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ABSTRACT 

The book discusses the differential equations of the 

perturbed motion of a rocket for three different dynamic models: 

1) an ideally rigid body, 2) an elastic inhomogeneous rod, 3) a rigid 

body with cavities partially filled with liquid. 

In the study of the dynamic cheiracteristics of the rocket, the 

oscillations of liquid in tanks were replaced by the oscillations of 

mathematical pendulums, since the differential equations for the two 

phenomena are completely analogous. Results are given of an exper¬ 

imental investigation of the fuel oscillating in tanks.> A presentation 

is made of the methods of determining the modes and frequencies of 

the natoral vibra-ions of the fuselage with and without taking the 

slave force into consideration, ■ 

On the basis of an analysis of the dynamic rocket properties, 

a determination is made of the amplitude-phase frequency character¬ 

istics of the rocket, and of those features of the characteris¬ 

tics that are due to the fuel oscillating! In tanks and the 

elastic vibrations of the fuselage. A stability analysis of rocket 
motion leads to a formulation of additional requirements on the 

frequency characteristics of the control system and on the location of 

the gyroscope along the fuselage. Attention is given to certain 

methods of stabilizing the oscillating motion of fuel in tanks as well 

as the elastic vibrations of the fuselage. 

The book may be used by scientists and engineers working 

at institutes and bureaus of industrial design. It may also be 

useful to undergraduate and graduate students as well as teachers at 

the institutions of higher education. 

9 Tables. 126 Illustrations. 108 Names in the References. 
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PREFACE 

i 

In the present book*which is being called to the attention 

of the reader,an attempt is made to generalize the results of 

investigations of the stability of motion of a liquid-propellant rocket 

in a systematic way taking into account the elastic lateral vibrations 

of the rocket fuselage as well as the oscillations of fuel in tanks. 

Characteristic features of the properties of liquid-propellant 

rockets with an elastic fuselage are of interest to both mechanical 

engineers dealing with rocket design and their dynamic characteristics 

and to designers responsible for designing guidance and control 

systems based on the knowledge of these characteristics. 

It is also clear that mechanical engineers should , on the one 

hand, know which dynamic properties of a rocket are most important for 

the control system, i.e., which properties have the greatest effect 

on the functioning of tht control system, and on the other hand — 

to what extent design changes may influence the stability of motion. 

To the specialists in the area of automatic control it is in turn 

important to know not only the structure of the equations of 

motion of a rocket and the variation of the equation coefficients 

during the time of flight, but also the more general dynamic properties 

of the rocket as an object of control which influence the structure 

FTC-HC-23-461-69 2 



and characteristics of the control system. It is also advisable to 

know the possible changes in the dynamic characteristics of the 

rocket,since this makes it possible to simplify the requirements 

imposed on the control system, and to Improve the stability of 

motion of the rocket. 

The desire to satisfy the interests of both groups of readers 

caused certain difficulties as to the depth of coverage and a 

method of presentation. The author considered it necessary to, above 

all, devote special attention to the physical meaning of the dynamic 

problems discussed and only then give their mathematical treatment. 

In discussing the equations of rocket motion that take into account 

fuel oscillations and elastic vibrations of the fuselage, the author took 

care to make the treatment as accessible as possible to specialists 

in theory of automatic control. In analyzing the control equations 

and establishing requirements o/f^the control system,the author 

attempted to make the properties and potentialities of the control 

system understandable to mechanical engineers. 

In the analysis of the dynamic characteristics, the rocket 

was represented by various dynamic models: an ideally rigid body, an 

elastic inhomogeneous rod, a rigid body with cavities, partially 

filled with liquid. Such a representation of a rocket of course does 

not express all the numerous specific properties that are peculiar 

to each rocket design,but it has the advantage of revealing basic 

dynamic characteristics that are common in almost all rocket designs. 

In the analysis of the effect of fuel oscillations on the dyna¬ 

mic characteristics of a rocket, a mechanical analog is used, namely a 

mathematical pendulum or a mass suspended from a spring. The 

amplitude-phase frequency characteristics of a rocket with 

account taken of fuel oscillations in narrow frequency bands, including 

the natural frequencies of liquid oscillations in stationary tanks, 

differ considerably from the amplitude-phase characteristics of the 

rocket modeled as a rigid body. An analysis is made of the effect 
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that the parameters of the system have on these characteristics»and 

additional requirements are formulated to be imposed on the frequency 

characteristics of the control system. 

Forced elastic vibrations of the fuselage are represented by 

expansion in series in the natural oscillatory modes, and in a general 

form (without the expansion into a series in natural modes). The effect 

is shown of axial slave force and the inertial characteristics of 

rotating engines on the dynamic characteristics and stability of 

rocket motion. Since in elastic vibrations the mismatch signal 

coming from the sensing element into a computer depends on the location t 

of the sensor along the rocket fuselage length, then the choice of 

sensor: locations must be included among the additional requirements 

that must be imposed on the characteristics of the control system. 

The analysis of the dynamic characteristics is made on the 

basis of linearized equations which, generally speaking, does not 

exhaust all the peculiarities of certain problems, and gives only 

first approximations to their solution. In a number of cases this 

turns out to be sufficient. 

The author considers it his pleasant duty to express his 

sincere thanks to A. I. Pozhalostin, V. N. Sukhov, Yu. A. Tsurikov, 

and I. M. Rapoport for valuable remarks made upon seeing the manuscript. 

The author will be grateful to those readers who send their 

critical remarks and desires as to the contents of the book to the 

address: Publishing House: "Mashinostròyeniye", Moscow, K-51, 

Petrovka 24. 

Y 

Cl 
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BASIC NOTATION 

i 

The Rocket as a Rigid Body (Chapter 1) 

«‘.«ti 

«í 

b 

Af. 
Af, 
P 

P,-P-Xt 

f- 2 

va, w 

V» Vy 

AT» 

drag coefficient of the rocketj 

derivative of the aerodynamic lift coefficient with 
respect to the angle of attack; 

derivative of the lateral aerodynamic force coefficient 
with respect to the angle of sideslip; 

derivatives of the aerodynamic moment coefficients 
with respect to the angle of attack and the angle of 
sideslip; ^ 

derivatives of the aerodynamic damping moment coef¬ 
ficients; 

moment of inertia of the rocket relative to the lateral 
axes through the center of mass; 

the distance between the point of the application of 
a lateral control force (of the vanes) and the 
center of mass of the rocket; 

mass of the rocket; 

aerodynamic moment; 

damping moment; 

thrust of one or a group of rocket engines; 

effective thrust of an engine; 

pressure head; 

gradients of the lateral control force of the vanes; 

nominal rocket velocity, variation of rocket velocity; 

variation of the velocity of the center of mass in 
the direction of the stationary axes Cz, Oy; 

drag force on vanes; 
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X drag force on the rocket; 

*« distance between the upper tip of the rocket and its 
center of mass; 

distance between the upper tip of the rocket and the 
center of pressure of the aerodynamic forces; 

Y the drag force; aerodynamic buoyancy 

Y9 lateral control force of the vanes; 

■ angle of attack; 

p angle of sideslip; 

• angle of deflection of the control element or of a 
rotating engine; 

the nominal angle aade by the velocity vector and 
the horizontal plane, variation of this angle; 

V.» nominal angle of pitch, variation of the angle of pitch; 

t angle of roll; 

♦ angle of yaw. 

Oscillations of Liquid (Chapter II and III) 

g», £»-- longitudinal acceleration of the rocket produced by 
* the engine thrust beyond the gravitational field of 

the Earth; 

#Ç- force due to pressure of liquid on the walls of the 
cylindrical tank; 

fe*#- height of liquid column in a tank; 

4- moment of inertia of "solidified” liquid relative to 
the lateral axis of rotation; 

AÍUtÍ Bessel function of first kind and first order; 

li length of a J— pendulup; 

I* length of a pendulum. Identical for all tanks; 

t» distance between the upper tip of the rocket and ^ 
the unperturbed free surface of a liquid in the J— 
tank. 

4 length of pendulum corresponding to an n— oscillatory 
mode of the liquid; 

f« distance between the lateral axis of rotation of the 
cylinder and the effective mass of the oscillating 
liquid for the nül mode; 

L\ distance between the center of mass of the rocket and 
the mass of the pendulum in a J— tank; 

V 
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MO 

PufH 
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t 

#(r.r,%0 
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♦ 

«I 

•ji 

distance between the center of mass of the rocket and 
the free surface of liquid in a tank; 

mass of liquid in a tank; 

fuel consumption per second from a J-tank; 

effective mass of liquid, being in an n— oscillatory 
mode; 

effective mass of liquid in a j— tank in the first 
oscillatory mode; 

moment of the forces of pressure of liquid on the tank 
walls relative to a lateral axis of rotation through 
point C; 

pressure of liquid; 

arbitrary radius; 

radius of a cylindrical tank; 

distance between the undisturbed free surface of 
liquid and the pendulum mass for an ni£ oscillatory 
mode; 

displacement of the center of mass (point C) of a 
rigid rod in the Ox direction; 

displacement of point C on the longitudinal axis of a 
tank with liquid in a perturbed motion in the dir¬ 
ection of the Ox coordinate axis; 

dimensionless frequency of forced vibrations; 

damping coefficient of the first natural mode of 
liquid; 

eigenvalues of Bessel's functions; 

generalized coordinate of the oscillations of the 
free surface of liquid, displacement of the pendulum 
from the axis of the rod; 

dimensionless parameters of pendulums; 

density of liquid; 

velocity potential of liquid; 

absolute velocity potential of liquid; 

displacement of the free surface of liquid in 
oscillâtions; 

part of the absolute velocity potential of liquid; 

frequency of the n— oscillatory mode of liquid; 
^ h 

frequency of the natural oscillations of a j— 
pendulum; 

frequency of the first oscillatory mode of liquid 
oscillations. 
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Elastic Vibrations of a Rod (Rocket Fuselage) (Chapter IV) 

/•to 

'.to) 

/.(0 

/.(0 

*/ 

<?»• 0«. 

ftoO 

f.(0 

«b 

«a 

•p 

-5 

»too 

* 

*u 

T-»/* 

n— teniilng, natural oscillatory mode of a rod; 

value of a natural oscillatory mode at a point where 
the control elements (vanes) are placed; 

value of a natural oscillatory mode at the end of a 
rod; 

angle made by the tangent to a natural oscillatory 
mode at the end of a rod and the horizontal; 

effective viscous friction coefficient tf a rod in the 
state of bending vibrations of an n££ mode; 

effective rigidity coefficient of a rod executing 
bending vibrations of an n— mode; 

stiffness of the spring belonging to a Jth pendulum; 

mass of the rod ; 

effective mass of, a rod executing vibrations of n— 
mode; 

generalized forcesj 

external distributed force acting on a rod; 

generalized coordinate of n— mode of the lateral 
vibrations of a rod; 

distance between the upper tip of a rod and its 
center of mass; 

distance between the upper tip of a rocket and the 
main frame that is subject to the engine thrust; 

distance between the upper tip of a rocket and the point 
of application of a lateral control force; 

distance between the upper tip of a rocket and the 
pendulum in a tank; 

distance between the unperturbed free surface of 
liquid and the pendulum mass for the first oscillatory 
mode; 

lateral displacement of a rod in a stationary coordinate 
system Oxy; 

displacement of the center of mass of a rod in the 
direction of the Oy coordinate axis; 

displacement of the center of mass of a rod in the 
direction of the Oz coordinate axis; 

parameter characterizing the value of an axial slave 
force; 

dimensionless frequency of forced oscillations; 

i 
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damping coefficient of n— oscillatory mode; 

relative coefficient of the damping of elastic 
"■ vibrations; 

natural oscillatory mode of a rod subject to a slave 
force; 

forced bending oscillatory mode of a rod; 

n— natural frequency of a rod. 

Control System (Chapter I, III, and V) 

M*) modulus of a complex transfer number; 

the slope angle of the tangent to a natural oscillatory 
mode of the fuselage at a point where a sensing 
element (gyroscope) is located; 

X p transfer function; • 

K{U ) complex transfer number; 

(fc»j complex transfer number of a controlled object; 

complex transfer number of the control system; 

Pj,*# amplification coefficient of the amplifier with 
respect to the main signal; 

amplification coefficient of the amplifier with 
respect to the feedback signal; 

amplification coefficient of the control system; 

P- Laplace operator, characteristic exponent, frequency 
of forced vibrations; 

Pf thrust force of a control rotating engine; 

Q(p) denominator of the transfer function; 

A(P) numerator of the transfer function; 

U real part of the complex transfer number; 

V 

I 

f W. f (-) 

tm <t>. *m w 

»AcW-fAcW 

•% 

imaginary papt of the complex transfer number; 
( 

angle of rotation of a control element of a rotating 
engine; 

argument of the complex transfer number — phase 
frequency characteristic; 

the same for the controlled object; 

the same for the control system; 

frequency for which the phase lag of the control system 
vanishes; 

frequencies at which the phase lags of the control 
system are «.Sn,... 
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INTRODUCTION 

Contemporary liquid-propellant rockets are guided by varying 

the direction and magnitude of the engine thrust vector in such a 

way as to make the rocket follow the prescribed trajectory. In the 

case of an autonomous guidance and control system, the direction and 

magnitude of the thrust vector are varied according to a program 

calculated earlier. 

Motion of a rocket subject to given forces has come to be 

called unperturbed motion. In addition to these forces, a rocket in 

flight may be subject to random forces such as, for example, wind 

gusts, small variations of engine thrust, etc. A rocket subject 

to these perturbing forces will be in a state called perturbed 

motion. V ^ 

Stability of rocket motion is achieved using a system that 

stabilizes the center of mass, and three systems stabilizing the 

rocket relative to the angles of pitch, yaw, and roll. Each 

control system consists of sensing elements (pickups), a computer, and 

the actuators. Usually a gyroscopic mechanism serves as a sensor, 

a differentiating circuit and an amplifier serve in the simplest 

case as a computer, and electro-hydraulic control actuators are used 

as a final control element. In the control process, as soon as the 

longitudinal rocket axis deviates, for example, from the pitch plane 

by some angle (angle of yaw), a r otentiometric sensor will emit 

a signal into the computer whose magnitude will be proportional to 

FTD-HC-23-^61-69 10 



the value of that angle. The computer, in accordanc 1th a given 

algorithm, works out a control signal which passes to the control 

actuators. The actuators deflect the control elements of the rocket 

in such a way as to reduce the deviation to zero. The rocket as an 

object of control, together with the stabilization system, forms a 

closed system of automatic control. Therefore, the algorithm used by 

the computer to work out a control signal depends on the dynamic 

characteristics of the rocket. 

In the analysis of the equations of motion of a rocket, one 

usually makes use of its various dynamic models, for instance, 

to a first approximation a rocket can be represented as an absolutely 

rigid body. 

With an increase in the diameter and length of the fuselage, 

such a model becomes very inaccurate, and when it comes to certain 

questions it is even an inadmissible simplification. In the analysis 

of motion of very long rockets^, the elastic vibrations of the fuselage 

may be of great significance, and for rockets with large tank 

diameters the oscillations of liquid fuel may be very important. 

However,the equations of motion of a rocket with account taken of 

these factors become very complicated, and their analysis is 

difficult. Therefore, it is necessary to introduce substantiated 

assumptions to make the equations simpler. 

We know from theory of oscillations that if the partial 

frequencies (for example, such as the frequencies of the fuselage 

elastic vibrations and the oscillations of liquid in the tanks of the 

rocket) are far away from one another, then the coupling between 

separate partial systems will be weak. The frequencies and modes of 

the natural oscillations of the complete oscillatory system will 

then differ little from the frequencies and forms of the natural 

oscillatory modes of the partial systems. On the basis of this 

assumption, the dynamic characteristics of the rocket may be analyzed 

separately: (1) taking account of the elastic lateral vibrations of 

the fuselage, and (2) taking account of the oscillations of liquid 

in the tanks. In the first case, an inhomogeneous elastic rod may 

FTD-HC-23-^61-69 11 



serve as a model of the rocket. In the second case, the fuselage may 

be assumed to be rigid, and its internal cavities partially filled 

with an ideal liquid. For specific ratios of the parameters, either 

the oscillations of the liquid or the elastic vibrations of the fuse¬ 

lage will have a predominate effect on the motion of the rocket. 

In engineering practice, one question always arises: for 

what relative values of partial frequencies is it possible to 

consider separately the elastic vibrations of the fuselage and the 

oscillations of liquid in the tanks? This question can be answered 

only by analyzing the equations that make allowances for both the 

oscillations, of liquid and the elastic vibrations of the rocket 

fuselage. This type of analysis can, unfortunately, be done only 

for certain special cases. 

An analysis of the equations of perturbed motion by separately 

taking into account the liquid oscillations and the elastic vibrations 

of the fuselage shows that, for small damping coefficients, there 

is a considerable variation in the amplitude-phase frequency 

characteristic of the rocket within a small range of its natural 

frequencies. Outside of these ranges, the effect of the liquid 

oscillations and the elastic vibrations of the fuselage on the 

dynamic characteristics of the rocket is weak, and can be 

neglected in calculations. For this reason, the above mentioned 

effects sometimes are discussed separately, even when the differences 

among the partial frequencies of the oscillatory systems are not 

very large. It is, however, impossible to give a quantitative 

estimate of the error made in such a separate analysis. 

■t 
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CHAPTER I 

DYNAMIC CHARACTERISTICS OP A ROCKET AS A SOLID BODY 

1. Forces Acting on a Rocket During Flight 

In the calculation of the external forces, we shall assume that 

the unsteady character of the motion of the rocket will not be taken 

into consideration, and the forces will be determined as if the 

motion were steady, parameter values being constant and equal to 

their instantaneous values. ^ 

The forces acting on a rocket during flight can be divided 

into the aerodynamic forces, forces of gravity, and the forces of the 

engine thrust. 

Let us first define the coordinate systems that will be used 

henceforth. All these systems will be rectangular and right-handed 

(Figure 1.1). The system of coordinates AxqYqZq whose axes are 

stationary relative to the Earth will be called the Earth system or 

the starting system. The origin of the coordinates coincides with 

the starting point. The Ay0 axis is directed vertically upward; the 

Axq axis points along the tangent line to the arc of the great 

circle that connects the starting point with the target. This co¬ 

ordinate system is used to calculate the trajectory of the rocket. 

The moving coordinate system Ox-jy^ whose axes are attached to 

the body of the rocket is called the body system. Its origin is at 

FTD-HC-23-461-69 
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the center of mass of the rocket, point 0; the coordinate axes Ox^ 

°yi» 0zi point along the principal axes of the moment of inertia of 

the rocket. The OXj^ axis is directed along the axis of the rocket, 

and is called its longitudinal axis. The lateral axis Oj^ is ■ 

oriented in such a way that in the starting position the planes 

and XgAyg coincid«. 

Let us introduce another moving coordinate system and attach 

it to the flight trajectory of the rocket. The origin of the coordinates 

will be located at the center of mass of the rocket. The Ox axis 

will point along the tangent line to the trajectory, and the Oy 

axis will lie in the vertical plane perpendicularly to Ox. The 

moving system Oxyz is called the velocity (of flow) coordinate 

system. Since the Ox axis coincides with the direction of the 

velocity vector v, the components X, Y, Z of the aerodynamic force 

acting on the body of the rocket will be computed in the velocity 

coordinate system. 

Figure 1.1 Figure 1.2 

Now we introduce some angular coordinates. The • angle 

between the longitudinal axis 0x1 of the rocket and the horizontal 

plane at the point of launch is called the pitch angle. The angle 

0 between the velocity vector and the horizontal plane at the launch 

point is usually called the inclination angle of the trajectory to 

the launching horizon. 

FTD-HC-23-461-69 
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The angle ÿ which the longitudinal axis Ox^ makes with the 

plane x0Oy0 Is called the yaw angle (Figure 1.2). The angle f which 

the lateral axis Oy1 makes with the plane xQOy0 is referred to as 

the banking angle. The banking angle determines the rotation of.the 

body relative to the longitudinal axis of the rocket. 

We shall always assume below that a rocket has two planes of 

symmetry that coincide with the planes x^Oy^ and x^z^ 

The angle of attack a is defined as the angle between a 

projection of the velocity vector onto the vertical plane of symmetry 

XjOyj^ and the longitudinal axis Ox^ The sideslip angle 3 is 

defined as the angle between the velocity vector and the vertical 

plane of symmetry x^y^ 

For a rigid body, the system of the aerodynamic forces distri¬ 

buted over the surface of the body is in the case of a plane motion 

reduced to a resultant which, for convenience, is represented as 

consisting of two components: the lifting force Y and the drag force 

X, applied to the center of thrust. 

For small angles of attack o, the lifting force is proportional 

to the attack angle. The effect of the shape and dimensions of the 

body on the lifting force is taken into account by means of a 

certain characteristic parameter S, the area of the center section, 

and the dimensionless lifting force coefficient Cy. In contrast 

with the lifting force Y, the force of drag X for small angles of 

attack hardly depends on the magnitude of this angle. Therefore, 

K-fScJ«, X-qSc,, (1.1) 

where p is the density of the air; q-po'ft is the pressure due to 

velocity; v is the velocity of flight; cÿ*(dcy/da),.o» cx is the draS 

coefficient. The angle of attack a will be expressed in radians. 

FTD-HC-23-461-69 
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Figure 1.3 
Figure 1.4 

The coefficients e) and cx characterize the external configuration 

of an object, and depend on a number M and the angle a so that 

In a study of rocket motion, one has to determine the moment 

of the aerodynamic forces Y and X relative to the lateral axis 

passing through the point 0 -- the center of mass of the rocket 

(Figure 1.3): 

Af t » K (Xf - xj co$ •+* (xf—jeJ iln «. 

For small attack angles cosa«l.>iiia«a, and 

(1.2) Af.-fSteU Ä- 

where l is the length of the rocket body. 

The moment M depends, consequently, on both the aerodynamic 
SI 

characteristics and on the distribution of mass of the rocket which 

changes with the burning of the fuel. The relative location of the 

thrust center and the center of mass is important for the stabili¬ 

zation of the rocket during flight. 
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We may distinguish between: 

a) a statically stable rocicet, when Xr>xM, & >0 ; 

b) a statically unstable rocket for Xr<xM, <0; 

c) a neutral rocket for X|p«xM,c« «0. 

If the center of thrust is located ahead of the center of 

gravity (c«<0), then if the axis of the rocket is deflected from the 

direction of flight, the aerodynamic forces exert a moment deflecting 

the axis of the rocket by an even greater angle. Such a rocket will 

not fly without a stabilizing mechanism. 

To make sure the rocket is statically stable or to lower its 

static instability, the rocket is equipped with tail fins. A finless 

rocket is usually statically unstable. A reserve of static stability 

is determined from 

In addition to the moment which for c« >0 is called the 
a 

stabilizing moment, during the rotación of the rocket body about the 

lateral axis 0z1 with angular velocity 6 another moment arises, 

called the damping moment. This moment is composed of the aero¬ 

dynamic damping moment caused by the appearance of the secondary angles 

of attack 

e 

and the moment of the Coriolis forces (Figure 1.4). The x coordinate 

for any cross section is measured from the top end of the body. 

The aerodynamic damping moment is everywhere directed in the 

opposite direction from che rotation of the rocket body: 

(1.3) 

where is the rotational derivative of the coefficient of the 

aerodynamic damping moment. 
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'Die damping moment due to the Coriolis forces arises as a 
result of the movement of the stream of liquid in the tanks and the 
pipelines of the rocket, and of the stream of gases moving in the 
combustion chamber and the nozzle of the engine. This moment can be 
calculated if one assumes that the liquid and gas streams rotate 
with the body of the rocket. 

The magnitude and direction of the Coriolis acceleration are 
given by the vector product 

«,-2» X v„ 

where v, is the relative velocity of the stream moving in the rocket. 
If, for example, the mass of the element of the liquid stream moving 
in a pipeline is equal to pStdx, where St is the flow passage cross 
sectional area of the pipeline, p la the density of the liquid, then 
wlthsin(P~ÿ')«lthe Coriolis force will be equal to 

ir,-*sjh,dx 

and directed opposite to the acceleration. 

The elementary moment of the Coriolis force relative to the 
center of mass is 

(x - xj dx. 

\ 

In view of the fact that, when the engine reaches its steady-state 
operation, the flow of mass per second mcj across any cross section 
of the stream from the surface of the liquid in the tank to a section 
of the nozzle is constant 

the moment N can be determined by summing the elementary moments c 
over all streams in the tanks from which the components disperse: 
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(1.4) A*.-2éJ M'i f (x-xa)dx, 

where Xqj le the distance from the top of the rocket to the surface 

of the liquid in the j-th tank; is the distance from the top of 

the rocket to a section of the engine nozzle. 

For x>xm the direction of the moment is opposite to the 
rotation of the body; for x<xm the direction is the same. 

When the rocket is flying through the dense layers of the 

atmosphere, the moment of the Coriolis forces, M , is significantly 

less than the damping moment of the aerodynamic forces. Beyond the 

atmosphere, the moment of the Coriolis force becomes dominant. 

Thus, 

Af.-Mi+Af,. (1.5) 

The lateral force 

i 

« U> 

is very small and is usually neglected in calculations. 

The liquid-fuel rocket/s utilize rotational engines and Jet 

vanes as their principal guiding devices [13, 17» 21]. Sometimes 

additional devices are used such as air vanes, but they are effective 

only at high velocity pressures. 

The gasdynamic surface forces acting on the vane are reduced to 

the following forces: the lift Y» „»the drag Ä .both of which 

are applied to the rotation axis of the vane, and the hinge moment 

Mg sh. These quantities can be calculated from the usual formulas: 

Xrf■* ( 1.6 ) 

Mf-m * /*r®r, 
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where qg is the impact pressure of the gas 

vane; S', l are the characteristic area 
9 g g 

ôg is the rotation angle of the Jet vane. 

stream flowing past the 

and length of the Jet vane; 

The rotation angle varies within a considerable range in the 

powered section of the trajectory. Therefore, the coefficients 

c^ , c , c^ depend not only on the shape of the vane and the 
y g rog . 
location of the rotation axis, but also on the angle 6g. 

The force of drag Xg p reduces the thrust of the gas vanes. 

In the case of the air vanes, we have similarly as before: 

Y(1.7) 

f—Ç-- 

Here in is the rotation angle of the air vane relative to the body. 
O 

In addition to the hinge moments, deflections of the gas and 

air vanes result in damping moments which are proportional to the 

angular velocity 6. The magnitudes of the hinge and damping moments 

are, however, extremely small compared to the magnitude of the moment 

of force Yg#r (°r * v r) relative to the center of mass of the rocket. 

Therefore, they are usually neglected in the equations of motion. 

The hinge moment of the vane is important only in analyzing the 

operation of the control actuators (servos) that deflect the vanes. 

If the rotational engines serve as the guiding devices, then 

rf-Psinif 

and for small rotation angles 

U*8) 
r r 2 

Irrespective of what guiding devices are used, we shall assume 

below that for small rotation angles 6 the vane force of drag Xpdoes 

not depend on the angle 6, and the lateral guiding force Ypis pro¬ 

portional to the angle 6. 
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We have in general 

(1.9) 

where A* is the gradient of the vane guiding force. 

The thrust of the rocket engine at a constant fuel consumption 

per second depends on the flight altitude. This dependence may be 

represented by the following formula 

^ +5, (/>»—Ph),- 

where Pq is the engine thrust at the surface of the Earth; Sa is 

the cross sectional area of the nozzle; P* Pm are the static air 

pressure at the surface of the Earth and at an altitude H. During 

the ascent stage the thrust smoothly increases as the atmospheric 

pressure decreases. 

Depending on the character of the engine start-up, the thrust 

may increase faster or slower, continuously or in steps. In the 

same way, when the engine is shut off the thrust does not disappear 

suddenly, and one observes the lag effect. After the engine 

cut-off, a small thzust is still produced as a result of the after 

burn. The amount of time that the engine needs to reach a normal 

mode of operation and in particular the lag period, are, however, 

a small fraction of the total operating time of the engine. 

The thrust is called effective if it is smaller than the engine 

thrust by the amount of drag of the gas vanes, i.e. 

P.-P-X'r 

The weight of the rocket during flight changes both as a result 

of a change in the mass m of the rocket, and a variation in the 

gravitational acceleration g. 

The mass of the rocket at a given time of flight t is equal to 

the initial mass m0 minus the mass of the fuel consumed, i.e. 
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m—ai« M/tt. 

The gravitational acceleration at a height H above the surface 

of the Earth is 

(1.10) 

where gQ is the gravitational acceleration at the surface of the 

Earth; RQ is the Earth's radius. 

2. Equations of Motion for a Rocket 

During the burn of the engine, the mass of the rocket decreases 

so that the rocket becomes a body with a variable mass. We shall 

deduce the equations of motion using the principle of solidification. 

Based on this principle, the equations of motion for an arbitrary 

moment of time will be written as the equations of motion for a solid 

body of constant Composition (for that moment of time) with the reac¬ 

tive andi Coriolis forces included among the external forces. 

The equations of motion of the center of mass and of rotation 

relative to the center of mass are in vector form 

(1.11) 

where m is the mass of the rigid body (rocket); á-dv¡dt is the 

acceleration of the center of mass in the inertial coordinate 

system; 

tF is the sum of all external forces applied to the body; 

ft is the principal angular momentum of the solid body; 

EÆÏ is the principal moment of the external forces applied to 

the body. 
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We shall project the first equation In (1.11) onto the moving 

rectangular coordinate axes Oxyz with the origin at the center of 

Inertia of the rigid body. We obtain [3] 

„(.2-If„ (1.12) 

Here Vy, e, are the projections of the velocity vector for the center 

of inertia onto the moving axes; 

0^0,.0( are the projections of the angular velocity vector of the 

moving axes relative to the stationary axes onto the 

moving axes; 

ZF», Iff, 2Ft are the sums of the projections of the external forces 

acting on the solid body, onto the moving axes. 

The second equation in (1.11), for the rotational motion, will 

be put in Euler’s form [21] using the principal axes of inertia of the 

rocket as the moving coordinate axes. We assume that the directions 

of these axes relative to the body 

^ are independent of the fuel con¬ 

sumption and remain constant. We 

have 

Figure 1.5 

(1*13) 

Here A, /*, /* are the principal moments 

of inertia of the rigid 

body (the rocket); 

«i. ®*. w* are the projections 

of the angular velocity 

vector of the moving 
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axes relative to the stationary axes onto the principal 

axes of inertia; 

XMi, XAti. IAfj are the sums of the projection of the moment of 
external forces onto the principal axes of inertia. 

A programmed flight stipulates that the ballistic rocket move in 

the vertical plane x0AyQ which coincides with the vertical plane 

of symmetry of the rocket x^. Thus, in the programmed motion we 

usually have . The motion of a rocket in th> vertical 

plane will also be called longitudinal motion or a motion in the plane 

of pitch. 

For certain reasons the real motion will always deviate from the 

programmed one, so that in additionto the longitudinal motion there 

may at the same time exist a lateral motion with the coordinates ÿ 

and ß which is called a motion in the plane of yawing or a yawing 

motion. A motion measured by the coordinate f is called a rotation 

relative to the longitudinal axis of the rocket or a banking motion. 

The presence of the planes of symmetry in a rocket makes it 

possible to divide a general motion, described by Equations (1.12) 

and (1.13), into the longitudinal motion (in the yawing plane), and 

a rotation relative to the longitudinal axis. 

If the kinematic parameters of motion in the yawing plane and 

the deflections of the guiding devices due to this motion are assumed 

small, and if the flight trajectory deviates little from the plane, 

then the longitudinal motion will be practically independent of 

the motion in the yawing plane. The analysis of the yawing and banking 

motion can, however, be done only after the longitudinal motion para¬ 

meters are calculated. 

Let us assume that the stabilization of the rocket is done 

separately with respect to the pitch, yaw, and banking. Ihen the 

equations describing the operation of the guiding system in the planes 

of pitch, yaw, and banking will be independent of each other. In 

» 
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this case the equations of motion for a guided rocket in the plane 

of pitch may be obtained and analyzed independently of the equations 

of motion in the yawing plane. 

Figure 1.5 shows the forces acting on a rocket. Let us find the 

equations of motion for a rocket moving in a vertical plane in the 

moving coordinate system. Assuming that in Equations (1.12) and 

(1.13),we obtain 0,-0,-0. 0,-01-0,-0. 03-Ó, 0,-é. 

mv*(P—Af,) co«* —A’ —C sin 6—K, sin a-j-A',, 

m«#—(P—Apjslna-f P-Gcosfl-j-KpCOSJ+K,, 

/>-Af.-Af.-KpiJCp-jcJ+Af.. 

\ 

Here A* Ft, Af, are the perturbing forces and moment; 

of the rocket. 

To guarantee control and stability of motion, the rocket stabil¬ 

ization system utilizes sensor signals which are proportional to the 

accelerations along the longitudinal and lateral axes of the rocket. 

These signals can be computed directly from the equations of motion 

in the body coordinate system. 

The projections of the velocity onto the 0x1 and axes of 

the body coordinate system (cf. Figure 1.5) will be 0.i-0cosa. 

sino . For this coordinate system in Equations (1.12) and (1.13) 

one should set '0,1-0, f},-Qa-<n-ui-Q,o,-Q,-¿ • Then we get 

m(e#t-lp0,t)-(P-A^-Aco«*+Ksln*-CslnO+A’ll 

«(tV.+M-Ka>««+A«ln*-Cco«0+K,+K; (1>15) 

/,1- -Aí.-Aí.-Kptatp—JCJ+aC 
0,-0 cos *, 

Here A^K^Afi are the perturbing forces and moments which we shall 

regard as given. 
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In order to find a solution of Equations (1.11») 0r (1.15) 

one must know how the control forces Yp(t) vary with time. This time 

dependence is given by a system of equations and depends on the type 

and structure of the system. The equation of the control system can 

be represented as follows 

¿(/)■»$(&»..., Vf). (1.16) 

Equations (1.14) and (1.15) were obtained under tne assumption 

that the starting system of coordinates is inertial. The rotation 

of the starting system with Earth makes it necessary, in general, 

to consider the centrifugal, Iper and Coriolis accelerations, 

a , of the rocket as well L4J. 
V# 

3. Calculation of the Rocket Trajectory of Motion 

If we regard the time dependence of the rotation angle of the 

control devices 6"fi(/) as given, then from Equations (1.14) one can 

for any moment of time determine the velocity v and angle 6, and from 

the equations 

i » 
Xf—jvCMtdt, ya—jvs\n idi 

one can calculate the coordinates of the center of mass in the 

system Ax0y0z0, i.e., the trajectory of^he rocket. However, Equations 

(1.14) are non-linear with variable coefficients, and are not easy 

to solve. 

In the practical calculation of the flight trajectory and the 

parameters of the unperturbed motion. Equations(1.14) are consider¬ 

ably simplified. Thus, since the preset motion of a rocket involves 

only small angular velocities and accelerations, we can assume that 

♦pr"«<)pr*0 • In thls case the third equation in (1.14) will represent 

an equation of equilibrium between the aerodynamic moment and the 

moment of^the control forces, called the balance equation 

p 

FTD-HC-23-461-69 26 



where Xp is the distance between the top of the rocket and a point 

of application of the control force. Prom this equation,one can de¬ 

termine the programmed rotation angle of the vanes 6pr which is , 

necessary to maintain the required programmed angle of attack oipr. 

In the calculations of the trajectory and the parameters of unper¬ 

turbed motion,the control system is assumed to be ideal. In other 

words, changes in the rotation angle of the control devices are 

assumed to follow exactly the programmed changes. 

If the form of the trajectory, i.e., the time dependence of the 

angle 8pr representing the slope of the tangent line, is known 

beforehand, then the second equation in (1.14) may be used to 

determine the angle of attack required to obtain a given trajectory 

*•» + 
fCOtlm 

Since the angle of attack for ballistic missiles in flight is 

usually small, we may neglect it as a first approximation , and 

consider a trajectory with a ■ 0. Thus, the most simplified 

equations to calculate velocity v, acceleration v, and the trajectory 

will have the form 

*-^j- (p-X,~£-Sc,)-gsin t", 

i » 
x,-feco«eBp<//, i'o-friln 9np¿//. 

In this case the error with which the acceleration v is determined 

is 10 - 20f smaller than the error due to an inexact value of the 

coefficient cx. 

If the trajectory is calculated for a distance larger than 50 km, 

then it is necessary to take into account the curvature of the Earth. 
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The relationship between the coordinates Xq, y0, the chord L of 

an arc along Earth's circumference, and a local altitude H may be 

determined from the following geometric relations (Figure 1.6): • 

(Ä*+//) CO* T * 4" If», 

jt,—//«In f—I coi « 0, 

In addition, if one wants to deter¬ 

mine the full range of the flight 

more precisely it is necessary to 

include the Coriolis acceleration. 

4. Equations of the Perturbed Motion 

As mentioned above the real motion will always differ from 

the programmed one. The causes of this difference will be called the 

perturbing factors. These factors may be both constant and random. 

A distortion in the external geometry of the body, lack of 

alignment between the engine and the body, a deviation from the 

calculated values of the engine thrust and the initial weight, a change 

in the effectiveness of the guiding devices, and other factors act 

in a stationary way, and for a given rocket are the systematic perturb¬ 

ing factors. These perturbations may be accounted for in Equations 

(1.14) by the terms Xg, Yß and Mß. 

Since the perturbing factors Xß, Yß, Mß may be different for 

different rockets, the actual trajectories and motion parameters in 
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the powered stage will be, as it were, enclosed in a tube whose 

axis is the programmed trajectory. 

The motion of a rocket in a tube of trajectories will be called 

nominal motion. From the characteristics of the perturbations, one 

can determine the size of the tube of trajectories, which is the 

starting data in computing a scattering of the trajectories. 

Short-time perturbations such as wind gusts, brief changes of 

the engine thrust, noise and ghost signals in the guiding system, are 

usually random, and it is impossible to take them into account in 

the equations of motion although they also influence the motion of 

a rocket. This is explained by the fact that we do not know the 

time and the magnitude of these random perturbing factors. 

These random disturbances have an effect of changing the 

parameters of motion. Therefore, the value of any of the parameters 

may be represented as consisting of the nominal value (without 

considering the disturbance) and some small deviation, called the 

perturbation: 

Equations (l.HU and (1.15) are valid for arbitrary functions 

01.61.0».AS ; in particular they are also valid for the functions 

representing the nominal motion: 0B.0a.6H.0a . 

Usually in linearizing the equations of motion one neglects the 

effect that an increase in altitude has on the aerodynamic forces and 

moments, and on the engine thrust since for short time intervals 

this effect is insignificant. 

Let us substitute the values of variables from Equations (1.17) 

into Equations (1.1¾). This will bring Equations (1.1¾) into the 

form involving the parameters of the nominal motion. Assume that 
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cos Qu I, sjnaN "•Uh , and that the perturbations t\ 0. 8, o and A are small. 
Retaining only first order terms, we shall obtain the following 
equations In the moving coordinate system In terms of the perturbations: 

MV- - ¿V.« -pvjc,v - G cos M- +î,*). 

mvJ-P^+enntJI+ 

/.*- - Ij-SIc'.t-pvJ/cml.v- JS-Src*mi- (1.18) 

IA Íí 

The unknowns here are the perturbations of the parameters of motion 
V. 6, #.0,6. The functions o«, 6» #» o« , and 6« that characterize 
the nominal motion are considered as known. They can be obtained by 
solving Equations (1.14) and Equation (1.16). Since the nominal 
motion differs only slightly from the preset motion, in Equations (1.18) 
one can use Instead of the nominal values the programmed values 

vpr* °pr* *pr* and “pr have already been computed for the 
programmed motion. Then Equations (1.18) will be written as 

*+**4 +*».0, (1.19) 

*+¢^+V++V V»1“0 

Here we introduced the following notation for the coefficients: 
in the first equation 

and in the second and third equation 
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«Il1 

*l»s 

«*« 

CNa 

M 

^(-^--y-^+O.*.). 

' ^î>* 

-f(-£?-^i+2Ç*ty J (x-xjdx'j , 

I ^ 

(0 '•/ 

c*,",“y-^P®gSiîi^+*^-5/*cièg 

*1.-7 /-/r 

(1.21) 

As distinguished from Equations (1.14), Equations (1.19) are 

called equations of the perturbed motion or equations with 

variations. They are linear differential equations with variable 

coefficients* The coefficients in the equations can be expressed in 

terms of the rocket characteristics «. /, />* #*,, * , pa* ameters 

of the undisturbed motionv^ the air density, and aero¬ 

dynamic coefficients. Therefore, these coefficients can be calculated. 

How we shall find the equations of the perturbed motion of a 

rocket in the moving coordinate system in the plane of yaw. 

An undisturbed motion of a rocket takes place in the pitch plane. 

Therefore, in the yaw plane all the parameters of the nominal motion 

and the external forces are identically equal to zero. We shall 

assume that the perturbations in the plane of yaw are small, and 

define them in terms of the yaw angle i|>, the sideslip angle ß, 

the angle of rotation of the trajectory with respect to the plane of 

the unperturbed motion o, and the angle of rotation of the control 

elements 6. 
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r 
In view of the smallness of perturbations and planes of 

symmetry in a rocket,the perturbed motion in the plane of yaw will 

not depend on disturbances in the plane of pitch. 

With the appearance of the sideslip angle there arises a 

lateral aerodynamic force Z and aerodynamic moment Mya, equal to 

Z~*Scîp. 

Here as a result of the axial symmetry in the fuselage of a rocket for 

an*° the derivative and cj, 

A rotation of the fuselage with angular velocity if causes a 
damping moment in the yaw plane. On the basis of Equations (1.3) 

and (1.4) we have 

w V/ 

The equations of the perturbed motion in the plane of yaw may 

be obtained from Equations (1.18) by replacing variations 0,4,a with 

variations o. P, respectively, and 'setting G"0» ßn"V6n"° • In 
this case, the second and third equation will not connect with the 

first one. Thus, equations of the perturbed motion in the moving 

coordinate system will assume the form 

•+* 0, 
♦++++f0, (1.22) 

where 

(1.23) 
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Under the assumptions made earlier a small perturbation f. in 

the plane of roll will depend only on the perturbations in the angles 

of rotation of the control elements. The moment of the control 

forces acting on vanes relative to the longitudinal axis of the rocket 

is 

where A, is a generalized angle of rotation of the control elements 

relative to the longitudinal axis Oj^; is the gradient of the 

control moment. 

The equation for the perturbed motion relative to the 

longitudinal axis will be 

f+VT^-O, Mi* (1.24) 
•jr 

Here /«t'ñf denotes the damping moment relative to the longitudinal 

axis which may arise, for example, with the presence of, fins on 

the fuselage of a rocket. 

Let us find the equations of the perturbed motion of a rocket 

in the pitch plane relative to the body coordinate system. Equations 

in this system of coordinates are necessary for the analysis of the 

accelerations measured by the sensor elements of the stabilizing 

system,inasmuch as the orientation of the sensor elements is connected 

with the geometric axes of the rocket airframe. 

Letting in (1.15) vxlB"vxln+vxl' and vyiB»vyln+vyl and taking 

(1.17) into account, we obtain the following equations of the per¬ 

turbed motion in the body coordinate system Ox^y^: 
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ff 
«Kl - «H?f „ - »>„) - Sc,1,1 - ov,Sc,v+ 

4—5CJ2!,» 4 yUiStylv—C cos 0,0, 

w* tv* 
m(vn+--j- Sc>i!a 4 -f-Sc^i r 

4 5^4 p®«5c,i,v 4 G sin 4 

/,*- - ^-Slc‘m-?v<Slc'mi.v--&-SPcib-tf„x 

X(Jf,-xJ»--L5/»cUtv-2^mc/f (x-xjrfjtft. 

(fl ■*•/ 

(1.25) 

Let ut express variations v and a in terms of and vy^* Since 

o,i«ocMa and —usina , we have 

+ »•(«■+«)» 

»»u+«*i- -(«,4®)»in(s4«)- 

Up to second order infinitesimals, we have 

Neglecting an2 , we find 

V«« 

•-—¿-(W4V)- (1.26) 

Replacing in (1.25) variations v and a by their expressions 

from (1.26), we obtain the equations of the perturbed motion in the 

body coordinate system 

**+fvKi+cv,®«++~ 0> 

«•r+fv,*» ^ fV’*®' 4 c*f»*+fy ^ 4 (1.27) 

* 4 ^+++fH,®«+ 
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where the following notation was introduced for the coefficients in 

the first equation 

‘V==TGcos&*’ 

«;> - w 

(1.28) 

and the second equation 

c».-—LoWn*« (1.29) 
V * 

V-* ^ 

In (1.28) and (1.29) the terms proportional toan» “n3 
negligible were left out. For the third equation the variation of 

the angle of attack is defined by 

Therefore, 

/0. 2 
Slc'm, /-/, 

The coefficients ctf, cm and cm were defined in (1.21). 

(I.30) 

The equations in the body coordinate system in the plane of 

yaw can be obtained from (1.27) - (1.30) by setting 

O-P, Oa-Oa-d—0, 0*0. 

FTD-HC-23-^61-69 35 



In order to Investigate the effect of brief disturbances within 

a short time interval,we shall assume below that the trajectory of the 

undisturbed motion of the rocket center of mass is a straight line. 

We shall set up equations of the perturbed motion in the pitch plane 

relative to a fixed system of coordinates. Equations of this sort are^ 

more convenient in studying the perturbed motion of a rocket where 

the oscillations of liquids and elastic oscillations of the fuselage 

are taken into account. 

Let the Ox axis of the fixed coordinate system point along the 

tangent to the trajectory of the unperturbed motion, and the Oy 

axis be perpendicularly to it (Figure 1.7). 

An unperturbed motion in the plane of pitch relative to a 

fixed coordinate system is characterized by the following 

equations 

m^—P.coia, —A",—0110 8,-^,11««,, 

vH » 0, K,+P, sin a, - C cos 8,+Yf .a cos a,=0, 

*.-0, 

(1.31) 

Let V and v denote small perturbations of the projections 
X y 

of the center of mass velocity onto the fixed coordinate axes. Let 

0 be a small perturbation in the pitch angle, and 5 a small perturba¬ 

tion in the angle of rotation of a control element. As a result of 

the perturbations the velocity vector will be deflected by an angle 

Wvn , and a new value of the angle of attack will be 

■•-S+«. (1.32) 
O 

The plane motion in the fixed coordinate system Oxy is determined by 

the following equations 

^»P.CCS («. + ») - G stn 8, - ** cos (-^-) - r sin ( 

-Kjslnfc+I), 

nit>f*=P,slii(a,-(-l)-Ocos8^—A*8ln^^-j-f K*cos|ij+ 

/1«-K-K-Yfa-xj. 

(1.33) 
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Expressing the disturbing forces and moments X*, Y«, Yp*, MD*, Ma» 

in terms of the quantities in (1.17)» and subtracting (1.31) from 

(l«33)*we obtain equations of the rocket motion in the fixed coordinate 

system in terms of the perturbations oM,vt,û and 6 ; 

1+ 

In the first equation the coefficients are defined as follows: 

«V,— 
t 

^•-“-(Pa+^A). 

(1.35) 

Here the variation v is taken as equal to variation vx< In the 

second equation / 

• -jj’ -Ç- í (f»+ci). 

(1-36) 

«y——P*/»“« j • 
The remaining coefficients e^i, cii, cm. £»»,» f»*, and cm are defined in 

(1.21), (1.29), (1.30). 

5. An Analysis of the Equations of the 

Perturbed Motion 

The coefficients in the equations of the perturbed motion 

(1.19), (1.22), (1.27), and (1.34) are defined in terms of the 

characteristics of the rocket, air density, and the kinematic para¬ 

meters of the unperturbed motion, i.e., are known functions of time. 
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Figure 1.7* 

Disregarding the fact that the 

above mentioned systems of equations 

are linear with respect to pertur¬ 

bations, their analysis is made 

more difficult by the presence of 

vax-iable coefficients. Equations 

of this type can us’ally be solved 

by numerical integration using 

digital computers or by utilizing 

analog computers. 

In a preliminary analysis 

done when designing the rocket and 

its control systems»one commonly 

uses the so-called method of 

"freezing” the coefficients of 

equations [3» 8, 15]. This method 

allows us to obtain results which, 

although crude, are nevertheless 

very general and instructive. 

The essence of the method consists in the following. Let, us for 

example, assume that the coefficients ip the system of equations 

of the perturbed motion (1.19) were computed for a certain 

trajectory of unperturbed motion. On this trajectory one selects 

a number of characteristic points, and instead of the system (1.19) 

with variable coefficients one considers a set of analogous systems 

with constant coefficients c##(/k).cn{tk), which represent the values of 

the coefficients in Equations (1.19) at fixed points in time t^. In 

other words, the flight time is divided into small segments that 

include points t^, and in these segments the equation coefficients 

are considered constant. This assumption in many cases gives sat¬ 

isfactory results. 

The method of "freezing" the coefficients allows us to utilize 

methods that are widely known in engineering practice such as methods 
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of solving linear differential equations with constant coefficients, 

methods of estimating the stability of solutions, frequency methods 

of the theory of automatic control. At the same time investigations 

using the technique of "freezing" the coefficients ought to be 

considered as preliminary and essentially of qualitative nature. They 

should be supplemented with investigations utilizing other methods, 

in particular, those making use of analog and digital computers. In 

these studies it is customary to take into account the specific 

properties of systems of equations, for instance,their non-linearities. 

As a result it is possible to increase the precision of results obtained 

on the basis of linear equations. 

Let us consider a perturbed motion of a rocket in the plane of 

pitch which is described by Equations (1.19). For simplicity we 

shall assume that the undisturbed motion is rectilinear and steady, 

and that equation coefficients are constant. We shall use the 

symbolic notation . 

The characteristic polynomial for the system in (1.19) with 

imO will be 

-Mif+a«. (1.37) 

The coefficients a1, a2, a^» and a^ are real. Therefore, the roots 

of the polynomial may be either real or complex conjugate. 

As numerous calculations for a statically stable rocket indicate, 

the characteristic polynomial has two pairs of complex conjugate 

roots, where the real and imaginary parts of one pair of roots 

are considerably larger in absolute magnitude than the real and 

imaginary parts of the second pair of roots. This means that a free 

perturbed motion can be represented as a sum of two motions: short- 

period motion, corresponding to the pair of complex roots with large 

absolute value, and long-period motion, corresponding to the pair of 

complex roots with small absolute value. 
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For example, for a hypothetical statically stable rocket the 

roots of the polynomial (1.37) have at some point in time tk the 

following values: 

-0,684 ±/1,387; *.4= -0,0066 ± ¿0,0623; 

The periods of oscillation are equal to, respectively, t|-4,54 sec; 

Tj “ 100,83 sec . 

Let the disturbed motion of the rocket be caused by an instan¬ 

taneous deflection of the vanes, where at the moment of deflection 

we have ¢^6^6^6^0 • If we take the roots of the characteristic 

equation as p-^» p^» p^» an^ Pjj* then we shall obtain the following 

expressions for the variations v, 6, 6, ®. 

*■* j40 + Aie-0'*** coi(l,387/ + a,) f ^^¢01(0,0623/ + ¾). 

4-=9,6, 6,«, 

where for the variation v we always have |í4||<|¿j| . Consequently, 

a change in v is determined mostly by a slowly damped term and has 

a long period. 

A change in the angle of attack 0 is essentially determined 

by a rapidly damped term, and thus has a short period of motion. In - 

the expressions for the angles 6 and 9 both the slowly damped and ped 

rapidly damped terms have real values. 

This type of time dependence of the parameters in a perturbed 

motion does not depend on the type of the rocket. A rocket may 

change its angle of attack very rapidly by rotating relative to the 

center of mass. At the same time the velocity of the rocket will 

change in value relatively slowly*since the longitudinal r.ccelerations 

v, related to a change of forces caused by a change of the angle of 

attack, are very small. 
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Prom this we can reach a conclusion that will be used in Chapter 

III and V: if • and 0 are variations of the first order in smallness, 

then the variation of the acceleration »(»«)caused by deviations in 

• and 0 , will be second order in smallness. In other words, in the 

linear setup of the problem the longitudinal acceleration of the 

rocket does not depend on small deviations d and 0 . 

