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PREFACE

Scattering techniques and processes are receiving increasing at-

tention in problems of reconnaissance; visibility; infrared imaging;

turbidity; cloud physics; radiation balance at the surface, troposphere,

and stratosphere; climatic change and modification, and many others.

Rand is continually exploring useful applications of this sensi-

tive technique to problems of interest to the Air Force, DoD, and na-

tional environmental agencies. The present report is intended to im-

prove estimates of the nature and degree of atmospheric turbidity on

the basis of solar aureole measurements.

This is the first in a series that will evaluate existing obser-

vations and studies in the light of analytical techniques developed

at Rand. Related Rand publications include R-407-PR, Tables of Wie

Scattering, Cross Sections and Amplitudes; R-422-PR, Corplete Micro-

wave Scattering and Extinction Properties of Polydispersed Cloud and

Rain EZements; R-456-PR, Electromagnetic Scattering on 6pherical Poly-

diapersions.
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I
One of the best uses of the scattering technique is the detection

oZ small quantities of aerosol particles in an otherwise clear atmo-

spher.. Under such conditions of very low turbidity, this is accom-

plished by careful observations of the aureole around the sun, that

is, the circular region centered around the sun in which the sky bright-

ness is higher than elsewhere.

In this report we re-examine the aureole theory in the form of a

first-order perturbation of the well-known Rayleigh scattering field.

We show that, with the use of the polydisperse scattering models pro-

posed in a previous report, the major features of the observed aureole

may be faithfully reproduced without difficulty. By means of examples,

we illustrate the differences between the aureole observed when the

sun is high above the horizon and when it is close to the horizon.

Similarly, we examine the differences produced by considering nonab-

sorbing and highly absorbing aerosols. In the latter case it is shown

that considerable amounts of incident and diffuse radiation may be lost

by absorption within the aerosols themselves.

Our principal conclusions are: (a) that the degree of atmospheric

turbidity can best be assessed by comparing the deviations of sky

brightness within a ring of radius 40* around the sun with the bright-
ness corresponding to an equivalent Rayleigh atmosphere, and (b) that

the nature of the size distribution of an atmospheric aerosol is closely

related to the brightness gradient within a disc of radius 100 around

the sun. Both these effects may be analyzed in terma of turbidity

models based on polydispersions of Mie particles.

The present method, which is appealing in its simplicity and phys-

ical clarity, should be useful in providing rough estimates of the ef-

fects of various amounts and types of turbidity on the radiation

budget of the earth-atmosphere system, and hence ultimately of the

climatic effects, if any, of secular changes in turbidity.

See Deirmendjian (1969) in the list of references.
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1. INTRODUCTION

One of the important problems of atmospheric diagnostics is the

detection of very small amounts of aerosols and other particulates and

of small changes in their concentration, size, and composition. Con-

tinuing previous work by the author in this area, contained in several

Rand Memoranda and Reports, we will here re-examine the ability of the

aureole method to do this, using specific examples based on previously

described and will-tested models of turbidity (Deirmendjian, 1969).*

In this and subsequent studies we will try to assess the degree

of validity of the models in the face of available new experimental

data obtained in the laboratory and in the atmosphere.

In general, we use the term "cloud microphysics" in the broader

sense, to include natural and artificial condensation nuclei, the for-

mation and dissipation of clouds, tropospheric and stratospheric aero-

sol layers not necessarily related to cloud formation, as well as the

precipitation process per s. In all these areas, scattering tech-

niques have proved very useful, especially when multiple scattering

and radiative transfer effects are negligible. The unique determina-

tion of the properties of an agregate of particles is difficult enough,

even under conditions of pure primary scattering, and our discussion

will be confined to this latter case.

*Hereafter referred to as ESSP.
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2. THE AUREOLE OR SMALL-ANGLE SCATTERING METHOD

2.1 Ackground

The aureole around the sun and moon has been known to be a reliable

indicator of the presence of aerosol layers in the atmosphere. The

reason, of course, is that the diffraction-like forward scattering of

light waves by three-dimensional particles, of a finite size relative

to the wavelength, is so efficient that a relatively small number of

particles suffices to produce the region of enhanced brightness over

the general skylight background, known as the aureole. This same mech-

anism is responsible for the brighter portions of the zodiacal light

at small angular distances from the sun, indicating the presence of

micron-size "dust" particles in circumholar space.

At the time of this author's initial interest in the subject

(Deirmendjian 1956, 1957, 1959), the available observational and ex-

perimental material was rather limited. Since that time some additional

work has been published, both on the natural phenomenon around the sun

and on that produced by means of artificial sources allowing more sys-

tematic measurements. In examining these data a question of consider-
able practical importance is the ability to deduce some reliable in-

formation on the particle composition, shape, size, and size range from

the aureole brightness and gradient alone. This, despite the fact that,

on purely theoretical grounds, it would seem that unique solutions to

this inverse probZem may not exist. Nevertheless, continued efforts

in this direction are well worthwhile because measurements are rela-

tively easy to perform with the sun as a source, as well as with some

of the new bources and detectors now available. A set of carefully

and systematically obtained data on laboratory controlled samples will

help settle certain questions which cannot be resolved by a theoretical

treatment alone, such as:

(a) With what degree of confidence may one use the results of

the scattering theory for spherical particles (Mie theory)

as an approximation to the scattering by irregular particles

in the aureole region? This could be accomplished by making
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observations of the aureole produced by fine powders com-

posed of particles of known shape, index of refraction, and

size distribution, and comparing the observations with the

results of Mie theory for equivalent spherical particles.

(b) Under what conditions does multiple scattering modify and

eventually suppress the aureole in diffuse transmission

through highly forward-scattering media? Here it would be

necessary to measure the aureole through spherical water-

droplet clouds, keeping the size distribution constant in

each case and varying the depth or droplet concentration.

When performed at various wavelengths, including the infra-

red region, such measurements would provide the necessary

information as a function of optical thickness and albedo

of single scattering.

(c) How does the size-distri~ution function determine the char-

acteristics of the aureole for various kinds of spherical

particles? This question also could be answered by measure-

ments of a known medium, such as water droplets, if one

could control the actual size distribution. The results

would help check the validity of some of the proposed model

size-distributions for various cloud types, as well as de-

termine the best spectral region for aureole measurements

to detect particular aspects of condensation, cloud forma-

tion, and precipitation.

(d) To what extent do polarization measurements in the aureole

region reduce the uncertainties in the determination of the

physical properties of the scatterers?

