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ON ONASH BEQUILIBRIUM POINTS AND GAMES OF IMPERFECT INFORMATION

James Cas
Geourge Kime ldorf®

Introduction:

In this paper, we wish to study a very simple class of two
player, nonzero-sum games. These will be distinguished by the fact
that each plaver has only local {not global) information regarding
the payoff functions, and made simple by the assumption that each
player's strategy set be a subset of the real line R . Thus cur
analysis may be confined to the Euclidean plane, and certain tools
will be available to us which have no analogues in higher dimensions.
Moreover, we consider no other solution concepts than Nash equilibria.

We restrict ourselves to such simple games. and to a single
solution concept, for several reasons. First, the study of non-zero
sum games with imperfect information is still in its infancy, and it
is cur belief that the notion of a Nash equilibrium point is a highly
relevant ore for such games. For we suspect that, when faced with
imperfect information, people and groups of people do in fact attempt
to gain additional information, and then to utilize that irnformation
in  roughly the manner we shall shortly describe. And second, we
hope that by confining curselves to simple games, we shall reveal more
of the rature cf Nash equilibrium points, the relationships which may
exist between them, and the methods by which they may be computed,

than 1s possible by the conventional fixed point procedures.
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1. _An Example

We begi with an example. Ceonsider two firms X ard Y , which
manufacture toothpaste Suppose that 1t costs r cents to produce
a tube of brard X a.d s certs for one of brand Y Let p be
the price at which X offers 1ts toothpaste to the public on a given
day, ard let g by the price for Y . Then 1f the function ¢ be
defirned for every -eal number x Dby the relation
(1.1) IO = g e“ée
so that O < %ix) < Nl and 8 o) = W - Jx!, we shall assume
that the public demands m ¢/ g-p) tubes of brard X during the day
and m/T - m ¢(g-p) = mé{p-q) tubes of brand Y Here m/7 1is
some large positive 1nteger, and 1s equal to the total numper of
tubes of toothpaste bought by the public during the day For sim-
plicity, we have taken this number to be 1independent of p and ¢
That 1s, we have assumed the public's demand for toothpaste to be
totally 1nelast1c.1 But we do not assume that the firms know this:

At the end of the day, the maragers of X will know p

&

because they control it, ard their own profit

—
—
o

~—

f(p,g) = mip-r) 4 g-p) .,

because they keep books. Also they will know g , because they will

have gone out and bought a tube of brand Y But they will rot

It has recently been brought to cur attention that there exists a
considerable body of statistical data concerning such markets, and that
the demand 1s more likely to take the form: demand for X ¢ log g/p).




know 7's profit

(1.3) gip,q) = mig-s) ¢(p-q) ,

or {equivalently) the public's demand for brand Y , because they do

not have access to Y's books. 1In short, X's information at the

end of a day 1s entirely contained 1r the triple of real numbers

(p, q, f(p,q)), while Y's 1is summarized by the list (p, q, g{p,q)).
But i1n reality, the firms would never content themselves with

so meager a knowledge of the market structure. For by appropriate

experiments, they can at least estimate the effects of certain price

changes. And for simplicity, we shall allow them to measure exactly,

certain quantitites which 1in practice they could only estimate. To

this end, we assume that both brands are sold at an infinite number

of outlets (drugstores, supermarkets, etc.) € otnees Then firm

X could, on a day when the prices were p and g respectively,

select a subseqguence 6n s 6. 5... of the set of outlets, and reduce
1 2

the price of brand X at those stores to the levels PhsPh s o
1 2

where limk P, =P Then X would know the derivative
k

f(p, ,q) - f(p,a)
X

(lh) £ (p)q) E llmk— I =
3 P, P
X

exactly. And Y could measure gq(p,q) by selecting some different
sequence of outlets at which to hold sales. Of course, they could
never really hold more than a finite number of sales, at different

prices, and in suitably distant locations But since that number
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is large. 1t is felt that fp(p,q) and gq(p,q) may be regarded as
knowrn We shall discuss various other experiments, which the firms
might wish to perform, a little later on

I any eve:t, though they do rot know it, the fimms must, every

day. play the game

‘Gl\ maximnize f(p.q) maximize g(p,q)
pxR qCR

It was shown irn 1] that G1 has a unique Nash equilibrium point

at the intersection of the curves ¢ = fip,q): fp(p,q) = 0} and

e { ip,q): gq{p,q) = 0} 1 C was described geometrically as the

graph of a function p = o{q) suck that 5'(q) >0, o"(q) >0,
and 1lim 9(q) = r . Similarly, 1 1is the graph of y(p) , where
¢’\p?_fﬂé , ¥"(p) > 0, and lim ¢{p) = s . Thus ¢ and 7
are as shown in figure 1 o

%1 ot ¢ r

YO

/ 5-.5
/ .
‘ >

lIf we replace ¢{p-q) by ®(log p/q) in the statement of our
problem, the curves C and | still have the shape indicated in
figure 1. And since the rest of cur argument depends only on the
shape of ¢ and r , 1t would be urichanged by the incorporation of
the more realistic demand function.




We may describe their relationship by saying that the grapn 1 of
v c.osses C from top to bottom as p tends from -» to 4«
They do rot cross agal~ since reither can meet any line of unit slope
more tha~ or.ce. Let P* be their urlque point cf 1intersection, and
let (p*,g*) be the coordi..ates cf P
We wish to point cut that, usirng only the 1rformatior that
we have allowed them, there are a variety of ways in which the
players X ard Y may be expected to locate P- For 1instance,
on a day wher. thelr prices are Py a~d q, respectively, X might

select a subsequence 6. i, of the set of outlets {1r widely
d Ay k=1 Y

k
separated communities, raturally), and choose a sequerce ’pr 3;_1
.k =
. , : ; ’ . 1 .
of "sale prices" which is derse in the entire real lire It this

way, he could locate the exact point (pl.q ) at which C crosses

o
the line g = 9, > ard set ul1s price thereafter at the level p =Py
But having done so, X must surely expect Y to reply 1in kinad,

and reset his price at the level g = qq wnich is opti.al for hiim

against Py - Arid if we denote by %D,PI,P , .. the sequence of
points whose coordirnates are (po,qo), (pl,qo), \pl,ql),..., it
is clear from figure 2 that 11mn E

T -

Or at least in the interval {(r,o) .
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Figure 2

We note too that the result is the same if Y 1is allowed to make
the first move.

Alternatively, X might wish to start, on a day when the firms'
respective prices are Py and d, - by switching to a new price Py
which differs from Po by no more than ¢ . Accordingly, we would
choose a sequence {pn} of sale prices dense in the interval
Po € S PSPy *+e, and take Py to be the price which optimizes

f(p,qo) thereon. And, not unreasonably, Y might then switch to

a price q, which maximizes g(pl,q) ovar an interval qo-ﬁ < q 5q0+5.