Thus, a perturbed motion of the rocket may be taken to consist 

of two stages. The first stage has a short period and consists 

essentially of a rotation of the rocket relative to the center of 

mass and a rapid change of the angle of attack. Toward the end of 

this stage the moment of the aerodynamic forces relative to the lat¬ 

eral axis is practically balanced by the moment of the control forces, 

and the angular velocity ♦ is close to zero. However, in the presence 

of deflections • and 9 the conditions of the equilbrium of forces 

in the direction of the normal and the tangent to the trajectory will 

not be satisfied. The second stage of motion has a long period and is 

slowly damping.. This stage lasts as long as there is no equilibrium 

of forces. This is a stage of a slow variation in velocity v. 

fhe process cff guidance basically consists of changing the 

direction of the engine thrust vector Pef This force is directed 

along the longitudinal axis of the rocket, and thus, its direction 

is determined by the pitch angle. Since both the angle of attack 

and the pitch angle practically only change in the short-period 

stage of the perturbed motion, then Just this stage is important in 

designing the stabilization system for the angular motion. At the 

same time in the analysis of the velocity control system v, the long 

period stage will be the most significant one. 

We can easily convince ourselves of the negligible effect that 

velocity v has on variations # and 0 by comparing the connecting 

coefficients in the second and third equation of (1.19) . Thus 

in the second equation 

FTD-HC-23-461-69 
41 



and In the third one 

Only at the beginning of the flight when the speed vn is small, 

and the angle of attack large, is the connection between the equations 

of Inportance. 

Thus, for the short period stage of the disturbed motion does 

one assume v ■ 0 in Equations (1.19). Then 

(l 38) 

Equations (1.38) are usually referred to as equations of the 

perturbed motion in the plane of pitch. An analysis of (1.21) 

Implies that the values of the coefficients practically do not change 

if the snail quantities án and °n are set equal to zero, i.e., 

if one assumes that an unperturbed motion occurs with the angle of 

attack c(iaQ. Under this assumption Equations Q.38) will differ 

from the equations of the perturbed motion in the plane of pitch 

(1.22) by only a value of one coefficient. The formula for en contains 

a variations of the projections of the weight forces onto the normal 

to the traJectory;G slnô^), whereas the forces of weight have no 

effect on the pitch motion, and therefore the coefficient em does 

not depend on them. 

In the body and fixed coordinate systems the projection of the 

forces of the longitudinal axis also changes very little with 

perturbations. Therefore, Just as in the case of the moving coordinate 

system, by virtue of the smallness of the acceleration $x in the 

first stage of the perturbed motion, the variation vx turns out to 

be small compared to the variations vy and t. On that basis iq the 

second and third equation in (1.27) and (1.34) in the short-period 

stage we may set vx a 0 and consider these equations as independent 

of the first one. 
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Thus, in addition to Equations (I.38), the equations of the short- 

period disturbed motion in the pitch plane may be written: 

in the body coordinate system as 

«W+«vA+*•/•+*»**+fvl=0' 

^ 9 

in the fixed coordinate system as 

%+C'fVg+«,f»»+- Ö, 

*++em*+e+fM* “ O' 

The equations of the short-period perturbed motion in the yaw plane 

relative to the moving coordinate system assume the following form 

on the basis of (1.22). 

•+*«»+*.$+*•* “0. (i.lii) 

♦+++f♦»* “ °- 

We shall show that Equations (1.40) are identical with Equations 

(I.38). In fact, since in the initial stage of the perturbed motions 

V ■ const then from the first equation in (1.31) we have the 
xn 

equality of forces 

(1.42) 

In addition, in the fixed coordinate system we have the kinematic 

relation 

(1-^3) 

Comparing the coefficient em from (1.21) with the coefficient cVt 

from (I.36), we obtain c«-rVf . Taking (1.23) into consideration,we 

also obtain 

V»-V 

(1.39) 

(1.40) 

FTD-HC-23-461-69 43 



We shall assume that- 

admits of linearization. Upon linearizi ^ ^ COntro1 3ystem (1-16) 
control smem ln tems of the varieaatr‘^.« obtain an equation of the 

(l.H) 

ceneouu linear system of dirrerentlalth<>r forl" a h 

perturbed motion of a closed in e,Uatlon* describing a 
closed-loop system of automatic control. 

6. ■rmaîsr Punctlons_and Property, -r 
giaracterlstlr yolynoml.!. 

as 

rhe equations of the perturbed mnn 

frozen coefficlents can be symbolically WUh 
s y written in an operator form 

-flirty 

:lrtlt?,‘ "(P) °Perator Polynomials; , a„ b. 
quantities we are Interested In su.h 11 1 any of th« 

follows a, .11! be referiras“:;;- ir" ^ ^ P * and as output« 

as "•,r“'" •' - ■».. .. 
The 

that 
equations of motion in t-h.. . 

in the symbolic operator fo™ inply 

in which we have a ratio »«. «t 

the actlon (i^' - ^riairr;: 
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Assuming the coefficients have been "frozen”, we shall first 

discuss the equations of the perturbed motion in the plane of pitch 

(1.38) and (1.40), and analogous equations in the plane of yaw (1.41). 

We shall write Equations (I.38) in the symbolic operator form 

(1.45.). 

Eliminating 8, we shall find the transfer fuctlon 

#»+^+e*+«i 
(1.46) 

in which 

Osla V 

Eliminating # from (1.45), we find the transfer function 

7 

(1.47) 

(1.48) 

The denominator of the transfer function ir¿ a characteristic polynomial 

of the systems (1.38) and (1.40) 

(1.49) 

Por the system (1.41), describing a perturbed motion in the 

plane of yaw, the coefficient a^ ■ 0, so that 

¿W-P^+etP+e,). (1.50) 

The roots of this polynomial are 

PM- —± 7 /p»-0. 
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The zero root corresponds to the long period motion. Upon simplifying 

bqnations (1.19). the degree of the characteristic polynomial is * 
lowered by one. Due to the zero root, th deflections o and i|> in 

the perturbed motion described by Equations (1.41) for «.0, 
do not disappear. 

Depending on the sign of the coefriolent c.., the roots p, 

and P-, may he either real or complex conjugate ilth negative r«l 
parts. 

If the rocket Is statically stable 
(Cm-C^y , then 

(<«■ >0) , and In addition 

Pu-.±fa. (1.51) 

»here u is the natural frequency of the angular oscillations of 
a statically stable rocket in an air stream. 

If a rocket is statically unstable (e* <0) , then the roots p , 
P2 will be real, and 1 

«>* *<«, IaOIaI. 
(1.52) 

The quantities p^ p2 are in addition the roots of the denominator 
of the transfer functions, found from Equations (1.4l): 

Therefore for a statically stable rocket the transfer process 

relative to the rates 5 and * is oscillatory and damped, and for a 

statically unstable rocket the transfer process is characterized by 
an Instability of an aperiodic type. 

When eH -0, then A—««.a—«4 , and the motion is stable 
relative to the rates 0 and * . When (c. the root8 

Pi. p2 will be real, negative and equal. The free motion of a rocket 
relative to the rates 0 and ÿ is also stable. 
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Now let us analyze the properties of the characteristic poly¬ 

nomial (1.49)> If cm *0 » then 

ft=°* (1-53) 

With the stated initial conditions free motion relative to the co¬ 

ordinates 8 and ♦ is not damped, and relative to the rates 8 and d it 

is attenuated aperiodically. 

When the center of pressure of the aerodynamic forces does not 

coincide with the center of mass of the rocket (cm«*0) , then in the 

analysis of the polynomial coefficients in (1.49) there arise two 

basic cases: 

a) if X) (cm >0) , then «iX». «X), ai<0, and the polynomial 

(1.49) will have one real positive root and a pair of complex conjugate 

roots with a negative real part 
/ 

*,-•±*•(•«».*>0; (1.54) 

b) if c¡l<0(cM<0) , then«(>0, ^<0, «,>0and all three roots of 

the polynomial (1.49) are real, two being positive and one negative: 

A>0. A>0. (1.55) 

Thus, free motion in the pitch plane is unstable for cm #0. 

One of the more important parameters of a perturbed motion is the 

acceleration in the direction of the lateral axis of the rocket 

Oy^tOz^), in terms of which one determines the lateral loads acting on 

the fuselage. This acceleration may be an input coordinate tothe automatl 

stabilizer. The transfer function with respect to the lateral accel¬ 

eration may be found from Equations (1.39). We obtain 

i* *(&+Q+K) 
1 ^+c¡Ar+C¡P + c¿ * (1.56) 
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The coefficients in the denominator of the transfer function (1.56) 

may he expressed In terms of the coefficients (1.47) as follows: 

* 

«¡«a,, a;-«,-}-**. 
(1.57) 

Tae coefficients in the numerator of (1.56) are determined from the 

formulas 

(1.58) 

They differ a little from the coefficients for similar powers of the 

operator p In the numerator of (1.48). The coefficients in the denomin¬ 

ator of the transfer functions in Equations (1.48) and (1.56) are 

also different. Therefore, Equations (1.39) are generally speaking not 

Identical with Equations (1.38), and the transfer function 

7. Structure of the Automatic Stabilizer 

The control system of a rocket consists of: 1) prevention of an 

accidental deflection of a rocket from the desired trajectory, 

2) guiding the rocket to a target by generating and applying control 

signals. Therefore the entire system consists of two parts — the 

control system proper and the guidance system. 

An ideal calculated trajectory of a ballistic rocket is a plane 

curve located in the vertical plane, tne pitch plane. The forces 

acting on a rocket in the powered portion of the trajectory are the 

engine thrust, the force of gravity, and the aerodynamic forces. 

The time dependence of the force of gravity is known. The aerodynamic 

forces change depending on the dynamic pressure and the angle of 

attack which is defined as the angle between the longitudinal axis of 

the rocket and the tangent to the trajectory. The direction of thrust 
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is determined by the Inclination of the fuselage. Thus, in order to 

make sure that the rocket follows a desired trajectory, one has to 

control the deflections of a rocket in the plane of pitch, or in other 

words, one must control the deflections of the engine thrust vector. 

The starting equations in the solution of the control problem are 

Equations (1.14). 

The control system is designed to protect a stable angular 

motion of the rocket fuselage, and minimize the deflections 

of the center of mass of a rocket from the calculated trajectory. 

This problem is solved by placing on the fuselage automatic angular 

stabilizers that stabilize motion relative to the center of mass, and 

automatic stabilizers of the center of mass itself. The linear stabi¬ 

lizers may be set up either in the plane of pitch or the plane of 

yaw. The angular stabilization is usually accomplished separately in 

each of the three planes — the planes of pitch, yaw, and roll [3, 9, 

24]. / 

The starting equations in the solution of the stabilization 

problem are the equations of the perturbed motion obtained in 

Section 4 (see pages 29» 31» 33, 36). 

The control system of a rocket is analogous to the autopilot 

systems [3» 13» 17]• The system consists of sensors measuring the 

mismatch signals (free gyroscopes, rate-of-turn pickups, acceleration 

pickups, etc), computers (or a correcting circuit and an amplifier), 

and the actuating mechanisms (control actuators, servos). The part 

of the control system consisting of the amplifier, control actuator, 

and a feedback going from the output shaft of the actuator to the 

amplifier, is usually called a servo. One and the same servo may 

serve the actuators simultaneously for two control channels, for 

instance,a channel of the angular stabilization, and a channel of the 

lateral stabilization of the center of mass in the yaw or pitch planes. 
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There are several types of control systems in existence [3*9]: 

control systems without an internal feedback; continuous control systems 

and relay control systems; self-adjusting systems or systems incorp¬ 

orating a digital computer. 

It is not the objective of this book to discuss the properties 

and advantages of various control systems. A control system is Just a 

part of a closed system without which it is impossible o analyze 

methodically the dynamic properties of rockets. Therefore, below in 

the analysis of dynamic properties we shall base our discussion on 

the control system used by V-2 rocktes [3, 9L 

In Figure 1.8, we see a typical block diagram of one of the 

channels — the channel of the angular stabilization in the yaw 

plane. We shall give the equations for separate links of the control 

system, which are usually used in the analysis of the dynamic prop¬ 

erties of rockets within a linear framework. 

A gyroscopic pickup (GP) experiences a voltage u^ proportional 

to the yaw angle 4»: 

(1.59) 

As a correcting circuit (CC) one may use differentiating 

circuits of first or second order with inductive and ohm loads 

(amplifier windings). 

V 

Figure 1.8 
PM ■ activating mechanism 
OC ■ feedback 

FrD-HC-23-461-69 50 



Figure 1.9 shows a differentiating circuit of first order. The rela¬ 

tionship between the input voltage u^ and the output current i-^ 

is expressed by the following differential equation 

«**+«.#+i)A-iK. ( i. 6o ) 

where 

Ti-ftC. 

R, r is the ohmic resistance, C is the capacitance, and L is the 

Inductance. 

Since the feedback (0C) is negative, then the equation of the 

amplifier (Y) may be put in the form 

(Tip+o /-a, ... ( (1.61) 

where k is the amplification coefficient relative to the main 
% signal; 

jc 
a.f.s. is the amplification coefficient relative to the 

feedback signal; 

Tj is the time constant of the amplifier. 

The linearized equation of the actuating mechanism (PM) may be 
i 

written as 

**1**+*,*+*•)»-/. (1.62) 

where m-,mj, nu are coefficients accounting for the parameters of 
the actuator and the reduced mass of the control 
elements. 

A rigid negative feedback may be expressed by the equation 

/».«—(1.63) 
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If the amplifier, the actuator, and the rigid feedback are put 

together Into one actuating link, then the linearized equation for 

this servomechanism will be 

10 + TtpHmip' -f "hP + ^ + V» «*• *1 * = kT*1*' (1.64; 

The coefficients on the left-hand side of Equation (1.64) are 

usually selected so that the characteristic polynomial of this 

equation does not contain roots with a positive real part. In other 

words, it Is necessary that the servomechanism as a closed system 

be stable. 

The equation for the entire channel of the angular stabilization 

may be written In general form as 

</*c(rtír“^*c(rt5». (1.65 

where the operator polynomials QAC(p.)and RAC(p) are determined in an 

elementary way on the basis of Equations (1.59), (1.60), and (1.64). 

The transfer function of the angular stabilizer is 

Kac(p)-K.Ap) 
* | *AcW 

* “Qac<«‘ 

(1.66) 

The stability of the separate parts [(1.59)» (1.60), and (1.64)] 

guarantees the stability of the entire channel of angular stabilization. 

In other words, the characteristic polynomial of the angular stabilizer 

(p) does not have roots with a positive real part. The complex 

transfer number of the control system relative to any channel may 

be written as 

¿/ac (-) 1- /V'ac (•) - A ac (•) Z**. (1-67) 
Vac»'-' 
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where Am(¡u) is the absolute value of a complex number; V.vc(w) Is the 

argument of a complex number. Or, in other words, Aac(u) is the 

amplitude-frequency characteristic; V.tc(«*) is the phase-frequency 

characteristic of the control system. 

8. The Effectiveness of the Control Organs 

The effectiveness of the control organs is characterized by 

the amplification coefficients r»i. *♦*. c# , and by maximum moments. 

Thus, in the pitch or yaw plane the coefficients are, respectively, 

equal to 

and in the plane of roll 
i 

The maximum moment that the control organs are capable of in 

the plane of pitch and yaw is, respectively 

—*„) Im, 

('H*)mi ™ f?if (Xp — xJl Im,; 

and in the plane of roil 

(Ai,)»,, v AÍ jpla*«. 

The values of the coefficients c»i, c*t have an effect on the 

amplification coefficient of the control system, since the total 

amplification coefficient of a disconnected circuit is equal to the 

product of the amplification coefficient of the control system and 

the controlled object. 
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The moment produced by the control units may be arbitrarily 

divided Into three parts 

"f" ^W*o» H" • 

Here Mpr Is the programmed control moment necessary to guide the 

rocket along the desired trajectory. If ¿pr ( 0n) and ®n^ 

are small, then Mpr is also small; Mper is the moment needed to 

parry disturbances caused by wind, misalignments of the thrust 

chamber, aerodynamic asymmetry, etc. This moment may be considerable 

M ^ is the moment produced by the control organs in the process of 

stabiliziation which is determined by the requirements of the speed 

of response, accuracy, and the oscillational nature of the transition 

processes. 

At an arbitrary moment of flight the maximum moment that may be 

produced by the control system should be larger than the needed con¬ 

trol moment 

XI "i* IM*» J I M»h I Xmi. 

For example, in the plane of pitch 

/ 

M., I +1AUI +1 AU IU- 

Since the right-hand side of the inequality may be known from the 

analysis of the possible trajectories, conditions of flight, the 

values of perturbations, etc., and the angle Amax is determined by 

the construction of the organs limiting the rotation of the control 

organs, then from the last inequality one .may determine the minimum 

gradient of the control force 

ml ( I I + I Mm I + I ^tT* l ),1,, 

This inequality should be satisfied at any time of the flight. 
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Inasmuch as the control signal is usually "obstructed" by noise, 

a useful deflection of the control organs is superimposed with 

accidental deflections. The left-hand side of the inequality should 

be larger than the right-hand side by an amount that would guarantee 

that the rotation of the control units does not reach the maximum 

angle Aiwt. 

Thus, the effectiveness of the control units should be such that 

the control system be able to parry all the disturbances- and guide the 

rocket along the programmed (nominal) trajectory. The effectiveness 

should also be high enough to secure stability of the motion relative 

to the center of mass, and a stability of the center of mass relative 

to the required trajectory. 

9« The Concept of Stability of Motion 

and of Natural Oscillations 

One of the most important definitions of stability is that given 

by Lyapunov [1^]. 
I 

Any system of linear differential equations, including the 

linearized equations of perturbed motion (1.19) - (1.24), may be 

brought to a normal form 

MY,(/, jfj,..,, jf,) (s*«l, 2,..., «), 
■# 

where ys are the coordinate perturbations. 

A determination of stability is formulated as follows according 

to Lyapunov. 

An unperturbed motion is stable if for any positive number e 

no matter how small, one can find another positive number r|(e) such 

that for all perturbed motions y^ » yo(t) which satisfy at the initial 

point in time t » tQ the inequalities |y.(/*)|<n., also the inequalities 
/>/# will be satisfied for all , 
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If an unperturbed motion is stable, and if n can be selected so small 
that for all perturbed motions, satisfying the inequalities 

the following conditions will be satisfied 

lim 1,(/)-0, 

then the unperturbed motion is called asymptotically stable. 

Is it possible to Judge the stability of a real system on the 

basis of the linearized equations? An answer is provided by the 

following three theorems given by Lyapunov [16]. 

1. If the characteristic equation of the linearized system has 

all roots with negative real parts, then the actual system will 

be stable Just as the linearized system, i.e., no additions of terms 

involving second and higher powers of variables and their derivatives 

will in this case disturb the stability of the system. 

2. If the characteristic equation of the linearized system has 

even one root with a positive real part, then the actual system will 

be unstable, i.e., no additions of terms involving second and higher 

powers of variables and their derivatives will impart stability to the 

system. 

3. When zero or purely imaginary roots are present after the 
ê 

linearization, then it is impossible to determine whether the actual 

system is stable or not. The rejected terms involving second and 

higher degree powers of variables and their derivatives may in some 

cases radically change the dynamics of the system. 

In Section 4 we obtained a system of linearized differential equa¬ 

tions with variable coefficients for the perturbed motion of 

a rocket. Using the technique of "freezing" the coefficients, this 

system can be reduced to a system of ordinary differential 

equations with constant coefficients. A motion, described by a 

system of ordinary differential equations with constant 

coefficients, will be asymptotically stable if all the 
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roots of the corresponding characteristic equation are located in the 

left half-plane. That this condition is satisfied can be deduced from 

the criteria established by Routh-Hurwltz, Nyquist, and Mikhaylov 

[14, 16]. In the following exposition we shall mainly use the Nyquist 

frequency criterion which makes it possible to estimate the 

stability of a closed system from its hodograph, i.e., the amplitude- 

phase characteristic of the corresponding open circuit. 

In the process of setting up the 

equations of the perturbed motion (see 

Section 4) we took as positive that 

direction of the control force which causes 

a decrease in the angles . In this 

case in the formulations of the Nyquist 

criterion one uses the positive real half¬ 

axis (Figure 1.10), and point C is located 
on this half-axis, with coordinates (1,10). 

Let us formulate the Nyquist criterion for 

the case when the degrees of the characteristic polynomial of the closed 

system and the open circuit are identical. 

The first formulation. For a closed linear system to be stable 

it is necessary and sufficient that the vector CN, obtained by moving 

point N along the hodograph of an open circuit for 0<u<+oo, 

rotates by an angle 9«/iui (counterclockwise). Here m is equal to the 

number of roots with positive real parts in the characteristic 

equation of the open circuit. For example, a hodograph (see Figure 

1.10) attests to the stability of a closed system if the characteristic 

equation of the open circuit has one root with a positive real part, 

i.e., m » 1. Conversely, the system is unstable if m ^ 1. 

Second formulation. For a closed linear automatic system to 

be stable it is necessary and sufficient that for 0<*»<+oo the dif¬ 

ference between the positive and negative passages of the hodograph 

through the segment (I. +oo) of the real axis be equal to m/2. By a 

positive passage we consider a passage of the hodograph from the lower 

half-plane to the upper one. The origin of the hodograph cn the 

Figure 1.10 
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Indicated segment Is considered as half-passage. 

We should remember, however, that a system of equations of.the 

perturbed motion with frozen coefficients only approximately describes 

the behavior of a system with variable coefficients. Therefore, the 

solutions obtained on the basis of an analysis of the former have only 

a qualitative character. The determination of an asymptotic stability 

formulated at the beginning of the section was done for systems with 

an unbounded time of motion, i.e., 0</<oo . Since the duration of 

the motion of a rocket is bounded, one should speak of the so-called 

stability within a finite time interval (/o<i<h) in which the 

motion takes place. 

In for any positive number e, no matter how small, one can find 

another positive number n(®) such that for all perturbed motions 

which initially satisfy the conditions the conditions 

will be satisified for all |y«(0|<* , then the motion will be 

stable within a finite time interval. Stability within a finite time 

interval is also called a technical stability. 

In some cases the requirements of the technical stability will 

be weaker than the requirements of the asymptotic stability. This 

circumstance is of great importance, and one is advised to use it 

in certain cases, since the time interval corresponding to the powered 

section of the trajectory is not large [5]. If a system is unstable, 

then the linearized equation of motion maV be used to describe the 

motion of the system only if its deviations from equilibrium are small. 

To describe the motion involving large deviations, it is necessary 

to use nonlinear equations. 

In the real closed system consisting of a rocket and the control 

system there may arise increasing oscillations which usually develop 

into a stationary auto-oscillating process. In this connection we 

shall discuss some notions relating to that process. 
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The self-oscillating systems mainly differ from the remaining 

oscillating systems in that stationary oscillations may take place in 

them with the absence of an external periodic action. In each self- 

oscillating system,one can distinguish three principal parts: the 

oscillating system, the source of energy, and the feedback through 

which the oscillating system acts on the source of energy. 

Self-oscillation is a self-exciting oscillation. Self-oscilla¬ 

tions are characteristic of the nonlinear systems. At the same 

time,one can determine a possiblitiy of self-exciting in some 

cases even from the linearized equations. 

Figure 1.11 Figure 1.12 

Excitation of oscillations and a transition of growing oscilla¬ 

tions into self-oscillations may be quite clearly seen from the ex¬ 

ample of a system shown in Figure 1.11. A physical pendulum serves 

as a oscillating system, air compressed in a balloon is a source 

of energy, and a velocity gyroscope (VG) forms the feedback. The 

velocity gyroscope measures the angular velocity 9 of pendulum oscil¬ 

lations, and depending on the velocity,it gives the air access to 

the nozzle. There arises a moment Ai»-of the reaction force relative 

to the axis of rotation of the pendulum. 

In this example,the feedback contributes to growing oscillations 

of the pendulum. As will be shown later (Chapters III, V), this type 
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of feedback occurs in an elastic liquid-fuel rocket equipped with a 

control system. 

The equation of small oscillations of the pendulum is of the 

form 

(1.68) 

where h is the coefficient of external frictionj m, I are the mass 

and moment of inertia of the pendulum; a is the distance from the 

center of mass of the pendulum along the axis of rcation; 6— (<?Ai«/d<p);»o- 

If b>h , then small motions of the pendulum will be unstable and 

the oscillations will be on the increase. 

As soon as the amplitudes of oscillations reach valuesalues 

such that the angular velocity is greater than <pn> the oscilla¬ 

tions will be determined by a nonlinear equation; the intensity 

of the energy influx into the system will decrease. For some 

value of the amplitude the influx of the energy into the oscillating 

system and the dissipation of the energy will be equal, 

the growth of oscillations will stop, and in the system there will be 

set up stable periodic oscillations with an amplitude ap, i.e., 

self-oscillations. 

In the phase plane self-oscillations are represented by a stable 

limiting cycle (Figure 1.12). If in the system containing self- 

oscillations one creates small disturbances, then the trajectory in 

the phase-time diagram will again approach the limiting cycle. 
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One can gain an intuitive 

notion of how self-oscillations 

are set up and about the stability 

of limiting cycles by considering 

the relations between energies. 

Figure 1.13 shows, for example, 

graphs representing the dependence 

of E(+) and on the amplitudes 

of oscillations for two different 

systems. As evident, with ampli¬ 

tudes equal to a^j^ and a£> the influx of energy into the systems is 

equal to the dissipation of energy by the systems*but these oscillations 

are unstable, i.c., the limit cycle is unstable. The difference 

between the systems is that for the system on the left infinitesimal 

disturbances are enough to set up self-oscillations, whereas in the 

system on the right self-oscillations will be induced only if the 

amplitude of the disturbance exceeds a^. The first system is called 

a "soft” excitation system, and the second— a "hard" excitation 

system. 

One can get acquainted with the peculiarities of self-oscillations 

and methods of calculating them by consulting [19, 20, 22]. 

In a closed system consisting of the rocket and the control 

system* the principal nonlinear components are the servomechanism 

for which the saturation with respect to velocity is characteristic, 

and the amplifier (saturation with respect to current). In addition, 

oscillations of the liquid in tanks, friction forces in the structure, 

etc., may be nonlinear. The self-oscillations in the system rocket 

control loop are detrimental since they increase the dynamic loads 

on the fuselage and the structural elements, and "clog up" the 

control channels with parasite currents. However, in some cases (when 

using complex dynamic structures, when there is a considerable dis¬ 

persion of parameters, etc.) it is hard to prevent self-oscillations 
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from being set up, arid they have to be tolerated if they are not 

dangerous to the stability of the design, and do not cause an inadmis¬ 

sible distortion of the properties of the guidance and control 

system. 

10. Frequency Characteristics of a Rocket Considered 

as a Rigid Body in Relation to the Requirements 

of the Control System 

The rocket»together with the control system»forms a closed 

system of automatic control (Figure 1.1^). The dynamic properties 

of this system depend on the properties of both the rocket and the 

control system. The main part of the closed system is the rocket 

which is the object of control (OC). The control system (CS) is 

supposed to guarantee the stability of the motion of the rocket. 

Therefore, its properties depend on the dynamic properties of the 

object of control. We shall discuss in this connection the frequency 

characteristics of a perfectly rigid rocket, and the requirements 

imposed on th : control system to make sure that the closed system 

is stable. 

a 

We shall analyze the equations of perturbed motion in the plane 

of yaw. Instead of Equations (1-41) we shall consider the equations 

of motion obtained in the fixed coordinate system. By symmetry they 

will be the same as Equations (1.40) for the plane of pitch, 

( 1.6 9) 

+M™0, 

where 

< 
OC 

♦ 
CS 

1 

Figure 1.14 
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(1.70) 

The lateral motion of the center of mass relative to the nominal 

trajectory is slower than the angular motion relative to the center 

of mass. Therefore, in th^ analysis of the angular motion one 

can neglect to a first approximation the displacements of the center 

of mass. Similarly, in the analysis of the lateral motion of the 

center of mass one can neglect the angular acceleration ÿ and the 

angular velocity ¢. Then instead of (1.69), we shall obtain two 

simplified independent systems of equations: 

the equation of the angular motion relative to the center of mass 

♦ + (1.71 

and the equations of the lateral motion of the center of mass 

fwl* + C+9,Vi + ♦** “ O* 
(1.72) 

The transfer function relative to the yaw angle on the basis of the 

simplified equation (1.71) will be 

* + *4 + '* ' (1.73) 

Letting we shall get the complex transfer number 

*♦(/•)- —«s 
iU(m) + ¡V (•). (1.74) 
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The sign of the coefficient c** is determined by the sign of the 

coefficient ti* . For a statically stable rocket c«>0, for a 

statically unstable one <«<0, for a neutral one ¿¿-O • 

What properties should the control system have to make sure that 

the angular motion relative to the center of mass of the closed 

system is stable? To answer this question, we shall analyze the 

properties of the complex transfer number /(* (to) for the object of 

control, the number being determined from Equation (1.7¾)• For simpli¬ 

city» we shall neglect the damping, i e., set • Three various 

cases will be considered. 

1. A statically unstable rocket, cyf<0 . 

The hodograph of the complex transfer number /(* (to) in the plane 

Z-i/(«)+tK(tt) 1= shown in Figure 1.15. It is a segment of the positive 

real half-axis Nil]’ where as can be seen from equating the 
coefficients cy and Y** , on certain segments of the trajectory we 

can have «*«,*«<!, and on others • 

Figure 1.15 Figure 1.16 

The denominator of the complex transfer number /C*(p) has one 

positive root Therefore, by the Nyquist criterion, for a 

closed system to be stable it is necessary and sufficient that the 

hodograph of the complex transfer number for the entire open circuit 

K(U) - Ki (to) /Tac (to)- M*(*) Mac« (•) ^ 
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make one positive half-passage through the OU axis to the right of 

C(l, 10). With a retardation of the control system at high frequencies 

taken into account, such a hodograph is shown in Figure l.l6. 

To insure the stability of motion*the amplitude-phase character¬ 

istics of the control system should possess the following properties. 

First of all, for small frequencies, including of course «*0, 

the control system should amplify the signal, i.e., the amplification 

coefficient *>1 . This is necessary to make sure that point A on the 

U axis be located on the right of point C(l, 10). 

Secondly, the control system should for small frequencies produce 

a phase lead to ensure that the jp^aee of the open circuit 

t (*)-?•(•) + ? AC (•) 

be positive for small frequencies. This phase lead is achieved using 

a differentiating circuit. 

Thirdly, to ensure that the hodograph/C(iu) makes one positive 

half-passage through the U axis to the right of C(l, 10), it is neces¬ 

sary to have a phase lead in the frequency interval [0, w0). Here, 

bio is the frequency for which the phase lead of the control system 

develops into a retardation <pac(o*>)-0. The larger the amplification 

coefficient k, the higher the frequency should be for which the phase 

lead is still produced. This is to make sure that point B on the 

U axis is always located left of point C. 

Consequently, the amplification coefficient k should be no 

smaller than some number, say kmln, to ensure that point ¿4(<d«0) on the 

U axis lies to the right of point C, and at the same time should 

be no larger than k to ensure that point £(<d«<.>o) lies to the 
max 

left of point C. In other words,the amplification coefficient should 

be bounded from above and from below 

A Am„.. ( t 75) 
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If point B coincides with C, then the closed system will be on 

the border of stability, small disturbances will cause sustained 

oscillations in the system. Since Vac(oo)"0, we have ò-k(ao)y , and for 

this case 

/f(M- 
à (hi) 

(1.76) 

From this expression*one can find the frequency of the natural oscil¬ 

lations of the closed system 

V* K) £** + *«.*• 

For the closed system to be stable, point B should lie to the left 

of point C. Therefore, the control sjstem should produce a phase 

lead up to frequencies 

(1.77) 

In the analysis of the stability of closed systems,one uses 

conventional notions such as stability margin relative to the phase, 

the stability margin relative to the amplitude or, which is the same 

thing, the stability margin relative to the amplification coefficient. 

The stability margin with respect to the phase is characterized by the 

lead angle <p*(«) for A(«»)-l . The stability margin relative to the 

amplitude can be described by the ratio of the length of segment 

BC (in the same way as the length of segment AC) to the length of 

segment OC, equal to 1. The larger the segment BC (AC), the higher 

the stability margin relative to the amplitude. The stability margin 

makes it possible to determine the admissible limits within which 

the parameters of the system may change without disturbing its 

stability. 

In order for a closed system to have a stability margin relative 

to the amplitude, on the basis of (1.75) and (1.76) for a statically 

unstable rocket («♦*«>) it is necessary that the following inequalities 

be satisfied: 
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(1.78) 

«ó—¢. 11 

In order for a closed system to have a stability margin relative 

to the phase it is necessary that the control system regulating the 

i|) channel have a phase lead in the frequency range [0, o«] • 

2. A statically stable rocket, c«>>0 . 

The hodograph of the complex transfer number for the object 

under control is shown in Figure 1.17. The hodograph lies on the 

real axis of the complex plane Z. The dashed line indicates the hodo¬ 

graph with the damping coefficient taken into account. For 

the denominator the complex transfer number in (1.73) has two 

purely imaginary roots, the controlled object is on the border of 

stability; forc^>0the object is stable, and has a small stability 

margin with respect to the phase. An addition to the controlled 

object of a control system which has a property of retardation at 

high frequencies causes an appearance of point B (in Figure 1.17 part 

of the hodograph for the open circuit Is represented by curve a). 

In order for a closed system to have a stability margin relative 

to the phase it is necessary that the control system possessa phase 

lead up to frequencies »# determined by the inequality (1.77). The 

magnitude of oo is an important characteristic of the control system. 

As will be shown later it is used in estimating the stability of a 

rocket with the movement of liquids in tanks taken into account. 

A closed system will have a stability margin with respect to 

amplitude if the amplification coefficient of the control system is 

bounded from above, i.e.. 

¿■ufa) ^ 
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The amplification coefficient is not bounded from below in the case 

under consideration. 

3* A neutral rocket, «0 . 

The hodograph of the complex transfer number for «0 coincides 

with the real half-axis (Figure 1.18); the denominator of the complex 

transfer number in (1.73) has two zero roots. 

If at low frequencies we neglect dynamic properties of the control 

system and set 

then the equation of the closed system will be 

ft+torf-Q. 

In the presence of disturbances the closed system will execute sustained 

oscillations with the natural frequency 

mamyity. 

These oscillations indicate that the closed system is on the boundary 

of stability 
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A hodograph of an open system in Figure 1.18 is represented by curve 

a. As a result of retardation caused by the control system at high 

frequencies, there appears a negative passage through the real axis — 

point B. In order for the closed system to have a stability margin 

relative to amplitude it is necessary that the control system produce 

a phase lead in the frequency Interval [0, u«] , where 

*>V*(*s)f*. 

Consequently, the amplification coefficient here should be bounded 

only from above, i.e., 

An addition to the neutral rocket of a control system possessing 

the indicated properties causes the closed system to become a 

damped oscillating circuit. 

The magnitude of the coefficient depends on the velocity 

head q, the moment of inertia of the rocket, the relative location 

of the center of mass and of the center of pressure, which change 

during the flight. Therefore, even for one and the same rocket at 

various moments of time there may be situations when e^>0, c^<0, —0. 

In all these cases the control system should guarantee the stability 

of motion. 

Summing up, we can formulate the following two basic requirements 

on the angular control system: 1) the control system should ensure a 

phase lead within the frequency range [0, «o]; 2) the amplification 

coefficient of the control system should be bounded both from above 

and from below. 

The amplitude-frequency and phase-frequency characteristics of 

the control system, corresponding to calculated requirements and 

the structure described in Section 7, are shown in Figure 1.19. 
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Figure 1.19 

An increase in the coefficient 

A(u)as compared to the static 

value in some frequency range is caused 

by the presence in the control loop 

of a differentiating circuit. 

In order to decide what the 

frequency range [0. &>»] she ild be and what 

limits should be imposed on the ampli¬ 

fication coefficient Am«, one 

has to analyze the complex transfer 

numbers of the controlled object and 

the entire open circuit for all possible 

instants of flight time. 

As an example, in Figure 1.20 we have shown the typical amplitude 

frequency characteristics of a statically stable rocket for three 

characteristic instants of flight — immediately following the launch, 

for small and large velocity head q. In constructing the 

characteristics, we have used the following complex transfer number 

_IM-,, 

(1.79) 

corresponding to the complete system of Equations (I.69), and 
considering that 

The characteristics were plotted using a logarithmic scale 

which is very convenient in practical calculations of control systems. 

Such characteristics are called the logarithmic amplitude-frequency 

charpcterlstlcs (LAC). On the ordinate axis,we plot 
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which is measured in decibels (db). An increase in (u)by every 

20 db corresponds to an increase of amplitude by a factor of 10. 

The zero point on the ordinate axis corresponds to an amplitude 

amplification 4o(u)«l. A decrease in amplitude 4«(a)<l is 

associated with negative values of the orinate £*(«). 

On the axis of abscissas we 

plot the values of w in the logar¬ 

ithmic scale. The scale units 

used on the horizontal axis are 

the octave and the decade. Each 

octave is associated with an 

Increase of frequency by a factor u 

of 2, and each decade with an 

increase by a factor of 10. 

The frequency for which the 

logarithmic characteristic crosses 

the horizontal axis is called the 

crossover frequency “c . 

For a large q and low frequencies the logarithmic characteristic 

has a form identical with that of the integrating circuit; the slope 

of the characteristic is -20 db/decade; the slope decreases to 0 db/ 

decade for the frequency «t. At a resonance peak occurs, 

and its magnitude depends on the total damping (cv,+^). The damping 

is achieved through an angular motion of the rocket, and the 

damping e,lU through a lateral motion of the center of mass. For 

«> the logarithmic characteristic has a form identical with that 

for an oscillating circuit; the slope of the characteristic is equal 

to -40 db/decade. 

On the initial portion of the trajectory and at high altitudes 

the velocity head decreases and the amplitude-frequency character¬ 

istic (Bode diagram) will be similar to that for low q. The values of 

ac. o« Vf*«, «i. are in this case considerably smaller, and the resonance 

Figure 1.20 
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amplitude Is slightly larger compared to the corresponding values 

for large q. During the time of flight*under usual conditions,the 

resonance frequency «» may, as an example, change from 0.2 to 

10 1/sec. The resonance amplitude may change by a factor of 3 to 4 

for large q, and, say, by a factor of 100 for small q [17]. 

Immediately following the launch the aerodynamic forces are 

practically nonexistent. Therefore, it is impossible to-show in a 

Bode diagram where the resonance frequency or the frequency are 

located. The only lateral force is in this case the force of the 

control elements, and the cross-over frequency depends on the moment 

of this force. On the basis of (1.79) the cross-over frequency is 

The slope of the amplitude-frequency characteristic immediately fol¬ 

lowing the launch is equal to -40db/decade. This is easy to see; since 

» ig Ig -20 Ig 

-20.1g 
-Y* •ï 

(10-V 

.20 lg 100-40 tf/d«*. 

More complete information needed to select the amplification 

coefficients for the control system can be obtained by constructing 

regions of stability. In this connection we shall analyze the 

equations of the closed system, consisting of equations for the con¬ 

trolled member (1.69) and the equations of the control system. The 

equations of the controlled member willvbe written without consider¬ 

ing the damping forces 

•*++—0. 
(1.80) 

The equation of the control system (1.65) may he put in the form 

(1.81) 

The characteristic equation of the system (1.80) and (.1.81) will be 
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where V-T«. 

(1.82) 

«j-fi, 
0,-1+TV*. 

«í—Afoê+JV*. (1.83) 
«4— 

We shall use the Hurwitz criterion [16]. The closed system 

(1.80) and (I.8I) will be stable if all the coefficients of Equations 

(1.82) and the discriminant A» are positive, i.e., 
\ 

«,>0, «i>0’ *«>0' a»>°* «*>0* 

AiT-ai(alai-auaJ—a4pÍ>0. 

The coefficient e^>0 . Therefore, it is not difficult to find 

values of ** and *4 such that for an aerodynamically unstable rocket 

(cw<0) the coefficients in (I.83) will all be positive. The conditions 

A,«0 and o«-0 are decisive. The latter condition is the limit of an 

aperiodic stability. 

Let us find an equation for the stability boundary from the 

condition Aa-O . Substituting in this equality values of the 

coefficients in (1.83)»we get 

Figure 1.21 

+ + f,** + T*l**“0* (1.84) 

Equation (1.84) is an equation of a 

parabola in the coordinates Ok^k^ . The 

parabola passes through the origin; the axis 

of the parabola is parallel to the coordinate 

axis 0*4 (Figure 1.21). The set of values 

of *4, A*, lying in the region bounded by a 

parabola and the horizontal axis satisfies 

condition A,>0 . 
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The inequality a«<0 determines a region of a non-periodic 

unstable system. The boundary of a non-periodic instability can be 

found from 

Or 

*♦- (1.85) 
S» 

Consequently, the region of stability lies between the parabola 

in (1.84) and the straight line (1.85). For a statically unstable 

rocket (c* <0) this region is shown in Figure 1.21. In order for 

a rocket to be stable it is necessary that 

I *♦» I 

This condition is identical with the first condition in (1.78) 

which was obtained by analyzing the system by frequency response 

methods. 

The apex of the parabola AQ is located at the point with coordi- 

nat" , / Mi-flW . 

“H 3¾. ' «î^ /' 
Ordinarily l»7»cw . Therefore, the ordinate of the apex is 

practically independent of the degree of aerodynamic instability, and 

is determined by the effectiveness of the control elements (Cp) and 

by the parameter of the control system r,*V 

We may make an arbitrary convention and say that the abscissa 

of the apex of the parabola determines the width of the stability 

region. It is proportional to ^ and inversely proportional to the 

product fie* • 

By considering a family of characteristics (see Figure 1.20) 

and a region of stability (see Figure 1.21),we can arrive at a more 
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concrete frequency range (0, wo] and an upper and lower bound for the 

amplification coefficient of the control system. However, we cannot 

make a final choice of values for these quantities Just as we cannot 

determine the stability margins relative to the amplification coeffic¬ 

ient (with respect to the amplitude) and relative to the phase on 

the basis of such characteristics. A selection of the stability 

margin is a very complex task. There one has to take into account all 

the possible deviations in rocket parameters, the deviations of 

the parameters and characteristics of the control system, the 

temperature-dependence of the characteristics, vibrations, and other 

factors. The values of these parameters may be determined empirically 

from the actual performance of rockets and control systems. 

Now let us discuss the dynamic properties of the autonomous 

system controlling the lateral motion of the center of mass relative 

to a desired trajectory. The equations of the lateral motion of the 

center of mass (1.72) will be written with the right-hand sides equal 

to 

(1.86) 

Here Z and are disturbing factors, acting lengthwise caused 
w y w 

by winds, lack of parallel alignment between the thrust vector and the 

longitudinal axis of the fuselage, etc. 

The system controlling the center of mass should be able to 

compensate for the action of the disturbing factors. Let, for example, 

force Z and moment M arise as a result of wind acting on the rocket, 
w y w 

Then the angular control system will turn the vanes by some angle 6 

in order to balance the disturbing moment and keep the fuselage par¬ 

allel to the plane (♦•O). in addition to the lateral force the 
W 

fuselage will be acted on by a lateral control force Z . In the case 

of a statically stable rocket (c**>0) the forces Z and Z will have 

different directions (Figure 1.22 on the left), and for the case of 
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a statically unstable rocket these forces will have a single direction 

(Figure 1.22, on the right). Under the action of forces Zw and Zc, 

the center of mass of the rocket will be displaced in a lateral 

direction. 

In order to compensate for the action of Zw and Zc the system 

controlling the center of mass has to rotate the fuselage of the 

rocket (the thrust vector) so that the sum of the projections of 

forces Z , Z , and on the z axis is equal to zero, 01 more exactly, 
w C Ci 

the rotation has to have an effect of bringing the velocity component 

v„ of the center of mass to zero. For a statically unstable rocket 

the angle of rotation should be greater than for a statically stable 

rocket. 

Thus, the angular control system 

strives to keep the axis of the rocket in 

the pitching plane, and the linear control 

system should displace this axis from the 

firing plane . 

One of the possible lavrs of signal 

formation in the linear control channel 

[3], is 

AiVj—***. (1.87) 

where z is the coordinate giving the displacement of the center of 

mass. Since the linear and angular stabilization is achieved by 

the same auxiliary elements, a block diagram of the system exercising 

control in the plane of pitch will be as shown in Figure 1.23. 

Let us determine some requirements that will be imposed on the 

choice of the amplification coefficients k1 and k2, and for this 

purpose let us establish a correlation from Equations (l.b6) and (1.87) 

between the coordinate z giving the displacement of the center of mass 

and the perturbing force Zw. Letting vz»pz, Myw-Q,we get 
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J (fH+ **♦») + ^ IfV* (*♦♦+**♦*) “ +^/) +■ 
+*» —^#/)] + *1 (*»,****—Cvfijù I *“ 

(cn+kCit). 

With a corresponding choice of the coefficients and kg we can 

secure a high quality of the transfer process. The higher the coef¬ 

ficient k2,the smaller the static displacement of the center of mass, 

1. • 6 • 9 

_2. «♦»+*»« 
at ^ 

and the higher the natural frequency of center of mass oscillations 

However, as kg increases there may occur a slight decrease in the 

stability margin relative to the if/ channel. 

As we see from the equation for the displacement of the center of 

mass,^ determines the damping in the system. The larger k1 is,the 

faster the center of mass oscillations are attenuated. 

A selection of values for the amplification coefficients k1 and 

k2 of the linear control system may be achieved as follows: given 

disturbances Z and M , we solve Equations (1.79) and (1.8?) for 
w y w 

various fixed instants of flight time, and find the functional 

relationships between vz and z and coefficients ^ and kg. Further¬ 

more if the values of k1 and kg are large, then in the momentum 

equation we shall have to take V into account. Making use of the 

requirements on the accuracy of flight, on the basis of the 

obtained relationships,one can select acceptable values of the coef¬ 

ficients k^ and kg. 
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An analysis of equations with constant coefficients gives only 

a qualitative notion of how the stabilization of the center of mass 

is achieved. Under the actual conditions the coefficients of equations 

and the disturbing forces change during the time of flight. This 

means that we can only get an idea of what the maximum speed vz and 

the maximum accumulated error in the deviation of the z coordinate 

are,by solving equations with variable coefficients on a digital 

or analog computer. Only if this is done, can one make the final 

choice of values for k^ and k2» 

The structure of equations of the perturbed motion in the pitch 

plane (1.40) is identical with that for the yaw plane (1.69). 

Therefore, the requirements on the linear and angular control systems 

are practically the same as those .applying to the system controlling 

motion in the yaw plane. 

equation (1.24) representing perturbed motion relative to the 

longitudinal axis is simpler; 

f+^+^-0. t1*80) 
V 

The coefficient <f. is de¬ 

termined by the aerodynamic 

forces, and the coefficient 

cyt — by the control forces, 

which when air vanes are 

used, will depend also on 

the velocity head. 

The complex transfer 

number with respect to the 

angle of roll is 

Figure 1.24 
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Examples of Bode diagrams in the logarithmic scale are shown in 

Figure 1.24. For large q and low altitudes»the slope of the Bode 

plot is equal to -20db/decade, and changes to -40db/decade for 

frequency • The point of intersection of this plot with the 

frequency axis determines the cross-over frequency <dC . As q gets 

smaller at high altitudes,the Bode diagram changes in accordance with 

the diagrams for small q. The launch Bode diagram corresponds to 

conditions existing immediately after the launch when ef* »0 , and 

f«! does not depend on the velocity head q, and is completely 

determined by the effectiveness of Jet vanes or revolving chambers. 

The structure of Equation (1.88) is analogous to the structure of 

the equation of moments in the plane of yaw for -0 . Therefore, 

the requirements on the system controlling the roll channel are 

analogous to the requirements on the angular control channel for 

. The frequency of the natural oscillations of a rocket 

with a control system relative to the longitudinal axis is 

(1.89) 

where A(uo) is the amplification coefficient of the control system; 

The dynamic model of a liquid-fueled rocket as an absolutely 

rigid body is true only to a first approximation. On the basis of 

that model we can calculate the trajectory of flight and formulate 

the basic requirements which will be imposed on the guidance and control 

system. In some cases this model is sufficient. However, as the length 

of the rocket increases the assumption of the rigidity of the fuselage 

becomes rather arbitrary. Under lateral disturbances a long fuselage 

moves not as a rigid body, but as an elastic piston. If the 

elasticity of the fuselage is taken into account, additional dynamic 

properties are revealed which are important, for example, for the 

angular control of a rocket. In addition, there are in the tanks of 

a rocket considerable masses of liquid fuel which may move relative to 

the walls and create additional forces. 
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Before we study the dynamics of a rocket with the oscillations 

of liquids taken into account, we shall first analyze the dynamic 

properties of a tank with a liquid as a component part of a rocket. 

4 
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CHAPTER II 

OSCILLATIONS OP A FLUID IN A CYLINDRICAL TANK 

1. Laplace Equation 

The study of oscillations of liquids in tanks is one of the 

tasks of classic hydrodynamic^ [8, 12] where to describe motion of a 

fluid one makes use of either Lagrangian coordinates or Eulerian 

coordinates. 

The Lagrangian coordinates describe the motion of a specific 

fluid element, and depend on the initial time and position coordinates 

of this element. The study of motion of a liquid using those co¬ 

ordinates consists in analyzing the changes in various vector and 

scalar quantities (for example, velocity,pressure, etc.) describing 

the motion of some fixed fluid element as a function of time. 

The Eulerian coordinates characterize the state of fluid 

elements that are found at a given point with coordinates x, y , z 

at various instants of time t. In other words, various vector and 

scalar quantities used to describe fluid motion are expressed as 

functions of position and time, i.e., as functions of four arguments: 

x, y, z, t. 

We shall use Eulerian coordinates. 
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In our analysis of oscillations of liquids we shall make the 

following assumptions: 

1) the liquid in a cylindrical tank is ideal and incompressiblej 

2) the displacements and velocities of all fluid particles and 

walls of the tank are small in the sense that their products and squares 

may be neglected compared to the values of the quantities themselves; 

3) the motion of liquid in the Oxyz coordinate system is assoc¬ 

iated with a velocity potential. Assuming that the initial flow is 

irrotational and that the field of body forces has a potential, on the 

basis of Lagrange's theorem we come to a conclusion that the flow is 

potential at any time instant; 

4) the total acceleration vector of the field of body forces g 

at all times coincides with the axis of the tank or makes a small 

angle with it. 

In an undisturbed flow the free surface of the fluid makes a 

right angle with the vector g. 

Figure 2.1 shows an elementary volume as a rectangular parallel¬ 

epiped with the sides dx, dy, dz, Let the fluid velocity in the 

direction of the main coordinate axes on the planes x ■ 0, y ■ 0, 

z ■ 0, be represented by the components v^m v^, v^. Then on the faces 

located at distance idx, dy, dz, the velocity components will be 
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In case the fluid is incompressible the volumes of liquid flowing 

into the parallelepiped and flowing out must be equal. Then 

dxdydz-\--^- dydxdz-\- dzdxdy-0. 

This relation gives the continuity equation 

£-+-5-+-^-0’ 

which should be satisfied at any point in the volume of liquid. 

(2.1) 

as 

The fact that the flow is irrotational is in vector form expressed 

oiBgrad ¢. 

Projecting grad $ on the coordinate axes,we get 

Substituting (2.2) into (2.1),we obtain Laplace's equation for 

the function $ 

+ (2.3) 

A function 0(*»lf»*)is called harmonic in a finite region if it 

has in this region continuous first and second derivatives and satis¬ 

fies Laplace's equation at all points of the region. A potential ¢, 

consequently, will be a harmonic function at any point of the volume 

occupied by a liquid. 

It is convenient to solve the problem of liquid oscillations 

in a cylindrical tank using cylindrical coordinates instead of 

Cartesian coordinates. Letting the Ox axis point along the axis 

of a tank and Introducing variables r and n instead of y and z 

(Figure 2.2), where 

yacrslmi, 2=rcoin, 
(2.4) 
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we obtain Laplace's equation in cylindrical coordinates 

A 
«r* 

A+J-A+A-o. 
1- ' A.* ' ¿jfl I* dr? 

(2.5) 

A solution of Laplace's equation should satisfy boundary and initial 

conditions. 

