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. AbSTRACT

3 (Distribution Limitation Statement No. 1)

A hydrodynamic treatment is used o d2rive the coupled wave equations
E for vave propegation in a compressible piasma. Electrom acowstic
3 vaves in the plasma are sssumed to be excited by a vertically polar-
1294 electromagnetic vave obliquzly incident upen a plane dielectric-
plasma interface. Finite differvnce numerical solutions for the
electromagnetic field snd the scalar pressure field ere obtained in
a8 Yeeatry-type plasaz lsyer surrounding high-performarce hypersonic
reentry vehicles. An inhoaogeneous plssma layer (or sheath) is
nodeilled with & linearly incressing electron density profile. The
coupling of acoustic waves to electromagnetic vaves in this inhomog-
encous region is investigated. Numerical results are obtained fcr

. the conversion of electromagnetic energy to plasma wave energy and
vice versa.
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CHAPTER 1

INTRODUCTIO:

Electron acoustic modes have been used in experimentally deter-
mining the electron density in the plasma sheath surrounding a reentry
vehicle (Ref. 1), However, these methods eémployed resonance effects
which are unobservable in plasmas with large electron-neutral particle
collision frequencies. A short-pulse diagnostic technique using
electroacoustic resonances and time domain analysis of the reflected
pulse 1« described by Lustig, Baird and Ewald (Ref. 2). For slender
conical reentry vehicles which reenter the earth's atmosphere at
hypersonic velocities, the plasmas of interest are collision-dominated.
When the vehicle reaches lower altitudes, the collision frequency
can be larger than the operating frequency of the electron acoustic
probe. The plasma electron density is inhomogeneous and increases
from some value at the skin of the wehicle tc a peak value at a
distance typically 1 mm from the skin. Rather than using resonance
effects, it is proposed to use propagating electron acoustic waves
to probe this region. The waves can be generated at the boundary
between the wehicle and the plasma by an electromagnetic wave incident
cbliquely won the boundury from a dielectric material. In the
inhomogenaous plasma region the acoustic waves are reflected, due to
the electron density gradient, and returm to the boundary. The
reflected acoustic wave which returmms to the boundary will be con-
verted into a transverse electromagnetic wave wvhich can be detected

(1f it has sufficient amplitude). The acoustic wave travels much



slower than an electromagnetic wave and the retuming pulsc of acoustic
energy will lag the returning electromagnetic pulse in time. It is °
proposed to determine the electron density profile from its effect on

the acoustic waves by coserving the reflected acoustic waves.

It is shown later (Fig. 22) that in a homogeneocus plasma which
i8 ccllision deminated the acoustic waves are attenuated very rapidly
and are not likely to be observable for propagatiorn diztances larger
than 0.05 mm at the most. In an inhomogeneous plasms, the acoustic
vaves are coupled to the electromagnetic wave sgand the acoustic waves
may not be so severely attenuated. This investigat.on 1is concerned

wvith a steady-state, plone wave analysis of this coupling effect and

its implications on electrm acoustic wave propegation in an inhomoge-
] neous plasma,

Electron acoustic waves depend upon the dynamic properties of the

plasma. For plasmas with sufficiently large electron densities, it is
appropriate (Ref. 3) to describe the acoustic waves in the plasma by
a scalar pressure field. The scalar pressure field can describe a
propagating pressure wave and is physically determined by the dynamic
properties of the plasma and the source exciting the wave.

Acoustic wave propagation in a plasma is posesible only at a finite
plasma temperature. A cold plasma (incompressible plasma) is one with
zero temperature, and no motion of the particles in the plasma is
assumed. A warm plasma (compressible plasma) exhibits a finite
temperature with corresponding random thermal moti_ns of the particles

in the plasma. A hot plasma is one with extremely high temperatures




(e.g., fusion temperatures). Electron acoustic wive propagation will
be considered for the warm plasma only. The propagation of an acoustic
vave from or.e region of the plasma to another region is a consequence
of the random themal motions of the electrcns. This makes the local-
ization of a disturbance impossible, and the electrons carry the dis-
turbance from one region to another (Ref. 3). The average effect is
not isotropic even though the motions of the electrons are random.

The electrons moving in the direction of the wave will experience a
larger change of momentum and there will be a net tendency to carr’

the disturbance in the direction of the wave (Ref. 3). It is important
to distinguish between the random motions of the individual electrons
and the collective oscillatory motion of the electron plasma considered
as a8 pedim, The medium, in this sense, iz described as a single-
fluld electron gas. The dynamic effects give rise to the collective
motion of the plasma and form the rhysical basis for acoustic wave
propagation. The collective motion of the plasma medium is described
in a macroscopic manner by a hydrodynamic formulation of the equations
describing wave propagation in a plasma.

Two approaches used in solving plasma problems are: a micro-
scopic gas-kinetic treatment using the Eoltzmann transport equation
together with Maxwell's equations of electrodynamics; and a macro-
scopic, hydrodynamic treatment using the equations of conservation of
mass and momentum together with Maxwell's equations (Ref. 4). The
kinetic treatment is very difficult to use in mathematically modelling
the modes of plasma oscillations without the imposition of serious

physical restrictions 1In order to simplify the mathematics in the
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it more reasonable to use the simpler hydrodynamic treatment (Ref. 4). *

kinetic treatment, it is necessary to make assumptions which would make

The fundamental equations of hydrodynamics can be obtained from the
Boltzmann transport equation. To a certain extent, then, the hydro-

dynamic treatment is an approach to the correct kinetic treatment

(Ref. &). It must be stated, therefore, that the hydrodynamic treat-

ment used in this study is only an approximation to an exact solution

T I a——

of the present plasma problem. It should be noted, however, that the

hydrodynamic approach fails intrinsically only for cases requiring
more than a phenomenological approach to dsmping effects caused by
collisions of the plasms particles and for problems in which the

velocity distribution function is specifically involved (Ref, 4).

Such cases might include calculations of scattering cross sections or

of the thermal conductivity of & plasua. In the present problem, we
are concerned with macroscopic, organized behavior of a plasma medium
in which the collision frequency is energy-independent and is described
in a phenomenological manner. The e¢ffect of the collision frequency
is included as a drag force on the ordered motion of the electrons in
the conservation of momentum equation. The hydrodynamic treatment in
thig case should be an entirely justified approach. There are, however,
certain effects, such as Landau damping, wilch are not included in
the hydrodynamic treatment. These will te discussed in detail in
Chapter 1I.

Electron acoustic waves can be excited by an electromagnetic
wave incident obliquely upon a plane bcundary between a uniform

dielectric material and a plasma. Since the boundary conditions are




both electromagnetic and acoustie, the incident electrcmagnetic wave
will excite an acoustic wave at the boundary. It is necessary, however,
that the electromagnetic wave have a component of the electric field
strength vector perpendicular to the boundary (Ref. 5). For the two-
dimensional geometry considered, this means that the incident electro-
magnetic wave may be taken to be vertically polarized with the electric
field strength vector in the plane of incidence in the most general
case of interest. This is discussed further in Chapter III,

A survey of the literature was made to determine as completely as
possible the previcus work done in the area of wave propagation in
compressible plasmas. A significant result was the fact that very
few numerical results have been published which describe the propaga-
tion of an electron acoustic wave in an inhomogeneous, lossy and
bounded plasma. The few numerical results published were obtained
for wave propagation in the ionosphere (Ref. 6). The plasma under
consideration in this report is much denser, has a higher collision
frequency and contains much larger gradients in electron density. No
numerical results seem to be available for this type of plasma.

The basic references used for the fundamental theory of plasma
wave propagation were the works by Bohm and Gross (Ref. 3), Oster
(Ref. 4), Stix (Ref. 7), and Friedlander (Ref. 8).

Three principal papers give experimental data verifying the
existence of a propagating acoustic wave in a homogencous plasma: Van
Hoven (Ref. 9), Derfler and Simonen (Ref. 10), and Malmberg and Wharton

(Ref. 11). These papers basically verify the dispersion relation for
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the propagating waves and give experimental evidence of Lendau damping
of the waves.

Much work has been done on theories for wave propagation in com-
pressible plasmas, Wait (Ref. 12) discusses the radiation from sources
immersed in a compressible plasma. He shows that the compressibility
effects of the plasma on the radiation of electromagnetic waves are
increased as the ratio of the acoustic velocity to the speed of light
is increesed. Wait (Ref. 13) discusses the influence of boundaries
on wave propagation in a compressible plasma. He also describes the
absorptive (impedance) boundary condition for acoustic waves. Felsen
(Ref. 14) derives first order coupled wave equations for the quasi-
electromagnetic and quasi-dynamical fields wnich he describes in the
paper. Burman (Ref, 15) derives altemative first order coupled wave
equations for the full-wave varisble field quantities (see Chapter III).
In another paper (Ref., 5) Burman presents a detailed derivation
of the first order coupled equations: He also discusses the
coupling and power flow, and proposes some approximate solutions.
Burman (Ref. 16) derives the second order coupled wave equations and
specializes the equations for a plemar geometry. The fields in a
region of coupling are investigated. Several approximate techniques
for treating the equations are discussed. The approximate te-hniques
are not valid for the type of plasma considered here.

When considering wave propagation in a2 bounded plasma, the
boundary conditions become a fundamental problem, Several authors have
treated the subject of boundary conditions for a compressible plasma.

Wait (Ref. 17) demonstrates that the boundary condition which requires




the vanishing of the norsal component of the electron wvelocity leads
to results vhich are consistent with cold plasma theory. Yeh (Ref, 18)
amd Wegit (Ref. 19) discuss the boundary conditions at a dielectric-
plasma interfare, Sancer (Ref. 20) discusses the boundary conditions
required for a unique solution to the equations of the hydrodynamic
treatment, The conversion of electromagnetic waves into longitudinal
plasma vaves at s dielectric-plasma boundary is considered by Hessel,
Marcuvitz snd Shmoys (Ref. 21).

A number of suthors have treated tha effects of the compressi-
bility of s plasma surrounding sn antenna., Wait (Ref. 22) states
that it is posesible for s considerable portion of the power to be
radiated ar an electron acoustic type wave., The distribution of the
power depends on the boumdsry conditions. Kuehl (Ref., 23) calculstes
the radiation resistance of a chort antenns in a varm plasma. ke uses
both & kinetic treatment and a hydrodynsmic treatment and compares the
two methods.

A brief sumary of the topics cowered in this thesis includes
Chapter 1I which gives a simplified derivation of the dispersion
relation for a pressure wawe propagating in a compressible plasma.

