968 analyzed the natural

vibrations of mass-loaded ring structures by twWo approximate methods,

finite-element and transfer matrix.

Using esséntially the same approach

as Michalopoulos and Muster, Lee, et al, also studied the natural

vibrations of mass-loaded sheéll structures,

-Although the natural

vibrations of mass-loaded beam .and plate structures are well established,

e.ge., Thornton [9], a literature search has failed to reveal a complete

rigorous solution for the natutal vibrations of mass-loaded ring and

cylindrical shell structures,

Previous solution attempts to the subject problem can, with one ’

exception [5], be characterized by the approach used by Ojalvo and

Newman [7], in which the mode shapes for the uniform shell without

added mass were used as trial functions in an energy

formulation for

the solution of the complete shell-mass system. A rigorous solution as i

presented herein is desirable since it is well known

that even ctude

trial functions used in an energy formulation can give quite good results

for the natural frequencies, at least for the lower modes, but mode

shapes, and response parameters computed from them for a specified

problem, may be subject to -.question.

The problem of impulse respdnse of a masssloaded cylindrical shell

has been treated by Michalopoulos and Yuster [6].

They used -modal

e

e e L e - R




analysis to formulate the response of the structure to a band of uniform
internal pressure applied as a pulse in time, However, numcviéal'results
‘Were not presented. With the above exception, the impulse response of
mass-loaded .shell structures apparently has not been treated 'in the
literature, The simpler, degenerate problem of thé response of uniform
thin rings and cylinders to non-moving impulse loads' has, however,
received some attention, Palmer '[10] used modal andlysis to obtain the
response of a ring to a side pressure pulse represented as an initial
velocity distribution. In that study, the effects of flexure and exten-
sion were completely uncoupled. Humphreys and Winter [11] employed the
Laplace transform approach to solve slightly simplified thin shell
equations for an infinitely long cylinder under a transverse pressure
pulse. Sheng [12] solved Donnell-type shell equations for the response
of a cylindrical shell to a semisinusoidal surface pulse. Johnson and
Greif {137 used two differernt numerical methods of timewise integration
to obtain the response 6f a cylindrical shell to a blast loading, Their
solution was completely numerical and involved expressing Sanders!

shell equations in finite difference form,

[
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11, STATEMENT 'OF THE PROBLEM

The plane strain solution for the natural vibrations and impulse

response cf infinitely long, thin circular cylindrical shells containing

an added. concentrated line mass will be obtained., The shell material
will be isotropic, homogenous and the analysis will employ linearized,
small deformation, thin shell theory neglecting the effects of shear
deformation and rotatory inertia, as formulated by Flugge [14],

The midsurface displacements u, v, and w and the coordinate system
fop-the-shell~a£e déefined in Figure 1. The Linglmass! M, is concen-
trated at the midsurface and is parallel to the z-axis, Rctatory
inertia of the concentrated mass is neglected, Motion will oécur only
in planes perpendicular to the z-axis,

The solution for the natural frequencies and mode shapes will be
obtained in the classical manner by describing continuity and equilibrium
conditions at the mass. The influence of ?he mass will be ascertained
by comparison with the vibrations of a cylinder without added mass.,

The exagt solution to the governing equations will ‘be obtained for both
extensional and flexural classes of vibration with no approximations
made on eithér class. In a previous solution by Palmer [5] only the

flexural class was considered in an approximate. manner, i.e., flexure

. . v
with the midsurface extension everywhere zero, or w = oYy + The

analytical frequencies will be compared with those obtained experimentally-
by Lee [8].

The solution for the natural vibrations will be used to- determine
the response of the shell to a transverse impulse., ‘The impulse widl be

specified in terms of initial conditions on the displacements and
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orthogonality relation.

and flexure without extension,

velocities, and then the mode constants will be determined through the

The influence of the mass will be determined

‘by comparing the response with and without the mass,

to be obtained in a relatively straightforward: manner,

Figure 1 - Coordinate System

R e A v S U

As noted in. the

literature review, Palmer [10] obtained the response without the added
mdss to an initial velocity distribution by modal analysis, Although
‘both. extensional and: flexural classes were considered, that solution

‘was an approximation since extension was assumed to occur without flexure

Such simplifications permitted a solution

The :impulse

k response solution will be compared with experimental results of Navy

: tests,.reported in [15] and (207, and Sandia Corporation tests [167.
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III, NATURAL VIBRATIONS

The general ‘solution will be obtained for the natural frequencies
and normal mode shapes. Humerical calculations of the frequencies and
mode ‘shapes for several of the lower modes will be presented in graphi-

cal form: and compared with experimental results [8],

A. Governing Equations

The complete thin cylindrical shell theory equations of motion
presented by Flugge [14], using the coordinate system of Figure 1,

adding inertia terms and omitting load terms for natural vibratichs, are

Uyt !';_'i"oo * _%_V oz~ mz+~[‘)s-£af§[tf_)'l"'"00 Wt l;_VWOOZJT m{uj:i =0 4y
PtV mwE EEFE'; Y002~ Yzzz ":';‘; V022" Wazzz = 2¥0022. Y0000~ 2¥o0 - “] - m_l\;:_ﬁ =0 3)
For the case of plane strain, u=0 and (),=0 , these three

equations reduce to two in the planar displacement components v and w .

Thus
- ma?'ir‘ Van = Wo = 0. Q)
Ds t Vo - Wp =
2. K
'll‘;w+vo _ W""T[“'OO(),O +2w00+w] =0 (5)
S Dsa
where
(=%
and-

0<%
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Since it is desired to treat riugs as well as stiffened cylinders,
it is convenient to change the for of the stiffness parameters D

and K for a ring of unit width as follows:

Eh _ & _a
Ds.: "*‘:)"-hh-i:t\
1-p=
nd
" koo [ Yo
Da’ Da? flz(l-uz)J Aa?

With these substitutions, equations (%) and ‘(5) can be written in

the form
1:A -
- v +T (vpg = wp)=0 (0)
EA El _
- maw o+ T (g~ w)- ~a—3- (w0000 + ?.WOO +w)=0 )

It is noted that equations (6) and (7) also were derived by Baron

and Bleich [17].

B. Solution of the Governing Equations

Suitable solutions to equations (6) and (7) for harmonic vibrations

are, for a particular mode,

v = V() el )]
and w = W(g) It ©)
3
where V(o) = 2 ny, (Ay cos n 0 + By sin ny.0) (10)
W22
and W) =§:{ (T%f- - n‘}z) (’\k sin nkl) - Bkcos nk0) (11)

Substituting (8) and (9) into (6) and (7), it is found that

equation (6) is identically satisfied, whereas. equation (7) will be

T - W

E__*v
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satisfied if the following relation is in turn satisfied:

C'2‘ [(ng"')27.+112+ l].C+n2s(n2_ ])2 7=0 (i2)
where y 5
C = ma“w~ )
EA
and 2= .
A'.lz

The n,, n,, and n3 of equations (10) and {11), are roots of equation
(12), which is cubic in ne, As expected, equation (12), the frequency
equation, is quadratic in the frequency parametver C. It will be shown
shortly that for a given value of n the lesser value of C represents
primarily flexural vibration and the greater value represents primarily
extensional, or membrane, vibration.

C. Consideration of the Added Mass

As the soluticns (10) and (11) contain six constants of integration,
A, and B, , at least one always remaining arbitrary since (6) and (7)
are homogeneous, and siqce the frequency paiameter~c must also be
determined, then six relations are fieeded at the added mass.