The sequence PysPys--- obtained in this way is indicated in figure 3.
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Figure 5
The sequence P P3 P5 is the variant of P p P
e o’ P17 P2, o’ P17 Poseonn.
obtained by using 3¢ instead of ¢ . Rather clearly, the process
dees converge for any pair of positive numbers ¢ and # . And

again, the result is independent of which player is allowed to make
the first move. 1In what follows, w: shall refer tc the process of
figure 2 as the long-step process (WL) , and that of figure 3

as the short-step process (vs) . We shall also consider an infin-

tesimal process 7 first suggested by Rosen ([3]; namely ~hat

)
the players change their prices simultaneously and continuously in

time according to the laws

'O
[
]
Hh

'O

—
d—

2
ct

(1.5) 3




For completeness, we sketch the solutions of the ordinary differential

equations (1.5) near P* in figure .

\{

<

Figure k4

All the solution curves (p(t),q(t)), -o< t < » , approach P*
as t —> + », and all save the one lakeled 7, are tangent to
the single solution curve 7L - This state of affairs may be sum-
marized by saying that the singularity P* of the system (1.5) is
a "stable node". We will have more to say about the singularities
of systems like (1.5) later on.

Finally, we observe that if r=s , the equations

"
o

(p-r) ¢'(q-p) - ¥(q-p)

J
Hh
—~
'o
Q
1}

]
o

(q-s) ¢'(q-p) - ®(p-q)

]
0
.Q/\
o
Q

1]

have a symmetric solution p* = gq* , to be found by solving




(1.7) fp-r! « {0 ~lp-Y; N " 2 0

Sty

for p* = r + Jm/co g* . And the sclution of (1.7 is unique
for all values of r ard s . Thus at eguilibrium, the profit on
a tube of toothpaste 1s <7/2c ce-<ts. And 1f we recall that the
public's demand for brand X o: a day on which p - g * h 1s

m ¢(h) & m?0) *mn ¢'70) = m7/2 - m hc , 1t 1s clear that
mo is just the number of sales lost by firm X 1if they charge a
penny +(h=1) more for their product than does firm Y . So if the
market is highly sensitive to small changes ir. price, - is large
and profits are small But if it 1s insensitive, then profits may
be very high indeed.

Of course, if o is too large, the firms will not likely
accept a profit of enly J7/Zs certs a tube. They do not have to
because both f and g are increasing functicas along both C
and ' ., Thus one firm, say X , may choose a price p dgreater
than p¥ , the equilibrium price, anrd allow Y tc maximize its
own profit against p . Then the firms would find themselves
operating at a pouint P to the risht of P> on [ , at which they
both earn higher profits. And perhaps they car even ~egctiate a
compromise P' above P ‘but below € ) at which their relative
shares of the market are more nearly eqgual. B3But the arswers to such
questions go beyond the theory of Nash Equilibria, and we shall
not discuss them here For it is our belief that, cerfronted with
the market described above, firms really do behave much as we have

said tney would, ancd arrive at Nash Eguilibrium rrices.




Concave Games:

Initially, we shall confine cur attention to the class of
"concave games" defined on the entire Euclidean plane R x R
Such a game 1s completely determinred once we have specified the
payoff functions f£(x,y) for player X and g(x,y) for player
Y . To play, player X chooses a "strategy" Xx ¢ R, player Y
chooses y - R, and the "bank" {the toothpaste-buying public,
in our example) puys f{x,v) dollars to X and g(x,y) dollars
to Y
We shall assume that f and g are 2t least twice continuously

differentiable throughout R X R . Also, we shall assume that
f(x,y) 1s bounded above on each line vy = constant, that fx(x,y) = 0
holds at a unique point (o{y),y) on that line, and that fxx(x,y)
is negative everywhere. Similarly, g{x,y) must be bounded above
on point (x, 9(x)) on that line, and gyy(x,y) must be negative
everywhere. It then follows, from gy(x, v(x)) = 0, that
v'(x) = -gxy(x, W(X)ngy(x, v{x)) 1is well defined and continuous
on the whole real line, ard that because the denominator is n~aver
zero, the graph of the function ¢ can never be tangent to any line
X - const. Similarly, the graph of ¢ can never be tangent to a
line y - const.

A strategy X for X 1is said to be "rational for X" against

o]

a particular strategy vy, for Y if f(xo,yo) > f(x,x_) for every

X 4 X, - And the curve C ((x,y): fx(x,y) = 0} 1is called the




"rational curve" for X . Similarly, r = {{x,y): gy(x,y) = 0)
is called the rational curve for Y . Any point (x,y) in their
intersection is rational for both, ard is said to be a Nash

equilibrium point of the game

&) maximize f!{x,y) Maximize g{x,y)
XeR vy~ R

That is, if (xo,yo) 1s in both ¢ ard T , ther

{2 £(x,,v,) 2 £(x,v,) and o x,¥,) 2 glx,,Y)

for every other point {x,y) 1in RxR. We assume that C and r

meet at only a finite number of points.

They need not meet at all. For if (example 1) f = xy - % x2

1 2 . .
and g = (x+l)y - 5Y , then f = -1-= gyy , C 1is the line
x =y, and T 1is the line y = x+1 . On the other hand, they

may meet any finite number of times. For if (example 2), f |is

again equal to xy - = x2 , and g = (x+p(x))y - % y2 , then

2
fxx SN 1L gyy as before, C 1is still the linre x =y , and r
becomes the graph of the polynomial x+:p(x) . So if pi{x) =
= (x-1)(x-2)...(x-n) , o crosses C at each of the points
(1,1), (2,2),...,(n,n), and nowhere else. The interesting questiors

in the theory of planar concave games concern not the location of
the Nash equilibria, but the various types of stability which they

may have.