2. Boundary and Initial Conditions 

Let us place the origin of the coordinates at the center of the 

free surface. Let the Oy and Oz axes lie in the horizontal plane, and 

the Ox axis point upward. The value Tq will denote the radius of 

the circular cylindrical tank, and h will be the height of the column 

of liquid. The velocity of liquid at the walls and bottom along the 

normal to the surface is zero if the tank is stationary. If the tank 

is in motion, the velocity of liquid at the walls and bottom along 

the normal to the immersed surface is equal to the velocity of motion 

of the walls and bottom in the same direction. 

Thus, 

A- » y, for 1-=1¾. 
*> 

for**"—*» 
9m 

(2.6) 

(2.7) 

where v , v are velocities of points in the boundary surface in 
r X 

the direction of the normal to this surface. 

Now let us discuss the boundary conditions at the free surface 

where the pressure p has a constant value Pg, equal to the pressure 

of gas located above the liquid. 

We know that in case of a stationary flow the pressure of a 

liquid can be calculated from Bernoulli's integral [8, 12] 

,+-5-«’tv-r, 
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n 

where r is a quantity which remains constant along a given 

streamline; V is the potential of body forces. 

If the Ox axis is directed vertically upward, and the acceleration 

of gravity is equal to g, then the potential of body forces is expres¬ 

sed as 

V-fx. 
In the case of unsteady flow there arises an additional dynamic 

pressure, equal to pdf/dt [8, 12]. Therefore, pressure p at any point 

of the volume occupied by liquid can be determined from 

-(2 8) 

which is referred to as the Cauchy integral [8, 12]. 

We shall assume that the flow is sufficiently slow so that in 
2 

(2.8) we may neglect the term v /2, and write 

gx. (2.9) 

Let the equation of free surface at a time t be of the form 

x-x(* *.<)• 

Prom Equation C2.9) and the condition that the free surface P * P0 

we conclude that 

+fX-0. 

Since the oscillations of thei liquid were assumed to be n infinitesimal, 

in Equation (2.9) we can use the value of tyldt for x ■ 0 (instead of 

X * x)* Then we obtain 
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Upon differentiating this expression with respect to t, we get 

But àtJàt is only slightly different from vx. In fact, consider an 

arbitrary particle on the free surface, with coordinates y, z, x ■ x* 

The velocity projection of this particle on the coordinate axis will be 

,iLx A-Jt+Ail 
ft ' it it 4t 

or 

The last two terms may be neglected if one considers that and-dx/da 

are small, i.e., that the plane tangent to the free surface is almost 

horizontal. Thus, on the free surface we have an approximate equality 

which, also as before, may be considered to hold for x ■ 0 (instead of 

for x ■ x)« 

Consequently, instead of (2.10) onevmay write 

The function ♦ must also satisfy the Initial conditions. These 

conditions may be expressed, in particular, as initial perturbations 

of the free surface. 

The initial conditions give us the values of the arbitrary 

constants in a general solution of the homogeneous differential 

Equation (2.5)* 
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I 

In what follows we shall analyze the question of the stability 

of motion of the system usinr frequency response methods based on an 

analysis of the dynamic properties of the system with steady harmonic 

perturbations. In this case the flows caused by the initial conditions 

are of no interest to us, ar.d will not be calculated. 

Thus, the problem of a perturbed flow in a tank reduces to a 

calculation of the potential function i(x, r, n, t), that satisfies 

Laplace’s equation and the boundary conditions. If the function ♦ 

is found, then the pressure at any point of the liquid volume will 

be calculated from Forma.a (2.9)« Now we shall proceed to determine ¢. 

3. A Calculation of the Potential of the Absolute 

Velocity of a Liquid. 

Let us introduce two rectangular coordinate systems — an absolute 

Oxyz and a moving system attached to a cylinder (Figure 2.3). 

The motion of the moving coordinate system relative to the absolute 

frame will determine the motion of the tank. 

The origin of the moving frame will be located at the center of 

the free surface, and the 01x1 axis will point upward along the tank 

axis* whereas the 01y1 and axes will lie in the plane of the 

circular cross section of the tank. The orientation of the absolute 

frame Oxyz will be selected in such a way that the and 0xyz 

frames will coincide if the tank is stationary. 

s 

The problem of finding the 

potential function 4> will be 

analyzed as applied to the case of 

a planar motion of the tank. Let 

us focus our attention on some point 

C located on the longitudinal axis 

of the tank at a distance L 

beneath an undisturbed free surface. 

Then the position of the tank in 
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the Oxy plane will be determined by the coordinates of point C(-L,yc) 

and an angle 0 . The tank pivots about point C relative to an axis 

passing through C and parallel to Oz. Displacements given by y.(t) 
V 

and will determine the perturbed motion of the tank. 

The absolute velocity potential ♦ must satisfy Laplace's 
equation 

4*. A +-L A. +-L A+A*0. 
(2.12) 

the boundary conditions at the walls of the tank 

for r.r#> (2.13) 

for (2.14) 

and the condition requiring the pressure to be constant at the free 
surface 

jAtf.—LA for jt-0. (2.15) 

Since the motion of the tank is determined by a displacement 

y (t) and rotation #(0 , the radial velocity of the tank walls is 

given by 

,ln (2.16) 

The velocity component of the tank bottom in the Ox direction is 

equal to 

•i» —Irilnil. (2.17) 

In order to make it easier for us to find the potential *, we shall 

represent it, following D. Ye. Okhotsimskiy [23]» as a sum of two 

functions 

#(x, r, *>, 0-Í (X, r, t|, 0+?(x, r, 9,0. (2.18) 
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A method to determine a function i|/ was proposed by N. Ye. Joukowski 

[6]. Let us select an expression for i|> that would correspond to the 

boundary conditions (2.13) and (2.14). To make it simpler for ÿ to 

satisfy (2.13), it is advisable toincludethe expression in (2.16) 
in the function ip. Then 

♦(.*.r,*1. (2.19) 

Function tp(x, r, n,/) will correspond to conditions (2.13) and (2.14) 
if 

for r-r„ (2.20) 
4r 

■jj—— 2r$IiH| for Jt— —A. (2.21) 

Since ♦(*. f, t|, A satsifie^-conditions at the walls (2.13) and 

(2.14), the boundary conditions for f(x. mi. 0 will be 

JL-O for r-r^ (2.22) 
w 

-Ä--0 for X--A. (2.23) 
Ar 

The sum of the function must satisfy the boundary condition (2.15) 

+ -L for x=0. (2.24) 
J *r g * 

Let us first find function F(x,r,that must satisfy Laplace's 

equation 

«Lu. J. 41-4--1- £1+-21-0 
T r ir T f* W 1 djfl 

and the boundary conditions (2.20) and (2.21). 

(2.25) 

We shall solve Equation (2.25) by using Fourier's method (the 

method of separation of variables). Let F(x, r, n) be represented as a 

product of three functions 
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F(x, r, n)(*) W(n)Ä(r). 
(2.26) 

Substituting the expression for into Laplace's equation and 

separating the variables, we obtain the following equations for 

the functions X(x), H(n),and R(r): 

(2.27) 

(2.28) 

(2.29) 

where kn, m are some undetermined parameters. 

The problem of finding nontrivial solutions of equations of type 

(2.27) - (2.29), satisfying homogeneous boundary conditions, is called 

the Sturm-Liouville problem or the eigenvalue problem. It has 

nontrivial solutions only for certain values of kn and m. The values 

of kn and m for which a nontrivial solution does exist are called the 

eigenvalues of this problem, and the nontrivial solution itself is 

called an eigenfunction corresponding to a given eigenvalue. The 

set of all eigenvalues is called the spectrum of a given problem. 

A general solution of Equation (2.27) is expressed in terms of 

hyperbolic functions 

^1I(jc)-ClchA«x+C1»h k^x. (2.30) 

where the arbitrary constants and should be selected so that 

the boundary conditions at the free surface and the bottom of the 

cylindrical tank will be satisfied. 

A solution of Equation (2.28) will have the form 
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Since H(n) is periodic*the number m must bç an integer (m » 1, 2, 3» 

...), and to determine F(*. r. n) it is sufficient to consider the 

simplest form when m ■ 1, and in-0 . Consequently, below we shall 

assume that 

//(I|)-«lnn. (2.31) 

Equation (2.29) to determine function R(r) is a linear differential 

equation with variable coefficients, namely Bessel's equation. A 

solution of Equation (2.29) for m ■ 1 may be represented as 
« 

X«(r) —A\J\(knr) (A»r), 

where A1, A2 are arbitrary constants; J^í^r); Yj^í^r) are Bessel's 

functions of first and second kind of order one (m - 1). The function 

Yl(lcnr) for r ■ 0 goes to infinity. Therefore, we must set A2 ■ 0, 

since otherwise the displacement of liquid for r ■ 0 will be infinitely 

large. 

By virtue of (2.26) the boundary condition in (2.20) will be 

equivalent to 

á*Yl .»Q for ra*fv 
4r 

which gives 

-Q for raff. 
*<*✓) * 

The roots of this equation are 

C.-V.-1.M12; (,-V.-5,3315; 

^-Vi-3.5363; C,-V.-HJOeO;... 

The functions (a—1,2,3,...) , which are a solution of 

Equation (2.29) can be conveniently normalized by, for example, making 

them equal to one for r ■ rQ. We shall obtain 
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• (2.32) 4±) 
AC.) 

Inasmuch as the function Rn(r) satisfies condition (2.20), the 

arbitrary constants of the solution in (2.30) should be selected so 

that (2.21) is satisfied. 

For that purpose we shall expand the variable r into a generalized 

Fourier series in Bessel's functions. We let 

r-2 
•5» 

where B are the expansion coefficients. In order to calculate 
n 

them we shall multiply both sides of the equality by the product 

Rn(r) and integrate over the radius. 

The orthogonality condition gives 

f^.(r)P.(r)rWr-0 (* -f m). 

Integrating and making use of the properties of Bessel's functions, 

we get 

Thus, 

and 

(2.33) 
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Considering (2.33) and the expressions (2.26) and (2.31) the boundary 

condition (2.21) is identical with 

for jc®—*. (2.34) 

Thus, to determine two arbitrary constants and C2 we only 

have one condition (2.34) referring to the bottom of the tank. 

The second condition should relate to the free surface. But, the 

condition at the free surface is given for the sum of two functions 

[Xsee (2.24)] of which one, function f,has not yet been found . 

Therefore, in determining the boundary condition fort at x ■ 0 we 

may allow some degree of arbitrariness which should then be removed 

on the basis of (2.24) in the Yr°cess of determining function». 

Let, for example, for function i|> at x ■ 0 the boundary condition 

be identical with one at x ■ -h, l.e., 

(2.35) 

Then 

(2.36) 

The physical meaning of the boundary condition ( 2.35) as well as 

other oossible versions of the boundary conditions for at x ■ 0 will 

be discussed in Section 7* 

With the boundary conditions (2.34) and (2.36) taken into account, 

the solution (2.30) will be 

(2.37) 
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The functions 

//C0-«teH,«.(r) ttl 
AM 

*5 “I [¿1 ■f+')] 
•b 0- -£] 1 

are the eigenfunctions of the problem in question. A solution of the 

problem (2.19), (2.20), and (2.21) is composed of these functions 

according to Expression (2.26). 

Combining the results of the solutions, we shall obtain the 

following expression for function t(x.r.i|.0 : 

* A (c. —) 
♦■8r,slnnZ 4-^ ' X 

..¾. *L +(4-i-x)l»+¿c|. 
^ J 

(2.38) 

The function t(*. r. n. 0 is a solution of Laplace's equation and 

satisfies boundary conditions at the walls of the tank. 

Since the free surface of a liquid, whose motion is determined 

by a potential function ♦, will be by condition (2.35) a plane in 

the absolute coordinate system 

i 

(2.39) 

which is perpendicular to the longitudinal axis of the tank (0^), 

Consequently we may consider that function ^(r* *• 1* 0 describes a 

potential flow for which the free surface of a liquid is covered with 

a "roof" fastened to the wall of the tank, and therefore is not 

disturbed. 
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The pressure of the liquid on the "roof", as it is easy to convince 

oneself, does not remain constant, and since in reality there does 

not exist any "roof", the nonuniforwity in pressure leads to a 

distortion of the free surface, i.e., to oscillations. Hence, the 

oscillations should be determined by the function f(x, r, q. O* 

We shall now proceed to detemine the function ^(x. r. i|, 0 • Thls 

function should be a solution of Laplace's equation. Its derivatives 

should vanish at the walls and the bottom of the tank in accordance 

with (2.22) and (2.23), and together with ♦(*. Ml. 0 should satsify 

the condition that pressure be constant at the free surface (2.24). 

Let the function f. be represented as 

where C is a constant coefficient; *x»(f) is a time-dependent parameter 
n 

which is as yet undetermined. 

A separation of variables leads to Equations (2.27) - (2.29)« The 

conditions determining the selection of functions H(n) and Rn(r) are 

the same as those for iji. Therefore, 

'•(‘•“f ) 
//(T0«»lnn, #,(0--v°—• 

Function XR should be a solution of Equation (2.27) and therefore 

may be formed of a linear combination of hyperbolic functions of 

argument U*/'« • By (2.23) this function should satisfy the condition 

at the bottom of the tank 

iX. 
äx 

0 for X» (2.40) 

Equation (2.27) and condition (2.40) are satisfied by a function 

X.(x)-V 
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In order to assign the simplest physical sense to the parameter Xi*(0» 

we shall select the coefficient Cn such that the functions y and f will 

have a common multiplier. We set 

Then we obtain 

t»2r,«lnn£ 
•■1 

/, r \ 1 lit k + *\ 
tv] 1 ch(C" r0 ) 

(Cj-l)A(t.) «i(c. -£) (2.41) 

Now let us make use of the fact that the pressure is assumed 

constant at the free surface and find the parameter X*(0 which is 

thus far unknown. After substituting (2.38) and (2.41) into (2.24) 

we obtain the following equation for MO î 

or 

Here we assumed the following nomenclature 

(2.42) 

(2.43) 
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(2.M) 1—SSLth 

In order to find the physical meaning of MO we shall solve the 

equation 

Xfr.H X 

This is an equation of the free surface in the absolute coordinate 

system. Considering (2.33) it may be represented as 

X(r, 

where 

3U(M.O-2r,*tii1 £-,> 'l[ X 
flat ¢¢-OA(C«) 

Up to infinitesimals of second order we have 

(2.46) 

Jfa*X| — rl«lllll. 

Therefore, in Equation (2.45) with the same accuracy a displacement 

&(r, 1).0 represents a displacement of the free surface in the moving 

(attached) coordinate system (Figure 2.4). 

The form of the free surface is represented as a Fourier series 

in Bessel functions , and along the circumference it changes 

sinusoidally. For the first three tones of the oscillations the form 

of the free surface with is shown in Figure 2.5. Each term 

of the series is associated with its own parameter MO which is 

thus a generalized coordinate for the wave motion of the free surface. 
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Equation (2.46) makes It possible to determine the scale for 

which will depend on the number n or, in other words, on which oscil¬ 

lation tone number we are dealing with. The maximum displacement!of the 

free surface corresponds to the coordinates ij-ii/2, r-r#,. If we read it 

off from the plane 0^»^ , perpendicular to the axis of the cylinder 

O^x^ the displacement is 

iu(r¥ *12.(<■-£)W- 

If A/rt> 1 , then • In this case we have for the first 

tone of oscillations x 

and for the second tone 

lU'fon/ÿ.O-OMtffl- 

All fluid particles participate in the motion whose potential is 

represented by (2.41). However, the velocity of particles decreases 

rapidly as we move away from the free surface downwards into the 

tank. 
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Equation (2.42) shows that the eigen oscillations of the free 

surface of the liquid are harmonic at all points. The square of the 

frequency of these oscillations is proportional to the acceleration 

g, the root of the derivative of the Bessel function of the corresponding 

order, and inversely proportional to the radius of the tank. If the 

depth of the submerged portion of the tank is greater than the radius, 

the frequency of the eigen oscillations of the liquid is practically 

independent of this depth. If A/r0<l , the frequency of the oscillations 

decreases with a decrease in depth. As we increase the tone numbers 

of the oscillations,the frequency also increases. 

4. Pressure of the Liquid on the Walls 

of the Tank 

If the potential $ is known, then making use of (2.9) one can find 

the pressure p at any point of the liquid volume, and thus make a 

transition to integral quantities, namely the transverse force and 

the moment relative to the transverse axis passing through point C 

(see Figure 2.3). These integral quantities are needed to set up 

the equations of motion of a rocket. 

In view of (2.9) and (2.18) we have 

_-¾—A. 
t a òt 

-g*. (2.47) 

where Pq is the gas pressure over the free surface; p is the density 

of the liquid; g is the acceleration of gravity. 

The velocity potential was determined in Equations (2.38) and 

and (2.41) 
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•=2r«sln»lX , 
;ÈÍ<s-‘>'«<w 

The elementary forces and moments should be summed over the 

entire Immersed surface. Up to infinitesimals of first order of small 

ness the x-coordinate (Figure 2.6) changes from 0 to V- 

_/k — r«dsini) at the side walls, and at the bottom of the ank 

Jt*«= —A—rO*ln»|. 

The elementary area on the side surface is rrf^dx , and at the bottom 

the elementary area is rdi\dr . The Oy-component of the elementary 

force acting on the side surface of the tank is 

(?)r«r.rtsinTkft¿t. 

The same component of the elementary force acting on the bottom of 

the tank is (see Figure 2.6) 

Figure 2.6 

They Çy component of the total 

force of the liquid pressure on 

the walls of the tank is 

fjs. j I (p)r.r, r9 iln n<hl dx -f j j (p)gmS'9rdrdil. 

* *$ 
(2.¡¡8) 

In accordance with the structure 

of the formula in (2.47) the 

total force F will be represented 

as a sum of three forces 

FTD-HC-23-461-69 102 



An analysis of the expressions on tte right hand side of (2.4?) 

shows that the pressures pfyldt, pdy/dt are proportional to the accelerations 

ÿe. Ã» » these being small quantities. The force F 0 and the 
*y 

moment of the total force will be calculated retaining only infinltes- 
« « 

imals of first order. Since the limiting values of x> and x 

contain infinitesimals of first order, then in the expression (2.4Ö) g ft 
to calculate the function tydt and dqldt we shall let X“0. , Xg ■ x ■ 

■ -h. The force and moment of the hydrostatic pressure pgx may be 

determined from (2.48) if the upper x limit is taken to be zero, 
« « 

and the lower one is x ■ x0 and x * x . 

Keeping in mind that the Oy component of the pressure forces 

¿liât and pty/d/j, acting on the bottom of the tank, are infinitesi¬ 

mals of the second order, we get, 

• —• 

*■ • Hr, 
^xr0$lnt|rfnrfx+pj ^{gx)sm)t»brdr\dx. 

Let us introduce the following notation 

ma»ftrjp ’“('•t) (2.49) 

where m is the total mass of the liquid; mn is the reduced mass of 

the oscillating liquid, corresponding to the generalized coordinate 

Integrating and using the fact that [6] 
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we find 
/%--«r*Ap[(£- j) *+ic] -j) *+yc] 

- Jihft,—\ A 

r'~ "|;“x 

f f m KT¡Ap£d — ttrjApg®—0, 
(2.50) 

] ' 1 a>l 

Now let us calculate the moment of pressure forces rela ive to the 

transverse axis passing through point C and parallel to Oz: 

A*-j¡ ((fV«.(£+r,»*ln|H-x)r,»lnîtfTld* + 

* i 
+)h 

(2.51) 

•»iniWlUir, 

where is the clistance from the elementary area on the 
side surface of the tank to the axis of revolution (cf. Figure 2.6). 

For convenience we let 
Ale ■■ Afp^-Afj+Afj, 

Afpa* Afiÿ+Afty, Af^» Afif+Ail». Afj—Afj^-fAfij, 

where index 1 will correspond to the moment of the forces acting on 

the side surface, and index 2 — to the moment of the forces applied 

to the bottom of the tank. ^ 

Similarly as in the calculation of the force Fy°, in computing ^ 

the moments M and A4 we shall assume in (2.51) that x * 0, x0 - x « 

* -h, and that the distance between the axis of revolution and the 

elementary area on the side surface is equal to (L + x). The 

moment Mg of the hydrostatic forces will be determined using (2.51) 

and letting x “ 0* We shall get 

AfH--p { { (¾. (L+X)r»,lnTlrfnrfjt’ 
« -i' ,m * 
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» • j J ) ' JL+jQritlnWMX' 

^lf——fj^ fX(L+rt9slnn+x)rttiniiät)äx, 

mh—- fjjjfifk .W*»!nnrf»)rfr. 

Let us use the following notation 

(2.52) 

where Iq is the moment of inertia of the total mass of liquid relative 

to the axis passing through point C and parallel to Oz. The liquid is 

considered"fixed»and the free surface is assumed to coincide with the 

plane 

Integrating and making use of the fact that [6] 

£ 
I 

we get 
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(2.53) 

•■I 

¿ - y) •+£* £ /«,/„ 
• «I 

5. The Equations of Motion 

The equations of motion for the tank with liquid can be obtained 

using Newton's second law if we combine the external forces acting on 

the tank with forces due to the liquid. However, we shall proceed in 

a different way. Knowing the velocity at any point of the volume 

occupied by liquid, we shall compute the kinetic and potential energy 

of the total mass of the liquid, and using Lagrange's equations of the 

second kind, we shall obtain the equations of motion for the tank 

with liquid in terms of the generalized coordinates £«.*.**• 

Since the velocity components of any liquid particle in the 
direction of the Ox, Oy, Oz coordinate axes are 

the kinetic energy of the total mass of the liquid is 

where V is the volume occupied by the liquid. 

Let us transform the integrand so that it will be easier to 

use the Gauss-Ostrogradskiy formula. We get 
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By the Gauss-Ostrogradskiy formula the volume integral is replaced 

by a surface integral [9]. We obtain 

r"TpJJ[^ ~¡""cos (*’ ^)+ 

Here S is the surface of the liquid containing volume V; n is the 

outer normal to the surface of the liquid. 

The surface of the liquid may be divided into three parts: the 

(see Figure 2.6) side surface, the bottom, and the free surface. For 

the side surface we have . 

¢01(/1, y)—»Inn, C0S(«, *)-C05n, 

dS—rrfdx, «»(«. jc)-0. 

For the bottom surface f 

cos (ft, at)— — 1, ¢01(/1, y)—¢01(/1, *)—0, 
¿S—rrfrrfn. 

For the free surface 

cos (/1, at)—1, ¢01(/1, y)« coi (/i, *)=0, 
dS—rdrtfli. 

Inasmuch as 

ÜLwm ÍÉ- coin- »tan, 
it hr rh\ 

com. 
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then, making transi'ormations, we obtain 

+Í(* 

Using (2.18), (2.38), and (2.41) the expression for the potential 

function 4 will be 

2rtsln«| E 
±±L 
(Cj-l)AC«> 

X 

(2.55) 

The potential in this form will be used to calculate the first 

two integrals. To evaluate the third integral from (<2.54) the function 

$ in view of (2.33) will be represented as 

2rt>lnf| ¿^±L X 
X + 

(2.56) 

+r*Ml(4+*)4+¿¿ 

Due to the properties of the Bessel functions we have 

(2.57) 
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Integrating with respect to x (the values of the definite integrals 

will be stated for reference at the end of the chapter) and 

grouping all coefficients with variables of the same kind, in view 

of (2.44), (2.49), and (2.52) we obtain 

^■"*^■[(^•+5^^«) fr3+miic miA -f vc^4- 

■«I nl 

m m 

a-t Uml 

[ 

(2.58) 

(2.59) 

Now let us construct the expression for the potential energy of 

the liquid mass. The value of the potential energy, corresponding to 

an undisturbed state of the liquid when yeaÿaiOi, and all the coordi¬ 

nates A»hO|, will be taken as equal to zero. 

The potential energy increases if the liquid particles move in 

the direction of the Ox-axis, and djcreases if they move in the 

opposite direction. 

Let us consider a column of liquid with the cross section rdqdr. 

The distance between the column and the plane Oxz is equal to r sinn- 

(see Figure 2.6). 

In an undisturbed state of the liquid the height of the column 

is equal to h, and the distance between the center of the column and 

the plane Oyz is equal to h/2. In an unsteady state of the liquid 

the height of the column is equal to A+*i, and the distance from 

the plane C^y^ to the center of the column is A/2—x*/2 . 

The displacement of the center of gravity of the column of liquid 

in the absolute frame of reference in the direction of the Ox-axis 

is composed of a displacement caused by a rotation of the cylinder 

by an angle 

—cos!)—r«ln »isln • 
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and an additional displacement, due to an increase in the height of 

the column, equal to Xi/2 . The total displacement is 

—j-J(l-co»l)-riln»|iln*. 

The potential energy of an elementary column of liquid in an unsteady 

state is 

^-(A+fcJâfpriMr. 

Summing over the total volume, we find 

tf-fP 5 lx) [4.-(1-1)(1 — cosl)-r»Innilnd]rrfijrfr. 

Taking into consideration the following relations 

(1-cos »)»£., aln»«», 

1. 

and using the properties of the Bessel functions (2.57), we obtain an 

expression for the potential energy of the entire liquid 

«/—(2-60) 
. ^ * «*1 Tl«l 

Here m»*, n, mn correspond to the nomenclature in (2.43) and (2.49). 

The kinetic and potential energy of the liquid are thus expressed 

in terms of the generalized coordinates of the system ite. 0. *■» and their 

velocities. The expressions (2.58) and (2.60) do not include 

the kinetic and potential energies of the tank. In solving dynamics 

problems, in addition to mass m and the moment of inertia Ig of the 

liquid one should also consider the mass and moment of inertia of the 

walls of the tank. 
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If the tank is acted upon by external forces that can be reduced 

to a transverse force F attached to point C and a force couple M , 
*y ^ 

then they will be the generalized forces of the system, corresponding 

to the coordinates y„ and •. 
c 

Applying the Lagrangee equations 

4_ 
4t 

(f “0C- •» X«>* 

in which the generalized force Qq does not include the force of 

gravity, we shall set up the equations of a perturbed motion of the 

where 

' . 
■■i 

•at •■I 

M—«rife 

¢¢5.,,+ tStí-i) ^ 
2 th 
(^) 

(2.61) 

(2.62) 

^-)1- 

The last equation, describing a relation between the coordinates 

G and y„,is completely analogous to Equation (2.42) obtained from 
c 

condition (2.24) which asserts that pressure is constant on the free 

surface. 

We shall show that Equations (2.6l) can be obtained using the 

expressions for the transverse force (2.50) and the moment of 
0 ^ 

forces (2.53), acting on the walls of the tank due to the presence 

of the liquid. Let us first make some transformations. Consider the 

third equation in (2.61), in which we set : 
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1,+ —fc+f®* 

Lot u.; nultlply both sides of this equation by the product n>nZn and 

sum. We ¿et 

•■I 
(2.63) 

The tenu on the left-hand side of the equality appears in the expres¬ 

sion for and M (2.53). Let us replace them in (2.53) by the 
c> 

right hand side of (2.63). After some transformations we obtain 

jW*--m( ¿-±.Uc-('.+¿/J*. 

*•»—(2.64) 

where In, Ln are defined in (2.62). Combining all three expressions, 

we obtain 

Ml ' Ml 

+f ¿*«*.+*f (*-*y)*. 
■at 

(2.65) 

Now we shall set up the equations of motlcyi of the tank. In addition 

to the external force F and moment M which are given, the walls of 
y o 

the tank are acted upon by the force F-; , and the moment M due to 
•f c 

the liquid that are also outside the walls of the tank. The direc¬ 

tions of F°k and are the same as the directions of F„ and M . 
y c y c 

Assuming as before that the mass of the walls of the tank Is 

equal to zero,we get 

ft+^*-0. Alc+Ati-0. 
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Substituting here the expressions for from (2.50) and for • 

from (2.65)» and adding Equation (2.42) for the coordinate A of 

the oscillations of the liquid» we obtain a system of equations 

•-i 

«/.+¿ /j » - «í ( *-!) »+« ( t -1) ¿+ 
• m 

a*c. 
•ai aal 

which is the same as the equations in (2.6l) 

It will be noted that if the expression for the moment is not 

transformed to the form in (2.65), and (2.53) is used to obtain the 

equations of motion, then the structure of the momentum equation will 

differ slightly from the structure of Equations (2.61). However, this 

discrepancy is only illusory, and appears as a result of a linear 

exchange of variables. 

Let us analyze the results obtained so far. If the tank is 

filled completely with liquid, then all the coordinates JU-0 and 

Equations (2.61) will become the ordinary equations of a plane motion 

of a rigid body with mass m and the equivalent moment of inertia 

(,-<QK (2-66) 

which differs from the moment of inertia Iq of a "frozen” liquid. The 

difference is due to the fact that liquid particles may move relative 

to the walls of the tank, and thus their trajectories in the absolute 

frame of reference are not the same as the paths of particles in the 

"frozen" liquid. 

Motion of a solid with cavities completely filled with liquid was 

first investigated in detail by N. Ye. Joukowski [6 ]. N. Ye. Joukow- 

ski showed that the rectilinear motion of such a body does not differ 

•Translators note; Illegible in foreign text. 
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at all from the rectilinear motion of an absolutely rigid body whose 

mass is equal to the sum of the masses of the body and the liquid. 

The rotational motion of a rigid body with cavities completely 

filled with a liquid is equivalent to the rotational motion of an 

absolutely rigid body with some reduced or equivalent moment of 

Inertia. The equivalent moment of inertia is everywhere smaller than 

the moment of inertia of a body with "frozen" liquid (Lsee (2.66)]. 

The difference depends on the form of cavities and on the location of 

these cavities with liquid relative to the axis of rotation. For 

example, if the tank is in the form of a sphere, and the axis of ro¬ 

tation passes through the center of the sphere, then in the absence 

of friction, the liquid will not take part in rotation. The moment of 

Inertia will be equal to the moment of inertia of the spherical shell. 

If the container has the form of a cube, and the axis of rotation 

passes through its center, then it is not hard to imagine that a 

considerable portion of the liquid, located in the center will 

not be dragged along by the walls. The equivalent moment of inertia 

will equal the moment of inertia of the cube walls and a small 

portion of the moment of Inertia of the wfrozenM liquid. 

If the liquid has a free surface, then the surface is distorted 

waves will appear on it. The oscillations of the liquid are described 

by a series in Bessel functions (2.46). To each term in the 

series there corresponds its own generalized coordinate MO and its 
own frequency of the natural oscillatiofis w^. 

The cause of the oscillations is the motion of the walls of the 

tank. The generalized coordinate of the oscillations Xn can be 

determined from the third equation in (2.61). 

As can be seen from (2.50), due to the oscillations of the liquid, 

there appears an additional transverse force 

- 2"*- 

FTD-HC-23-461-69 114 



In the case of eigen oscillations each term of the series varies 

harmonically in the frequency con. The force may be understood as 

a sum of the product's of the masses of the liquid m^ and the generalized 

accelerations K . The reduced mass of the liquid participating in the 

oscillations with a generalized acceleration in decreases as the 

number n of the tone of oscillations (2.62) increases. For the first 

tone the mass is numerically equal to the mass of the cylinder volume 

whose height is ~0,45r0; for the second tone the mass is 30 times 

smaller. 

In view of (2.65) we may conclude that the moment of the oscil¬ 

lations of the liquid consists of the dynamic moment, proportional to 

the generalized acceleration ï» and the static moment, proportional 

to the generalized coordinate X^: 

From the physical point of view, the static moment arises as a result 

of a displacement of the free surface and it can be considered to 

arise due to the transverse motion of the center of mass of the liquid 

relative to the axis of the tank. The dynamic moment is equal to the 

transverse force fyui multlpled by the distance Ln between the center 

of rotation and the force. As we have already noted on the basis of 

(2.41), the liquid located in the upper layers has the greatest veloc¬ 

ity. As we move downward from the surface the velocity rapidly 

decreases. Therefore, the reduced mass mn of the oscillating liquid 

places itself close to the undisturbed free surface 

(2.67) 

If , for the first tone of oscillations the reduced mass is 

located at a depth of about one radius; as the tone number n increases 

the mass comes closer to the free surface. 



JU3t as the force , so the moment Ma strongly decreases with 

an Increase in the oscillation tone number n. 

6. A Mechanical Analog of the Oscillations 

of a Liquid 

In view of the fact that the equations of the oscillations of 
the free surface are analogous to the equations of the oscillations 

of mathematical pendulums, in the analysis of a rocket motion there 

arises a natural question of whether the oscillating liquid can be 

replaced by a system of mathematical pendulums. A possibility of 
such a model was shown by N. N. Moiseyev [17J* 

Let us find a mechanical system whichwould possess the dynamic 

properties In motion that would be identical with the properties of 

a liquid partially filling a cavity of a circular cylindrical tank. 

To solve this problem we shall set the given and unknown plane motion 

of the system equal to each other. 

Figure 2.7 

The given system is a rigid 
cavity in the form of a tank partially 
filled with an ideal liquid. 
The tank will be assumed weightless. 

TheVexpressions for the kinetic 
and potential energy as well as the 
equations of motion for the total 
mass of the liquid were obtained in 
the previous section [see (2.58), 
(2.60), (2.61)]. 

The unknown mechanical system will be represented ii. the 
form of a rigid body (a rod) with n mathematical pendulums. The 
suspension points of the mathematical pendulums will be located on 
one straight line which is one of the principal central axes of 
inertia of the rigid body with pendulum masses attached to this axis 



(Figure 2.7). The straight line in question will be considered the 

longitudinal axis of the rod, and the location of the masses of the 

pendulums on this axis is undisturbed. 

Let m* denote the mass of the rigid body with n pendulums, 

m# — the mass of the nth pendulum, I» — the moment of inertia of 
n n 4. j 

the rigid body with masses of the pendulums attached rigidly relative 

to the transverse axis passing through the center of mass of 

the system (point C), lJ — the distance between point C and the 

mass of the nth pendulum, Zn — the length of the nth pendulum. 

The given and unknown system is acted upon by external forces 

that lead to identical moments and identical transverse forces 

F° attached to the centers of mass of the systems. 
y 

Let us find the parameters of the unknown system with which its 

motion will be identical with the motion of the given system. 

We shall set up the expressions for the kinetic and potential 

energies of the unknown system. As the generalized coordinates we 

shall take: yc(t) — the linear displacement in the direction of the Oy- 

axis of a point C in the rod, • — the angle of rotation of the ^ 

axis of the rod, ¿(0 — the linear displacement of the mass of the n 

pendulum from the axis of the rod. 

The location of any point on the logitudinal axis of the rod in 

the absolute frame of reference Oxy is given by the coordinates 

jc—jr,coct. f-jrc+*i*inl< 

where xl is the abscissa of a point on the axis of the rod in the 

coordinate system attached to the rod coordinates of the 

pendulums of the Oxy frame will be 

«.-(g+oc»»-«.». ). 
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Ualng the following relations 

•Ini»*, «In-7s-«-7s-, co* * « l —Í-, 
•m •• * 

and retaining Infinitesimals of the second order,we get 

*-*,(>-7-). 

(2.68) 

«,-*+£*+*. 

Differentiating these expressions with respect to time, we find, 

up to the infinitesimals of the second order,that 

¿-0. ¿.-0. (2.69) 

The kinetic and potential energies of the system consist of the 

energy of the rod and the energies of the pendulums. Assuming the 

mass of a unit length of the rod to be m(x^), and letting change 

in the Interval , we can write 

* aal 

¿.'a 
U-t f mlxjxdxt+g 

il «Si 

(2.70) 

In accordance with our nomenclature 

^ ^IRa¿a, 

j *(<*|)^*|+^**a, (2.71) 

jJi iZl 
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The last equality indicates that the static moment of the mass of the 

system relative to the center of mass is equal to zero. 

Substituting (2.68), (2.69) into (2.70), and making use of (2.71) 

we have « 

7*«— [«y* +i'*) J. 
1 a-i J 

í/-í¿«4£--*:»). (2-72) 
•■t 

Now let us set equal the expressions for the energies of the unknown 

pendulum system (2.72) and the expressions for the energies of the 

given system (2.58) and (2.60), setting in them L - h/2 ■ 0. This 

equality means that point C (see Figure 2.3) coincides with the center 

of mass of the liquid when its free surface is perpendicular to the 

longitudinal axis of the cylindrical tank. 

The structure of the expressions for the kinetic and potential 

energy of the given and unknown systems is the same. This means that 

the given system can be replaced by the mechanical system, consisting 

of a rigid body with pendulums. In order for the expressions (2.58), 

(2.60), and (2.72) to be identical, and, consequently, in order for 

the coordinates y and to have the same values under the influence 
c 

of the same external forces F and M , it is necessary that these 
y ^ 

expressions have the same coefficients with the same variables. By 

comparing (2.58), (2.60), and (2.72) we conclude that the parameters 

of the pendulum system should have the following form 

(2.73) 

(2.7*0 

FTD-HC-23-i»6l-69 119 



Thus, the mechanical pendulum system (rigid body with attached 

pendulums) in plane motion is dynamically equivalent to a liquid parti¬ 

ally filling the cavity of the circular cylindrical tank if the mass 

of the pendulum system is equal to the mass of the liquid, and 

the moment of Inertia of the rigid body with rigidly attached 

pendulums is equal to the equivalent moment of inertia of the liquid. 

The length of the pendulums, their mass, and position relative 

to the center of rotation C are determined from (2.73)- 

Each tone of the oscillations of the liquid is modeled by a 

mathematical pendulum of a specified length. The mass of the pendulum 

is equal to the reduced mass of the oscillating liquid. Moreover, 
the mass of the pendulum decreases with an Increase in the number n of 
the tone of the oscillations. The distance L • from the center of n 
rotation C of the rod to the mass of the pendulum corresponds to the 
distance Ln between the center of rotation of the cylinder and the 
center of the reduced mass of the oscillating liquid. 

For the difference between the distances L and Ln decreases 
with an increases in number n, and the massesy of the pendulums are as 
if located closer to the free surface (2.6?) 

With an Increase in the number n the frequency of the natural 
oscillations of the liquid also increases. Hence, the length of the 
pendulum should be decreased. 

A linear displacement of the pendulum from the axis of the 
suspension is equal to the generalized coordinate of the oscillations 
of the liquid yl -JU. The generalized coordinate An is a relative 
coordinate which characterizes the oscillations of the liquid in the 

body frame of reference Oi*]/!2!* 

Instead of mathematical pendulums the mechanical analog of the 
oscillations of a liquid may take the form of the oscillations of 
a weight suspended from weightless springs. In this case to each 
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tone of the oscillations there correspond oscillations of the weight 

with mass mn which is attached to the walls of the tank at a distance 

xn (2.67) from the free surface (Figure 2.8) with two springs of stiff¬ 

ness kn/2. 

Viscous friction, used to account for the damping properties of 

the oscillations of a real liquid, is introduced in the mechanical 

model by setting up two dampers with the coefficient of viscous 

friction hn/2 between the mass mn and the wall of the tank. 

The stiffness of the springs is determined by the condition of 

equality between the frequencies of the natural oscillations 

Since rotational motion involves 

only a fraction of the liquid, and the 

remaining portion is at rest, we have to 

introduce into the mechanical model without 

friction some mass with a moment of inertia 

Ijj, that does not participate in rotation, 

and locate it at the center of mass of the 

liquid. On the basis of (2.66) 

/.—2'- 
««1 

Let us consider some examples. 

1. A cylindrical tank, partially filled with heavy ideal liquid, 

is in free back-and-forth motion without friction along straight 

horizontal guides (Figure 2.9a). Let us determine the frequency of 

the natural oscillations of the system: the tank plus the liquid, 

taking into consideration only the first tone of the oscillations of 

the free surface of the liquid. 
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Let uj apply Equations (2.61). In accordance with the condition 

we set ••<). f.-O, Afc-0 , and obtain the first partial subsystem (2.61): 

^ + *^1 “ “ fc 

where m is the mass of the cylinder with liquid. The frequency of 

the oscillations and the mass m^ can be determined from (2.^3) 

and (2.49) for n * 1. 

Eliminating Pc, we find 

-0. (a) 

The desired frequency of the natural oscillations of the system 

• n 

Figure 2.9 

line passing through point 0^. 

is everywhere larger than the 

natural frequency of the oscilla¬ 

tions of a liquid in a tank it rest. 

If m>mi t then «i*»«* and the 

liquid is oscillating as if it were 

in a\stationary tank. 

The formula obtained above is 

conveniently interpreted with an 

aid of pendulum models (see Figure 

2.5b). In the case of natural 

oscillations the center of mass 

of the system remains stationary 

and is located on the vertical 

Therefore, 

FTD-HC-23-461-69 122 



whence 

From the similarity of triangles (see Figure 2.9b) we find 

where V is the distance from the mass of a pendulum to point 0 

Substituting the value of yc form the previous expression, we get 

Now the frequency of the oscillations of the system can be described 

as the frequency of the natural oscillations of a pendulum of length 

ii', since the point 01 remains stationary. Inasmuch as , we 

then have 

The reason for an increase in the frequency of the oscillations of 

the pendulum is the fact that its length has been shortened (/|0 . 

2. Let a tank, partially filled with liquid, be placed on 

rectilinear guides and have the freedom of moving only in the hori¬ 

zontal plane by an external force Fy - FQ sin pt. Considering . 

only the first tone of the oscillations of the liquid, let us find the 

amplitude of the external force F0 if the tank moves with an 

acceleration fc-afitln pt. . 

Based on (2.6l) the equations of motion of the tank with liquid 

will have the following form for n ■ 1 

(c) 
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Using the notation (b) of the previous 

problem we shall find the particular 

solution of Equations (c) with respect to 

fe as 

<d) 

In view of the condition that iem^ sin pt 

we shall get 

*,-*.(i-a)|-1=£-|. (t) 

The graph of the dimensionless force 

TmFJt/bH as a function of the ratio of 

frequencies Is shown In Figure 2.10a. 

If the frequency of the forced oscilla¬ 

tions Is equal to the frequency of the 

natural oscillations of the liquid In 

a stationary tank, then the force would have to be Infinitely large. 

When the frequency of the external force Is the same as the frequency 

of the natural oscillations of the system , then this force 

Is equal to zero. This conclusion was made on the basis of equations 

for small oscillations without considering the forces of friction. 

In a real system the force will everywhere have a finite value. 

» 

We can ask the following question: If the tank, partially filled 

with liquid, la replaced with an equivalent rigid body, what should 

be the mass m° of this body? 

The equation of motion of the rigid body Is 

a^fe-f9ala#i. 

From this equation. In view of (d) and Ce), we find 
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The equivalent mass m° depends on the frequency of oscillations. 

A plot of the ratio m°/m is shown in Figure 2.10b. 

r - 3« We shall represent the fuselage 

of the rocket as a rigid body with two 

identical circular cylindrical cavities 

(partially filled with a heavy ideal 

liquid) whose longitudinal axes lie 

in one straight line. Let this body, 

hinged at point C (Figure 2.11), 

execute planar oscillations. Point C 

lies on the longitudinal axis of a 

rocket and coincides with the center 

of mass of the rigid body with liquid 

when the free surfaces of the liquid in 

Figure 2.11 

both cylindrical cavities are perpendicular to the longitudinal axis. 

We are to determine the frequency of natural oscillations of the sys¬ 

tem, considering only the first tone of the oscillations of the liquid. 

The problem will be solved Rising the pendulums as a model. The 

liquid oscillating in the cavities will be replaced with mathematical 

pendulums of length l with masses m^* and m2*. The suspension 

points of the mathematical pendulums must be chosen in such a way that 

the coordinates of the masses m^* and m2# will be, respectively, 

where h, r0 are the height to which the tanks are filled and the 

radius of the tanks, Xtm IjMlt. The masses of the pendulums m^*, m2* 

are determined from (2.73) with 
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The expressions for the kinetic and potential energies of the 

system will be obtained using (2.72) with We find 

£»]. 

«'-»¿■jf-jj"!#). 

Here I is the moment of inertia (relative to point C) of the rod with 

pendulums suspended from its longitudinal axis* • is the angle of 

deflection of the rod, Xj is the linear displacement of the 

pendulum mass m^* from the longitudinal axis of the rod. 

Substituting the expressions for the kinetic and potential energies 

of the system into Lagrange's equations of second kind*we obtain 

Letting 

Ib^CM«^ IjaltfCOSef 

and substituting these expressions in Equations (f), we get the follow¬ 

ing equation for the frequencies of the system: 

(g) 

Introducing the notation 

«.-/-¿«Jt?, ^-/-f +sr¿«K 
l.t I-« 

*•"**£■* 
M 

we rewrite Equation (g) as 
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Referring to the frequencies of the system as and u^, we obtain 

(h, 
The product e«e«>0 j therefore, for ai>0 the frequency n^>0 , and mf<9 . 

The system has only one frequency of natural oscillations, namely u>2. 

Setting •i"01 , we find 

CMmJ—CMiut—ik ai. 

The motion obeying the law ch ut will be non-oscillatory, the deflec¬ 

tions of the system Increasing continuously. The equilibrium position 

of the system is unstable in the vertical plane. 

Let us make a comparison between the frequency ui2 and the 

frequency of natural oscillations of the pendulum for the case 

when Pro,n we have 

I 4> 
/.1 

(i) 

The frequency of the natural oscillations of the system in angular 

motion Is greater than the natural frequency, and the difference is 

larger,the greater the portion comprised by the moments of inertia 

of the pendulums in the total moment of Inertia I. 

The pendulum model was defined for the oscillations of a liquid 

in the cylindrical tank with a circular cross section. However, the 

analogy with pendulums it' also useful in the general case for any 

cavity shaped as a solid of revolution. The equations of perturbed 

motion (2.61) are also valid for any cavity in tho shape of a solid 

of revolution relative tc the Ox-axis, and will differ only in the 

values of coefficients that in turn depend on the shape of the 

cavity. 
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In fact, the expression for the kinetic energy of the liquid 

Is valid for a tank of any shape. If the generalized coordinates are 

correspondingly ¿elected, then the structure of the expressions for 

the kinetic and potential energies of the liquid (2.58) and (2.60) 

will be identical for cavities in the shape of a cylinder, torus, 

sphere, cone, etc. The shape of the cavity will only affect the 

values of the coefficients appearing in the expressions for T and U. 

7. Determination of Other Expres_8lons for the 

Absolute Velocity Potential of a Liquid 

The representation of the potential function ♦ by expression 

(2.55) is not unique. In the literature [21, 23» 27] there 

occur formulas, differing from one another slightly, for the absolute 

velocity potential of a liquid that apply to the same type of 

motion of a tank (see Figure 2.3). The discrepancies among the 

formulas for • are due to the fact that the generalized coordinate 

MO has a different meaning in each of them. We shall consider 

this question in more detail. 

In the expression (2.30) which contains two arbitrary constants 

and Cg only one boundary condition at x ■ -h (2.3*0 has been 

determined. The second boundary condition for the function p remains 

undetermined since the condition stating that the pressure is constant 

on the free surface (2.24) should be satisfied for the sum of 

function . For example, in Section 3 the boundary condition for 

the function p on the free surface was taken in the form (2.35). 
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Th« free surface in the direction of the Ox-axis exhibits the 

same displacement as the bottom of the tank This means that the 

potential function describes motion of the liquid in a 

completely filled tank. The displacement of the free surface of the 

liquid, defined by the potential f(M|.0, is proportional to the 

parameters MO (2.46). It is measured from the plane 

perpendicularly to the longitudinal axis of the tank (see Figure 2.4). 

Instead of (2.37) we can use the expressions 

W “1 K) !-*l (<•- fk l 1 
<!-i • u* (-v) 

or 

(2.75) 

(2.76) 

which also are solutions of Equation (2.30) and satisfy the boundary 

condition (2.34) at the bottom of the tank. 

At the free surface we shall have: 

in case of (2.75) 

for jt—Q, 

and in case of (2.76) 

Ä—_ia> 
u for 

If instead of (2.37) the function Xn assumes the fom in (2.75) 

or (2.76), we shall then obtain, respectively, the following formulas 

for the absolute velocity potential 
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X 

I 

A * ('•Hr) 

1-( 
'•‘I :) 

+(1+4 l*+ 1 
+i«+ V 

(‘•-ír) 

4 

[_» ^t) 
11 v-(«.^-) 

S cS-DAW 

+(¿+^ 

T-) 

(2.77) 

(2.78) 

Prom the condition on the free surface (2.24) we shall find the 

equations for the generalised coordinate Xn« In case of (2.77) vs 

gst 

WHft—- - (2.79) 

where 

*#!•■*-?- (2.80) 

In the case of (2.78) vs obtain 

(2.81) 
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Upon eoaparlng Equation« (2.42), (2.79) and (2.81) it is evident that 

the generalised coordinate« W *<*•• have a different meaning in all 

three eases. In view of the fact that the boundary condition for 

X on the free surface remains undetermined, we may select an infinite 

set of combinations Involving hyperbolic functions which will be 

solutions of Equation (2.30) and satisfy condition((2.3¾). The 

formulad (2.75) and (2.76) are preferable because the right-hand 

side of Equation (2.79) does not contain terms proportional to the 

angle •, and in (2.81) the coefficient of i has the simplest possible 

form. 

Let us investigate quantitatively the differences among the 

generalised coordinates !•. Le» and compare the structures of the 

equations of motion. For this purpose by exchanging the variables 

we shall obtain Equations (2.79) and (2.81) from Equations (2.42). 

Since in all three equations the coefficients of I» are identical, 

X«, *e» are related to one another only through an angle • . 

We set 

X.-W+** 

and 

•A 

Substituting consecutively these relations into Equation (2.42) and 

comparing the coefficients obtained with the coefficients of the 

corresponding variables in Equation (2.79) and (2.81), we conclude 

that the coefficients should bet 

*"«.**) 

Conrequently 

x.-w+V. (2.82) 
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(2.83) 

As applied to the analogy with pendulums, the meaning of the coordinates 

les» and Ve» Is clear from Figure 2.12. In (2.82) the generalised 

coordinate A*» Is measured from the vertical plane passing through 

point 0n, and in (2.63) the coordinate to» Is measured from the plane 

Inclined to the vertical by an angle 

whereas the generalised coordinate Xn Is measured from the axis of 

the rod. 

In a similar way we also measure the deflections of the free 

surface of the liquid which are proportional to to» and to» . This 

Is easy to see If one determines the total displacement of the free 

surface in the absolute frame of reference. We shall have 

The total deflection g» measured from the horlsontal plane OYZ Is 

only proportional to to » l.e.t aa-aa» (Figure 2.13a): 
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Figure 2.12 Figure 2.13 

Here the total displacement Jm also depends on the angle # ( and the 

part of the displacement I» that Is proportional to Is measured 

from the plane inclined at the angle (see Figure 2.13b) 

The equations <¿ motion, corresponding to the representation of 

the absolute velocity potential as (2.77), will be found from 

Equations (2.61), replacing in them Xn according to (2.82). 

Letting t we obtain 

(2.84) 

If one determines the kinetic and potential energies of a system 

and substitutes them into Lagrange's equations of the second kind, the 

equations of motion of the system will have a somewhat different 

structure: in the second equation the term proportional to le* will 

be missing, and a new term will appear that depends on fe. These 
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equations may be obtained from (2.84) if in the second equation 3W» will 

be replaced by its value as found from the third equation. Then we 

shall get 

»¿c+j¡ +* 2 

. # • 
(2.85) 

where 

/« z.+^í^+ü- 

I 1 M-4£ . S **( «•-r) i 1 * «Í-t>U + ('•Hr )J 
To the same potential there correspond differential equations that have 

a different structure, for example (2.84) and (2.85), which sometimes 

leads to misunderstandings. 

These discrepancies are, however, purely extraneous, and arise 

as a result of a linear transformation of equations. Equations (2.85) 

are still preferable to Equations (2.84) since the matrix of their 

coefficients is symmetric. 9 

Equations (2.84) and (2.85) were obtained from (2.61) with the 

condition (1-4/1)-0, i.e, with point C being at the same time 
the center of mass of an undisturbed liquid. 

If the location of point C* (center of the reduced mass) is 

determined from the second condition, namely if 

m 

m(l-4/D+2j«/,-0, (2.87) 

then from Equations (2.61) and (2.85) we obtain equations in the form 

proposed by B. I. Rabinovich [27, 28]. 
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In fact, if in Equation (2.61) on the basis of (2.8?) we substitute 

then instead of (2.85) we obtain equations of an identical structure 

as those in [27* 28]: 

(/t+2j ***•)*+ aBB Afc*. 