From continuity conditions, the following equations can be written

re

[v] My -vi =0 (15y
-OM\

= 0

:[w] M=o (16)
O

“[wo]o‘“ =0 (17)
Oy

From ‘equilibrium, see Figure 2, summing forces in the radial

direction gives

OM
Mw (0y) +|N 0 =0 (18)

M

=
o

N b b fo s b X 20
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Figure 2 - Dynamical Equilibrium of the

Added Mass
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and in the tangential direction- gives

. Oy
Mi0g) 1| =0
. Oy

and summing the moments gives
Oy

where N, T, and G are the respective shear, thrust and moment stress
resultants. From Flugge [14], with present notation, these are
El
N= {"3 (wgoo+ o)

_EA Bl
T ——“— (Vo - W) '—3—3— (w *\Voo)

(19)

(20)

2

21 >,

(22

Evaluating (15) through. (20) with expressions (8), (9), (21), (22),

and (23) gives six linear homogeneous algebraic equations arranged as

follows:
Erom (16)
A (C- nd)sina, =0
K "k) sinay,
o=
from (20)
9 2 .
2 Ay i (C~ nj)sin ak'-'()'
from (138)

3
Z Ay ny (TRC cos ap + iy sinay) =0

11

(24) .
(25)
(26)
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from -(15)

.
2: By, 1y, sinay = 0 @en . z

from (17) .

>

"By g sinay =0 (28) 3

and from (18) g
4 C o)
Z; By ["Ri (C- ng)cosay -xni sina k] =0 (29)

M

5 , the mass ratio, (30)
2ram

where R=

PR STIUNS S TR VIR P

(31

and ak=“k0t\1'k= |,2.0l' 3.

Without any loss .of generality, 0p will be taken as n  for the B
remainder of this dissertation., :

D. Natural Frequencies 1

Since (2u) through (29) are homogeneous, the determinant of the
coefficients of the A, and B terms must vanish in order for non- ;
trivial values of these constants to exist.

The sixth order determinant fovmed from (24) through (29) is

PN, 1)

D 0
A
D= =0 (32)




¢ n%) sin as
n% (C n_‘;‘) sin «t3

n3 {(7RC cos a3 + ny sm (43)

iy sin ag
3
n3 sin a3

""R'g:((‘ - n‘%) Cos a3

- n3 sin a3

(33)

(34)

and the .other containing

and DB #0

(35)

(30)

(37

(38)

s then

E N il

i where

: . ,

(C- n'l') sina, (C - n3)smay

» ]

s I)A = n% (C- n%) sina) n3 (C- n%) sin @5

F

: ny {(akRC cosay iy sin “l) NA (TRC cos 14 1 N3 8k @)

N 2 2t 2

. and

| nysina, 11y sin dy

H‘ 7 Dy= n% sin n% sina,

: Y 2 iC I

"R«Z(C - 0y ) cos @ 7zl z(f - N3) Cos @y

ﬁ -\,n? sin a - ng sin as

: Equation (32). is expressed as -a product of two third-order determi-
? nants, one containing only coefficients of Ay

E only coefficient$ of B, . Thus

: D=D,Dg =0

: ‘Equation. (35) may be-satisfied in three ways

Dy =0

g or

3 Dy =Dy=0

3

§ In the first of these, (36), nontrivial values are possible for the
» A,  constants since Dy =0 . But if D, =0

§

: all the B, constants will be zero, since by Cramer's rule nontrivial

T
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values cannot exist., The reverse is true for the second of these, (37).
keferring to the expression for the radial displacement function, (1ll),
#e find that the A constants are associated with sine functions which
are antisymmetrical, whereas the B; constants are associated with
symmetrical cosine functions., Condition (36) then would result in a
solution containing only antisymmetrical terms and the solution from (37)
would contain only symmetrical terms.
In either case, (36) or (37), both the governing equations and
the continuity and equilibrium conditions at the mass will be satisfied.
The frequghcy equations may be found by evaluating «DA and DB .
From -(33)

DA = "?l'"?. (C~ n"l") (C- n%) sin aysinag (wRC cos g+ sin a2)4
+ n?,"_n:, (C- n:;') (C~ ng_') sin a| sin a4 (@RC cos a3 +13sin a3)
+ n%nl (C~ n%) (C- r._%).sin alsin as (n"RC cos @y +ny sin al)
- “I"g(( - n%) (C - n%) sitt @4 sin az (7RC cos aptngsina) %)
- n?_u:% (C- n%) (¢~ n_%) sina sin ay (7RC cos Gy + 0y sin a:,_)

- nx_;n?" (-~ nf) (C - n%) sin a|\sin ay (mRC cos aztng sin a3)

Setting Dy=0 the frequency equation for antisymmetrical vibra-
tions is obtained., Solving this exprescion for the mass ratio and

letting R=R, for Dy =0 gives

Ry = {n% (C- n%) (C- !l%)(ll% - ng') + n% C- n%) (C- n%) (n?3' - n:lz)

A cosa
+ ngf((‘ - n"lz) (C- n%) (n?‘ - n:,'EI-I- aC ["l (C- n;,)') (C- n%) (n%- n%) ;T(:L
- ~ - - 1
2 2, 2 5 CUSUs 5 9., 2 o COSl3
15 (C~ 17 (C ~ n3) (nf - n3) Eﬁl—a-;; +13 (€~ aj) (€ - n3) (n3 - n}) s (40)
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By the same procedure, we find from (37)

‘D =nynyng [n%n?‘; (n% - n%) + n%n% (n:l)‘ - n%) + n?l‘ng (n% - n%-)]

c 5 2 5 COSA3 5 2 5 €05Q)
+ nRz [nln?_ (112 - ny) (C-n3) a3 +nong (n3 - n2) (C- n|~) Sna
s 2 5, €05 @)
+nyng (- n3) - n?_) ;H]—E;] 41)

from which- the mass ratio for symmetrical vibrations, Rp is

Rp =nnyn3 [n%n% (n% - n%) +:,nflzn% (n%,- n%) +-n%n§v(n% - n%)]

C s 2 5, €05 ¢ y 2 5, €05 @)
: "Z[“?."B (n3-n3)(C ny) Sna; +nyng (nf - n3) (C n:,_)—Sin ™

5, COSA3:
~+;nln2 (ﬂ%" l\%‘) (C- ‘nf‘;‘)-'sm 213] (42)

In general, both D, and Dy will not vanish for the same n, ,C
and R values since expressions (40) and (42) are not the same. New
referring to equations (12), (40), and- (42), it is apparent that for
patural vibrations with an added mass four .solutions are possible; one
consisting of symmetrical vibrations and another of antisymmetrical
vibrations for each of the two classes, flexural and extensional, An
illustration of this is provided in the next section where. numerical
solutions are obtained.

