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Summary 
Hybrid computation techniques as they apply 

to simulating stochastic control systems are dis* 
cussed. By means of studying a particular system 
it is shown that a controller optimized on a det¬ 
erministic basis esn be considerably inferior to 
one optimized by explicitly including the ever¬ 
present stochastic effects in the controller de¬ 
sign. 

1. Introduction ^ 
In order that results of the pest decode in 

control and estimation theory applicable to on¬ 
line computer control of physical processes become 
more widely disseminated among practicing engi¬ 
neers, it is important that motivational simula¬ 
tion case studies be performed and reported on. 
In particular such studies should give easily 
understood examples wherein system performance is 
shown to be appreciably better when the control 
law is derived by explicitly taking the ever-pre¬ 
sent system uncertainties and disturbances into 
account. These studies should also provide a tu¬ 
torial function, with the paper being organized so 
as to attempt to motivate the reader to study fur¬ 
ther in the areas of optimal control and stochas¬ 
tic processes. These studies should also Include 
as much as possible in the way of discussing how 
practical Implementation constraints Interact with 
the mathematical constraints of present day con¬ 
trol theoretic results. 

Since virtually all of the available litera¬ 
ture in the area of stochastic system simulation 
deals with digital simulation, (for Instance, see 
[18-25]), it seemed appropriate that the authors 
should report-on the use of hybrid computers for 
this purpose. An EAI68Ô-XDS £5 hybrid computing 
system was used in the simulation study. 

1. This reoearch was partially supported by Proj¬ 
ect THEMIS, contract F-44620-68-C-0021, adminis¬ 
tered by the Air Force Office of Scientific Re¬ 
search . 
2. References [l-17] are representative samples 
from the available literature. The papers by 
Kalman are especially recommended. 
3. A forthcoming publication [26] will discuss 
both hybrid and digital simulations of stochastic 
control systems and will make some cuantitatlve 
comparisons on their relative effectiveness. 

The above two paragraphs .summarize the prima¬ 
ry motivations for writing this paper. The £ir?c 
paragraph also suggests a figure of merit by which 
this paper may be judged. 

In the following exposition it will often 
prove inconvenient to give mathematically precise 
toroulations, and we shall not hesitate to lower 
the level of precision or generality for the sake 
of clarity or to make analytical or experimental 
progress. For Instance, a stochastic control sys¬ 
tem will be modeled by a nonlinear dynamic system 
driven by a white noise process. The model dif¬ 
ferential equation (2.1) is improperly posed math¬ 
ematically, and is "non-physical" as well. The Ito 
formulation [13,15,27-31] that interprets equa¬ 
tions such as (2.1) as stochastic integral equa¬ 
tions is one means by which the procedure can be 
placed on a sound mathematical basis. This pro¬ 
cedure also converts (2.1) to a physically mean¬ 
ingful formulation since the resulting "integ¬ 
rated" white noise (Brownian motion, Wiener pro¬ 
cess) furnishes an excellent model for various 
random disturbances present in nature [32]. 

2. Problem Formulation 
Consider the following mathematical model of 

a stochastic control system 

X - f(x) + B (u + v) (2.1) 

y • Hx + » •»«[O.T], (2 2) 

where the n x^'s are the system state variables, 

the m y^s are the system output variables, the 

r ar* th* system control variables, B and H 

are constant n x r and m x n matrices respectively, 
and f is a nonlinear function satisfying an appro- 

t priste Lipschitz condition that will insure exis¬ 
tence of a unique solution to the deterministic 
unforced initial-value problem [J3], The control 
u is to be determined as a function of the m (m < 
n) measurable variables y^; refer to Figure 2.1. 

The r "input noise" variables Vj^ and the m 
"measurement noise" variables wt are zero mean 

Gaussian white noise stochastic processes with co- 
variance matrices 
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cov [v(t), v(t)] - Q 6(t-r) (2.3) 
for all 

cov [w(t), w(t)] - R 6(t-T) 
t and T 

cov [v(t), v(t)] - 0 

where 6 ia the Dirac delta function, Q i« a sym¬ 
metric positive semi-definite constant r x r ma¬ 
trix, and R is a symmetric positive definite con¬ 
stant m x m matrix. The initial state x(0) is a 
zero mean Gaussian random vector with covariance 
cov [x(0), x(0)] - end is independent 

of both the v and w processes. Note that the 
above formulation allows one to account for model¬ 
ing uncertainties as well as for disturbance in¬ 
puts. 