~ ” fe»* 

(2.88) 

Here L*m»-Lne* +1«, ¿>c* is the distance from point C* to the mass of 

the pendulum. 

Compared to (2.8¾) and (2.85) Equations (2.88) are more compact 

which is due to the fact that the center of reduced mass C# has been 

selected in a special way. The center of reduced mass as determined 

by Equation (2.87) is called the metacenter of a system. Let us 

determine the relative positions of points C and C* using the example 

of a liquid filling a cylindrical tank (see Figure 2.3)< From 

(2.87) we find 
i- 

Substituting the values of mn from (2.49) and ln from (2.73)» we 

The metacenter C* is located above the center of mass C. The 

quantity jir«V/4'is numerically equal to the equatorial moment of 

inertia of the free surface of a liquid with density p relative to 

the axis O^z^. Let us denote this moment by ft. Then 

If the positions of points C and C* are defined by coordinates 

xc and xc#, then keeping in mind the direction of the axis we 

shall have 

A/*-■¿•¿«A« 
«■I ’ 
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(2.09) 

jTc— -A/2, x«.--*/2+i.. 

The formula for x g can be written In a more general form [28] 

Now we shall obtain the equations of motion corresponding to the 

potential *3. As was the case with the potentials « and *2» 
the equations of motion can be deduced using several methods of which 

the simplest consists In substituting (2.03) into Equation (2.61). 

But here we shall use the analogy with pendulums. By virtue of (2.74) 

and (2.03) let us substitute into the system of equations for the 

kinetic and potential energies (2.72) the following expression 

we obtain 

ib-WMl ['■‘(‘•-hI* 
Noting that 

MXf' 1 1 
\mL 

H ;-^)J I 
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Combining th« coefficients oí ** Me find 

(2.90) 

/«.-«fr - 
•-1 

^ tx «-1» 

■^5 +£ ^-11 

*(«•- ï-: i- i 
•! («•*) i-i :^)1 

(2.91) 

By substituting the expressions for T end U Into Lsgrange's 

equations of second kind we obtain 

ft+ÍW»+Í^A|»+* Jf*** 

The coefflelent matrix for these equations Is also symmetric. The 

equations for the coordinates *e» In ^2.91) are luentlcal with the 

equations obtained by 0. Ye. Okhotslmskly [*3). 

Thus, a deflection of the free surface of a liquid may be 

represented in the form of different combinations of functions • and 

ln. Baeh combinatIon has its own expression for potential ♦, and 
consequently. Its own system of the differential equations of motion. 
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Below In order to set up the equations of motion we shell apply 

the potential function ♦ to which there corresponds the system of 
equations (2.61) 

8. The_ Absolute Velocity Potential of a Liquid in a 

Tank Formed by Two Coaxial Circular Cylinders 

The problem of determining the absolute velocity potential of 

a liquid contained In such a tank was solved by D. Ye. Okhotslmskly 

[23]. To determine the potential # ( In addition to the boundary 

conditions applied In Section 3«we have an additional boundary 

condition ^n the external wall of the tank (figure 2.1k) 

where I* Is the radius of the Internal cylinder. 

The basic assumptions and the order In which the problem Is 

going to be solved were presented In Section 3* Here we shall only 

discuss some of the peculiarities that appear In the solving pro¬ 

cedure and are due to having introduced the Internal boundary. 

The solution of Equation (2.29) can be expressed In tenu of 

Bessel's functions of first and second kind and order one 
\ 

Making use of the two boundary conditions 

f for r"*W 

we shall obtain a system of equations for determining the arbitrary 

constants and Ajt 
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vîiu+A.i'iw-n 

Here, Just as in Section 3, {•-*■*. The coeffic¬ 

ient* Aj and Ag are different from zero if 

This equation give* an infinite spectrum of 

eigenvalues Cn* We denote 

V 

then 

Choosing A1 In such a way that on the external wall of the 

cavity the value of Bessel's function will be ft.(it)«I we get 

(2.92) 

where 

Setting I ■ 0 from (2.92), one can obtain an expression for R^r) 
In the form (2.32). 

Figure 2.15 Figure 2.16 
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The values of the eigenvalues CR and coefficients an and Yn for 

the first three tones n, adopted from have been shown In Table 

2.1. 

The form of functions for n ■ 1.2 and • ■ 0} 0.1( 0.2; 0.3 1> 
shown in Figures 2.13 and 2.16. Differences among the functions Rn( 

the latter constituting oscillation nodes of the free surface in the 

radial direction, for the same tone n are relatively small and occur 

mostly near the Internal boundary. 

An expansion of the variable radius r into a Fourier series [23] 

In terms of the functions (2.92) instead of (2.33) gives 

(2.93) 

On the basis of (2.16) - (2.19), (2.26), (2.31). (2.37)» and 

(2.41), as well as in visw of (2.92) and (2.93) we .get 

Í H (2.94) 

• +/(, Jtf 

where and dR can be determined using (2.92) and (2.93). 

Values of dR are also given in Table 2.1. 
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TABLE 2.1 

» s C. «i Ib a« 

• 
1 
• 
• 

Mm 
ff«» 
MM 

i.m 
-44» 

M» e 
ü
!

 

fcl 
1 
t 
• 

MM 
i,M 
•»M 

I.M 
-4.M 
u» §S

i 

u 
1 
• 
• 

Hs 
MV 

-Mil 
MV Imm 

l!S 

u 
• « Lu. 

• f M 
• -I MV * 

MV 
-4.M 
M» 

!!§ 

\ 
» 

Th« «quation for d«t«ralnlng the generalised coordinate MO can 

be obtained froa (2.24); it will then assume a form identical ulth 

(2.42)t 

MA—*>-*+«•• 

The formulas for the frequency en of natural oscillations and 

ooefflelent LR also remain the same as (2.43) and (2.44). The 

values of the eigenvalues Cn should be substituted into these 

formulas from Table 2.1. 

Tne structure of the ««pressions for the potentials * and t is 

identical*vith the ««pressions (2.38) and (2.41). Therefore, the 

equations of notions of the tank with liquid Mill be analogous with 
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Equations» (2.61). by comparing the values of Cn for • ■ 0 and 1^0 

(aee Tat le 2.1) ve may conclude that the frequencies of the natural 

o;»dilations of the first few tones for a liquid in a circular • 

cylindrical tank and a tank between two circular coaxial cylinders 

differ only slightly for small values of I. 

9. Oscillations of a Liquid in a Cyllndrl«!, 
Tank with Radial Partitions 

In order to roduoe oscillations of a liquid*cylindrical tanks 

are often subdivided by ntans of radial and cylindrical partitions. 

Let us consider a tank formed by two circular coaxial cylinders 

and subdivided by Mans of radial partitions (Figure 2.17)* The 

angular distance between the radial partitions will be denoted by 

Im. • where a will vary in the interval #<e<Wi • For exaaple if 

the tank is subdivided into six equal sectors* then a • 1/6. The 

position of the sector relative to the 0xs*plaM will be defined by an 
angle Is*. The radius of the internal cylinder will be denoted by 

pfc(KP<i). We ascuas that the bottom of the tank is a plane* and 

that the liquid does not leak from one sector to another. 

As in Section 3* it will be assumed that the container* partially 

rilled with liquid* executes planar motion lA the direction of the 

eoorldnate axis Oy (2.16). itte generalised coordinates* defining the 

motion of the tank* are shown in Figure 2.3. Following the assump¬ 

tions and the procedure given in Section 3* •• shall obtain the 

absolute velocity potential for the sectored tank shown in Figure 2.17. 

The boundary conditions for determining potential • are the 

following: 
on the internal and external cylindrical walls 

^■*4 for rv|W (2*95) 
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on the radial partitions 

Figure 2.17 

for tV (2.96) 

Mhere v • and v_# are the radial and 
r n 

noraal velocity conponents of any 

point of the tank walli the normal 

component being taken In the 

direction normal to a partition. 

On the bottom of the tank and 

on the free surface the boundary 

conditions are expressed by (2.10) 

and (2.15) 

From Figure 2.3 we have 

k-.-ifc+et«*»'. (2.97) 

Let us make uae of the method of solution applied earlier In 

Section 3. Then ue shall find additional boundary conditions for 

the function '• *1 

for r*Q. (2.98) 

In the case of the sectored tank, the potential function • Is not 

periodic In the angle u» end thus In the solution 

the number m cannot be considered an Integer. Using (2.26), and In 
view of the boundary condition (2.98) for the function H(n) we obtain 
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Hence 

Oi Mfcs+v-f». *C"**-* 

Thun the function H(n) Mill be 

»f*-*[-¿-<'-»^ll+t]-“,-É-|,_fc'>- (2.99) 

Jlnce the solution of Equation (2.29) will be 

(2.100) 

where /»1 and fw* are Bessel functions of first and second kind of 

a fractional (sfls) order. 

The values of (.• will be given as before by the roots of the 

equation 

4»<U> Ke.M)-^M)^W-0r (2.101) 

The function P may now be written as 

X 
(2.102) 

To be able to make use of the boundary conditions (2.21) and 

(2.36) we shall preliminarily expand r and sin n Into the following 

series [29]: 

(2.103) 
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Using well-known rules of osloulatlng the coefficients of ex¬ 

pansion (used* for example, In Section 3)» and taking into consider¬ 

ation the fact that the functions are orthogonal on the Interval 

and the functions co«|£pl~2a^j are orthogonal on fc(«+e)) » 
we obtain 

jß o* «luk 

(«-a 1.S...4 a-l, 

(2.104) 

In view of (2.103) we get 

-IraM--», Í¡ Í¡sA^^(r)X 

?rom the equality obtained and (2.102) It follows that 

Then 

(2.105) 

Combining these results, we obtain the potential ^ in the form 

(2.106) 
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Now let us find the function f> which should be a solution of 

Laplace's equation, and should satisfy the zero boundary conditions 

on all walls of the tank. Let 

? 

Using the previously obtained formulas (2.99) and (2.100), 

keeping in mind the boundary conditions (2.40), and setting 

we obtain 

• m 

»-r#2 J (') «" [-¿- (»! - 2«g] X 
.-1.1 a-l 

(2.107) 

With such a choice of the coefficient , the equations for !U 

will assume the simplest possible form. 

Now let us use the condition (2.24). Substituting (2.106) and 

(2.107) into (2.24), and comparing terms with the same indices we 

obtain the following equations for the generalized coordinates k*«: 

(*»0,1,2,...; (2.108) 

where 

—/-T- (2109. 
r , 4 1 (2.109) 

The structure of these equations is the same as that of Equations 

(2.42) which apply to the usual circular tank. The formulas for the 

frequency n« of the natural oscillations of a liquid, and the distance 

i.« between the axis of rotation and the center of reduced mass are 

also analogous to the formulas in (2.43) and (2.44). However, for 

the same value of the external radius rQ of the tank the frequency of 



r« 

the natural oscillations of the liquid here may be higher than for 

a tank without partitions. 

The oscillations of a liquid in a sectored tank are represented by 

a double series. The Index n characterizes the wave number in the 

radial direction, the Index v corresponds to the wave number In the 

direction along the circumference. The values of the root í>» are 

associated with waves in strictly radial direction, since for v ■ 0 

the function ir(q)«l« The values of roots for v »< 0 are associated 

with waves both in the clrcumerentlal and radial directions. As 

implied by (2.99), even v are associated with waves that are symmetric 

relative to the plane of symmetry of a sector, and odd v — with 

antisymmetric waves. 
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The fora« of vavte and tha frequencies of oscillâtlone associated 

nlth them depend on the location of a sector vlth respect to the 
plane of oscillations. Thus, for example, if the tank noves in. the 

Oxy-plane in Sectors 3 end 7 (Fleure 2.18) the osoillationa «111 he 
in the radial direction, and their frequency «111 depend on the linear 
dimension *(1—#). In sectors 1 and $ oscillations «111 occur in 
the direction along the clrcunference, and their natural frequency «ill 

depend on the linear distance between the radial partitions. With 

S and a snail, the linear distance in sectors 3 and 7 is larger than 
in sectors 1 and 3. Therefore, the lowest natural frequency in sectors 

3 and 7 will be snaller than in sectors 1 and 5* 

If the sectored tank is arbitrarily oriented with respect to the 

plane of oscillations, the oscillations will occur in both the 
radial direction and around the olrewferenoe. This phenomenon «ill 

be observed in sectors 2, I, 6, and I. 

The effect that the dimensions of a sector have on the frequency 
of the natural oscillations has been accounted for in (2.108) by 

means of an eigenvalue i* . 

For sectors in the form of circular quadrants (s»l/l) the eigen¬ 

values Ut calculated from Iquation (2.101), have boon given in 
Table 2.2 for several values of 8| the coefficients b« and fa are 

also shown here. 

• 

If the tank has a circular or annular cross section |a«l), and 

also if the tank is subdivided by means of a partition lying in the 
Oxy-plane (l.e., e-l/l), then the expansion of sin a into the series 

(2.103) becomes an identity. The double suns in (2.106) and (2.107) 
becone single suns over n, and for m ■ 1, these expressions will assume 
the foms (2.38) and (2.81). 

Now let us calculate the pressure of the liquid on the walls of 

the tank. The method of doing that was discussed in Section 8. Here 

we shall, however, consider the additional peculiarities due to the 

radial partitions. 
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Figur« 2.18 

For on« 1th sector, shown ln Figur« 
2.19, th* Oy-confonent of the pr«ssur« fore«» 
on th« iMMrsed wslls will be 

•li 
Li —'Ü 

.(2.110) 

Th« pressure of liquid p etn be osleulsted 
using (2.87), and th« functions * and f can 
b« d«teniln«d from (2.106) and (2.107). 

Ths Oyooapon«nt of th« forces acting on all sectors of th« tank 

is 

(2.111) 

wh«r« k la th« nuHb«r of s«etors ln th« tank. 

Th« aaasnt of foro«, produced by oscillations of liquid In any 
sootor relativ« to tho transverse axis passing through point C Is 

H«r« ths lower Unit of th« varlabl« x Is the sam« as in Section 3, 
nsMly 

4- -â-ryidaq. 4,- -á-fjdaq, 

rm.-è-fê+n. 

Th« Kxwnt produced by the oscillations of liquid in all sectors Is 
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In vltv of (2.110) tnd (2.112), and alto taking into oonaidar- 
atlon (2.9), (2.18), (2.108), (2.106), and (2.107), tba foraa '«» 
and the aoaent Met noting on the teotorod tank and doterai nod by 

the oaclllatlona of the free turfaoe aay be «ritten aa 

(2.116) 

Here 

la the angle between the Oa-axla and the plane of ayaaetry of the 1th 

aeotor (Figure 2.19). t 
\ 

Baeh tera of the aua In the foraula for foraa a product of 

the reduced aaaa a« of the oaolllatlng liquid and the generalised 

aooeleratlon £«. Eaoh tone nuaber la aaaoolated with Ita own aaaa 
a«, and own aooeleratlon l*. The aoaent of foroe relative to the 

tranavorae axla paaalng through point C la ooapoaed of the aoaent of 
the hydrodynaale foroea, proportional to I«, and the aoaent of the 
hydroetatle foroea due to the defleetIona of the free aurfaoe and 
proportional to JUa . 

Fro« the point of via« of the analogy with penduluaa, the fomulaa 
(2.116) san be given a phyaloal Interpretation. Zf theae fomulaa 
are oo^>ared with the fomulaa for F® and froa Section 5, we ean 
make the concluaion that the aeehanleal nodal of the oaeIllations of 

liquid in a sectored tank Involves two groups of aatheaatleal penduluaa. 
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Th« plan« of oscillations of om group of pandultm oolneldos 
«Ith th« plane of synaetry of tne seetored tank (se« Figur« 2.19)* 

Th«s« p«nduluM correspond to syaaetrle oscillations ln th« direction 

around th« elrounferene« (v ■ 0» 2» In this tb« projection of 

the hydrodynaale forces applied to the immersed surface coincides «1th 
th« plan« of syMMtry of the sectored tank. 

The plane of oscillations of the second group of pendulums Is 

perpendicular to the plane of syaaetry of the tank (see Figure 2.19). 

These psnduluas are a mechanical analog of antisymmetric oscillations 

In the direction around the circumference (v 1» 3* In which 

the projections of the hydrodynaale forces are perpendicular to the 

plane of sywetry of the tank. 

The forces arising In the plane of symmetry V'tm"*»* (•«+«(*) 

and In the plane perpendicular to It» hare projections on the Oy-axls 
that are proportional to sin fm and oos fa » respectively. The 

additional factors sin fm and eo^ fa appeared as a result of coefficients 
Involved In the decomposition of a (see Foraulas 9 - 1* at the end of 
the chapter). These factors are nenoe not Included In the expression 
for the reduced masses *«• and as a result the reduced masses do not 
depend on the location of a sector relattm to the plane of forced 
oscillations of the tank. 

The total force ^ and the total moment A& nay be obtained on 

the basis of (2.111) and (2.113). Using (2.lit) the summation Is 
2 

done only «1th respect to sin fa » and cos fa . 

We set 

For exaaple* If ve take k ■ t and ■ 0. me obtain: 
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and the eoefflelents A ■ B ■ k/2 ■ 2. 

Applying the techniques discussed In Section 5 *• ehnll »et up the 

equations of notion for a tank subdivided by neans of radial partitions. 

Let the mass of the entire liquid be be obtain 

i^^eSjU*"* 

(2.11$) 

Here 

it i- 

and Zg — is the noswnt of inertia of the "froaen" liquid relative to 

the transverse axis passing through point C. 

In the case of a tank subdivided into sectors, the frequencies 

of the natural oscillations •* (and the Nduoed aasses a») 

for low tones nay be olose. Therefore, M*e one should not liait 

hlnself to conslderli« only the first tone of oscillations. 

Usually in the equations of notion one takes Into account the lower 

Oscillations of a liquid in a 

circular cylindrical tank with radial 

partitions are discussed alaj in 

[11, 28, 293. 
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10. Um of Variational lUthoda In Solving 

th« Problem of tht Oaclllatlon» of ft LKmiA 

In Motion 6 we noted that the equations of the perturbed motion 

and the equations of a pendulum as a model for the oscillations of 

a liquid do not depend on the form of the tank. 

If the problem of the oscillations of a liquid In a tank can be 

solved using Fourier methods, then the pendulum parameters and the 

coefficients In the equations of perturbed motion «111 become known. 

However, this method allows us to solve the problem of the oscillations 

of a liquid only for very few forms of tanks. For example, for spheri¬ 

cal, toroidal, and conical tank* it la Impossible to obtain a solution 

using Fourier methods. 

In order to solve the problem of the oscillations of a liquid In 

a tank of arbitrary shape the variational methods are widely used 

U9» 29]. Digital computers are needed, however» to be able to apply 

these methods. 

A tank, partially filled with an ideal liquid, represents a 

conservative aystem to which we shall apply the Hanllton-Ostrogradskly 

principle. The action integral according to Hamilton Is 

• (2.116) 

where 9 Is the Lagranglan 

Here T, U, are the kinetic and potential energies of the liquid. 

According to Hamilton's principle for real motion,the action Integral 

(2.116) assumes a stationary value, l.e., the variation 6J ■ 0. 
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In [19] it Is shown that ths sotlon Intsgrsl as Introduced by 

Hamilton differs by a constant factor apdhi fro« the functional 

(2.117) 

where u Is the natural frequency of oscillations| Y, S, are the 

volun^ and the area of the free surface of the liquid 1* an unperturbed 

state ; V Is the gradient operator 

where 1, J, E are unit vectors. 

Thus, the problea of the natural oscillations of a liquid In 

volume V reduces to a variational problem for the functional (2.117). 

To solve this problem It Is convenient to use Rlts's method. The 

Idea of the method consists in the following. 

Let us choose a system of coordinate functions f,, complete In 

volume V, where completeness is defined with respect to energy con¬ 

vergence [20]. The solution of the problem will be sought in the 

form of a finite sum 

If this sum Is substituted In the functional (2.117), the latter 

Is converted into a function of k variables 

Prom the conditions for an extremum of P(a,, ..., a^) we obtain k 

homogeneous equations from which we can determine the unki.owns a¿. 
see 

• *k 

C 0 (s-1.1 ....Id (2.118) 
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In ord«r for the honogonoua system to have a nonsero solution,It 

Is necessary and sufficient that the determinant of the system be 

equal to sero. 

By solving this equation tone can determine the first k natural 

frequencies of the oscillations of a liquid. To each natural fre¬ 

quency there corresponds a solution of the system (2.118) which 

gives us the nth mode of the natural oscillations. Both the natural 

frequency and the natural mode can be determined from this approxima¬ 

tion. For ft-*eethe solution will become exact. 

We use the results obtained with the aid of the variational method 

by B. I. Rabonovlch, L. V. Dokuchayev, Z. M. Polyakova [28]. The 

coefficients in the equations of ^perturbed motion are in that work 

expressed In terms of sons parameters and pR. These 

parameters are for each tank dimensionless and are related to the 

coefficients of Equations (2.88) by the following formulas: 

r Jb *• 

Here p is the density of the liquid, rQ is the characteristic dimension 
of a cavity, l(2)nV 1,8 the distance between the suspension point of 

the pendulum and a certain characteristic point 0 of the cavity, 

namely,the center of the reduced mass (see Figure 2.20). 

Figures 2.20 and 2.21 show plots of the natural frequencies,and 

the reduced masses of the liquid versus the submerged height h for a 

cavity between two coaxial circular tanks with toroidal bottoms. In 

the calculation it is assumed that the radius of the external tank 

rQ ■ 1, the radius of the internal tank r08 *0.4, the radius of 
curvature of the bottom in the diametral plane R ■ 0.3* The dotted 

line in Figure 2.21 corresponds to the coefficients calculated for 
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Figure 2.20 Figure 2.21 

the coaxial tanka with a flat bottom. The plots show clearly how 

fast the effect of the toroidal bottom diminishes as the depth of 

the liquid Increases. 

Figures 2.22 - 2.24 present values of the natural frequencies 

5} and the reduced masses of the oscillating liquid [expressed 

according to (2.119) in terms of the quantity v»'/*! for toroidal 

cavities with various values of 0 (here 0 Is the ratio of the Internal 

radius of a torus to the external one). The maximum depth of the 

liquid for each value of 0 Is ■ 1 - 0 

Figure 2.25 shows the results of calculations for a spherical 

cavity. The solid line corresponds to the values obtained using the 

variational method involving the spherical Legendre functions. The 

dot-dash line corresponds to values obtained by the variational 

method and Involving Bessel's functions. The dotted line gives values 

obtained for a tank with a flat bottom] the radius of the tank Is 

equal to the radius of the liquid surface. 

Figure 2.26 gives results of the calculation of coefficients 

for a conical tank with a large submerged height. The dotted lines 

correspond to the circular cylindrical tank whose radius is equal to 

the radius of the free surface, and the submerged height Is considerably 

larger than the radius. 
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Figure 2.22 Figure 2.23 

Figure 2.24 

Figure 2.26 
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11. Some Results of an Experimental Study of 

the Oscillations of a Liquid 

The experimental investigation of the oscillations of a liquid 

is desirable both to verify the initial assumptions used in analytical 

solutions, and to determine the values of the coefficients appearing 

in the differential equations of perturbed motion, which are impossible 

to determine theoretically because of the complexity of the tank form 

or for any other reason. 

In Equations (2.88) we have four unknown coefficients: wn — 

which is the natural frequency of the oscillations of the liquid in a 

tank, L*¢2)n — which denotes the distance between the axis of the 

suspension of a pendulum and a certain characteristic point , namely 

the center of reduction, m^ — which stands for the reduced mass of 

the oscillating liquid, and — which is the moment of 

Inertia of the liquid. To simplify the treatment of the obtained data, 

it is advisable to conduct the experiment in such a way that in each 

case one has to consider the oscillations of only one partial system: 

1) oscillations of a tank for ♦•O and 2\ oscillations of the tank 

for y # = 0 relative to the transverse axis passing through the 

metacenter (point C#) of the system tank-liquid. 

Considering only 

we have 

the first tone of the 

W+«fr»i+îrc»—0, 

/1+ 

JflM+«i *<*H f 0. 

oscillations of the liquid, 

(2.120) 

(2.121) 

Here m is the mass of the tank including the liquid; I is the moment 

of inertia of the tank with the added liquid. 

The coefficients of the equations can be determined in various 

ways: by measuring the forces and moments acting on the tank from 
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the side of the liquid, by analyzing the relationships between the 

amplitudes of the oscillations of the liquid and the walls of the 

tank, by measuring the frequencies of the partial system, corresponding 

to the translational and rotational movement of the cavity. The 

last technique is described ln [15J. Let us explain it briefly. 

The translational oscillations of a tank, described by Equations 

(2.120), can bn practically realized by means of an experimental 

setup sketched in Figure 2.2?. A tank in a vertical position is 

As 

< Y 
% controlled liquid 

Figure 2.28 Figure 2.27 

mounted on a sufficiently rigid and light frame which in turn is 

hinged at two points to a fixed base. We may consider that for 

small angles of rotation of the frame the tank executes a translational 

movement. 

The rotational oscillations of a tank, described by Equations 

(2.121), can be reproduced by means of a setup shown in Figure 2.28. 

The axis of rotation of the tank passes through the metacenter (point 

C*) of the tank-liquid systefo. 

Each of the partial systems (2.120) and (2.121) has one non¬ 

trivial natural frequency. Let this frequency be denoted by 

for the first system, and by for the second one. For the natural 

frequencies,we can obtain from Equations (2.120) and (2.121) the 

following relationships: 

9 
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í-H-W- (2.122) 

(2.123) 

Th« frequencl«« of th« partial«yat«M Wl#, can ba datarnlned 
ty recording the fr«a oscillations of the tank with liquid in a 
translational notion, and In rotation about the metacenter, respectively. 
The frequency of the natural oscillations of liquid. •» . can be 
determined by recording free danped oscillations of the liquid In a 
fixed tank or by using the reso lance nethod. 

Thus, the right hand aides of the equalities In (2.122) and (2.123) 
can be found experimentally. If the nonent I la known, then fron 
these equalities one can determine the coefficients n^ and I**^)!* 
The moment of Inertial I can be determined experimentally If in 
addition we Introduce the angular rigidity Into the setup (see 
Figure 2.28). 

In Figure 2.29» we present for a cylindrical tank with a spherical 
bottom (radius of the sphere being equal to the radius of the cylinder), 
and In Figure 2.30 for a spherical tank, the relationships obtained 
experimentally [It] between the natural frequencies of tho principal 
tone, ex . and the submerged height h/r0. In the ease of a spherical 
tank, h Is the total depth of the liquid, and In the ease of a 
cylindrical tank, h la the submerged height of the cylindrical portion 
of the tank. By rQ we mean the radius of the cylinder and the radius 
of the sphere} r* denotes the radius of the free surface. 
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Just as any real systm, the liquid does not turn out to be 

Ideal, and the forces of friction appear In notion. Therefore, at 

resonance the amplitude of the oscillations of the liquid renalns 

finite, '«ie ?an convince ourselves of the presence of frictional 

forces in the liquid by observing Its natural oscillations. 

Figures 2.31 and 2.32 show the amplitudes of the hydrodynanic 

pressure of a liquid (water and alcohol) on the walls 01 a cylindrical 

circular tank versus the dlnenslonless frequency of forced oscillations, 

V-yfe,. The variation of the phase t of this pressure with respect 

to the notion of the tank Is also shown therein. On the ordinate 

axes we plot the ratio of the pressure p to the density of the liquid, 

p, for q«dl. The experiment was done on a kinematic atand, and 

the station of the tank waa plane-parallel In accordance with the harmon¬ 

ic isw y0 ■ yQ sin pt. Fressure sensors were located at a distance 

x1 ■ xl/r0 . The experiment was repeated with various amplitudes 

of the motion of the tank. 

Figure 2.31 shows the theorotl- 

leal resonance ourves for various 

values of the relative damping 

coefficient !••>*. The curve 3 vas 

plotted In two versions — with the 

frictional foroes taken, and not 

taken/lnto consideration as far as 

their effeot on the frequencies of 

the natural oscillations la ooneemed. 

Figure 2.33 
The distribution of the hydro- 

dynamic pressure as a function of the depth of the liquid with 

la given In Figure 2.32. The hydrodynamic pressure 

rapidly diminishes as one recedes from the free surface of the liquid. 

Figure 2.33 shows a plot of the pressure for a large range of 

the frequencies of the forced oscillations of a tank, obtained with 

an amplitude 
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Tiw? experimental study leads us to conclude that the resonance 

corresponding to the principal tone of the oscillations Is one uhleh 

Is most essential. The pressure of liquid on the Mails under the 

conditions of the second resonance differs only slightly from the 

pressure of the "frosen" liquid. 

The pressure of liquid on the walls at second resonance Is 

considerably smaller than at first one. According to (2.62) for the 

second tone*the reduced mass of the oscillating liquid constitutes 

only 3S of the mass for the first tone. Therefore, In some practical 

calculations the oscillations of the higher tones can be neglected. 

The maximum displacement of the free surface of the liquid in 

the direction of the longitudinal axis of the tank, Just as the 

pressure of the liquid on tne walls of the resonance of the 

first tone is bounded »whloh indicates the presence of the frictional 

forces, arising in the oscillations of the liquid. The plot of the 

hydrodynamic pressure as a function of the frequency of oscillations 

Is the sane as the plot of the motion of a mass suspended from a 

spring (or a mathematical pendulum) for small coefficients of the 

viscous friction. 

In practical calculations»the forces of friction in a liquid can 

be calculated in a comparatively simple fashion . Limiting ourselves 

to a linear fomulation of the problem, und using the analogy with a 

one-mass oscillating system, we can add to the lefthand side of the 

equation of the oscillations of the liquid (2.*2), a term proportional 

to the speed lui«• and determine the proportionality coefficient cn 

experimentally. 

Tnus, Instead of Equation (2.*2), for the first tone of the oscil¬ 

lations of liquid in a tank we shall have 

(2.124) 
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Here •» and m denote value« of the deaplng eoeffielent and the 

frequency of the natural oeolllatlona of flrat tone, reepeetlvely. 

The danplng coefficient » can be determined by analysing the nat¬ 

ural oscillâtIona of liquid In a stationary tank. Por this purpose 

It is necessary to set up oscillations of the first tone In the free 
surface,and plot a graph of the amplitude of oeclllatlona as a function 

of tine. 

A detailed experimental study of the free oeclllatlona of the 

liquid was made by the authors of [It]. 

Let the logarithmic decrement of oeclllatlona be denoted by I. 

If the dating coefficients are small,the relationship between the 

logarithmic decrement and the value of the dtfplng coefficient •* 

can be expressed by the formula 

The relationships between the logarithmic decrement < and the 

relative depth of the liquid h/r0, obtained experimentally for the 
first tons of oscillations,are shown In figure 2.3* for a cylindrical 

tank with a spherical bottom (radius of the sphere is equal to the 
radius of the cylinder), and In rigure 2.35 for a spherical tank [1*3. 

We assume that 

FTD-HC-k3-*6l-69 
16* 



H«r« Vq U th« coefficient of the kinematic viscosity of the liquid} 
Re 1c the Iteynoldr number. 

When the height of the liquid column la lean than the radlua of 
the tankf the logarithmic decrement increaaea as the height of the 
column is lowered. 

In estimating the experlawntally obtained logarithmic decrement« 
litre have to keep in mind that the damping coefficient depende on the 
material of the tank and ti» quality of finish on the submerged surface. 
This dependence is especially isportant for tanks with small cross 
sections. The surface tension increases the damping coefficient for 
small tank radllfbut for larger radii its influence is Insignificant. 

The coefficient for the oscillations of a liquid in a 
cylindrical tank was determined in [?]. A formula was obtained from 
which the logarithmic decrement for the oscillations of the first 
tone with h/rQ > 1 can be determined as follows: 

Here >r ainffn The kinematic viscosity coefficient of various^ 
liquids at t • 0*C is» for example» for water vQ • 1.79*10* m /sec, 
for 961 alcohol (C^OH) vq ■ 2.58*10*6 m2/sec, for T-l kerosene the 
coefficient vQ • 3.66*10“6 m2/sec. The formula agrees well with the 
experimental data. 

An example is in order, for a cylindrical tank i*q ■ 0.5 m, 
filled with T-l kerosene up to a height h/r0 > 1 at t ■ 0°C we are 
given: v0 • 3.6A*10“6 m2/seo. It is required to determine the damping 
coefficient as* We get 

ta—^—l-Ä Hn«*. 

, Liai aja« s, . •.i 
v% " Kp“* ^ * y? ' 
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Experimental studies of the oscillations of liquids are usually 

conducted using small scale physical modela. The shapes of the 

cavities and their locations relative to the center of mass are 

geometrically similar to the original system. (Sosm questions related 

to the modeling of the oscillations of liquids In tanks are discussed 

In [15* 291). The experimental results, obtained using these models, 

can be transferred to the natural systems under the following similar¬ 

ity conditions: 

1) By Proude number 

2) By Strouhal number 

3) By Reynolds number 

4) By Bond number 

Here v0, r0,m are, respectively, the characteristic velocity, the 

linear dimension, and the oscillation frequency, vQ la the kinematic 

viscosity coefficient of the liquid, a Is the surface tension coef¬ 

ficient. 

With sufficiently large models»the Influence of the surface 

tension of the oscillations of the liquid Is Insignificant| 

therefore, the Bond number criterion la usually not taken Into 

consideration in modeling. Prom the Pr, Re, Sh numbers,one can 

construct new dimensionless combinations by eliminating from them v0: 

f* 
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Introducing the scale factors (ratios of the corresponding model 

parameters to the original parameters) A*t4»*»*** we can obtain the 

following ratios: 

The first relation gives a scale factor to convert the oscillation 

frequencies» obtained using models» the natural conditions. The 

second relation determines a choice of viscosity of the modeling 

liquid» necessary for the Re number similarity to be satisfied. In 

practice» however» in the majority of oases it is impossible to 

secure a complete similarity relative to the Re number. 

The fact that similarity relative to Re and B numbers is not 

satisfied usually only brings about an increase of the damping 

coefficient in the equations of the oscillations of the liquid. 

The oscillations of the free surface of the liquid can be 

considered linear only for small amplitudes. The experimental results 

show that if the amplitude of the oscillations of the free surface is 

greater than 0.1 r0» then the oscillations of the liquid cannot be 

considered linear. Tor forced oscillations of the liquid, both the 

pressure on the wall and the amplitude of oscillations Increase 

by a smaller factor as compared to the amplitude of the tank 

oscillations. This is seen in Figures 2.36 and 2.37* 

Figure 2.36 gives jfcpb as a function of ||, where p is the 

maximum pressure with resonance oscillations( rQ is the radius of 

the cylindrical tank; p is the density of the liquid; C-fufo is the 

amplitude of the transverse oscillations of the tank as referred to 

the radius. In the case of very small oscillations this 

relationship changes very little; when in contrast with a 

linear system the quantity pfapt, to a considerable degree depends on 
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Figure 2.37 Figure 2.35

Figure 2.37 shows the experimental relationship between the ampli­

tude of the wave xo-xo/'’o and the amplitude of the forced oscillations 
at resonances of the first tone. Prom the graph it is also evident 
that the ratio xo/6o decreases with increasing fto. When the 
amplitude of
oscillations of the liquid also grows.

osclllatlcns Increases, the^damping coefficient of the

At frequencies close to the natu. 1 frequency of the first tone, 
and small am.plitudes of the forced oscillations,the form of the liquid 
free surface is close to a plane, the amplitude of the wave is almost 
proportional to 6o , and the height of the protuberance and the depth 
of the depression are approximately equal (Figure 2.38).

As the amplitude ai, increases, the free surface of the liquid 
increasingly deviates from a plane, the center of the free surface 
moves down along the axis of the tank, and the height of the protuber­

ance becomes greater than the depth of the depression. The 
wave remains well behaved until its doucle amplitude reaches a
value of 't(1.2 - 1.3) r

O’
If the amplitude of the forced oscillations
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increases further, the wave begins to disintegrate. In hydrodynamics 

this type of a limit wave is called the Stokes wave. For higher 

tones of oscillations,tne waves on the surface of the liquid disinte¬ 

grate for amplitudes that are considerably smaller than the amplitudes 

of the first tone. 

The experimental results indicate that for certain amplitudes the 

planar oscillations of the liquid become unstable. The wave may 

turn into a plane, perpendicular to the motion of the tank, and even 

begin to turn in the circumferential direction. 

Studies of the nonlinear 

oscillations of liquids show that 

with an increasing amplitude, 

the resonance frequency of oscil¬ 

lations decreas;«. This phenomenon, 

established by means of calculations 

in [22], is shown in Figure 2.39. 

Thus, if the amplitude« fe« <0.1*, the oscillations of the liquid 

may be considered linear. With feaiXM* the nonlinear effects have 
to be considered. t 

Formulas for Certain Coefficients and 

Definite Integrals 

4 
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CHAPTER III 

DYNAMIC CHARACTERISTICS OF A RIGID ROCKET 
WITH THE OSCILLATIONS OF LIQUID IN TANKS TAKEN INTO 

^ CONSIDERATION 

✓ 

1. Formylation of ^..Problem 

In Chapter I we dleouaaed the dynamic properties of an ideally 

rigid rocket» and we established the principal requirements Imposed 

on the attitude control system. However, to represent a liquid fuel 

rocket as a rigid body is of course a gross oversimplification. The 

presence of liquid fuel in tanks leads, as it was shown in Chapter II, 

to the appearance of additional forces whose effect on the dynamic 

properties of the rocket in the frequency range of the natural 

oscillations may be considerable. 

If the control system is designed with the rocket assumed to 

be a rigid body, then in flight there may arise transverse oscillations 

of the rocket with a frequency close to the frequency of the natural 

oscillations of the liquid in tanks. Such oscillations are undesirable 

since they are capable of producing significant transverse inertial 

loads on the fuselage of the rocket, and of jamming the control 

system channels with "parasite" currents. 

If the oscillations of liquid are taken into consideration in the 

equations of the perturbed motion, we are then able to reveal some 

specific properties of the control system and formulate the addition¬ 

al requirements to be imposed on the control system that would damp 
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these oscillations. 

This hydrodynamic problem was solved In the preceding chapter 

under the assumption that the axis of the cylindrical tank may be 

deflected from the vertical by a small angle» and the vector of the 

terrestrial acceleration g that characterizes the Intensity of mass 

forces stays constant. The projection of the g vector on the fixed 

coordinate axis Ox did not change with the motion of the cylinder 

with liquid In It. This assumption was also adopted when analyzing the 

dynamic properties of the mechanical analog of the oscillations of 

liquid. ^ 

Are the obtained results applicable to liquid fuel rockets In the 

case when the longitudinal axis of the rocket Is arbitrarily oriented 

relative to the horizon? Let us consider this question In more 

detail. 

The Intensity of the mass forces acting on the liquid In a 

moving frame of reference attached to the tan1'(the fuselage of the 

rocket) will be expressed by the acceleration vector i*. The 

movement of the moving frame will be assumed to be translational. 

The movement of liquid together with the moving frame will be 

referred to as the transport movement, and the acceleration vector 

of the ^transport movement will be denoted by ãe . 

If the liquid does not move relative to the tank, then 

where g Is the terrestrial acceleration vector. 

Suppose the tank with liquid Is in translational motion toward 

the center of the Earth beginning at some altitude under only the 

Influence of the force of gravity. Then ae ■ g and I* ■ 0, i.e.. 
In a freely falling tank the mass forces of the liquid are equal to 

zero. The quasi-static position of the free surface of liquid In a 
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tank la perpendicular to tha vector i*. In this case the orientation 

of the free surface is indeterninate. 

If, in addition to the weight, the tank with liquid is acted upon 

by other external forces, then ï* 4 0,and the free surface of liquid 
will be perpendicular to a*. * 

Let us focus our attention on an unperturbed rectilinear movement 

of the rocket in the powered phase of the trajectory. The main vector 

of the external forces will be denoted by R, where 

I-fr+ff; *-*.+r+*+Fr (3.1) 

Here R* is the Min vector of the external forces (without the weight 

of the rocket), 0 la the weight of the rocket, P0f is the effective 

thrust, ï is the aerodynamic lift, X is the drag, and Yp Is the 

control surface force. 

The acceleration vector in the transport motion is 

+Ï. 

where m is the mass of the rocket 

The acceleration vector is 

Just as in the free fall of the tank, in the powered stage of the 

trajectory the terrestrial acceleration does not have any effect on 

the forces acting on the liquid from the side of the tank. In an 

unperturbed rectilinear motion of the rocket the free surface of 

liquid fuel in a tank is perpendicular to R*. 

Since the direction of R» does not in general coincide with the 
longitudinal axis of the rocket, the normal to the unperturbed free 

surface of liquid fuel does not coincide with that axis either. 

However, the deflection is small, and therefore below the unperturbed 

free surface of liquid fuel in tanks will be considered perpendicular 
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to the longitudinal axis of the rocket. 

The trajectory of the unperturbed motion of the rocket Mill be 

assumed to be rectilinear In a small time Interval« and thus It will 

be Identical with the stationary coordinate axle Ox. 

Let. the projection of RVm on the Ox axis be denoted by g#. If 

the aerodynamic forces are small conpared to the effective thrust» 

then » ref and 

¿mall perturbations of the rocket motion do not» as It was 

shown In Chapter I» change the acceleration of the rocket in the Ox 

direction. Therefore, in spite of the fact that the engine thrust 

follows the rocket axis, the magnitude of g# is not affected by small 

deflections of the rocket away from the Ox axis. This conclusion 

will also be confirmed in the following section for pendulum models. 

Thus, the results of solving the hydrodynamic problem, obtained In 

Chapter II,are Indeed applicable also to a tank with liquid. In motion, 

under the condition that Instead of the terrestrial acceleration g 

one must take the acceleration g*. 

To describe the motlpn of a rocket with 

account taken of the oscillations of liquid In tanks, 

we shall use a pendulum model consisting of an 

absolutely rigid straight rod and k mathematical 

pendulums. The suspension points of the pendulums 

will be located on a straight line, namely the longitud¬ 

inal axis of the rod. It will be agreed that the 

longitudinal axis from which the pendulums are 

suspended will be the principal central axis of Inertia 

of the rigid body (the system) consisting of the rod 

with the attached pendulums. 

Let the origin of the attached coordinate system OjXjy^ be 

located at point C of the rod (Figure 3.1). Point C coincides with 
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the center of mm of the eyetem when the mass ■j* of all pendulums 
Is located on the longitudinal axis of the rod. Let lj, «j» denote 
the length and mass of the Jth pendulum, and let Lj* refer to the Xj 
coordinate of the mass of the Jth pendulum ehen this mass Is located 
on the longitudinal axis of the rod. 

BMOd on the conclusions make ln Ciiapter II, such a pendulum 
system may be adopted as a mechanical analog of a physical system 
containing several tanks with liquid. In each tank usuaUy only the 
first tone of the oscillations of liquid Is considered but in some 
cases also the higher tones must be dealt with. 

In the particular case of a circular cylindrical tank with a 
flat bottom»the parameters of the pendulum system can be determined 
from the following formulas 

«.«S-4 ’ 

.! o.;) 

+tä)] 
where h«, r-, ard p, are, rMpeetlvely, the submerged height, the 
radius, and the density of liquid in the y11 cylinder; I0 is the 
moment of inertia relative to the transverse axis passing through the 
center of mass of the physical system with liquid if the latter Is 
assumed to be "frosen" in the position when Its free surface Is per¬ 
pendicular to the longitudinal axis of the tank: Lj is the distance 
from the center of mss of the physical system to the free surface 
of liquid in the Jth tank. In accordance with the convention adopted 
in Chapter II Lj > 0, if the free surface Is located above the 
center of mss, and Lj < 0 if the free surface Is below the center 
of MSS. 
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j. r.matlonü of the Perturbed Motion for 

i en Juluri Models 

Sui'poae that the rod of the pendulum ayotem In the Oxy plane Is 

acted upon by tf»e rollowln¿ set of forces (Figure 3*2): 

— the effective engine thrust Pej. directed along the longitud¬ 

inal axis of the rod, tl«e magnitude of this force Pef is greater 

than the wleght of the rod with the pendulums; 

— the control surface force Yp whose direction Is always 

parallel to the transverse axis of the rod, 0^; here 

where 6 Is the angle of rotation of the control element; 

— the aerodynamic lift Y, the drag X, and moment Ma of these 

forces relative to the center of mass of the system (point C); 

— the force of gravity G s c?* 

— the moment of the damping forces Md relative to point C. 

The aerodynamic forces act only during flight in comparatively 

dense layers of the atmosphere. 

Consider a planar motion of the pendulum system in the fixed 

frame of reference Oxy (the Ox axis is directed vertically upward). 

As the generalised coordinates we shall adopt: *c(t), yc(t) 
which are the coordinates of point C, #(1) which refers to the angle 

between the Ox and 0^ axes, and lj(t) which denotes the deflection 

of a mass nij« in the direction of the 0^ axis of the body 

coordinate system (8ee Figure 3*2). 

Without loss of generality we snail assume xc(t) to be finite, and 

Yc(t), #(1). MO to be small perturbations. 



If all perturbations are 

identically equal to zero 

ycE0. »«O, lysiO (7=1,2,...,4), 

then the angle of rotation of the 

control element 0(/)-0 and the angle 

of attack an i 0. In this case.the 

rod is acted upon by only three 

external forces Pef,, X, and G, and 

the rod moves in the Ox direction with 

an acceleration 

*C' 
Pt — X—Q 

where m is the mass of the rod with the pendulums; g » gQ is the 

terrestrial acceleration. 

If within a small time interval the mass m and forces Pef, and X 

are considered constant, then the acceleration x will also be constant. 
c 

Such a motion will be called unperturbed. 

The coordinates x, y of any pointe . the longitudinal axis of the 
t h 

rod and the coordinates xj»yj of the mass of the J pendulum in 

the Oxy system in view of (2.68) will be 

. *-*+*,( i-f) 

( 1 ” 

Differentiating with respect to time,we find 
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X—¿c —Jt^é, 

if - ¿c+ ■*■*• 

X^y 
XyUXy», 

The formulas for the kinetic and potential energies of the system 

have the following form 

• • 

^ m (-*1) (■** + If1)dX| + 2 m/ (■*/+V/) 1 • 
iS J 

« » 
t/-f í «Mxrfx.+tf V<V/, 

where a, (-b) are the coordinates of the ends of the rod. Substitut¬ 

ing here the expressions for the coordinates and velocities of all 

points of the system, and retaining only infinitesimals of second order 

W0 § 

2T—m/X 

X [ ¡¡+2»A+2i>i/+2xc(-i^--i> )], (3.3) 

u~"t*c+t y*; (-¿h-1/*)- 

Let the projections of the aerodynamic forces X and Y on the 

fixed coordinate axes be denoted by F and F . Then the generalized 
X y 

coordinates Xc, ÿc. ♦. will have the following generalized forces 

associated with them. 

' ' (3 4) 

Q*"xjl—AÍ, Afa, 
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Let us substitute (3-3) and (3-^) into Lagrange's equations of 

second kind. The equation corresponding to the generalized coordinate 

X will assume the form 
c 

««C+*Ur + -7^- + -7*-*y»-2Í/è-X;» = 
V h 

Leaving out infinitesimals of second order,we get 

Up to infinitesimals of second order, small perturbations Xj and 0 

do not affect the motion of the center of mass in the direction of the 

Ox axis. With the magnitudes of m, Pei>, and Fx remaining constant, 

this motion continues with constant acceleration and remains 

unperturbed. 
f 

Since for an “ 0 the Ox component of the aerodynamic forces is 

Fx * -X, the Ox component of the main vector of the external forces 

Ë» will be 

(3*5) 

For small ♦ and Xj, g* remains constant. 

This conclusion is also valid in a more general case when the 

longitudinal axis of the rod O^x^ in an unperturbed motion makes 

with the horizon an angle tafcn/íl (Figure 3« 3)* Rotating the Ox axis 

of the fixed coordinate system so that it coincides with the attached 

axis 01x1 in an unperturbed motion,we find 

• (3.5a) 

For small deflections of the •and Xj coordinates,the acceleration 

g* does not change, just as previously. This result will not change 

if the main vector of the external forces R* (3.1) makes a small angle 

with the 01x1 axis. 



Now let us find Lagrange's equations for the generalized coordin» 

ates ye. ♦. Retaining only Infinitesimals of first order and using 

the notation of (3* 5)» we get 

(3.6) 

(7^=1.2.k), 
where ' 

—X,, 

• « 
m-J 

/-J« (xjxîrfx,m*¿7. 

J «(x.Jx.rfx.+jgmJlJ-O (-»<x,<a) 

If for any reason it is necessary to consider several tones of the 

oscillations of liquid, then in Equations (3.6) one must use the 

corresponding number of pendulums, i.e. take 

where hg is the number of tones that is to be determined. The 

equation for Xjn will have the form 

(/-1,2, ...,11(). 

Now let us write out the expressions for the projections of the 

aerodynamic forces and moments that appear in Equations (3.6). The 

angle of attack in a perturbed motion of the rocket is 
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In view of (1.1) and (1.2), and also taking into consideration 

Equations (1.40), we find 

(3.7) 

According to (1.21) the coefficient combines the coefficients of 

the aerodynamic damping and the damping due to the Coriolis forces. 

Let us transform Equations (3*6) by excluding from them all the 

variables Aj. We shall use a symbolic operator form of notation and 

then from the third equation in (3.6) we find 

(3.3) 

Substituting expressions for Aj in the first two equations in (3*6), 

we get 

(3.9) 

In what follows, for simplicity an analysis of Equations (3*9) 

will be done for the particular case when all the pendulums have the 

same length and the same damping coefficient «j-«*. . The 

fact that the lengths of the pendulums are equal indicates that the 

shape of the tanks and their submerged heights are such that the 

frequency of a given tone of the natural oscillations of liquid is 

the same in all tanksi the density of liquid may differ from 

tank to tank. 
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3. The Frequencies of the Natural 

Oscillations of the System 

Figure 3*3 

Let us first discuss a simplified 

dynamic system in which the aerodynamic forces 

may be neglected. This makes t possible to 

determine the natural frequencies of the 

rocket vibrations that are due to the 

oscillations of liquid in tanks. Letting 

in (3.6) or (3.9) Fy = Ma * Md * ^ we sha11 

obtain the equations of the perturbed motion 

of a rocket in air-free space. 

We set in Equations (3*9) */(P) 

dimensionless parameters of the pendulum system 

1*1 == ~ 

i»l 

and introduce 

(3.10) 

where 

The dimensionless parameters |»i. Hi. m have the following physical 

meaning: represents the ratio of the sum of the masses of all 

pendulums to the mass of the entire system (the rod and the pendulums); 

is the ratio of the sum of the moments of inertia of the masses 

of all pendulums relative to the lateral axis of the rod, passing 

through point C, to the moment of inertia of the rod with the 

attached pendulums relative to the same axis; is the ratio of 

the sum of the static moments of the pendulums relative to the 

lateral axis of the rod, passing through point C, to the product of 
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the masa of the system and its radius of inertia p0 corresponding 

to the attached pendulums. 

In accordance with (3.10), the parameter ranges will be 

(KftO. 0<|»,<1, I»*<NS 0<fc<oo. 

Eliminating yc> we transform Equations (3-9) so that they assume 

the following form 

Here 

Q{p)h=R0>)i. 

/?(,)--^-/»-‘(„X 

X^[, 

(3-11) 

(3.12) 

where the following notation was used: 

•t-»¿(2-14-14+14^+ 

(2+h/). (3.13) 

a4—«íO-»*/). 

F-JL.r, h_ 
h> 

«¡a JL. 
r * 

As we know any polynomial of even positive degree with real 

coefficients may be represented as a product of polynomials of 

second degree with positive coefficients. Therefore, the operator 

polynomial Q(p) can be written as 

Q(rt-V+2/>t,+u»i) (p1+2pti+<4) /»-1 (p). (3.14) 

Here u¡2 are the natural frequencies of the system with no damping, 
e2 are the corresponding damping coefficients, f(p) is the 

operator polynomial defined in (3.8) 
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Let us calculate and u>0 for the case when eX * 0. 