The plasma model is described in detall and the basic equations are
derived. Chapter III derives the second order coupled wave equations.
Consideration is given to both vertical and horizontal polarizations
of incident electromagnetic waves. In Chapter IV finite difference
nueerical solutions are presented for the coupled wave equations. A
linearly increasing plasma profile (electron density and temperature)

with a constant collision frequency is considersd. A linearly




8 ‘
; increasing electron density which increases to s peak velve, then drops 4 |
abruptly to zero is one model considered. The cther model is a linear

increase to a peak electron density with a traneition at this point to

a semi-infinite plasma which is homogeneous with sm electron density

equal to the peak plasma electron deuoity. The homogeneous

region is considered semi-infinite becsuse of the extremely small

depth to which scoustic vaves would penetrate this region (asswuming a

collision-doninated plasma). Actually the homogeneous region would be

of finite extent and at scxe distance beyond the trensition point the

electron gensity would decroase to zero, i.e., a plasma-fra2e space

boundary. Convergence of numerical solutions is considered and

aumerical solutions are compared with epproxisate snalytical scluticns,

In Chapter V the conversim of m electromagnetic wvave into 2 plasma

wave (and vice versa) at a dielectric-plasma interface is studied as

a function of the plasma properties and the paraneteres of the incident

electromagnetic wave.




CHAPTER 11

PLASMA MODEL DESCRIPTION

Plasma Model Geometry and Parameters

The planar geometry of either plasma wodel i» illustrated in Fig.
1 which also pictures the Cartesian coordinate system used throughout.
The boundaries are planes of infinite extent in the y and z coordinate
directions. The plasma paraseters are assumed to vary in the x direc-~
tion only. The plasma can then be described as a lcyer (inhomogeneous
in the x direction) in physical contact with a dielectric half-space.
Plasma parameters of primary interest include: electron density, the
electron-neutral particle collision frequency, electron temperature
and the plasma layer thickness. Electron density and temperature vary
with distance x. The coliision frequency is assumed to be a constant
throughout the layer. Plasmas of interest, in general terms, have
very large peak (maximum) electron densitiee, very large collision
frequencies (i.e., collision-dominated plasmas), and temperatures
consistent with "warm”" plasmas (approximately 4000°K).

Basic Assumptions

First consider the reginns surrounding the plasma layer. The
dielectric ic wniform and lossless with a relative dielectric constant
K 4 The region outside the plasma layer is free space. The permea-~
bility ie that of free space in ail three regions.

A plasma can be defined as a gas containing a certain density

of free positive and negative charges. It is a well established
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fact thst an electromagnetic vave will incgeract with charged pacticles.

e T

LRy

For the electtomapnetic wave frequencies and plasma paraset=zrs con-
sidered, the feteraciion produces organized, steady-state oscillatious
in the plasss. Congider the frequeacy to be high enough so that the
ione remsin stationary end only the electrons interact with the
2leciromegnetic vave, Alsc, model the plasma as a perfect electron
ges with a umiform backgroumd charge of positive icns making it
ascroscopically nsutral. 1t is a good spproximation to consider the
ins a2 a wniformly smeared background charge for wvavelengths wuch
greater than the interionic spacing (Ref. 3). Since this is also a
requirement for any physical organized ocecillation to exist, this
will alweys be tyuve. The ass:mption is made that the wavelengths
considerasd must be much greater than the interfonic spacing (no'll 3,
where n  represcats the equilibrium electron density).

The amplitudes of the fields in the plasms are assumed to be
small enough so that the equations can be linearized (Ref. 11). This
means that the electiic field strength, magnetic field strength,
ordered electron velocity, pressure field strength, and perturbed
electron density are considered first order perturbation quantities.

Use an equilibrium (zero order) electron density of the plasma
which is inhomogeneous only in the x direction. The plasma is con-
sidered to be ccmpressible and therefore has a finite temperature,
itself a function of x. The eleciron-neutral particle collision
frequency is assumed to be energy-independent, independent of the

ordered electron velocity, and constant across the plasma layer.
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The plasma fe collirion-dominated, {.e., v of the order of w. This is
& good assumptio. for reentry type plasmss,

The plasma is assmed to be isotropic vith no extemal static mag-
aetic or electric fields. The plasma is assumed to de stationary,
f.e., the drifting velocity is szero. No externzl static body forces
actirg on the particles in the plasca sve considered.

The two transport phenomens of viscosity and heat conduction are
neglected in the plassa. The spproximation then made is to neglect
the terme in the equations of motion dus to wiscosity asd heat conduc-
tion (Ref., 8). The sbsolute error in the spproximate solutions is of
the order of the product of the distance through which a vave props-
gates and of the ratio of the terms neglected in the equations of
motion to those retained (Ref. 8). Since the distances considered for
propagating waves in this case are very small, the spproximation
should be reasonable.

It is assumed that the plasme is sufficiently dense so that a
description in terms of a force dut to s gradient of the perturbed
pressure field is valid. This approsch is taken in solving plasma
problems in the ionosphere (Ref. 24). The plasma presently considered
is much denser than the ioncepheric plasma, and this assumption thus
a more valid one,

There are two important phenomena in acoustic wave prepagation
which do not appear in the hydrodynamic treatment. Physically, a
plasma oscillation with a wavelength shorter than the inter-particle
spacing is meaningless in terms of collective motion. This has been

discussed earlier. The other phenomenon is a noncollisional damping




effect called Landav damping (Ref. 25). The organized plasms cscills-
tions are dmmped by a transfc: ot energy tfrom the wave to the emergy
in the random thermal motions cf slectrons vhich are moving at s speed
close to the wawe velocity. Landsu dsmping becomes important when the
acoustic vavelength approaches the Debye length of the plasma. When
the acoustic wvavaleangth 1s smsller than the Debye length, collective
motion 1o esscntially destroyed (Ref. 3). It will be assused that in
regions vhere a pressure field (acoustic wave) exists, the acoustic
vavelangth will be larger than the Debye length; however, since the
plasma is ichomogensous, an acoustic wavelength is difficuylt to deter-
mine. The sassumption will be verified in Appenrdix D by calculating
the vavelength from the dispezsion rzlation for a lossy, homogenecus
plasms having an electron density equal to the electron density at
discrete points along the inhomocgeneous plasma profile.

It is necessary now to specify the frequency range of interest.
The copstraint on the plasma wavelength due toc Landau damping deter-
mines a maximum frequency of operation. For a8 collisionless, homoge-
eous plasma, Bohm and Gross (Ref. 3) have determined the maximum
frequency to be approximately v2 f pe vhere £ is the plasma frequency.
Rather than specifying a maximum frequency, the approach in the pre-
vious paragraph will be used and frequencies larger than the frequency
determining an acoustic wavelength equal to the Debye length will not
be considered.

The electron plasma frequency is basically a cutoff frequency.
Below the plasma frequency, the electrons can respond to an electro-

magnetic field but above it they cannot follow the field. Actually,

13
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the cutoff is not that sharp. Van Hoven (Rei. 7) states that below
the plasma frequeacy, acouwstic vaves are s:itungiy dsmped by collisional
effects. It is assumed that the hydrodynsmic spproack (including
collisonal dmping) can be used to investigate admtic vave phenomens
at frequencies well below the plassma frequeecy. There is no reason
vhy the electron collective moticn due to theé interzction between the
electromagnetic ficld snd the charged psrticles should ot stil- be
described by the bydrodynamic eguations, since the electrons can still
collectively interact with the electromagnetic fieid for frequencies
beiow the electron plasms frequsncy. A minimum operating frequency
would be the ifon plesma frequency, at vhich ion motion would hae to
be considered.

Rationalized MKS uaits are used for all numerical caiculstions.

Basic Equations

The basic equations are the two Maoeell's curl equations and two
equations from hydrodynamic theory describing the dynamics of a con-
tinuum. These equations form the mathematical model for calculating
the electromagnetic and acoustic fields in the plaska.

Maxwéll's equations are given below, where it is assumed that the
regions of space of interest are located far enough away from any mag-

netic or electric sources so that their effect is negligible.

->
ol
TRE= - &
o >
Vxﬁwe°ﬁ+(n°+n)ev {2)
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A convection current density ters has been included in the second
equation, The 2quilibrium electron density is given by n, and the
electron density perturbaticn (fluctuation) is given by n. The charge
accumulation or depletion is given by ne which is in general a function
of both time and position. The charge of a single electron, e, i8 a
negative number. The electron density fluctuaticn, n, can be either
positive or negative. The acoustic vectcr field, V, is the ordered
velocity of the electrons.

The eq.ation for conservation of momentum for an inviscid, non-
heat-conducting medium is given by Friedlander (Ref. 8). This equation
is sometimes called the hydrodynamdc equation or dynamic equatiom,

(00 * p) ‘%i--p @) V}-& V(po +p)= e(no +n) £
+ e(V X uoii) (no + n)

o (o°+ o) wo (3)

The equilibrium quantities are subscripted and the perturbation
quantities are not. The moss density is given by p and 1s equzi to
the mass of an electron times the electron number density. The colli-
sion frequency is given by v and its 2ffect is included in the momentum
equation as a drag force proportional to the ordered velocity of the
electrons.

Equation (3) contains only one zero order term, P, Friedlander
(Ref. 8) has shown that for a plasma at rest with no static body forces

acting upon 1it, Vp = O even {f the plasma is inhomogeneous. This is a
o
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consequence of hydrvostatic equi’idorium,. Siace Py = nOKBT. this con-

dirion would imply

W, = V(nOKBT) = KyTVn + K VT =0 , (4)
vhere KB is Boltzzzcon'’s constant and T is the plasma temperature. This
imposes a definite relationship between n, and T, It is not, however,
the relationship which has been assumed, i.e., that the temperature
profile follcws the electron density profile in form. This type of
temperature variation is assumed because it is a good approximation
to the temperature profile in a8 reentry type plasma where higher
temperatures result in more ionization and give a higher value for
n,. It is concluded that Vpo ¢ 0. 7This case is discussed by Burman
(Ref. 16). Equation (3) must now be modified to include a zero order

term which will cancel the Vp, temm, since Vpo ¢ 0. The modification

is written:

(po + p) ::jZ-+ W0 §}+ V(po + p) - (po + p) (Fo + ?)
= e(no + n) E+ e(v X uoﬁ) (n0 + n)
- (po + p) wo, (5)

where Dofo is the zero order term required to balance the zero order
pressure gradient. A first order term, po? + pfo, is also introduced.
The force term (p0 + p)(?o + f) is not due to any external static fields
or forces since these are assumed negligible, but is due to an ambi-

polar diffusion electric field due to the static pressure gradient,
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The zero order part of this force term balances the static pressure
gradient while the effect of the first order part is considered to be
negligible in the first order part of the momentum equation. The first

order conservation of momentum equation then becomes:
n(no + n) {-:—-'z + ("v'-v) '\7} +Vp = e(no + v) E+ e('\; X "oﬁ) (no + n)
- n(no + n) wo. (6)

The exact equation of conservation of mass is given by the con-

tinuity equation

g.g(,,o»,.,)w.{(po”)(vow)}.o. )

The vector Vo represents any drifting velocity of the plasma and has
been assumed to be zero, In addition, since the equilibrium mass

density 1s not a function of time, Eq. (7) can be simplified as follows:

9 4 v. ( ) V!

a';-i-V{po'!'() v c . (8)
It 1s convenient at this point to linearize Eq. (8). This is done by
neglecting the second order temm pV inside the brackets. As stated in

the basic assumption, the amplitudes of the disturbances are small

enough so that the linearization approximation is valid. Then
Ry oV o=
TR o . (9)

Applying the vector identity ‘\7'(¢K) = ¢ vk + K'Vd:, one can write

Eq. (9) as
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m§2+m V--\'*'l-n-\;-\m L) {10)
3t o o *

The term ;54’00 is neglected in the majority of works on acoustic wave
propagation (Refs. 5, 14, 15, and 16). This 18 valid for a homogeneous
plasma (since Vpo = 0); however, this assumption msy not be valid for
a plasma with steep electron density gradlients. For generality this
term will be retained in this derivation of the wave equations.