We srall co-sider the lora-step process WI First The process
J

"fo) starti:g from the pcint Po . whose coordirates in RxR are

., ard 1rn whicn player X 1s allowed to move first., may bpe

Yo-Yq Y

defired irductively as follows: WL{X) 15 *hat sequence PPy

ot points 1r. the plare ‘navirg the crorditates ’xo Yol (xl,yl)g.».)
for which P2k41 1s the funlque) 1-.rersection of the line 4 = Yoy
with C , for every k=01, .. , aad for which PEk,_2 is the ‘also
urique) 1ntersection of the lire x = X xil with T The process

FL(Y) 1 defired analogcusiy

1t 1s clear from our example 1» §l, that poth 7 _[X; and
UL(Y) may ccriverge. from every star:tirg point ;xo,yo) ir. RxXR to
the same equillibrium point /x*¥ y*) of the game G But this reed

not be the case For 1f (example %) the pol,romial p!{x) in ex-

ample 2 were iust plx) - x, | would be the lire <y = 2x anrd, as
indicated 1r. figure 9 , the sequer.ces T all diverge to o
A -
Y b ©

f

3
/
l% /
AT




Here the points P 1PysPs, o form the seque..ce HL\X), while
Pd’Pi’Pé"" form nL(Y) . We :ote that the two sequences diverge
not only from the unique Nash equlliprium poirt (0,0, of the game,

but also from each cther. 1Indeed direct calculatior reveals that,

for the game defired oy the payoff tuncticrs

{3.1) f - % a x° + bxy - Fiy) and g = % v y© - nxy - Gix) ,
where a = fxx and o = g,y are regative :-imbers ard F and G

are arbitrary furctions, the sequernces WL\X} ar.d TL(Y} poth

cor.verge to the origin from any Po # (0,0), wnherever the ratio

bs/aa 1s less than one 1in absolute value (1.e., lox| < aa) , and
diverge to x if 1t 1s greater. 1f bg/ax = 1 , tnhe seguences
are both periodic, since PO = Ph = Pﬁ , for every starting point
P, . If bp/faad = + 1, T ard ¢ coincide.

The situation 1s more complicated still 1f we consider functions

f and g which lead to curved paths C and | . For instarce ;example 3)
ik

(3.2) f = xyl/5 ~ {1/2) x° g = (x° 3R)y - y2 )

C and  are the graphs of x = o(y) = yl/3 and y = V{X) = f\x3 g e

respectively. Then, as indicated 1n Figure 6, the square with corners
Xx-+1, y=+1 1s invariant under the process T and the
process paths starting both witnir and without the square corveryge

to 1t




Figure §

Firally,
may be converger.t but ambiguous,

startirg points P NL(X) ard

o]

equiliprium points P* and p**

(2.5 f = xy -.1/2)x°

the points P* = (1,1) and Pp**

And, as ar.

are Nash equilibria.

always cor.verges

reveal, WL(X)

1n games with multiple equilibria,

the process WL

1n the sense that, fiom certain
T.(Y) may converge to differert
-

Thus if (example 4)

1 o
and 9=x/5y-v(l/2)y )

= (1,-1), as well as the origin,

exam:r.ation of Figure 7 will

to P* from starting points P

o]
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in the second and fourth guadra:rts, wiiile *L(Y; goes tc Pr*
Both procedures lead to P* 1f P, 13 1r the first guadrart ard

to P¥¥ 1f P, is 1in the third The crigiln 1s a: urstable equili:

brium ir. the sense that, only 1°¢ B lizs ¢r a coordinate axis, does

ever: one of the seguences "L:X) ard r_ .y, lead there

X%

Figure S

Te fix ideas we say an equllibrium pcint P* 15 L-stable 1f
there exists a reighborhood N of P* such that startirg ‘rom a-y
P eN both WL(X) and FL(Y) converge to P* . Without loss of gene-
rality, we may take the eqguilibrium poirt PX urder corsideration (o be

origin. We shall show below that O 1s L-stable if for some - > O

(3.4) lolw{x))| < 1%/ for 0« Ix| < -

or equivalently, 1f for some ~' > O

(3.5) lvle(y))l < Iyl for 0 < ly] < -

In particular, O 1s L-stable 1f lq¢ 70)y f0;/ 1 ard is L-unstable
1f Jo'(0o)yi(0)] <1 Geometrically. this corditior states that O

L-stable 1f the slope of oI at O 1s less 1r absolite value than that of

C , and 1s L-wrstable it it 1s grea*er If C a»d ; are straight lines

the neighborhood N can be taken as the ertire plane
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With curved ratioral curves ¢ and ;° , there exist 1sclated

pewnts from wnickh X! cr LfY cosverge to L-unstable equili-
b .

nr1z 1noa fataite roomber of steps For example, 1n Figure © starting
frcm tre poi~t Q  at whicn  1-.tersects the positive X axis,

L X corverges to the origic i.. ore step and @fﬂ 1f. two steps.
Hence starti:g from a:y point Q0 from which Q 1s reached 1in a
I1-1te r.mb:er of steps. 7, converges to the origi:. Moreover, the
set of all QO 15 wrpowrded.

In stuyyl1°g the coicept of L-stability 17 a global sense, we
shall want to excl.ie such 1isolated points T erefore, giver that O
1s an L-stable equilibrium we seek the largest set M of poirnts from
Ww'iloh both HL X) ard VL‘Y; cor.verge to O through a path which

lies entirely 1= M ; that 1s, each lire segment joining Pl and P141

must lie 1r. M We snall call M the convergence regior of ”L

The following theorem characterizes the convergence regic:.. M

THZOREM: Let O be an L-stable eqguilibrium Then there exists

a uriqg.e open rectagle M for which:
TL{X) and WLJY) corverge to O from ary point

Py M through a path lying wholly i1n M , ard

ta)

b) From ary finite vertex of M either

(1) mix) and "LZY) both cycle, or

) nL(x) and Y both corverge 1n at most

three steps to an L-urstable equilibrium




Moreover, M 1is the largest set naving property {a). 1In

particular, M 1is the rec*angle determired by [xo,yo), fxo,yl)

(xl,yl‘ ar.d (xl.yl} ar.d (xl,yo) where

;

X, = sup/x<0: ¢ly{oiv(x)))i=x or ol¢ »0lx)))i=9glv(x)) 0]

X, = 17 [7x>0: iy’ w{wix)) i = x er glufelyixi) ) =oly(x)) 40
(3.6) ., . . )

Yo = Sup{7<0: y{o{vinly)))ji=y or v olyloly))))=vloly)) #0

<
1
i
<

sup{y>0: v{o(w(gly)))) =y or Violvioly))))=vwlgly)) 40

The proof of the thoerem 1-vclves tre following lemma whese

proof appears 1nh the Appendix.

LEMMA: Let h be a corntiruous function for which h{(0) = ©

and for some - > 0

(3.7) 0<|t] < = jr(t)l < |¢]

Let tO be the largest negative t and tl be the smallest
positive t for which either n {h(t)) = t or h{h't}) =h{(t) 0.

