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ABSTR.^CT

The purpose of this note Is to examine under vhat conditions one can ellnlnate 
steady state bias errors that arise when the nominal naraneters used In the 
realization of a Ralaan-Bucy filter are different from the actual plant parame­

ters. It Is shown, under suitable conditions, that by adding to the standard 
Kalaan-Bucy filter a correction signal, which is obtained by integration of the 
Innovations process(residual signal), leads to a design that has zero mean 
steady state error.

.. - ’i

1. introduction

It has been widely recognized that the Kalnan-Bucy 
filter will yield biased estimates and exhibit long 
term Instability (from the estimation point of view) 
whenever the nominal parameters used in the Inplen-

PLANT EQUATIONS
The plant Is assumed to be a linear, tlrae-lnvar- 

lant, comoletelv controllable and observable system 
with state x(t)cR , an output vector v(tlcR and a 

. , ... constant Innut vector u(t) • u for all t,uE^^. The
entatlon of the Kalman-Bucy filter dlfferfeven sllgh- driven bv a zero mean, stationary, white
tly) from the true parameters of the plant. Several process t(t)cR . Thus, the plant state equa-
investlgators (see references (1) to (31) have anal- "

yzed this problem In order to obtain qualitative est-tlon Is 
Imates of the errors Involved. The ma.lorlty of the (2.1)

available results analyze the differences between 
the Rlccatl equations when the true and the nominal 
parameters are used.

The problem of doing accurate estimation when 
the plant parameters are not preelsely known In­

volves parameter estimation and, hence nonlinear 
filtering whose Increase In complexity may 
be undesirable for certain applications. A pop­

ular technique that Is often used Is to Increase 
the covariance noise of the plant white nwlse, so 
as to tell the mathematics that there Is an add­

itional uncertainty In the equations. The net 
effect is to Increase the gain matrix that operates 
on the Innovations or residual signals so that the 
’’filter pays more attention to the observations".

The purpose of this note Is to examine the 
existence of mean steady-state(bias) estimation 
errors when the plant and filter parameters are 
different. For this reason. It Is easier to deal 
with the performance of steady state Kalman filters 
for linear, time-invariant planes subject.to sta­

tionary white noise processes. It will be shown 
that, under cettaln conditions, zero mean steady- 
state estimation error can be obtained by adding 
to the standard steadv-state Kalman filter a feed- 
foward channel that Involves the Inteeratlcn of 
the Innovations signals. In this manner, one can 
guarantee the long tern stability of the estimat­

ing filter.
2. DEFINITIONS

In this section the assumptions are stated regard­

ing the plant parameters and their nominal values.

x(t) - Ax(t)+Bu+C(t); x(0)- x^-,y(t)- Cx(t)
The Initial state x Is viewed as a random vector 
with known statistics

ov (x_(2.2) }«ol- =o «ol ■ ^
The white noise C(t) Is assumed to have known stat-
W.\) E Jt(t)J- 0; cov(C(t); C(T)1” =6(t-T),

H- H’>0 ; cov lC(t): Xj^J- 0
The three constant matrices A,B, and C represent 
the true plant parameter matrices. It is assumed 
that their values are not precisely known. What 
Is known to the designer Is a triplet of constant
matrledS A , B , C which represents the nomliml 

n n n

values of A,B, and C respectively. Henee, as far 
as the deslgnf.r Is concemad, the nominal plant Is 
described by- Instead of (2.1)- the equations
(2.4) x(t) - x(t) + Bj^u + t(t); x(0) - .

y(t) - x(t) 1

It Is assmmed that the nominal plant Is also complet­

ely controllable and observable. Furthermore, It la 
assumed that the true plant(2.1) end the not Inal 
plant (2.4) are strictly stable, l.e. !