Reliable answers to these and similar questions will greatly en-

hance the value of scattering techniques as diagnostic tools in cloud

microphysics research.

2.2 The Skylight Aureole around the Sun

2.21 The aureole as a perturbation of the Rayleigh field: non-

absorbing aerosols. To discuss observational data within an appropriate

I.L
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theoretical framework, it will be useful to recall some pertinent con-

cepts and parameters, and to describe those of their properties that

are relevant to observed quantities. For simplicity and economy we

shall follow the notations and definitions used in our own previous

work. In particular, let as start by considering the differential

equation which describes the singly scattered field in an opticaZy

thin mwdium illuminated by a constant parallel flux of electromagnetic

energy from a given direction (ESSP, p. 96), that is,

dICT9e,; W L1M I(o, )  - m P(- ) • F exp(- T sec )

Cl) I
sec dT ~T4 1 0 J 411 0-'' * o

written in vector form, where F is the Stokes vector of the incident

radiation, I is the Stokes vector of the local diffuse radiation, and

and is the four-by-four normalized Stokes scattering matrix for a

sample of the scattering medium. This equation is already specialized
to the case of a plane-stratified medium in which the direction of the

incident radiation is given by a zenith distance 4o. that of the emer-

gent by C (both measured from the normal to the plane of stratification),

and a scatterirg angle e determined by these two directions. Further,

Eq. (1) is confined to the principal plane through the normal and in-

cident directions, the radiation field being symmetrical with respect

to this plane. The solutions to this first-order linear differential

equation are well known, and may be written in the form (loc. cit.):

-- P(e)*I
1tr( 1;or) 4w -

F _ ___sect c L exp(--l sec exp-r~ sec )(2
'o sec -sec o 1 e

4 e~ % ~)- P(e)

F sec { ~ - exp [-ylsec o + sec €)I(3) 1
r) sec s ec 0

0
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for the transmitted and reflected diffuse quasi-monochromatic radia-

tion, respectively, in a medium strictly homogeneous with respect to

its scattering properties as specified by the albedo of single scatter-

ing w, and by Z(O). The normal optical thickness T' in Eqs. (2) and

(3), in the case of the earth's atmosphere and an observer on or very

close to the surface, may be expressed by the integral

Th1 ) - - 8 ex(h) dh (4)

where ex(h) is the volume extinction coefficient and h is vertical

height measured from the location of the observer in the case of trans-

- mission, or from the actual earth's surface below the observer, in the

case of reflected light.

The solutions (2) and (3) can be used to describe the sunlit sky-

light or earthlight as seen by an observer not far from the surface,

onl as an initial approximation to the brightness of a very clear at-

mosphere, provided we confine ourselves to wavelengths X z 0.7 pm (or

optical thickness -i 1 0.10) and assume that surface reflection ef-

fects are negligible. Even so, there are very few places in the above-

mentioned spectral region where scattering is the dominant mechanism

and where absorption is a slowly varying function of wavelength. In

general, in regions where gaseous absorption bands can be neglected,

it is clear that the atmosphere is not homogeneous with respect to

scattering properties. Each element of the scattering matrix must then

be written in the weighted form (ESSP, p. 99)

8 scR(h) P R (e) + aM(h) P M(6)Pj (O ,h) -sR JBC (5)8sc (h)

with the subscripts R and M denoting Rayleigh (molecular) and Mie (aero-

sol) components respectively, and "sc" the scattering part of the ex-

tinction coefficient, so that
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0s(h) - (h) + a (h) (6)

and

8sc (h) + b(h) - ex (h) (7) 1

Similarly, the albedo of single scattering will in general be a func-
tion of h, and hence of ., or

8 (h) + 6 (h)
m(h) * sex(h) (8)

and there may be no analytical integrals for Eq. (1), such as Eqs. (2)

and (3), unless the above parameters are special functions of h.

However, if second- and higher-order scattering effects can be

neglected, one may solve for two individual equations, such as (1),

written separately for a Rayleigh and aerosol atmosphere, respectively, j
and add the solutions for each element of the Stokes vector, to obtain

a resultant vector for the mixed atmosphere. The use of first-order

scattering only, in the Rayleigh component, would be rather unreason-

able, since there exist good numerical tables (Coulson et al., 1960;

Sekera and Kahle, 1966) based on well-tested theory, which take into j
account all relevant orders of scattering for the case w(h) .I

One way to make use of these results in evaluating the first-

order effects of moderate atmospheric turbidity is to treat such ef-

fects as a perturbation of the Rayleigh scattering mechanism (Sekera,

1956). The method has been used (Deirmendjian, 1956) in an attempt

to reproduce the sun's aureole in a first approximation. The agree- I

ment of the initial attempt with observation was only fair, owing to

an inaccurate evaluation of the forward-scattering part of the aerosol

component, rather than to deficiencies in the method. In order to

better evaluate its merits, we will present below some sample calcula-

tions of the aureole corresponding to a moderately turbid sky based on

the available more accurate values of the scattering matrix elements

P C).
jMi
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Briefly the method consists in defining a perturbation scattering

matrix PJD () whose elements are given by the differences

PjD() - PjM(e) - PjR(e) (9)

and which obey the condition that the contribution to the net flux in-

tegrated over all directions around a point must vanish; that is,

f [P (e) + P M] dw 0 (10)

This follows from the fact that the corresponding integrals of the

elements of the matrices on the right-hand side of Eq. (9) by defini-

tion are normalized to unity. From this, in turn, it follows that the

integrand in Eq. (10) must be negative in certain directions, a prop-

erty which is contrary to the concept of "intensity," a positive quan-

tity also by definition. Hence the matrix PW(e) must be considered to

represent a virtuaZ scattering process, corresponding to no real par-

ticles, and introduced only for mathematical convenience.

The elements of the scattering matrix for a sample of turbid air,

given by Eq. (5), may then be written in the alternative form

P (6 ,h) *P4(6)+ 4 scm p(()h)1s(h)~()j

Pj(Oi h =JR) s8cR(h ) + 6scM(h) PjD

which is automatically i. normalized form by virtue of Eq. (10), and

where there is only a single weighting function or turbidity coeffi-

cient f(t) such that

0scR (h)0 f(T) 1 sRh sMh (12)
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This coefficient tends to vanish when the mount of aerosol particles

is Infinitesimal as far as the scattering properties of "pure" air

are concerned. Such conditions are rarely approached in the tropo-

sphere near sea level and in the vicinity of urban Ares.