The frequency,equation for the case of a uniform cylinder or ring
may be obtained by letting the mass ratio become zero in (40) and (42).
From (40), multiplying through by sin a; sin- a, sin a3

[n% ©-d) - 1) (13- +nd € ) € - v (03 - n])
+ n%(l‘ - n?‘) (C -‘n'z_,) (n:i)'r-“n%)]jsin ap sinaysinaz = 0 (43)
and’fpom'(MZ),,again:multiplying by sin aq; sin ay, sin a3
nlnzn3v[n%n% (n% - n%) + n%n%f(n%- n})

+ n%n% (n%-. n%)] sin @ sin ay sinay.= 0 “4)

[




In this case, with Oy =n , 1f one of the Ny is an integer,
then (43) or (u4) will be satisfied, Actually, for this situation, both
(43) and (44) are identically zero, which is condition (38), Then

equation (12) suffices as the frequency equation, with one of the n, an

integer,

L. Normal Mode Shapes

4 The antisymmetrical branch mode constants A, may be found by

solving -(24) and (25) simultaneously; the solution is

A2 (n% - n‘f) (C~- n?’) sin a

(45)
A (n?,_' - |’1§) (C- n%) sin a4
. and
- Aj ("% - ng) (c- n"lz) sina
i -5 ) (46)
Ay (n3 = n3) (C - n3)sinay
and the symmetrical constants B, from (27) and (28) are
i By iy (n% - n:lz) sina;
A —_—= ) 47)
: BI Ny (n3-n3)sina,
: and
By (n“lz - n%) sina;
— (48)
i By n3(ny-n3)sina;
where A, and B, are arbitrary. From (10) and (11) the tangential and

1 1
radial displacement functions for the antisymmetrical bZanch are

. A, Aj

V=A {ncos n0 +A—'l' n, cos 1120 + ’—\—l n3 cos n30 (49).
) and

3 T A A ,

3 W=A, {(C - :%) sinn0 +-A—?(C n%) sin ny0 +K-::-(C -»n%) sin 1130] (50)
; L |
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and for the symmetrical branch are

B, B3
V=B [nysinng +E;-‘~n:, s ny0 +E_l ny sin n30 (51)
and
2 By B3 5 i
W=B [(nf-C)cosnf + B—-l (n5 - Cyeosny0 + E (n3 ~ C) cos n30 (52)

With n; an integer, then (45) through (48) are zero and the mode

shapes without the added mass are for antisymmetrical vibrations

V=An cosn0 (53)

and’

. o) )
W=A,(C-ny)sinn0 (54)

and for symmetrical vibrations
V=Bny sinny0 (55)

and

W =B, (n] - C)cosn,0 (56)

In modal analysis problems where the orthogonality condition must
be used to obtain a solution, it is convenient "to normalize the mode:

shapes. The orthogonality condition between the modes, from Love [18],

can be written as

m
2 2
-

where i and j are indices representing two solution states, or:normal
modes, with corresponding frequencies w; and Wy e If “’i:’é“’j, ’

then the brackéted quantity of (57) must vanish, and if ;= , (57)
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is identically satisfied., In thé latter situation, the value of the
bracketed quentity is then arbitrary. However, it is customary to
normalize this term by making its value some convenient quantity. For

the case of i = j, the bracketed quantity of (57) can be taken as

. . .
m / [Vi-’-q. Wg'] ade:+ M [:V;'2 ¥ W;')'] =2mma (58)
»f hn - n

Dividing (58) by Jmma , Wwe have

It
| 2 w2 2.wll = ;
5= l:vi + Wi ]»do +R [vi + Wi ] = (59)
-7 n
With eguations -(49). and (50) written..as.
_ Ay, - ]
Vi =A “Vm and \v’i- A ”\Vi“ (60)

or the ith mode, and substituting (60) into (59) and solving for A}; ,

we nave

2 1
STk e (61)
Y 2| ur2 2
% [vin * Wia] do+R [Vi:l * wiu]
-7 n
Similarly, for B); we obtain
By =~ ' (62)
1 ‘ 72 2 2 2
) > [vis + wis] a0+ R [viS + wis]
-7 w

where the indices a and s represent the antisymmetrical and symmetrical
branches respectively.

Lvaluating the integrals of (61) and (62) is a straightforward
but somewhat lengthy process. The resulting expressions are as follows:

A3 = ! (63)

L2, w2
xim + R[Viu + wiu]
: 47

|

b
=)

m=

ey
(=]

(L)




where the Xim are

sin 21y, @
_ 2 2 lia
X;1 = Cjy = "ia) ["""—"'gn - ] (64)-
lia |
o)
A') . 7 9 sin ZIlqiaﬂ
Xin = == Ci, = N5, )" |71 = 65)-
i2 Ay Cia 21‘1), 094, (65)
) _
A\ sin 20q:, T
{93 742 3ia
X3 = (',r (Cjy - 130 [“"‘—-‘-—g,, : ] (66)
1 3ia
A,y 2 sm(nlla “'ha)” sin \“lm+""n)"
X, = 202 )(C;, - ndi) € N— (67
i4 (‘A‘l) ja "M/ Yia ” "Jia Ria - Mia "l|a+n"1a
g A sin.(n”a:|\3ia)n Sjll~.(ll|h+“3ia)ﬂ
i X.c = 2[—] (C; -12.)(C; -n3 ) - Bk i (68)
> /‘1) ja ™ MM = T30 n g, - N3 fpja * M3ia
: . ,
; 3 5 [in (ngjg - g™ S0 (N2j * N3ia) 7
! Xig = — n—, Y(C:,, ~n%:.) - 69
i6 ( |)<"‘ Cia = "2ia) Tia ™ 3ia”) gy - gy M9ia ¥ M3
6 sin 2n
. lia
Xi7 = “ln[ M ] (70)
4 . 2 : \
AsY 5 - sin 209,
: Xig=\%, | "2ia " an
3 9
" A\ P sin 2“3ia1[
: == nz |t — 2
Xi9 (‘A‘-l) “31:\[“ Mai 72
i 'An sin (N5, = M) 7 sin (g4 + N2ja) n]
: X:n= 2=y = + e (73)
: i10 (Al) lia 2‘“[ Nia = 12ia Nyia * Mg
¥
; (A3 sin (N4, - N3i) 7 sin(nj, * “3ia)‘7’
3 1= 23 JHia"3i t 1 (74
g ] Nia ~M3ia. Mja * "3ia
# R As\ [A sin (g, = N245) 7 sin (g, + N350) T
4 Xij2 = (=2 A3 i1 \311‘[ 2ia” "3ia’ " _|a+ M 3ia/ (75)
y -\ L M- M3ia N2ia ™ "3ia
_19
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d 2 | 3
3 and By, = ——5 - (76)- :
3 1 2 2
: o E Yot R [viS + wislr 4
m=1 b
- where-the Yim are
g .
A s 5 sin 2n His®
; Yiy = (755 - Ci) ["'J"_vn_.""' (7
) “"lis
By 2 " " i Si“'z"Zis’;-
: Vi =\, (is = Cigh™ |+~ (78)
; - = :
By : R L[ sin 2"3isﬂ g
Yis =3, (35 - Cy) :’*""“—‘g.,ms : (79)-
: B4\ , 5 [in (nyis= "”is) nosin(npt Ngis) 7] ]
o= H-—}(ns..-C. 5. -C. ek A . :
Yid -<Bl) (Mis € (35 i T Myjs T Mg ' Nyie + Ny (80 p
4 < lis " 2is N
B " n [sin (n)is - “3is)" sin (ot “3is) 7] )
] Yis = 2(h—- I Ci)n3;5 - Ci) — P 81) :
§ ! is ~ 13is Mis ™ M3is g
3 B3 5 " l sin ("2is - “3is)" sin ("Zis + 3@
: Yio = 2(1;‘"“)(7 (35 - Cig) (355 - C,9)| = — t (82) ,
3 RS FANS "2is = "3is N2is ™ N3is |
sin 2ny;.7@
, o2 | s
‘i?“"lis["‘:rn‘lg" ' (83) :‘
2 B hE -
B-,;" " sin 2nq, 4
Yio ={—4 15: |7 e ——— 84 1
i8 B ] n2IS. 2“2i$ ( ) ;
= A r - <
; Ba\ , sin 2"3is"J :
: Yl() 5 "3is T Miq: (85) b
: 21 L ="3is
" Voo =1 -B_?__ ] [sin (05, nzis)ﬂ sin (136 + nzis)nq 6 il
: i10= A5 Mishis| e T TR (86) '
i L lis = M2is lis 7 N2is
* v =a ‘!L sin (nyjs - 0307 sin (npge* "3is)7ﬂ . 5
f i = A mistsis| e T T g ®7) :
8 I i Ais TV 3is lis * "3is :
- 4
o ’ i
‘o= l; _;_3. sin (g;q - N33 7 sin (o + N3 T (89) y
i12= A NG 2" " TTRETTT A
1 ] L 2is 7 M'3is 2is T "3is ;
B
A 1
: 4
.
; 20 ;_
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F. ‘Numerical Solutions