We shall assume that the given data for the 
problem includes a specification of a nominal con¬ 

trol function u (n) (t) on [0,T] that in the ab¬ 
sence of noise leads to a very acceptable system 
performance (the optimization criterion used in 
making this choice may well have been formulated 
oi the basis of subjective as well as objective 

considerations). The function uin\t) is assumed 
to be sufficiently regular so that with v - 0 and 
x (0) specified the mathematical model equation 
(2.1) admits a unique solution, the nominal (state) 

trajectory x^ \t) on [0,T]. For convenience in 
the simulation study we shall assume that 

u^n\t) - 0 on [0,T]. • (2.4) 

Thus variations u about the nominal control, u^n\ 
will from now on simply be denoted by u(i.e. u(t) 

- u(n)(t) + 6u(t) for any t in [0,T].) 
The noise signals v and w will tend to make 

the system state deviate from the desired nominal 
trajectory; v will enter directly via (2.1) while 
the effect due to w is introduced indirectly 
through the fact that u is a function of the mea¬ 
sured variables y^ A control law is sought that 

will keep these deviations reasonably small while 
not requiring excessive control "effort". The 
criterion by which system performance is Judged 
should not be based on effects due to individual 
sample functions of the noise processes, but rath¬ 
er should be based on a consideration of the en¬ 
tire ensemble of such sample functions. 

With the above thoughts in mind, the perfor¬ 
mance of the stochastic control system as modeled 
by equations (2.1) through (2.4) will be evaluated 
by means of the cost functional 

JgU) ■ e{ J(u) where (2.5) 

J(u) - J (u'(t) Su(t) + e'(t) Ne(t))dt (2.6) 
0 ' 

and 

e(t) - x(t) - xin)(t) on [O.T]. (2.7) 

The objective is then to determine a control u 
that minimizes the cost functions^ (2.5). There 
are to be no explicit constraints* on u. S is a 
symmetric positive definite constant r x r matrix, 
N is a symmetric positive semi-definite constant 
n x n matrix, "prime" denotes "transpose", and E 
denotes mathematical expectation (i.e., for any 
integrable random variable Z ¿ cined on the under¬ 

lying probability space (fl.F.P), E { Z j « Z(w) 

dP(w)). 

Referring to Figure 2.1, consider repeating 
this control experiment a number of times, each 
experimental run (trial) being of T seconds dura¬ 
tion. intuitively, in a particular trial the 
chance mechanism underlying the noise processes 
will "select" a particular sample function ("wave¬ 
form") from both the v and w ensembles. These 
particular noise inputs will cause the "waveforms" 
u(t) and e(t) on [0,T] to be generated. The num¬ 
ber J(u) in (2.6) can be computed during the run. 

The term u'(t) Su(t) dt measures the "control 
0J 

energy" expended during the run, and the term 
fr / 

J e (t) Ne(t) dt measures the "distance" from 

?he nominal trajectory. If Jg(u) is small, then 
this implies that both the average control eaerg> 

E ^ u/(t) Su(t) dt I and the average distance 

E ! F e*(t) No(t) dt 1 are small. JE(u) being 

small does not guarantee that every J(u) is small; 
however, it does indicate that the probability is 
small that, individual J(u)'s take on large values. 
The above two statements follow directly from the 
fact that both terms in J(u) are nonnegative 
functionals. 

3. Separation, Linearization 
and Oilier Considerations 

We have now discussed the criterion by which 
system performance will be judged; however, no 
mention as yet has been made on the design of 
Block II of Figure 2.1. Present day determinis¬ 
tic optimal control formulations [ll.12,17] 
deal either with open-loop policies (which we 
shall not discuss) or with feedback policies, 
that in general require that the true system 
state x(t) be available for every t in [0,T]. 
However, it is clear from (2.2) that this in¬ 
formation is never available. To progress past 
this theoretical hurdle, a most reasonable 
strategem is to "separate" the problem into an 
estimation phase and a control phase -- refer 
to Figure 3.1. Block Il-e is designed by using 
optimal (stochastic) estimation theory5, and at 

4. That is, there are no equality or inequality 
constraints on u. 

5. See section 4 of this paper. 
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time t in [0,T] this block outputs Che value 

0(t), which is the "best" estimate of the true 
system state based on the noisy observations 
of y over the time interval [0,tj. block 11-c 
is designed by using optimal (deterministic) 
control theory^ and at each time t in [0,T] this 
block outputs the value u“(t), which is the 
"best" control input based on the assumption 

that Ô (t) ■ x(t). This "separation principle" 
has been widely used [12,16,17], 

If the function f in (2.1) were linear in x, 
then an application of the separation principle 
would lead to an overall optimal system (see 
references [14,34] for proofs of the appropriate 
separation theorems). This fact immediately 
leads one to consider linearizing the niant model 
(2.1) about the nominal trajectory x^n'. This 
results in the following linear time-varying 
system 

AU) - I 

A(t) e + B (u -t-v) 

. Jn), 

òf 

àx, 
1 

'(t) 

òf, 

òf 
_n 
òx 

' òx 

òf. 

òx ni 

(3.1) 

(3.2) 

x1(n)(t) 

x 
n (t) 

z ■ He + V, where e is as defined in (2.7). (3.3) 

For reasonably small disturbances, these equa¬ 
tions give an adequate representation' of the 
plant. Figure 3.2 gives a block diagram of the 
resulting overall optimal linear system. 