Now combine Eq. (10) with the approximate adiabatic equation of
state for a perfect elactron gas:

Lo )
vhere y is the ratio of specific heat at constant pregsure to specific
heat at constant voluse. The quantity y is normally assumed to be 3
for an electron gas (Ref. 25). For a perfect electron gas, take

Py " nolf.a'l‘ (12)
and

p = nk,T (13)
where KB is Boltzmann's constant and T is the temperature.
Multiplying both sides of Eq. (10) by Y/no and using Eqs. (11),
(12), and (13) yields

YK T YKGT
oo (5] ot (5],
at""'“‘( VsV +m VVno o . (14)

The term in parenthesis is the square of the acoustic velocity (rms

thermal velocity) in the electron gas.

vyK, T
u = - (15)
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The final form of the equatior is then
%2-4- s 20V + niVern = 0 . (16)
t oo o o

Now assume that all of the field quantities have a steady-state
time dependence expressed by the factor ej“’t. This factor will be
suppressed and the field quantity amplitudes will be considered as
phasors having complex values which are functions of position only,.
Then 1f 3/9t is replaced by jw, Eqs. (1), (2), snd (6) are linearized,

and Eq. (16) is used:

VXE=-juu i, Qan
Vxﬁ-jwe°§+noe.\7 , (18)

m (Ju+ IV =n_ef - vp , (19)

jup + mougv-V + mugil'-vtxo =0 . (20)

Compresaibility and the Propagation of Pressure Waves

It will now be showa that an acoustic or pressure field can
exhibit wave behavior only in a compressible plasma. For simplicity,
assume a plasme that is homogeneous, lossless and of infinite extent.
The plasma is excited by a steady-state oscillator at some point which
is far from the observation region. Equilibrium quantities are sub-
scripted hy a zero, The first order perturbations are not. The basic
equations were taken from Stix (Ref. 7) and specialized to a cne-
component electron plasma, The equations are linearized by neglecting

products of all first order terms since small perturbations are assumed.
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: Fivst consider an incompressible, or cold, plaema with zern
* teaperatule,
3 Py © B ¥yl = 0 (21)
1
and
3
. P nKBT =0 . (22)
The convection current density is given by
Junel . (23)
The conservatien of momentum equation is
-
v
mireet , (24)
since p = C.
The conservation of charge ejuation is
90 3
4+ VeJ =0 (25)
o
3
where the charge density is p = en.
From Gauss' law,
0 = ple, = enfe . (26)
Taking the partial derivative of-Eq. (25) with respect to time gives
2
3 4. g—z =0 . (27)

at?
Taking the partial derivative of Eq. (23) with respect to time and

using Eq. (24) gives

i
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Suwstituting Eq. (23) into Eq. (27) and uwsing Eq. (26) gives

2
2 e‘n
.3.._!14.'—-—&:9-“-0

ae? 0

or

2
L‘!-+m§n-o , (29)

wvhere

0 = = (30)

is the electron plasma frequency.

Although the spatial depeadence of a pressure field cannot be
determined in this case (since p = 0), acoustic phenomena can be
related to charge fluctuations, since the acoustic wave results from
the collective motion of the particles. From Eq. (29) it is observed
that the collective motion of the electron density perturbation (or
charge fluctuation since p = en) 18 oscillatory in time but is spa-
tially independent. This dies-urbance does not propagate.

For a compressible plasms, Eqa. (23), (25), and (26) still apply
but a pressure term must be included in the conservation of momentum

equation,

v >
mnoa—fuenoE-Vp z (31)

For a finite temperature,

21
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po * noﬁT
and

N p=okT .

The approximate adlsbatic equation of state for an ideal gas is given

f > .
. )

pO o

Using Eqs. (23), (23), (26), and (31) and the same procedure used

previously gives

-2
3——‘-‘-+u2n-lv2n-o ,
3t2 P n
> or
ap, .2 2
. ac2+wpp-u§Vp-0 , (32)

where u is the acoustic velocity (ms thermal velocity) in the elec-
tron gas and is given by Eq. (15).

For steady-state time dependence ejm, p has the form ple(j‘"t'ﬁp';)
+pe (J“’tﬂip';), vhere p, and p, are constants. This is the mathe-
matical representation for a propagating plane wave, If this form of

p is suwbstitured into Eq. (32), the dispersion relation is found to be

w? = w? +ud K2, (33)
P o P

It 1s coacluded that a pressure wave can propagate in a compressible

plasma with a wavelength (Ap - 2n/l(p) determined by Eq. (33) for e
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given frequency. ‘mi_s is identical to the equaticn obtasined by Bohm
and Gross (Ref. 3).

For an inhomogeneous plassa, it is not possible to describe the
acoustic wvave in terms of a unique propagation conatant, It is also
found that an acoustic u_-ve is coupled with an electromagnetic wave in
an inhomogeneous plasma. The propagation of acoustic waves in an
ishomogeneous plasma is described ty the coupled wave equations derived

in the next chapter.
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CHAPTER I1I

DERIVATION OF THE COUPLED WAVE EQUATIONS

Full-Wave Variables

In a hamogenecous plasma, the electromagnetic fields and the dynamic
(plasma) fields can be separated into two distinc. wodes. Energy
exchange between the two modes can occur only at an interface and each
wode propagates independently of the other. There then exists a pure
electromagnetic field and a pure dynamic (plesma) field., The electro-
magnetic ficld contains all of the magnetic field and the dynamic field
contains all of the charge accumulation (Ref. 14).

In an inhomogensous plasma (Ref. 6) the separation of the various
fields into pure electromagnetic or pure dynmmic fields is impoesible
due to the spatial variation of the plasma properties. Thus an electro-
magnetic field quantity would consist of an electromagnetic component
plus a dynamic component and therefore could not be truly a transverse
wave, Similarly, a dynamic field quantity would consist of a dynamic
component plus an electromagnetic component and therefore could not be
truly a longitudinal wave. This is a fundamental description of the
coupling between the two field quantities. It is difficult, however,
to investigate quantitatively the coupling effects by evaluating the
electromagnetic component and the dynamic component in a given field
quantity. These components are refarred to as a quasi-electromagnetic
mode and a quasi-plasma mode (Ref. 14). Since the given field quanti-~
ties are described physically by the sum of these quasi-modes, it is

desirable to obtain solutions in terms of the total field quantity,

24
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i.e., the sum of the modes. These are referred to in the literature
gs full-wave variables (Ref. 6), and are simply the field quantities
described by the basic equations given in Eqs. (17), (18), (19), and
(20). The wave equations describing wave propagation in an ifnhomoge-
neous plasma are derived for the full-wave variables using the two-
dimensional geometry of Fig. 1.

Vertical Pclarization

The electromagnetic and pressure fields are shown in Fig. 2 for
a vertically polarized incident elzctromagnetic wave., The electro-
magnetic field quantities £ and H are vectors. The pressure p is a
sceler quantity represented ir Fig. 2 as a wave propagating at some
angle Op. A steady-state lituation’ic assumed with al> field quan-
tities having an eJ“C time depandence. The radian frequency of the
electromagnetic wave 1is w. The Jot factor will be suppressed in
the derivation since it is common to all field quantities.

Since the plasma is homogeneous in the z direction and the
incident wvave is a plane wave, there is no loss of generality in
assuning that the fields do not vary in the z direction and 3/3z = 0
for any field quantity.

The electric field has components Ex and Ey. The magnetic field
has only 2 z component, Rz' The velocity (ordered electron wvelocity)
field has components v, and Vy. The pressure field has only a magni-
tude p. These are all complex phasor quantities containing both
amplitude and phase information. They are also functions of the

spatial coordinates x and y. Instantsneous values are found by
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Vertical Polarization
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wultiplying by edut snd taking the real part.

The 1incarized basic equations are given again for reference.

VRE = -guy B (34)
vxﬁ-jwcohnoei; (35)

o _{Ju + v) V= n e £ - (36)

sop + w2 0T + nd ﬁsmo =0 (37

27

Equations (34) to (37) will now be written in composent form using

the field components iisted sbove., The approsch used is to solve for
all of the field components in terms of Bz and p. The wawe equations
will be derived for H: and p and the solutions will allow all of the

fielde in the plasms to be determined.

From Eq. (34),
x -T‘i_): - 'jwo Hz ’ (38)
From Eq. (35),
31'1z
% " jue_ E +nevV , (39)
and
auz
- 5% " Jueg E tme v . (40)

From Eq. (36),

mn (ju+Vv) V =en E -3B , (41)
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and
) d
mo(jw + v) Vy = en Ey - -31;'- . (42)
From Eq. (37),
(avx _31]1 3nQ
j"’p+mo“§ Tz Ay +nu§v‘-5-;-0 . (43)

For simplicity, define
A= Jut+v ,
and
Us1l-3vie .
Since the collision frequency has been assumed constant, neither A nor
U are functions of the spatial coordinates.

Solving Eq. (41) for V_ and substituting this into Eq. (39) gives

% Ve oM e m
jwio l--mzu Ex-—g-'?-ﬁ'ax ’ (44)

where w; has been defined in Eq. (30). Now define the two quantities

€= eoep (45)
and
m2
€ = ] - 2 (46)
P wn

where € 18 the complex permittivity of the plasma.
Equation (44) can then be sclved for Ex to give

1 3}12 e 3p
Ex - jwe dy + jweAm 9x (47)

Solving Eq. (42) for Vy and substituting this into Eq. (40) gives

oH

. | 4 e_ 3
Ey juwe 3x * jweAm 3y ° (48)
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Solving £q. {41) for Ex and suwstituting this into Eq. (39) gives

2H €y 2
v =2 2o 2P (49)
r  jucAnm 3y sﬁmﬂ ax ' k

Solving Eq. (42) for Ey and susstituting this inte Eq. (40) gives

3H €
V o= et B0 3R (50)
y JueAn 3x c.i.mxo 3y °

Equations (47) to (90) agree with those ottained by Wait (Ref, 22),
It i3 concluded that all field quantities in the plasma csn be deter-
mined 1f solutions for !lz and p are found.