To illustrate the influence of the added mass, frequencies and mode
shapes were calculated for several of the lower modes by the following
prozedure:

1. Influence of Mass on Irequencies

a, After selecting a value of the stiffness parameter Z,

values of n, were chosen and (12) was solved for the flexural frequency

1

parameters Cf and the extensional frequency parameters Ce‘ Then. for
each frequency parameter, Cf and Ce’ (12) was solved again for the modal

parameters n, . and Mo for the flexural class, and Nye and Nae for the

extensional class. Integer values of ny will give solutions for the

problem without the added mass.,
b, The . and C values were then inserted into equations (u0)
and (42) to determine values of the mass ratio, R. Note that for each

chosen, four values of R will be obtained, R ’ Rea‘and Res’

R
i1 fa' fs
where f corresponds to flexure, e to extension, a to antisymmetric and
s to ‘symmetric.

¢. Frequency ratios of the structure with added mass to that

without added mass were obtained from equation (13):

oy (O }72
_”(E") (89)

“«’m m

For several individual lower modes, the -above parameters were
calculated and are given in Tables 1 and 2. The relationship hetween

frequency and mass is also shown graphically in Figures 3 through 6.,
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TABLE 1 - NATURAL FREQUENCIES, EXTENSIONAL CLASS, 7 = 0,0001

0.0

0.0935431
0.0863651
0,0966521

1.0
0.920444
0,909u462
0.895314
0.892210
0.685508
0.668459-

2.0
1,923135
1,905064
1.902883
1.832289
1.673354
1,671937

1.000100
0,991352
0.990817
0.990761

2.0

1.847218
1,827122
1,801590
1,7960u1
1,469940
1.,446858

5,000180
4,698604
4, 629420
4,621112
4,357412
3.,800200
3.795457

"2 "3

ZEROTH_MODE
9.9247771  10.074785
9.902667i  10.053005
9,901308i  10.051667
9.9011681  10.051528

TIRST MODE
11,828873i  11.955009
11.593651i  11.722319
11.561633i  11,690650
11.520569i  11.650043
11.511586i  11,461161
10.942573i  11.078805
108988141  11,035586

SECOND MODE
14,9036231  15,003939
14,6720601  14,773947
14,6173691  14.71963u
14,6107604  14.713071
14,3961914  14,500016
13,908495i  14,015931
13,904119i  14,011589.

343
[

ea

0.0

62 0.0
56 0.1
50 0.1
001

1,0

0.0

48
58
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TABLE 2 - NATURAL FREQUENCIES, ILEXURAL CLASS, Z = d.OOOl

2.0

1.988584
1,956736
1.952292
1,939996
1.798911
1,.705399

3.0
2.989798
2.963754
2.951385
2,911696
2.737457
2,680194

0.000720
0.000697
0,000634
0.000626
0.000603
0.000382
0.000271

0.005760
0,005668
0.005439
0.005333
0.005002
0.003720
0.003356

SECOND HODE

(n2 = atbi, n

a

0.4132%}
o.,4183u8
0.431774
0.433560
0,438385
0.483953
0.505549

3

= a-bi)

b

1.081867
1.073266
1.049056
1.045649
1.036185
0.923071
0.842400

THIRD MODE

1.0368411
1.037634i
1.0397u6i
1.0407971
1.0443971
1.0658711
1,0759711

2.,4329451
2.420029i
2.386907i
2,371093i
2,3199594
2.086593i
2,0055851

w

= Rfa Rfs
Wi

1.0 0.0 0.0
0.984 0.10 0.021
0.939 1.0 0.0898
0.933 l.u43 0.10
0.915 10,0 0.132
0.728 - 1,0
0.614 - 10,0
1.0 0,0 0.0
0.992 0.10 0.0091
0.972 1.0 0,035
0.962 10,0 0.0ug
0.932 - 0.10
0.804 - 1.0
0,763 -— 10.0
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A3 noted on the fisures, the stiffness parameter 7 was taken to be
10'“. This rarticular value of 7 represents a ring of unit width, 12
inches in Jiameter, with a thickness of 0,21 inches, Calculaticns using
other vilues of 7 ranging from 1072 to 10°°% showed less than 10% differ-
ance with those represented by the figures, with the largest differences
occurring in the extensional class modes and virtually no difference in

*he f{lexural class particularly for smaller Z values,

. .ntlue-=a of llass on Mode Shapes

fquations (43) through (52) were used to determine the normal-
ired mode shapes for desired values of the mass ratio, R. The parame-

Ters, ny and C, for particular values of R uWere found by iteration on
1

the process described previously in l.a. and 1l.b,
The normalized displacement function ¥ is shown. .in Figures 7

and 8 for 0 between 0 and 180. degrees,

G. Comparison with Experimént

.

Lee, et al, [8) conducted an experiméntal study to determine the
effects of added mass on the vibrations cf rifig structures. By reson-
ance testing, they found flexural 'symmetric natural frequencies: and
mode chapes for several values of the mass ratio, R, Their frequency
results are shown on Pigures $§ and 6 for comparison with present theory.
The experimental results show the same general trend as theory for
increasing P, but the experimental frequency ratio is, on the average,
abont 10% higher than theory. For a variety of reasons, precise agree-
meat between theory and experiment generally cannot be expected,
ns~ecially for vibratory and transient phenomena., In this case the

~rincival cause of disagreement can be attributed to the fact that in

il
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the conduct of the experiments the ring was driven eccentrically with
respect to the attached mass, thus permitting some participation of the

antisymmetric branches, As shown by present theory, this would account

for somewhat higher frequency ratios than those that would result from
pure symmetric excitation. Experimental mode shapes are shown in

Figures 9 and 10 and show the same general trend of reduced amplitude

at the mass for increasing R as the theory,
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I, Discussion

The influence of the added mass on the natural vibrations will be
discussed in terms of the solution without added mass.