4, The Linear (Stochastic) Optimal 
Q 

Estimation Problem 

Consider the linear system described by 
Equations (3.1) - (3.3). Assume further that 
the estimation objective is to find an estimate 

e (t) that is a linear function of the form 

e (t) ■ J h(t,T)z(T)dT (i.e., ê is the output 

of a linear filter with h(t,r) as the impulse 

6. See Section 5 of this paper. 
7. Later sections of this paper will give some 
discussion on the adequacy of this representation. 
8. As mentioned in Section 1, our formulations 
can often be generalized considerably. For more 
general formulations on Kalman filtering see 
references [1,3,13]. 

response function) that minimizes the cost func¬ 

tion I(ô) given by (4.1) 

l(e) = E i ^(oj7 £®(C)J j^mean square error)(4.1) 

where 

tT/t) « e(t) - &(t) (estimation error) (4.2) 

This defines a "minimum variance estimation prob¬ 
lem". The "Kalman-Bucy algorithm" that realizes 
the solution to this problem is defined by Equa¬ 
tions (4.3) - (4.7). 

— - A(t) è + Bu + K(t) z (t), 

with ê (0) - 0 (4.3) 

where 

"zU) ■ z(t) - 11 e‘(t) (4.4) 

The "Kalman gains" K(t) are obtained from 

K(t) - P(t) H'R-1, where P(t) (4.5) 

is the unique solution to the Riccati equation 
(called the "variance equation"). 

- A(t) P + PA'(t) - P H'R^HP +BQB' (4.6) 
dc 

where^ 

P(0) - coy[e(0),e(0)] « Pe(0j (4.7) 

Figure 4.1 gives the simulation block diagram for 
the optimal estimator (Kalman filter). 

5. The Linear (Deterministic) Optimal 
Control Problem 

Consider the linear system described by 
Equation (3.1) with v= 0. Assume further that 
the control objective is to find a control in¬ 
put u(t) that is a linear function on the 
values of e over the time interval [0,t] that 
minimizes the cost function J(u) given by (2.6). 
This defines the "linear(deterministic) regula¬ 
tor problem". This is an especially tractable 
problem, and it is well known [2,11,12] that 
there exists a unique optimal control law u® 
given by 

u°(u) = -S'VdU) e(t) tf[0,T], (5.1) 

where the symmetric n x n matrix D(t) is the 
unique solution to the Riccati equation 

~ - -D(t)A(t) -A'(t)D(t) 

+ D(t) BS^B,D(t) -N (5.2) 

satisfying the boundary condition 

9. For the case at hand (see Section 2) 

p(0> - px(or 
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(measurement process) (6.3) 
D(T) - 0 (5.3) 
Also, it turns out that D(t) is positive definite 
for ell Ost<T. 

yL - Xl + x2 + Wl 

y2 " x2 + x3 + w2 

Corresponding to the final value D(T) there 
is an initial value D(0) that may be pre-computed 
by a reverse-time integration of (5.2). The ana¬ 
log computer can then be used to generate the 
optimal control as a continuous function of e(t) 
by using (5.1) with D(t) being the (continuously 
generated) solution of (5.2) with initial condi¬ 
tion D(0). 

In accordance with the separation principle 
discussed in Section 3, the simulation diagram 
for Block II-c is described by (5.1) with 

e(t) replacing e(t), and D(t) is generated as 
described above using the initial value 0(0). 
Figure 5.1 gives the simulation block diagram 
for the optimal controller (Kalman controller) 
used in this simulation study. 

6. Numerical Specification of the System Model 

To proceed further with the simulation study, 
it becomes necessary to specify a particular 
mathematical model. In accordance with the de¬ 
sire that the example be easily understood, a 
third order plant with a single nonlinear term 
seemed an appropriate choice. 

The particular system configuration is de¬ 
fined by using the following data: 

T = 1 second, 

f(x) - 

H - 

B 

, S 

Q - [q] , R 

and 
Px(0) ■ (6.1) 

where the statistical parameters qX), *^>0, 

1^22^6 an<* R2® a*e be varied in the course of 

the system study. 

In scalar form the model is defined on the 
time interval [0,1] by 

X1 * x2 

x2 » Xj + u + V (plant) 

*3 - -Xj2 (6.2) 

Notice that the plant described by (6.2) is 
an unstable system.^ Intuitively, this can be 
seen by setting u»0, v-0 and then investigating 
the equation X3 ■ -x^ . If x, ever differs from 
zero, then X3 will monotonically decrease with 
time from that instant on. Although we are not 
concerned with asymptotic behavior (since T = 1 
second and the magnitude of the eigenvalues of 
A(t) of (6.5) arc approximately unity for the 
given x(n)(t)), we must still be concerned with 
compuational instabilities. There are several 
sources of error that accompany any computer im¬ 
plementation; e.g., digital (roundoff and discre¬ 
tization errors, etc.), analog (reference varia¬ 
tions, component tolerances, etc.), and linkage 
(quantization and time skew in converters, etc.). 
An unstable system is often very sensitive to 
such errors, and even over a short period of 
time these errors could accumulate to an intol¬ 
erable level. For these reasons, it seems plaus¬ 
ible that the system (6.2) would provide a good 
test case for these studies. 