The equation for the frequencies can be obtained from the equality 

^(p) = 0 by substituting p = iui . The operator polynomial f(p) will 

not be considered since the natural frequencies of liquid in a 

stationary tank can be computed from f(ia>) * 0. We have 

(3-15) 

With the pendulums of the same length,the highest degree of Equation 

(3.15) is six and for *>2 it does not depend on the number of 

pendulums. 

2 
The value of the root u = 0 in Equation (3-15) corresponds to 

that motion of the system in which all and 

A small angle ♦ corresponds to a small lateral acceleration 

of the center of mass. However, the lateral displacement yc of the 

center of mass may be arbitrarily large, and in this sense the motion 

of a system with zero frequency is unstable. 

Now let us consider the second factor in Equation (3-15) 

(3.16) 

For small values F-Pfa (the length of the large rod compared to 
the length of the pendulum) the discriminant of Equation (3-16) 

0—ai—toga« 
is positive,and the system has two natural frequencies; 

* «i+VÕ i (3-17) 

-- toT"’ - 
The case when the pendulums are situated on the rod in such a way 

that the sum of their static moments relative to point C is zero 

(u^ ■ 0) is of particular interest. For a rocket with two tanks 

this means that 
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«u;+*£=o (¿;<o). 

In this case Equation (3«l6) may be put in the form 

l«* (! - *) - •*! I«* (1 - P4) - «¿l=0. 

whence the frequencies of the system are 

Both the first and the second frequency of the system, due to the 

oscillations of liquid in tanks, are greater than the natural 

frequency of the liquid in a stationary tank, and the difference 

becomes larger,the larger the coefficients and y2. It is 

interesting to note that the formula for coincides with Formula 

(b) obtained in Section 6 of Chapter II, when solving the problem of 

the natural translational oscillations of a cylindrical tank with 

liquid («mO). The frequency of the system is the same as the partial 

frequency. The formula for u>g* slightly differs from Formula (i) 

of Chapter II obtained for th#/ease when y i 0. Instead of the sign 

"greater” Formula (3*18) contains the equality sign. This discrepancy 

is a consequence of the fact that in the first equation of (3.6) 

there is a term Pef$ which represents a projection of force Pef on 

the Oy axis. An analogous term is missing from Equations (2.6l). 

Rockets of short length will have a large length l* of the pendulum 

and a small radius of inertia p associated with them, this being 

caused by the fact that in these rockets is considerably 

larger than in long rockets. An increase in I* for |*i>0 will not 

change the properties of Equation (3.15). An increase in |»¡í* only 

leads to an increase in the difference between the frequencies 

and u2. 
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For large values of !• and |»»<®the discriminant D of Equation 

(3.16) may become negative and then the system will possess entirely 

different properties. 

Let us consider the characteristic equation obtained by equating 

the second factor in (3.12) to zero with eX - 0. We shall have 

+ (3.19) 

When the discriminant of Equation (3-39) is zero, the equation has 

multiple roots. 

When D > 0 the roots p^,2 of the biquadratic Equation (3.19) 

are complex conjugate and have negative real parts. The following 

values will be obtained for p: 

fu»—«±K (3*20) 

where 

—]f iz- —/■¿r- ?—*' (3.21) 
* \ 

0,04-0]. ¢=^-21/^4 + ^- 

The solutions (3.20) are peculiar in the sense that one of the 

complex conjugate roots has a positive real part which indicates that 

the natural oscillations increase. 

Thus, the case when D - 0 (natural frequencies are equal ) 

corresponds to the boundary of the stability region for the system. 

The case when the natural frequencies are identical will be encountered 

below when analyzing flexural vibrations of a rod loaded with a 

slave force. 

When the engine thrust force is activated,the dynamic rocket 

system is no longer conservative, and such systems are characterized 
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by n loss of stability «hen the parameters are In a certain relation 

to one another. This also explains the appearance of the roots of the 

characteristics Equation (3-19) having positive real parts. 

Inasmuch as It may happen that d < 0 If a2 > 0. 

This means that a solution of (3.20) may exist only If the parameter 

1»^ lies in the range 

The condition b > 0 will be satis>ied when 

p/»— 

The larger the values of and (m+w) . the greater the coef- 

ficient of the oscillations growth will be. 

In «hat follows we shall c/sider the case when D > 0 unless stated 

to the contrary. 

Consider the case when only one pendulum is attached to the rod 

(H - 1). This means that the physical system has a free surface in 

only one tank. The equation of the natural oscillations will be 

obtained from (3-6) by setting Fy - 0, M& « 0, Md - 0, 6 - 0. Since 

P /m - g#, we get' from the first and second equation in (3.6) 
6 f* 

ÿc-f*1" -hh 

and substituting these in the third equation we obtain 

This system has one nonzero natural frequency 

i* i—h-pt (3.23) 
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b. The Transfer Function of tne Controlled 

Object and Its Properties 

The differential equations In (3-9) written in a symbolic 

operator form may be conventionally written as 

£ 
7 (3.2Ü) 

by first eliminating from them the variable yc- Here the deflection 

• Is the output coordinate and #.is the input coordinate. The degrees 

of the operator polynomials R(p), Q(p) depend on the number of tanks. 

For simplicity let us assume that the natural frequencies and 

the damping coefficients of the oscillations of liquid are the same 

in all tanks so that 

(y-i. 2.*). 

The aerodynamic forces will not be taken into consideration. This 

simplifies the problem somewhat and makes it possible to reveal more 

clearly the peculiarities of the dynamic properties of a rocket 

that are due to the oscillations of liquid in tanks. The operator 

polynomials (4(p), R(p) are in this case" expressed by Formulas (3.12). 

Let us write the operator polynomial R(p) of (3.12) in a 

different form. We introduce the notation 

3.25) 
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We shall write the operator polynomial R(p), making use of the above 

notation, as 

#00--Nx (p* +Slip-fax)*-' {p'-+ 

The operator polynomial Q(p) will be represented as an equality (3.14) 

Q 00=^(^+2^4 -1)(^+2^+-4)(^ + 2«,p+^. 

Then the transfer function for the system can be expressed as 

a product of three transfer functions 

(3.26) 

where 

N is a constant. 

*.00 
*/ ’ 

Hp) 
#* + 2«tf + -î 

Hp)- 

l-i 

AT. 
(l-lh)(l-N»-|4* 

Kq(p) is a transfer function for an absolutely rigid body, i.e., a 

rod with attached pendulums; K^p) and K2(p) may be considered to be 

transfer functions of the "associated" oscillating loops (pendulums). 

For si,i,i.x«0 the natural frequencies u)2 are the poles of 

the transfer function, and uiA , are zeros of the transfer function. 

The frequencies »i. ***. ®*. will be called below the characteristic 

frequencies of the system. 

If in the expression for the transfer function one sets p = iu>, 

where u is an arbitrary frequency of forced oscillations, then one 
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obtains a complex transfer number which can be represented in the 

complex plane as a vector with a modulus A and the phase angle 'f. 

The hodograph of the vector In the frequency range 0<«»<+oo Is. called 

the amplitude-phase frequency characteristic. 

Let us analyze the properties of the amplitude-phase frequency 

characteristics X«(f«). K»(«•»)• . 

The complex transfer number'Xo(i®) of the rod with pendulums 

attached to It represents a set of real numbers which are Inversely 
2 

proportional to w . 

Let us study the properties of the amplitude-phase frequency 

characteristic X*(i») . Introducing the notation 

where «•»* * are the natural frequency and the damping coefficient of 

the first tone of the oscillations of liquid in a tank, we get 

*,(<•)- 
1+PlH-T* 

(3.27) 

Here y is the dimensionless frequency of forced oscillations, i.e., 
the frequency of oscillations divided by the frequency of natural 

oscillations of liquid in a stationary tank. The complex transfer 

number can also be represented in an alternative form 

/ 

where are the modulus and the argument of the complex trans¬ 

fer number in the numerator of (3*27)» and A»(y). f»(Y) are the modulus 

and the argument of the complex transfer number in the denominator of 

(3.27). They are, respectively, equal to 

^(YÍ-^O-YV+CÃV)». ¿•W-Zfl-Y1)*ÄYft 
* Ät ait (3*29) 
ft(Y)-«cH ?»(Y)-«d*-=j—. 
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The real and imaginary parts of the complex transfer number K»\to) will 

be 

U(y)**At (Y)cos fi(v), V (V) = My) *,n ?»(V)- 

The modulus ^i(y) and the argument ft(v) of a complex transfer number 

are the functions of frequency y. The graphic representation of ¿*(v) 

is called the amplitude frequency characteristics (or the resonance 

curve), and the graphic plot of ft(Y) is called the phase frequency 

characteristic. 

For future purposes let us define the relations among the 

characteristic frequencies •»*. «1 . We shall limit ourselves to 

the case when in Equation (3*16) the discriminant D > 0. 

For 7»-0 on the basis of (3*17) and (3«l8) we have 

For small“» this inequality usually allows for a generalization in 

which,instead of the partial frequencies and ai2#,we can take the 

frequencies of the system to be w1 and Ug* Then we get 

By comparing Formulas (3.18) and (3.25) we can conclude that a case 

is possible when and «h<«i • Therefore, below we shall consider 

two relations which in the dimensionless case can be written as 

I <ï»<^<>i. 
1 <•,<•,<•»- 

(3.30) 

(3.3D 

Here 

0 
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The relation (3.30) occurs much more often than (3.31). 

The functions ¿i*(y) and ^*o(y) and Y»(y) are plotted in Figure 

3.4. The frequency characteristics A»(y) and ?*(Y) are also shown there. 

The dotted lines represent the case when the damping coefficient of 

the oscillations of liquid is neglected fo-0) . 

The amplitude frequency characteristic ¿i(y) has a maximum and a 

minimum. The minimum corresponds to a zero, and the maximum — to a 

pole of the transfer function. Inasmuch as «»»>1, as the frequency y 

increases from zero one first encounters a minimum of the characteristic, 

and then the maximum. The larger the difference between u¡2 and a unity, 

the higher the maximum of the characteristic. In addition, the maxima 

of the characteristics are inversely proportional to the damping 

coefficient of the oscillations of liquid üüi) . 

Hgure 3.5 Figure 3.4 

The phase frequency characteristic ft(v) has one maximum in the 

region of positive values of ft . If damping is present the maximum 

value is less than ir, where the maximum occurs approximately in the 

middle between the maximum and minimum of the amplitude frequency 

characteristic. The smaller the damping coefficient of the natural 

oscillations of liquid, the larger the phase peak. When the phase peak 

is larger, the greater the difference between the frequencies «2 and WX» 
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The hodograph of the complex transfer number In the complex 

plane Z ■ U + IV is shown in Figure 3.5. For comparison, we shall give 

two hodographs, constructed for two different values of w2l whére for 

Curve 2 the frequency u>2 is larger than for Curve 1. The complex 

transfer number K^iw) has a structure identical with that of K2(iw) 

and can be expressed by the formula 

PhT-T8 ^ (t) 

+o«rt—ï* **P1 If? (Y) - Yi*(y)1 «= (y) 
(3.32) 

where 

The formulas for *i*(y). ?i#(y). fw(Y) can be obtained from Formulas 

(3>29) If one sets 

«I»«!, •»—•i, 1-«|. 

When the frequencies of the system satisfy the inequality (3.30), the 

amplitude and the phase frequency characteristics Ai(v)> f‘(v) have the 

same form and possess the same properties as the functions shown in 

Figure 3.4. The minimum and maximum of the amplitude frequency 

characteristic occur, respectively, at y-ût and y«»,. 

Figure 3.6 shows graphs of Mi(y) and yi(y) for the case when the 

relation (3*31) holds true. Here as the frequency y increases we 

first encounter a maximum,and then a minimum of the amplitude fre¬ 

quency characteristic. In contrast with Figure 3.4, the phase 

frequency characteristic fi(y) has no maximum in the region ft>0 , and the 

minimum occurs in the region of negative fiiy). This is of principal 

importance in estimating the stability of motion. The form of the 

phase frequency characteristic f«(Y) is determined by the relative 

location of aeros and poles of the transfer function. Therefore, it 

may be concluded that if the relative location of the zeros and poles 
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, V, the Inequality (3-30), then 
of the transfer function Is the relatlve location of 

the function Is positive. ^ then ulU he negatl 

the zeros and pole 

(see Figure 3-6). 
v,~r. ir.(itt) in the complex 

f the complex transfer num 2iVen for the 
The hodograph of the P Th curves are give 

„lane Z - U * IV 1= »»own In Figure 3-7- for ^ 2 tha„ 

:Le When ^ t/equency characteristic Is 

for Curve 1- The entire ampU If the relative position 
here located In the lower_htó P the amplitude-phase 

r, w is such that •«>*» per half-pl»116* 
an 1 characteristic K.tW i3 located in the upp 

frequency character! 
e-a.a„D KAlu\. a: 

ency charactcix“. 
haracteristics *.«*>. KtM are 

The amplitude-phase ^equencF o oharaoterl3tios of simple 

basically Identical with ^ of simple osclU.tor, 

TUr"h"-X« frequency 

rilóle changes “ransfer n»h.rsK,Wand 

Por that reason the ^oPf^^tle. of oscillator, circuits 

K.(i«) are Identified---Elation, of Uq»* <or 
which are formed as a result \ 

pendulums)# 
,„rlstics K,(W and K,(W Posseas 

However, the frequency ^arac sl e „„dilatory circuits. 
, that distinguish them fr represented hy 

properties that u coordinates U, iV are 1v, 
These characteristcs tangent to the OU ax s 
ourves, close to circle . whioh^^ ^ the 11.». of a 

mheir main peculiarity s small and for a 
In -ge of natural ^ n-her Is close to one. and 

frequencies, the modulus of the 

the argument close to aero. haracter- 
. total amplitude-phase frequency charact 

HOW let us consider the total P of the tran8fer 

istic K,WM'*' • « “"''t ransfer function of a rigid roc«t 

function (3.76) "with liquid different from the tran. 
with cavities partial y r00ket. 

function of an ideally 
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7 
T 

Figure 3*6 Figure 3.7 

Since 

KiMKtW-MtiAtW*'"'"*» 

the indicated characteristics will be easy to represent graphically 

s the modulul A(V) -^i(y)^i(y) if for each value of y one 
and adds the arguments t(Y)*fi(Y)+9i(v) » as lt: was done in Fi8ures 

3.4 and 3.6. Functions Ki(J*)Ki(íi») are represented in Figures 3-8 - 

3.11. 

Figures 3.8 and 3.9 show the frequency characteristics for the 

relative position of the characteristic frequencies as in (3.30), 

and Figures 3.10 and 3.11 — for the relative position of frequencies 

as in (3.3I). The dotted lines show the possible versions of the 

characteristics. 

The amplitude-phase characteristics have two maximums each which 

are located in the ranges containing the natural frequencies Ml, u, of 

the system.- Depending on the relative location of the characteristic 



Figure 3.9 

frequencies «1. «*• either one of the two maxima can be greater than the 

other. For example, as applied to Figure 3.8, the value of the (1. «4) 

first amplitude maximum rises with an increase in the interval 

and gets smaller with a decrease of the interval . The height 

of the second amplitude maximum will be larger, the greater is 

as compared to ûy 
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The maximum values of the amplitude characteristic shown in 

Figure 3.10 will rise with an increase in the frequency intervals 

(t. 5») and (5i, «0 . With a narrowing of the interval (*»i. m), the value 

of A(Y) between the two maxima increases»and the two maxima merge into 

one. 

There is a basic difference between the amplitude-frequency 

characteristics shown in Figures 3-8, 3*9 and 3*10, 3-11- The 

difference consists in the fact that in the first two figures the 

entire characteristic is located in the upper half-plane of Z ■ U + iV, 

and in the second two it stretches over both the upper and lo^er 

half-planes. In addition to positive values ?(y)“f'M+f«(v) In the 
second case in the interval (»1. ¿), the phase frequency charact îristic 

f(v) assumes negative values. 

As can be seen in Figures 3-8 and 3-10,the amplitude frequency 

and the phase frequency characteristics undergo large variations 

only in the narrow zone of the natural frequencies of the 

object. Outside of this zone the amplitude characteristic is close 

to unity, and the phase characteristic is close to zero. This property 

of the characteristics of the oscillatory circuits derives 

from the fact that the amplitude of the oscillations of a liquid has 

a substantial value only in the resonance zone. Outside of this 

zone the behavior of the liquid is practically the same as the behavior 

of a rigid body. 

Let us estimate the frequency range in which the modulus of the 

product J(i(fe)Ki(¿») is significantly different from unity. For the 
purpose of the estimate,we shall use the following values of the 

system parameters: 

Pi-0,¾ h—0,1; p,— -0,0¾ F— -£—0,05; Ç ~ -1.5. 

Then 
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We set 

—=1.25; 3«—!—=1,11. 
>-1*1 I-IH 

The characteristic frequencies satisfy the inequality in (3*30). 

The difference between the extreme values is 

3-1*0.12. 

Making use of the fact that for y<0.9S and the frequency 

characteristics are practically constant, we shall obtain the frequency 

zone in which the effect of the oscillations of liquid may be con¬ 

siderable. This zone is located in the interval 

0,«6<t<1.1*- 

If one takes ■ 10 l/sec, then in the example Just analyzed the 

dynamic characteristics of a rigid rocket with the oscillations of 

liquid taken into consideration will differ from the characteristics 

of an ideally rigid rocket only in the small frequency range 

W1/secC«<11.8 l/sec 

These ranges in accordance with (3*30) and (3*31) will be, 

respectively, 

0.26 1.053; 

0,25 <y< 1,063. 
J 

The deviation of the product ¿i(y)/My) from unity beyond the 

Indicated frequency ranges is approximately equal to 1/N. This can be 

seen if we calculate , for example, for y • 0. In so doing, 

on the basis of (3'27) and (3*32) we obtain 

. -. (I-t*,MI-if) 

^-• 

•• 
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Inasmuch as 

i4«i. 
b 

we have 

¢0)4,(0)¾ !.. 

On the basis of this estlmate*we may conclude that If the natural 

frequencies of the oscillations of liquid in various tanks of the 

rocket differ significantly from one another, then the effect of the 

oscillations of liquid on the amplitude-phase characteristics of the 

rocket can be estimated by taking these oscillations into account 

each time in only one tank. The natural frequency of the vibrations 

of the rocket with the oscillations of liquid in one tank taken into 

account can be calculated using Formula (3.23). 

Now let us find the transfer function #/6(^) taking account of the 

aerodynamic forces. We have to substitute in Equations (3.9) the 

expressions (3.7) for the force Fy and moments and Md. We shall 

limit ourselves to discussing the case where in all the tanks the 

natural frequency of liquid is wj-w^and the damping coefficient is 

Eliminating yc from Equations (3.9), we bring these equations to 

the form 

tflrtl-irO»)*. (3.33) 

Here the operator polynomials Q'(p) and R'(p) have a more complicated 

structure than in (3.12). By analogy with (3.12) and (3.14) they can 

be decomposed into factors and put in the following form: 

+«ÍF*+ 

X(F,+W+i4)(F,+2M+-?r*. (3.34) 

FTD-HC-23-461-69 
203 



where N' la a constant. 

If we consider 

‘t 
-2—*™*. 

•-H-f 
*» 

then by a direct check it can be seen that «*'••», and the factor 

(p + b') is the same as the factor appearing in the numerator of the 

transfer function K'lP> in (1.46) which applies to an ideally rigid 

rocket. In fact, if in the numerator of the transfer function 

in (1.46) the coefficient c is replaced by(1.36), i* is 

replaced by c,f» (1.29) and «h is replaced by (1.30), we then 

find 

s 

On the other hand, upon transforming Equations (3.9) to the form of 

(3.33) and making use of (3.7)»we get 

Thus, with the aerodynamic forces taken into account the transfer 

function K'(p) can be represented, Just as in the case of (3.26), 

as a product of three transfer functions. 

*' - n'k',(p) *;<» *;(*). 
(3.35) 

where 
*;<«—... 'it*’ 

KilP) 

K’t(p) 

(3.36) 
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When the frequency of the natural oscillations of an Ideally rigid 

rocket in an oncoming air stream is considerably lower than the 

frequency of the natural oscillations of liquid in tanks, the connection 

between these oscillations will be weak. In this case»the transfer 

function Kq'íp) will differ little from the transfer function of an 

ideally rigid rocket, Kt(p) (1.46); the transfer functions ^'(p) 

and K2'(p) will correspond to the transfer functions K^p) and K2(p) 

from (3.26). The properties of *•(*). Ki(P). KiM have already been 

considered above in the present section. 

5. Additional Requirements on the Angular Stability 

Control System 

The characteristic polynomial A'(p) (3*34) of the equations of 

the perturbed motion of a rocket with the oscillations of liquid in 

tanks taken into consideration has the same number of roots with a 

positive real part as the characteristic polynomial (1.49) for the 

equations of an ideally rigid rocket. When the oscillations of 

liquid are considered,we only get in addition complex conjugate roots 

with a negative real part. 

In Section 4, it was shown that when the oscillations of 

liquid in the tanks are considered,considerable changes occur in the 

amplitude-phase frequency characteristic of the controlled object that 

take place in a small frequency range, close to the natural frequencies 

of the liquid. Beyond that range the characteristic is practically 

the same as the amplitude-phase characteristic of an ideally rigid 

rocket. 

The logarithmic amplitude frequency characteristic of a rocket 

with the oscillations of liquid taken into account is shown 

in Figure 3.12a. 
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If the relative position of the characteristic frequencies 

satisfies the inequality in (3.30) 

then the phase frequency characteristic will look like the one 

shown in Figure 3.12b. The change in the phase frequency characteristic, 

due to the oscillations of liquid in tanks, as compared with the 

phase characteristic of an ideally rigid rocket, proceeds in the direc- 

Figure 3.12, c shows the phase 

frequency characteristic for the 

relative position of the characteris¬ 

tic frequencies given by (3*31) 

The change in the characteristic, 

due to the oscillations of liquid, 

proceeds not only in the direction 

of gain but also, which is very 

important, in the direction of lag. 

Let us represent the complex 

transfer number of an open loop 

consisting of the controlled object 

and the stabilizer as 

*<!■)- 
•xpf (*.•(•) +¥*c(«OI"A(»)«*P *»<•). 

A (•)» Afjt(m) ^*c(*). 

¥(«)-¥m(*)+»acH 

In the frequency range corresponding to the natural oscillations 

of liquid the amplitude frequency characteristic of the controlled 

object has maxima that are characteristic of a significant amplifica¬ 

tion of the input signal; and therefore, the modulus of the complex 

tion of phase gain • 
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transfer number of the open loop may be greater than unity, A(*)>l at 

these frequencies. 

We shall formulate now the requirements that must be Imposed on 

the phase frequency characteristic of the control system (stabilizer) 

to guarantee the stability of the closed system. 

The process by which a rocket Is stabilized by selecting an 

appropriate phase characteristic of the control system is called 

phase stabilization. 

In Section 9 of Chapter 1 it was shown that to secure stability 

of an ideally rigid rocket It Is necessary that the phase frequency 

characteristic of the control system have a phase gain in the frequency 

range [O, «•). The frequency u>Q must be chosen such that 

A(»)-A».(«Mac(«)<! for«-«* ' (3.37) 

t 

The characteristic polynomial of an open loop with the oscillations of 

liquid taken into account has as many roots with a positive real part 

as the characteristic polynomial for the equations of an ideally 

rigid rocket. By the same token the requirements imposed on the 

phase frequency characteristic of the control system will be completely 

analogous. From this, however, it does not quite follow that the 

control system, designed for an ideally rigid rocket, will secure 

stability for a rocket with liquid oscillating in its tanks. If, 

to secure stability of an absolutely rigid rocket, it is necessary that 

the control system produce a phase gain, for example, up to frequency 

u)q 1 (see Figure 3>12a), then to secure stability for a rocket with 

oscillating liquid,the phase gain should be produced up to a frequency 

When the phase frequency characteristic of the 

is as shown in Figure 3•12b, then the phase gain of 

controlled object 

the control system 
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in the frequency range 10, «o"lis sufficient for the total phase 

characteristic not to cross the axis f-0 in the negative direction 

for In this case »the closed system will be stable. 

The frequency u>0" will be larger than the natural frequency of 

the oscillations of liquid in tanks which, as we know , is inversely 

proportional to the square root of the tank diameter. 1 Dr rockets» 

whose tank diameters are comparatively small, we usually have 

Therefore, in estimating the stability of a rocket with the 

oscillations of liquid in tanks taken into consideration,additional 

requirements are imposed on the control system in addition to those 

imposed on the control system of an ideally rigid rocket. These 

requirements consist of having to widen the frequency range in which 

a phase gain is to be produced from (0, W] to [0, W1 • 

If,however, the phase frequency characteristic ?*o(*0 has a phase 

lag as shown in Figure 3.12c, then the condition of phase gain up to 

a frequency u0M is necessary but not sufficient. Still another 

condition has to be satisfied, namely, that at frequencies preceding 

u)q" the phase gain, produced by the control system, be greater than 

f lag(«') i.e., that * In this case, the phase 

characteristic of an open loop will cross the axis 

in the negative direction with the condition (3*37) being satisfied, 

and the closed system will be stable. Sometimes the additional condit¬ 

ion may state that the control system produce a phase lag from some 

frequencies. These additional conditions complicate considerably the 

requirements on the phase-frequency characteristics of the control 

system and may turn out to be impossible to satisfy. 

If the requirements on the phase frequency characteristic of 

the control system ?Ac(»),as formulated from the conditions for the 

stability of a rocket, are possible to realize, then the phase stabil¬ 

ization will be possible to accomplish. In this case,the-controlled 

object is usually called structurally stable. 
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If the characteristic frequencies lie close together, than 

the phase stabilization may turn out to be impossible to accomplish, 

since at one frequency the control system might be required to produce 

a phase gain, and at another close-by frequency it might be required 

to produce a phase lag. In this case, the controlled object is 

referred to as structurally unstable. 

The problem of stabilizing a liquid fuel rocket turns out to be 

even more complicated if in the characteristic polynomial Q'(p) (3*3^) 

there appear additional roots with a positive real part. The existence 

of such roots is due to the oscillations of liquid in tanks, and the 

existence conditions were stated in the preceding section. To secure 

stability of motion,it is necessary to change the dynamic properties 

of the controlled object in such a way that all the roots of the poly¬ 

nomial G'(p) that are due to the oscillations of liquid in tanks have 

negative real parts. The design methods of changing the dynamic 

properties of the controlled object to improve stability will be 

discussed in Section 7- 

If it is impossible to secure stability by means of the phase 

stabilization, we then use the amplitude stabilization. The ampli¬ 

tude stabilization can be effected both by means of the control system 

and by design methods. The essence of amplitude stabilization can be 

stated as a requirement that in a given frequency range the inequality 

(3-37) be always satisfied; the phase frequency characteristic in this 

range may be arbitrary. 

6. The Stability of a Closed System with 

an Ideal Control System 

To simplify the process of solution,we assume that the rocket 

moves in air-free space. The equations of the perturbed motion of a 
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rocket with oscillating liquid (or a rod with pendulums) were obtained 

in Section 2. In air-free space they are 

t ’ » (3.38) 

/»+|«*î WI "V 

*#+(y=i, 2,..., *). 

Here we assumed that the natural frequency of all pendulums is the 

same: . In these equations the notation corresponds to that 

adopted in Section 2. 

We shall assume that the control system is ideal. The differential 

equation of an ideal control system does not contain the derivatives 

Â, Ô, and the angle of rotation ¿ of the control element is determined 

from the equation [14], 

l-M+M4jr*iïc. (3.39) 

where k0,k1,k2 are the amplification coefficients of the control 

system. 

For large frequencies the control system cannot be considered 

ideal. Equation (3*39) may contain important terms, proportional to 

$ and 6, that give rise to phase lag. 

In estimating the stability of the closed system (3*38), (3«39), 

we shall make use of the technique presented in [11]. 

We shall assume that 

Then the characteristic equation of the closed system (3*38), (3.39) 

will be 
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2 
The roots of this equation that are the solution of p = 0 correspond to 

that perturbed motion in which 0-XjaO , and yc-{yc)t+t{ocU. This is 

a steady-state translational motion of the rod with attached pendulums 

with constant velocity (vc)g. This is possible because the control sys¬ 

tem does not react to velocity ÿ . The resulting mismatch in displace- 

ment (velocity) y.(yn) must be eliminated by the channel controlling w C 
the lateral stability of the center of mass. 

Here we shall determine only those conditions for which the 

closed system will be stable in the coordinates • and Xj. 

The notation as before will be 

¿ «1 h-4 ¿ «tf. ¿«% 
#•» j«i ^*#-1 

(3.^1) 

In addition, we set Ä^-oP^, where o is some coefficient less than one. 

Then the coefficients of the third factor in the characteristic 

Equation (3.40) can be expressed by the following formulas: 

1(^)(^+14-1)+1(1 -h)(i— 

•.-•toiwri-N+fti-fc)!, 

««“■T? (14+2?-«», - «4+(*;/«) (?j + 

+^4+0^14-^+(^)(7,-/,14-14)1, 

•»“■i (*«/•) (0,+2)^-^1 -«»J, 

{p4140+(4^)(0,+2^-2^- 

“Ç0,—Ä +(V«) (0i+2¾¾ —fftj, 

«•-•í(*»/«)(í?+0j, 

«.-■S(í?+0|)Í(V«)+(V«)1- 
We assume that 

^>0, *,>0. 4,>0, •>©, /^>0, 

O<0t<l, 0<N<1, -1<N<1, 0<?<oo. 
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To estimate the stability of motion and determine the boundaries 

of the stability regions, we shall make use of the Routh-Hurwltz 

stability criterion. According to the Hurwitz theorem [13]»the 

necessary and sufficient condition for a polynomial of n^*1 degree Q(p) 

to have all roots with negative real parts is that the following 

inequality be satisfied 

4,>0; A.>0. (3.43) 

where Ai, Aa»~,Aa are the diagonal minors of the Hurwitz determinant. 

The Hurwitz determinant and the diagonal minors have the follow¬ 

ing forms 

«i 

«» 

«• 

0 

0 

0 

«• 

«I 

•i 

•* 

0 

0 

0 

«I 

«• 

«• 

0 

0 

0 

«b 

«i 

«• 

«• 
0 

0 

0 

•l 

«I 

«• 
0 

0 

0 

«• 

•» 

«4 

* 

‘•Hi :i. 
«I 0 
«• «* «I 

«•«««» 

o «• t. 

0 0 0 

0 0 

«• 0 

«I *1 

«4 «4 

*4 •» 

From inequalities (3.43),It follows in particular that all the coef¬ 

ficients of the polynomial Q(p) should be of the same sign, for 

example, ac>0.ai>0.m.«i>V . 

Let us find the boundaries of the stability regions, determined 

by the roots of the third factor in Equation (3.40). These boundaries 

will be defined by the equations 

S“0, A.-0. 
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An analysis of the coefficients shows that in our case the 

determinant can be represented as a product of four functions 

A.-CrfW* 

where C is a positive constant. 

fc-Ç+h. 

+ (3,4i° 

-.-75^47, ft»,-«4-10-0*114-1*1 

The conditions 4i>0 and ti>0 are always satisfied, and therefore, the 

boundaries of the stability regions are determined by setting to zero 

any one of the quantities In view of (3^^), utilizing 

notations of (3.41) and (3.42) these conditions can be written as 

■? [f¿«A+01 £»¿5,1+ 
L /.1 /■! J 

V-l //•» imt 

[2*/4-¾ )2^/^/4-(7^47,-7- 2^/)2-1^- 
\fmí / Imt \ /.1 //.1 

\ \\ 
\ w 

k \ 

î* (2 ^(2^-4)21¾¾- 
v-l vV /-1 / \/.i //.1 

v / • - \* • _ 
“(2 ^/^/) 

'/■i / /-1 

,41-0. 

(3.45) 

(3*46) 

(3.47) 

Here 2/«£/Vp«, . The condition Si>0 will be satisfied if S|>0 . 

The condition Oi>0 follows from the condition At>0 which was assumed 

earlier. 



If In the third factor of the characteristic Equation (3*^0) we 

set p * lu> and construct the real and Imaginary parts of the Mikhaylov 

function [5], then in view of the fact that the roots of the real 

and imaginary parts of the function alternate it follows that the 

following inequality should be satisfied. 

which must be considered if |»»<0. 

In the region of stability one should have : ««>0. t!>®» toX) or 

•.<0, ♦*«>.*<«. 

The boundaries of the stability regions, defined by (3.^5) - 

(3.47) are conveniently considered as surfaces in a k-dimensional 

space spanned by Cj . The quantities £, mj, Ip are fixed parameters. 
It is important to note that the equations of these surfaces do not 

contain kQ and k^ These surfaces depend on the parameter k2, i.e., 

on the amplification coefficient multiplying yc in the equation of 

the control system (3.39). 

A detailed analysis of the surface Equations (3-^5) - (B*1*?) 

shows that there is a surface which does not move with a change in 

k2 and space of Ly This surface is determined by Equation (3*46). 

The surface defined by Equation (3.^7) determines the family of sec¬ 

ond-order surfaces with the same parameter kg. Changing the amplifi¬ 

cation coefficient kg, one can considerably deform the stability 

regions of the system. ^ 

Let us consider in more detail 

the case when the rocket has two tanks. 

In this case the space of Uj degener¬ 

ates into a plane, and the boundaries 

of the stability regions become plane 

curves. The stability boundaries in 

the coordinates and Lg ■ 2 and 

Figure 3.I3 
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k2 • 2 are ahown in Figure 3.13. The regions of stability are shaded. 

The condition (3.^5) gives the following equation for the straight 

line 1 (see Figure 3.13)! 

Zt— - Zj-||aii(Ä+ 

The condition (3.46) gives an equation for Ellipse 2 with the 

coordinates of the center 

1,-A 7-r,-Ty 

The major axis of this ellipse has an angular slope coefficient 

The condition (3.47) gives an equation for Ellipse 3 with the center 

at the origin of the coordinates and with the angular coefficient of 

the major axis 

»»-■Jr 

The coordinates of the characteristic points A, B, C, D have the 

following values: 

In particular* when the pendulum masses are identical, i.e., when 

^ ■ m2 ■ m0, the expressions for the angular coefficients become 

simplified. Then 

Am—I, *(*)——!. 
» 
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The slope angle of the straight line 1 turns out to be -ir/4, and 

the two ellipses diverge also at an angle of -ir/4. 

Tht squares of the ellipse semiaxes will be: 

for Ellispe 2 

for Ellipse 3 

If the amplification coefficient k2 t 0, then to Equation (3^5) 

thoï’e will correspond a family of straight lines 1, to Equation (3^6)- 

Ellipse 2, and to Equation (3.^7) — a family of Curves 3 of 

second order. 

For the case when 

the curves plotted in the E2 - coordinates are shown in Figure 

3.14. The stability regions are shaded. We remember that 1^* is 

the distance between the center of mass of the system and mass m^* of 

the first (upper) pendulum; E2* is the distance between the center 

of mass of the system and the mass m2* of the other (lower) pendulum. 

If the mass m2* is located below the center of mass, then ¿.•<0. 
When the position of pendulums on the rod is such that a point with 

coordinates {Lf/p* Lflf) is located in the shaded region, then the 

closed system (3-38), (3-39) will be stable. 

An estimate of the stability of motion of the rod with pendulums, 

assuming the properties of the control system are given analytically, 

can be made using a method worked out by B. I. Rabinovich [6]. This 

method is based on an analysis of the geometric properties of the 
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hodographs for complex transfer numbers of an open loop K(b) , 
consisting of the controlled object JfM(fe) and the stabilizer faffe) , 

and on applying the Nyqulst frequency criterion. 

In contrast to Section 5» where the transfer function of the 

controlled object (rocket) with the oscillating liquid is represented 

as a product of transfer functions, in [6] it is shown that in the 

neighborhood of the roots of the characteristic equation of the control¬ 

led object, the transfer function of an open loop can be decomposed 

into a sum of simple fractions 

(3.^8) 

where fc.fi, are the damping coefficient and the frequency of the natural 

oscillations of an s^ oscillator; a8 and 0g are some coefficients. 

An oscillator is usually defined as a system (circuit) whose natural 

oscillations are described by 4he equation 

jr+Su+ateMO. 

According to this decomposition*the block diagram of a closed 

system can be constructed of parallel circuits — each consisting 

of two transfer functions, the transfer function of the controlled 

object [Kp#0(p)3s and the transfer function of the stabilizer 

[Kac(p)3s» ® ■ 0» 1» 2, .,., Sq. Such a block diagram is shown in 

Figure 3.15. 

As before we shall select a characteristic point C (1,10) in the 

complex plane. Then the characteristic equation of the closed system 

for an sth circuit will be 

In view of (3.48) we get 

F*+S(«.-OF+-5+^.-0 (*-o, 1, 2.... 
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Figure 3 «l1* 

The roots of this equation are 

-•.(±Kj/ • 

If the stability of each circuit in the block diagram can be 

considered independently, then the stability conditions of the closed 

system will be 

Ä<1 ^ .,>0. 

t>' for *<® 

(3.^9) 

For a given object of control, ujt, can be changed only by 

modi?ying the properties of the control system; therefore, conditions 

(3.49) can be viewed as requirements that are imposed on the phase 

frequency and amplitude frequency characteristics of the control 

system. If these requirements can be satisfied by selecting the 

phase frequency characteristic for all s ■ 0, 1, 2, ..., Sq 

then the phase stabilisation is possible to accomplish. The control 

led object will be in this case structurally stable. 

Methods of constructing regions of the system parameters where 

the system is either stable or unstable are presented in [10, 11, 12] 
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7. Structural Methods of Improving Stability 

Section 5 showed that sometimes It Is difficult to secure 

stability of a liquid-fuel rocket. In such cases amplitude stabiliza¬ 

tion is used which requires that (3*37) be satisfied in some frequency 

range 

If •*>«•» where uQ is the frequency at which the phase lag of 

the control system is zero, then (3*37) should be satisfied for 

In other words, for «i>«* it is necessary that in the 

natural frequency range of the liquid the modulus of the complex 

transfer number of the entire open loop A(w) be less than one. In 

this situation no restrictions' are imposed on the phase frequency 

characteristic for ••>«■• . 

Let us consider structural methods of lowering Ap0(w) in the 

frequency range of natural oscillations of a liquid. The methods can 

be based on solving and analyzing the hydrodynamic equations and 

consist mainly of modifying the design of fuel tanks. 

All structural modifications to secure a better stability of 

a liquid-fuel rocket seek to fulfill three objectives: 1) to increase 

the dissipation of energy from the oscillating liquid; 2) to decrease 

the reduced mass in order to weaken the total dynamic effect on the 

oscillations even with small'dissipation of energy. Usually a 

decrease in reduced mass is accompanied by an increase in the natural 

frequency of the oscillations of liquid; 3) to change the natural 

frequency of the oscillations of the liquid. 

An Increase in the energy dissipation from the oscillating 

liquid can be achieved by means of various devices in the form of 

floats that are placed on the free surface of the liquid. The floats 
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usually are in the shape of rings (toruses). They break up the free 

surface into small segments thus, intensifying the energy dissipation 

from the oscillating liquid. The energy is dissipated when the liquid 

moves against the walls of the floats. 

As an example Figure 3.16 shows the plots of the calculated and 

experimental values of the amplitude of the lateral force Fy®, due 

to the forced transverse oscillations of the cylindrical tank having 

an amplitude yn, versus the frequency. The plots are taken from [1M]. 

The experimental values are shown as dots for two different dampers 

floating on the surface: one being a ring and the other being a 

body with a large number of openings. The calculated curves were 

obtained for different values of the relative damping coefficient Ç: 

The same figure for comparison shows a graph of the force that 

would appear if the liquid were to be considered "frozen". 

I ♦ I # 

Figure 3«16 

»p/sec 
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As we see at fc**0,2 for the resonance frequency of the first 

tone,the amplitude of the force is limited by a number slightly 

exceeding the force due to the "frozen"liquid. Thus, when 

effective floating dampers are used the amplitude frequency character¬ 

istics of a liquid-fuel rocket will hardly differ from the frequency 

characteristics .of an ideally rigid rocket. 

The value of the reduced mass of the oscillating liquid and its 

distribution depend on the geometry of the tank and the submerged 

height. The Formulas (2.62) and (2.^3) for the reduced mass and the 

natural frequency of the liquid imply that,as the radius of the tank 

decreases,the mass also gets smaller,and at the same time the 

natural frequency of the liquid rises. 

A decrease in the reduced mtss of the oscillating liquid leads 

to a lowering of the dynamic effect that the liquid has on the fuse¬ 

lage of the rocket, and other conditions being equal, the diameter 

of the circle of the amplitude-phase frequency characteristic will 

be smaller. Thus, more suitable conditions are created for an 

amplitude stabilization. 

An increase in the natural frequency of the liquid and the 

accompanying change in the frequency of the system may make phase 

stabilization more difficult. Therefore, even with a change in the 

geometry of the tanks optimum results may not always be achieved. 

A change in the amplitude-phase frequency characteristic may be 

advantageous in one area and disadvantageous in another. 

Some suggestions for changing the design of fuel tanks to improve 

the stability of liquid-fuel rockets are presented in [14]. 

The geometry of the tank can be modified in several ways: 1) 

a tank with a large diameter may be replaced by several tanks with 

smaller diameters, 2) inside a tank of a large diameter we can set 

up cylindrical partitions — make a tank inside a tank, 3) the tank 

might be subdivided into separate compartments by means of radial or 

radial and cylindrical partitions creating a sectored tank (see Figures 

2.14, 2.17). 
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If, for example, a cylindrical tank of radius r^' is replaced 

by four tanks of radius Tq" with the same total cross section 

(ro" * r0'/2), then the reduced mass of liquid in all four tanks 

will be twice as small as that in one tank of radius rg'. The 

natural frequency of liquid is in this case increased 1.4l times. 

Subdividing the tank into k identical tanks, the natural frequency 

of liquid increases basically proportionally to the fourth-degree 

root of the number of tanks 

and the reduced mass of the oscillating liquid decreases inversely 

proportionately to the square root of the number of tanks 

If the tank is subdivided by means of a circular cylindrical 

partition, then the oscillations of liquid will have their smallest 

effect in the case when the reduced masses in the ring-like and the 

circular (Internal) tanks are approximately equal, and the phases 

of their forced oscillations are opposite. In this case, the dynamic 

action of liquid on the ring-like and circular tanks is mutually 

balanced. When the ratio of the diameters of the internal and 

external cylinders is 0 ■ 0.77i the reduced masses are approximately 

equal. However, the natural frequencies of the liquid in tanks are 

such that the phases of the forced oscillations of the reduced masses 

of liquid are not very advantageous. Mutual balance is not achieved. 

When the ratio of the diameters is 0 ■ 0.5,the phases of forced 

oscillations are favorable, but the reduced masses of the oscillating 

liquid are in the ratio 1:5. 
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It is much more convenient to subdivide the tank by means of 

radial partitions. Pigure 3*17 shows for comparison graphs of the 

reduced masses of the oscillating liquid for three forms of cylindrical 

tanks. A tank with a circular cross section is one that is most 

disadvantageous. In this case,the reduced mass for the first tone is 
Q 

1«43 prQJ which approximately corresponds to a mass of liquid in a 

cylindrical tank of height 0.5 r0. When a concentric partition is 

used with a diameter equal to one-half of the diameter of the tank 

(0 ■ 0.5), the reduced mass is ^0.96 pPq^ if only the external tank 

is filled, and 1.14 pr03 if both tanks are filled. If use is made 

of radial partitions (four-sectored tank) the reduced mass for the 

first tone is only 0.46 prQ . If the reduced masses for the first tone 

in all four sectors are put together and compared with the reduced 

mass mn for the first tone of osaillations in a cylindrical tank with 

a circular cross section, then the sum would amount to less than one- 

half of m„. 
n 

\ 

In the case of a four—sectored tank the reduced mass, corresponding 

to the second natural frequency, amounts to almost one-half of the 

reduced mass for the first tone, and must be taken into consideration 

in analyzing the stability of motion. 

To increase the dissipation of energy from the oscillating 

liquid*the tanks are usually subdivided by means of perforated 

partitions rather than solid ones, i.e., partitions with a large 

number of holes. As a result of a pressure drop between separate 

sectors of the tank, the drop being due to oscillations, the liquid 

flows through the perforated partitions, and thus the kinetic energy 

of the liquid is dissipated. 

When perforated partitions are set up the natural frequency and 

the reduced mass of the oscillating liquid are modified. However, 

the main effect of the perforated partitions consists in a significant 

increase of the damping coefficient. 

Sometimes the stabilization of liquid fuel in tanks by means of 

the control system is hard to achieve only for a small time segment. 
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In such caaes stabilization is facilitated very easily by structural 

means. Por this purpose it is necessary to s«t up in a tank a 

partition with holes — an intermediate perforated bottom — perpendic¬ 

ular to the longitudinal axis of the tank As the free surface of 

liquid fuel approaches the intermediate bottom,the reduced mass and 

the natural frequency rapidly decrease, and the energy dissipation 

from the fluid increases. Within a small time interval the effect 

of the oscillations of the free surface can be practica1ly reduced 

to zero. 

Figure 3.17 

9. Aoto-oscillatlons of the Rocket 

*/■ 
«♦ 

« V • V SÇ/ 
— 

1 * } 

• 
iW :.»•# 

1 

In Section 5 we formulated additional requirements on the control 

system to help in stabilizing the closed system. The amplitude-phase 

frequency characteristic of an open loop, shown in Figure 3.18a, 

corresponds to a stable closed system. The characteristic of a 

statically stable rocket has such a 

form. 

In view of the fact that the 

characteristic polynomial Q(p) of a 

statically stable rocket has one 

positive root, point A (w ■ 0) is 

located to the right of point 0(1,10) 

and point B(u> * Uq) is located to 

» 
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the left of point C. The frequency characteristic encircles point C 

half way in the positive direction; the closed system is stable. 

Point D on the frequency characteristic lies in the frequency 

interval in which the dynamic properties of the oscillating liquid 

appear. In this interval the natural frequency of the oscillations 

of liquid in tanks is located. Instead of two rings, as shown in 

Figure 3*9» here (not to obscure the diagram) we only have one ring 

of the frequency characteristic, corresponding to the relative 

position of frequencies in (3*30). At the natural frequency of 

liquid for such a position of frequencies, a gain in phase f* does not 

decrease. 

Figure 3*l8,b, shows the amplitude-phase frequency characteristic 

of an open loop, corresponding to an unstable closed system. The 

frequency characteristic crosses the real axis in the negative 

direction to the right of point C (1,10). This is due to the fact 

that in this case the additional requirement on the control system 

is not satisfied. The control system is supposed to secure a phase 

gain up to higher frequencies than the natural frequency of the 

liquid. The given frequency characteristic does not satisfy this 

requirement*since the frequency at D is larger than the frequency 

at • 

Suppose that the system we are discussing is unstable (see Figure 

3.18b). Random oscillations of the system will begin to increase,and 

nonlinear effects will appear that may be due to the control actuator 

and the oscillations of the liquid itself. When the amplitude of 

oscillations increases, the amplification coefficient of the control 

actuator is lowered,and the equivalent damping coefficient of natural 

oscillations of liquid is increased. This means that,as the amplitude 

of oscillations increases, the modulus of the complex transfer number 

of an open loop will decrease until the frequency characteristic 

passes through point C(l,i0) (limiting cycle). Further increase 

of the amplitude does not occur, and in the system stationary 
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periodic oscillations are set up with frequency u)p and amplitude 

a (auto-oscillations). The frequency of periodic oscillations w lies 
P v 
in the frequency Interval of point D, and therefore differs little 

from the natural frequency of liquid 

For small perturbations the stationary oscillations of liquid 

with amplitude ap are stable. In fact if the system is acted upon in 

such a way that the amplitude becomes greater than ap* then the energy 

dissipation from the oscillations intensifies, and the amplification 

coefficient of the control actuator decreases. There will be a 

decrease in the modulus of the complex transfer number, and the 

frequency characteristic in the neighborhood of u>^ will not cross 

the real axis to the right of point C(l,iO). The system will become 

stable, the amplitude will start decreasing, and the modulus f the 

complex transfer number will increase until the ring of the frequency 

characteristic passes through point C(l,iO) corresponding to 

periodic oscillations. 

In auto-oscillations all loops of the oscillating system execute 

oscillations with the same frequency up. The amplitudes of the 

oscillations in various loopl (generalized coordinates) such as the 

control current, control elements, the fuselage, and liquid in tanks 

are different and can be determined only if the nonlinear properties 

of the system are taken into consideration. This is usually done 

on analog computers. The amplitudes of the fuselage vibrations are 

small. The question, however, whether the auto-oscillations should 

be allowed can only be answered if the fuselage strength is taken 

into consideration. 
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CHAPTER IV 

LATERAL VIBRATIONS OP A ROCKET AS AN INHOMOGENEOUS ELASTIC ROD 

For the sake of analyzing the latersl vibrations, the fuselage 

of the rocket is usually replaced by a straight inhomogeneous elastic 

rod. The main goal of the present chapter is to study forced vibrations 

of a rod that are determined by particular solutions of equations. 

The actual solution of the problem is usually preceded by determining 

the modes and frequencies of the natural vibrations. 

1. An Equation of the Lateral Vibrations of a Straight 

Inhomogeneous Rod. 

Let EJ(x) denote the bending stiffness, m(x)-the linear mass, 

i-the length of the rod. Neglecting displacements along the longitud¬ 

inal axis and assuming that the vibrations take place in the plane 

of symmetry of the rod, we shall set up the equation of the lateral 

motion of a rod element of length dx in a fixed frame of reference 

xOy (Figure 4.1). We obtain 

f 

where q(x,t) is the intensity of the external lateral distributed force 

acting on the rod in the xOy plane; y(x,t) is a displacement in the 

Oy direction perpendicular to the undeformed axis of the rod; Q is 

the lateral force at a cross section whose abscissa is x. 
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Neglecting the rotational inertia of a rod element we write an 

equation of the moment of force, acting on a separated element. 

Retaining only first-order infinitesimals, we get 

■iü-éJt—Qdx. (**•!) 
ÍM 

Here M is the bending moment at a cross section whose abscissa is x. 

Let us use the Voigt hypothesis [1] according to which tension c 

depends not only on the strain e but also on the rate of strain ft/ft , 

3. • G • 

» 

i 
Here h is the friction coefficient.! 

Bending strain is 

where ft*) is the distance between 

the neutral rod axis and the 

fiber in question. Then 

We shall assume that h ■ const. 

The bending moment is 

(4<2) 

Eliminating the lateral force Q and the bending moment M, we obtain 

the differential equation of the lateral vibrations of the rod 

('+*-£-)-£ ("«-S-h-w-S-«** (4.3) 

Figure 4.1 
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Let us first consider the case when q(x,t) «O. A general solution 

of Equation (^.3) can te represented in the form 

#(*.4 - .(0. (M.H) 

where f (x)q (t) are particular solutions of Equation (4.3) which can 
n n 

be determined by the Fourier method. Substituting (4.4) into (4.3) and 

separating the variables,we get 

■ft t -JL (a—1,8,...) 
f« ♦ *f. 

or 

f,+8V^f.+«îf.-0 ..X (4.5) 

(a)/,^0 (*™ 1,2,...), 
(4.6) 

where 

-¿-()-(y. >.-«r 
«* ft 

At either end of a free rod che bending moment M and the lateral 

force Q are zero. Therefore, on the basis of (4.1), (4.2), and (4.4) 

functions fn(x) should satisfy the following boundary conditions: 

/1(0)-0: [£/(*)/!(x)|1.i—0, (4.7) 

/1(0-0. |£/(*)/i(*)ll-i—0. (4.8) 

Conditions (4.8) can be put in another form. In view of (4.7) and 

(4.8),we get 

j(£J(x)/fr(x-xJäx-0, (4.9) 

where xM is the coordinate of the center of mass of the rod. 
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Prom Equation (4.6) and also considering (4.9)» we find 

JmW/jtx-O, jM(Jc)/'(x-xJdx-0. (4.10) 

The equations in (4.10) correspond to the two boundary conditions (4.8). 

The physical meaning of these equations is that the resultant of all 

forces of inertia and the moment of these forces for vibrations of 

form fn(x) are equal to zero. 