(2.5) Re Xj(A) < 0; Re °

2.2______ OBSERVATION EQUATIOKS

The Bieasurement vector Is z(c)
(2.6) z(t) - y(t) + 0(t) - x(t) + 6(t)
6(t) Is a .zero mean stationary white process with 
known covariance matrix
(2.7) covl6(t); 6(t)J-G«(t-t):^G’>0
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It is also ar.tiumcJ tliat 0(t) is Indcpcnücnt of 
4(t) and X . 
2V3_0 NOTATION 

The vector v(t) will be used to denote the est¬ 
imate of the true state vector x(t). 

The residual slpnal^ (innovations process) will 
be denoted by ¡i(t) 

(2.8) U(t) - z(t)-C w(t) - Cx(t)-C w(t) + e(t) n n 
The state estimation error will be denoted by e(t) 
(2.9) e(t) = x(t) - w(t) 
An over score will be used to denote conditional 
expectations; thus 
(2.10) i(t) - E{e(t) |z(T); 0 <x<t} 

(2.11) lit) - E[x(t)| 

(2.12) 5(t) - E¡w(t)l z(i); 0 <T<t} 

2.«_THE STANDARD STEADY-STATE KALMAN FILTER 

The standard steady-state Ka'.man filter is a 
linear time invariant system t tat generates the 
estímate v(t) of x(t) according to the algorithm 
(which uses the nominal values of the plant par¬ 
ameters ) 
(2.13) w(t) - A,, w(t) + B u + C u(t); n n n 

w(0) • x0 

whare Gn Is an nxm gain matrix given by 

(2.14) G ■ ï C ' 0"1 • n n n 

and where Z la the symmetric and positive def¬ 
inite solution of the algebraic Rlccatl equation 

(2.15) 0 - E A +A' E + H -E C 0-1C E . nnnm nn nn 

3;_THE AUGMENTED STEADY-STATE FILTER 

In thla section, the standard steady 
state Kalman filter, described In 2.4, Is changed 
somewhat so as to Indicate meana for removing the 
bias errors 

3.1 THE Bl.tS CORRECTION TERM, v(t). 
Consldt r the following linear system whose 

state vector v(t) Is the estimate of x(t)_ 
(3.1) w(t)- a w(t)+B u+G u(t)+v(t);w(0)"x n n n o 

Note that If v(t) - 0, then (3.1) coincides with ' 
the standard steady-state Kalman filter. In eq. 
(3.1) G Is still described by (2.14) and (2.15) 
and v(t7 is the residual signal vector given by(2,8) 

The state estimation error e(t) of (2.9) can 
easily be shown to satisfy the stochastic differ» 
entlal equation 
(3.2) 4(t) ■ (A -G C ]e(t)+(A-A ]x(t)+(B-B )u n n n n n 

»0 fG-G ]x(t)+Ç(t)-G 8(t)-v(t) n n n 
The conditional mean e(t) satisfies the equation 

e 

(3.3) e(t) - (An-GnCn) i(t)+tA-An]i(t)+(B-Bn]u 

*C_[C-C )x(t)-v(t) n n 
while the mean state x(t) satisfies the equation 

e 

(3.4) x(t) ■ Ax(t)+ Bu 

3.2 _MEAN’ STEADY STATE VALUES 

Form (3.4) It follows that 

(3.5) i - lim x(t) “ "A ^Bu 
SR . t— 

(3.6) lim x(t) - 0 
t-*» 

Since the matrix [A -G 0 ] is strictly stable It is n n u 
nonsingular. Hence, the mean steady-state estimation 
error is given by 

,, - A lim S(t) - [A -G C l'1. C(C-C)5+v(t) (3.7) e ■ n i* n n n ss 

Ideally one should select v(t) so as to make e^#*0. 