The perturbation equations for (6.2) about 
the nominal response x^n)(t) are given by 

èl - e2 

è2 » Cj + u + V 

®3 - [-2x1(n)(t)] e^e^2 (6.4) 

Thus the linearized perturbation equations are 
given by 

e ■ A(t)e + B(u + v), where 

A(t) 

a(t) 

0 1 Õ 
0 0 0 
a(t) 0 1 

-2Xl(n)(t) 

and 

(6.5) 

(6.5a) 

Similarly, the perturbation equations for (6.3) 
are given by 

z^ ■ Cj + Cj + Wj and 

*2 * *2 + C3 + W2 (6,6) 

For future reference we now show that the 
line^j system (6.5) - (6.6) is uniformly observ¬ 
able on [0,1]. Using the notation of reference 

10. The linearized plant described by (6.5) is 
also unstable. 
11. By «similar formulation one may also easily 
show that the linear system (6.5) is uniformly 
controllable on [0,1]. This fact would be of im¬ 
portance if one were to wish to study the asympto¬ 
tic (T - ®)behavior of the stochastic control 
system. 

4 
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[3¾]. the observability matrix 0OU) for this 
system Is given by 

e0U) ■ [H' j ÛqH' ! Ûq* h'] whore 

" (MO + ^ ) (*). This evaluates to 

e0(t) 
100 a(t) a(t) a(t) + b(t) 
1110 0 a(t) 
0 111 1 0 

where b(t) - -2x2(n)(t). 

From properties of the given nominal trajectory 
it is known that 

[tf[0,1]: x1(n)(t) - 1/2) H 

{tc[0,l]: x2(n)(t) - 0) - 0, 

i.e., does not pass through the value 1/2 
at the same time passes through zero. Thus 
the rank of 8 (t) is 3 for all t In [0,1], and 
uniform observability of the linear system 
follows. 

7. Generation of the Noise Signals and 
Computation of J_(u) _t 

From a simulation point of view, one must 
generally be satisfied with generating signals 
whose time averages are of such a character that 
he can reasonably infer that the (real or imag¬ 
ined) underlying stochastic processes approximate 
the specified noise processes v and w. 

Since it is desired to simulate the stochastic 
control system on a hybrid computer, it is con¬ 
venient to supply the noise signals from a multi¬ 
channel FM tape recorder (Precision Instruments 
6200 series). An analog random noise generator 
(Solartron Model BO 1227) was used to obtain 
these recorded signals. The statistical proper¬ 
ties of the generator were validated by estimating 
the autocorrelation function, the power spectral 
density (using both the discrete Fourier trans¬ 
form on the autocorrelation function data and the 
fast Fourier transform using the sample function 
data directly), and the first and second order 
density functions. See [36,37] for further 
details, and [38,39,40] for other methods. 

The validation studies showed that the gen¬ 
erator could accurately be modeled by a zero 
mean stationary Gaussian process with a pseudo- 
white spectrum (the power spectral density was 
approximately constant from dc to 2 khz). The 
effective correlation time for the process was 
of the order of 0.25 msec (i.e., t 2 0.25 msec ♦ 

|R(t)| < e"l.R(0) ). Since the process is 
approximately Gaussian, this implies that samples 
taken from the process at intervals significantly 
greater than 0.25 msec can reasonably be assumed 
to be independent. Since the noise was recorded 

* 5 

one channel at a time (a 45 minute process) the 
data on separate channels may safely be regarded 
as mutually independent. Further, since each 
simulation of the control system takes one 
second, one may assume that the "costs" J^, where 

is the cost 

J1 (u^t) Su(t) + e'(t) He(t)} dt 
0 

of the ith trial, are independent samples of the 
random variable J(u). Thus, by Kolmogorov's 
Law of Large Numbers [41] the "sample mean" 

A . N 
J (N) ■ - E J 

E N >1 1 

should furnish a good estimate of Jg(u) for 
sufficiently large N. An acceptable index of 
convergence is 

A A 

V»-l ■ I JE(N> - I1 
computation of the average cost is terminated 
after run N whenever DN becomes and remains 
sufficiently small. ’ 

Although not needed for this study, it should 
be mentioned that noise processes with nonstation¬ 
ary covariance functions can sometimes be gen¬ 
erated by using the stationary processes mentioned 
above, together with appropriate time-function 
generators. For instance, consider generating 
a zero mean nonstationary stochastic process 
with covariance matrix 

R - 

tj^U) 0.., 0 

0 r22^ ‘ 

r mm 

dlag {rn(t).rnBn(t^* 

Letting w be a zero mean stationary 

stochastic process with covariance matrix dlag 
{1, ..., 1) - I , it is seen that the desired 
process may be simulated (within the accuracy of 
second moment characterization) by forming the 
products 

1/2 
Wi ’ (rii(t" for 1 - 1, ..., m. 