Equation (4.6) is an ordinary differential equation for the bending 

of a rod under a distributed load , equal to the forces of 

inertia on the mass of the rod. To obtain nontrivial solutions of 

Equation (4.6), satisfying the boundary conditions (4.7) and (4.8) 

is equivalent to solving the classical Sturm-Liouville problem. 
I 

Equation (4.5) shows that the natural vibrations of a rod, when 

internal friction is present, are damped everywhere. 

The Voigt hypothesis is, generally speaking, not confirmed by 

experiment, but it is convenient for a qualitative analysis of the 

behavior of the system. 

The energy dissipation in elastic vibrations of structures 

takes place mainly as a result of friction between the adjoining 

parts of the structure . Ye. S. Sorokin [1] proposed a hypothesis 

to take care of structural friction in the differential equations. 

According to this hypothesis the internal friction in elastic 

harmonic vibrations is proportional to the elastic restoring force, but 

is out of phase by the angle t/2. If the complex representation of 

simple harmonic motion is used, then instead of (4.2) the bending 

moment can be expressed by the following formula: 

M'+'-t)"«*-' (li.2a) 

where ♦ is the coefficient of energy absorption due to vibrations, 

equal to the ratio of energy absorbed during one cycle, AW, to the 

total energy of the system, W. In harmonic oscillations, the 



absorption coefficient is equal to twice the decrement, 6 of free 

oscillations [1], so that 

Formula (4.2a) turns out to be accurate enough if i|> is small. 

The region of application of this formula should, apparently, be 

limited to oscillations induced by a harmonic force. 

The differential equation of lateral vibrations of the rod with 

Sorokin's hypothesis taken into account will instead of (4.3) have 

the following form 

(4.3a) 

The question of the forces of internal friction will be discussed 

in more detail in Section 5, Chapter 5. 

2. The Properties of the Modes and the 
Enequenoles of Natural Vibrations 

In theory of vibrations the eigenfunctions of problems (4.6) - 

(4.8) are often called natural vibrational modes, and the eigenvalues 

are referred to as natural froquenciea Let us formulate shortly the 

most important properties of the eigenfunctions and eigenvalues (for 

proofs see [9» 16]). 

1. There exists an infinite set of various natural frequencies 

•*(*-1. II. Il-fa, aâl'l, For a free rod among this set of frequenc¬ 

ies there are two zero frequencies: «*b*® and «n-O that are character¬ 

istic of a rod as a rigid body. 

Integrating Equation (4.6) for and boundary conditions (4.7) 

and (4.8),we obtain up to a multiplicative constant the following 

eigenfunctions 

(4.11) 

FTD-HC-23-461-69 232 



The frequencies iun(n ■ 1, 2, ...) are characteristic of rod 

vibrations. All these frequencies are real and positive, and 

if n ¿ m. Each of the frequencies wn has a natural vibrational 

mode f*nix)* 

2. All natural vibrational modes are orthogonal, with a weight 

function m(x). This is not hard to show using Equation (4.6) and 

the boundary conditions (4.7) and (4.8). 

Integration by parts gives 

Let us choose two arbitrary natural mnumbers n and m, where n m. 

We write Equation (4.6) for a fixed index n. Let us multiply this 

equation by a function Then we write Equation (4.6) for 

index m and multiply it by U)- Now let us subtract the second 

equation from the first and integrate over x between 0 and l. Then, 

in view of (4.12), we obtain 

WL - O J "• WA/«**“ °- 

In asmuch as for n m the frequency m»#«« , we have 

i 

I m(x)fJadx-0 (n + m). 
(4.13) 

This is indeed the orthogonality condition for natural vibrational 

modes. 

The conditions for the orthogonality of fjU) and fjjix) with 

each of fn(x) will be expressed by (4.11) and (4.13) Formulas 

(4.10). The fact that fj and fjj are orthogonal can be shown 

directly 

(4.14) 



since the static moment of the rod relative to the center of mass is 

zero. The physical meaning of the orthogonality conditions is the fol¬ 

lowing: the total work of the forces of inertia, arising in vibrations 

of any particular mode, say along the displacement of any 

other mode, say f^UJi is zero. 

On the basis of the orthogonality conditions (4.10) it can be 

established that vibrations of a free rod of mode fn(x) corresponding 

to nontrivial eigenvalues, are self-balanced. They do not cause a 

displacement of the center of mass of the rod or a rotation of the 

rod about the center of mass, but it must be kept in mind that 

when bending vibrations are present the center of mass does not He 

on the elastic axis of the rod. 

3. The set of functions 

/■(*). MA /.(*) (*-l. 2.3...) 

forms the so-called complete system of orthogonal eigenfunctions 

with a weight function m(x). 

An arbitrary continuous function p(x) can be represented in the 

interval [0, l] by an infinite series 

#(*)-(tf-l.U, «; *-1,2,...), i5) 

V 
that converges in the mean. The number's aN are called the Fourier 

coefficients of p(x). 

Let us multiply (4.15) by m(x)fN(x), where N is a constant, and 

integrate between 0 and l. In view of (4.13), we get 

jtmWfax (4.16) 
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Thus, for a free rod a solution of Equation (4.3) for qU,t) * 0 

by (4.4) and (4.11) can be written as 

f(x,(Af«!, II,a; «*=■!,2, ...). (4.17s) 
(4.17a) 

Denoting the generalized coordinates as 

♦iW-lkW. -^-*<0. 

we obtain 

f (*. <)-#.<0 + • (0 (* - a.)+2 /, (*) f, (0- 
Ä» (4.17) 

4. The number of sign changes of an Nth natural vibrational mode 

is N-l II], In other words, th^ nodes of an N vibrational mode 

divide the interval [0, t] into N parts. 

5. Under homogeneous boundary conditions between two zeros of 

an Nth vibrational mode there must be one zero of an N + 1st vibration¬ 

al mode [1]. 

3. Determination of the Modes and Frequencies 

of the Natural Oscillations of an Inhomo- 

geneous Rod by Successive Approximations 

One of the principal problems in an analysis of the vibrations 

of systems with distributed parameters, including rods, is to determine 

the modes and frequencies of natural vibrations. Let us study this 

problem in more detail as applied to a free rod. First, we shall 

present the method of successive approximations which is most suit¬ 

able for calculating the first vibrational modes. 
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To determine the modes and frequencies of natural oscillations, 

one has co integrate Equation (4.6) with variable coefficients 

(*/<*)/¡r—s*«/.. (4.18) 

The solution should satisfy the boundary conditions (4.7) and (4.8). 

Instead of (4.8) we shall use (4.10). 

If the coefficients of Equation (4.18) are constant, i.e.. 

£J(jr)-£Jt-conit, m (^)=/^—.const, 

then, as we know, the general solution of Equation (4.18) with boundary 

conditions (4.7) and (4.8) will be 

/„-CKiIn vf+«h VO M,+(cos«,Jt+ch v)l. 

A. 

where the eigenvalues Xn are the nondegenerate roots of the equation 

eoM^chi^—1—0; 

Xi«b4,73; X|«*7,í5j ... 

The first three vibrational modes of a homogeneous rod are shown 

in Figure 4.2 

V 

The natural frequencies are calcu¬ 

lated fron 

Now let us consider Equation (4.18) 

with variable coefficients. Let us 

integrate it twice with respect to 

X. In view of the boundary conditions * 

(4.7),we get 
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(EJ (jf)/•)*••■ J m(x) fKdx, 

E/W/ü—ij j * W/.^« 

We assume 

Ai,■»•«Aiut *u-J|*W/J**- 

(4.20) 

(4.21) 

(4.22) 

Further integration gives 

For simplicity of notation we let 

*w-j)rw^ 

/.-•57-. 7.-tW+A(*-«*J+iV 

The Integration constants D1 and D2 will be calculated from (4.10). 

Substituting (4.26) into the first equation in (4.10) and keeping in 

mind that the static moment of the rod relative to the center of 

mass is zero, we find 

i 

0|-“j «(*)♦(*)**• (4.27) 

Here m is the mass of the rod 

i 
m-jm(x)dx. (4.28) 

From the second equality in (4.10) we get 

0|* —(4.29) 

(4.23) 

(4.24) 

(4.25) 

(4.26) 
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where I is the mass moment of inertia of the rod relative to a lateral 

axis through the center of mass: 

i 

l-^m(x)(x-xj'dx: (4.30) 

The method of successive approximations for determing the first 

vibrational mode consists of the following. As the input function we 

take any self-balancing vibrational mode f, and for a distributed 

load m(x)f a function f1 (4.2b) is calculated. If the ratio f/^ 

does not turn out to be constant for all cross sections of the rod, 

then the calculation must be repeated, using f^ as a new starting 

function. Continuing the calculation in that order,we can achieve an 

arbitrarily small difference between the two consecutive approximations 

and obtain an eigenfunction of a required degree of accuracy. The 

closer the starting function was to the vibrational mode sought, the 

smaller the number of steps required to achieve the desired accuracy. 

In the majority of cases the solution can be obtained faster if,as 

a starting function,one takes an actual first vibrational mode for a 

free homogeneous rod ^°. To improve the convergence to ^ it is 

advisable to introduce a correction to make the starting vibrational 

mode self-balanced 

V 
The coefficients D. and D5 can be determined from (4.27) and (4.29)» 

^ ¿ 0 
in which instead of <p(x), f^ must be substituted. 

This method allows us to calculate only the first vibrational mode. 

In determining higher vibrational modes it is necessary in addition 

to make sure that the orthogonality conditions are satisfied (4.13)* 

Let us first consider the procedure to calculate the second 

vibrational mode Î2% take Î2 to be a sum of functions 

/» “/1+^»/i+0» —(4.31) 
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where f2° Is the second vibrational mode for a homogeneous free rod; 

is a coefficient, as yet unknown, with which the function fj^ 

was introduced, f^ being known from the previous calculation. 

Let us substitute (4.31) into condition (4.13) and find the value 

The definite integrals, appearing in (4.32), are easy to evaluate 

using tables, since the integrands are known. In many cases the 

accuracy obtained is sufficient to solve practical problems. However, 

in case of necessity, function f2 found from (4.31) and (4.32) can 

be determined more exactly using the method of successive approximations, 

i.e., the same method that was recommended for improving the accuracy 

of the first vibrational mode. In order not to violate the orthogon¬ 

ality condition, after each approximation it is necessary again to intro¬ 

duce a correction according to (4.31), taking in the calculation of 

A21 instead o? f2° the function f2 obtained in the latest approximation. 

Having determined f^ and f2 with the desired degree of accuracy, 

we can proceed to determine f^. Assume f^ is given as the following 

sum 

/•-/t+W.+V.+Aíx-JÜ+O,, 

where f^0 • ia the third vibrational mode for a homogeneous free rod. 

The unknown coefficients and can be determined from the 

orthogonality conditions (4.13) 

fm(x)/t/Jx-0, fmW/t/táx-O. 

We get 

K 
% 

i i 



More accurate approximations to are obtained using the same proce¬ 

dure as for f1 and f2. A numerical method of calculating the modes 

and frequencies of natural oscillations from Equations (4.18) -.(4.32) 

was investigated in detail by Yu. A. Shimanskiy [22]. 

Now we shall obtain a formula for determining the natural frequen¬ 

cies. If the ratio fn/?n is constant for all cross sections of 

the rod, then by (4.26) 

•2— 
7. 

It is more convenient to calculate the natural frequency from the 

condition that for a conservative system the maximum value of the 

kinetic energy of natural oscillations is equal to the maximum value 

of the potential energy. We have Tmax ■ Umax, where 

i 

^ mtf WjC"“— •«(9*)mi ei«. 

^ ZT/(x)(/«fams7 Wjt “"y 

with ^ 

M'-jeJ(x)/!dJC. (4.33) 

Here m is the effective mass of the rod, k is the effective rigidity 
n n 

of the rod. 

From T ■ U we get Rayleigh's formula 
max max 

(4.34) 

An expression for kncan be obtained which is more convenient in 

practical calculations if we use (4.21) and (4.22): 
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Then instead of (4.34) we obtain 

(4.36) 

The last formula has an advantage 

because the expression for kn' does 

not contain a second derivative. 

We note that the coefficients 

m . k and k ' should only be 
n* n n 
calculated for modes close to the 

natural modes ^(x)* 

Let us Illustrate the method 

presented here with a numerical 

example. The starting data for 

the calculation will be supplied by diagrams of mass distribution 

m(x) and rigidity EJ(x) versus the length of the rod, and the 

first vibrational mode f^ of a homogeneous free rod. 

For convenience in calculations it is common to introduce bending 

rigidity and mass units 

EJ{x)-IT.EJ¥ 

The running mass m and bending rigidity ËJ of the rod are shown 

in Figure 4.3» where N * 0, 1, 2,... is the cross section number; 

the length of the rod is ¿ ■ 25 m. In order not to make the computa¬ 

tional table too cumbersome, we assume the number of segments to 

be k ■ 10» and, consequently, the length of a segment is A ■ 2.5m. 

The entire computation is tabulated in Tables 4.1 and 4.2. 

The starting data are the ordinates of functions m and ËJ obtained 

from the graph in Figure 4.3 for each cross section. If i-n any cross 



section the ordinate of EJ or iñ has two limiting values, then it is 

required to take the mean value of the ordinates. The definite 

integrals are evaluted from the table using the trapezoidal method. 

Table 4.1 is auxiliary. In columns 3-9 we have the cross section 

Nm in which the center of mass of the rod is located, and the moment 

of inertia in the scale ¿'Aim« (Ai-A/2) is calculated 

¿iff 
V-i_-«4,979-. /-J (8). 

Inasmuch as the vibrational mode f1° is not self-balanced for an 

inhomogeneous rod, we have to introduce a correction in it, and there¬ 

fore, 

/»-/t+ZMAf-AU+iV 

The coefficients D1 and Dg can be calculated from (4.27) and (4.29). 

Using the data in Table 4.1, we get 

¿(11) ¿O» 

£ã £(3) 
• • 

In the last column of Table 4.1, we have the self-balanced vibrational 

mode f1 which was put in column four of Table 4.2 as a starting 

function for the last calculation. 

to t 
Due to error accumulation the value of (8) in column 7 and k1' 

row in Table 4.2 differs from zero. Therafore, to satisfy the bound¬ 

ary condition at the right end of the rod [M(Z) » 0], a correction 

must be introduced. This correction can be considered to be linearly 

dependent on the length and may be determined from the formula 

The correction was entered in column 8 of Table 4.2. 
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Column 12 contains a function i|((x). Now let us determine the 

coefficients Dx and Dg. According to (4.27) and (4.29) 

Column 21 contains the vibrational mode f1 that has been normal¬ 

ized to unity in a zero corss section. This concludes a calculation 

of the vibrational mode to a first approximation. But this usually 

turns out to be insufficient, since the obtained mode will considerably 

differ from the starting one. Beginning with column 4,the calculation 

must be repeated using for the starting function the vibrational mode 

obtained in the previous approximation. In columns 22 and 23 the 

values of the vibrational mode ^ are given that were obtained in 

the second and third approximation. 

Assuming conditionally that the third approximation has the 

required accuracy, let us calculate the bending moments. The results 

are shown in Column 28. 

Let. us determine the natural frequency of the first mode. 

According to (4.33) - (4.36) where we take into consideration the 

units of mass m0, bending rigidity EJQ,and the length of a rod 

segment A, we have 

(Mi)1 
«4 

» 

Ai2<so) 

g/9 

Mi 

254 
--0,00278-5^-, 

2(80) "^1 

where Ai-A/2. . In our case ■ 1.25 m. 
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TABLE 4.1 

: Table «./ 

M * mN 
JV 

¥ 
w 

N-Nu [*-*■)» (2)(7)* 
H 
ÿ»> A 

1 2 3 4 3 8 7 8 9 10 

• 2 0 0,00 0,00 -4.079 24,790 49,58 0.000 1.000 

1 3 3 3.00 3 -3.079 1 13,832 47,496 97,078 0.837 

2 3 « 11,00 12 -2,979 8.874 26,622 171.194 0.007 

1 3 24 22,00 42 -1,979 3.910 31,328 229,144 -0,272 

4 3 32 38,00 (8 -0.079 0,958 7.664 268.136 1 -0,520 

S S 23 31,00 135 1 0,021 0,0004 0,002 275.802 -0,607 

« 4 24 60,00 204 1.021 1,042 4.168 279,972 -0,320 

t 0 42 70,00 270 1 2.021 4,084 24,304 306,644 -0,272 

• 4.3 36 80,30 348 1 3,021 9.126 41,067 374,215 0,097 

• 3 1 27 88,00 411 1 4.021 16,168 48,304 463,786 0,337 

10 1 3 30 04,00 468 1 3,021 23,210 73,630 387.920 1.000 

CONTINU ATION 

"/? ?>"> 

M 
Ç(I3) 0|(6) Oi+(15) /?+(!«) % 

(17)*-# 

11 12 13 14 13 16 17 18 

2 0,000 -9,958 0.000 0,101 0,242 1,242 1,000 

1,611 3,611 -6,410 -16.368 0,081 0,222 0.739 0,611 

0,291 3,513 -0,867 -23.645 0,060 0,201 0.298 0,240 

-2,176 3,628 4,306 -20,206 0,010 \>,18l -0,091 -0.073 

-4.160 -2.708 4,073 -11,827 0,020 0,161 -0,359 -0,289 

-3,033 -9,903 -0,0637 -7,818 -0,000 0,141 -0,496 -0,373 

-2,080 -13,018 >2,124 -10.005 -0,021 0.120 -0.4 -0.322 

-1,632 -181730 -3,298 -15,427 -0,041 0,100 -0,172 —4), 138 

0,436 -19,926 1,317 -17,408 -O.ttl 0,080 0.177 0.142 

1.611 -17,879 6,478 -9.613 -0,062 0,059 0,596 0,460 

3 -13.368 13.063 11,928 -0.102 1 0,039 1,099 0,836 

• Numbers In parentheses denote column numbere 

In the Table. 
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TABLE 4.2 

liable! 4.2 

» 17 
m 
m A */■ 

M 

Çs/i 

— 

B* 
Correct 

ion 
A* 

Il 

jt- 

1 2 ft 4 5 0 7 • • 10 

• 1 2 1.000 2 0,000 0,000 0 0 1 o 

1 S 3 0,011 1,033 3,033 3,833 -0,052 3,701 1,260 

} 4 3 0,240 0,720 0,306 14,052 -0.105 13,947 3.407 

1 2 • -0,073 -0,504 0,522 26,960 -0,157 26.003 13,402 

4 2 « -0.200 -2,312 3,626 37.100 -0,210 36.090 10,449 

S *.» S -0,375 -1.075 -0,561 40,173 -0,262 39.91 l|l 1.403 

• 4 4 -0,322 -1.200 -3,724 35.000 -0,314 35,574 1 0.094 

r S • -0,130 -0.020 -5,840 26,324 -0,367 25,953 0,652 

• 4 4.S 0,142 0,030s, -0,029 14,455 -0,419 14.036 1 3,509 

• S 3 0,400 1.44 -3,9501 4,470 -0,472 4,004 1 0,001 

10 ft 1 « 0,0301 2,500 -0,002 1 0,524 1-0,524 1 0 1 0 

CONTIN JATION 

M 
ÿio> -|(U) */(■*) $03. N-Na (13)(15) 

H 
pt) 0.(»5) 

11 12 13 14 15 16 17 10 

0 0 0 0 -4.079 0 0 700,32 

1,200 1,200 3,700 3,370 -3.979 -15,04 -15,04 631,59 

0,007 0.527 25,501 33,141 —2,97£ -76,21 -103.29 472,86 

22,000 37,43 200,44 350.16 -1,979 -592,59 -HS,09 314,13 

54.747 115.07 000,50 1570.16 -0.979 1-901,23 -2260,91 155.40 

M,5» 254,42 1272,10 3770,02 0,021 1 26,71 -3143,41 -3,333 

104,000 443,91 1775.64 6010,56 1,021 1812,09 -1303.79 —162,06 

122,44 071,25 4027.50 12621,7 2,021 1 0139,50 0648,72 -320,79 

134,00 000,29 4177,30 20020,5 3,021 (12619,6 29107.9 -479,52 

130.01 1201,00 3605,40 (20609,2 4,021 |l4497,3 56524,8 -638,25 

130,71 1400,42 (4441,20 ( 36055,9 5,021 (22299,6 93321,7 -796,90 
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TABLE 4.2 (continuation) 

CONTINUATION 

4 4to>+ 
+<IW+ 
+(iii 

g l 
,S 

/l /i "fl 

N 
ç*. 

JV 
Ç(25) 

1» 90 21 22 » 24 25 r * é ' 

—389.» 400,37) 1.000 1,000 1,000 2 o 0 

242.90 0,607 0,603 0,605 1,813 3,815 3,815 

91,44) 0.2» 0,225 0,223 0,675 6,3» 13,9» 

-30,39 -0,0» -0,099 -0.099 -0,7» 6,187 »,427 

-119,48 —0,2» -0,2» -0,299 -2,392 3,002 »,616 

—138,86 -0,317 -0,313 -0,343 -1.715 -1,1» 37,513 

-108,10 1-0,270 -0,263 —0,263 -1,052 -3,872 32,5» 

-39,49 -0,099 -0.0» -0,092 -0,554 -5,478 23,1» 

58,82 0,147 0,148 0.148 0,666 -5,3« 12,342 

173,60 0,434 0.4» 0.4» 1,278 -3,422 3,554 

293,49 0,733 0,717 0,716 2,148 0,004 0,1» 

CONTINUATION 

Correct 
ion 

HT" 
■ât 

AW,, 

U 

N Çl») /? "fi 
N j"/î 

27 » 29 » 31 32 » 34 

« o 0 0 0 l 2 0 

-0,0136 3,801 14,448 4,816 4,816 0,3« 1,0» 3,0» 

—0,0272 13,9» in,43 48.» 57.» 0,«1 0,1» 4,»9 

-0.04» »,3» 6«,22 348,11 454,46 0,0098 0,079 4,581 

-0.05« ».»2 1264,6 632.» 1434,9 0,0894 0,715 5,374 

-0,068 37,445 1402,13 400,61 2467,8 0,118 0,5» 6.679 
-O.niel 32,454 10»,3 »3,32 ^131,7 0,0692 0,277 7,5« 
-0.0952Í »,»1 5». 19 177,73 )3572,8 O.OM5 0,»11 7,874 

-0,1») 12,2» 149.« 37,41 )3787.9 0,0219 0,099 8.0» 

-0.122 1 3,432 11,779 2.3» )3827,7 0,181 0,543 8,6« 

-0,1» 1 0 0 1 0 13830.0 0,513 1,539 10,7« 
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A Calculation of the Modes and Frequencies 

of Natural Oscillations using the Initial- 

Parameter Method 

In addition to the method of successive approximations,there are 

other methods of solving numerically differential equations of 

boundary-value problems. Let us consider now the method of initial 

parameters which is suitable for solving problems numerically on 

digital computers. 

The idea behind the method is that at one end of the rod we 

are given the values of a function and its derivatives. Some of 

these values are determined from the boundary conditions, and the 

remaining ones are given as arbitrary initial parameters. The con¬ 

ditions imposed on the function at one end of the rod together with 

the differential equation completely determine behavior of an elastic 

system. In numerical calculations? £he initial parameters are given 

as numbers, and to satisfy boundary conditions at the other end of 

the rod one has to make several approximations. The method of 

initial parameters is used in construction engineering in various 

modified forms proposed in various years by Clebsch, A. N. Krylov, 

Sh. Ye. Mikeladze, N. I. Bezukhov, et al. Some of those methods are 

discussed in [21]. 

In contrast with static problems, when making calculations in the 

area of elastic vibrations the natural frequency must also be given 

so that the coefficients of the differential equation will be known. 

Let us divide the rod into k segments. For each of these segments 

the coefficients 

£/(*)-E/(*)i, «(*)-«(*)« 

are considered constant. 
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The differential Equation (4.18) for an ith segment will have 

constant coefficients 

/«y—•■</»<*o. «îi» 
I 

where wn is an arbitrary initial parameter. 

Equation (4.37) has an exact solution 

(4.37) 

/„i*tC||aln »„i*!+Qi coi i,tx, -f- Cjj ih a„iXi -f Cy ch (4.38) 

and its arbitrary constants can be determined in terms of arbitrary 

integration constants of the previous segment from the adjoint 

houriary conditions at and ■ 0 (here is the length 

of an ith segment of the rod). 

At the boundary of the i^ and (i + l)8*1 segments we have 

adjoining boundary conditions 

fm—fmi+ti, 

(EJfa-Wfa+u (4‘39) 

Wfa-Wfa+X' 

t h Q f* 
Substituting here (4.38) for the i and (i + 1) segments,we obtain 

V 
four equations from which we shall find the relationship between the 

constants of the(i + l)st segments and the constants of the ith 

segment: 

Ct<«+i>-7 YiICw(! + Y?Pi) cos - CM ( 1 -f vf?,) «In *Jt+ 

-|-C,| ( 1 — vJP/) ch *,|/j+C41 ( 1 — yJPi) *»//). 

■»-i* [Cu (1+YJW sin *J,+C„ (1 -f- v*P,) cos tj, + 

+C„(1-Y??,) sh 1,/,+ ¢4,(1 - vft) ch .,/,1, ( ^ ^ 0 ) 

(Equation continued on next page) 
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(Equation continued from preceding page) 

=7 Yi IC„ (' -Y?P,)coi *Jt-Cv (1 — yJPj) «In 

+C*i + Y* P«) cl> *»A+^(1-(- YjPi) *h «„j/jJ , 

^4((41)=7 (Cu (1 — YjPi) *ln •»A+C'tt (1 — Y?Pi) co* *iJi+ 

■f Cm (1+yJPi) a<i^i+C44 (1 + yJPi) ch «„i/il, 

(4.ÍÍ0) 

where 

WWi+i ’ 

Making use of the two boundary conditions at the left end of the 

first segment of the rod 

(/«i)*,-«“0 

and letting, in addition, (/»i)*-*-! , we shall express all the arbitrary 

constants of the solution (4.38) for the first segment in terms of 

any one arbitrary constant, say : 
0 

/d =*= Ct| (tin *„,¿1+*h *,1*1)+7 (co* *«1* i+ch 

Thus, the coefficients for all segments will be expressed in terms 

°f by means of Formulas (4.40). 

There are two additional boundary conditions at the right end of 

the last segment: 

/-(Ü-0. /Ú(/»)=o 

They are used to determine the last constant (in our case C11) and 

to check the correctness of the given frequency . If the 

frequency «n assumed in the calculations is a natural frequency of 

the rod, then both conditions will be satisfied at the right-hand 

end of the rod, and the calculation of the elastic vibrational modes 

can be considered exact. 
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However, In view of the fact that the frequency wn Is first 

¿iven In a tentative fashion, one of the boundary conditions for 

example, the second will clearly not be satisfied, and 

/1.(/,) - ? (• J=**«* ( - c,» CO* *J»+Cu *ln + 

+Cttch i4,0* 

in this case the calculation is repeated for several close values of 

frequencv w , and by trial and error values of frequency are found 

for which the equality f(«»)-0 is satisfied with sufficient accuracy. 

In an initial calculation the frequency (*>n is taken to be the 

frequency of a homogeneous rod that is close to the given rod in its 

parameters. After determining the natural freqeuecy wn and all the 

coefficients (^,the vibrational modes are determined successively for 

all segments from Equations (4.38). 

In conclusion, it is advisable to verify the self-balancing of 

the vibrational modes. For this purpose the self-balanced vibrational 

mode of the rod will be represented as a sum 

where f * is a vibrational mode obtained from calculations. The 

coefficients and D2 here have the same meaning as in Equation 

(4.26). In calculating these coefficients from (4.27) - (4.29)» 

in which instead of functions ij»( x) one must use function f^, one 

gets values approaching zero. 

The method of initial parameters can be used to calculate the 

mode and frequency of the natural oscillations for any mode 

number without first calculating the vibrational modes for preceding 

mode numbers. However, it is not always possible to say for which 

mode number the natural frequency has been determined. To supply an 

answer it is necessary to construct a vibrational mode and find the 

number of nodes, i.e., the number of points on the rod axis at which 
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Consider a numerical example. We shall calculate using the method 

of initial parameters the vibrational modes and frequencies for the 

first two mode numbers of a straight inhomogeneous rod. The diagrams 

showing the mass and bending rigidities for the rod are shown in 

Figure 4.3. The length of the rod, units of mass and rigidity will 

be taken to be the same as those used in the numberical calculations 

done by the method of successive approximations, i.e., Z * 25 m, 

Wq ■ 15 kgf • sec2/m2, EJQ ■ 10.5*10^ kgf*m2. 

• 

At the left end of the rod the running mass and bending rigidity 

change in a linear fashion. For the sake of the computation this 

end of the rod will be replaced by two segments of the same length 

with constant mass and rigidity; the mass and rigidity will be assumed 

to be equal to their mean values. On the basis of the graphs of 

functions m and EJ the rod vh.ll be divided into seven segments 

(k » 7) whose parameters are given in Table 4.3. 

TABLE 4.3 

1 1 1 4 0 0 r • 

»1 M M 1.0 0.0 1.0 4.0 s.o 

D< «.• 4.« 1.0 0.0 1.0 s.o 1.0 

sii— 

UjJl 
».11*. U-» ¢, us-10—® I.MM'IO-* 0,571.10-5 0,0571.10-5 0,104' IO“5 

l
 

i 
_

¿
_

 

«•« M i *•* Ml 

1 
0.00 0.0 0.0 1.0 

TABLE 4.4 

1.0 

t,w 1.0» 0,104 0.»l -4.114 -o.ai —0.351 -0.1« -0.0« 0,107 0,4» 0.7« 

AU) 1.400 0,171 -0.1« -0.41* -0,305 0,147 0.1« 0.0» 0.0» -0.5« —1,3« 

AU) il .000 
/ 

0,117 -0.4« -0.445 0,1» 0,554 0.1» -0..103 -0,317 0.105 0.645 
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The first three vibrational modes, calculated using the method pre¬ 

sented here, are given in Table 4.4. The form of the function «p(w„) 

is shown inFlgure4.4. The natural frequencies (1/sec) are as follows: 

•■ = 25,23; «,=64,78; «, = 132,5. 

5• A Determination of the Modes and Frequencies 

of the Natural Oscillations of a Hod with 

Elastically Suspended Masses 

A straight Inhomogeneous rod is the simplest model in calculating 

the modes and frequencies of lateral vibrations. In this case 

the liquid in tanks is arbitrarily assumed to be "solidified" in the 

sense that in executing oscillations 1t does not move against the walls 

of the tank and it does not contribute to the bending rigidity of the 

rocket fuselage. The "solidified" liquid can be visually represented 

as sand or a large number of ideally elastic rods continuously filling 

the cavity of the tank from the bottom to the free surface level. 

A straight inhomogeneous rod with elastically suspended masses 

can serve as the next approximation to a liquid-propellant rocket 

(Figure 4.5). Each mass suspended from a spring is a mechanical analog 
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of one oscillation mode. In calculating the modes and frequencies 

of the natural oscillations of the fuselage the replacement of the os¬ 

cillating liquid with elastically suspended masses is inherently in¬ 

accurate, since the system of forces distributed along the length is 

then replaced by an equivalent but concentrated force. 

We assume that each spring-mass system is a mechanical analog of 
th 

the first oscillation mode. For the J cylindrical tank the mass m^ can 

be calculated from (2.73) with n * 1 

2 lb 

wî/T'/ 
(=-¾) (ä = 1). 

(4.41) 

The rigidity coefficient (or simply the rigidity), kj, of a spring is 

chosen so that the natural frequency of the mass mj is equal to the 

natural oscillation frequency in a stationary tank: 

The distance from the undisturbed free surface to the center of 

mass of mj on the basis of (2.6?) is 

If the distance from the upper tip of the fuselage to the undisturbed 

free surface of a Jth tank is denoted by 1,, then the distance from 

the same point to an elastically suspended mass will be 

Xf—tf+x). (4.43) 

Part of the liquid mass forms a suspended mass mj, and therefore»the 

graph of the mass of the rod should not include the mass of the liquid 

after a certain length. However, the mass mj can be included into the 

mass of the rod and only those forces can be considered that arise 

due to the movement of the mass m^ relative to the rod. This is 

precisely what we shall do below. 
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Figure 4.5 

Let us analyze the distinctive features in the computation of 

natural vibrational modes by a method of initial parameters. In 

contrast to Section 4 here one has to consider at each cut x ■ Xj 

the additional concentrated forces caused by the movement of the 

elastically suspended masses relative to the rod. 

Let fnU) represent the unknown lateral vibrational modes of the 

rod. will then stand for the vibrational mode of the rod at 

X., and f . will denote the deflection of mass m. from the bent axis 
J nj J 

of the rod (see Figure 4.5). Assuming that the lateral vibrations are 

harmonic with frequency wn, we find 

?/— . , • ("V ^ %). <“* . 
% */ 

The additional concentrated force at x * Xj is 

*/./*•=“i?/* (4.44) 

This force depends on the ratio of the partial frequency Wj and the 

natural frequency of the system, u,n. 
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When coupling separate segments of the rod at the locations of 

concentrated masses, one must take into account an additional con¬ 

centrated force (¿1.44). The magnitude and direction of the concentrated 

force are shown in Figure 4.6. Then in order to couple segments lying 

to the left and right of Xj, instead of Equation (4.39),we shall have 

/* (0—/«(i+i) (0). 

/-(o=/;«+.)(0). 

(£/(0/:(01-[£^0) A (0)1<+1, 

[EJ (0/¡ (01+«//.(*/) =\EJ (0) /: (0)1i+i. 

(4.45) 

In other respects the computation procedure is completely analogous 

to that presented in the preceding section. 

Let us consider a numerical example. We shall determine the first 

vibrational mode and its frequency for a rod with elastically 

suspended masses. For the purposes of the calculation,we shall 

consider the rod whose parameters are given in Table 4.3. 

The segments i ■ 4 and i * 6 will be assumed to represent the cyl¬ 

indrical tanks containing liquid fuel, and the initial points of these 

segments will be considered to coincide with the undisturbed freq 

surface of the liquid. Supposed the upper tank (i ■ 4) contains 

an oxidant of specific gravity Ya “ I!1*0 kgf/m , and the lower tank 

(i ■ 6) - fuel of Yß “ 800 kgf/m3. The radii of the tanks will be 

assumed identical (r0 ■ 0.75m). 

Figure 4.6 

Considering only the first os¬ 

cillation mode , we find from (4.41) 

that the values of the elastically 

suspended masses nij for the oxidant- 

containing tank (J * A) and for 

the fuel-containing tank (J * B) 

are the following: 
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m4- 68 kgf • 5ec2/m, mB => 48 kgf • secu/m. 

An acceleration g* * 100 m/sec will be used in the calculations. Then 

from (4.42) we shall obtain the natural frequencies and the rigidity 

coefficients of the springs 

.’=Jb=248 IW, A*-16864 k/7*, *b-11904 »r/w. 

The distance between the undisturbed free surface of the liquid and 

an elastically suspended mass is 

This means that for n * 1 the distances are xA* « x»ß * 0.8l m. 

Each of the segments i • 4 and i * 6 of Table 4.3 must now be 

divided into two segments — to the left and to the right of the mass 

at the center. In all we obtain 9 segments for which the values of n^, 

Ejit are given in Table 4.5. Between the segments 4 and 5, 7 and 

8 lie the lumped masses m/mo (J * A, B). 

The first vibrational mode calculated using the method of initial 

parameters is given in Table 4.6. The frequency of the first mode 

for a rod with elastically suspended masses is «i“*5-36 1/sec. This 

frequency is slightly higher than the frequency of the first vibrational 

mode of an inhomogeneous rod without elastically suspended masses 

( (ui**25.23 l/sec, see Section 4). 

Since the natural frequency of elastically suspended masses, Wj, 

is less than the frequency of the natural oscillations of the system, 

u> , then (4.44) P><0 , and the displacements of elastically suspended 

masses, f., and those of the rod, fn(Xj), will proceed in opposite 

directions, which also follows from Table 4.6. A comparison of Tables 

4.4 and 4.6 clearly shows that as a result of a displacement of masses 

m. the vibrational mode of the rod is also slightly modified. 
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The above example Implies that the effect of the suspended masses 

on the mode and frequency of the natural oscillations of the system will 

be slight if the frequency of the elastically suspended masses 

significantly differs from the partial frequency of the rod. If 

these frequencies lie closeby,then it may be expected that the influence 

of the masses will be considerable. 

6. Forced Oscillations of a Free 

Elastic Rod 

Let us assume that In Equation (4.3) the Intensity of the external 

distributed force q(x,t) can be represented as a product 

H*. 0=?(')/>(•<)• 

Forced oscillations of the rod y(x,t) will be represented as a series 

(4.17) in vibrational modes 

(4.46) 

Let us substitute in Equation (4.3) the expression (4.46) for 

y(x,t). We obtain 

(4.47) 

+2 /w.Mwpw. i (0/>(•*)• 

Let us integrate this equation with respect to x from 0 to Z. Then 

let us multiply Equation (4.47) by (x-xM), and integrate again with 

respect to x over the same interval. Finally, let us multiply Equation 

(4.47) by fn(x), where n is any natural number, and integrate with 

respect to x from 0 to Z. In view of (4.7), (4.8), (4.9) “ (4.12) and 

(4.28) - (4.34) we shall obtain the following system of ordinary 

differential equations with constant coefficients to determine the 

generalized coordinates ym, ^(0*: 
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/Í=ç(Ojp(x)(x-xJdx, 

. (4.Ü8) 
[fM/Jx 

*• 

where 

2t,—*«,, m,*=l m{x)f\dx. 

The first two equations are the equations of motion of the center of 

mass, and of rotation about the lateral axis through the center of mass 

of an absolutely rigid rod. From the last group of equations with given 

external forces q(t)p(x), one can find the generalized coordinates 

qn(t) of the lateral oscillations of the rod. 

Below we shall mainly investigate steady-state harmonic oscil¬ 

lations which are determined by the particular solutions of Equations 

(lj.48) under the condition that q(t) is harmonic. If the initial 

conditions are given as 

y(x, 0)«f(x), 

wheref(*).♦(*) are continuous functions, and it is required to find 

general solutions of Equations (4.48), then to determine the arbitrary 

integration constants the initial conditions should be expanded into 

a series in eigenfunctions 

•■i 

:. .. - If • 
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The expansion coefficients can be determined from the following 

formulas [16]: 

i j ■ * 

y. (0)= —(x)f(x)dx, (0)-= -Lj m{x)^(x)dx, 

i I 
• (0) ^ ^ /n (*) ? (X) (X - xj dx, *(0)=y [mix)', (x)(Lx-xm)dx, 

• . • 

» » 

¢,(0)=- ¢.(0)*= Jw(jr)^(x)/,(Jr)</*. 

We assume 

Q.(0*= $ (Oj p f¿x. 

The quantity ù (t), appearing on the right-hand side of the third 

equation in (4.48),is a generalized force. When the rod is acted upon 

by a system of lateral forces, as, for example, shown in Figure 4.7, 

the right-hand side of Equation (4.47) can be written as [21] 

f (*. Q’m1i(QP(*)±y.lAt)Q,Hx-xr)— 

Ml 

where A(x —/) is the Dirac delta function which has the following 

properties: 

Upon evaluating the integral 

Çf<*. t)/Ax)dx, 
I 
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we shall obtain the generalized force 

Q.(0=*ft fA*+2 (00,(^)/^+ 

+(/) ( « (X)/; (X) rf*+V (0 Mf, (Jf,). 
(4.i»9) 

The advantage of this method of determining the forced vibrations 

of the rod Is the clarity of the solving technique and the simplicity 

of interpreting the solution. The forced oscillations of the system 

with distributed parameters are represented as infinite sums of the 

oscillations of simple oscillators. 

Now consider Equation (4.3a) in which the internal friction is 

accounted for by means of the hypothesis of Sorokin: 

where p is the frequency of the oscillations of the external force. 

For steady-state forced^scillations we take 

»(•*. <)«#(*, P)*1*' 

where i(x,p)*U{x. p)+iV(x. p) may be called the complex form of forced 

oscillations. The form is determined by the set of functions U(x,p) 

and V(x,p). The function$(*, p) should satisfy the equation 

P)\'-m(x)M(x, p)~p(x\ ( ^. 50 ) 

We set in this equation 

0(*» P^^^nW/nÍ*) (^=^ H* *• a = l. 2,...), (4.51) 
ff-i 

where f„(x) are the vibrational modes of a free rod, satisfying Equat- 

tion (4.6) and the boundary conditions (4.7) and (4.8). 

Since 

(£/(x)/iv (*)]*-•*»(*)/*(*). 
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then fron Equation (^.50) we get 

£ *^(^)[(* +/»if-#*]m(x)fM{x)*-p(x). (^.52) 

Let uo multiply both sldea of Equation (^.52) by fN(x), and Integrate 

It with respect to x from 0 to £. Making use of the orthogonality 

conditions for the natural oscillations f^(x),we obtain 

M/>)[(l+/j m (x) f\ (x) = ^p{x)fN(x)dx 

(V-1,11. «; <» = 1.2,...). 

Hence,we shall find the formulas to determine the coefficients 

f P{X)fM(X) dX 
a"~l- I "(x)/!,dx 

(4.53) 

The first two terms of the series In (4.51) express the forced vibra¬ 

tional modes of a rod as a rigid body. The vibrational modes, cor¬ 

responding to the trivial frequency <**•(), are by (4.11) equal to 

f i ** 1. fw^ " Jfj. 

Therefore, the coefficients are 

i % i 
5/>(•*)</*. *11*--(H.5J4) 

The formulas for the coefficients bn(p) and an, corresponding 

to the elastic vibrational modes of the rod, are the following: 

*.<#)- (4.55) 

The expression for the coefficients bn(p) can also be represented as 

*. -- ' ■ «V 

(4.56) 
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where 

tff.= (Ü.57) 

In this case the forced steady-state elastic oscillations of any mode 

number will be 

(4.58) 

If in Equations (4.48) we set ¢(/)» then the particular solutions 

of these equations can be written as 

♦.(0 

\ 

—7=5==-. 
•îy (I - t!)* + «.T.)* 

(4.59) 

where 

__ 

»-TÎ ‘ 

A comparision of (4.54) and (4.56) with (4.59) shows that the solutions 

of equations for the elastic vibrations are slightly different from 

each other. For small friction coefficients this difference is 

practically insignificant. 

The problem of forced oscillations can be solved, including the 

case when the external force P(t) is nonharmonic, using the 

operational methods. To illustrate this method we shall consider 
forced oscillations of a homogeneous rod with a lateral force P(t) 

applied to its right-hand end. 
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On the basis of (M.3) the differential equation of the lateral 

vibrations will be 

(4.60) 

The function y(x,t) should satisfy the following boundary conditions: 

süSlü-o, 

a^-o. (4.61) 

Applying the Laplace transform [10] to Equation (4.60) and to 

the boundary conditions (4.61), we obtain a differential equation for 

the transform 

4(1+to) *-■£ 11 *)“0 
(4.62) 

and its boundary conditions 

e¿l±±j)-0 CLÍÜJÍ.0. 
á* ’ éjfi 

äjß 

(4.63) 

where s is a parameter; 

«i 

4--^-5 étV-MPIfir-di. 

The homogeneous Equation (4.62) is solved using the usual technique: 

a substitution Y^x,t)mC¢•x^ is made which leads to the characteristic 

equation 

(1+41)^+^-0. 

Calculating the four roots •i(«)'.-., •«(«) of this equation, we obtain the 

total integral 

K(jc, iJ-C^+Cj^+C^+C^. 
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The arbitrary constants C1, ..., are determined In such a way that 

the conditions (4.63) are satisfied. When this Is done It remains to 

determine the original function y(x,t) corresponding to the trans¬ 

form Y(x,s). For this,one usually consults handbooks [5]. 

If the external force is harmonic, then the forced oscillations 

of the rod in a closed form, without an expansion Into a series 

in eigenfunctions, can also be found without using the Laplace trans¬ 

form. Let us illustrate the method of solution using the example 

of Equation (4.60) with the boundary conditions (4.61). 

We take POi-P***1 . The solution of Equation (4.60) will be assumed 

to have the form 

#<*. 0-#(*)«*. (4.64) 

Substituting (4.64) into (4.6(^), we obtain an ordinary differential 

equation for $(x) 

0.65) 

We shall use 

tion 

the substitution . From the characteristic equa- 

/ 

in which p is the frequency of the external force, we find four roots 

of r: 

'•.-¿'V’" (*-1, 2, 3, 4), 

where 

t + 2mi 
4 
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The total integral of Equation (4.65) will consist of a sum of four 

partial solutions: 

(4.66) 

On the basis of (4.61) and (4.64) the boundary conditions for the 

function t(x) will be 

^0-0, r(0)-o. 

¿'(o-o, -(i+wrw—Ä-. (4.67) 

Using these conditions in the solving (4.66) we shall find the arbi¬ 

trary constants ...» C^. The function <Mx) is complex and 

depends on the frequency of the external force. The phase lag 

between the movement of the rod and the external force is included 

in <fr(x), and not in the functions of time, <ln(t)» as was the case 

in Equations (4.48). The complex function 

#(«, »-(/(a, rt+A'fc#) 

depends on the frequency p. 

Let us solve the differential Equation (4.65) for the case h ■ 0. 

Let pV**-a4 . Then the total integral of Equation (4.65) will be 

0(x)~ C, sin ur+Ct M+C4Cli •*. 

In view of the boundary conditions (4.67) we obtain 

¿(jr)-C,(s!i! «JC+ th *jr)+C,(coi«JC+ch u), 

C,--Jjjj-f-rt.ri+rtrt). 
DmcomJcHs/—1 *0. 

The parameter o is known; it depends on the frequency of the external 

force p. For a certain value of p, D may be zero. This means 

that the frequency of the external force coincides with one of the 



natural frequencies of the rod, and the system will be found In the 

resonance mode. 

The function 

egö-Aw 

may be called the forced lateral vibrational mode of the rod. Figure 

J|.8 shows such modes of oscillation for three different values of 

frequency p (see curves 1, 2, 3» respectively): 

//•,«0,2; />,-0,95; />,=1,05. 

Here 

is the frequency of the first vibrational mode of the rod. 

For the elastic vibrations are insignificant; the rod 

moves essentially as a rigid body. When P/»i®0,95 or 1.05 the first 

elastic vibrational mode is preponderant, and therefore, the forced 

vibrational modes are close to the first natural vibrational mode. 

In view of the fact that the first vibrational mode of frequency 

//•,•0,95 occurs up to resonance, and the one of frequency //<*1-1,05 — 

after the resonance, the forced vibrational modes, as it was to be 

expected, have different signs. 

In contrast with the natural vibrational mode fnU). the forced 

vibrational modes $(x) is not self-balanced, and therefore, its use 

in the analysis of the dynamic properties of rockets is sometimes 

inconvenient. To avoid these inconveniences we shall separate from 

$(x) the linear function characterizing the motion of a rod as a 

rigid body. For this purpose,we set 

M*. /»>1**. (4.68) 
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where is the coordinate of the center of mass of the rod. We 

choose YM(p) and ♦<#) so that the first two terms would express the 

forced vibrations of the rod as a rigid body under the influence of 

the external harmonic force . Then we get 

-fY, (p)j 
—#*•(#) f 

(4.69) 

Here *M(p) and •(#) are the amplitude of the oscillations of the center 

of mass and the angle of rotation of the rod as a rigid body in 

forced oscillations of frequency p. 

Integrating the differential equation 

with the boundary conditions (4.67)» letting h • 0, we find 

-fjmjWéM-P,, 

(4.70) 

On the basis of (4.68) - (4.70), we get 

The resultant of the forces of inertia and the moment of the 

forces of inertia in lateral vibrations of the form Y(x,p) are zero, 

i.e., the vibrations of that form are self-balanced. The separation 

of into three functions (4.68) is schematically shown in Figure 

4.9. 
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Figure 4.7 Figure 4.8 

Let us now compare the two different representations of forced 

vibrations, (4.46) and (4.68). In both cases the forced lateral 

vibrations are shown in the form of a sum of three vibrations — 

the vibrations of the center of mass, vibrations relative to the 

center of mass, and the bendirfe self-balanced vibrations. This is 

where the similarity of the solutions lies. The difference between 

them is that in (4.46) the elastic vibrations are represented in the 

form of an infinite series in,eigenfunctions, and in (4.68) they are 

characterised by one function Y(x,p) which is a function of the 

coordinate and the frequency of the external force. 

Below we shall be interested in the values of the elastic 

displacements at the locations of the control system sensors. This 

includes such quantities as the slope angle of the tangent line at 

the location of the gyroscope, the engular velocity, etc. 

The slope angle of the tangent line at the location of the 

gyroscope is 

O-#'!*. ^-PW+>"(*n 'H**'- 

The complex tranefer number for the anglee of the rotation of cross 

sections as a result of bending vibrations will be 
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The hodograph of this complex number as a function of the frequency 

p and h 0 is plotted in the complex plane Z ■ U ♦ iV (Figure 

4.10). At the natural frequencies the modulus of the complex number 

attains a maximum. 

Figure 4.9 

The method of initial parameters, presented in Section 4, will 

now be used to determine the forced oscillatory modes of an inhomo, 

geneous rod. For any 1th segment of the rod we shall have a differ¬ 

ential equation with constant coefficients (4.37) 

#rM+dAto-0, ¢-1.2....4). (4.71) 

The principal difference between Equations (4.37) and Equations (4.71) 

is that in Equations (4.37) the coefficients depend on the unknown 

natural frequency un, and in Equations (4.71) they depend on the 

frequency of forced vibrations p, and therefore are known. 

The solution of the equation for an 1th segment of the rod 

will be 

A (*)—Gy slo •fJCj+cos tyt, 4* Cu sh s#*!+Cu ch (4.72) 

The arbitrary constants for a following segment are determined 

by the constants of the preceding qegment by virtue of equations 

that are analogous to (4.39): 
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(4.73) 

#.(0-6+1(0. 
6(0-6+1(0. 

l£y^* (Olí -(£/#' (OW». 

i^(oii-i^r(0)i.+i. 

The first two boundary conditions in (4.67)‘yield two arbitrary 

constants of the first segment) for example end C^. The other 

two arbitrary constants and in terms of which the arbitrary 

constants of all segments will be expressed by means of (4.40), are 

determined by the second two boundary conditions in (4.67). Thus, 

a solution (4.72) for all segments of the rod will be found, and 

t(x) for an Inhomogeneous rod will become known. 

Let us note the characteristic features of the method of initial 

parameters as applied to the«case when the external force is applied 

not at the end of the rod but at a certain cross section xp (Figure 

4.11). These characteristics are manifested only when coupling various 

segments of the rod, and at the point of application of force PQ. 

The cross section x ■ xp is Included into an independent segment 

of infinitesimal length whose mass can be neglected , and the bending 

rigidity can be considered infinitely large. Then in order to couple 

segments, lying to the left and right of xp the last equation in 

(4.73) can be replaced by the following: 

( 4.74 ) 

t h 
At the right-hand end of the last k segment boundary conditions will 

be 

rw-o. r«-o. (4.75) 

The same method can be used to solve a problem of forced lateral 

vibrations when at certain cross sections Xj there are masses mj 

suspended elastically from the rod (see Figure 4.3). In this case, 



for the purpose of coupling segments lying to the left and right of 

Xj, the last equation in (4.73) is replaced by the following: 

\EJ (0 (AL+"y* (•'/) « I*' (°) ^ (°’K i. (4‘ 

where 

(4.77) 

Thus, the problem of forced harmonic vibrations of the rod has been 

solved using two methods. In one method the external forces and 

forced vibrations are expanded into a series in eigenfunctions of an 

Inhomogeneous rod (4.46). First,the problem of natural vibrations is 

solved, and eigenfunctions and natural frequencies are found. This 

method allows us to see clearly the effect that the distributions of 

mx and EJ(x) have on the frequencies and modes of natural vibrations. 

Also in stability analysis this method permits us to estimate their 

effect on the stability of a system which is very important when de¬ 

signing a rocket and its control system. The method is most suitable 

when the natural frequencies of the vibrations of a rocket fuselage 

significantly differ from one another, and the stability analysis can 

be conducted separately for each vibrational mode. 