When the matrix formed by Eq. (11) is introduced into the equa-

tion of radiative transfer for a scattering atmosphere with higher-

order effects taken into account, it may be expressed as the sum of

two equations, written respectively for the Rayleigh component R and

a perturbation component I D Each of these in principle may then be

solved separately and the total field may be obtained by the addition

of the two solutions in each case. If one considers only wavelengths

where there is no absorption either by mol.eou les or aerosols, one may

use for the Rayleigh cmponent, for example, the well-known solutions

of the conservative problem and their tabulations mentioned above. It

should be borne in mind, however, that In the turbid case there is no

unique, one-to-one correspondence between wavelength and the normal

optical thickness. The latter in general will be a variable function

of the type, total amount, and stratification of the turbidity, and

hence it amst be determined individually for each wavelength before

interpolating in the Rayleigh tables for the corresponding optical

thickness.

The complete equation for the perturbation component 1D' written

for the standard case (no reflecting boundaries) and limited to the

principal vertical plane, takes the form (Deirmendjian, 1956, 1957),

dID(, ,o) -T sec o

sec dt e D (e) *F0

-f () D) w [ R(T,;',,') + ID(T ',O')] dw

4- P(*) D('' ') dw (13)

where U is the scattering angle between the direction 4', *' of the

local diffuse field and the direction of the sought field, given by

I
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the zenith angle and the azimuth 0 = 0 or r, and the remaining sym-

bols are as previously defined.

Equation (13), which is vaZid onZy for nonabeordbing part'icle8,

is in a fora, that allows a physical interpretation for each term and,

in principle, is amenable to solutions in various approximations, de-

pending on the particular aspect of the problem in which one is inter-

ested. For example if one disregards the terms on the right side of

Eq. (13) containing integrals, one is neglecting higher-order effects

due to the turbidity. The remaining differential equation

-d sec oD I(l) fLP) e 0~O (14)
sec ; dr D 4iT o

whcn solved, will yield a first-order approximation I(1) to the per-zD
turbation field, which accounts only for the primary scattering of

sunlight according to the virtual mechanism represented by the matrix

P D). In a cloudless atmosphere, with low to moderate turbidity,

this approximation should be most suitable in estimating the total

brightness field and sky color in the vicinity of the sun caused by

the forward-scattering aerosols at angular distances up to 40* from

the sun (cf. e.g. ESSP, p. 101). Since this region of the sky usually

includes the two neutral points of skylight polarization, known as

the Babinet's and Brewster's points, respectively, the first-order

approximation obtained from Eq. (14), when added to the Rayleigh com-

ponent, should provide a partial explanation of the fact that, in

general, the observed positions of these points differ considerably

from those given by the Rayleigh multiple-scattering theory (see e.g.

Sekera, 1956; Deirmendjian, 1959).

ree we consider with Rozenberg (1968) that a zeroth apprrxima-
tion L 0°)(T, 0) is equivalent to disregarding skylight entirely &.A
considering only the insolation of the ground due to solar flux at n-
uated by the actual turbid atmosphere. The usefulness of this approx-
imation in estimating, for example, the climatic effects of volcanic
dust, etc., is obviously very doubtful.
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If one is interested in the effects of turbidity on the skylight

brightness and polarization field at large angular distances from the

sun, the shape of the curves for the first two elements of the scatter-

ing matrix (5) or (11) for typically turbid air (ESSP, p. 101) indi-

cates that the last two terms on the right-hand side of Eq. (13) can-

not be neglected. In particular, the regions of maximum skylight

polarization could be affected by the last term, which represents an

additional Rayleigh type field arising from illumination of the air

sample by the aureole region. If for the latter we substitute the

first-order approximation mentioned above, we obtain a second-orderapproxiation (2)

approximation, (2, to the perturbation field by solving the integro-

differential equation

where now the field (1) for each position of the sun at e.ach level

throughout the atmosphere must be known for alZ directions arowd the

air 8evape, and Eq. (14) must first be solved for all azimuths around

the vertical both for diffusely transmitted ad reflected sunlight.*

In the latter case the effects of ground reflection are not negligible

and the integration of Eq. (14) becomes more cumbersome. An added

difficulty in the solution of Eq. (15) is that the two factors in the

integrand on the right side must be expressed in a single coordinate

system.

At any rate, once the perturbation field I is obtained by some

method, the total field should be given by

I(,T, , )- (XTIro,9, ) + 1DITo (16)

to the degree of approximation governed by the quality of the assump-

tions.

LF
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2.22 Considerption of absorbini aerosols. If we consider spec-

tral regions where there is no broad-band molecular absorption but

where there may be scattering absorption by aerosol particles, so that

aexM " ascM' then the albedo for single scattering (Eq. (8)J may be

expressed in the form

8 scR +8sW (T) - + < 1 (17)
-sclR BexM

Let us retain the definitions of the previous section, including that

of the scattering turbidity coefficient f(T) as c efined in Eqs. (11)

and (12), and try to evaluate the effects of absorbing aerosols as a

perturbation of the Rayleigh field. If the equation of transfer is

again separated as in Section 2.21, the equation for the Rayleigh com-

ponent now takes the form

d IR  W() -r sec o

[ sec C d 1 " 2R(T'CoP'O') " 47 PR() F e

" 4U f!R(*) "R(T,',) dw (18)

which shows that the albedo of single scattering, given by Eq. (17),

must be taken into account even when the Rayleigh scattering by the

molecules is a nonabsorbing, conservative process. In general, tabu-

lations of the solution to Eq. (18) do not exist for nonconservative

Rayleigh atmospheres of finite optical thickness and for arbitrary

values of w(r) as a function of position of sun and direction of sky-

light, except in special cases.

The complete equation for the perturbation field I in this case

becomes
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d 'D(TuroC) W(T)f(T) -T 06 Co

sec dr 4D 4w •V (e) "0

-M4t (,) [ D(T, ',o') dwd (19)

which in quite similar to Eq. (13) except for the albedo factor attach-

ed to all the process terms on the right-hand side. Here the turbidity

coefficLent f(T) and perturbation matrix are defined exactly as

in the previous section, that is, by Eqs. (9) and (12). i
A relation between i(T) and f(t) may be found by considering (12)

and (17), to wit

Bs5 (T)
OcR) f (e(r) F- M(T) (20)

scR exM

where %l(T), defined as above, may be considered a partial albedo of

single scattering for the aerosol component. Similarly we may define

another partial albedo R(r) by the relation

W(t) [1 - f(T)] - (21) - m ) (2)

scR exM

so that we have

W(T)- M(T) + WM(T) (22) I

This separation may be useful in approximate treatments of the problem

of absorbing aerosols. r
On the basis of Eq. (19), we can make some preliminary statement

about the aureole perturb tion produced by absorbing aerosols: If I
the factor given by Eq. (20) is small, i.e., if .M << tR' then the
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first-order approximation to the field, obtained by the solution of

an equation similar to Eq. (14), will yield a rather weak primary

aureole. When this is reintroduced into Eq. (19) to obtain higher-

order effects, it is seen that the last term on the right may be more

important than the preceding term, in its effects on both the overall

brightness and on the polarization field.