Since the plasma is homogeneous in the y direction, the y compo-
nent of the propagation constant, denoted by Ky, is conserved for all
x values. The y component of thc propagation constant, Ky, of the

plane electromsgnetic wave in the dielectric is given by

l(y = w‘,uoeol(d sin 6, , (51;

where Kd is the dielectric constant. Following references 5, 12, 13,
15, and 16, the assumed forms of the magnetic field and the pressure

in the plasma are

jKyy
Hz - Hz(x) e (52)
and
Ky
p=p(x)e y . (53)

All other field components are assumed to vary in the same manner,

The problem then becomes essentially one-dimensional, since from

29



Eqs. (52) and {53),
?Etjl( K. snd 2=k p
y y z y Y
describe the y varigt’ons of Hz and p. Therefore, 3/3y can be replaced
by jxy and the derivatives with respect to x become total derivatives.
The componeni forms of the bssic equations will now be written
with the y dependence of the field components assumed above. E&ince the

Ky
e Y factor is common to all the field components, it will be suppressed.

dE_(x)
= JKy E (x) = ~Juu  H (x) (54)
jKy Hz(x) = Jue Ex(x) +ne V‘(x) (55)
dai_(x)
- - jmeo Ey(x) + ne Vy(x) (56)
m A Vx(x) = en Ex(x) - gﬁéil (57
mn A Vy(x) =en Ey(x; - _‘]l(.y p(x) (58)
dv_(x) dn
jop () +mn 2 \—G— + K V) +md V() ~2 =0 (59)

The field components are now expressed as functions of x only. The

functional dependence on x will be assumed and in the following deri-
vation th- notation Hz(x) will be replaced by Hz and similarly for the
other field components. Equations (47) to (50) will be used together

with Eqs. (54) to (55) to derive the coupled wave equations,
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Taking the derivative of Eq.

d%H
- —2 = jue
[}

dxz

k3

(56) with respect to x gives

E g
rte & (novy) , (60)

vhere the product novy must be retained in the derivative operation

since o, aud Vy are functions of x. Substituting dEy/dx fomd from

Eq. (54) and novy found frem Eq. (50) into Eq, (60) gives

d2H

dx? °t

+e

- Jou_ H_+ szysx]

z “veo

en i, jKe ]

& | JusAr & ~ cAm P

Substituting Ex foud from Eq. (47) into the equation above gives

dxz oz

d2u K
- ’-xzu-wex[—”-u+ E 9]
o2y z

WE JuweAm dx

dlljl(c]
z Yy 0

en
+ed | =
dx | 7 JueAm dx cAm P

where K2 = w2y ¢ , Expanding the derivative in the third term on the
o oo P

right-hand side of the previous equation, noting that n and ¢ are

functions of x, and performing the

necessary multiplications gives

d2g K2 K e
-——E"Kzﬂ --XLH —j—LAnrgx
oz € 2z £
dx? p
d%H d%H [dlYe Y] dn
oz, 1 + 74
dx2 Epdxz de ..dx
ek ek 'H(Ve
+ ER_j_l p
Je _Am dx | dx :
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After sowe simplification:

d“H e Y1 @i K P |
%, ¢ [u].._z + [K2£ - K2] H = ¢ Y e [c(/eP,Jp .
P op z dx

dx | dx wmtl p

1
(e 1%
dx c dx ’

2
P
the final form of the first of the two coupled differential equations

3.0 Hz and p is glven vy:

e 'Y [ P 2 KL
dx: ~ l.z; x -dT- + [KOEZP - Ky] llz . = Wl ‘E; & P - (61)

The coupling, in this case, 18 introduced by the term involving p on
the right-hand side of the sbove equation snd the coefficient of p is
called the coupling coefficient,
The second coupled differential equation will be obtained from
Eq. (59), repz2ated here for reference.
2 de dno
Jop +mngul |G+ K |+ mf Vo Fm =0
Taking the derivative of Vx (Eq. (49)) with respect to x, multiplying

Vy (Eq. (50)) by jKy, substituting for Vx and replacing these terms

in the above equation by the expressions just found give:
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) ek € dp .
4 — —-—-z -
swp + mouo dx ) weAm Hz cAmno dx ‘

ek eo 92 dno
i mui wEAn i, - eAuno dx =0

Performing the indicated operations and recalling that r and cp are

functions of x gives

de ]| 4
dp _ .1__&2]3%"'[72-1(2]19
dx? Gp
‘ ekn [, de ek [dn i
)l YO Pl _X °ot¥y , (62)
WE c_ dx we fdx ’ z
o P
vhere Y; is defined as
A :,; 2 (63)
Y. =T = -3= . 3)
P u% w? w

Equation (62) is the second coupled differential equation in H, and

p. The coupling, in this case, is introduced by the term involving Hz
on the right-hand side of Eq. (62). The two Eqs. (61) and (62) are
identical to those derived by Burman (Ref. 16) if the collision fre-
quency 1s assumed constant and the third term on the left-hand side of
Eq. (37) 1s neglected (which is not necessarily valid for the plasmas

considered here), When this term is retained in the derivation, the
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coefficient of dpidx in Lq. (62) is modified slightly (the coefficient
in Buman's equarion is -1!"9:10 d/dx (epno), and the coupling coeffi-
cfent contains an addition:z) term which involves the derivative of the
eleciron density with respect to x). Tae coupling coefficie=ts in both
Egs. (bi) sana {62) depend on efther dcp/dx or dn /dx. If the plasma is
homog=ueous, both of these factors are zevo and che equaticns are

wmcoupled.
Horizontal Pularization

An incident electramagnetic wave, horizontally polerized, is
cthown in Fig. 3. Again, there 13 noc 1oas of generality in assuming
that the field componcnis do not vicy in the z direction, with 3/3z = 0.
The eleciric fleid Was oily a z commenent, Ez, but now the magnetic
field has components Hx and Hy. The ordered electron velocity will
be assumed to have components Vx, Vy, and Vz. The pressure field
represents a scalar qu .ity which can be a function of x and y.

Equatims (34) to ~ are now written in component form for the

case of horizontal polar. .ation:

-—-E. ™ -jmu H (610)

- -a-i = ~juu H (65)

et 0= l‘_oeV (66)
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3 " 0= noevy (67)
oH 33‘
ax 3y = Jue, E + noeV! {68)

v v av

dn
S PR e 1 =9 .
jup + mo"%[ax * 5 +33 ]+ "‘% v "0 (69)

Since uy and H_ do not vary in the z direction, Eqs. (66) and (67)
show that vx sad Vy are identically zero everywhere in the plasma.
Equation (68) indicates that there can be a z component of the veloc-
ity; however, it has baen assused that all field components are
constant in the z directior so avzlaz = 0, Also, since Vx and Vy are

zeto everywhere, 3V _/3x = 0 and avy/ay = 0, Equation (69) then becomes
jup = 0
or
p=0 .

This implies that the pressure field is ileaticelly zero everywhere

in the plasma; hence, the acoustic mode is no* excited.
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CHAPTER IV

HUMERICAL SOLUTION OF THE COUPLED WAVE EQUATIORS

Coupled Equations

The ters "coupled equations" describes a set of simultaneous
differential equations with the follawing properties f{Ref, 26):

{1) There is mme independint varizble which in this derivation
is the distance x.

(2) The nusber of equations is the came 25 the number of depend-
ent variables.

(3) In each equation one dependent variable appesrs in deriva-
tives of higher order than the others. The terms with this varisble
are called “principrl” terms and the remaining terms “coupling” temms,

(4) The principal terms contain a different dependent variable
in each equation, so that 2ach dependeat variable appears in the
principal temms of one and only one equatiom,

Clesmow and Heading (Ref. 27) add one more property when the equations
describe wave propagation:

(5) 1In a homogeneous medium the right-hand sides of the equa-
tions vanish since the coefficients of these coupling terms contain,
as factors, derivatives of the properties of the medium. The left-
hand sides then give the characteristic waves. Equations (61) and
(62) have all of the properties described above.

There are several methods which can be used in solving coupled
wave equations. Solutions can be found by successive approximations

where the first approximation is to neglect the coupling terms and
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solve the resulting equations. The values obtained for the dependent
variables are substituted in the coupling terms and the resulting
equations are solwd %0 give a better approximation. Where a coupling
term is large, the methed of successive approximations ceannot be used.
When the coupling can be neglected, WKB solutions can be obtained;
however, these solutions fail near regions of reflection or zoupling
(Ref., 26). The two equations can be wcoupled by combining the two
icto a single fourth order di fferential equation in cne dependent
variable. This equa:ion must then be solved, The two second order
equations can also be reduced to four first order equations which are
also coupled. These cen be solved by matrix methods. Burman (Ref. 13)
gives four different methode of solution for the coupled wave equations;
however, a slowly varying medium is assumed. Another possible solution
is to integrate numerically the coupled wvave equations. This is the
method used later in this chapter. The main advantage of this method
is that coupling terms are not nezlected and the solutions are valid
in media with rapidiy varying properties.

The existence and uniqueness of solutions obtained for Egs, (17)
te (20) are considered here. Sancer (Ref, 20) has discussed the bound-
ary conditions which yield unique solutions to the linearized wamm
plasma equations which are used in this derivation. Solutions to these
equatiors exist, for simple geometries, if one requires that 2 + M
scalar boundary conditions are satisfied at each boundary. The number
of different types of particles, M, considered in the equations of
motion 1s 1 for an electron gas. The boundary conditions used are the

twvo electromagnetic boundary conditions (continuity of tangential E
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and ﬁ), plus a single acoustic boundary condition which depends on the
type of boundary considerzd Therefore, solutions to the equations
can be found. The two different accustic boundary ccnditions are the
vanishing of the norral component of the electron velocity and the
continuity of the pressure across a boundary. 3ancer shows that either
of these conditions when used with the two electromagnetic boundary

conditions leads to a unique solution.