1. Influence of Mass on Prequencies

An obvious feature here is the difference in frequency between
the symmetrical and antisymmetrical brancnes of a normal mode, as shown
in FTigures 3 through 6. This holds for both classes of vibration,
extensional and flexural. For no added mass, R = 0, both branches of a
particular class have the same frequency., but as the added mass increas-
as, the difference in frequency also increases., Note that the zeroth,
or breathing, mode has only the symmetrical branch., This is an expected
result since tor the case of zero added mass, only the symmetrical
branch exists, as shown bv egquations (53) through (56),

For the extensional class modes, as the mass ratio increases,
the reduction in freguency is pgreater in the antisymmetrical branch
than in the symmetrical branch. The reverse is true for the flexural
class.

with the exception of the zeroth mode, it is noted that for
either class, the reduction in frequency is less for both branches fer
the higher modes than for the lower. The zeroth mode shows very little
reduction in frequency regardless of the amount of added mass.,

2, Influence of llass on liode Chapes

Figures 7 and B8 indicate that the displacement of the added
mass decreascs as the mass ratio increases, A larre added mass tends
to become a node. In the flexural class, the mass has appreciably less

influence on the antisymmetrical shapes than on the symmetrical, as

2
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shown by Figure 8., The effect of added mass on the extensional class

mode shapes is striking. Figure 7 shows the presence of coupling with .

higher flexural class modes. Even for a very small value of the mass
ratio (R = 0,01) this coupling is quite severe, particularly for the
symmetrical branches. Observe also that even with this coupling the
true character of the extensional shapes is maintained since the flexure
is superimposed on the primary extension. This behavior is especially
noticeable in the zeroth mode shape shown in Figure 7,

For the uniform cylinder without added mass, it is interesting to

note from equations (54) and (56) that the only distinction in shape
between the symmetrical and anti~symmetrical branches of a particular
mode is- that the axis of symmetry of the anti-symmetrical branch shape ..

is rotated ﬁ%; radians from the axis of symmetry of the symmetrical

branch shape. As shown in Tables 1 and 2, for R = 0, both branches

of the same class of vibration have the same natural frequency. Such

degeneracy does not exist when the added mass is present, Not only are

hﬁj”@ﬁ;’w

the anti-symmetrical branch shapes completely without symmetry and

it

different from those of the symmetrical branch, but the frequencies

associated with each branch are different as well,

The zeroth and first flexural class modes are non-oscillatory,

rigid body modes. They will be treated in the next Chapter,
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The reneral impulse response solution will be obtained by modal
analysic for arbitrary cpatial variation of the initial conditions,
This reneral solution will then be specialized to a particular form of
the initial conditions for comparison with experimental results, The
impulse response of a uniform cylinder (R = 0) will be obtained as a
degenerate case of the general impulse response solution,

A, General Solution

As was shown in Chapter [11, for each mods of vibration (zeroth,
first, etec.), four solutions are possible, symmetric and antisymmetric
branches for each of the two classes, flexural and extensional. Since
eiach of the four is a solution and since the problem is linear, then a
linear combination of the four solutions is also a solution, There-

. «th s
fore, the displacement components for the i~ mode can be written as

v Vst Vi Vs (90)

C BV
1 [

and
W=y 3

1= Woar  Woar T Wiai ¥ Wi on

It is cenvenient to express the spatial and temporal variables of

each of the components of eyuations (890) and (91) as follows

Vear = Ve (€ sinwy it r (-li €0S W gyit) 92)
Vesi = Vg (€ sin @, gt ¥ dieos @, gt) (93)
\mlemHiﬂnwmﬂ+&mwwmm (94)
Vg T \’N (4 sin wpgt + bj cos wigt) (95)
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Woai = W (§jsinw gt (-i-i COS Wy,it) (96)
Wosi Wcsi (¢ sin wygit + di cos wcsil) 97)
wmi=Wﬁﬂ%ﬁnwmp+&uxwmﬂ) . (98)
Wi = Wl’si (a; sin wpgt + b; cos wigt) (99)

where YV y €tc., are the mode shapes obtained previousty, and

oW
eai’ "eai
a; s Ei, b,, etc., are constants to be obtained from the initial

conditions, Summing all the modes gives the complete solution which is

o«

v =Zvi (100)
i=0
and =
w =Zwi (101)
i=0

For given initial conditions on. the displacement and velocity, the
constants a,, Si, b;, etc., can be obtained through the orthogonality
relation. Let the initial conditions be stated as

v(0,0) =V
w(0.0)=w

. (102)
v(6.0) =v

w(0,0) = W

Then, from equations (100) and (101), with (102) we have
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Zv-l((!_()) .- (103)

Y w00 =% (104)

Y 00 =v (105)

RERE 40 e e e e v
L
—

o0
and Y E00=w (106)

The object now is to manipulate equations (103) through (106) to
forms such that the orthogonality condition, equation -(57), -can be
employed. To obtain a, and b,, for example, multiply (103) and (105)

by V. mado , and (104) and (106) by Wmm:\d() and integrate,

tsy

which gives

o0

n T
E f \;i(0.0) sti'““do = / Wfsi'"“dq (107
120 /-1 ’ -
/ \;'Vl-sjnmdo (108)
-5
- 7 T
E / w,(0.0) Wfsjm:ldo / erSjlnudO (109)
-~ -7
7 m
E / W;(0.0) Wfsjmudo = / W\VI-SjmadO (110)
-7 -%

i=0

PN E St AP IITRL by

-

¢
E / vi(O 0 stjmudO
1=) &0

s an

g For 0= , the location of the added mass, equations (103)

through (106) become
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3
z ;V-,(n.O) =¥(m) Qi
. =0
: E wi(1.0) = W(a) (112)
) i=0
'f
’ E #(n0) =W(n) (113)
‘ =0
E $m.0) = () (114)
i=0
; Multiplying equationms (111) and (113) by Mvgg and -(132) and
(114) by MWy gives
: E Mv,(n,0) rg = M¥(n) \r’l’s‘; (115)
3 i=0
. () - (%)
ZMvi(n'.())stj = Mv(m) Vig (116)
i=0
ZMwi(-n,O) w‘f;‘j’ = MWw(n) w‘{s‘j’ (117
=0
E Mty 0) W = M) W (118)
i=0

Adding equations (107), (108), (115) and (117) results in

. ]
Z%/ [V|(0 0) Vrsj + wl(0,0) “’fsj] madf + M \-VI(O) stﬁ' WI(O) Wrsj] 1}

ﬂ
= f [;Vl'sj + G'Wl'sj] madl +M [vasj + w\‘lfsj]n (119)




Using equations (90) through (u3), and the orthogonality condition,
equation (57), it tollows that all the terms on the left hand side of
equation (119) are zero except those in which i = j and are of the
flexural class, symmetrical branch. This latter condition is an import-
ant point since even for the same mode number of vibration (i = j),
there are four solution states, each in general having a different
natural frequency and normal mode shape., Thus equation (119) yields
the constants bi’

R -
/ [Wm* wwfsi] madd + M [Wm *W‘Vrsi]
T n

b = e o (120)

1 N S
) ) ) 2 )
f L Vfu + W fs:] madf + M [sti + wl‘si]
o T

Using normalized functions as given by equation (58), equation (120)

may be written as

u -
I A - Tov o
hl - S;‘/‘ [\ Vrs‘ + \T\V(‘bi]A dn + l{ ‘vafsi + W \\’l’si] (|2|)

Adding eqnations (108), (110), (118) and (118), and following the

same procedure, the constants a; are found to be

T
T

1 T -
Wrsi

P ht iy bk o i o i

P TI————

lvi___
B
H

121

!