According to the second method,the external harmonic force is 

included in the boundary conditions, and the forced vibrations are 

sought in the form of the function #(*, p)«4* without expanding it 

into a series in eigenmcles. Here instead of a series only one 

function is needed to characterize forced vibrations of a rod. 

This method gives an exact solution expressed as a single function 

which is advantageous in analyzing the stability of motion when, the 

frequencies of some fuselage vibrational modes are close to one 

another. This method is also most suitable in final design stages 

when the rocket has already been designed insofar as it is an object 

of control, and built, and one is required to verify its stability and 

obtain certain quantitative estimates. 
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7. Lateral Vibrations of an ElftaUff Rpd frojMfcfl. 

With an Axial Slave Force _ 

A force P whose direction always coincides with a tangent to the 

bent axis of the rod has come to be called a slave force. To a 

first approximation we can consider that this property is possessed 

by the thrust force of a rocket engine iigidly attached to the rocket 

Therefore, a straight inhomogeneous elastic rod with a slave compres¬ 

sing force attached to an end o*m oe taken as a model for studying 

the lateral vibrations of an elastic fuselage of the rocket. An 

t 

Figure 4.11 

elastic rod with a slave force is a nonconservative system. As a 

result of the action of a compressing force,the dynamic characteristics 

of the rod (frequencies and natural vibrational modes) may become 

slightly modified. For a force P that exceeds a certain critical 

value, a dynamic Instability may be a result. 

Figure 4.12 shows an inhomogeneous rod in a bent state loaded 

with an axial slave force P; the same figure also shows a rod element 

of length dx at a cross section x with forces acting on it. The 

force of friction is assumed to be proportional to the first power 

of velocity. Here m(x), h(x), are the running mass and the coefficient 

FTD-HC-23-461-69 
273 



of viscous friction, q^x.t) is an external distributed force, N is a 

normal force at a cross section, g* is an acceleration characterizing 

the intensity of mass forces in the direction of the Ox axis. 

In studying the lateral vibrations of a rod acted on by an axial 

slave force,we shall not impose any restrictions on the motion of the 

center of mass of the rod in the directions of stationary coordinate 

axes Ox, Oy. However, the angular quantities d*yldx,&tldaß will be 

assumed small, and this will be the basis for linearizing equations. 

Applying d’Alambert's principles,we shall set up equations of 

equilibrium for the rod elements of length dx shown in Figure 4.12. 

Projecting the acting forces on the stationary coordinate axes and 

summing the moments of all forces Relative to the center of mass of 

the element, we get 0, 

-ÍS.dX-2¡--dx%—N(x)£¡rdx- 
è* é* 9M M* 

-[«(*)■£+»«£]«*+«<*. 0"-°. (1| 78) 
ij-j-rfx+Qrfjt-O. 

In view of (4.2) we have 

From the second and third equation in (4.78) we shall find 

0. (^-79) 

The term 

in the first equation of (4.78) can be neglected since compared to 

the remaining terms it is an infintesimal of a higher order. 

Then 
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An X derivative of the normal compressing force Is equal to the 

mass forces acting In the direction of the Ox axis» 

The boundary conditions for the normal force will be 

JV (0)-0, N (0=P. (4.80) 

Consequently, 
S 

AT(*)-*• J «(*)<**, g' (4.81) 

Hence,we see in particular it is clear that the value of the accéléra 

tion g«, characterizing the intensity of mass forces, does not depend 

on small bending strains of the rod. 

Equation (4.79), expressing the lateral vibrations of the rod, 

does not depend on the first equation in (4.78), the latter 

characterizing the longitudinal motion. In other words, small 

lateral vibrations of the rod can be considered independent of the 

longitudinal motion, assuming that the rod is acted upon by the 

acceleration of mass forces g* ■ P/m along the Ox axis. We can con¬ 

sider that; (the rod does not move, as it were, in the Ox direction, and 

the Ox component of P is always balanced by the forces of inertia of 

the rod, i.e., always P - mg*. 

Equation (4.79) will be ^olved for the case 

conit 
»(*) 

and when the external distributed force is 

* (*, 0-0. 

A general solution of Equation (4.79) can be written as 

*(*, o-T ».(•*)♦. (0. 
(4.82) 
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where fii(x)9ii(0 are partial solutions of Equation (4.79) which can be 

obtained by the method of separation of variables. Substituting 

(4.82) Into (4.79) and separating the variables,we get 
Cli 

[ffyWfür+M*)*)'—2*(*)?.~o (*=>. 2....). (4.84) 

The functions ?»(*) should satisfy the following boundary conditions: 

(0)-0, IEJ(x)vU*)Y*«-Q- (^-85) 

?;(0-0, (£/(*)»;WlLi-0. ( 4.86) 

The functions *.(*) that are solutions of Equation (4.84) and satisfy 

the boundary conditions (4.86) are not orthogonal. In fact let us fix 

in Equation (4.84) an index n, and let m multiply this equation by 

V»(x) , where n+m, and finally let us integrate it with respect to 
X from 0 to l. Now let us write Equation (4.84) for an index m, 

multiply it by *»(*) , and also integrate it with respect to x over 

the interval [0, I], Subtracting the second equation from the first, 

we get 

(••--1) j « (jc)t*aá*-P IfiíOMI)-?;, (/)?«(/)] 

(m, <»—l, 2,...,; fi’jím). 

The difference of work done by forces of inertia in lateral vibra¬ 

tions is equal to the difference of work done by the lateral components 

of force P. The forces of inertia, arising in the presence of 

oscillatory modes ¥■,(*) , are not self-balanced; they are balanced by 

a lateral component of force P. This can be seen by integrating 

Equations (4.84) with respect to x over the interval [0,1]. In 

view of the conditions (4.80), (4.85) and (4.86) we have 

•\jm(x)l.(*)dx-PfW. (4*87) 
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Multiplying Equation (4.84) by (x - xM), and integrating it with 

respect to x over [0,Z], we get 

i 

•îj »«(■*)?.(*-*■)**“ 

.i (4.88) 

The moment of the forces of inertia arising in the lateral 

vibrations, relative to the center of mass, is balanced by the moment 

of force P,and the moment of the forces of inertia which are proportion¬ 

al to the longitudinal acceleration g* ■ P/m. 

Equation (4.84) for a homogeneous rod will be put in the form 

•P+HHÚr-tfv.-O, ( 4.89 ) 

where 

I * 
The boundary conditions (4.85) and (4.86) can be written as 

(0-0. 

The solution of Equation (4.89) is given in [4, 7, 19]. It is 

written in the form of a power series 

«I.»-j<v. 

It follows from the boundary conditions that 

(4.90) 
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The following recurrence formula is used to determine the coefficients 

of the series 

where 

The coefficients Cq and remain undetermined . They enter linearly 

in (^.90) which can be rewritten as 

The conditions for the existence of a nonzero solution gives 

AtAj—AjA,—0. 

Figure 4.13, taken from [19]» shows the mode and dimensionless 

frequency of natural oscillations for the first and second mode 

number versus the parameters 6. The dimensionless frequency of 

oscillations X is connected with the dimensioned natural frequency 

by the relation 

For 0 ■ 0 for the first oscillatory mode 11-4,79-22,37: and for the 

second oscillatory mode ^-7,89-61,32 • A critical state occurs for 

■ 109.69 which corresponds to the critical force Pcr exceeding 

approximately 11 times the Euler critical force Pcr ■ for 

a rod hinged and subjected to a compressing axially centered force. 

It will be noted that for a rod hinged and loaded with dead weight 

(which corresponds to the case when the force at the end of the rod 

does not follow its bent axis) the coefficient of the critical force 

is ecr • 18.6 [173. 
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/ 

A further increase of force P leads to the situation where the 

equation to determine natural frequencies has a complex root. This 

means that the oscillatory motion has an increasing amplitude.' 

Figure 4.14 shows a graph of the natural frequency versus the 

parameter 0 for the first eight mode numbers [2]. In this case 

•■•Jet9 , where «H* , which is the natural frequency for the first 

mode number of a rod not loaded with an axial force, is equal to 

4>75y Ä . For the frequencies corresponding to the third and 

fourth natural oscillatory modes merge together, whereas the fre¬ 

quencies corresponding to the two subsequent higher modes of natural 

oscillations depend on the parameter 6 for the first eight mode 

numbers [2], It can be assumed that stability losses for 

higher oscillatory modes will correspond to a pairwise merging of the 

natural oscillations of the system. 
i 

We note that for rockets the coefficient 0 usually does not 

exceed several units, and therefore the phenomenon of instability 

occuring at 0cr-10949.is only of theoretical interest. By analogy with 

(4.68) we can separate from the function v«(x) a linear function of 

X, so that the remaining part fn(x) will be a self-balanced mode 

characterizing the bending vibrations 

(4.91) 

I mM/'(x)(x-xJáx-0. 

In order to make the last two equations valid, the numbers fMn 

0» must be determined from the following equations: 

—X/-pi/;;(/)(/-*j-/, (oi. 

and 

(4.92) 

•Translator's note: There is apparently text missing here in the 
original Russian material. 
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TABLE 4.7 

First Mode 

X 0 0.1 •4 0,3 M 0,0 M •,î 8,1 M >î 

0 
10 
90 
ao 
90 

1,000 
1,000 
1.000 
1,000 
1,000 

1 

0,937 
0,541 
0,546 
0,550 
0,562 

0,001 
0,10« 
0,111 
0,110 
0,130 

—0,979 
-0,907 
-0,909 
-0,996 
-0,949 

-0,090 
-0,890 
-0,899 
-0,893 
-0,89« 

-0,607 
-0,010 
-0,09« 
-0,69« 
-0,609 

-0,590 
—0,839 
-0,846 
-0,809 
-0,000 

-0,979 
-0,903 
-0,908 
-0,310 
-0,347 

0,017 
0,006 
0,001 
0,017 
0,077 

0,817 
0,847 
0,880 
0,371 
0,011 

1,000 
1,094 
1,051 
1,003 
1,170 

39,37 
30,078 
10.599 
19,043 
15,094 

Second Mode 

X 0 0.1 0.9 0,3 0.4 0,5 0.6 0,7 0.0 '*•* 1.0 A 

0 
10 
90 
30 
80 

1,000 
1,000 
1.000 
1,000 
1,000 

0,390 
0,391 
0,913 
0,900 
0,180 

-0,300 
-0,410 
-0,497 
-0,440 
-0,539 

-0,609 
-0,677 
-0,007 
-0,793 
-0,303 

-0,401 
-0,800 
-0,511 
-0,937 

0,000 
0,011 
0,097 
0,040 
0,197 

0,403 
0,817 
0,800 
0,016 
0,703 

0,009 
0,700 
0,754 
0,010 
1.099 

0,300 
0,417 
0,449 
0,479 
0,964 

-0,323 
-0.95« 
-0,997 
-0,331 
-0,474 

-1,000 
-1,004 
-1,110 
-1,39« 
-1,70« 

01,69 
80,707 
87.779 
88,002 
51,100 
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obtained from (4.87) and (4.88) 

Table 4.7# composed on the 

basis of solving Equations (4.89)» 

(4.91), shows for comparison the 

values of functions fp(x) and 

the dimensionless frequencies Xn 

for the first and second oscillatory 

modes of a homogeneous rod for 

values of.ß. The graphs of fn(x) 

are also shown for comparison in 

Figure 4.15» 

For small values of 8, the 

functions fn(x) representing the 

first oscillatory modes of a rod 

subject to a slave force,do not 

differ much from the natural oscil¬ 

latory modes of a rod (8 ■ 0). 

The natural frequencies can be 

considered to decrease proportion¬ 

ally to 8. Therefore, as a rough 

approximation of the first two 

oscillatory modes one can recommend 

a uae of the natural oscillatory modes of a rod without a slave force, 

and the effect of a slave force on the natural frequency for 0<2O 

can be estimated by a linear correction 

Figure 4.15 

t—TT' «<»<»• «4 (4.93) 

Here is the natural frequency calculated for P ■ 0, i.e., without 

a slave force. On the basis of Table 4.7 we can take i»i#»0,I4; n*°«0,2, 

The quantity /•/£/* entering the parameter 8 can be approximately 

calculated by decomposing the rod into k segments with constant 

masses m, and the bending rigidity EJ<- Then we get ^ and the bending rigidity 

'i-të-Ârï (4.94) 
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A use of the natural oscillatory modes of a rod, not loaded with 

a slave force, in solving the problem of the vibrations of a rod 

loaded with a slave force will be consiiered in the following section. 

8. An Application of the Bubnov-Qalerkln Method 

to the Problem of the Lateral Vibrations of a 
Rod Loaded by an Axial Slave Force. 

As already noted in the previous section, the functions 

characterizing the lateral vibrations of a rod with an axial slave 

force are not orthogonal. As a consequence,the equations of forced 

vibrations for all generalized coordinates turn out to be 

interrelated. This complicates immensely the solution of the problem. 

Even the problem of determining the modes and frequencios of the 

natural oscillations of the rod loaded with an axial slave force is 

sufficiently time-consuming. 

In this section we present an approximation method proposed by 

Bubnov-Qalerkln [2, 14] for solving the problem of the forced lateral 

vibrations of an inhomogeneous rod subject to a slave force. 

The forced lateral vibrations y (x, t), defined by Equations 

(4.79), will be written as a series (4.17) v 

*(«. 0-»- W+•<*>(* - *.) -t-Jj/. Wf. w. (4.95) 

where yM(t) and ♦(#) are the generalized coordinates of a rod as a 

rigid body; the generalized coordinate corresponding to 

the function xm is the coordinate of the center of mass of the 

rod; x is the coordinate of an arbitrary cross section of the rod. 

The functions f*n(x) e**® represented by the natural oscillatory 

modes of a rod with free ends without the slave force (P ■ 0). 

Thus, the functions fnU) satisfy the differential Equations (4.6) 
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and the boundary conditions (^.7) and (4.8). In Equation (4.6/ wn 

is the natural frequency of an nth mode of a rod with free ends for 

P ■ 0. 

It will be noted that all boundary conditions (4.85) and (4.86) 

satisfy each of the functions appearing in the series (4.95) which is 

a necessary condition for applying the Bubnov-Oalerkin method. This 

method allows us to go from Equation (4.79) to a system of ordinary 
differential equations which usually can be solved using only a 

finite number of terms in (4.95). 

A substitution of (4.95) into Equation (4.79) i» of necessity 
accompanied by a certain error,inasmuch as (4.95) is not a solution of 
(4.79). In accordance with the Bubnov-Oalerkin method this error 
must be multiplied by each of the approximating functions in (4.95), 
Integrated with respect to x from 0 to l, and the value of the inte¬ 
gral set equal to 0. As a result we obtain the following system of 

equations: lf 

j{£(*/w£)+-£(#«-£)+ "M-sf- + 
+*(«)•£—f (4 0j4*-O, 

jte("w£)+-s-(*w-£-)+"w'3L+ ^-961 

+*(*)■££- +A(jr)J-fM)/.(*)rf*~0- 

(«—1,2, ....*•) 

Here Instead of y(x,t), one must substitute a finite number of terms 
from (4.95) into the expressions appearing in the parentheses. 

In order to make it easier to obtain the final equations we 
shall write out certain intermediate integration results. 
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On the basis of we have 

Integrating by parts and keeping in mind (4.7) and (4.8)^6 find 

( •£-(«<«> •*■) 
• * 

The forces of viscous friction, arising only during elastic vibrations 

of a rod, will be takeu into consideration. In addition the relation 

A(x)/m(jK)«2t , used in the previous section, will be assumed valid. 

Then in view of (4.10), (4.12), and (4.14) we shall obtain 

(* (4) -ÄJ-Ax« J A (4)-^ (jr-4.)rf4-0, 
• t 

i I 

Jaw j 

• i 
^m(x) -SL (4-4.) áXmmí ^ m (4)(4-4,^^4 » A/. 

\ *(*)-%- /,(4)rf4«f. J »I (4)/2(/4-^,. 

t f 

Integrating by parts, and using (4.80) and (4.81) we shall find 

5 '¿r("lx)it)d*-p (l+ 

J 'S“ £ ».I/. W(<-jO -/. »I. 
• Ml 

J-jj- (w<*>£)/.m<*-p/.</>¿ 

f 

(4)f,j«l(4)(/4*. 

Combining all the intermediate Integration results and Introducing 

the notation, we obtain the following n^ +2 ordinary differen¬ 

tial equations in generalized coordinates : 
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*»ÿii+^#+ py.fn(0?,= \ q(x, t)(lx, 
a-l S 

/ë+p >j t)(x-xjdx. 

mw 

m-l 
m+* 

!jq (*> 0/.(«, m«=l,2.«°). 

(4.97) 

Here 

’«.-= /.(0(■*)/"(•*)^« r«. (4.98) 

P 

The effective mass, the effective friction coefficient, and the effec¬ 

tive rigidity are 
; 

é 

K 

i 

5 EJ{x)fUx+pMn/,(o m(x)dxi. 

(4.99) 

The formulas for the effective mass coefficients are the same as those 

for the case of a rod not loaded with an axial slave force. The 

formulas for the effective rigidity coefficients turn out to be 

different. According to (4.33), the effective rigidity coefficient 

is equal to twice the value of the potential energy of a bent rod for 

the amplitude 9n * I* case a rod loaded with an axial slave 

force the effective rigidity coefficient consists of three terms: 

the potential energy of bending, the work done by the lateral component 

of force Pfn'(i) over a distance f*nU)» and the work (with a negative 

sign) done by the axial compressing forces over displacements caused 

by lateral bending: 

dx. 
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CalculaMons show that the work of compressing forces is greater 

than the work done by the lateral component; and therefore the natural 

frequency of the lateral vibrations of the rod subject to axial.slave 

force is lower than the natural frequency of a rod not subject to a 

slave-force. 

The right-hand sides of Equations (4.97) represent reneralized 

forces acting on the rod. The force P is not included in the gener¬ 

alized forces, it is in this case a part of the system — the rod with 

the slave force. 

The equation of elastic vibrations in (4.97) does not depend on the 

first and second equations, and forms a system of n1^ equations. This 

system can be more compactly represented by one matrix equation 

lfJ+l^llf.l+10/.llfJ-IM. ('»•loo) 

where 

lf»|- 

[Hj and CGjjj] are square matrices of owder n. The expressions for 

the matrix elements [Hj^» 81,1(1 ^Pk^ *re as ^0^^0WS 

¢/,4-1,2.a*). 

C/» - /; (/) ~ i \f,> (Jt) (JC) J ”(jr) ’ 

(/, 4—1,2,..., a®), 

(4.101) 

(4—1,2,...,a®). 

Here is the Kronecker symbol (0;*=1 for J ■ k; 0^0 for J /.k). 

Solving the system (4.100), and substituting the results into the 

first and second equations of (4.97) we shall find the latex’al accel¬ 

eration of the center of mass of the rod yM and the angular acceler¬ 

ation 4 . 
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The Bubonov-Galerkin method makes it possible to study the 

lateral vibrations of a rod subject to an axial slave force for the 

case when q(x,t) - 0. For this purpose one must set ^«-O in Equation 

(4.100). For simplicity,one can in addition let all Hjk ■ 0. 

Assuming 

(4.102) 

where [q^] is a column matrix of constant coefficients, and substi¬ 

tuting (4.102) into (4.100), we get a system of linear homogeneous 

algebraic equations. In order to obtain nontrivial solutions to these 

equations one must set to zero the determinant of the coefficients 

multiplying qk . As a result we obtain 

det|lG*l-»*[ff])-0. (4.103) 

where [E] is a unit matrix. The characteristic equation (4.103) is 

an algebraic equation in w2. For the stability of each vibrational 

mode of the system it is necessary that all roots w of Equation 

(4.103) be real and possitive. The presence of negative or complex roots 

shows that there exists at least púè unstable mode. 

A detailed analysis of Equation (4.97) shows that for 

f(jr,/)m0 for all values of PffcQ there exist two natural oscillatory 

modes with a zero frequency. One of these modes is associated with 

a translational motion of a rod as a rigid body in the lateral direc¬ 

tion, without rotation. The second oscillatory mode corresponds to 

a rotational motion of the rod as a rigid body with a constant 

angular velocity. These modes, strictly speaking, are unstable, so 

that the system is unstable irrespective of whether the elastic 

vibrations of the rod are stable or not. Below we shall assume, 

having in mind guided missiles, that the stability of motion of a 

rod as a rigid body is always secured by a controlled system, and 

therefore attention will be mostly given to the stability of the 

elastic vibrations of the rod. 
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Reference [2] gives the results of calculations done using the 

Bubonv-Galerkin methods. The solutions of Equation (4.103) 

were found for gradually increasing values for force P. The 

computanion was repeated for several different values of n^ in order 

to determine what number of the oscillatory modes should be used to 

correctly evaluate the character of frequency change. If one takes 

n ■*1, then the fundamental and single natural frequency vanishes 

for l^PPIEh-H.i , For *°>2 the first root, corresponding to 

instability, appears as a result of the first and second characteristic 

frequencies being merged. The graph of these frequencies versus 

parameter 6 is shown in Figure 4.16 for values n° ■ N ■ 1, 3» 3i 4, 5» 

where the quantity «■»i»/«i0. is plotted on the ordinate axis, and 

«i* is the first natural frequency for 8 ■ 0. 

Figure 4.16 shows that the natural oscillatory modes correspond¬ 

ing to Equation (4.6) - (4.8) give good results in determining the 

first and second natural frequency of the vibrations of a rod subject 

to a slave force. For |<20 it is sufficient to only use one or 

two terms of the series. 

If among the natural frequencies there are any adjacent 

frequencies, then in studying the forced^ vibrations of a rod it is 

advisable to use the method of initial parameters. We shall present 

the procedure for solving the problem in case when the rod la subject 

to a lateral harmonic force ¿(O-P««1*. applied at x ■ xp as well as 

the slave force (see Figure 4.11). 

Let us subdivide the rod into case segments for each of which 

the quantities EJ(x), N(x), m(x) will be assumed constant. 

A» W 

The forced harmonic vibrations of each 1* segment of the rod 

will be sought in the form 
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Then for any ith segment of the rod Equation (4.79) for h(x) 2 0, 

q(x,t) 2 0 becomes an equation with constant coefficients. 

#!v+*VÎ-«Vi-0 (/-».2.*). (4.104) 

in wh¿ch 

Assuming the partial solution Equation (4.104) to have the form 

we get 

4—0. 

Whence» 

(njfc—±4|, 

»„J-VuVÎÜ. %-_L 

The general solution of Equation (4.104) will be 

^)-sh ^JríT^ch »)|X(. (4.105) 

At the boundary of the i**1 and (i+l)8t segments we have the coupling 

conditions (4.73). At the boundary of the segments to the left and 

right of Xp the last equation in (4.73) is replaced by (4.74). 

At the left-hand end of the first segment and the right-hand end of 
t’h 

the last k segment the boundary conditions will be 

(0)-0, (0)-0. #1(/,)-0. #1(/,)-0. 
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Thus, to determine 4k coefficients we have 4k boundary conditions, out 

of which one is not a aero boundary condition. Continuing all the 

solutions from the first to the last segment we get a function 

characterizing the forced vibrations of the entire inhomogeneous 

rod. The method of initial parameters gives satisfactory results only 

for small values of %m'PPItU . 

Prom the function #(*#> one can separate a self-balanced 

function Y(x, p) characterizing the elastic vibrations of the rod: 

rç*. #)-#(*. 

jm(x)r(x, p)dx-0. 

The vibration amplitudes YM(p) and •<*) are in^this case determined 

by the following two equations: 

-p*%W-P'(xp-xa)-Piro,pHi-xj-r(t,M 

These equations determine the amplitudeof the forced vibrations of 

a rod as a rigid body relative to which the elastic vibrations 

governed by Y(x,P) will be self-balanced. In contrast to a rod not 

subject to the slave force (4.69). here the vibrations of the center of 

mass with an amplitude YM(p) occur as a result of the action of two 

f0rce8 — the lateral force PQ and the slave force P. 
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CHAPTER V 

THE EFFECT OF THE ELASTIC PROPERTIES OF THE 

FUSELAGE ON THE STABILITY OF ROCKET MOTION 

> 

1. Preliminary Remarks 

The elastic properties of the fuselage have a strong effect on 

the dynamic stability of guided rockets, especially when the rocket is 

very long. This problem assumes a great importance for large multi¬ 

stage booster rockets which are used to launch and accelerate space¬ 

craft. In the powered stage a racket passes through dense atmospheric 

layers where it is strongly influenced by the aerodynamic forces 

acting on. its fuselage. 

In the case where the fuselage is nonrigid, problems arise out of 

which the most important ones are: a stabilization of the elastic 

lateral vibrations of the fuselage, the problem of accounting for 

the effect of the elastic wiring and the elastic suspension of the 

power plant on the rocket stability, a compensation for the navigation¬ 

al errors caused by a rotation of the thrust vector.Figure 5*1 shows 

a three-stage rocket in a deformed state. 

To make the flight of a rocket along the calculated trajectory 

possible,a program mechanism (a computer) of the control system 

specifies the angle of turn of the thrust vector as a function of 
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time. Tne angular control system computes errors in the angular 

possition, and produces opposing control forces. When elastic lateral 

vibrations of the fuselage are present, the error in the angular pos- 

sition of the rocket, di , determined by the control system, consists 

of two p.irts: 

where ( /»«jrg is the angle between the tangent to the bent axis of 

the fuselage at the location of the gyroscope,and the fuselage axis 

for the case when the rocket represents an ideally rigid body• 

This error will be reduced to zero by the control system, and 

the deflection imparted to the rocket by the control units will depend 

on the angle which differs from the angle ♦ by 

Due to the bending of the fuselage the thrust vector will be 

rotated by an angle 

where is the angle between the tangent to the bent axis of 

the fuselage at the location of the power plant,and the axis of the 

fuselage for the case when the rocket represents an ideally rigid 

body. 

The interaction of the elastic lateral vibrations of the fuselage 

with the oncoming air stream is sometimes referred to as the aero- 

elastic oscillations. The frequency of these oscillations usually 

approaches the natural frequency of the fuselage vibrations. The 

oscillations cause undesirable lateral inertial loads on the fuselage( 

especially if they reach high amplitudes. The problem of stabilizing 

the lateral vibrations consists of damping the randomly arising oscil¬ 

lations or at least of not allowing them to reach amplitudes larger than 

the strength of the fuselage permits. 



In addition to the elastic lateral vibrations, there may arise 

a quasi-static d?flection of the fuselage due to a slow rotation of the 

rocket during the flight along the programmed trajectory. If the 

computer is not able to take the quasi-static deflection fof the 

fuselage into account, then the control system cannot eliminate the 

error in the direction of the thrust vector, and this leads to 

navigational errors. 

Below we shall consider in detail the following two questions: 

1) The effect of the elastic lateral vibrations of the fuselage 

on the stability of a closed system consisting of the fuselage and the 

control system, and 

2) The effect of the elastic wiring and the elastic suspension 

of the power plant from the fuselage on the mechanical properties 

of the aervodrive and the stability of the rocket. 

Juat as in the case when the rocket represents an Ideally 

rigid body or when it has a rigid fuselage with a liquid filler we 

shall only consider small perturbations of the parameters of motion. 

This allows us,as far as the pernirbations are concerned,to obtain 

a linear system of differential equations with coefficients being 

functions of the parameters of undisturbed motion. 

Small deflections of the thrust vector, due to the lateral 

vibrations of the fuselage, do not, up to infinitesimals of the 

second order, change the acceleration of the rocket in the longitud¬ 

inal direction. Both in magnitude and direction,this acceleration 

remains the same as the acceleration in undisturbed motion. For 

this reason with small perturbations the lateral motion can be 

considered independently of the longitudinal motions. 

For a small time interval the trajectory of a guided ballistic 

missile can be considered a plane curve differing little from a 

straight line. Therefore, an undisturbed motion of a rocket in a small 

time interval will be considered to follow a straight line. Inasmuch 



as we shall only be Interested 

In the disturbed motion of a rock¬ 

et, In studying It we shall 

adopt a stationary rectangular 

coordinate system whose longi¬ 

tudinal Ox axis coincides with 

the direction of the longitudinal 

axis of a rocket in undisturbed 

motion. The lateral axis Oy 

lies in the pitching plane, and 

the Oz axis is directed to make 

the Oxyz system right-handed. 

Thus, we shall only consider the 

lateral motion in the stationary rectangular system,having in rind 

that the sum of the Ox components of all external forces acting on 

the rocket is always balanced by the forces of inertia. 

In the study of the elastic lateral vibrations the fuselage of 

the rocket is modeled by a straight inhomogeneous rod having two planes 

of symmetry. This model considerably simplifies theoretical work, but 

is only applicable to long fuselages. In the case when the fuselage is 

short,the principal role may be played by local vibrations of various 

structural elements such as vibrations of the engine on the elastic 

suspension, vibrations of various units including both the sensors and 

the elastic structural elements to which they are attached. 

As far as the possible oscillations of the free surface of liquids 

in tanks are concerned, in many cases it is possible to take advantage 

of the fact that the natural frequency of the liquid is much smaller 

than the frequency of the elastic vibrations of the fuselage. Be¬ 

cause of that circumstance, the liquid oscillations are usually 

disregarded in fhe analysis of the elastic vibrations of the fuselage. 

Figure 5.1 
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If the natural frequencies of the liquid and the fuselage are 

close, then the coupling between the oscillations of the liquid and 

the elastic vibrations of the fuselage is of basic importance. .This 

coupling can be approximately accounted for if, in determining the 

natural vibrational modes of the fuselage,the liquid oscillations 

are modeled by the oscillations of the spring-mass systems as it was 

done, for example, in Section 5 of Chapter IV. 

In the study of the dynamic properties of the rocket the modes 

and the frequencies of its natural oscillations will be assumed 

known,since they can be determined using methods described in the 

previous chapter. 

2. The Equations of the Perturbed Mptlon of 1?he 

Rocket with the Account taken of the Lateral 

Vibrations of the Fuselage. 

\ 

In the previous chapter the problem of the lateral oscillations 

of elastic inhomogeneous rods was discussed both with and without 

taking account of the axial slave force. The axial force is 

produced by the engine. If the engine and its suspension are 

considered ideally rigid in the lateral direction, then the longitud¬ 

inal axis of the engine, coincident with the direction of the thrust 

vector, will be deflected in elastic lateral vibrations of the 

fuselage by an angle equal to the slope angle of the tangent to the 

bent axis of the fuselage at the location where the power plant frame 

is attached to the fuselage (see Figure 5«1)» This assumption is 

valid in practical calculations, if the frequency of the lateral 

vibrations of the engine on its suspension is much higher than the 

frequency of the lateral vibrations of the fuselage. We shall 

consider that this is indeed the case, and the fuselage in the 

powered stage of the trajectory is subject to an axial slave force 

applied at xd. 



In the previous chapter a study of the forced lateral vibrations 

of an elastic inhomogeneous rod subject to an axial slave force 

encompassed several aspects. With the aid of the method of initial 

parameters,the forced lateral vibrations were determined without 

decomposition into a series in eigenfunctions. The forced lateral 

vibrations of the rod subject to an axial slave force were represented 

as a series in the eigenfunctions of the rod not subject to an axial 

slave force. Using the Bubnov-Galerlcin method,the partial differential 

equations were replaced by a system of ordinary differential equations 

of forced vibrations in terms of generalized coordinates. Finally, it 

was shown that if the parameter l-PPIE'J is small, then to a first 
approximation it can be assumed that the slave force decreases the 

natural frequency and does not change the oscillatory modes. Based 

on this premise, the forced vibrations may be represented as a 

series in the natural oscillatory modes for a rod not subject to 

an axial force, the natural frequency of the rod can be calculated 

from (4.93). The rotations of the thrust vector due to the 

elastic lateral vibrations can be included in both the force and the 

moment equations. 

Let us set up the differential equations of the disturbed motion 

of a rocket in the plane of yaw. By symmetry, the differential 

equations in the pitching plane will be the same as the equations in 

the yawing plane. To set up these equations we shall make use of 

the system (4.97), obtained using the Bubnov-Galerkin method for an 

inhomogeneous rod subject to an axial slave force. 

A displacement of any point on the elastic axis of the rocket 

fuselago in the stationary coordinate system Oxz (Figure 5*2) in 

the direction of the Oz axis will be written as 

*(Jt. O-MO+I(0(■*-«)+V (5.1) 
Äl 

where zM(t) is the displacement of the center of mass of the rocket; 

i|Ht) the rotation angle of the rocket as a rigid body; fn(x) the 

natural vibrational modes of the fuselage not subject to an axial 

force; qn(t) is a generalized coordinate corresponding to fn(x); 
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a ia, the ^baciasa of the center of mass of the rocket. 

The quantities qn(t)» 'l'(t) will be assumed small. There 

no restrictions imposed on the displacements zM(t). We shall, 

assume that , where v is the velocity of the center cf 

the rocket. 

In unperturbed motion the direction of the longitudinal axis 

of the fuselage and the direction of the velocity vector v coincide 

with the direction of the coordinate axis Ox, so that *(x.O*0 . 

The motion in the yawing plane is subject to the effective thrust 

force Pef., the control force of the vanes, Zp, and the disturbed 

aerodynamic forces. The thrust Pef (slave force) was taken into 

consideration when deriving Equations (4.97). Therefore, the 

generalized forces, appearing on the right in Equations (4.97), should 

only Include the control force Zp and the distributed aerodynamic 

forces. 

The aerodynamic forces will be determined using the principle 

of stationarlty [5]. According to this hypothesis, in each elementary 

segment of the fuuelage of length dx a change in the lift force is 

proportional to a variation of the local angle of attack (sideslip). 

As a result of the lateral motion the velocity vector v of any 

point on the elastic axis of th^rod is deflected by a small angle. 

I it lx, «) 
v * ’ 

and therefore, the variation of the local sideslip angle will be 

a*/. i\ àt(x, i) I d*(x. 0 
^ * (5.2) 

In a fuselage segment of length dx the vector of the aerodynamic 

forces will be represented as consisting of two components — the 

elementary drage force dX and the elementary lateral dZ. The force 

will be 

however, 

mass of 

FTD-HC-23-461-69 299 



dZ is perpendicular to the velocity vector in the perturbed motion, 

V, and the direction of the force dX is opposite to the direction of 

vector V. We shall assume that the lateral force is proportional to 

the small sideslip angle, and the force of drag does not depend on the 

sideslip angle. The external forces acting on the rocket are shown 

in Figure 5*3 

We shall denote the aerodynamic coefficients for a unit 

fuselage length by c\ (*)• for the lateral force and by cx(x) for drag 

force, where 

j cí(x)âx=cí, j [r! (x-a) dx~ -(<2+0(•»>-*■). 

jc,(jr)rfjc=c„ j (ci(x)+r,(x)J(x-a)2dx=~Pci, 
(5.3) 

where Xp, x^ is the distance from the upper tip of the fuselage to 

the center of pressure and the center of mass, respectively (see 

Figure 1.5); eí is the coefficient of aerodynamic damping. 

The elementary aerodynamic forces for a fuselage segment of 

length dx are equal to 

dx=qS¿{x)Hpdx, dX-ijL dx~qSCj,(x)dx, 
* * (5.4) 
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The components of the generalized forces corresponding to the 
generalized coordinates zM, ♦, qn, can be obtained using the sketch in 

Figure S.3* They will be 

Q;-( (£•(.-)+ £[¿ 

*Z »X »m{m, <Mrfj 
dx êg vil J 

We shall substitute here the values of dZ/dx and dXIdx from 

Keeping in mind (5.1) - (5.3) and integrating,we get 

+ ¿ ♦.{¿M/Jx-1-¿ f.\¿(x)/.**], 

q;-Â5J-(í{+0(^-^(4—i)+^-V+ 

' +¿f. 

“ T ¿ *• j ^ W+0 . 

^ j <i(jr)//jr- i. J 

+2 \ i» (•*) /«/» Wjt — 7 51 ÍíiW—í* wV«/— 
a-l • a.I • V * 

(5.5) 

In view of the fact that a displacement of any fuselage point (5.1) 

can be considered to consist of the displacement of tne fuselage 

as a rigid body and the displacements due to elastic vibrations, 

then in accordance with this also the aerodynamic forces given can 

FTD-HC-23-461-69 301 



be decomposed into two groups: 1) the forces and moments proportional 

to the >aw angle tp and the velocities $ and zM which are the same in 

the case of a rigid fuselagej 2)i the forces and moments proprotional to 

the generalized coordinates qn and velocities 4n , that are due to 

the elastic lateral vibrations of the fuselage. 

The terms making up the generalized force Qi, , ref resent work 

done by the distributed aerodynamic forces along the possible 

displacements 

The components of the generalized forces due to the control 

force Zp will be 

Q,—Zr 

Qj<^ ~~Zp(Xp -O. (5*6) 

Here fn(*p) is the natural vibrational mode of the fuselage at the 

point of application of the lateral control force of the vanes, Zp . 

The quantity (xp - x^) represents the difference in distances measured 

from the upper tip of the fuselage to the point of application of 

the lateral control force, and the center of mass of the rocket. 

According to (5*1) the values of fnU) are measured from the 

straight line whose equation consists of the first two terms of 

(5>1), i>e., from the line O^x^ which will be taken to be the axis of 

abscissas of the O^z^ frame attached to the rigid fuselage 

(see Figure 5»2). 

It will be noted that the derivative f¿(x) is calculated in the 

body coordinate system O^x^ whose axis is directed from the 

tail part to the upper tip of the rocket. The derivltlve dildx ia 

taken in the absolute coordinate system Oxz, and the direction of its 

Ox axis is the same as the direction of the unperturbed motion (see 

Figure 5.2). These two derivatives are related by the following 

equation: 
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If the (ierivatives f¿(x) are calculated in the coordinate system, 

whose axis points from the upper tip of the fuselage toward the 

tail part of the rocket, then in substituting these derivatives into 

(5*5)» us well .as into all the subsequent formulas of the present 

chapter, the signs of the derivatives /•(*»),/•(X'j) will have to 

be changed. 

The generalized force Qy will also Include the moment of the 

Corioliu forces of Inertia due to the fuel and gases. The effect of 

the elastic lateral vibrations on the magnitude of the Coriolis forces 

of inertia relative to the center of masses of the rocket will be 

proportional to the angular velocity of ¿ and can be calculated from 

(1.4). This moment will be combined with the aerodynamic damping 

moment so that the total damping moment will be expressed by (1.21) 

f 
SP¿+2 

Now we shall make use of Equations (4.97)» These expressions for 

generalized forces will be substituted Into the right-hand sides of 

these equations. We obtain 

¿i*,K-Qi+tí. 
••I 

** •* 
"•«♦•+*«#»+*«♦«+ P*2 

(Sail, 2,...«*) m 

Here xd is the distance from the upper tip of the rocket to the 

cross section at which the engine thrust force is applied. 

We shall combine in these equations the coefficients multiplying 

the same generalized coordinates, and set Zp-Âíp* in view of 

(4.98), (4.99)* (5.5) and (5.6) we shall obtain the equations of 

PTD-HC-23-461-69 
303 



the perturbed motions of the rocket that take into account the elastic 

lateral vibrations of the fuselage: 

e *.+2 W,I=0* 
a»l •»! 

•i * 

¢+^4^+^+^,^+2 ^»^.+2 
.. . - ° (5*7) 

fa++eu* + 2 
«■I 
m+* 

+ + C*S + C«,,i^+ ‘’•a*1*0- 
m+m 

The following notation was used for the coefficients in the 

first equation 

**—•('•+1^) • 

v*¿+í(«í+o(*f-Jo. 

<v.“ —ï J-y * (*jJ. (5.8) 

~ ^5»’t 

in the second equation 

*4—£=-5/^,+2 E*,/ J (x-xJrfÀ 

" , ^ W V 1 
*y *(¿+0^-<0. 

f**#“—¿--y-s (¢2+0(^--0. /v, 2 (5.9) 



Equation(5*9) continued 

t«-±-{-!!!Ísy¿ix)/;(x-a)+cAx)/')dx+ 

ff»*““ 

in the third equation 

^-2..+^ !¿S ((áW+«.W) /‘.«i*. 

m (xjije*- Pj'MfMÙ J. 

+\ /. W/. W J « (*)¿**I. 
• * f 

«i.», a * 

1 ^s((áW+MJc))/.^f. 
cv*“ 2 

I 

t,..-«.-\«n(x)/^. 
A 
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Here w® is the natural frequency of the fuselage not subject to 

an axial slave force. When the rotationof the fuselage is effected 

not by the lateral force but by the control moment produced 

by a purposeful misalignment of the engine thrust forces, then 

V"°* 

where is the slope angle of the tangent to the natural oscil¬ 

latory mode at x » x . 
P 

The equations of the perturbed motion that include the effect 

of the elastic vibrations fof the fuselage can also be obtained using 

a different method. Since the magnitude of the parameter 0BPef¿ /EJ 

for rockets is usually small in our deduction,we can use Equations 

(4.48) which were obtained without considering the slave force. 

One must add the generalized forces Q,M due to the slave force 

Pef into the right-hand sides of these equations in addition to the 

generalized forces Q' and Q". These forces are 

ifc.-P.fy /'M/M- 2 ÍM*)/m(x)\m(x)dx' 
I Mml «al 0 I 

««a 

The effect of an axial slave force on the natural frequency of 

the fuselage can be calculated from (4.93)• Substituting in Equations 

(4.48) the expression for the generalized forces,we obtain 

eWa^Qa+Q* ■HQ*. 

Combining coefficients multiplying the same generalized coordinates, 

we shall obtain a system of equations identical with (5<7)> Only 

for one coefficient c„„q„ a different formula will be valid, namely, 
qn n 
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•“ S ^ c*,(x)/»/„rix, 

where un can be calculated from (4.93). 

In what follows when speaking of Equations (5.7), we shall no 

longer point out from which system they were obtained—from (4.48) or 

from (4.97). 

In contrast to the equation for an ideally rigid rocket (1.40) 

the first two equations in (5.7)» in addition to the aerodynamic 

forces and moments due to the motion of a rigid fuselage, also 

include the forces and moments duetto the elastic lateral vibrations 

of the fuselage. In addition, these equations also Include the 

forces and moments that arise as a result of the rotation of the 

thrust vector ?ef. Each oscillatory mode of the fuselage gives 

rise to a lateral component of force Pef, and the moment of this force 

relative to the center of mass of the rocket. 

The aerodynamic forces have an effect on the values of the 

natural frequencies of the fuselage (see the coefficient cqnqn ) 

and usually result in a damping of the elastic vibrations (see the 

coefficient ). These forces also create some additional couplings 

between the motion of the rocket as a rigid body and the elastic 

vibrations of the fuselage. However, these couplings are not essential, 

for example, if c.(x)-C|m(x). Then as can be seen from (5.10) 

the coef ficients fV* f«.*» fV» will vanish, and the elastic vibrations 

will not be a function of the motion of the rocket as a rigid body. 

In a preliminary analysis of the equations of perturbed motion it 

is usually assumed that: 1) the aerodynamic forces do not depend on 

the elastic lateral vibrations of the fuselage, 2) the aerodynamic 

forces, as caused by the motion of a rigid fuselage, do not give 

rise to elastic lateral vibrations, 3) the rotation of the thrust 

vector as a result of the elastic vibrations of the fuselage does 

not influence the motion of the rocket as a rigid body. When 
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these assumptions are made all the coupling coefficients between 

the coordinates v_ and ij», on one handf and qn(n ■ 1» 2» ...)» 

on the other hand, and also between the coordinates qn and q^n.^ 

becomes zeros, and Equations (5.7) break up into two groups cf 

independent equations: the equations of the perturbed motions of the 

rocket i.s a rigid body 

V'+'V1“0' (5.11 

$ + + f vtff e*,Vl +^ 

and the equations in generalized coordinates, expressing the elastic 

lateral vibrations of the fuselage 

(5.12) 

Equations (5.11) differ from the earlier obtained equations 

for an Ideally rigid rocket (1.40) only In that In the first equation 

In (5.11) there Is a term which accounts for the aerodynamic 

force component due to the rotation of the fuselage with an angular 

velocity (. This force is, generally speaking, small, and therefore, 

Is neglected in deducing Equations (1.40). 

3. A Structural Block Diagram of the Closed Sy&teiB 

The angle of rotation of the fuselage at the location of the 

sensor of the control system (gyroscope) can be determined from 

L.,f (5.13) 

where f '(x ) is the derivative taken in the body coordinate system 
n g 

°lxlzl of function fn^x^ at the location of the gyroscope x • x . 
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This angle differs from the angle of rotation of the rigid 

fuselage, and, which is very important, depends on the location of 

the gyroscope along the fuselage of the rocket. 

The structural block diagram of the closed system corresponding 

to the equations of the first approximation (5.11). (5.12), and to 

(5.13), is shown in Figure 5.*». The controlled object (the rocket) is 

shown in the diagram by several parallel blocks. The essential 

block here is the one that characterizes the dynamics of the rocket 

as a rigid body, its output coordinates being the angle i|i. The 

blocks characterizing the elastic vibrations of the fuselage are 

secondary. There may be several blocks of this type, their number 

depending on the properties of the control system. The output coordi¬ 

nate of each secondary block is taken to be the angle of rotation, 

arising as a result of the elastic oscillations of that cross 

section of the fuselage in which a sensing element of the control 

system is located. 

Let us denote the complex transfer number of the rocket as a 

rigid body 

(5.14) 

and the complex transfer number of the block representing the n mode 

of elastic oscillations by 

(5.15) 

As in Chapter I and III the complex transfer number of the control 

system will be represented by 

ATac(M— AacW*"“". (5.16) 

The mismatch signal entering the control system is proportional to the 

angle 
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* (<•)+$ /;(xr)^(M«k(M+¿ A'.íM 
«el L *"1 
=|^(.) j Í. 

where nQ is the mode number of the elastic vibrations of the fuselage 

whose signals pass through the control system. In the complex plane 

Z-L/((i>)+iV(u) the mismatch signal can be represented as a vector sum. 

If the system is open at the exit from the control system, then 

the complex transfer number of the open loop will be 

« ('•) - =[*■«('-)+2 *. ('-> 

The denominator of the transfer function for an elastic rocket 

has as many positive real parts as there are in the denominator of 

the transfer function for an ideally rigid rocket. In other words, 

the fact that the elastic properties of the fuselage were taken into 

consideration does not change the number of the possitive roots 

(this is valid if 0 ■ Peí.í /EJ << $cr which practically speaking is 

always true). 

K\c (M = 
(5.17) 

In order to see this, we shall represent the transfer functions 

of the controlled object as 

K,(p) .Mil 
Q.(P) 

KAP)- S*si£! 
<?«</>) 

Then the denominator of the transfer function will be expressed 

as a product of polynomials 

Q(p)”QAp) ñ QAp)- 
»ml 

Prom Equations (5.12) we find 

Q«(#)“-^o (*—i. 2,...). 

pTD-HC-23-461-69 310 



The roots of all polynomials Qn(p) are complex conjugate with neg¬ 

ative real parts. Consequently, the polynomial Q(p) has the same 

number of possitive roots as QQ(p) which is the denominator of the 

transfer function for a rocket as a rigid body. 

Disregarding the simplifications that made it possible to 

make the transition from Equations (5*7) to the simpler equations 

(5.11) and (5.12), the structural block diagram shown in Figure 5.^ is 

nevertheless relatively complex for a preliminary analysis. A further 

simplification of the diagram can be made on the basis of an analysis 

of the complex transfer number /C(i») (5.17). 

Consider vectorsKo(to) and K*(io). The hodograph of the vector 

Kq(íu), constructed from Equations (5.11) for 0<®<óo , is shown 

in Figure (5-5). Curve 1 corresponds to a statically stable rocket; 

Curve 2 corresponds to a statically unstable one. With an increase in 

frequency, the modulus of the complex number 'M®) rapidly decreases 

(for a statically stable rocket ¿¿ginning with «>/fü ). 

The complex transfer number Kn(iw) will be obtained from Equation 

(5.12) 

*(<•) 
*,(/■) 

M, (¢. . + lut . ”«3) 

11 ; 

(5.18) 

The argument of the complex number for w ■ 0 depends on the sign of 

the product of two numbers M*p)f»'(*¿ — the value of the natural 

oscillatory mode of the fuselage at the location of the control 

element (vanes) and the value of the slope angle of the tangent to 

a natural oscillatory mode of the fuselage at the location of the 

gyroscope. When the argument of the complex number 

Vn(0)-Q, » when f»(^)//(¾)<0, the argument of the complex number «p»(0)-a. 



If a rotation of the rocket in the Oxz plane is effected,not 

by means of a lateral force, but through a moment MÍ,Ô , then 

the argument of the complex number will be determined by the 

sign of the product of the two numbers, WMU'ty • The slgn of the 

product of these numbers plays an important role in estimating the 

stability of the motion of a rocket with an elastic fuselage. The 

hodograph of *,,(<«) forO<«<w is shown in Figure 5.6. The modulus 

of the complex number -M») is large only at frequencies close to the 

natural frequencies of the fuselage} it is small for all remaining 

frequencies. The argument of the complex number f»(») for the case when 

tn(x9)tn'(xj>0 changes from zero to tr; for the case when it 

changes from it to zero. 

If one follows the change of the moduli for *•(•»), *.(«•) » appear¬ 

ing in brackets in the expression for the complex transfer number of 

an open loop (5.17), then the following picture will be obtained. 

At small frequencies (up to frequencies slightly exceeding 

) the modulus of A«(«) is large, and the moduli *•(•) of all 

the remaining vectors are very small so that the sum of all the vectors 

appearing in brackets in (5.17), is practically equal to the vector 

;4,(•)•/*•>. independently of the argument values for the remaining 

vectors. This equality is a consequence of the fact that at small 

frequencies, considerably less than the elastic vibrations of the 

fuselage are insignificant, and the frequency characteristic of the 

rocket with account taken of the elastic vibrations of the fuse¬ 

lage is the same as that for a rocket assumed to be a rigid body. 

V 

With an increase in frequency the modulus of decreases and 

becomes smaller,the smaller the frequency w. All the moduli of 

An(») remain small until the frequency w approaches Wpwhich is the 

frequency of the first mode of the natural elastic vibrations of the 

fuselage. In a small frequency interval including the frequency 

u , the modulus of ¿i(«) will be large, and the moduli of the remaining 

vectors will be small. The sum of all vectors in this frequency 

band is practically equal to the vector *(*>•'’*' • The amplitude- 
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phase frequency characteristic of a rocket with an elastic fuselage is 

determined in this frequency band by the partial characteristic for 

the first elastic oscillatory mode of the fuselage. 

As one moves farther along 4e frequency axis, in the following 

interval including the second natural frequency ü>2» the sum of all 

vectors will differ little from the vector etc. 

In view of the fact that the energy dissipation in elastic 

vibrations is small, the frequency bands in which the moduli of 

and ¿i(«0 become large, are quite narrow. Below, for brevity, 

instead of saying "in the frequency interval including the natural 

frequency «» ", we shall sometimes say "for the natural frequency 

«• ", keeping in mind of course that this is only a convention. 

This discussion implies that at small frequencies the control 

system receives mainly the signal from the angular motions of the 

rigid fuselage of the rocket. At u>^ the signal due to the first 

oscillatory mode is preponderant, at u>2 the main signal comes from 
the second oscillatory mode, etc. This means that in the structural 

diagram shown in Figure 5«at small frequencies one can neglect 
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all the blocks of the controlled object with the exclusion of the 

block representing the first oscillatory mode etc. 

I 

r 
rocket as 

““a li^id 

body 

XfliWI 

-control" 

system S 

elastic vi- 

brations ofn 

0 nc^ mode 
W*r)ln 

'control" 
.system 

Figure 1>.7 Figure 5.8 

Thus, the structural block diagonal (see Figure 5.4) can be 

represented in the form of separate simple single-loop diagrams, 

namely the diagram for the rocket as a rigid body (Figure 5*7) and 

nQ single-type diagrams representing the elastic vibrations of the 

fuselage (Figure 5«8)» 

It will be noted that the identification of a sum of vectors 

in a given frequency band with one vector can only be valid when the 

natural frequencies of the elastic vibrations of the fuselage are 

not close to one another, and the frequency of the first tone, is 

considerably larger than frequencies for which the modulus of has 

a large value. Only under these circumstances can ^ the modulus of 

the sum of all vectors appearing in brackets in (5.17)» in the 

intervals between the low-frequency band and the natural frequencies 

ui, o»» etc., be sufficiently small so that when multiplied by the 

modulus of<4Ac(«), it will give a product which is less than one, 

. It is only under these circumstances that the complete 

closed diagram (see Figure 5.4) for the'stability analysis can be 

decomposed into simpler diagrams, shown in Figure (5*7) and (5«8). 