Plasma Profiles

The plaswas of interest have steep electron deusity gradients
near the wall (x » 0) rising to a peak value at a distance very near
the wall., The electron density theu decreases from the peak as the
temperature becomes lower and ionization is less. Considerastion is
given to very thin plasaa “sheaths" where the region of interest is
5 om or less sway from the wall, Electron density, temperature, and
collision frequency profiles are illustrated for a typica} sheath in
Fig. 4. The temperature profile is similar in form to the electron
density profile. This is due to the fact that the number of electrons
depends on the legree of ionization which i1 turn depends on the
temperature, For a reentry type plasmi, the high temperatures are
associated with aerodynamic heating which occurs when a vehicle
reenters the atmosphere, The collision frequency profile is almost
constent across the sheath, As a first approximation, the collision
frequency will be taken to be constant, The collision frequency will
be larger for larger peak electron densities,

An electron density profile that has a linear increase from the

wall to the peak is used. This profile is simple enough for a fairly
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straight forward numerical analysis; however, by taking the lirecar
increase near the wall large enough, a meaningful study of the effect
of plasma inhomogeneity on pressire wave propagation in the plasma can
be made. There are two basic rrofiles considered with the linearly
increasing electron density. The first profile is shown in Fig. 5(a).
In this case, the electron density is assumed to decrease abruptly to
zero at the outer boundary. The outer boundary is then just a plane
dividing the plasma and free space. The second profile is shown ie
Fig. 5(b). Here the electron density beyond the peak is taken to be
a constant equal to the peak electron density. In this homogeneous
region, the wave equations are uncoupled. The electromagnetic and
acoustic waves propagate independently with propagation constants
deiermined by Eqs. (129) and (130), respectively. It is shown later
(Fig. 22) that the acoustic wave is attenuated rapidly in this region.
Since the acoustic wave decays to a very small fraction of its ampli-
tude at the peak within a very short distance from the peak, the model
is shown as semi-infinite in the figuie., The temperature profiles are
taken to be linearly increasing also, and follow either Fig. S5(a) or
5(b) in form. The collision frequency i1s assumed to be a constant.

Bowndary Conditions

First consider the boundary conditions at the wall (x = 0). For
convenience {in the numerical sclution and the approximate solution)

the value of Hz at x = 0 is considered to be a known constant (0.1 +
H (0)

1+R

the dielectric, and assuming that an area of 1 in? is considered, this

0.1 in all cases) HZ(O). Using Ho = and Poynting's cheorem in

valve of uz(o) corregsponds to an incident electromagnetic wave with a
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power of from 6 & to 24 mw (foy R = 1 or 2 = 0 above), which is an
easily obtainable power level. The two elzctromagnetic boundary
conditions can be used at this boundary to determine the amplitude of
the incident electromagnetic wave and the value of the reflection

coefficient. Using these two boundary conditions gives

- ng cos 6 Hz(O) - Ey(O) i
ng cos 8, HZ(O) + Ey(O) '
where n4 is the characteristic impedance of the dielectric, and
"1, (0)
Ho "T+K °* (71)

where Ho is the amplitude of the incident electromagnetic field. The
electric field at the boundary, Ey(o), can be computed from the l-lz and
p solutions in the plasma using Ej. (48). The acoustic boundary condi-
tion used at this dielectric-plasma interface is the vanishing of the
normal component of the electron velocity (Vx). From Eq. (49) this

results in a specification of the derivative of the pressure at the

+
boundary, dp . exzno(o ) 1 0% 5
dx x-0+ we z

!

where no(0+) is the electron density a. the wall.

Now consider the boundary conditions at the distance corresponding
to the peak in electron density. The two eiectromagnetic boundary
conditions are the same for either of the two plasma profiles consid-
ered in Fig., 5. The acoustic boundary condition will be different for
the ¢t o profiles. For the profile in Fig. 5(a) the rigidity boundary
condition is used which imposes a zero normal component of the electron

veloeity at tils boundary. This implies that all of the electrons
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taking part in the collective moticn are reflected at the bouncary and
none penetrate into free space. Using Eq. (49), the derivative of the

pressure at this boundary is detemined:

(73)

where no(d_) is the peak electron density and Hz(d-) is the amplitude
of the magnetic field at this boundary. For the profile in Fig. 5(b)
the dynamic boundary condition is used. This acoustic boundary cen-
dition states that the force on one side of the boundaiy nust balace
the force on the other side of the boundsry. This implies ihat the
pressure be continuous across the boundary except at s interface
between a compressible meditm and an inccmpressible mediwm. The kinetic
boundary condition of continuity of the normal component of the elec-
tron velocity ia also used.

The condition of continuity of Ey at the outer boundary (x = d)
determines the derivative of Hz at the outer bowmdary. For the pro-
file of Fig. 5’.), ueing Eq. (48) tor Ey gives

1 d“z eKz o 1 duz (74)
T Jue(d-y dx + we(dT)Am.p(d ) = - Jue ax <= .

xmd”

Now assume that the electromagnetic field for x > d has only an outward

-JK x
going component of the form'e ox , where

= /g2 . g2 75
’ (75)

is the x component of the free space propagation constant for electro-

magnetic waves. Solving Eq. (74) for (de/dx)x-d" gives

BTSN
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It is shown in Appendix C that for the peak electren densities of interest,

the second term on the jeft-hand side of Eq. (74) is completely negligible
compared to the other terms in the equation. Thercfore, to a very gocd

approximation z - -
e &= jzp(d )Koxﬁz(d*) 5 (76)

‘x=d
A slightly different expression results for the derivative of Hz at the
outer toundary for the profile of Fig. 5(b), If Ey is taken to be
continuous at x = d and Eq. (48) is uvsed for Ey, the expression for

the derivative of Hz at x = d becomes

1 dﬂz ek @) ek ( +)
1 + L p(d7) = T p(d
jue (@) ¥ lxed™  we (d7)Am we_(d")Am
P P p
1 +
J9ep

Since p and H,  are continuous and ep(d-) = sp(d+) at x = d,

dH
z

dx

rd + —'
= “Yhy Hp{d ) (78)

x=d

where Yhx is the x component of the complex propagation constant of the

electromagnetic wave in the homogeneous plasma region.

Solutions for all field quantities in all three regions can be
obtained from six boundary conditicns, three at each boundary. In
the numerical solutions, four boundary conditions are used to solve
the two second order coupled wave equations for the fields in the

plasma layer for the profile cf Fig. 5(a). The conditions are:
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L

(13 szze*.! ~ 0.1+ 10.1 (7)
+
: ek & (0 )
3 ®: . XC _y Y (50}
da + we z
x=0 ¢
oy - ;-
(3 B ek, B (d) (31)
A=gd
. et 3 (d)
D) £l a X ) (82)
£ e e z

The boundary at x = d for the plasea profile of Fig. 5(b} is not
associated with boundsry coaditions relsted to «i intsxface dlividing
two di fferent medin, but to m intacface vhere the forw of che plmsmz
pro¥ile changes (the madiuz remaius the smes). One extrc wkaewn (s
irtrodused in this case-~the pressure field in the hasogensous r=giva
wvhich ¢id not exiat in the case of Fig. 5{a), since the region for
x - J uss free apace. 1Inrcead of the single sxowmtic bowndazy condi-
ting, ™o independent acoustic boundgry condit{ons are umed ar this
incerface. The first ope 13 the contisuity of the pressure scross the

interface, or
p(e?) = p(ahy (83)

The second cae 1s the continuity of the nomal component of the

ordered electron velocity across the interface, or

= N
Vx(d } = Vx(d ) (84)

which gives (using Eq. (49) &nd the continuity of H atx= d)
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I only = omgoleg pressure wew is znsimed to exisi ip the noaogerous
mgion {(m0 yeflaction), k2is tecomes

%t

t - - 6hy 86
& i .- Yox FRE 5 (86}

vhere rp: is the x cosponent of thx coaplex propagatiyn corstamt of
the acoubtic weve in the Lomogensous piasms region. The ordinary
clecivcasgueiic boundary coaditions (E}' and Hz continucua) are used at
the x = d beundary for profile (b) alsc. The boundary conditions used

in the numerical golution for profile (b) are:

(1) H (0") = 0.1+ 30.1 (87)
-
ek n 107}
. o +
(2 A P ey Wl (88)
x=0 o
tmz i
(3) - = -y, 3_(d) (89)
dx .xnd“ hx s
Q +
(@ & Ld_ i P(E) ¢90)
(5 p(d) = p(d) .




~

T T

Ficite Ziffereace Kumerical Eclatiss

Soivtioos cf the two coupled waw cgquatias <iil be cbiriced by

replacizng the twvo ordiangey diifsrentia’® egustions with their fimive

differerce sppriximetions. The two egualiozs are

b3

d‘ﬁx ﬂz
+A-— 43 «(Cp {91)
dx z
&’
%4»9%‘}3@-?1{: . (92)

where the principal terae are or the lefi~kand side of the equacions

and the coupling terms are on the right-hand eide. The coefficients

are defined ags follows:

de
_El__a_xg » (93)
e
xgep-x; . (94)
ek i de
=1 05
P
1 de
“T® (%)
P
w2
2’3.[1..-2-_1-\,-]-!(2 . 97)
u"c” w? @ y
eK n 1 de ek dn
-—XLe E—-Ex-g‘f"'—z‘—d—:' . (98)
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The ceefllcienss of the cowpld ayustions a3 wPlex; themiore, e
fagite dffescace spproviostions will invelwe ~o2pinx cuwmtities, Cos-
patatians inwcivicg the cotpler susntitizs IW handiod sasily wiisg B
coaplan avidhmetic coapidilities of thoe FRTEAN IV langodge om the CI
65 computer. The sain advantege of using 50 nuwserical sciution is
k3t the cowling terve are reixiped $n rhe fief sslutioma.