—

(£

D

S

Through a procedure similar to the above, the other constants in

equations (92) through (98) are found to be

Vo, e .
35 / [V'\’cSl +chsi] do + R [vasi + wwcsi]
- .
' (123)
l Wesi
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i
! Ve -
(=5 [VVcsi ¥ Wwesi] do + Rﬁ[vvesi * mvesi] (124)
-1 i

n
1 . . . .
[Wfai * WWrai:‘ do+R [Wrai + “’wfai]
1’ -l

‘Z; - a
5 = o (125)
al
- l w

n
1 = : = =
,E / [V Vcai + \Vwcai] dg + R [V\I-cai + chai]
-7 n
C: =

1 w,

(127)

eai

a=L | ‘[vvcaiwwcm] a0 + R [vvcai +wwmi] (128)
n

Equations (123), (124), (127), and (128) associated with the
extensional class are valid for any mode number, i, equal to or greater
than zero. Equations (121), (122), (125) and (126) associated with the
flexural class are valid only for mode numbers equal to or greater
than two. -‘As shown previously in Chapter III, harmonic solutions are
not possible for the zeroth and first modes of the flexural class.
Therefore these must be treated separately, Previous analytical studies
[10,19] of the flexural response of uniform rings have shown that the
zeroth and first flexural clas; modes are associated with rigid body

motions. The solution for the zeroth mode can be taken as follows

Vfo = fo + hot and Wro = go + 1\0( . (]29)
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Substituting (129) into the governing equations (6) and (7), it is
found that , = k, * 0 and fo and L are arbitrary, which represents a

ripid body rotition. For the first mode, the solution is taken as

Y Ot dand Wy = (g R0 cos 0 (130)

Upon substituting (130) into equations (6) and (7), it is found
that the governiny equations are satisfied by equations (130) if

t, - and h, = k dote that this solution represents a rigid body

LR 1ot
transiation. Tne non-harmonic or zero frequency solutions for the
zeroth and first flexural class modes given by equations (129) and (130)
also satisfy the eguilibrium and continuity conditions, equations (15)
through (20), thus are valid solutions to the given problem, The
orthogonality relation, equation (57), also is applicable for these
solutions,

Froceediny in the same manner as before, the constants fo’ ho’ fl

ard hl are found to be

TR (=0
il / ¥d0 + RV (7)
-l -
_ 9
hy * TR .
’l_ / (7 sin 0+ W cos 0] 40 - RW(x)
-h -
- 3
h TTR (133
’-l.-_ / [T s +W cos 0] do - R%(m)
T T T TR - (134)
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Thus, with all the constants determined from equations (121)

through (128) and -(131) and (134), the complete general solution is

v=f0+hot+(f|+hlt)sinO+E vﬁ+E Vei (135)

i=2 i=0

and

w= (M ~l~hlt)coso+§ Wﬁ+§ Wei (136)

i=2 i=0

where Vi T Vit Vs

Vei ™ Yeai t Vesi

Wi = Wit Wi
and Wei = Yeait Wesi

The impulse response solution for a uniform cylinder without added
mass has the same form as above and may be derived from the above gen-
eral solution by setting R = 0 and using the mode shapes given by
equations (53) through (56),

B, Solution for-Specified Initial Conditions

Fof later comparison with experimental results, the impulse
response solution for a particular set of initial conditions will now
be obtained, Let the initial conditions be of the following form:

¥=V=w=0 , forall0

W=-W0coso . fom?()?%

(137)
and ror-§>o>-n
W=0 , ror-—"2~<o <"5
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3 where &, is a specified amplitude constant.
: {
4 Jith the alove initial conditions, the mode constants are determ- ]
;
: inel from equations (121) through (128) and (131) through (134) and are - 5{
7 P
; f
] 3
fy by 10 ;.-"
3 J
- At t R 3
3 I - ;
4 l 1R :
ri
4 - hl - hl - < - \l‘ di -0 (1.38) ¥
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where
sin (1 -npgdm sin(Lnpan sl -ngp)d  sin( 407
. = T J - vt e ——————
Ki™ a1 - ngpg) 2(1 4 ) 2(1 - nypg) 2(1 + )
sin (1 - “kcsi)" sin {1 + "ke:i)" sin-(1 - "kcsf)gl sin (1 + “kcsi)g
Bpi = e e b o i Lones e e ReSr e
Ko 2{1 - ng) 2(1+ ngy;) 201 =nyeg) 2(1 +p,g)
k=1,23
wfsi and wesi are obtained from equation {52). The constants B
) . Bagsi Byesi
and Besi are found from equation (62), and T v B ,
B3 i B3osi : . - oo
B , and B are given by equations (47) and (48). The
1fsi lesi
natural frequency, w; , is found from equation (13), and is
w‘ h ; m
The complete solution is
(e (=]
v=hytsin 0 + Z 2;Vigj sin wggt + Z ¢;Vesi St Wegt (141)
i=2 i=0
o0 0
PEpteos+ Y aWgsin g+ Y oVog sin Wy (142)
1=2 i=0

In the above treatment, it is emphasized that the mode shapes Vi and wi
are normalized in accordance with equation (59),

For the case of a uniform cylinder, R = 0, the form of solution
given by equations (1ul) and (lu2) remains the same; however, the

expressions for the constants hl’ a, and c; are simplified. Equation
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(138) becomes

W
- 0
by o= - (143)
equation (139) becomes
Wy B
0 lsn . > .
A, 7 o= (7= Ce Y E 0222 (144)
n “""l'sn fsn In
and equation (140) becomes
B .
¢ T -t 2 B 030 (145)

"esn
Note that the mode number now is the same as the integer n.
Jther response parameters, such as velocify and stress, can be
obtained by appropriate temporal and spatial differentiation of the

displacements given by equations (141) and (1lu2).

C. Comparison with Experimental Results
Several specific numerical solutions will now be obtained for
comparison with available experimental results.

1. Cylinder with Added Mass

The cylinder is impulsively loaded by a shockwave from a near-

by underwater explosion. The pertinent parameters for this problem are:

£ =29 x 10° (psi)

r = 0.3

a = 8,65 (ft)

m = 0,0502 (& - 2“2)
in

7 = 0.00194

R = 0,18
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It is desired to compare with Navy experimental radial velocity
measurements recorded at the location of the added mass, ¢=a |,
Differentiating equation (142) with respect to time, we obtain the

following expression for the non-dimensional radial velocity at 0 =7

v, 1) Zw = |
wn,t Lt R
ic) 2 1]
WO " TTR + a, oy Wt t E s Wayt (146) 5
" s
1 < [ ]
where AT e
' \\l.\i w’Sl
(li = ~— ill
Yo
and Am
o Wesi Wesi
"l —‘"—__1 Li
Yo

The amplitude constants ai and ci are listed in Table 3 through
eight modes (i = 8). A measure of convergence is indicated by the
values shown in Table 3 since both ai and ci become very small for the
higher modes. In fact, these amplitude constants are Insignificant for
i > 4, Figure 11 shows the solution, equation (146), summed through
eight modes. Shown also in Figure 1l is the experimental velocity
history from reference [20]. The high frequency oscillations on the
experimental histories are due primarily to the response of the velocity

meter -elements. The fundamental natural fregquencies of the -elements

-

were measured and found to correspond with the superimposed high-
frequency oscillations of the experimental records. This is discussed
further in reference [21], together with other details of the Navy

experimental program..