However, this is not oossible because it Imolles 
knowledge of C and x (which Involves knowledge of 
A and B in view of (3?5)). Thus, all one can say 
is that v(t) must have the property that 

(3.8) 11m v(t) - unknown constant 
t— 

(3.9) 11m v(t) - 0 
t-*" 

This leads us to differentiate (3.3) to obtain the 
second-order vector equation 

(3.10) e(t) - (A -C C )e(t)+lA-A lx(t) n n n n 

-G[C-C] x(t)-v(t) n n 
3.3 STABILITY CONSIDERATIONS 

What we are concerned with la the stability as 
t*« of(3.10). In view of (3.6), it suffices to 
study the stability of the equation 

•• e e 

(3.11) ê(t)-(A -0 C ) ;(t)-î(t) • n n n 
If v(t) ■ 0 (as is the case with the standard steady- 
state k*iman filter), then (3.11) is not AGIL even 
though [A -G C ] Is a strictly stable matrix, n n n 

However, If one sets 

(3.if) v(t) - L S(t) 

where L Is a positive definite matrix, then a slight 
extension of a result In Bellman's book(refcrence (4] 

ip.246] can be used to show that the equation 

(3.13) ê(t)-[An-GnCn) e(t)+L i(t) • 0 

la strictly stable, because all of the roots of the 
characteristic polynomial 
(3.14) det (x2I-MAn-CnCn] + b) 

have negative real parts. 
e 

3.4 IMPLEMENTATION OP v(t) ■ L i(t) 

The difficulty lies in the Implementation of the 
desired result. Ue shall examine first a special case. 

(3.15) ASSUMPTION : rank C-rank Cn-n,l.e. C_1and 

Coexist 

Consider the following generation of v(t) # 

(3.16) v(t)- « V(t)- MC x(t)- MCnw(t)+ Me<t) 
•r, 
(3.17) v(t)- MCn e(t)+ M(C-Cn)s(t7+Mö(t) 

so that 



(Î.18) V(t) - MO c(t) ♦ M(C-C )x(t) n n 

We can see t!iat tills doer, not satisfy the desired 
stabllltv result I'ecause of the non-zero term 
M(C-C ) x(t). However, If the C matrix Is known, 

n 
M can be selected appropriately. This is fonaal- 
ited in the lollowinç proposition. 

(3.19) _Proposition^ . Suppose that OCnind 

rank C ■ n. Let M«C In this case n 
(3.20) ^(t) - ï(t) 

and the equation 

(3.11) ë(t)- IA -G C ) e(t) + ¡(t) ♦(A-A„]x(t) n n n n 

with 11« x(t) ■ 0, has the property that 
t— 

(3.22) 11m S(t) - 0 
f*“ 

This Implies that there Is no mean steady state 
error. 

The actual signal v(t) required In the aua- 
mented steady-state Kalman filter Is simply obtain¬ 
ed by the integration of v(t). Thus 

(3.23) v(t) - /'mu (T)dt 

Jo 

3.5_DISCUSSION 

It appears that If C C , then there may 
•Ivaya exlat a steady atate error. Means by which 
this can be eliminated, for example by estimating 
the constant value of Íc-cn)xfii are currently 

under Investigation. 
The assumption that C-C Is not too serious, 

In the opinion of this author, since In many app¬ 
lications one knows which state variables are be¬ 
ing measured. Howaver, the assumption that rank 
C" rank C^-n la much more etrlngent since It im¬ 

plies that essentially the full state Is being 
■assured In the presenae of noise 

Suppose that C«C and rank C • m<n. In 
this case, ona can select the ■atrlx’Si such that / 
the matrix 

(3.24) L- MC 
la positive aemldefinite. 

In this care (v(t) ; Mu(t)), there will 
be non-zero components of ë(t) at steady state . 
The author con lectures that a Kalman like filter 
can ve designed that operates upon the fesldual 
signals u(t) to construct an estimate T(t)of 
e(t) and that v(t) be generated by operating upon 
this estimate e(t). This is a subject for future 
consideration. 
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IS. ABST R At T

The purpose of this note Is to examine under what cnndltions one 
can eliminate steady state bias errors that ari.se when the nominal 
parameters used in the realization of a Kalman-Bucy filter are 
different from the actual plant parajaeters. It is shown, under 
suitable conditions, that by adding to the otandard Kalman-Bucy 
filter a correction signal, which is obtained by integration of the 
innovations process(residual signal), leads to a design that has 
zero mean steady state error.
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