Sinen the orastions sre <rdlasry Jdifcreotial eguations, in me
indspecdaut wrishbiz, 2, the firgt step {5 to divide che x-axis into
3 mudber of equaily 3pr ed prints & sbaww in Fig, 6. The step size
is indicated by h. In the fintrs difference numerical soiucion, the
variable 1 corresponds to discreie points on the x-axia. Solutions
for H ' and p will covsist cf values of H, and p computed, st x values
covrespouding to 1, from the finite difference approximations to the
differential equations. The fields computed at the discrete points

will be designated as Hz and Py-

1
Letting f represent elther field quantity, the ceatral differ-

ence approximation used for the second derivative is (Ref. 28)

@2f B T3

dx? h2

’ (99)
where the error asgoclated with this approximation is equal to

h?
'ii'@.‘l:,

vhere |¢]| < 1 and My is the iargest value of the fourth derivative of
the function in the region of interest. The finite difference upprox-

imation uwsed for the first derivative is the central difference formula
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{Ref. 285)

i (100)

vhege the error associsted wil: this approximation 1s equal te
T "

vhere {¢] < 1 and My 1s the largest value of the third derivative ia
the regiom cf interest. ¥hen these approximaticmas are used for the

derivatives in Eqs. (91) ad (92), the two equatione decowe (in finite

¢ifference form):

Be) " Bm Y Mgy |, i’nz(iﬂ) ' uz(t—l)-i
= L i ‘
+ Bazi = Cp, (101)

and

Pggr = 2Py * Py 4 p | Pl Pi-1
h2 2h

+Ep, =FH , . (102)

The solutions for E, and p; now require the solution of 2(N+1) linear

algebraic equations where N+1 is the number of points. The suvlution

of 2(N+1) equations is required since H , and p, must be determined
from Eqs. (101) and (102) at a total orf N+1 points. To improve the
accuracy of the numerical solution, the step size h can be reduced

(the errors are proportional to h2); however, this would increase N,

requiring the solution of a larger number of algebraic equatioms,
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Ikz replacemext cf the diferentis] equativas by the ficire Mifer-

ence gpproxisstions, fgs. (101) md (102), 12 standard. The nwmerical
technijue reaily depends upna the method chosen for the solution of the
resualting algebraic agustions. The method wed here is to solwe for

“zi and Ps fro= the €inite difference equations. 7Tiuis giveg

2 5+ DA . bAj
0y + R sy [‘ *3 J* -1y [1 5|

T (i03)
et 2 - h?B
and
2 hp - hD]
SR, Y P [1 o T] Py [1 3 0
P = , i | -, 108)

2 - h2e

An iterative method for solving the equations is ased. A first sppriu-

imation is vred to calcuiate 2 second approximation which in tum is
used to calculate a third, and so on. Since the same formula (Egs.
(103) and (104)) is used to calculate each approximation, the iterative

process is said to be stationery. The formulas used describe a point-

method since the next approximation at one point is explicitly expressed

in terms of known values at other points. The iterative prccedure is
convergent when the differences between the exact solution and the
iterative approximations tend to zero as the number of iterations

increases. The iterative process described below is called a Jacobi

iterative method (Ref. 29). Initia) guesses are made for L and Py
across the entire plasma layer {x = 0 to x = d). New valueas for Hzi

and p, are computed at each point using Eqs. (103) and (104) and the

-
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initisl gursses for Hzi and Py- uﬁ ama py are agetn computed at each
point using zhe azi and Py values founé iz the firet iteration. The
pruceduse is repested wmtil the solution converges such that Bli and P
satisfy Eqs. (101) aad (102} at all points acrose the laver. When this
occurs, the Rd sad Py <copuled from Eqs. (103} and (104) wili be
wnchanged from one iteration to the next. This will newer happen, of
course, becase of the errors in 8 finite & fference solution; however,
coaverge:sce will be assumed when the change in H 71 34 p, betwzen
successive itera.ions becomes small. The convergence of a typical H o
srluetion is 1llustraced in Fig., 7 as a function of the number of fter-
stione, The converyeace of the Py scloticn 1s much faster, as showm
in Fig. 8. A typical velue for h is 4/50.

Since the piasma 1s bowunded, the field solutions are constrained

to obey certain conditions at the bowundaries (see the previous section,

Boundary Conditions). These are included in the numericai solutions by

requiring that azi and Py obey these conditions. One guch conditicu
is that Hzo(i-O) be held constant. All other buundary conditione
involve the derivative of the field quantities, The derivatives at
the beundaries are finite difference approximations cbtaiped from a
Tayle~ series expamsion of the function (Ref. 28) at the appropriate
boundavy. For the derivative at tne wall (x = 0}

af i ~£, + 4f; - 3f°

x| ot 7h

where the number subscripts are the values of 1. For the far boundary

(x = d)
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ihe derivat{ve values wili De uwsed ts solw for the fieid quintities

3t the boundaries. Llecting

i’ EY E{ .
o*d P oxot s

91'
‘o = 3 {145)
ad
BE_ -Gyt i

The boundary conditions appllied in the numerical solution and used
for efther wode]l (Fig. 5(a) or 5(%}) are exzvessed ac fcllows:

at x = J: “zo'zl

£-5

.

at x = 4: -d—!—z--23

£
»

vhere Z, to Z, are complex numbers. The value of Bz at x = 0 is fixed.
The values of the derivatives of the functions at the boundaries are

used tc calculate the fupction values at tha boundaries (except, of
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course, for the valwe of Ez 8t = = J). Eguations (iD%) and {i6) are
wed tr caiculate the function salues 22 the bowndsries as folious:

-Zhi; - B, * 4f,

Po- " -

Using Eg. (10%) at x = d gives

I S
Py 3

o W2y - H;(’_z) + “t(‘vl)
b~ 3 *

The bomdary values sre uvp-dated In this naaner at the end of eazh

iteratioc and are wsed for caleujatione io the succeeding iteratios.

Coefficients of the Coupled Equatiocns

The complex coefficients of the cuupled vave ejuations (61) and
{52) determine the forms of the solutices for B or p. The importace
of the magnitudes of the cceificients is ifllestrated in the nexi section.
By werking with the coefficients for varicus plasas grofiles and
operating frequencies, one finds that certein coefficients are much
zore important than others. The coupling coefficient F is perhaps the
noat significant coefficient, UWhen the exact form of the ~ontinuity

equation (Eq. (10)) is uwsed, coefficient F is given by

ek n de ek dn
Fuw.-.—-2l2l1 2}, ¥ o (167)
€ cpdx s»eodx '

This coupling coefficient as given by Burman (Ref. 16) includes only
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G 1ifst iers. fhe Savlivte values of the coefliicienl F giver by ig.
I3 and giera by durman (Retf. &) sre plotied iz Fig, ¥, (2 is
-seveed that whe 7 influding the sédizicsail terx is izrgey, especizlly
2 the saailer eizcliton densiries. fince, in the ishomegeneows reglon,
ihe svessate 15 essemtialiy pooportiongl to ¥, the magnitude of F could
a2ke 8 large &lffcrencs in the gressure ampiitude. The other coupling
coefilcdenct is gplotted in Fig. 1¢. Both cevpling coeificlients mach
2 nixizuw valiue g2t the dase distmce inio ihe plaswa. The peak ie the
curve Trpreseating coefficieat F is caured by a viniaw in ip at a
paiat where . = . i.e., m x valee where the 2lectros density na

resuits ic & vaive of uv

equal to the opevating frequewcy. Since L is assuzed to be lineariy
increasing, the x dependence of F is given by nolzp; therefore, the
cowpling coefficient is directly propuriicnal to the density and
inversely properticongl to the relative dielectric constmat of the

plasma given by

w? wl
t =1 - B . y_P_.
4 wzwz W w2+v2
for a lossy plasma and
w?
e =1--R
P 2

.
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for 3 lossless plasms. For a lossless plesma cp = G for “p = _anl F
vould b2 infinite; howevar, cp hxs a minizw for % = . iz a lossy
plasma and ¥ has & pesk value st the distance x wvhere Ty The
peak viil be less sharp for larger collisiuvn fregquencies,

The other coeffizients are giver in Appendix B for 2 typical

plasma prcfile and operating frequency.

Approximate Sol:tion

In determining an approximate soiuticn, the relative magnitudes

3f the terus in the equations are considered. If scme terms 1n the

61

equatioza are much saslier thas othern, these can b2 neglected ad the

equations sispliiled. 1The preccedure is dsacribed beiox:

(1) Eeplaee a second derivatiwe temme by the dependeat variable
in the derivative divided Dy the square 0f the characteristic Iength
(the plazms thickniss, dj.

(2) Replace a first derivative term by the dependent variabie
ia the derivativwe dviled by the chavacteristic length.

{3) vetermice the relatiwe magnitude of the resuiting terzs
fron the coefficient magnitudes.

For the two coupled diffevrential equations the fiist two steps

result in:

~

+8)Bz-€o

+£)p*?ﬁz
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For an el=ctron density profile which increases linearly froe 10'?
elecirons/ce” to 10'™ clactrons/ca’ in 2 ma, 12 1s shown in Appendix
A that for certaln irequenries the shove equations become
1 A
— B = ( 110
(dz d ) e o
and
Ep = F’dz {111)
with the other terms being much smaller. Substituting fer p in Eg.
(110) from Eg. (11i) gives
/1 A CF
\dz.‘b a)";'i‘”“z , (112)
or
1 A cr ;
(-;-2-4' 'a- - -E—-)Hz =0 . (113)

It is alsc shown io Appendix A that CFP/E is negligible compared to
the otner terms in the parenthesis in Eq. (113). Equations (108) and

{199} thus become

and

Reintroducing the derivative Cotation, theee equations becoee

azuz a_

———t 4= {114)
dx

d!Z

62

-



63
and

pe(E ), . (115)

This procedure appears cimilar to a successive approximation techanique;
however, it shovld be noted that the coupling terms vere neglected
only vhen their magnitude wvas much smalier than the cther terms in the
equation. In the l!z equation the coupling term was negligible; however.
in the p equation, the coupling term was a Jominant factor.

Equadon (1i4) can be solved for L The pressure p can then be

found from Eq. (il5). First define

c-:a;z. .
dx } ]
then
L+mc=0 ,
vhere
de
A= -L B
€ dx
P
Then

de
&6 [ o_p -
G (s‘)cht)dx ¢ .

integrating both sides of the above equation gives
inG-inep+lnC 0
or
G=C; ¢ 0

or
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where <: {¢ the first constant of integraiioen.

Integrating buth sides of the sbow equation gives

where © is the second constant of Integratiom.

Since Ez(xsﬂ} - uziﬁ}

p 4
- & 3 3
ﬂz Ci j' e.p dx + l‘z(@, . (11&)
[\]

Using the rigidity bowndary condition at x = d, it is shown by Eq.

(76) that

Bl @

o -Je, 147 K, #_(d")

Using this condition gives

Kox B
Cy = y -~ (117)
-k, g cp(x) dx

where cp(x) is the relative permittivity {complex) of the plasma evalu-
ated at x, and L is given by Eq. (75).

The approximate Hz solution 18 not always accurate for the plasmas
of interest; however, the approximate p solution can be used for all

profiles, since coefficient E is very large (see Appendix B). The
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approximate sclutions are compared with numerical sclutions iIn Figs.
11 and 12. In most cases, the initial guesses for a nuerical solu-

tion were the approximate solutions described above.

Solutions of the Coupled Wave Equations

The meaning of the Hz and p solutions will be discussed before
the results are presested. The field solutions are valid solutions
of the coupled wave equations; however, the curves describing the
pressure fleid as a functicn of 2 show oniy a part of the sclution.
If the couwpling term on the right-hand side of Eg. {#1) is negiected,
the pressure fleld soluziom has two parts. One part coasists of the
ssthematical representsticn of wo plsne wvaves traveling in opposite
directions (attenuated by the same smount as a function of x) and
the cother part consists of a pressure amplitude with 5 differenl x-
dependence. 1t will be shown thzt the results presented in this
chapter give only the second part ¢f the pressure solution.