TABLE' 3 - VELOCITY MODE AMPLITUDES, 0=n ,Z = 0,00194

L b S S
0 ©0,318% 0 ©0v2112
0,25 0.25 0.3644 0,0917
0.1696 0,0424 0,2534 0,0067
o 0 10,0829 =0,,0004
<0,0398 20,0028 040652 0,0013.
0 ' 0. , 0 - 040008
0.0176 0.0006 -0.0289 -0,0005
0 0 -0,0064 0 -
-0,009 -0,0002 -0.0084 - 0
i
:
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2, Cylinder without Added.Mass

: The parameters of the previous problem apply here, except that

R = 0. The solution in .his case is

. w0 00‘
“./(ﬂ‘ () - I [ ' . .
< =7 + E a;, cos wfsn‘ + E ‘:.('l'l cos ‘*’csnt (147)
Yo n=2 n=0
where n

2(-1)2 (0 - Cpg)?

n=240,---

13
al = , ,
n a(l - i\?‘) [(n?'\- Cl‘sn)2 +02)
.1;‘=0‘ n=3.57---

|

0%

1
3,2 D
2(-DF 0% = Cog)”

¢, = - - , n=2,4,6, -
"oa (- n2) [(n?' - Ccsn)2 +02]

c:]=,0.n=3. 57, ---

The above  amplitude constants .are listed in Table. 3 for eight modes:
(n = 8), Both of the above expressions for gévand g; rapidly become
very small for large n as is shown by the. values in Table 3. The
velocity history computed from equation (147) summed through eight modes
is shown in Figure 11, together with ‘the experimental Velocity history
reported in [15] for the case of R = 0,

Both of the theoretical velocity histories shown in Figure 11 are
in reasonable agreement with tie primary characteristics 6f the experi-
mental histories. The influence of the added mass can be seen by

comparing the upper and lower histories of Figure 1l. For the .case of
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added mass, ths velocity generally s at a hipgher lavel and does not
oscillate to the -degree observed for the case of the uniform cylinder
withour. added mass., This can be attributed to increased amplitude in
thie rigid body translation mode when the added mass is present and
reduced participation of the .extensional class oscillatory modes, as
shown by the mode amplitude constants given in Table 3.

The theoretical solutions shown in Figure 11 were obtained by
summation through the eighth mode (i, n = 8). Solutions were- also
-obtained by summation through the sixth mode and. the difference between
the sixth and eighth mode solutions were found to be on t° order of
one- percents

3, Ring without Added Mass

The theory will now be compared: with éxperimental data [16)
obtained from strain gages on.the inside surfade of a 6061 aluminum,
7 inch outside diameter, 178 inch thick, one inch wide ring impulsively
loaded by a magnetically-driven flyer plate. Ths pertinent parameters
are: 7

E=10 x i0® (psi):

a = 3,4375 (inches)
. 2
m = 3,1703 x 1072 (R=Sec
in
Z = 0,00011
R=0

Substituting -equations ‘(141) and (142), with appropriate spatial
-differentiations, into--equations (22) and (23), the stress resultants

are obtained,
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- EA- + 7 cos & sin w, ¢!
T = wo—i\- Jlrz sinw ot + el
a MWos0) ¢S 2‘°c5|
o n
§ : 2(-1)>cosnd| 2. 2. ' I
+ —m;—[n ln +{Z(n 1) = 1] I‘n' (148)
n=2,4;6,--
. Asinw, at 2
.G = \-JOEAZ _.L_S.(.).’; -COS norf (149)
ST I
where 5 n
- 0 = Cpgpp) sin Wit n° - Ccsn) sin Wyt
" 2 a2, 2 (7 2,2
Wiy 107 = Cpe) "+ 07T weg, [(0° - Cogp)™ + %]
and' 2 2 2 2.
. (07 = Cggp)” sin Wt . (- =Cogp)™ sin Wesnt

n- ) 2. 2 SRS
Wy 117 = Cpgp)“ 407 “’csn‘[(":Z - Ccsn):Z +n?]

’To,obtain:popedimension@l stresses on the insfde surface of .the

ring, the following expressions are employed:

oh 1
IOC pW ¢

9%h_ 66
It phi'ir'og\c

where 0y is the stress due to thrust
0; is the stress due to bending
I is: the ring thickness
¢ is the material sound velocity, ‘g;

Iy is the maximum impulse amplitude, ly=phW,
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- Thus, the total stress in non-dimensional form at any position

? on the inside surface of thé ring is given by

e .

s oh ah o.h

- ='|i~ +.[G_‘ (150)
¢ ‘o° o¢

i It is also desired to use non-dimensional time as follows:

\.

- =<

5 T

4 ‘Equation (150), Summed through eight modes, is shown in ‘graphical
' form on Figure 12 fob two spatial positions, 0 =0 and 0=-% .
2 ‘Shown -also in- Figure 12 .are. the .experimental results from [16]. There
4

is good agreement between theory and experiment, particularly at the

As an added observation, the dinitial portion of the

0=0 ‘position.

‘stress history at the 0-=0

P um e ¥,

position indicates the effect of

"destructiVe interference" of the modes which can be ‘construed as an

:

{

4 index of solution convergence. Note that there is no significant stress
2 " m . . .

3 antil after TES » Which, based on: elementary wave propagation
4 ) theory, is the time required for a disturbance to travel 1/4 of the
¢ circumference of the ring.
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D. Discuesion

TR

In the above analytical solutions the loading given by equations
(137) is assumed to occur instantaneously over half the circumference.
2 Such conditions are never physically attainable in experiments since
the loading always occurs over a finite period of time., However, if

: the duration of load application is small in comparison with the period

TR T TR T

of the lowest natural frequency of the system, then an instantaneous or

impulse type load condition is usually considered to be a valid

TATTY

approximation to the physical problem, In Case 3 above, where a flyer

T

plate impacts a ring in air, an assumed instantaneous loading is valid

I

as evidenced by the agreement between theory and experiment shown in

Figure 12. TFor the Navy experiments, Cases 1 and 2, an impulse type

[T Sarrathe

loading seemingly is more of an approximation to the actual ccnditions .

>

and further explanation is necessary. A strong, rapidly decaying shock-

LR EER A Es o

wave interacting with a structure submerged in @ fluid medium is an
extrvemely complex non-linear problem in the complete sens . 'The
principal cause of non-linearity is the occurrence of cavitation or
separation between the structure and sSurrounding fluid after the shock-
wave arrives at the structure. Cavitation occurs because &f the
inability of the fluid to withstand any appreciable negative pressure
resulting from the radiated rarefaction wave. It is.largely the
presence of cavitation, however, that permits the application. of an
impulse type solution to describe the response of the cylinder for
early times., From experiments [21], it hds been observed that the

first peak velocity, Wb y occurs very early (on the order of 1/2 msec)

after shockwave arrival and can be predicted solely from the shockwave
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pirameters and shell mass properties without regard to shell syiffness

characteristics. During this early time period after shockwave arrival,

the first disturbance in the shell has propagated along the circumference
in both directions about the initial contact point a distance nearly
equal to one-quarter of the circumference of the cylinder. By the time
the peak velocity WO is reached at the first contact point, a spatial
distribution of velocity is present over about one-~half the circum-
ference of the shell. lor analytical convenience, it is assumed that
this initial velocity is spatially distributed in the manner described
by equatiens (137). It is noted that the time required to develop this
spatial velocity distribution is small in--comparison-with the .periods
of the lowest natural frequencies of either the extensional or flexural
classes of vibration, An impulse respopse solution for this particular
problem involves another approximation, which is that the influence of
the shockwave in the surrounding water is not accounted for except in
the determination of Wb . The effect of the,sh;ckwave'as it engulfs
the cylinder is considerably reduced because the faster moving dis-
turbance in the shell creates a precursor or a radiated wave in the
water ahead of the free-water shockwave, Thus the water is disturbed
ahead of the propagating shockwave which lessens the shockwave

influence on the cylinder. Two other factors which tend to reduce the

effect of the shockwave are the natural decay in amplitude of the wave
front as the distance from the soirce is increased, -and the changing
angle of incidence of the wave front with the cylinder., On the far
side of the cylinder, or shadow zone, the wave is considerably diffused

due to diffraction over the cylinder as an obstacle, and due to the
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effect of the radiated wave as described asbove, From experimental [21)

pressure meacuremenis taken near the fluid~cylinder interface, cavita-

tion has been observed to begin at the time ﬁb is reached and

pevrsist for a duration of several milliseconds. Nuring this early

period of time, the cylinder behaves as though it were decoupled from

the suprounding fluid medium, It is this decoupling that permits the

early response features of the cylinder to be predicted reasonably well

(see Figure 11) by the theory described herein. In other situations

where little or no cavitation occurs the present theory would be less

applicable, if at all.