At any rate, we shall not consider higher-order effects here,

but will confine ourselves to some examples of the first-order field

I that are sufficient to describe the main features of the aureole.

2.23 Examples of first-order aureole for nonabsorbini aerosols.

Equation (14) is seen to be in the form of an inhomogeneous, ordinary

differential equation of the first order, since the optical thickness

T is the only independent variable. Its standard solution, written

for the Stokes vector of the perturbation field, is therefore given

by an expression such as

(I)P D(e) • F
(TICo94) T TD(T1Co') (23)

where TD iS the positive number defined by the integral

-r sec ; -Isec 0-sec ;IT
T (Tl;0*0 sec a f(T) e dT (24)

0

The expression (24) may be considered as a transmission function for

the perturbation, which takes into account both the attenuation and the

enhancement produced by the amount of aerosols and atmosphere in the

path of sunlight and scattered light. The integral in (24) cannot, in

general, be evaluated in closed form. Usually both the size distribu-

tion and the nature of the aerosol particles vary with height -- and

hence with optical thickness -- in a complicated manner, and the inte-

gration has to be performed numerically.

If both the size distribution n(r) and the composition of the

aerosol particles is independent of height and only their total number
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N(h) per unit volume varies monotonically with height in some simple

manner, the problem of evaluating Eq. (24) may be considerably simpli-

fied. But even if the turbidity coefficient f(T), as defined by Eq.

(12), should be an exponential function of the height h above the

ground, for example, it may still not be an explicit function of the

overall optical thickness T, and again one has to use approximate

numerical and graphical methods to evaluate TD, From actual observa-

tions, however (cf. Rozenberg, 1968), it appears that the aerosol con-

centration does not drop monotonically with height, bkt rather there is

a transition region between tropospheric and stratospheric aerosols

and a definite concentration maximum around 18 km.

In an initial attempt (Deirmendjian, 1956), numerical methods

were used on the basis of data then available on n(r) and N(h) in the

troposphere, to obtain reasonable estimates of TD for some model dis-

tributions. However, the aureole brightness gradients and magnitudes

deduced for the skylight in the imediate neighborhood of the sun were

in error on two counts: (a) the so-called "main diffraction peak"

approximation, used in deriving the small-angle scattering part of

M(e), ouerestimated the brightness gradient, especially since it was

used in conjunction with a power-law size distribution; and (b) the

magnitude of the perturbation field was undsivstimated for all direc-

tions by the factor (41) -1 , that 1, s, by at least one order of magni-

tude, as already pointed out elsewhere (Deirmendjian, 1964).

With the introduction of more meaningful size-distribution func-

tions for aerosols, first proposed by Deirmendjian (1963), and of ex-

act Hie calculations of PM based on such distributions (Deirmendjian,

1963, 1964, 1969), one should be able to obtain a better theoretical

approximation of the observed phenomenon of the clear-sky aureole,

particularly as to the absolute brightness, its gradient, and the

angular extent of the forward-scattering effects around the sun.

In order to correct the above-mentioned errors in the first-order

approximation to the aureole by means of the improved models, let us

consider a homogeneous atmosphere with homogeneous turbiditj, as sug-

gested previously (cf. Deirmendjian, 1959, Appendix B). This is equi-

valent to replacing the actual vertical distribution of the aerosols

Li



-15-

by a virtual distribution with a constant mixing ratio of particles

to molecules, so that the total numbers in a vertical column remain un-

changed. This amounts to setting

TIM

f(T) . f(T1) + iM constant (25)T 1R +T 1H

where the normal optical thickness components TiR and TIM are given

by integrals of the type (4) using the appropriate values and vertical

distribution of the extinction coefficient for Rayleigh and aerosol

particles, respectively. The integral in Eq. (24) in this case can be

easily evaluated to get

T ) lsecto 
-Tlsec(2Ta f 0( 1  e •e (26)TD( o€ [sac €-sac-o

0j

where the absolute-value symbols are inserted merely to indicate that

the whole expression is always positive. Introducing this into (23)

we have

f ()r 1) sec ;e 'T1 0 -e(27)
() ,o,). 4  D(e) " 4 O sec € _ seco (27)

which, except for the turbidity factor f(Tl) is seen to be identical

to the solution (2) for primary scattering by the whole atmosphere

with 1. .

This simple solution (27) for the perturbation field should be

used only when the homogeneous turbidity model is a useful approxima-

tion, that is, (a) when we are interested only in the field at the
boundary of the atmosphere but not in its interior, and (b) for rela-

tively small values of c and C, when neither the sun nor the points
0

in the sky considered are very close to the horizon, so that curvature

effects may be neglected in the atmospheric and aerosol stratification.

As an illustration of the method we consider the aureole produced
by what elsewhere we have called a haze-L type particle distribution,
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given by (ESSP, p. 78)

n(r) - 4.976 • 106 r2 e '  cm 3 -1 (28)

where r is the particle radius in microns and n(r) is the number of

particles per cubic centimeter per one-micron increment in radius.

Distribution (28) was normalized so that the integral over all radii

yields exactly 100 particles per cm 3 . For water particles with the

above distribution, the scattering parameters have been evaluated for

a number of wavelengths covering the visible and infrared continuum

(ESSP, Tables T.16 to T.26). For the nonabsorbing case we must limit

ourselves to the visible range where the model gives scattering (or

extinction) coefficients of 0.0480 and 0.0395 per km at wavelengths

of X0.45 and X0.70 micron, respectively.

To construct a model of the turbid atmosphere we consider 1.632 km

of homogeneous aerosol, conforming to a haze-L model (thst is, 1.632

107 particles per cm2 column), mixed with the earth's standard atmo-

sphere in order to closely approximate one of our initial models,

called B (Deirmendjian, 1956, 1959), in the magnitude and wavelength

dependence of the overall optical thickness and turbidity coefficient.