As discussed in the section on the approximate sclution, the
coupling (or influence) of the temm on the right-hand side of Eq. (61)
is negligible for many of the profiles and frequencies of interest.
The complete analytical solution for p will be obtained by making some
rather broad assumptions, hence the error in neglecting the coupling
term in Eq. (61) will not present serious problems. Tne equations to
be considered are:

aH

z
de

dHZ
+A g +BH =0 (118)

and
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ﬂ&og.g.gp-‘ . (113)
dx- @

vere g = .'F.z. The zagnetic fleld l!z can be deterwined fraom the first
equaticsi. The second equation is now consideved fv detxil. This is
an inboscgencous, second order, ordinary differeatial equatiomn, The
soiution vill coasist of two parts: the bomogeceous svlutinm and the
particular soluticn., If D aad £ are constan>s (vhi<h is aot a bad
assumptica for a lincarly f{ncreasiag electron density grofile), the
homogeneows solution is

Yy x Y.X

pymde! +be” (120)

vhere mdyz are the two reots of the equation 82 + s + E = 0 and
a3 md b are constants. Sias E >> D, y ¥ /& md v, = -i/E. mis
is due to the large collision frequency in the plasma (see Eq. (97).

The particular solution is calculsted es follows:

a4 |, (124)

x
- [ 88) [lﬂyisbe"‘&" - “71‘.,9725]
’r 16)
°

vhere W(8) can be determined by calculating the Wrouskian

P, o, ()] (v 7 )x

Hix) = = ably, - v )e
gp;(x) p,(x); ( : l)

where




e

bl afiuind

and
Y. %

)
<

P, {x) = be o

Bete that sicce ¥y " < Y5

-

('1”3)‘
€

and the Wronskisn is indapendent of x. The particular soliction is
then fowmd to be

L7t S
p =B 4K Je_ e |
P oYY, v,evly, Y,

vhere it vas sseuwmed that the product ﬂz = g was constaant, allowing
the integrarisa of Eq. (121) to be performed easily. The cosplete
solution is just the sum of the homogene2ous solution and the partic-
ular solution
Y, X Y, X Y, X Y. X
p-ael +be > +%-—§E(el +e2) ’
which can be revritter

Y% Y x
pP=A'e +B'e +8k (122)

vhere v,y, = E, and A' = a - g/2E and B' = b - g/2E are defined as the
nzw constants of rhe homogeneous solution (since g and E were considered
to be constant). The constants A' and B' can be determined from the
two boundary conditions and are found to be functiomns of both llz and

duzidx at both boundaries. The particular solution has no undetermined
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P, 1)
coefficients but depends on the “forcing fumciion™ g. The particular
soivtion aiso is a functice of Bz since g = FH_.

The nuwerical solution yfeids pressure sclutions with approxi-

sately the follofvLg dépendeace
' F ,
e =% )uz - glE , {123)

and this is just the first nsrt of the particular solutica. In the
sclution, the other terms sust be negligible since the x degi.dence

is given by g/E alone and the complete solution is given by cthe sum of
the terms. It is conciuded that the “forced solution™ (s ters in the
psrticular solution) is much larger than the terms in the solution
characterizing the scowstic vewe propsgation inu the plasmsa.

It was noted that chenging the acoustic boundary conditions
(c.g., setting p » 0 at x = d) had vers little eff2ct on the sclution
at interior points. 7This should be expected since the particular
solutfon is not affected by changing the constants A' and B' which
depend on the boundary conditiocas.

Even though the two plasma models considered are simple, there
are still eight different parsmeters which can be changed to affect
the solutions. These include: the electron density at the wall,
the peak electron density, the temperature at the wall, the tempera-
ture at the distance correspouding to the pesk eleztron density, the
collision frequency, the distance to the peak, the operating frequency,
and the angle of incidence. For the results presented in Figs. 13 to

22, the angle of incidence was fixed at 30°.
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in Figs. 13 to 18 the prafile -f Fig. 5(a) is wses. The wsll xad
pesk electron censities, the wall ind peak teaperatures, &4 the
collision frequency are iandficated oo each figure. Solutichs corres-
ponding to different operating frequencies are labelled with the
particulsr frequency. The aagnetic field solution 1'c: the first deseity
proiile is given 1n Fig. 14 for three differeul operating frequencies.
Since the acousti~ modes generated in the plasma are of primary concern,
this is the only magnetic fie.d solution presented. Figuze 15 gives
the pressure field for the same woll and peak electron densities as
Fig. 13; hovever, the distance to the pezk ia Fig. 15 is only 0.5 mm
as compared to 1.0 am in Fig. 13. This implies that the gradient of
the electron density in Fig. 15 is larger than that in Fig. !3. Fig-
ure 16 gives pressure solutions for a low electrca density at the wall
(109 ca~3), while Figs. 17 and 18 give presesure solutions for a high
pesk eiectron density (10!“ ca™3). As given by Eq. (123), the x-
dependence of p is just FBZIE. Since E is aimost constant across the
plasma layer (see Appendix B) and H_ 1is slowly varying with no pro-
nowmced peaks, the pesks in the curves representing the pressyre solu-
tions are due to F. This peak in F can be seen in Fig. 9. The peak oc-
curs at the distance where the electron plasma frequency (determined by
the electron density) is equal to the operating frequency. The magni-
tudes of the pregsure sclutions for the differcnt density profiles are
not significantly different; however, comparing the 30 GHz curve in Fig.
13 to the 39 GHz curve in Fig. 15, it is noted that the pressure magni-
tude for the larger electron density case (Fig. 15) is slightly larger.

The significant result of the pressure solutions given in Figs. 13 to
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18, as stated earlier, is that the curve clearly describes a variaicion
given by Eq. (123) with no x-variation of the type given by the two
exponential terms in Eq. (122) observable. The influence of these
terms (describing acoustic wave propagation) on the "forced sclution,"”
Eq. (123), must be negligible. From Figs. 13 to 18, it is observed
that the amplitudes of these terms must be of the order of 10~% rewtons/
meter’ or smaller. The amplitudes of these terms are discussed
further in Chapter V.

In Fig. 19, the pressure field soiutions are given for various
temperature profiles for a 10'! - 1013 cm™3 electron density profile.
The pressure increases as the plasma temperature is increased.

In Fig. 20 the profile of Fig. 5(b) is used. Comparing the 30
GHz curve in Figs. 13 and 20, it is noted that the pressure amplitude
for profile (b) is smaller than the amplitude for profile (a)., This is
due to the fact that H is smaller for (b). The same x-dependence
(FHZ/E) is present for the pressure solutions in both profiles. The
same explanation holds for Fig. 21l.

The attenuation of a pressure wave propagating in the positive
x direction from x = d in the homogeneous region of profile (b) was
calcuiated by determining the real part of the x component of the
propagation constant given by Eq. (130). The pressure amplitude was

normalized at x = d and the attenuation is described by

|y | =0

where o is the attenuation factor from Eq. (130). The wave is attenu-

ated by a factor of 10~* within a distance of only 0.02 mm from the
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peak (see Fig. 22). The calculations were made at low frequencies
(1 Gliz and 10 GHz) where the attenuation is less scvere. Higher

operating frequencies would result ir an even more rapid damping of

the wave.
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CHAPTER V

CONVERSION EFFICIENCIES AT A DIELECTRIC-PLASMA INTERFACE

Conversion of an Electroqggnetlc Wave into an Acoustic Wave

It has been shown that the amplitudes of waves associated with the
propagating electron acoustic mode are of the order of i0™% newtons/
meter< or smaller even in a plasma region where there exists coupling
tetween the electromagnetic wave and the acoustic wave, An estimate

of the wave amplitudes is made in the section Power Conversion at the

end of this chapter. Even though it appears that the amplitude of the
reflected acoustic wave is so small as to be undetectable, the conver-
sion efficiencies will be investigated, since very few numerical
results seem to be available even for the semi-infinite plasma case
of this chapter. For the semi-infinite plasma, the pressure solution
simply consists of one of the exponeatial terms in the homogeneous
solution of Chapter IV which corresponds to propagation in the posi-
tive x direction.

An electron acoustic wave can be generated at the boundary between
a dielectric material and a plasma by an electromagnetic wave which is
vertically polarized and obliquely incident from the dielectric mate-
rial (Ref. 21). It was shown in Chapter III that a vertically polar-
ized electromagnetic wave incident on an inhomogeneous plasma generates
a disturbance described by two differential equations implying a
coupling between an clectromagnetic mode and a plasma mode because of
the inhomogeneity of the medium. The modes are also coupled at a

boundary, but the coupling in this case is through the boundary

84




e e et

85
conditions which are both electromagnetic and acoustic. The boundavy
conditions used are the tontinuity of the tangential components of the
electric and magnetic fields (Ref. 30) and the vanishing of the normal

component of the electron wvelocity (Refs. 12, 13, and 22).

- +
H,(07) = H (0% (124)
)= + 12
Ey(O ) Ey(O ) (125)
v 0 (126)

The acoustic boundary condition, Eq. (126), implies that none of the
electrons penetrates the boundary and is sometimes called the "rigiditv
boundary condition.” This acoustic boundary condition is considered

to be valid at a dielectric plasma interface (Refs. 12, 13, 21, and
31); however, at the boundary between a metal and a plasma, a different
acoustic boundary condition must be used (Ref. 31) which specifies the
ratio of the normal component of the electron velocity to the pressure
and is referred to as the "impedance boundary condition."

In this chapter, only homogeneous plasmas are considered so that
the spatiel dependence of the fields can be explicitly written., Plane
wave propagation is considered with hammonic time variation assumed.
The objective is to determine numerically the effects of plasma param-
eters (electron density, temperature, and collision frequency) and the
incident electromagnetic wave (frequency and angle of incidence) upon
the conversion efficiencies at the boundary.