In more general cases It may be necessan* to 
employ more advanced techniques such as using 
truncated orthogonal series expansions for the 



nonstationary stochastic processes (see refer¬ 
ences [40,41]). 

8. Design of the Kalman Observer 

Shortly we shall wish to determine the per¬ 
formance of the system of Figure 2.1 when the 
controller is designed on a deterministic basis. 
As will be shown below, this will involve using 
the configuration of Figure 3.2 where Block II-e 
is a "deterministic filter". 

In Section 10 the performance of this system 
will be compared with the optimal linear system 
described in Section 6 as various statistical 
parameters arc varied. It should be noted that 
this deterministic element was "optimized" in 
so far as possible so as to be fair in making 
comparisons, i.e., one should, if possible, com¬ 
pare optimal systems. 

Consider the formulation of Section 2 where 
V - 0, w ■ 0, and y - x. If this were true, 
then every state variable would always be avail¬ 
able to the controller of Figure 2.1. It would 
then be very reasonable to evaluate the perfor¬ 
mance of this deterministic system by means of 
the cost functional of Equation (2.6). Using 
the results of Section S, the "best" controller 
jjo use would be of the form of Figure 5.1, where 

e would be replaced by the actual state e. ' 

The formulation of the last paragraph does 
not quite fit our needs since m is actually less 
than n; i.e., even in the noise-free case e is 
not available to the controller of Figure 2.1. 
Consider the linearized plant equations (6.5) - 
(6.6). In Section 6 it was shown that this sys- 
time is uniformly observable on [0,1]. Thus, 
as can be shown [4,12,13], the state variables e^ 
can be "reconstructed" (theoretically in an arbi¬ 
trarily short amount of time) by passing the out¬ 
put signal z through the linear dynamical system 
("observer") of Figure 8.1. The output of the 
observer satisfies [12] 

It should be noted that the Kalman observer 
is simply a special case of the Kalman filter 
(compare Figures 5.1 and 8.1). In Figure 8.1 the 
inputs are noise-free and the Kalman gains G(t) 
arc chosen as described above Instead of via the 
variance equation. This fact makes the Kalman 
observer more convenient for our purposes than 
other formulations [42,12] since one can quite 
simply (say by means of setting or resetting a 
sense switch) change between the stochastic and 
deterministic filters, i.e., only the Kalman 
gains need be changed. 

Using the parameter values of Section 6 one 
finds that 

L(t) - A(t) - G(t)H - 

-gll l-(gn+8i2) '812 

-82i -(821+822^ 1_g22 

a(t)*831 -(83^832) ‘832 

where 

G(t) - (g .) and a(t) is as defined in (6.5a). 
A very acceptable rate of decay is obtained by 
choosing G(t) to be the constant matrix 

G - 

1 

30.84 

-11.8 

1 

-3 -2.84 

(8.5) 

This resulted from assuming a(t) ; -3, then set¬ 
ting the characteristic equation for L(t) equal 
to (X+10) , equating coefficients, and determi¬ 
ning a solution of the resulting nonlinear alge¬ 
braic equations for the 8,.’>• Since a(t) 
actually takes on values In the range (-4.35, 
-2), the corresponding variations of the eigen¬ 
values of L(t) were computed. Some sample 
values are given in Table 8.1. 

h(t) - e(t) + cp(t,to)(h(0) - e(0) ) (8.1) X2,X3 

where <p(t,t ) is the state transition matrix 
of the lineSr system 

ñ - (A(t) - G(t)H)n (8.2) 

By appropriate choice of the matrix G(t) (the 
only free parameter in the observer structure) 
the "transient response" of (8.2) can be made 
to decay to zero very rapidly. This will mean 
that the second term on the right hand side of 
Equation (8.1) will also decay to zero very 
rapidly (to accentuate this effect che value of 
h(Q) should also be set equal to the a priori 
best estimate of e(0)). From Equation (8.1), 
the appropriate cost functional for the observer 
is clearly the amount of time it takes for this 
decay to occur. 

-2.0 

-2.5 

-3.0 

-3.5 

-4.0 

-4.35 

-3.02 

-4.56 

-10.00 

-14.66 

-15.75 

-16.28 

-13.49+J4.97 

-12.72+)4.03 

-10.0C+J0.03 

-7.6+14.71 

-7.13+16.05 

-6.86+J6.75 

Table 8.1 

As anticipated, this observer performed very 
well in the absence of noise (sec Figure 10.2). 
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9. Hybrid Cowputfr Implementation 

The simulation block diagram of Figure 9.1 
illustrates how the problem has been divided 
between the analog and digital computers. This 
particular^ division of tasks emphasises the 
analog computer in that the main responsibility 
of the digital computer is to precompute and 
store the Kalman gains, and then during each run 
to send these gains to the analog computer via 
multiplying DAC's. 