In Fig. 1 we show the optical thickness of the Rayleigh, aerosol,

and mixed atmosphere, respectively, as indicated by the labelled

curves, in the range 0.32 5 X S 2 .0o The Rayleigh part for nonab-

-4sorbing molecules, obeying the A- law, is taken from Deirmendjian

(1955), and the -, curve is adapted from the above-mentioned tables

by fitting a smooth curve to the data points. The implied interpola-

tion and extrapolation is justified on the basis of the smooth varia-

tion of the index of refraction in this region and the existence of

weak liquid-water absorption bands which do not appreciably affect the

extinction by scattering. The numerical values used for the sea-level

total optical thickness, at two reference wavelengths, are shown below

for convenience:
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Fig. 1 -- Rayleigh and aerosol model components of normal optical
thickness at sea level.
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A0.45P A,._7011

T lR 0.217 0.0355

T (Water 'haze L") 0.0783 0.0645

1 0.295 0.100

f(T 0.265 0.645

The dashed line in Fig. 1, marked "B" is included to indicate

the magnitude and shape of the old "model B" aerosol curve, mentioned

above (limited to the visible range only) and to show its close simi-

larity to the more complete haze-L model in the same region. Both

these models represent a clear atmosphere with rather light turbidity,

to be found near sea level and away from the influence of urban pollu-

tion sources. To get an idea of magnitudes, let us compare them with

a so-called "clear standard atmosphere," proposed by Elterman (1964a,b),

without necessarily implying that we agree with that author's choice

of "standard" model. A model optical thickness curve, equivalent to

our Ti n and corresponding to Elterman's (1964b) model, may be obtained

by multiplying the latter's tabulated values of the sea-level aerosol

attenuation coefficient by about 1.275 km. (This scale height is im-

plied -- but not explicitly shown -- by the arithmetic of the other

quantities tabulated by Elterman). The result is indicated by the

dasned curve marked "E" in Fig. 1, and it is clear that in the verti-

cal direction Elterman's model aerosol atmosphere is optically three

times as thick as our example, regardless of the detailed stratifica-

tion. (The Elterman values, corresponding to our TlM in this case,

are 0.230 and 0.172 at XO.45 and 0.70m, respectively. The differences

are more pronounced in the infrared region. On the other hand, the
2

number of aerosol particles in a vertical column of 1 cm cross sec-
7

tion through the atmosphere is 2.55 - 10 for Elterman's "standard"
7

model, compared to 1.632 • 10 for our model. Their ratio is consider-

ably smaller than that of the optical thicknesses, which indicates that

Elterman's model assumes a greater proportion of large aerosol particles

than ours.
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Considering the optical thickness components represented by the

full lines in Fig. 1, we can distinguish three spectral regions in

the visible and near infrared, depending on the magnitude of f(T) in

(25): a short-wavelength region in the blue and near ultraviolet,

for say ) < 0.40u, where the aerosol component is small and hence its

effect may be considered an a perturbation on the main Rayleigh radia-

tion field; a long-wavelength region with X > 0.9 1 in the infrared,

where the scattered field should he given mainly by the aerosol com-

ponent and a small Rayleigh perturbation which becomes negligible at

longer wavelengths; and an intermediate region 0.40 < X < 0.9p, where,

strictly speaking, both coponents are of equal or comparable impor-

tance and the problem should be treated accordingly. For our present

purposes, we shall evaluate the aureole by means of the perturbation

technique at two wavelengths in this intermediate region, with the un-

derstanding that the result for X0.45p will be more valid than that

for A0.70j.

Since for the moment we are not interested in polarization ef-

fects, we need to know only the semi-sum of the first two elements of

the perturbation matrix 4(6) to get the scattered intensity for un-

polarized incident sunlight. This is easily obtained from Eq. (9) by

finding the difference between the corresponding Mie and Rayleigh quan-
~tities, or by setting

+(PID + P2D) "<PlM + P2M) -<1 + cos2 ) (29)

where the first term -n the right may be obtained for either wavelength

from the previously mentioned tables (ESSP, pp. 166-7) and the second

term is the corresponding l.ayleigh quantity, independent of wavelength.

Sample values of Eq. (29) are shown in Table 1 for comparison with the

old estimates (Deirmendjian, 1959, Table 3, p. 231) and verification

of the discrepancies mentioned earlier.

All that remains in order to evaluate the scalar intensity ID

+ID + 12D of the perturbation field is to set F1 = F2 - -, for unit

unpolarized incident flux, find the values of f(T I) according to Eq. (25)

1|

- m | --= = e= - =I
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Table 1

NORMALIZED INTENSITY ELEMENT OF THE PERTURBATION MATRIX PD(e)
FOR LIGHT TURBIDITY CONDITIONS

rID 2D 2p'1D 2D
6 6

(derees) 0.451, O.7 011 (degrees) X0.451i X0. 70u

0 45.31 28.85 15 10.67 11.38

2.5 41.73 27.81 20 6.072 6.954

5 33.74 25.04 30 1.861 2.262

7.5 25.64 21.44 40 0.2939 0.4303

10 19.10 17.71 50 -0.3051 -0.2609
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and the model, and compute the transmission function TD from Eq. (26)

for fixed values of o and a set of values of C corresponding to the

range of scattering angles 0 - o " cl representative of the aureole

perturbation, say 0' S e S 40". The result must then be added to the

corresponding Rayleigh field IR - il'R + '2R) to get an idea of the

aureolet sky around the sun.

The Rayleigh background may be estimated vith good accuracy by

interpolation using existing tables (Coulson et al., 1960, Table 1)

for the normalized "intensity of downward radiation," after first di-

viding their tabulated values by w (the normalized incident flux as-

sumed by theme authors). For the present example we have chosen two

positions of the sun, given by cos 0.80 and 0.20 or zenith distances

of 36*52' and 78*28', respectively, to coincide with two of the stan-

dard values listed in the above-mentioned tables. To interpolate with

respect to optical thickness (or wavelength) we used a so-called La-

grange (five-point) numerical interpolation scheme, pre-programed

into Rand's JOSS computer system. This was needed only for T 0.295

at AO.451i (case for zero ground albedo), since the remaining value,

1 a 0.10 at AO.70p, is a standard one used in the tabulations. The

necessary interpolations with respect to optical thickness and to c

cannot lead to any significant errors, since the Rayleigh skylight is

known to be a slowly varying and smooth function of direction even in

the vicinity of the sun (DeirmendJian and Sekera, 1953).

Both these components, the Rayleigh background and the first-order

approximation, I(1) . II + I1), of its perturbed state in the aureole

region, obtained as above, may be better appreciated by a graphical

presentation than through numerical tables (see Appendix). In Figs.