Let I =t ,0), I =1{0,t;), and I = {t_.t 1 hin

i . - ) ‘nl,
(J) tc I' = h‘r](t) < g tel = h"lt) -t

(11i) h maps the pair {to’tlz into itself,

- L

Vo
(1ii) t ¢ I = h G BT

nl
(iv) t e I = lim th‘(t) =0
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To prove the theor=m we note first that the successive points

of m (Y, from P - {x,y) are P, = (x¥(x)), P, = (ol¥(x)), v(x)
P, = f=0elx)). viqle{x)))), .. . Hernce {%.4) or, equivalently,

{%.%) 1s necessary and sufficient for 0 to be L-stable. Now let M
be the oper rectangle of the theorem and By = (x,y) ¢ M . That the

abscilssas of P, belong to (xo,xl) a~d converge to O follows by
applying parts (iii) and (iv) of the lemma with h = @(¥). (We note
that /3.4) and (3.7) imply that "sup" and "inf" in (3.6) can be replaced
by "max" and "min' respectively, and hence always exist, although they
may be infinite ) To show the ordinates belong to (yo,yl) we first
show that y_ < p(x) < y, ¢ 1in fact for every x ¢ (xo,xl) we must
have vy(x) ¢ (yo,yl). For suppose Vy(x) = Y for i=0 or 1 so that
viplv(olu(x))))) = ¥{x) or w(o(v(e(¥v(x))))) = ¥(el¥(x))) # 0 . Then
olulolv{a(x))))) = ol¥(x)) or o(¥(e(v(e(v(x))))) = o(¥(a(¥(x))))

Hence either h(x) 4§ I or h(x) = 0 . The latter possibility can be
eliminated since @(yi) = 0 contradicts the definition of '
Therefore, by part (iii) of the lemma, x ¢ I . Applying the lemma
with h = y(q) we have that the ordinates of P, belong to (yo,yl)
and corverge to O . A similar argument holds for WL(X) and part (a)
is proved. The proof of part (b) is elementary. That M 1is the largest
such rectable follows from part (b) since a continuous path from any
point outside M to the origin must intersect the boundary.

An example in which (b-1) obtains is the game

~

, . )
(3.4) f(x,y) = xy - x° g{x,y) = -y - Xy - xiy




- 19 -

in which C 1is the grarh of x = ¢(y) =y and T 1is the graph of

y = ¥(x) = %? (l+x2) . The origin is L-stable and the convcirgence

region of LAY is the open rectangle with vertices (:1,+1). (b-2)
obtains in any game for which o and v are either both increasing

or both decreasing. This situatiorn is exemplified by the game (2.3)
and illustrated in Figure 7. The poirts P* and P** are L-stable
equilibria with correspondirg convergence regions M* , the first
quadrant, and M** , the third quadrant. In the second ard fourth
guadrants T is ambiguous. If ¢ and ¥ are either both increasing
or both decreacing and there are muitiple equilibria at which ¢ and
r actually cross, then moving along either curve the L-stable and
L-unstable eqguilibria alternate and the L-unstakle equilibria
partition the plane into a "checkerboard" of rectables; each "black"

rectangle is the m. convergence region of an L-stable equilibrium,

L

while from the "white" rectangles T is ambiguous.

The short-step processes Te have racher more satisfactory
convergence characteristics, both in the sense that they sometimes
converge when the corresponding long-step process does not, and in
that they reduce the size of the set of ambiguous starting points By

A particular
short-step process vs(x; € ,5) may be defined inductively as follows:
ws(x; €,5) is that sequence of points PysPys.-e (with coordinates
(xo,yo)ﬁ (xl,yl),... ) in RxR for which X,x,1 LS the (unique)

solution of the problem




580 max:mize ¢ x,yﬁk)
X

subject to X‘k ~ X o~ x‘k . 9
Yok 1s the also ur.ique! soluti10: of
10 maximize g. X k-l’y)

2

subject to  y.y 3 "0 S Y T Yoot 0

and for wnich x ar.d for each k=0,1, ...

ck-» o %okl Yokl T Yok

"e Yi .o may pe similarly defir.ed Now let Lok be the horizontal
% £ 5 .
li-.e segmert cf lenth . certered at ng . If L2k

poirt of C . then that point 1s P.p - Otherwise

contains a

P2k+1 1s the

which 1s closer to C . And 1f L is the

endpoinrt of L ok+1
il T

k

vertical line segment of length .» about P.

ok.p 1S the point
Ori Lﬁk‘l nearest to

Locally T ard T, oare 1dertical 1n that P* 1is L-stable 1f
ard only 1f 1t 1s S-stable A d if, as in the games (* 1), C and T
are straight lines, then local stability 1s equivalent to global
stability for either process. Indeed, 1f we define a corvergence
region for Tq as we did for L, (a set M of points from which
the prbcess converges to & given stable equilibrium thru a path
lying entirely in M ), it 1s clear that the convergence regions

would be i1dentical

Herce, for fixed . and &5 , let us define the convergence

reqgion MS of g with respect to a given S-stable equilibrium P*




to be merely the set cf points Py

14 ‘..
T, X:-,:) ard ~_.lv;
S S

v are both 1ircreasing or bcth decreasi'g.

MS ot ”S

ML , the paths of 7

cOr tains the

are mornctrone

frcm which the proucesses

beoth cosverge tc P* Ther 1f o and

tn2 convergence reg:io-.

co-vergerce region M, of L For 1in

toward O , a:;:d carrot end at

S
ary poirt otrer thar an intersectior of [ ard C but M, may be
much larger than ML For instarce 1f, 1 the game “* %) illustrated
by Figure 7 , we choose = 3 wvery small, the regior. MS corres-
poriding to P* 1is approximatel, the hali-plare x - y - O , wnile

that corresponding to

Pl*

nearly fills the regicr x - y <O

. Infinitessimal Stability.

The process T

startirg frcm thre point Po

wnose coordinates

I

in RxR are (xo,yo), may be defi~ed tc ke the solutior x t),ylt);
t <0, of the ordinary differential equations

x(t) = £ Ax{t), y(t)]
(ho1)

y{t) = g (x{ti.yt)]
for which x{(0) = x, and y(0) = Y Clearly. since we assumed
f and g to be at least twice continuously differzrtiable, there 1s
only one such solution. Ard if

lim x(t) = x* ard lim  y/t) = y*

t—-you t...;(x»
for every palr (XO’YO) 1n some r‘.elgh'borhood of : X*', y*) g we shall
say that the equilibrium point {(x* ,y*, of the game G 1s "I-stable”.




aaa Bon

or the games "+ 1 tne equations (% 1) reduce to the linear
equarlons

X ax ' by

Y Xy

sc that the origin O 1is the orly equilibrium point, and 1t is

I-staprle 1f and o~ly 1t both roots of the characteristic equation

.

see , pp o0l

= A - {lawa)a + {ax-bp) = O
: r-ml

nave ~egative real parts

But the roots of ([« L) are just

' 1
[ ) A B = lax

§

Jla-a32 + hbs )

where the radical denotes, as usual, the positive square root.

the quart.