The conversion of an electromagnetic wave into a pressure wave at
a dielectric-plasma half-space interface is shown in Fig. 23. The

electromagnetic wave is vertically polarized and incident at scme
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Figure 23. Conversion of an Electromagnetic Wave into
an Acoustic Wave
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angle 8,. Part of the wvam is transmitted into the plasma and part is
reflected at the interface. Due to the coupling at the boundary, part
of the electromagneric wave is couverted into an acowstic wave in the
plaswa. This wave is represented by the scalar pressure p and propa-
gates at some angle ep away from the boundary. Since the plasma is

homogeneous, Eqs. (61) and (62) become

dZHz
- y2 =
" Y2, 4, =0 (127)
and
2
49r .2 sa0 , (128)
de px
where
2 o x2 . g2
Yhx Ky Koep (129)
and
r 2
2 2 _w2 % v
v, =K -=1--F-3=1. (130)
? v w2

Both Yhx and pr are complex n mbers., This implies that both types of
waves are attenuated in the plasma. Equations (127) and (128) describe
wave propagation in the plasma. The electromagnetic and acoustic modes
propagate independently. Since the plasma is of infinite extent, there
are only outgoing waves and from Eqs. (127) and (128) the fields in

the plasma are given by

Yot JKY
H =H ehxey

z 20 (]31)

and

-y_ x JKy
p=p0)e P* e ¥V | (132)
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where the y dependence is tke same as that for tqs. (52) and (53).
The value of the pressure wave at the boundary is p(0) and Hzo is the
value of the transmitted magnetic field at the boundary.
The electromagnetic field in the dielectric is taken to be a
superposition of an incident plane wave and a reflected plane wave

and is expressed in terms of the magnetic field as

’

=Y, X Y, X iK v
uz,uo(e dx” Red")e y (133)

where Ho is the amplitude of the incident wave and R is defined as the
reflection coefficient. The x component of the propagation constant

in the dielectric is defined as Y ax and is given by

2 2 Kk2 - o2

Yix Ky wiu € K, (134)
or

Vs © juvy € K, cos 8, . (135)

The ratio p(O)/Ho will be determined using the three boundary

conditions, Eqs. (124), {125), and (126).

From Eq. (124) (Hz continucus at the boundary x = 0),

H +HR=H . (136)
o o zo

From Eq. (125) (Ey continuous at the boundary x = 0), and using

Ey = -lljmed(de/dx) in the dielectric along w.th Ec., (133) and using

Eq. (48) for Ey in the plasma along with Eqs. (131) and (132),

H vy Y eK
LR . D2 v
jmcd [1 - ] Jwe Hzo * weAm p(0) . (137
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From Eq. (126) (Vx = 0 at the boundary x = 0), and using Eq. (49)
for Vx
Y

ek £
weAm Hzo + sA:no p(0) =0 . (138)
o

Equations (136), (137), and (133) can be used to sclve for the
ratio p(O)/Ho, which gives the magnitude cf the generated pressure
wave at the boundary relative to the amplitude o: the incident electro-

magnetic wave., The result is

2eK
wk des
Pl(i°) - d i . (139)
2y2
° e Ky - prdeeoep _ prtheo
3 wAm n K n
od o

Equatirn (139) will be used to investigate tne conversion of a trans-
verse electromagnetic wave into a pressure wave at a plane dielectric-
plasms interface. A computer program was written to solve Eq. (139)
for various plasma parameters ard incident electromagnetic wave
properties. The absolute value of Eq. (139) is used. For simplicity,
this value will be designated as |p/H| in the following graphs.

The electromagnetic-to~acoustic conversion efficiency is plotted
as a function of electron density in Fig. 24. The temperature and
collision frequency will vary for different electron densities. Col-
lision frequencies and temperatures for different electron densities
are shown in Table I. These values were taken from case studies made
of the plasma sheath surrounding a hypersonic reentry vehicle using a

computer code developed by McDonnell Douglas Corporation (Ref, 32),
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Tabie I
COLLISION FREQUENCIES AND TEMPLTATURES

FOR GIVEN ELECTRON DEHSITIES (Ref. 32)

Electron Collision
density frequency Temperature
(™ ) {gec” ) k)
1.6 x 101! 10t1 2000
3.2 x 10! 101! 2006
6.4 x 101! 101! 2600
1.3 x 1012 iol? 3000
2.6 x 101? 101! 3000
5.1 x 1012 101! 3000
1.0 x 1013 101! 4000
2.0 x 1013 2 x 10%! 4300
4.1 x 1013 2 x 10!! 4000
6.2 x 1013 4 x 1011 4000

The program treats the inviscid flow field, ablation mass lcss, and
turbulent boundary layer surrounding a spherically blunted conical
body. Ttz electrcn density, temperature, and collision frequency in
the turbulent boundary layer are of primary concern in this report.
The case studies were made by the Fuzing Environment Branch (WLEE) of
the Alr Force Weapons Laboratory using the computer code for several
advanced reentry vehicles with two different types of heatshield
materials and various reentry trajectories. The significant result
of Fig. 24 is that the electromagnetic-to-acoustic convcrsion effi-

ciency increases monotonically, with increasing electron density,




92
This implies that a more demse pleswa wouid resalt ic a better coupling
of electromagnetic encrgy to socowstic energy at the bowedary. The
dashed portion of the 40 Qs 'cu".! ia Fig. 24 indicates the regiom
vhere the acowtic vaves are Lanéay daped since xpg x’ fn this regiom.

Figure 25 giwes the electromagnetic-to~acomstic cmversion effi-
clency as a fuacclon of the plassa temperature. It is noted that the
conversion efficiency increases as the plasaa tempersture is incressed.
This {s to be expscted since it is the plasms temperature uwpon which
the acoustic vaves depend as a propagating mode (see Eq. (33)). The
nwmerical solutions show that the “forced solution™ of the pressure
field also increases with increasing temperature as illustrated in
Fig. 19.

Figures 26, 27, and 28 iilustrate the fact that the alectromagnetic
to acoustic conversion efficiency has a maximum value at a particular
sagle of incidence. For an electron density of 1013 cn-3 and a
frequency of 40 GHz the efficiency has a peak a: approximat:ly 25°
(Fig. 26). For a frequency of 31.25 GHZ the psak still occurs ac 25°
(Fig. 27); hovever, the efficiency magnitude is larger L7 an order of
magnitude due to the frequency dependence of the eff: . iency (see Figs,
29 and 30). When the electron density is incregsed to ii''“ cm™3, the
peak occuzs at 45° (Fig. 28).

Figures 29 and 30 illustrate the fregqueacy dependence of the
electzomagnetic-to-acomtic couversion efficiency. The efficiency is
plotted as a function of the dimensionless paracter w/mp, where vy

is the electron plasms frequency determined by the electron density
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from Zq. (30). The curves exhibit a minimum at a frequency slightly
sbowe the plasma frequency and a steady decrease at frequencies greater
than sbhout twice the plasma frequency. The physical explamation for
this behavior lies in the interpretation of the ¢lectron plasma fre-~
quency. At frequencies below the plasma freq&ncy, the electronn can
respond to the time variation of the electromagnetic wave and at fre-
quencies sbove the plasma freq;senqies the electrons cannot follow the

field. Since the pressure wave describes a collective motion of the

electrons, a larger response is expected at frequencies below the
plasma frequencies. From Eq. (139) it is seen that the efficiency is

directly proportional to the relative dielectric constant of the plasma,

ep. For a collisionless plasma, ep is zero for w = wp and the effi-
ciency would be zero. For a plasma with a large collision frequency

such as the one considered here, ep has a minimua for w = “’p and does

not vanish. The dashed portion of the curve in Fig. 29 indicates that
Landau damping would destroy any collective motion of the electrons in

this f.aquency range. The efficiency is an order of magnitude smaller

T AT T

for an electron -density of 1012 em™3 (Fig. 29) as compared to an elec-
P tron density of 10!* em~3 (Fig. 30).

4 The electromagnetic-to-acoustic conversion efficiency is plotted
| as a function of the dimensionless parameter v/w in Fig. 31. The
effect of a large collision frequency is to reduce the amplitude of
any organized motion of the electrons considered as a continuum. The
effect on the conversion efficiency is therefore a reduction in magni-
tude of the conversion efficiency. The reduction is fairly small and

constant for collision frequencies smaller than the operating (radian)




100

0!

(™/a) onsz3a LOUDTOTIIT MOTSIFATO) DFISNOOY-C3-DFIauBvwox3zoary

(mj &)

‘1€ 2an8¥4

J

—— | D
i »0¢ ' 8

P~ oou\QEOO_ X0prag =~ -
Yo 000% - I

o ) ° B
m.m... ....o_ s

- -

1 § £ | i 1 1 b L 4 1 ] 1 i 1

[wrd|

(Joj0w-2)0dwo/sU0|MIY)
’Ol X

0




102
frequency (Fig. 31); howaver, the reduction in the efficiency magni-
tude is greater for collision frequencies larger tha. the operating

(radimm) frequency as iilustrated in Fig. 31.

Conversion of an Acoustic Wave into an Electromagnetic Wave

An electron acovetic wave incident upon a boundary between a
plasxa and a dielectric can excite an electromagnetic wave in the
dielectric. This is a consequenze of the boundary conditions being
both electromagnetic and acoustic in nsture, Eqs. (124) to (126). The
conversion process is illustrated in Fig. 32. In general, there will
be both transmitted and reflected electromagnetic waves excited at the
boundary. As shown in Chapter III, a prcilure wvave such as the one
shown in Fig. 24 can be excited only bj a vertically polarized electro-
magnetic wave, thervefbte. a pressure wave of this type will excite
only a vertically polarized electromagnetic wave,

The plasma is considered homogeneous so that expressions for
the fields can be written explicitly., There is one other assumption
which must be made in order to obtain numerical results., The y depend-
ence of all field quantities (including the incident pressure wave) is

assumed to be

e 7 (140)

where Ky is given by

Ky = quoeoKd sin 6] . (141)

Iy pa—
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Figure 32. cénversion of an Acoustic Wave into an Electromagnetic Wave
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The value of Ky will determine the angle 9p at which the pressure wvave
is incident upon the bowndary, since pr can be determined from pr
(K x is the imaginary part of pr) and

P
1 KY
5? = ian /ﬁpx .

The spatial variations of the fileld quantities are determmined in
the same manner as in the last section, The electromagnetic wave
reflected in the positive x direction i1s described by the magnetic
fleld strength in the plasma

v, % JKy
H »H e bx e 7 -
z 2r

where Hzr is the amplitude of the reflected magnetic field streagth
at x = 0 and v, is dofined by Eq. (129). i has only a z component, W,
for a vertically polarized electromagnetic plane wave. The pressure

wave in the plasmz is given by

Y, X -v_.x\ Ky

s pX y
p= (p1 e tp.e )e
where Py is the amplitude of the incident pressure wave at x » 0 and
Pr i~ the amplitude of the reflected pressure wave at x = 0 anl pr
is defined by Eq. (130). The transmitted electromagnetic wave in the
dielectric is described by

Y dxx JKyy

HzaHzLe = a
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where Hu is the aeplitude of the transmitted magnetjc field strength

at x = 0 and A is defined by Eq. (135).

Applving the boundary condition from Egq. (124) gives

nzt - Bzr o (142)

Applving the bowndary condition from Eq. (125) gives

! 1 fx_ !
- :F.?.‘; "ax Uo7 T Yoo ("hx uzr) My ™ (pi + pt) - (163

This completes the two electromsagnetic boimdary conditions.

izplving the acoustic boundary condition from Eq. (126) gives

eK £
- - o - ;
wEAR H" cAmc (pr Pi pr pr) =0, (134)

where Eq. (49) has been used for Vx.
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