2 and 3 the abscissas are plotted in values of sin 6 E sin I -

increasing linearly on either side of the position of the sun, given

by Co. The actual diameter of the sun, in these coordinates, is in-

dicated by the parallel lines around the ordinate at 40. For conven-

ience we have labelled the lower horizontal frame in the zenith dis-

tance C, measured in degrees of arc, and the upper one in both sin e

and 6. The ordinates are marked in the normalized intensities, plotted

logarithmically.

I
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Figure 2 represents conditions along the sun's vertical plane

with the sun at a moderate zenith distance of 36"52'. The Rayleigh

background, indicated by the dashed curves, shows the above-mentioned

smooLh nature of this idealized field and its monotonic increase to-

ward the horizon at both wavelengths, characteristic of the model.

The blue Rayleigh background should be some three times as bright as

the red, that is, a factor which is only about one half of that corres-

ponding to the X-4 law at these wavelengths. (Both factors should be

increased by about 4/3 when one considers the actual solar spectral

brightness.)

The full curves in Fig. 2 represent the perturbed brightness field.

Taking into account the coordinate system used in plotting these, sev-

eral points can be made about the present model of the aureoled sky in

comparison to our earlier estimate (DeirmendJian, 1959, Fig. 7) for

closely similar turbidity conditions: (a) The aureole effect should

extend to a disc of some 400 angular radius (rather than the 10* orig-

inally estimated). (b) Within a disc of radius 2* to 3 about the sun,

the aureole should show an almost constant brightness (rather than a

6l variation, as previously suggested) which is about seven times

that of the equivalent Rayleigh atmosphere at XO. 4 5ii, and eleven times

that at AO.70. (c) Within a ring about 10' vide in the 3* < e < 13"

region for \0.45p, and about 20* wide in the 8* < 8 < 280 region for

X0.70p, the brightness gradient could be closely approximated by a

(sin 0) variation where a(A) is a positive constant at each wave-

length and is determined by the size distribution of the aerosols.

In this same region the dilution of the Rayleigh-type skylight blue is

greatest, the ratio of relative intensities at XO.45w and XO.70j being

reduced to about 1.2 from its undiluted value of 3. At a distance of

about 40 ° from the sun in any direction the effects of light-to--"" erate

turbidity, both on the brightness and the color of the sunlit sky,

should be negligible.

Interestingly, the region of scattering angles 40* 5 8 S 450 hap-

pens to be the same one in which it has been found that the normalized

phase function for the intensity in polydisperse scattering should be

invariant with respect to the nature of the distribution function
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(Deirmaendjian, 1964). Thus, under clear sky conditions, in order to

estimate the degree of atmospheric turbidity from the sky brightness

alone, measurements should be concentrated around points of the sky

corresponding to, say, 30* s e S 400, or whore positive deviations

from the Rayleigh type of background just begin to appear. This cri-

terion, of course, does not apply to laboratory work with polydisperse

aerosols ill'minated by a collimated beam, in which case, due to the

above-mentioned Invariance, the mount of light scattered at 40' to

45o should be directly proportional to the total number of particles

regardless of the shape of the phase function.

Figure 3 describes the aureole effect under low-sun conditions

for the same atmospheric model as for Fig. 2. The sun is now assumed

to be only about 12' above the horizon of a flat atmosphere; the man-

ner of plotting is the same as before except that the curves are in-

terrupted at a zenith distance of about 86' beyond which the effects

of sphericity become predominant. Here again there are several dif-

terences from the earlier estimate (compare Deirendjian 1959, e.g.

Fig. 8) and of course from the high sun situation of Fig. 2. The most

striking features revealed by Fig. 3 are (a) the gradual reddening of

the circumsolar sky as the sun approaches the horizon, with a maximum

effect near the horizon below the sun; and (b) the absence of a true

aureole at i0.70, where the sharp increase in brightness, observed

* as the sun is approached from the zenith side, persists right through

thb sun's position and below, toward the horizon. Whereas it will be

agreed that feature (a) is a common phenomenon of clear, fair-weather

skies, feature (b) is difficult to assess visually. It would be in-

teresting to see whether it may be verified by photometric observations

(we are not aware of any such published observations). At any rate,

this feature may be partly spurious and due to the neglect of spher-

icity in modelling the terrestrial atmosphere, since the Rayleigh sky

(dashed curves) also shows a slight horizon reddening.

The effect on the aureole of changes in the size distribution of

the aerosols - other things remaining equal -- may be evaluated by

reworking the above example, for, say, a haze-M distribution (ESSP,

pp. 78-79, and Tables T.1, T.2). To obtain the same degree of turbidity 3

_______________ _______________________________________________________________ _________________________
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as before, for example at X0.4 5p, we note that one needs less then one-

half the total number of particles considered before, or 7.415 • 106

instead of 1.632 * 10) per cm2 column. (At X0.70P the number will be

even smaller, as may be seen from a comparison of the corresponding

values of 8sC listed in the tables.) These differences are due to the

greater propov'tion of large aerosols incorporated in the M-type dis-

tribution than in the L-type. This also accounts for the steeper and

narrower forward scattering "neck" in the 0 < 0 < 10' region displayed

by the normalized intensity function for haze M when compared to that

for haze L.

The nature of the AO.4 5P aureole resulting from the substitution

of an equivalent amount of haze M for haze L, other variables being

exactly the ease as before, is indicated by the dotted curves in Figs.

2 and 3. (The XO.70U case is not shown .ince, as mentioned above, the

relative contribution of the aerosols to the total optical thickness

at this wavelength will not be the same as in the previous model, and

hence the Rayleigh background at X0. 70V will not be that shown in Figs.

2 and 3.) The principal effects of the above subvtitution may be de-

scribed as follows: (a) the overall extent of the aureole -- at least

as far as first-order effects are concerned -- remains the same, i.e.,

within a ring of radius 40 ° to 50 ° around the sun; (b) the previously

mentioned region, displaying a (sin 8) - ( ) variation in brightness,

is shifted closer to the sun, it is reduced in width from 20' to about

8*, and the slope, given by a(X), is considerably increased; and (c)

the steep brightness gradient continues almost to the sun's limb, so

that the disc of cnstant brightness around the sun, noted in the pre-

vious example, is eliminated. Similar effects should appear in the

case of the X0.70u aureole. In addition, as indicated by the dotted

curve on Fig. 3, a distinct aureole region should persist as the sun

approaches the horizon, in contrast to the previous case where the

aureole is washed cl.t at the longer wavelength.