So 1f

der the radical 1s rot positive, both roots have the

real part f(aix)’” , which 1s regative because fxx = a and
gyy v are. Anrd 1f that qguantity 1s positive, both roots are
real, the smaller ore is always regative, and the larger one is

also negative wher ax >bp, zero wher ao-bg = O , or positive when

ax « bp In short, O 1s 1I-stable if aa > bp, or equivalently,
iff ¢ 70} v i0) <1 Geometrically, I-stability requires either
that C and " lie in different quadrants or that the slope of T

be smaller ir absolute value thanr that of C
C ard I

egullibria

If A= aa - bg = 0 ,
coincide and there are 1nfinitely mary neutrally-stable

a possibility we do rnot wish to discuss




-

The origin may be I-stable for the games {3 1) without bkeirg
either L-stable or S-stable {as 1s the case, fcr example, when a = a-=
and b = -p = 2). But L-stability ard S-stability always imply
I-stability sirce b: < |[bal This 1s ore reason for our conviction
that I-stakility 1s a mcre f.rdamer.tal coscept trhar the other two
We point out that 1f O 1s I-u~stable, 1t 1s a 'saddle point"” of
the system (L *), ard tre solurtic~ czurves have the form 1indicated 1i:.

figure 3.

= o e 2t T Pl

The rays 7y+*+ and 7y~ are straight-line soluticns of (4.2) which are
directed away from the origin, ard are called (see !Z], pg. 21:)
separatrices. The other pair of straight-line solutions are called
separatrices alsco, and are directed toward the origin. Observe that
the lines C and T divide the plane 1into four quadrants, and that
each quadrant contairs exactly one separatrix. In particular, in the

case we have shown, C ard T' have positive slopes, so th2 outward-
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realized, because A = -b 1mplies that the characteristic function
{« %) is pusitive wher A = O ar.d roots must both be either real and
negative or complex with rnegative real parts in either case the
origin 1s a starle eqguilibrium pcl-t for the system (4.7%).

Finally,, 1f a - 0 = a ard = =1 = -b, we are left with the

classical per:y matchlsg game, whose matrix 1s

At each play of the game, tne players X and Y Jdecide whether to
Flay heads or tails Ther. they reveal thelr choices to trne referee.
If they botn have made the same chouice, he awards X s perni.y to Y ,
but if they have chosen differently,, he gives Y's pe:sn, to X . Here
x and y are strategy mixtures for X ard Y , the values 1 and -1
corresponding to the pure strategies "heads" and "tai1ls' respectively.
Ard the game has the single minimax pair x = 0, y = O, at whi:ch both
players play either heads or tails with equal probability.

But our players would rever discover th-.- by the procedure 7

1

For the solutions of (L 3) are row give. by

x(t) cos t - sin t /’xo

1t

(k.9)
yit) sin t cos t /\ v,

and describe circles about the or1g1n in a counter clockwise direction.

This corresponds tc the well krnowr fact from crdinary game theor,,




that the method of repeated  or 'ficticious' play need not converge
1f the contestants remember orly the most recent play of the game. For
tnen the loser always charges to his other pure strategy before the
next play, wnile the wirner stands pat, and the successive strategy
pairs  Xo.yg s Xyiiqoso oo cycle about from correr to corner of the
unlt sqeare agair in a courter clockwise fasnhnion. Traditionally, one
avoids this diff:culty by having recourse to the Brown-Robinson technique,
wrereby eacn player recalls all previous plays of the game, arnd assumes
tnat his opponent will choose, 1in the upcoming play, that pure strategy
which ne has choser. most often 1n the past. But for nonzerc-sum
bimatrix) games, even the Browr.-Robirnsonn technique does not work. So
1t seems doubly remarkable that augmenting concavity (blinearity) with
the slightly stronger corditiors a < O and «a < O should so alter
the problem as to render even the much less sophisticated procedurs T
effective
Moreover this fact does not deperd on the dimension of the strategy

spaces For Rosen [3] has shown that every "strictly diagonally concave"”
game has a ur.ique Nash equilibrium, and that the process we have called
T; converges to 1t. The class of diagorally strictly concave games
includes all zero-sum games (4.7) for which the n-vector Xx must be
choser from a compact convex set S in E_ , y from a compact convex

n

L 1n Em , and for which the Jacobian matrices ®xx and ny are
regative ard positive definite respectively Many other games are

included as well But we do not wish to digress further from the subject

of concave games in the plane




If the functions f and g are not polynomials of order two,
the equations (4.1) are not linear, and the curves C and T are no
longer strainght lines. So there may be many Nash equilibria. How-
ever, near any one of them, the solutions of (L.1) behave much as though
the equations were linear. To see this, we shall make use of Poincare's
theory of two dimensional systems. This thecry has been considerably
extended and refined by Bendixson and others, and is admirably exposed

in Lefschetz' book [2].

Let (xo,yo) be a point of Cn I . Then in terms of the new
variables ¢ = X-X and 1 = AS S the equations (4.1) may be rewritten
[ q
E =at + by AR (e, 1)
(4.10)

’ )

o= B E +an +  g*{g,n)
providing that f and g have at least continuous third order partial
. ) - B _ ‘
derivatives near (xo,yo). Here a = f (xo,yo) , b= fxy(xo’yo”

), and o = g, (x ), so that a <0 and o <0

B = g . (X vy Yo’ ¥o

Xy 0’ ¥o
The right hand sides of (L4.10) are the leading terms of the Taylor ex-
pansions of £ and g about (xo,yo). The functions f* and g*¥ are

the remainder terms in those expansions, and satisfy

(k.11) vim &) o ang oy el Lo

r—> 0O r—>0 .

2 2.3 . : :
where r = (£ + 17) is the distance from (¢,n) to (xo,yo) . The

constant terms in the expansions do not appear because £y and Iy vanish
at  (x,,v,)
Under the above assumptions (namely that £ and g are of class

CB), we may conclude (see [2], pg. 177), that the remainder terms have




have but a regligible effect 1n the 1mmediate vicinity of (xo,yo),

and hence that . x_.vy 1s a saddle point of the system (L4.1) 1f

0
the characteristic equatio:. .- -) has a positive real root, a stable
node 1f there are two regative real roots, and a spiral point if

both rocots are complex. Or, since (a,b) and (§,a) are rnormal

vectors to the curves C a=d | at axo,yo). we may summarize by
saylng that the equllibrium at \xo,yo} 1s stable if the angls 6
te+w-=> (s,2) ard .:»,:) 1s r.egative, ard unstable {a saddle point)
1f ¢ 1s positive

But 1f C ard ' are no longer straight lines, it is also
possible for them to meet tangentially. In this case 6 1is zero, and
orie of the roots of (&4 4) vanishes Ther. the other root must be
A - ata < O . So, by a theorem of Bendixsc:, (see [2], pg. 230) we
may conclude that a point (xo,yo) at which C and I' meet and share
a common tarngent 1s elther a r.cde, a saddle point, or a third confi-
guration consisting { in Lefschetz ‘terminology) of "two hyperbolic

sectors and a fan". The latter configuration is sketched below.