In computing estimates of the cost J (u) of 
(2.5) it is cleany desirable to speed the so¬ 
lution rate as much possible. A speed-up by a 
factor of ’0 was decided upon--the execution 
time of the digital Interrupt program used to 
send the Kalman gains to the analog computer pre¬ 
cluded a significantly larger speed-up. This 
speed-up involves changing the time scale of all 
analog integrators and increasing the tape re¬ 
corder speed by a factor of 10. In the following 
discussion one should now consider that T “ 
0.1 sec and that the correlation time of the 
noise generator is approximately 25 pscc. With 
this speed-up, if N => 1,000 trials arc used in 
computing JRiu)i then this will require 120 sec 
of real-time (including initial condition time). 
Hence, to obtain a plot of J-iu) for 20 values of 
a statistical parameter, approximately 40 minutes 
of real-time is required. 

The flowgraph of Figure 9.2 describes the role 
that the digital computer plays in the simulation 
study. Some specific comments pertaining to this 
figure follow. 

Block B3 (Off-Uno) : Ut 

Lp(0 -^^>..4-—J1?"-1? 
bob' I A(t) 

and let 8 (t,t ) be the transition matrix 
the sixth order syatam 

of 

c - Lp(t)c. 

The solution of the variance equation (4.6) 
is then given by [3] 

p(t) - [o21(t,o) + e22(t,o).p(0)] 

[en(t,o) + ®12(t»o)p(0)]"1 

where the G^U.O) are defined by 

0(t.O) 
eu(t,o) 

e21(t,0) 

012(t,O) 

022(t,°) 

From the known character of A(t) of equation 
(6.5a) L (t) is known to be approximatley con¬ 
stant ovEr each time interval Ltn_^,t ], where 
At ■ 0.4 msec and tR * n*At. Thus 
can be approximated very closely by 

exp [L(tnJ1) • At], 

Block B1 (Off-Line): An analog clock signal is 
used to cause an external interrupt every 
0.4 msec. The Interrupt servicing routine reads 
the ADC and stores the resulting value aUn) 
an array. 

Block B2 (Off-Line): The variances of the three 
noise signals v, w , and w2 as they were recorded 
are 1.0, 1.1, and 1.0. To obtain signals with 
the variances desired, it is necessary to atten- 
tuate the signals from the recorder. For example, 
to obtain a signal with variance b S 1 from v, 
one must arrange to multiply v by (b/l.!)*' 
since 

which in turn can be approximated very closely 
by the truncated series 

I ♦ L(Vl) • 4t + A (kVj) • It) + 

Hence the solution to the variance equation can 
be obtained recursively by 

^n) - te2i<Vtn_i> + WVl^n-l^ * 

E{((b/l.l)1/2v)2} - YJ E{v2} - ^ (1.1) - b. ^ll^n’Vl* + ^VSi-l^n-l^ 
-1 

The noise signals v, w , and w2 are patched into 
multiplying DAC's and the coefficients sent from 
the^gital computer are q1' , (r^/l.!)1' , and 

r22 • 

12. See reference [26] for other divisions of 
tasks for this and related problems. 

The Kalman gains are then computed from 

K(t ) - P(t )H'R-1, n n 

As e. validation check for the above discre¬ 
tization procedure the variance equation (4.6) 
was also integrated using Euler's method. The 
results checked quite closely when At < 0.1 msec 
was used with the Euler approximation. 
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Block BA (Real-Time): The Kalman gains are 
supplied to the analog computer using tho off¬ 
line results of Block B3. These gains must be 
updated every 0.4 msec. An analog clock signal 
is used to cause an external interrupt every 
0.4 msec. The interrupt servicing routine 
causes the multiplying DAC registers to be up¬ 
dated according to the latest values provided 
by the digital computer. At the end of each 
run i - 1, ... the cost J is converted and 
added to the accumulated cost 

i-1 

Comments 

(1) In this study, the primary objective 
was to attempt to generate more interest in 
applying stochastic control theory to the de¬ 
sign of physical control systems. It was de¬ 
sired to use these theories in a context for 
which they are rigoroualy true. This leads to 
the use of the linearised plant model in Figure 
9.1. 

To apply the above results to controlling a 
physical process, one could employ a configuration 
such as in Figure 9.11J wherein the linearized 
plant is replaced by the physical process (assum¬ 
ing, of course, availability of appropriate' 
tranducers, etc.). A configuration of this type 
was used in a simulation mode (l.e., the nonlinear 
plant equations were utsd). The same tests were 
run on both the linear system and the nonlinear 
system. Based on cost comparisons (see Section 
10) the performance of these two systems dif¬ 
fered by no more than 5-10%. This consistency 
of results served to some extent to validate 
the procedures used in this study. 

The experimentation using the nonlinear plant 
model in the simulation mode provides useful in¬ 
formation on how the actual plant would perform 
in this same configuration. In particular, there 
would be an opportunity to study (view a succes¬ 
sion of sample functicns on an oscilloscope) 
the behavior of the (inaccessible) plant state 
variables. This allows one to gain some intui¬ 
tive understanding of how the control system 
performs14. 