For single-stage rockets and multi-stage rockets with lateral sub¬ 

divisions of each stage,these conditions are usually satisified. In the 

case when among the natural frequencies of the fuselage there are 

some which are close to one another, the role of one of the 

simplified diagrams will have to be played by another diagram in 

which the controlled object is represented by two or more parallel 
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blocks with close natural frequencies. Another possibility for 

this case Is to express the elastic vibrations of the fuselage by 

means of a forced oscillatory mode 0(x, w) . 

In the latter case the mismatch signal (xr.o))«'“', due tc the 

lateral vibrations of the fuselage, can on the basis of (4.68) be 

represented as a sum of two signals. This structural block diagram 

is shown in Figure (5.9). 

Now, we can give a simple answer to the question of how many 

elastic oscillatory modes of the fuselage should be considered in the 

stability analysis of rocket motion. All these modes have to be 

taken into account for which the product 

'S KM ac («•«)> 1. 
(5.19) 

4. The Conditions for the Stability of Motion. 

Here we shall limit ourselves to a simplified analysis of 

the stability of motion for a rocket with an elastic fuselage. In 

the analysis each mode of the elastic vibrations will be considered 

separately. Just as in all previous cases, the stability analysis 

will be based on linearized equations which means that the conclusions 

arrived at will only have a qualitative character. This type of 

investigation brings results ti.at are easy to interpret, and is 

always advisable especially in the preliminary stage when it is 

necessary to determine requirements on the control system. Numerical 

relationships, such as the amplitude and phase margin coefficients, 

self-oscillation amplitudes etc., can only be obtained by analyzing 

more complete systems of equations for the controlled object and 

the controlled system. The dynamic properties of the control system 

should be given special attention,since with an increase in the 

frequency of oscillations the properties of the control system 
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increasingly deviate from those of its properties that are expressed 

by linear differential equations. To reveal the numerical relationships 

it is Just as necessary to take into account the variability of the 

coefficients in the differential equations of the controlled object. 

We saw in the previous section that to a first approximation 

a study of the stability of motion for a rocket with an elastic 

fuselage can be conducted using two separate closed diagrams. In one 

diagram the controlled object is represented as a rigid body 

(see Figure 5*7), in the other — the dynamic properties of the control¬ 

led object are determined by the n^*1 elastic oscillatory mode of 

the fuselage (see Figure 5.8). 

The first closed system (for a rocket as a rigid body) is one 

which is most important. Only if its stability is variable can the 

rocket pursue a trajectory which is sufficiently close to the present 

trajectory. The stability analysis for this system was made in 

Chapter I, and we shall not dwell on it here. 

Closed systems containing blocks representing the elastic vibrations 

of the fuselage are of secondary importance. They also should be 

stable,since otherwise, the elastic vibrations are able to Jam the 

control system channels or present dangers to the fuselage. 

The formula for the complex transfer number K»(fo>)(5.l8) is the 

same for any oscillatory mode of the fuselage. Therefore, is is 

enough to study the stability for an arbitrary oscillatory mode. 

We shall assume that the condition (5.19) is satisfied. 

As in Chapter I we shall assume that the characteristic equations 

of the control system do not have roots with a positive real part, 

i.e., that the control system is stable. An ordinary oscillatory 

loop with viscous friction is the controlled object, and Its 

characteristic equation has complex conjugate roots with negative 

real parts. 
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By the frequency Nyquist criterion (see Chapter I, Section 8), 

the closed system (see Figure 5.8) will be stable if for ^n(«)^Ac(»)>l 

the phase frequency characteristic of the open system either will 

actually not cross the real axis U or the number of down crossings 

will be equal to the number of up crossings. 

Let us consider separately the phase frequency characteristic 

of the open loop for the system in Figure 5.8. In view of the fact 

that when vectors are multiplied their arguments are added (5.17), 

the phase frequency characteristic of an open loop will be represent¬ 

ed by the equation 

0<»<oo. (5.20) 

The phase frequency characteristic of the control system is 

shown with a heavy line in Figure 5.10. To secure stability of the 

rocket as a rigid body at small frequencies (up to Uq), the phase 

characteristic is positive. For «>«« the phase characteristic is 

negative. The signal produced by the control system will for 

u>«>o have a phase lag which usually Increases with increasing 

frequency. 

The form of the phase frequency characteristic of the controlled 

object can be easily reproduced on the basis of Figure 5.6. Since 

the damping coefficient for elastic oscillations is small, almost 

the entire phase change takes place in a small frequency interval 

which Includes the natural frequency of the fuselage wn. The phase 

intervals for ()<•<<» are the following: 

0 >?.(•)>- * for /„(*,)/;, (*,)>(), 

*>¿(-)>o for /,(*,)/;(,,)«}. 

To the phase characteristic of the control system, shown in 

Figure 5.10, we shall add according to (5-20) the limiting values of 

the phase of the controlled object. When ^(.tp)/"'(x^>0 , we shall add 
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and when /»(Jfp)/* (*^<0 i we shall include . The 

feasible ^hase frequency characteristic of an open loop will be found 

between these two limiting values. 

The Nyquist criterion implies that if, with the conditions (5»19) 

being satisfied, the phase frequency characteristic of an open loop 

crosses the axes ç(«o)“0,f(«) = -2^,4a etc., then the closed 

system shown in Figure 5.8 is unstable. If, however, th< characteristic 

does not cross these axes, then the closed system is stable. The 

condition (5.19) is satisified when the frequency w is equal to 

the natural frequency of the fuselage u>n. Therefore, if, for example, 

for the natural frequency is such that ••<•*»<<•« or 

ut* <(i>n<(di. , then the closed system is unstable. If, however, 

•K or i*»t <ttn<u4i , then the closed system is stable. Here 

etc. are the frequencies for which the phase lag of the control 

system is equal, respectively, to ft, 2k,.... 

Analogous considerations are possible with respect to the phase 

characteristic for If or «■* <»t <«** , then 

the closed system is stable; if u, <«)„<. or in, <«„<«•4,, then the 

closed system is unstable. ' 

It is convenient to show the stability conditions obtained 

using a diagram of the stability regions in the coordinates repre¬ 

senting the parameters of the controlled object (Figure 5.11). This 

type of diagram is useful because it is applicable to any oscillatory 

mode which satisifies the condition (5.19). In constructing the 

diagram it is assumed that «i>»o. since this inequality is the basis 

for subdividing the diagram of Figure 5.4 into two diagrams — Figures 

5.7 end 5.8. 

If in the analysis of the stability of motion,one takes into 

account the dissipation of energy due to the elastic vibrations of the 

fuselage, then the region of Instability decreases. This is ascribed 

to two causes: 1) for «»^O the phase frequency characteristic of 

the controlled object in the resonance zone will have values that 

are different from the limiting ones, i.e., 0<|<pn((>>)|<n i 
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2) if the value of the productMfptf.’ijrgUs small,the condition (5.19) 

may not be satisfied. The regions of instability with the energy 

dissipation due to elastic vibrations taken into account are in 

Figure 5.11 bounded by a dotted line. 

Using the diagram showing the stability regions,one can solve 

various problems involving a stabilization of bending vibrations. 

More precisely, one can reveal conditions under which randomly 

arising bending vibrations of the fuselage will always be damped. 

Using the diagram,one can formulate the requirements on the phase 

frequency characteristic of the control system, and select the 

location of the gyroscope along the length of the fuselage. 
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Lei us consider an example. It is required to select the 

location of the gyroscope along the rocket, and formulate the 

requirements on the phase characteristic of the control system under 

the condition that the inequality (5.19) is satisfied for the 

first two bending oscillatory modes. In addition, it is known that 

the control units are located on the front frame of the tail section 

and thaï mi<w< . 

Figure 5.12a, shows plots of the first two natural oscillatory 

modes. The value of the first oscillatory mode at the .location of 

the vanos is positive, M*»0 ; the value of the seond mode,/,(*)«) . 

Figure 5.12b, shows the plots of UWlo'd) for the first and second 
oscillatory modes. 

In connection with the gradual fuel consumption,the natural 

frequencies of the fuselage get larger. These frequencies are 

plotted as functions of flight time t in Figure 5.13. The stability 

regions are chosen using these frequency curves as well as the con¬ 

dition <•.,<.* in Figure 5.11. The regions are shown in Figure 5.14. 

In order for the parameters of the controlled object to lie in 

the staoillty regions,it is necessary that the following conditions 

be satisfied: 

1) for the first oscillatory mode of the fuselage » 

for the second mode <0; 

2 ) “a Oi < •«. *■ < **i < ***• 

The second condition determines the requirements on the phase 

frequency characteristic of the control system; the first condition 

imposes restrictions on the choice of the location for the gyroscope. 

In the example discussed,the zone determining the possible locations 

of the gyroscope is located in the forward section of the fuselage 

(see Figure 5.12b). Keeping in mind the fact that the calculations 

of the oscillatory modes and especially of their derivatives are only 

approximate, the zone containing the possible gyroscope locations 

must be moved some distance away from the nodes of the function 

M*»)/«'(xg). 
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After the choice of the fuselage cross section for positioning 

the gyroscope has already been made, the numbers f^'ÍXg) and 

are determined, and the parameters of the controlled object are. 

plotted as functions of flight time in the diagram of the stability 

regions. In Figure 5»l1* these time-dependent parameters are shown 

with two heavy lines. 

However, by adjusting the phase frequency characteristics 

of the control system and by selecting the location of the gyroscope, 

it is not always possible to achieve a stabilization of the elastic 

fuselage vibrations. For instance, if one is required to stabilize 

simultaneously three or even four elastic oscillatory modes, then 

this problem is practically impossible to solve by selecting the 

gyroscope locations. 

0 

Figure 5.14 

A case may occur when the frequencies of the neighboring 

oscillatory modes overlap, i.e., for example, the frequency of the 

second mode in the final phase of powered flight is greater than the 

frequency of the third mode at the beginning of the flight, • 

In this case, as can be seen from the diagram of the stability 

regions, it is impossible to achieve stability of elastic oscillations 

by adjusting the phase characteristic. Stability can be achieved 

by building a switching capability into the control system [1, 4, 10] 

or by setting up two gyroscopes at different locations, where at the 

beginning of the flight the signals would enter the control system 

from one gyroscope, and in the final phase — from the other. In this 

scheme use can be made of the angular velocity pickups. 
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In this process one usually utilizes the amplitude stabilization 

of the elastic vibrations which is based on the fact that an 

open loop (see Figure 5.8) does not have roots with a positive real 

part. ïhls means If conditions are created in which the Inequality 

(5.19) will not be satisfied, then the amplitude-phase frequency 

characteristic of the open loop for will never contain the 

point C(1,1Q), and the closed system will be stable. 

One of the means used to lower the dynamic amplification coef¬ 

ficient of the control system is narrow-band filters [1,4] which 

in a small frequency band practically do not pass through any signals. 

The amplitude stabilization can also be achieved by increasing the 

energy dissipation of the elastic fuselage vibrations (lowering 

but this method is difficult to realize. 

If one utilizes the amplitude stabilization of the elastic vi¬ 
brations using, for example, narrow band filters, then to be confident 
that the condition (5-19) is not satisfied one must know the value 
of the coefficient in Equation (5.12). Methods of determining 
this coefficient will be presented in the following section. 

i 

5. On Calculating the Forces of Internal 
Friction 

Until now we have not discussed the question of the magnitude 
of the f _-*s of internal friction. Moreover, if the frequency of 
forced oscillations significantly differs from the natural frequency 
of the fuselage, then it is not necessary in general to take the forces 
of friction in the fuselage into account. The forces of friction are 
essential at resonance. Without them it is impossible to determine the 
amplitude of the oscillations, and therefore, it is also impossible 
to apply the amplitude stabilization with any degree of reliability. 
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An extensive literature devoted to the internal friction in rod^ 

recommends various ways of taking friction into account. Formulas 

are suggested that express the forces of internal friction as 

functions of the strain, the rate of strain, the character and technique 

of imposing stresses on the rod, and other factors. Some of these 

formulas when applied to the linear problems of vibrations in homogen¬ 

eous rod.3 yield satisfactory results. 

Much more complex is the problem of inhomogeneous rods, and 

even to a greater extent, the problem of machine-constructed structures 

for which there are not any exact and at 'the same time sufficiently 

simple and reliable methods of calculating the internal friction 

forces. 

In Chapter IV we described three alternative ways of calculating 

the forces of friction. 

The first technique is based on the Voigt hypothesis according 

to which the force of internal friction is proportional to the rate 

of strain. In the equation of the lateral vibrations (4.3) the 

force of internal friction in a unit length of rod can be expressed, by 

The equation for the generalized coordinate is 

(a) 

where the relative damping coefficient for lateral vibrations 

is proportional to the natural frequency of the fuselage vibrations. 

The Voigt hypothesis is convenient in solving equations, but is 

inadequately confirmed in experiments. 
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According to the second technique the force of friction is 

assumed to be proportional to the rate of movement, and is called 

the force of viscous friction. In the equation for the lateral' 

vibrations, (4.79) this force is represented by h(x)dyldt. The 

equation for the generalized coordinate is 

+ 25,«^, f u.;^=aHq (/), 

where 

Equation (b) has the same form as Equation (a), except that the 

relative damping coefficient I» is inversely proportional to the 

natural frequency of the fuselage. 

The third technique is based on the hypothesis of Ye. S. Sorokin, 

[17], according to which the force of friction in harmonic vibrations 

does not depend on the rate,but is shifted in phase relative to the 

elastic force by ir/2. The Sorokin hypothesis is confirmed by 

experimental evidence. 

In the equation of the lateral vibrations (4.3a) the force of 

friction is according to the Sorokin hypothesis expressed by terms 

The generalized coordinate qn in forced harmonic vibrations 

can be determined from Equation (4.59)- 

The relative damping coefficient and the coefficient of 

energy absorption in vibrations represented by i|» usually cannot 

be determined by means of calculations. These coefficients are 

integral quantities, and their values can be determined most 

simply directly from experiments. In particular, this is true for 

rocket fuselages in which the structural friction is preponderant. 
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There are two methods of experimentally determining the forces 

of friction. The first is based on studying the damping of the 

natural vibrations of the rocket fuselage, and the second on studying 

forced vibrations. The curves of natural damped vibrations or the 

resonance curves are determined experimentally. The coefficients 

of interest to us can be found from the experimental results, making 

certain assumptions about the character of friction. 

Equations (a) and (b) area completely identical, and since 

the damping coefficient is determined at a natural frequency, no 

disagreement arises in the experimental determination of »• for 

Equations (a) and (b). 

The natural vibrations described by Equations (a) and (b) take 

place according to the formula 

fi-'Æ«*-*** «ta *J. (5.21) 

where DQ and an represent the initial displacement and the phase of 

vibrations, and wn' is the natural frequency of the vibrations of the 

system with damping: 

Here both for the rocket fuselages and for rods, I»I . The intensity 

of the damping depends on the value of the coefficient ««■liiUn (Figure 

5.15). From (5.21) we see that the ratio of the maximum displace¬ 

ments in two consecutive cycles, measured at t and t + t, where 

T is the period of the natural vibrations, is equal to a constant 

The natural logarithm of this quantity will be denoted by 6. Then 

|=|n(A)*v«2,t‘v 
(5.22) 
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The quantity 6 which describes the rate of damping is called a 

logarithmic decrement of oscillations. 

From (5.22) we shall determine trie relative damping coefficient 

If for an experimentally obtained curve the ratios of the 

displacements D^/D^ cannot be considered a constant, then the 

friction in the system does not correspond to the Voigt hypothesis, and 

is not proportional to the first degree of speed. In particular, in 

dry friction the difference of displacements in two consecutive cycles 

is equal to a constant. Methods of deciphering the experimental 

curves can be found in the literature devoted to the subject, for 

example,in [9]* 

To obtain the experimental curve of damped vibrations, the fuse¬ 

lage of the rocket is suspended in a vertical or a horizontal position. 

The elastic lateral vibrations of the fuselage are produced by a vibra¬ 

tor which is then instantaneously removed. The vibrations are 

recorded on a tape using an attached vibrograph (if the supports of 

the fuselage are fixed) or a loop oscillograph. In the latter case 

wire strain gauges are used,glued to the extended and compressed 

sides of the fuselage. 

The forced harmonic vibrations are measured for various ratios 

of the vibrator frequency to the natural frequency of the elastic 

vibrations of the fuselage. 

If the fuselage is acted upon by a concentrated lateral external 

force Pgtin, then the right-hand side of Equations (a) and (b) will 

be 
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where f^Up) i-8 the value of the natural oscillatory mode at the 

point of the application of the external force. 

The amplitude of the forced harmonic vibrations is equal to 

— Pofii(xt) 

At resonance for small values of 1» 

(fâ)«U 
PJ* (^) ^ P\)f»{*f) 

(5.23) 

When the maximum amplitude . is experimentally determined, one 

can calculate the unknown coefficient U . 

According to [18], the relative damping coefficient for a 

rocket has a value on the order^of 0.02. 

If we only deal with structural friction, then the amplitude of 

forced harmçnic vibrations is on the basis of (4.59) equal to 

P»Ui*,) 

At resonance for small values of tj> 

<«!>.._2ü:!âL, 
Jl 
9n 

Po/« (jfp) 

*»“<i h*)mu (5.23a) 

In deducing Equation (4.3a) it was assumed that the energy 

absorption coefficient in vibrations, \f) , does not depend on the 

amplitude of vibrations. The validity of this assumption can be 

verified experimentally. For this purpose it is necessary to set up 

harmonic vibrations in the fuselage that have different amplitudes, 

and find the relationship between the coefficient <|; and the amplitude 

of the vibrations. 
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Depending on the hypotheses used, the analysis of experimental 

data may yield either the relative damping coefficient I» or the 

absorption coefficient * . If we make use of the Voigt hypothesis 

of the hypothesis of viscous friction, then from (5-23) we shall 

find the relative damping coefficient »" . If the Sorokin hypothesis 

is used, then from (5.23a) the energy absorption coefficient i|) will be 

found. 

The relationship between the force of friction in the rocket 

fuselage and the character of vibrations (frequency and amplitude) 

is in reality, apparently, more complex than the hypotheses of Voigt, 

Sorokin, and of viscous friction would seem to indicate. This is 

in particular indicated by a large scatter of the experimental 

data in a determination of the damping coefficients, and also by the 

factithat these coefficients are dependent on the frequency and the 

amplitude of the vibrations. 

To make the analysis of the stability of lateral elastic 

vibrations possible to a first approximation,it is enough to know the 

amplitudes of the forced vibrations of the fuselage in the resonance 

zone. The amplitudes can be calculated using ar/ >f the hypotheses 

about the frictional forces as long as the coef . ^ents U and ) are 

known. 

If the coefficients tn and can be determined experimentally 

using the resonance method, then from a single experiment on the 

basis of (5.23) and (5.23a) we obtain 

Consequently, the amplitudes of forced elastic vibrations, calculated 

for Y.-I,will not depend on the choice of the hypothesis if one takes 

t,-*/4ii. In this sense for resonance vibrations it makes no 

difference which hypothesis about the frictional forces is selected. 

Of primary importance are only the values of I« or 4». 
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6. Methods of Stabilizing Elastic 

Vibrations 

The term "stabilization of the elastic vibrations of a rocket" 

is usually understood to mean the damping of these vibrations, i.e., 

the imposition of such properties on the closed system, consisting 

of the elastic fuselage and the control system, that the randomly 

arising vibrations are always damped. For practical reasons, elastic 

In Section 4. we discussed the problem of stabilizing the elastic 

vibrations using the same control system that is supposed to stabilize 

the angular motion of the rocket as a rigid body. Since natural 

elastic vibrations are always damped, the control system should under 

no circumstances weaken the damping process. In this connection new 

requirements will be imposed on the phase frequency characteristic 

of the control system. 

However, the technique of stabilizing elastic vibrations using 

the ' ngular control system is not unique. The elastic vibrations can 

be intensely damped using a special servosystem [21]. In this system 

sensors are used whose position is of critical importance, and 

depends on the elastic oscillatory modes of the fuselage. 
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Let us consider as an example the first mode of the elastic 

harmonic vibrations of the fuselage (Figure 5.l6a). For each Poln^ 

on the bent axis of the rod, one can construct a time diagram describ ng 

the lateral motion of this point. All points located above the Ox 

axis have a phase shift of 180° compared to points located below th s 

axis. 

Let us select an arbitrary point s on the elastic axio of the 

fuselage. The time-dependence of the deflection y^s.t) at that 

point Is shown In Figure 5.16b; Figures 5.l6c and d,respectively, 

show the plots of velocity ÿ^s.t) and acceleration ÿ^s.t). For 

harmonic vibrations the phase shift between the acceleration, velocity, 

and the displacement amounts to 90°. Such time diagrams can be 

obtained by placing the acceleration, velocity, and displacement pickups 

at a preselected point. 

The most obvious way of liquidating elastic vibrations of the 

fuselage is to cancel them with vibrations having the same frequency 

and amplitude,but opposite in phase. 

The effect of quenching the vibrations can be practically 

achieved in several ways. For example, a counteracting vibrational 

mode can be produced when the role of the sensing element of the 

control system is played by an accelerometer whose signal is input 

into an auxiliary servomechanism controlling the vanes of the thrust 

vector. If the role of the sensor is played by a velocity indicator, 

then to obtain an analogous result the p\ase shift should amount to 

90° (or 270°). Let us consider the vibration quenching effect in 

more detail. 

The equation for the generalized coordinate qj characterizing 

the elastic vibrations of the fuselage is 

f.+2W„+“«f» - (0. 

Three sensors can be simultaneously used: acceleration, velocity, 

and displacement pickups. Their signals will be used as signals 

of negative feedback with definite amplification coefficients 
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the equation 

system 

Let us substitute the expressions for these signals into 

for a , to obtain a differential equation of the closed 

q,++ «<¿<7, = - - ki,Kq- - 

Collecting coefficients for the same variables, we get 

(1 + *') ¢.+(2S„»„++(“i+*0 ^=0- ( b. 24 ) 

Equation (5*24) can be written as 

(5.25) 

where 

. . *-•.+« 

/ -i + V 
i 

(5.26) 

Equation (5.25) is the same as the equation of the natural elastic 

vibrations of the fuselage 

¢,+2^,+-^,=--0. 

The coefficients of this equation, however, differ from the 
coefficients of Equation (5.25). The relationships among these 

coefficients are determined by (5.26). The natural frequency of the 

system in (5.26) can be increased or decreased as compared to the 

natural frequency of the fuselage », • 

The newly-formed dynamic system has also a new relative damp¬ 

ing coefficient V¡ (5-26) that can be increased to a critical or 
supercritical value. The possibility of increasing the damping of a 
system by adding negative feedback signals offers great advantages. 
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If In the procesa of tiie amplitude stabilisation the suppression 

of signals is achieved by placing a sensor near the mode of oscillation 

or by means of filters (passive method), then in the active method 

sensors are placed at points where maximum signals can be obtained 

which then are used to suppress vibrations that gave rise to these 

signals in the first place. If the sensors generate signals of all 

modes, then the location sensors can be of great signficance. This 

problem can be solved using Equation 5«24 and taking into account the 

natural oscillatory modes of the fuselage as well as the location of 

the control elements of the fuselage of the rocket. 

The feedback signals can be generated using more than Just 

sensors of the linear quantités gK,yn,yn> With the same results, one 

can also use sensors of such angular quantities as 

As«*/ Ax* ' Ax ’ 

since 

is«» 
wm/s9m -/•?.• 

Figure 5.17 shows a structural block diagram used to stabilized 

elastic lateral vibrations of a large booster rocket [21] in which 

the angular signals are used alongside of linear signals. 

» 

The method described is based on definite phase relationships. 

Their realization is, however, accompanied by enormous difficulties, 

and therefore this method is not in wide use. 

Another method of stabilizing elastic vibrations is presented 

in [19]. A control Jet engine (of vernier type) with small thrust 

is mounted on the fuselage of the rocket. 

A rate gyroscope, measuring the angular velocity of the rocket, 

is placed within the same cross section where the vernier Jet engine 

was mounted. The movable nozzle of the vernier engine (or the 

thrust vector acting along the normal to the rocket axis) is con¬ 

trolled by a signal from a rate gyroscope which is proportional to 
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the angular velocity of the rocket. Thus, the stabilization loop 

will contain an additional feedback consisting of the vernier engine 

and the rate gyroscope, which is used to produce a lateral force 

proportional to the angular velocity of the lateral vibrations of the 

fuselage. 

By a proper choice of the location of the rate gyroscope,one 

can achieve the result that the lateral force will cancel the elastic 

vibrations. The canceling of these vibrations will be much more 

effective if the following coefficient is made very large 

a, f,(*j 
■ ■ ~ t 

«« 

where R is the thrust of the vernier jet engine; fn(*v), 

are the oscillatory mode and the slope angle of the tangent to the 

oscillatory mode and the location of the vernier engine and the 

rate gyroscope; m^ is the effective mass of the fuselage in 

vibrations according to the n ^ oscillatory mode. 

It is sometimes advisable^for the control systems to use both 

active and passive methods of suppressing elastic vibrations. 

7. The Elastic Lateral Autovibrations 

i 

In Sections 4 and 6, the stability analysis for a rocket with 
the elastic vibrations of the fuselage taken into account was done 

on the basis of linear differential equations. The actual dynamic 

system is considerably more complex than the model used in calculations. 

The main difference is that the equation of the control system is 

nonlinear. The angular control channel in the plane of pitch pro¬ 

duces a command signal directing the rotation of the transvector. 

This signal changes with time, and therefore strictly speaking, the 

linearization of the control system characteristics should be done 

at various working points. 
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The dynamic characteristics of 

the control system to a considerable 

extent depend also on the conditions 

of operation such as the temper¬ 

ature, vibrations, voltages in the 

power source etc. Potentiometer 

sensors which produce stepwise 

signals and various smoothing 

filters make the properties of the 

control system more complicated, and 

make it more difficult to describe 

it with differential equations and 

to linearize these equations. 

In addition, the properties of 

the controlled object and the cont- 

trol system change from product to 

product because of the structural 

and technological parameter 

variation. For this reason the fre¬ 

quency characteristics of the control system even for a fixed 

amplitude of the input signal represent not Just one curve,but a whole 

band in which the actual characteristics^maV be located. The same can 

be said about the frequencies and modes of the natural vibrations of 

the fuselage, and the effectiveness of the control units. 

smoothing filter 

Figure 5.17 

_ angular iV 
accelerometer^ 

rate 
gyroscope, 

free' 
gyroscope 

yawing channel 

The causes enumerated above are enough to turn a system containing 

a small stability margin into an unstable system under the actual 

conditions. Therefore, it is necessary to produce sufficiently 

large stability margins. 

In Section 4 it was shown that it is extremely difficult to 

secure simultaneous stability of several oscillatory modes of the 

fuselage. In any case the stability margins for certain oscillatory 

modes may be very small; even with a small deflection of the system 
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parameters from their nominal 

will be the result. 

values it is possible that unstable motion 

On the basis of linear equations, one can only make a conclusion 

about the damping or the intensifying of randomly produced vibrations 

with the course of time. As the amplitudes increase,the nonlinear 

terms, removed during linearisation, because essential, and the analys s 

of the subsequent motion of the system can only be made retaining 

these nonlinear terms. 

The control actuator whose velocity characteristic is shown 

in Figure 5.18 is one of the essential nonlinear loops in the control 

system. Its characteristic exhibits a typical saturation behavior. 

If the command current i<i* » then the characteristic is linear, 

and the rate amplification coefficient, defined by the slope angle of 

the characteristic is equal to kj. 

Assume that the linearized system is unstable if the amplification 

coefficient is kj. The hodograph of an open loop, expressed by the 

equation j 

K (l*)=Kê(i") Kkc (/<») * ¿„O») *ac ac W* 

in the complex plane is shown in Figure 5-19 as curve 1. 

As the amplitude of th*> vibrations increases, there will come a 

moment when the current ¡>1* , and the control actuator will work under 

nonlinear conditions. If for/>i.the characteristic of the control 

actuator is linearized, then the equivalent (averaged over the period 

of oscillations) amplification coefficient of the actuator will be 

less than ki. (In Figure 5-19 the smaller amplification coefficient 

is associated with a hodograph represented by the dotted line 2 . ) 

The linearized system all the same still remains unstable, and its 

amplitude will continue to increase with time. 
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The larger the amplitude of vibrations, the stronger the 

inequality l>i* will be, and the equivalent amplification 

coefficient of the actuator will be that much smaller than ki .. 

Suppose that the amplification coefficient of the actuator 

corresponding to the command current amplitude ip is equal to p 

and that the hodograph of the open loop that corresponds to that 

coefficient is shown in Figure 5.19 as curve 3- The hodograph 

passes through point C(l, 10), and this shows that the system is at 

a borderline of stability. 

It can be seen that the vibrations with amplitude ip are stable 

periodic vibrations which are referred to as autovibrations. In 

fact if a small increase in the amplitude of vibrations is imparted 

to the vibrating system, then for i> ip the equivalent amplification 

coefficient of the actuator will be less than ki^i in this case the 

hodograph of the open loop will be represented by curve 4. This hod- 

graph corresponds to a stable system/ the vibrations will be damped 

until the amplitude of the command current becomes equal to ip. 

The hodograph will again pass through C(l, iO); the system returns to 

the starting unperturbed motion. 

If in a system vibrating with amplitude ip,one decreases slightly 

the amplitude, then the curve 2 which is associated with unstable 

motion will become the hodograph. The amplitudes will increase until 

they again reach i which is associated with a hodograoh shown as 

curve 3; the system again returns to its initial motion. 

Consequently,the vibrational motion characterized in the complex 

plane by point C(l, 10), is stable. These are Indeed auto-oscilla- 

tory conditions. The frequency of the autovibrations, practically 

speaking, differs little from the natural frequency of the elastic 

vibrations of the rocket fuselage. 

The time plot of vibrations is shown in Figure 5.20. 

% 
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Figure 5«18 
Figure 5.19 

region o'f the epplicability p*,r1i,odl,c 
of linearized equation« .‘»•dilations 

(auto-oscillationa) 

Figure 5*20 

The autovibrations take place in a closed system consisting 

of the fuselage and the control system. The role of the energy 

source in this case is played by the control system. All the loops 

of the dynamic system execute vibrations with the same frequency u>p 

but with different amplitudes. The amplitude of the command current 

i is associated with the amplitude fi of the vibrations of the 

P . 
control element. 

The frequency and amplitude can only be determined by solving 

the nonlinear equations of the closed system. The solution can be 

obtained using the method of harmonic linearization [13]» using 

digital computers or analog computers which include the actual control 

system. In the latter case the properties of such a control system 

will be most completely investigated. 
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If the amplitudes of autovibrations are so small that the linear 

Equation (5.12) can be considered valid, then the amplitude of the 

elastic vibrations of the fuselage can be calculated from this 

equation by setting in it 6 «ôp sin W® shall get 

^ ,ln 

The amplitudes qn^ are determined more accurately v.hen 

•Ï * 

With elastic autovibrations the channel of the angular control system 

is burdened with signals which with respect to the rocket stabilizing 

signals,(the rocket being considered a rigid body),can be considered 

an interference. Since the characteristics of the control system are 

nonlinear, the interference may be able to increase the time constants 

and lower the amplification coefficient which will lead to an 

impairment of stability with respect to other degrees of freedom. 

The elastic autovibrations give rise to lateral inertial loads 

on the fuselage, and therefore, are damaging. But, if the amplitudes 

and frequencies of the autovibrations are small, then the inertial 

loads will be small, and therefore, not dangerous to the fuselage. 

Such autovibrations can be allowed, and to allow them is wiser than to 

stabilize elastic vibrations using complex methods and overcome 

great difficulties. Such a solution, however, should be undertaken 

separately for each case. 

8. Natural Lateral Vibrations of the Fuselage 

For a Rocket with a Revolving Engine. 

If the guidance control is achieved by rotating the main 

engines, then the inertial characteristics of these engines will 

have an influence on the dynamic properties of the rocket [7, 10'j. 
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In order to reveal the dynamic properties of the rocket»we shall find 

the equations of the lateral vibrations of an elastic fuselage lor a 

rocket with a revolving engine. We assume that the engine is 

mounted in the tail section of the rocket,and is a rigid body. In 

addition to the notation introduced in Section 7 of Chapter IV, we shall 

use the following notation: md is the mass of the revolving engine, 

id is the distance from the center of mass of the engine to its axis 

of rotation (the axis of rotation is located ahead of the center of 

mass), Id is the moment of inertia relative to the axis to rotation, 

kd is the coefficient of the angular rigidity of the engine's 

mounting to the fuselage with a Jammed control actuator, Pc is the 

thrust of the control revolving engine, P is the full engine 

thrust, 6 is the angle of rotation of the engine relative to a 

tangent to the bent axis of the fuselage at the point of suspension, 

l is the length of the axis up to axis of rotation of the engine, 

h . is the coefficient of viscous friction, 
d 

The fuselage is in this caf€ modeled by an elastic inhomogeneous 

rod with length l with a rigid body (engine) suspended from a spring 

which is hinged to the right-hand end. The diagram is shown in 

Figure 5.21. 

The equation of the lateral vibrations of the rod subject to 

a slave force was obtained in Section 7 of Chapter IV. It is 

In the given cap.e a rigid body is attached to the right end of 

the elastic rod. The forces of inertia due to the motion of the 

rigid body together with the rod for 0*0, will be included in the 

equation of motion of the rod. For this purpose we shall make use 

of the Dirac delta function (see page 26l). We obtain 

5(w<'>5)+5("m5)+-w5- 
ÄL4't,_"+",(5+'■ïStIL^0 - 

A'(x-0+*(*)-£—*(*. ^ (5.27) 
•l* |fa| •* 
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The forces due to the deflec¬ 

tion of the rigid body by an angle 

6 as well as the lateral component 

Pyõ will be thought of as the 

external forces which in Equation 

(5.27) were denoted in general 

by q(x,t). 

1 T Using the Dirac delta function 

we have 

Figure 5.21 

1(x. t)-PfU(x-1)-mJPi*-D+ 
(5.28) 

where q'(x,t) is the linear aerodynamic force; g* is the longitudinal 

acceleration of the rocket produced by the engine thrust outside of 

the field of the Earth's gravitation. The Coriolis forces will not be 

taken into consideration here. 

We shall apply the Bubnov-Qalerkin method to Equations (5.27) and 

(5.28). The solution will be written as a series 

•• 

where yM(t), «(/) are the generalized coordinates of the rigid rod; 

qn(t) is the generalized coordinate of the elastic /^jratlons; 

fn(x) is the natural oscillatory mode of a rod with free ends in 

the absence of the thrust; x^ is the coordinate of the center of 

mass of the rod without the rigid body (without the engine). 

Upon making the transformations necessary to obtain a system of 

ordinary differential equations by means of the Bubnov-Qalerkin 

method(see Section 8 Chapter IV), we obtain 
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i i 

/•«+V-+p| 

+^+^^-(^(^,0(^-0^. (5.29) 

, ' •• 

«si 
«+« 

+ ^1^^+^,^+^1+^/+^,^4-1 í'(jf, O/»«** 

"#* (#-1,2,...,^), 

where m» is the mass of the rod \nd the rigid body; I* is the 

moment of inertia of the rod and the rigid body relative to the 

lateral axis through the center of mass of the rod; mn# is the 

effective mass of the rod and the rigid body; 

M*—M,+|m(x)áx, 

r-| «(#)(x-JfJFrfx+/,+si4(l-#J,+2«4/4 (/-O. 

¿-jmWAäx+njUt) f 2« A/! (0/.(0+/./.4 (0- 

The coefficients hn and kn are determined from (4.99)» and 

>1»,^ -An, —Bnm— from (4.98). For the remaining coefficients in 

Equations (5.29) the following notation is used: 

*¿1—+/.)• 

^-«.l/.(0+/y.(0l. 

—•*(/—Jf.’f/J. 
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+/^(0/.(01+/^(/)/:(0. 
^¿-««l/.(0+/^(01. 

^-//.(0+-1,((/-^+/,)/.(0+(/--^/^(01. 

fi,,»- V.(0+«///(O* 
^-//.0+^,//.(0. 

where ),(/).)/(/) are the natural oscillatory mode and its derivative at 

the point of suspension of the engine; (f — x*) is the distance between 

the point of suspension of the engine and the center of mass of 

the rod. 

Let us set up the equation of the angular vibrations of the engine 

relative to the axis of rotation. The moment of friction arising 

in deflections of the engine will be taken to be proportional to the 

angular velocity ê. The proportionality coefficient will be denoted by 

hd* 

In a stationary coordinate system Oxy, the engine together with 

the axis of rotation executes a translational movement with 

acceleration S9 in the direction opposite to the direction of the 

coordinate axif Ox, and with acceleration y(l) in the Oy direction. 

In setting up the equation of the angular oscillations of the 

engine, one must take into consideration the forces of inertia rising 

in the translational motion of the engine mrf * and ffijKO . These 

forces are applied at the center of mass of the engine, and are 

shown in Figure 5.21. Assuming the angular oscillations to be small, 

we get 

(5.30 

+^+5^..)+^+^° 
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or 

+2 (^(0+^./.(/)1^+^/,2/^(01.+ 
•-» iS 

+*^*/,»+(* A/r*+*.) «+*,k * o. 
(5.31) 

Assuming that the natural frequencies of the elastic fuselage 

are sufficiently scattered, we shall consider a system with two degrees 

of freedom, namely the elastic vibrations of the fuselage in its n 

mode, and the rotation of the engine. For simplicity we assume 

h ■ h. ■ 0. On the basis of (5.29) and (5.31) we get 
n d 

*• (5.32) 

H«>+-ÿ-(*.+«£*.)-o- 
*a 

f 

Here wn is the partial frequency of the elastic vibrations of the 

rocket fuselage with a rigidly mounted engine, is the partial 

frequency of the angular oscillations of the engine with the fuselage 

kept stationary, mn* is the reduced mass of the rockets 

Ma ». 

¢.-/^(0+^.(0. <5.33) 
i /V/« (i) + id 
--7.-• 

•ï.—. • 
c. 

If the engine executes harmonic oscillations with frequency 

u.i , then on the basis of the first equation in (5-32) one can con¬ 

clude that the oscillations of the engine will not have any effect 

on the nth elastic oscillatory mode of the fuselage. This conclusion 

indicates that the lateral component of the thrust vector is balanced 

by the force of inertia of the engine. This property is very import- 

aht in estimating the stability of the system. 



In American literature is called the engine reaction zero 

frequency. On the basis of (5*33) each mode of the elastic vibrations 

of the fuselage is associated with a frequency «*6 which depends on 

the value of the mode and its derivative at the point of suspension 

of the engine, 

Prom the second equation in (5*32) it follows that if the elastic 

vibrations of the fuselage occur with frequency om , then they will 

not cause any oscillations of the engine. However, «n., 

and as a result this property is of no practical interest. 

Setting in (5.32) 

I-V4. 

we shall obtain an equation for determining the natural frequencies 

of the system in (5*32) as 

(5.34) 

Let the coefficient of inertial coupling 'between the two partial 

systems be denoted by 

If the rocket is controlled by rotating the main'engines (the force 

Pc is large), then «*»••« . Therefore, to a first approximation 

in Equation (5.34) we let We get 

(I -.**) .«-(•! 

Prom this equation one can determine two natural frequencies of 

the system. Multiple frequencies will determine the boundary of 

stability. The condition for the multiplicity of frequencies can 

be found from 

«4+«ï—^-It—VT—ÂÎ—o. 
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The last equality can be tranformed to obtain the equation for the 

stability boundary in the form 

(5.35) 

The boundaries of the stability regions are shown in Figure 5.22. The 

boundaries are constructed from Equation (5*35) in the coordinates 

w./w . b for various values of «*=•*./»* . Large engine reaction 
d n p " 
zero frequencies are assoclateâ with large values of the 

coefficients en. Each value of en corresponds to two boundaries of 

instability — the upper and lower. The region of instability is 

located between them. With an increase of en the region of instabil¬ 

ity tends to grow larger. For en ■ 1, the region of instability 

reduces to a line, and for ei»<l the system is always stable. 

As the mode number goes up the natural frequency of the fuselage 

also rises, and thus the ratio decreases. For low mode numbers, 

this ratio may be , and for high mode numbers <^/«„<1 . 

For «„>1 for all mode numbers <fT the fuselage the ratios “d*“» 

should be such that they lie in stability regions (see Figure 5.22). 

The relations among the partial frequencies, corresponding to the 

stability conditions, can also be expressed in a different manner. 

We shall assume that the frequencies of the elastic vibrations are 

given. Then the stability conditions will be . If , 

then we should have 

Thus, a system with two degrees of freedom — one elastic 

oscillatory mode of the fuselage and a rotation of the engine — will 

be stable if the engine reaction zero frequency is less than even 

one of the partial frequencies wn or u»d. 

V 
Let us consider some characteristic features of the dynamic 

properties of the system with a control actuator. 
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i o,ts ^îô 5«** 
*» * »tablllty region 

Figure 5.22 Figure 5.23 

9. The Effect of the Elastic Suspension of a Rotating 

Engine on the Stability of Motion 

Figure 5.23 shows a scheme of the servomechanism consisting of 

the rotating engine, the control acvuator, the feedback, and the 

amplifier. The axis of rotation of the engine is located on the 

longitudinal axisNof the fuselage. The engine is rotated by means 

of the control actuator. The potentiometer of the negative feedback 

is located between the housing of the hydraulic cylinder of the 

control actuator and the stem. The feedback current 10>C< i‘rom the 

potentiometer enters the amplifier and combines there with the curre 

i^ from the correcting circuit of the control system, and as a 

command current 1 enters the control elements of the control 

actuator. 

The control actuator produces a moment to rotate the engine, 

equal to pFRm, where p is the pressure drop in the cavities of the 

cylinder, F is the area of the pistion, Rm is the lever arm. 

The equation of small angular oscillations of the engine will 

be obtained from (5.30) by setting *d6—We shall have 
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(5.36) 

Under the influence of pressure drop, the piston with the stem of the 

actuator is displaced by w„ , where 6 is the rotation angle of the 

engine, and the hydraulic cylinder moves in the opposite direction by 

(5.37) 

where k_ is the effective rigidity coefficient of the elastic elements 

of the servo and of the mounting of the actuator. In writing (5*37) 

the inertial forces of the hydraulic cylinder were considered negligible. 

The feedback current is proportional to the sum of the displace¬ 

ments of the piston and the cylinder, so that 

(5.38) /«, V A, *„). 

Herem^is the amplification coefficient of the feedback potentiometer. 

Denoting the amplification coefficient of the amplifier with 

respect to the main signal by kc, and with respect to the feedback 

signal by k , and assuming the amplifier to be ideal, we obtain 

an equation for the command current (the input coordinate of the 

control element in the actuator) 

fa* ' A»c¿t.c. (5.39) 

The liquid intake Q across the cylinder is expressed by a non 

linear equation. After linearization this equation is reduced to 

[3, 7, 10]. 
Q-V. 

(5.^0) 
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Here ky is the linearized amplification coefficient of the control 

element i c is the linearized coefficient characterizing the flow of 

liquid from one cavity to the other through gaps between the piston 

and the cylinder, Vm is the liquid volume in the working cavity 

of the hydraulic cylinder, B is the volume modulus of liquid 

compression. *f 

In the right-hand side of the second equation in (5*^0) the 

first two terms express the liquid rate of flow due to the expansion 

of the working cavity of the hydraulic cylinder. The third and fourth 

term express the rate of flow due to the flow of liquid into the cavity 

with a .smaller pressure, and due to the compressibility of the fluid. 

Equations (5>36) - (5.^0) express the dynamic properties of the 

servomechanism. Eliminating from them the variables xm, i, i0tC>» Q» 

and P, we get an equation of the servomechanism 

(5.41) 

Here we used the following notation: 

(5.42) 
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(5.43) 

The induced motion of the servomechanism takes place both under 

the influence of current i^ produced by the correcting circuit of 

the control System^ and due to the lateral motions of the fuselage 

(induced through the suspension point). 

If to Equation (5.41) one adds the equations of the lateral 

motions of the fuselage and the équations of the control system 

(without the servo), then one obtains the equations of the per¬ 

turbed motion of the rocket as a closed dynamic system. The structural 

block diagram of this system is shown in Figure 5.24. The block diagram 

of the servo is delineated there by a dotted line. 

A Lateral displacement of any point on the axis of the elastic 

fuselage will be represented by a series (5-1) or (4.95). Then the 

equations of perturbed motion of the fuselage will be identical with 

Equations (5.29). In Equation (5.41) we must set 

*</)-*„ (<mw(/-*j+2 /. (/)?,(o. 
««i 

✓(o-«w+^/;(Of.w. 
(5.44) 

The linearized equation of the control system without the servo¬ 

mechanism will be 
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I,-**(#)»'(*»>. 
(5.45) 

where Kî^ip) Is a transfer function; 
AU 

îR 

Equations (5.29), (5.41) , and (5.45) together with (5.44) express 

to a first approximation the dynamic properties of the closed system 

shown in Figure 5.24. 

Assuming that the natural frequencies of the system are not close 

to one snother, we obtain from Equations (5.29) and (5*41) 

in view of (5.44) the transfer function of the essential part of 

an open loop, consisting of one n^*1 mode of the elastic vibrations 

of the fuselage and the servomechanism; 

To simplify the analysis,we take hd ■ hn ■ 0, c ■ 0 (no passasge 

of liquid through the hydraulic cylinder), B ■ • (the liquid is incom¬ 

pressible). These assumptions do not change the structure of Equation 

(5.41), but at the same time simplify the formulas for the coefficients 

in (5.42) and (5.43). 

On the basis of (5«41) - (5.44) we have 

[(,+i-)/+.;(,+i-)]«+[*.(,+^-)/+. 
(5.47) 

Here 

K—-lV.«>+»A/.WI- 

. «afíâ/.W 
**—~' 
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Assuming 

t »t ■4,-=-A.» . . 

and adding to (5.47) the equation for the generalized coordinate 

qn — the first equation in (5.32) — we get 

4 "K) 
■hi 

Hence we find 

f-— 

The numerator of the transfer fusion (5.46) is 

*(,). _ W (*>+•*¥'('! ^(jCf) 
"■ V 

Teh Denominator Q’(p) is transformed into the form of two factors 

^(^)-(#+it)K^+4)(^+»î)-4(^+40(^+«t)I. 

Since ktlF>0» the root of the first factor is negative. The second 

factor is a characteristic polynomial of the system (5.32), and its 

properties were examined in the previous section. 

On the partial frequencies, let us now impose the requirements 

that the factor Q'(p) with respect to p2 has two different real 

negative roots (the system has two different natural frequencies 

and (»2): 

O'(>) -(^+-^-)0 - W+^)(^+-9- 
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Setting p * lu,we obtain the complex transfer number as 

■Ü4—* 

+ ^)(-2-“*) (5.A8) 

where 

For a rod with free ends the ratio ft for any oscillatory mode. 

Therefore, It Is always true that the real number ^„>0 . 

Depending on the sign of the product of the two numbers M0ft(*¿ 

the hodograph of the complex transfer number (*•) in the complex 

plane ZmU+lV may start (for «-0 ) either at the positive half¬ 
axis U if the product is negative or at the negative half-axis U if 

the product is positive. In the first case the phase angle f¿.a(0)«0, 

in the second tM(0)-n . 

Since the function 
V 

is the complex transfer number of the servomechanism, we shall combine 

it with the complex transfer number of the control system 

ih+fc' 

The remaining part of (5.^8) will be considered a complex transfer 

number of the controlled object which has the form 

(5.49) 

where 
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Y == •/•i» 

*m(<Y)- 

and «i. «ï are the natural frequencies of the elastic fuselage with an 

elastically suspended rotating engine; it will be agreed that . 

In the previous section it was shown that the natural frequencies 

and Mg of the system will be real and discrete if the following 

conditions are satisfied: 

When •»«>«11, then we should hâve 

We shall assume that the partial frequencies u>n and wd 

are not close to each other, and that the frequencies of the system 

differ very little from the partial frequencies. Without loss of 

generality, we take «i>on. Then between the engine reaction zero 

frequency and the frequencies cf the system two relations are 

possible: 

(5.50) 

(5.51) 

Now let us consider the properties of the complex transfer 

number (5.49). Partial characteristics of*'., Uv) for (5*50) are 

shown in Figure 5.25, and for the relation (5.51) in Figure 5.26. In 

the first case the phase frequency characteristic f».« (v) starts with 

at frequency »«i , increases to 2v , and at the natural 

frequencies «2 and it suffers a Jump of n in the direction of 

phase lag. In the second case the lag alternates with a lead, and as 

a result the phase frequency characteristic lies between it and zero. 

FTD-HC-23-461- 69 353 



Inertial] 
' ouplingT 

loop—3 

actuator 

servodrive 

re 
SÎISJg' '“"“ü; '»'¡“ï-J 
‘cóítííí[“fe%7 
actuator!' ! .r—- *—i 

‘•i 
kinematic 

Li^Pj 
fêedbãcU^_I 
~j loop jjL 

■E orracting loop 

Figure 5*24 

Because of friction, the flow of liquid In the hydraulic cylinder, 

and the compressiblity of the liquid, the frequencies of the system 

u>1 and u2 change slightly, and, which is most important, the modulus 

of the complex transfer number is finite at the natural frequenciest 

The hodographs of the complex transfer numbers KM(fv) 0<y<w 

with account taken of the energy dissipation in oscillations are 

shown in the complex plane Z ■ U + iV in Figure 5*27 and 5*28} 

Figure 5.27 corresponds to the inequality in (5*51)t and Figure 5*28 

to the inequality in (5.50) 
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Figure 5.27 Figure 5.28 

Ir* 

The graph of K*r<,liY) up to the constant multiplier in (5.49) 
expresses the amplitude phase frequency characteristic of the 
controlled object consisting of the elastic fuselage and an elastic- 
ally suspended rotating engine. 

The constant factor in (5.49) changes the hodograph scale 
(see Figure 5.27 and 5*28); if the product MOf¡(*r)<0 , then signs 
are reversed in both the real part U and imaginary part V of the 
complex transfer number. 

On the basis of the graph of MKone can formulate the 
requirements on the phase frequency characteristic of the control 
system AacU«) Just as it was done in Section 4. Let us use the 
Nyquist frequency criterion, and for this purpose let us consider the 
phase frequency characteristic of the entire open loop. 
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instability region^ 
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instability region(»j) 

1 

Figure 5.29 

We assume that the phase frequency characteristic of the control 

system is as shown in Figure 1.19. The phase frequency characteristics 

of the controlled object for various relative values of the 

characteristic frequencies are shown in Figures 5-25 and 5.26. 

If the inequality (5*50) is satisfied) and 1 then 

the system will be stable when the relative values of the character¬ 

istic frequencies are the following: 

• **<•,<«,, •*<•,<«!■, «•<•!<■*. 
(5.52) 

If U(t)t» then the system will be stable when 

< *| < •»» •*<■!<■*. (5.53) 

The regions of stability corresponding to (5.50) and the 

relations (5.52) and (5.53) In the coordinates Ml)/„'(«r). are shown in 

Figure 5.29. The regions of instability, corresponding to the 

frequencies w1 and w2 are also shown there. In order to stabilize the 

motion,the frequencies of the system and Wg 8hould between 

various characteristic frequencies of the control system. 
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Figure 5.30 

In Figure 5.30, the stability11 regions correspond to the in¬ 

equality (5.51). In contrast with the relation (5*50) here the 

frequencies of the system u>1 and w2 may be located between the 

same characteristic frequencies of the control system. For example, 

the system will be stable for fj|W«(V<0 lf +><*<•+• 

In the above considerations!we dealt everywhere with the lin¬ 

earized *system of equations. InWliality the coefficients kv, c, h^, 

depend qn the amplitudes, velocities, and pressures in the cavities of 

the hydraulic cylinder, and therefore the properties of the real 

system may differ considerably from the properties of the linearized 

system. 
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