g S ¢

Fig.re 9




The two "hyperbolic sectors" are the regiors 1mmediately above and
below the distinguished soluticn Sy whirh are filled with curves

whlich approach elther s. or S, as t Dbecomes infirnite. The "fan’
e J

1s the regior. across SE U s, frem S1 , so r.amed becatse all the

solutions 1r 1t eminate from the origin (they are all targent to C

and I , crigirally), and "fan out" to fill the right half plane.
Moreover, the "indices" of the three types cf equ:ilibrium are 1, -1,

and O so that the irdex serves to disting.ish the various possibilities

.y ) of

The 1r.dex of an isolated sing.larity {eqguillibrium;, X o

o

the system (L 1) abcut a particular oriented rectifiable Jordar. curve

J surrourding (x ,{o) 1s detired py

o
. 1 | fdg - gdf Y g
{(k.12) Index J = = e — N = arc tar. =
T J fa‘gQ 27 }J f ’

ard has the value {p-n)/2 , where p 1is the number of times the field

vector £ (x(t), vit)), gy(x(t),y(t)) crosses the upward) vertical

ray thru {x{t),y(t)), as the point (x/t),y.t)) descriktes the curve

b

J once in the positive direction, and r 1is the number of times it
crosses in the negative dilectios.. It is clear from the expression
{(L.12) that Index J 1is a continucus function of the curve J , which
takes on only integer values, and hence must be 1independent of J

It is easy too, to show (see [2], pg. 186) that 1f the de'er-
minant A = ac - bR is not zero, the index of the equilibrium point
(xo,yo) of the system (L.10) 1s the same as it would be 1f f* ard
g*¥ were identically zero, that is 1 for a rode or a spiral point

and -1 for a saddlepoint Thus, finally, we may determir.e the irature




stability of

the curves C a d | alo
potrcm  1r direct1on
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we shall corsider the multiplicity

the global penavior cf the system (4 1).

Glogal Conf:gu.ration

“n discuss gleval guestiors 1* scems easlest to project

tne Xy-pla:e stereograprically, o~ to the Reimarr sphere, the unlt sphere
Y X,2Z-spaZée wltn 1ts ce ter at 0,0,1!. C ard | then map ortc
regular c.rves o tre sprere wnish we shall also call € arnd [, and
wnhicn meet at the Nort: Pole 0,0, :. Thuis the point at - must
also be regarded as ar eqg.ilibrium poil:t of tne game G C 15 row

ncmeomerpnalc tc a circle
bri.um pci-t "separates two

tne segment ¢cf C cut o7

Su 1t makes serse to say that one equili-

otrers, meaning ¢! co.rse that 1t lies on

ny them, whicn dees -~ot ccr.tain the North

and

We have shown

inter-



Pole Also we may speak of the 'neignpors' c! a give:. equilibri.m

pcirt, by waich we shall mear thise ;earest 'o 1! oG- =ither siae,
along ¢ Clearl,, a give;. equilinrium ma, fail r¢ have a r.¢1ghbor
\otrher tha:. NP) or elfrer Or notr sides alrhc.gh 1~ the latter

case, 1t will ve tne crl, eq.:ilibri.m pcint wnisn tns game G possesses

Next, let '.s ass.me t-at C a1 ac*.all  crcss cre another
gvery time they meet. Tre: 1! | ¢rosses C from bettom to top at a poaint
E , must crcss from tcp tc pboricm at each o: E s ce1gnpors Thu.s

the reighbcrs of an wrstable eq.1liprita @ 1t a, m.st be srtable And
similarly, tre neigrbors of a stable equllikriim are unstable. From
this fact alore, we ca:r completely describe tne g-.alitative benavior
of the solutiors of [« 1) for man, games
Let wus begilr by assumi.g that o'y, ad § X, are poth

positive everywhere, ard let us examiie the solutiors ~ear an wrnstable
equilibrium E , flarked by 1ts two reighbors E° arni E- . The
situation 1s 1indicated 1ir. figure 10. Here E ~nas beer chosen as the
origin cf coordinates, and the arrows 1rdicate t:at the directic- field

Cc
[

-

v

Figure 1o




1s rorizostel along |, pcintiryg toward C , and vertical on C ,

pot-tr-.g tcward ' . Trnus the regions between € and T (labeled
R and R 11 tne figure) are filled with solutions cf positive
slope, whicn are directed awa, from E In fact, since E 1is a

saddle po:i-.t, tne solutiors rear E can only be slightly deformed
v&£rsions o those 1 figure o Ir. partirular, the separatices
ard .7 must though they are o loager straight lines) lie in

R a1 d R respectively, while the i1ncoming separatrices must lie,
cre eacn. 1 the second and fourth quadrants

Every solution of {4+ 1) wnich passes thru a point of R*
corverges to E' as t Dbecomes 1irfinite. And in particular, since
»' cortalns poirnts of R', »' must converge to E' . To see this,
let K be a circle about E!' which does not surround E . Let A
ar.d B be the points of 1i1:tersection of K with C ard " , respec-
tively, ard observe that the field vectors at points of K n rt
all po.nt into K . And the same 1s true on any smaller circle as
well. Thus rno solution that meets the curvilinear triangle E'AB
may ever again leave 1it And 1n this case (see [2], pg. 202), every
such solutiorn must tend to the vertex E  of the triangle. The
assertlon concerring 7‘ follows by taking successively larger
circzles K

I1f E has no neighbor on tne right, then the image of »* on
the Reimar.. sohere must remain between <€ and I' , and converge to

NP as t beccmes irfir:te To see this, let P be a point on

which lies 1in R' , anrd let KP be the circle about E wnich




passes thru P Balance a urat sprere on E , and project the
plane stereographically onto 1t Then project the sphere, along
rays emanatirg from E , onto the plare 2=? The x and y axes
1n the original plane will then map onto new x ard y axes in
z=2 , with NP as origin C ard ' will map onto a pair of curves
wrich lie 1r the first quadrant, and which meet at NP And 1f we
again use A and B to derote the polnts of inters~ctio.. of KP
with C and © , we agalr nave a curvilinear triangle NPAB which
~* enters, and 1n which all solutions tend to a single vertex,
namely NP

Finally, by using the negative x and positive y axes in
the roles of C and r , and replacing the time parameter t by -t
in the system {4 1), we may repeat the above argument to show that
the other two separatrices [ the ones which end at E) must tend
to NP as t approaches -«

Thus a game with 2n equilibrium pcints, at each of which
C and ' really cross, must have exactly n saddle points. And
if ¢ and I have everywhere positive slopes, the separatrices
which conrect the saddle points tc NP partition the plane into
n+l straips, of which all b.t one contain a sirgle stable equili-
brium. The situation for r=2 1s indicated schematically 1in

figure 11
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_Figqure 11.