At any rate, it is quite clear from these examples that the bright-

ness gradient in the inner aureole region of 0 < 8 < 10' is the beat

indicator of the size distribution of the responsible particles, par-

ticularly the relat.ive content of larger aerosols. And the overall
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extent of the aureole should indicate the degree of turbidity. These

conclusions will be less and less valid as the turbidity increases and

orders of scattering higher than the first become relatively more im-

portant.

2.24 Aureole effects for absorbing aerosols. To obtain an ex-

ample of the aureole as a perturbation produced by absorbing aerosols,

we consider the first-order term in the appropriate equation, (19)"

dID -We(T) - 0 sc o (

sac dr ,4D 4r

The solution is liven by the expression (23), except that the trans-

mission function in this case is given by the integral
t

T I
Ssa-ec C -(sectseccA)

s e w( )f(T) e dT (31)
TD(Tl'Co'",w) se0 0I
instead of by Eq. (24), and the optical thickness is understood to in-

clude contributions by the absorption within the particles. In the

real, inhomogeneous atmosphere, the integrand in Eq. (31) may be a
rather complicated function of T since w(T) and f(T) may not vary in

the same manner.i '
Proceeding as before, we may again assume homogeneous turbidity

defined by the condition (25), which, with the help of (20), becomes

M(T-f(- mM(Tl) const. (32)

With this condition the integration in Eq. (31) can be carried out, and

we have

sec C T - o sec CTD( l' o ' MN )  "seec -a c uMI  ( -r )  le -eI
0

(33)



I
-28-

as the transmission for the perturbation in the case of absorbing

aerosols. This is seen to be analogous to Eq. (26), except that the

turbidity coefficient is here replaced by the partial albedo of single

scattering of the aerosols. Since according to Eq. (20) MM < f(r),

it is clear that given two types of turbidity of the sanme degree, i.e.

having the same partial optical thickness TMO the one containing ab-

sorbing aerosols will produce a smaller brightness perturbation than

the one with nonabsorbin& aerosols. (By the same token the higher-

order terms in the perturbation equation (19) will have an even smaller

effect under these conditions.)

For simplicity and easy comparison, let us construct a homoge-

neously turbid model of the atmosphere containing aerosols with the

same distribution as before, i.e., haze L as given by (28). As an ex-

. ..treme example of absorbing particles, let us further consider what we

have called "iron particles," using their tabulated scattering proper-

ties at X0. 44 1p and XO.668u (EESP tables T.115 and T.116).

For the Rayleigh background in this model, we would have to con-

eider the diffuse transmission for multiple scattering with w < 1.

However, in this case the absence of detailed published data, tabulated

as a function of optical thickness and w, prevents us from interpolat-

ing as before. Since in the model we wish to consider, the overall

albedo of single scattering cannot be much smaller than unity, we shall

assume the Rayleigh brightness corresponding to the conservative case

with an optical thickness given by the actual scattering optical thick-

heSS, is c - wl1 , to be a good approximation to the Rayleigh background.

Furthermore, to avoid further interpolation, we choose a turbidity for

which the resulting scattering optical thicknesses are close to tk.,se

used in the previous section. To do this, it turns out that we need

an aerosol atmosphere equivalent to a 1.966-km layer of the above-

mentioned composition and number density. From the cited tables, and

by interpolation, the pertinent parameters are as follows:
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Parameter X0. 4 4 1 u X0.668

T1 R 0.240 0.0435

T (iron "haze L") 0.0951 0.1020

T 0.3351 0.1455

f(TI) 0.1817 0.5735

0.716 0.299

0.159 0.402

0.875 0.701

t 1 - Tlc 0.2932 0.1020

It is seen that the values in the last row are quite close to those

of the total optical thickness used in the example of the previous

section. We shall therefore use the same Rayleigh backgrounds indicated

in Figs. 2 and 3, without further modification, and evaluate the ex-

pected perturbation from an absorbing aerosol as before.

Note, by the way, that the partial albedo of single scattering

em for aerosols, as here defined, is not the same *s that of the par-

ticles themselves (e.g. 0.5604 and 0.5736, respectively, at X0.441P and

A0.668u, in this case according to ESSP, T.115 and T.116), but depends

on the turbidity coefficient as well as on the absorbing properties of

the particles. In the above example it is seen that the value of 9M

at AO.441P is less than one-half that at A0.668v (despite the fact the

particle albedos are practically equal at these wavelengths) and hence,

by virtue of Eq. (33), the corresponding perturbations will be in the

same ratio.

The perturbed field corresponding to this example is depicted in

Figs. 4 and 5, which are plotted on the same basis as Figs. 2 and 3.

At first glance the general features of the aureole produced by ab-

sorbing and nonabsorbing aerosols seem to be quite similar. On closer

examination, however, significant differences may be seen. Most nota-

ble are the decreased extent and reduced brightness of aureoled sky,



ri

-30-

:1.

- \

0(.

I -4

0
0 - 0i

- I U - o_

\ a

0@

I .a 1

---

I I )I •

I Ii

II -?



0

-CC

0.

Am- 0-0

CD v

Go c@i



-32-

by twenty percent and more in the typical regions of 10' above and

below the sun (compare homologous values in the corresponding tables

of the Appendix). This reduction is greatest near the horizon at

XO0.668P, when the sun is low.

It is noteworthy that even though the scattering optical thick-

ness has been taken equal to that of the previous example (Section

2.23), the assmption of absorbing aerosols results in an overall re-

duction of sky brightness, mostly in the broad aureole region, without

a compensatory increase in other directions. The amount of this re-

duction, which corresponds .o the energy absorbed within the particles

and presumably used in raising their temperature, exceeds that expected

from the difference 1 - w, where m is the albedo of single scattering

of the mixed atmosphere (compare the values 0.125 and 0.299 at the two

reference wavelengths with the reductions indicated by the tables in

the Appendix). This excess must be due to the fact that the absorption

operates not only on the direct but also on the singly scattered sun-

light. The overall absorption, of course, depends not only on 1 - w

ana the curbidity, f(T), but also on the inclination of the sun's

"rays" or .0

These simple conclusions, based on first-order perturbation theory

and a homogeneous model of the turbid atmoaphere, are consistent with

observation, and clarify certain effects, some of which may become more

pronounced when higher orders of scattering are included. For example,

one may make initial estimates of radiative heating caused by the pre-

sence of absorbing aerosols by constructing similar models for various

types and amounts of turbidity.