(2) As noted in Section 5, the solution D(t) 
of the Riccatl equation is generated by using 
analog computer circuits with D(0) as initial 
condition. For most choices of the "weight factors" 

13. One could obviate the need for generating the 
nominal trajectory by linearizing about the pre¬ 
vious best estimate of the state--the "extended 
Kalman filter" approach [18,20-25]. 
14. This becomes of increasing value as the 
noise levels increase. 

S and N in (2.6) the solution D(t) is sensitive 
with respect to the value D(G). By trial and 
error an acceptable value for D(0) can be found 
prior to initiating the first simulation run. If 
the task of generating the controller gains 
D (t ) were assigned to the digital computer, 
tuen 'the various gains could be obtained by a 
single pre-computation involving a reverse-timf* 
solution of the Riccati equation. Thus, in this 
event, the sensitivity problem would be averted 
(at the cost of storage space and execution time). 

(3) Certain choices for the weighting factors 
S and N and statistical parameters q, r^, and 
r„, can lead to unpleasant amplitude scaling 
problems. In the authors’ opinion this does not 
offset the hybrid computer's tremendous advantage 
with respect to solution speed. These high data 
rates not only are useful in cost calculations, 
but they also allow one to conveniently study 
various sample functions via oscilloscopic 
displays. Refer to [2f;] for further details. 

10. Simulation Results 

Several polaroid pictures were taken to 
illustrate various aspects of the performance 
of the stochastic control system. The pictures 
are shown in Figures 10.1 through 10.7. 

Figure 10.1 shows a sample function from each 
of the three "noises" v, w , and w^. The time 
scale is such that only one tenth of a computer 
run is shown. 

Figure 10.2 illustrates the behavior of the 
deterministic observer when no noise is present. 
Figure 10.3 illustrates the behavior of the de¬ 
terministic observer in the presence of noise. 
Clearly the presence of noise severely degrades 
the performance of the observer. 

Figure 10.4 illustrates the behavior of the 
Kalman filter for the same corditions as in 
Figure 10.3. The output of the Kalman filter is 
much less noisy than the deterministic observer 
and thus provides a much better estimate of 
e^t). 

Figure 10.5 shows one of the Kalman gains as 
it is being sent from the digital computer. This 
Illustrates the discretization used in computing 
K(t). 

Figure 10.6 shows how the two components of 
the cost accumulate with time. Four different 
runs are shown and there is a relatively large 
variation in both components. As mentioned in 
Section 2, the top trace, 

«t 2 2 2 
100 j (e* + «2 + epdt 

is the "distance" from the nominal trajectory, 
and the bottom trace, 

»t 2 
100 T u dt 

Jo 
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I* the "control eneray". Note that In computing 
the total cost, the distance Is weighted 10 timet 

than the control energy. 

Figure 10.7 illustrates the smoothing effect 
of the plant (top 2 waveforms) and the Kalman 
filter (bottom 2 waveforms). 

Cost Comparisons 

Consider Figure 3.2. The following notation 
will be used in describing the cost comparisons 
(even though as mentioned in Section 8 S is 
only a sub-optimal system). “ 

Block Il-e System of Figure 3.2 

Kalman Filter Sg: Optimal Stochastic System 

Kalman Observer S^: Optimal Deterministic 
System 

The objective now is to compare the performance 
of these systems S and S for various choice of 
the statistical parameters q, r.^, and k. 

Figure 10.8 gives a plot of Û (u) vs. q for 
fixed values of r , r and k for both S and 
Sd• Note that the cost for br h S and S.shad a 
noticeable positive trend with increasing q. For 
every value of q used, the cost for S was mark¬ 
edly lower than Sj--the range of percint cost 
increase incurred by using S instead of S was 
from 32*4 to 63¾. d 8 

A 
Figure 10.9 gives a plot of J.,(u) vs. r.. - 

r¿2 for fixed values of q and k for both S 1and 
S . Note that while the cost for S. had a8 
noticeable positive trend with increasing r . ■ 
r.j. the cost for S was virtually insensitive 
to these variations" This is plausible since 
the Kalman observer simply tries to follow its 
input as rapidly as possible regardless of how 
large the variance of the measurement noise w 
becomes, while the Kalman filter was designed so 
that its gains are adjusted as r.. and r are 
varied. This allows the Kalman filter to virtual¬ 
ly ignore the variations due to this measurement 
noise. Note that for small measurement noise 

is almost as good as S , but that for moderate 
noise levels the percent cost increment incurred 
by using S , instead of S increased to 497.. 

o s 

Comments 

(4) Although the complexity of the system 
used in this simulation study is not great, and 
several arbitrary choices were made; e.g., in 
choosing the weighting matrices in (2.6), the 
cost comparisons given in Figures 10.8 and 10.9 
do indicate that a significant improvement in 
performance can be obtained by explicitly taking 
the system uncertainties into account when op¬ 
timizing the design of the controller of Figure 
2.1. 