Here we have taker all of the equilibria to lie on a single great
circle in the Reimarr. sphere, wiich also passes thru NP , and
showr. only ore of the hemispheres so formed. Region (1) corres-
pords to a semi-infinite strip, cut off by the separatrices joining

NP to the unstable equilibrium U It contains no stable equili-

1
brium. Region {3) is also semi-infinite, and is cut off by the
separatrices from NP to U2 . It contains the single stable equili-
brium S, . Region (2) comprises the rest of the plane (sphere),

and contains S,
The disparate roles played by the stable and unstable equilibria

under conditions of uncertairty are now clear. The stable equilibrium

poir.ts are the strategy pairs toward which the players will be driven

if they follow the procedure of continuous experimentation and

strategy modificaticr outlired earlier, while the unstable ones

serve to partition the plane 1nto reqgions from which the various

stable equilibria may be reached. Thus if the players begin the

game G by playirg a strategy pair (xo,yo) in Region (1), and
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thereafter alter their strategles according to ths rules (- 1), tney
will be led 1n time to play strategles approcximatirg X = - |, y = -
But 1f they start 1ir (¢, or (3). the, will be led evertially to play

near §, Cr S. Ard o-ly 1f they start on ore ¢i the separatrices

1 ‘

joirirg NP to U, or U, wi1ll rhey be led to ar, other strategy

1 ‘
pairs. The siftuarion for larger r 13 of cowurse similar, b.t there
are mcre strips and more stable equil:ipria

Firally. there are two ways we ca: make up a game with :n-1
equilibria from orne with Zn without violating our assumption that
C and I always cross wher they meet We car. add ar exfra stable
egullibrium So between Uy and NP . or we can add ar extra unstable
ore Un+1 between Sn and NP

Of course, we can always add ar arbitrary rumber of equilibr:ia
at which C and i meet but do not cross, ktetweer any pailr of rneighboring
equillibrium points at which they de¢ cross. DBut 1t 1s cur feeling that
such equilibria are less important than the other kirds, pbecause they
would never be observable in practice. So we shall term them

1

"1nessential," and confine cur attention to games havirng only essertial
equilibrium poirts.

The reason that i1nessential equilibria can never be observed,
of #ourse, 1s that 1n reality we can perform only fi:r1re experimernts
So ihe functions f and g car. cnly be approximately known, and 1t can
never be determined whether the curves C ard ;7 actually, meet at a point,

with out crossing, or just lie very close to one another there In any

case, we shall not discuss 1nessential equilibria turther




Our results thus tar show trat rhe qualitative properties of the
solutiors of .« | | fcr a particular game G , are completely determinedx
by tre numter of stable and urstable equilibria G has, provided that
‘a’ the equilibria are all essential and (b) that ¢ and r are the
graphs of 1ncreasing functiorns The latter would be the case, for
1irstance 15 anry market game of tne scrt corsidered 1in §l1 , 1f 1t were

know: tnat wrherever firm X 1ncreases 1ts price from P, 'O Py the

rew optimal price q; - w\pl) for Y .5 higher than the old optimum

There are, of course, mary 1nterestirny games for which (b) does
r.o0-. hold. And we should like very m.ch to obtain the complete phase-
portraits for these games as well But without (b), or somethirg to
replace 1t there 1s nO apparer.’ reasor. that the separatrices emanating
from ar unstable equilibrium E !see Figure l0) must end at the neigh-
bors E' ard E ot E , rather than at any other equilibria. Indeed
1t 1s r.ot even clear that they must end at stable equilibria, although
we have been unable to produce an example for which they do not. So
1t 1s our conjecture that the number of possible globhal configurations
grows rapidly with n ard 1s probably too large to allow for a simple
er..meration like the one we have obtained above under assumption (b)
Irn any event, we shall leave our discussion of global behavior at
this point, and turn to other mat'ers

"For we have determired what Lefschetz | . calls the "complete
phase portrait” of the system




But first we should like to argue briefly that properties such
as I-stability are the "right" ores to study. For there is no reason
why X might not adjust x{t) by solving X = 2 fx instead of the
system (4 1). And in general, X might choose a "scale function"
rix,y) while Y chooses ¢(x,y), so that the strategy pairs

(x(t). ylt)) would satisfy

x
n

r(x,y) £ .(x,y)
(5,1)

¥ o= eny) g ixy)

But our results are not affected by this! For all we have established
about the system {4.1l) follows from the assumptions [a) and (b)

on the rational curves C and P , which are unchanged by the intro-
duction of the scale functions r ard p . 1In our view, this observation

adds greatly to the "robustness" of our conclusions.

6, Rational Processes

In addition to the processes »Tg, and 7. discussed earlier,

L R
there 1s at least one other process which deserves mention. This we
may call the "discrete ratioral process", because of the essential
use 1t makes of the rational curves C and ' . To employ it, one
player (say X) names a strategy Xy and allows Y to choose his
optimal strategy vy, = w(xo) against it. X then names a second

strategy X differing from Xq by no more than « , such thart

f(xl, w(xl)) > f(xo, w(xo)) . The process terminates when X can
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)),

and in that case (xn, w(xn)) is obviously an equilibrium point for

r.o longer find an X ,1 Such that f(xn+1, w(xn+l;) > f(xn, v(x

n
the game G . We denote the above-described process by the symbol
m [X;s) . A typical process path consists of the line x = X, » plus
a polygonal approximation to a portiorn of T , leading from the point
wnere X = X meets T , to some stable equilibrium point E . We
shall sketch a proof of this fact shortly. But before we do, we wish
to point out that TR also has an infinitessimal analogue Tot
This irfinitessimal process consists simply of a straight line

begirning somewhere on X = X followed by a curve which follows

alorg [ in the direction of increasing £(x, y(x)) . And it too

¢

Figure 12.

always converges to a stable equilibrium. To see that this is so,
observe that, as shown in Figure 12, there is a well defined direction
of increasing £(x, y(x)) at every point (x, ¥(x)) of T that is

rot also a point of C . For if we consider such a point of oI , and




recall that the field vector (fkgx,w(x)), gy\x,,(x))' 1s horizontal
there, it is clear that the vector may be resolved irto components
wich are respectively normal and tangential to [ . And furthermore,
the targential componerit carrnot varish unless either tne whole field
vector (fX,gy) vanishes, or [ 1s vertical at (x,{ X))} . But we
saw in §3. that T 1is never vertical, and that the field vector
vanished ornly or C N I . Thus the compor.ent of (fx,gy) which 1is
tangent to r may vanish {-i e. charge directior.) orly whean
(x,¥{x)) crosses C

Finally, the field vector (fx,gy) must point toward the stable
equilibrium E in all sufficiertly small neighborhoods N E) . And
so, therefore, must its tangential component, at poirtcs of r 0 N (E).
But if that component can change direction only at points of C n r ,
it must continue to point along o toward E , not orly in N (E),
but also at all points of T between the neighbors E and E of

E . This completes the proof that the process X) must converge

g1l
to a stable equilibrium point of G , uynless the line x = X, Ppasses

thru an unstable equilibrium. 1In that case, the process consists of

a segment of x = X, only, and converges to the urstable equilibrium

which lines thereon.