2.25 Comparison with observations. The degree of validity of the

above-described models of the clear-sky aureole cannot be judged until

they are compared with actual observations. A number of authors have

published the results of recent observations. We wish to mention those

described by Eiden (1968), carried out both near industrial centers in

Germany and at a high mountain station in Hawaii, and by Sekihara and

Murai (1961) in Japan. The more detailed results presented by K. Mural

(1967, 1968) deserve particular mention. In general these observations

_______________ ______________________________________________ ___________________ ______ ____________________ ______________
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confirm the validity of the present models and the method of analysis.

A more detailed comparison is planned for future study.

Another recent piece of work by Rydgren (1968) is confined to the

innermost aureole, in a region not exceeding 1*06' from the sun's limb,

which of course represents only a small portion of the entire aureole

perturbation.

2.3 Diffuse Reflection on a Turbid Atmosphere

The first-order perturbation method could, of course, be used in

considering large-angle scattering problems, and in particular the

diffuse reflection of sunlight in the case of a moderately turbid at-

mosphere. Provided ground reflection is neglected, the corresponding

solution, in the case of homogeneous turbidity, would be very similar

to Eq. (27), with the proper transmission function TD obtained by an-

alogy with Eq. (3). This is in fact the method used by Livahits

(1969) -- who seems to be ignorant of our initial introduction of the

method (Deirmendjian 1957, 1959) -- in an attempt to estimate the de-

gree of polarization of the diffusely reflected sunlight.

In our opinion the method is hardly adequate for the treatment of

this problem, particularly in polarization and neutral-point studies,

where multiple scattering must be considered. Most important, unless

the ground-reflection effects are introduced rather accurately, in-

cluding the polarization and angular variation introduced by the par-

ticular reflection mechanism, it is doubtful that even the intensity

of diffuse reflection can be explained satisfactorily by this type of

perturbation treatment. However, with some modification to account

for sphericity, the method may be adequate in an initial interpretation

of certain low-orbit satellite observations with the sun close to the

horizon.
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3. SUMKARY AND FURTHER REMARKS

In this first part of a review of primary scattering techniques

in cloud microphysics research, we have outlined the use of exact Mie

theory phase functions for idealized polydispersions representing aero-

sols in a perturbation method to account for the circumsolar aureole.

Certain shortcomings of an earlier application of the method have been

pointed out and corrected. In addition, the method has been extended

to include absorbing aerosols.

Our main conclusions are: (a) the degree of turbidity can best

be assessed by comparing the deviations of sky brightness within a

ring of radius 40* around the sun with the brightness corresponding to

an equivalent Rayleigh atmosphere, and (b) the nature of the size dis-

tribution of the aerosol is closely related to the brightness gradient 4

within a disc of radius 10 ° around the sun. Both these effects may be

analyzed in terms of turbidity models based on polydispersions of Mie

particles.

The method, which is appealing in its simplicity and physical

clarity, should be useful in providing rough estimates of the effects

of various amounts and types of turbidity on the radiation budget

of the earth-atmosphere system, and hence ultimately of the climatic

effects, if any, of secular changes in turbidity.

We hope to discuss other applications of scattering techniques

in the light of existing experimental technology in subsequent reports.

+I
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APPENDIX

For convenience of the exigent reader, under Tables 2 and 3 we

list the actual values of the sky brightness computed for the models

and by the method outlined in Sections 2.23 and 2.24. These values

are those plotted in Figs. 2, 3, 4, and 5.
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Tab le 2

PERTURBED SKY BRIGHTNESS VALUES I + I I )
R D

0- arc cos (0.80) A 36"52'

With Water Haze L With Iron Haze L

X(p): 0.45 0.70 0.441 0.668

e - - 1.0 1.0 0.875 0.701

40" 0.0293 0.0117 0.0276 0.0104

30 0.0393 0.0212 0.0330 0.0161

20 0.0625 0.0454 0.0474 0.0319

15 0.0869 0.0688 0.0660 0.0498

10 0.1322 0.1040 0.1073 0.0809

8 0.1592 0.1223 0.1355 0.0974

6 0.1935 0.1393 0.1722 0.1159

5 0.2136 0,1485 0.1925 0.1248

. 4 0.2336 0.1573 0.2130 0.1334

3 0.2523 0.1631 0.2311 0.1402

2 0.2701 0.1698 0.2468 0.1460

1 0.2816 0.1747 0.2584 0.1512

0 0.2871 0.1786 0.2648 0.1540

10.2878 0.1790 0.2639 0.1549

2 0.2821 0.1783 0.2575 0.1530

3 0.2693 0.1756 0.2465 0.1506 j
4 0.2548 C.1735 0.2319 0.1469

5 0.2382 0.1679 0.2142 0.1406

6 0.2205 0.1617 0.1959 0.1339 1
8 0.1898 0.1491 0.1611 0.1182

o
10 0.1652 0.1336 0.1336 0.1033

15 0.1220 0.1008 0.0925 0.0723

20 0.0990 0.0766 0.0752 0.0533

30 0.0818 0.0503 0.0689 0.0377

40 0.0828 0.0435 0.0775 0.0384

I
I

________ _________ _______
____- - - --.-------------.----



Table 3

PERTURBED SKY BRIGHTNESS VALUES + (1)

CO f arc cos (0.20) 1 78*28'

i4ith Water Haze L With Iron Haze L

A(u): 0.45 0.70 0.441 0.668

e- 0 -C 1.0 1.0 0.875 0.701

500 0.0168 0.0074 0.0168 0.0077

40 0.0227 0.0125 0.0213 0.0110

30 0.0342 0.0262 0.0289 0.0193
20 0.0623 J.0666 0.0467 0.0442

= 15 0.0929 0.1126 0.0684 0.0754

® 10 0.1525 0.1949 0.1164 0.1366

8 0.1896 0.2431 0.1499 0.1743

6 0.2380 0.2967 0.1943 0.2200

o 5 0.2672 0.3277 0.2191 0.2442
4 0.2968 0.3578 0.2447 0.2704

3 0.3258 0.3901 0.2682 0.2941

2 0.3542 0.4244 0.2890 0.3180

1 0.3749 0.4575 0.3051 0.3430 j
0 0.3876 0.4922 0.3149 0.3644 A

1 1 0.3930 0.5205 0.3153 0.3836

2 0.3885 0.5498 0.3081 0.3979

3 0.3723 0.5759 0.2939 0.4116

4 0.3514 0.6034 0.2739 0.4229 1

o 5 0.3245 0.6332 0.2481 0.4278

6 0.2923 0.6587 0.2194 0.4305

8 0.2249 0.7169 0.1609 0.4204

II
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