(5) An even greater (sometimes by an order 
of magnitude or more) improvement in system 

performance is theoretically possible if "non¬ 
linear filtering" techniques are used in de¬ 
signing the system controller. See references 
[13,43] for a discussion of this intriguing area 
of applied research. 
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Figure 2.1. 

Figure 3.1. 

Figure 3.2. 

Figure 3.3. 

Figure 4.1 

Figure 5.1. 

Figure 8.1. 

Figure 9.1. 

Figure 9.2. 

Captions 

The Stochastic Control System. 

The Stochastic Control System with 
"Separated" Controller. 

Optimal Linear Stochastic Control 
System. 

Nonlinear Plant Simulation. 

Optimal Linear Filter 

Optimal Linear Controller 

Deterministic Observer 

The Simulation Dlock Diagram. 

The Simulation Flow Graph. 

A 
Figure 10.7. (u+v), e^ e1 vs. t. 

q = 0.5, rjj - r.j - 0.1. Vertical 
scales: 2 volts/aivislon for u+v 
.02 volts/division for e.(t) and 

e^(t), 1 volt/division for z.; time 
scale: 10 msec/division. 

Figure 10.8. Cost Comparison for Various Input 
Noise Levels. 

Figure 10.9. Cost Comoarison for Various Measure¬ 
ment Noise Levels. 

Figure 10.1. v, w2 vs. t. q - .5, ru * 1, 
r-2 “ .1 Vertical scale: 2 volts/ 
division; time scale: Imsec/division. 

Figure 10.2. e,(t), ei(t)d vs. t. With no noise 
the deterministic observer (with 

(0) e^(O)d) converges rapidly 
to e(t). Vertical scale: 0.1 volts/ 
division; time scale: 10 msec/ 
division. 

Figure 10.3. e^t), vs. t. With q - .5, 

rll “ r22 * *01* th* deterministic 
observer has a very noisy output. 
Vertical scale: .01 volts/dlvlsion; 
time scale: 10 msec/dlvislon. 

Figure 10.4. e^t) e^t) vs. t. With the same 
noise statistics as in Fleure 10.3. 
the Kalman filter provides a less 
noisy output than the deterministic 
observer. Pn(0) ■ .1 was used to 
account for initial error. Vertical 
scale: .01 volts/division; time 
scale: 10 msec/division. 

Figure 10.5. 

Figure 10.6. 

K^2(t) vs. t. with q - .5, r.^ - 
T22 .1. and p(0) - 0, K^ft) Is the 
most rapidly changing Kalman gain. 
This figure illustrates the discre¬ 
tization of the Kalman gains. 
Vertical scale: .25 volts/division; 
time scale: 10 mscc/division. 

100 Jg (el2 + e22 + e32) dt* 
100 jg u^dt vs. t. Note that since 

D(T) * 0, then u(T) » 0, causing 
•t 2 

! u dt to level off as t nears T. 
V Q 
Vertical scale: .02 volts/division; 
time scale: 50 msec/division. 
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Figure 10.1.
V, Wj&W2 vs. t. q - .5, « 1,
rj2 = .1 Vertical scale; 2 volts/ 
division; tine scale: Insec/division.

Figure 10.2.
ej(t)&4j(t)d vs. t. With no noise
the deterministic observer (with 
ej^(O) 4 4j(0)d) converges rapidly
to e(t). Vertical scale: 0.1 volts/
division; tine scale: 10 nsec/
division.



e^(t)&e^(t)j vs. t.

Figure 10.3.
With q = .5, 

.01, the deterministic
11 22

observer has a very noisy output. 
Vertical scale; .01 volts/division; 
time scale: 10 msec/division.

Figure 10.4.
e^(t)&e,(t) vs. t.VO. u. With the same 
noise statistics as in Figure 10.3 
the Kalman filter provides a less 
noisy output than the deterministic 
observer. p^j(O) = .1 was used to 
account for initial error. Vertical 
scale; .01 volts/division; time 
scale: 10 msec/division.



Kj2(t) vs. t.

Figure 10.5.
With q » .5, r.

.1, and p(0) - 0, K,2(t) i* the 
most rapidly changing Kalman gain. 
This figure Illustrates the discre­

tization of the Kalman gains. 
Vertical scale; .25 volts/dlvlsion; 
time scale; 10 msec/dlvlslon.

Figure iO.6.
100 (e^^ + e2^ + e3^ dt 6.

100 u^dt vs. t. Note that since
D(T),“ 0, then u(T) - 0, causing 

u“dt to level off as t nears T.
Vertical scale; .02 volts/division; 
time scale; 50 msec/division.



Figure 10.7.
(u+v), e^, & Cj vs. t.

q - 0.5, - r^j - 0.1. Vertical

scales; 2 volts/division for u + v 
1^2 volts/division for Sj(t) and 
e^(t), 1 volt/dlvislon for time

scale; 10 msec/division.
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