Similar remarks can of course be made for FRI(Y) , and the

corresponding convergence proofs for the methods WR(X;g) and
WR(Y7G) follow from the fact their process paths lie within ¢-neigh-

borhoods ©f the TRI paths We point out tco that methods quite

similar to the methods TR have been used with some success [4! to

compute optimal pursuit and evasion strategies.
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. Constraints

Most of the classical work in game theory has assumed that the
strategies ~ and y were to be chosen from compact convex sets X
and Y . In our case, these must each be contained in R , sO we may
as well rake them koth to be the unit interval I = [0,1]j. And we
shall refer to the game

(G.) may f/x,y) max g(x,y)
X1 yvel

as tne "restriction of ¢ to IxI', or simply "the restriction of G".
Clearly, any points of C N I which happen to lie in IXI are

equilibrium points of G, as well as of G . But G; may have other

equilipria as well. We may call them "induced equilibrium points",
as opposed to the "natural equilibria" which lie in Cc n r . The

induced equilibria may be of several types.

To begin with, I must cross each of the lines x = O and
x - 1 exactly once, say at (o,yo) and at (1,y1) . If 0<y, <1,
and 0 = y) = 1 , these points are possible equilibria. To test
(o,yo), observe that C must cross the line vy = Yo at a point

(xo,yo\, and that (o,yo) is an induced equilibrium point of G

if and only if xj -~ O , or equivalently, if fx(o,yo) <@®!. £t ifsl,

of course, a natural equilibrium 1f X, = 0 , and it is not an equili-

brium if Xq O . Similarly, to see if (l,yl) is an induced

equilibrium point, let (xl,yl) be the point where C meets vy = Yy
Then if x; _ 1, (l,yl) is an equilibrium point of G, . No other

equilibria can lie on the vertical sides of IxI, save possibly at

the corners.
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There are, similarly at most two possible eq.iilibrium points
or the horizo~tal sides ¢f 1IxI, a-d these may also be tested ir a
straigntforward mar:er Either, hkotr, or reither may t.irn out actualls
to be equil:bria

If y < 0 , then (0,0 out nfot (0,1' may be arn eguilibrium

\

poir.t To test, lock at the poirt xO,O‘ at wnhich C crosses

Yo © O - I1f Xy 20, then [(C,0; 1s ar. equilibrium Otherwise 1t
1s not. Similar tests may be performed at the other corrers

Trv.s GI may have at most fo.r r.duced egiilipbria; ro more thar
one may lie o©:. a single side i fact, there may never be more than

two. For suppose that three 'say the top, bottom, and left; sides
of IxXI cortair distinct eguilivbria. Ther reither 0,0, nor
0,1 1is an equilibrium So there nrust be eqg.ilibria at (xO,O)
are positive., 2And 1if so, the

and {x,,1) , where both x, asd x

1’ 1
points (xo,yo) ard (xl,yl) at which | meets the lires x = x
and x = Xy must lie below ard above 1Ix1 , respectively Rut g
must also pass thru the eqgullibrium point (0,y¥) which lies on the
left side of IxI Hernce [ must elther cross the lire x = O
twice, or be tangent to 1t at (O,y*) . And eitther of these possi-
bilities would contradict the fact that gyy < 0 . The reader 1s
invited to construct examples havirg 1 and 2 1induced equllibria.

How mary stable and unstable ratural equilibria m.st such examples

posess? And can an induced equilibrium point ever pe unstable?
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We 1ntend to return to these ard reiated questions at a later
date. But for the moment, we are content tc suppose that we have
revealed something, perhaps quite unexpected, about the set of Nash
equilibrium poirts c¢f a game ard the relative ease with which they
may be computed. And we hope that others will try che methods we
have recommended (especially the raticnal processes Te for which
we have great hopes), and find them useful. For we expect that,

particularly for games with i1mperfect information, they are both

natural methods to try, and as likely as any to achieve success.

APPENDIX: We present a proof of the lemma in Section 3. The

condition (3.%) guarantees ti .t ty and t) exist (perhaps + o )

and that for sufficiently small positive t we have h(t) < t and
h( -t) -t . sSince h(t) + t for all t c I U i s part (i) is
proved for n-1 . A similar argument shows that h(h(t)) < t 1if

t - I' and h{h(t)) -t if t ¢ I

We now show h(to) t, or h(to) =t . By the definition of
t, we have h(to) { T . 1If h(to) < t, then, by the continuity of
h(t)-t , there exists t ¢ I  for which h(t) = t , a contradiction.
Y = ke -
So h(to3 t, or h(tO ~t, and similarly h(tl) =t or
h(tl\ = t, . Suppose h(tO\ € Then there exists t' ¢ I  for

which h{(t") £ - If h(tl) t, then h(h(t')) = h(t') , a
contradiction; on the other hand, if h(tl) < t, then h(h(t')) < ty<t’
so that by the continuity of h{(h{t))-t there exists t" ¢ I for

which h(h{t")) t" , a contradiction. This proves part (ii).




Suppr.se there exists t e I for which h(t) t, - By part (i)
with r- 1 e have te I . If hit]) = t, then hf(t))-t, a
contradiction; if h(t_ ) - t_, then h(h(t)) = h(t), a contradiction.
A similar argument shows we cannot have h(t) = t, for t ¢ I . Hence

\
(iii) is proved for n=1 and follows for general n by induction.
The case n-1 having already been proved, we use induction to

prove (i) by assuming it true for n=1,2,...,m-1. Suppose t ¢ I

and h™(e) - ¢ . 1£ nillie) <0 for all j=1,2,...,m-1, then

t)
h[m-l](hfm-l](t)) » h[m-a:}(h[m](t)) - h[m-2](t) < h[m-l](t) , "

) 71
contradiction; on the other hand, if h[J’(t) > 0 for some j <

m-1,
< - . _

then ¢ - h(™(e) - n™ I nDle)) <nlie) < ¢, a contradiction
A similar argument holds for t ¢ i o

iv

To prove fix t and consider the subsequence

(iv)
n. -n.
{h[ JJ(t): thJJ(t)

V

=
-

0)}. This is a monotone decreasing sequence and
hence converges to some t > 0 . Suppose t >0 . Then the subsequenrce
is eventually in any neighborhood of t . But by the continuity of

h[fLJ , 1f t 1is in a small neighborhood of E, h[iJ(t) is in a small
neighborhood of h[i}(E) < t so the subsequence cannot remain in any
neighborhood of t . This contradiction proves that the subsequence
converges to O, and a similar argument proves that the complementary

subseguence converges to 0O as well.
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