a
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V. DISCUSSION

Technical aspects of the natural vibration and impulse response
solutions have been discussed as appropriate in previous chapters, The
discussion in this chapter will pertain to implications of the theoreti-
cal results with respect to state of the art, current applications and
future research.

The solution of a fundamental problem has been obtained herein,
thus the state of the art in the area of vibrations cf mass-loaded
structures nas been advanced. Heretofore, as noted in the literature
survey, the only solutions available, other than a simplified theoreti-~
cal treatment, Were those obtained by approximate methods of analysis,
With the solution for the natural vibrations,a variety of initial
value and forced vibration problems can now be approached in a more
rigorous manner. An application of the theory to an initial value
problem was demonstrated in the previous chapter and judging by the
recent increased interest shown in the literature, there are several
other problem areas in which the present theory would be.directly
applicable.

The effect of imperfections on the vibrations of bodies. of
revolution is a problem area of basic physical importance. Preliminary
experimental investigations [1,2,3) into the vibrations of imperfect
bodies of revolution have shown that the presence of a small asymmetry
tended to resolve a single natural frequency into two nearby values.,
The larger the asymmetry or irregularity, the farther apart and more

distinct the frequencies., Resonance tests have revealed the existence

I i e 7 e A o v e i
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of so-called preferential planes, i.e.,, if the body was excited in one

é of these planes, only one resonance peak occurred, but if excited at

F

E ) another position around the body, two peaks were observed for the same

% mode number. For a body of revolution with a mass imperfection, the

% results of this investigation tend to support such experimental

E phenomena since the symmetrical and anti-symmetrical branches of the

% same mode were found to have different natural frequencies., A

E systematic combined theoretical and experimental study of such phenomena
2 would be a contribution as apparently no such study has been reported in
% the literature. The governilg-equations and their solution given

E herein could be utilized in a theoretical study of the effects of

E combined mass and elastic imperfections for the two dimensional

problem,

With regard to the problem of an underwater shock wave interacting
‘with a cylinder, some further effort is needed to establish the range
of applicability of an impulse type solution as presented herein, If
large non-linear cavitation effects are mot present, then linear

acoustic theory, recently extended by Huang [22], would be more

Epiag

-appropriate to this problem. To determine their range of validity,

MRS

parametric studies should be made with both theories, impulse response

T

and acoustic interaction, for comparison with various experimental

IR Y

results.

ST e

Concerning current applications of the theory, perhaps the most
important aspect from an engineering standpoint is that the solution

can serve as a base for comparison with approximate analytical methads,

such as the finite element. Such methods offer a means for obtaining
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practical solutions of more complex problems. For example, an analyti-
cal study of the vibrations of a cylinder containing several lumped
masses and attached mechanical systems would be intractable except

by an approximate approach. In this connection, it is noted that in an
approximate- energy approach to such problems, improved trial functions
would be available since the general character of the solution would
be kinown from the present theory.

As the first extension of the theory for future research, it
would be desirable to include rotatory inertia of the added mass. In
principle, this additional feature would offer little analytical
difficulty, and the solution would be more realistic, particularly for
anti-symmetrical branch motions., Another future research effort that
should be considered is extension of the theory: to include rotatory:
inertia and shear deformation effects in the shell, Extension of the
theory in this manner, whether done approximately or by using higher
order shell equations, would involve considerable aAalytical effort;
however, the inclusion of such effects would offer a more accurate
account of the coupling of the extensional and flexural motions as
shown in Figure 7,

To obtain a better physical representation of a large added mass,
the theory should be extended to include the added mass distributed
over a finite length of the circumference, or a finite length rigid
inclusion, rather than concentrated at a point on the circumference.
If considering the problem of a mechanical system attached to the
cylinder, then a more accurate treatment would be to model both mass

and elastic properties of the system, instead of just the mass alone.

60
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For each of the problems mentioned above, th» governing equations and
their solution, equations (10) and (11), would be applicable, although
the eigenvalue problem would change due to differences in boundary

conditions.

The theory could perhaps be extended to other more complex
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problems, such as a finite cylindrical shell with an attached mechanical

R

system, to mention one, but an extensive preliminary effort would have

to be made in each case to determine if a rigorous analytical treatment
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would be tractable.
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VI. SUMMARY

The complete plane strain solution was obtained for the natural
vibrations of a thin circular cylindrical shell containing an added
concentrated line mass, For a particular mecde, four distinect solution
states were found to exist, a symmetrical and anti-symmetrical branch
for each class, flexural and extensional, Significant features
revealed by this investigation were the difference in frequency and
mode shape of each solution state and the presence of coupling between
the flexural and extensional classes, particularly noticeable in the
extensional class mode shapes. The solution for the case of a:.uniform
cylinder was obtained from the general solution by taking the added
mass to be zero., For the uniform cylinder, the frequencies of each
branch of the same class were, as expected, the same, The influence of
the added mass was determined by comparing numerical solutions with
and without the mass, It was found that with the added mass the
natural frequéncy was reduced for each solution state with greater
reduction occurring in the flexural class than in the extensional class:
for a particular mode. The results of an experimental natural vibra-
tion study (8] were found to be in general agreement with the theory.

Using the natural vibration solution, the general impulse
response solution for arbitrary initial conditions was obtained by
normal mode theory, From the general solution, numerical solutions
for specified initial /conditions were obtained and compared with the
results of several experimental studies [15,16,20], In all cases, the
theory was found to agree reasonably well with experiment: The major

influence of the added mass on the impluse response was found to be an

e e+ b v mn e e —



increased participation of the rigid body translation and flexural

Rt o

class modes, and decreased participation of the extensional class
. oscillatory modes.
In the discussion of the previous chapter, several direct practi-

cal applications of the theory were mentioned. The theory would be

L bl e s Dl e § et R’\ !?";..n;

applicable in basic studies of the vibrations of bodies of revolution

j\ containing certain imperfections, in predicting the early response of *
E submerged cylinders to shock waves in the presence of cavitation, and ;
} as a base for comparison with approximate analytical methods. Dis-

‘ cussed also were areas of future research for extersion of the theory

so that it would be physically more meaningful in certain future

” applications. In this regard, it was pointed out that an effort

i should be made to include rotatory inertia of the added mass and to

consider rotatory inertia and shear deformation effects in the shell.

; . It was also pointed out that for some situations, more realistic

:

E models of the attached mass other than as a concentrated line mess :

should be considered as topics for future research.
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