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N. L. Johnson and J. 0. Kitchen
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1. Description
If Z 1s a unit normal variable and
Z = y+ 3§ Log[(X-£)/(E+X-X)]
(6 >0; g<X<g+12),
then X has an SB distribution [1].

Estimaticn of £, A, v and § from the first four moments of X has
been described in [2], which contains tables to assist the calculations. It
often is the case that tne range of variation of X 1is known in advance. In
: such cases, £ and ) are known, and it is only necessary to estimate the
parameters Yy and 6. This may be done using the first two moments of X.

If Y = (X-£)/A, then

Z = y+ 6 Log [Y/(1-Y)]
and the distribution of Y depends only on y and 6. Values of y and §

are obtained by solving the equations

mean Y = A—l[(mean X)-£} = ui(y,d)

and
8.d. Y = 2 ls.d X1 = 0(v,8)
(4.d. = 'standard deviation').
Table 2 gives solutions of these equations for y and 6. Values of ui
é (mean Y) and o (4.d. Y) are at intervals of 0.0l. Since

(mean 3{)2 + (5.d. Y)2 = (mean Yz) < mean Y




(because 0 <Y s 1), 1t follows that
o® < uj(L-uy).

For each value of ui, values of o0 are given, in dercending order,
from near the upper limit of /EI?I:EIT down to a value not exceeding ©.05.
The lower limit varied with difficulty of computation (see Section 3). For
very small values of o, a lognormal distribution is likely to give good ap~
proximation. Except for small values of ¢ (< 0.10, say) linear inter-
polation for y and &, with respect to both ui and o, gives quite good

results, though second differences for & are desirable for o < 0,20,

2. Example

As an example, we will consider the data used in [1] (Example 1, Table 4).
The first two columns of Table 1 show the observed distribution to be fitted.
As in [1], two curves were fitted:

(1) Assuming that the groups corresponded to X values -0.5 to 0.5,
0.5 to 1.5, ..., 2.5 to 10.5.

(2) Assuming that the groups were 0 to 0.5, 0.5 to 1.5, ..., 9.5
to 10.

In each case, the mean and standard deviation were computed on the as-
sumption that all values were concentrated at the —fd-point of the group. The

calculations are summarized below.

X Y
AN : AN
Grouping “mean  a.d. “ mean  &.d. ¥ 8
(1) 6.1125 4.1358 0.601 0.376 -0.2838 0.2860
(2) 6.0087 4.1775 0.601 0.418 -0.2658 0.1770.

The fitted frequencies are shown in the third and fourth columns of

Table 1. As in [1], the choice (2) of group boundaries gives much the better
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fit. The values in the last two columns of Table 1 are reproduced from [l].
The SB curves here were fitted by making the frequencies in the first and
last groups agree with the observed values. Fitting by moments gives worse

results in these two groups, of course, but with grouping (2) gives better

results in the middle of the distribution.

Table 1.

Degree of Observed Fitted by moments Fit!: i1 by percentile points

cloudiness frequencies SB(l) SB(Z) SB(l) SB(Z)
o 320 292.3 369.4 320.0 320.0
1 129 115.2 116.3 100.9 120.9
2 74 82.7 67.4 73.9 72.0
3 68 73.3 53.4 63.8 57.5
4 45 68.4 47.9 59.8 52.1
5 45 68.5 47.0 59.9 51.6
6 55 72.6 48.1 63.4 54.9
7 65 85.8 59.5 72.0 63.9
8 90 98.4 77.1 90.0 85.5
9 148 159.7 144.9 135.4 160.7
10 676 607.0 684.1 676.0 676.0

3. Caleculation of the Tables

The generation of these tables for ui # 0.50 was carried out in the
same basic manner as that described in [2] for finding § and y as functions
cf /E; and 62. However, as a result of the curvature of curves § =
constant, for small 6§ 1in the (u,0) space, it was found necessary to do
the calculations which involved small values of &§ 1in the (ui,ué) space
(“é =g +“i2)' Also, the extreme curvature of curves for fixed & and fixed
v and the small angle of intersection between such lines in most regions of

the (ui,c) space when ¢ was greater than 2 and in some regions when §

was as small as 0.5 precvented the use of this space for all of the calculations
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Anticipating some difficulty with the curvature of these spaces, a table
consisting of values of ui, ué and ¢ as functions of 6§ and y, for ¢
between 0 and 6 and y between 0 and 8§ was generated. For each value

of !

i desired, values of o were generated in decreasing order and the

corresponding values of ué calculated. The (ui,ué space was then
searched for an appropriate 'quadrilateral' and this ‘quadrilateral’ subdi-
vided as in the previous set of calculations. When, because of the extreme
curvature of the curves for fixed 6§ and fixed y 1in this space, the en-
larging technique described in [2] did not work satisfactorily, the program
would try for the next values of ui and o. Since the calculations were
done fur-only a few values of ui at a time, it was usually possible to sclect
a value of & for defining a boundarv for the useful part of the (u{,ué)
space fer the next few values of ui Beyond this boundary, the program would
use the (ui,c) space for the necessary calculations.

Because of some uncertainty in the appripriate choice of the above §
boundary for each ui, the results for some of the desired points were not
obtained in the first series of calculations. These points were ignored until
later when all such points were collected together and the program alterad
slightly to handle these points in the appropriate choice of space.

For ui = 0.50, values of o were generated for various values of ¢
between 0O and 6. An interval containing the desired o¢ value was then se-
lected and repeatedly subdivided to obtain the desired result.

All of the subdividing procedur: were continued until the values cf both
ui and 0 were correct to within tolerances of 0.00001. The results were

then rounded as in [2] to obtain the published results.
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TABLE 2
u{ = 0,5
(y = 0) (y = 0)

o § o §
0.49 0.0248 0.26 0.7143
0.48 0.0493 0.25 0.7618
0.47 0.0736 0.2 0.8125
0.46 0.0977 0.23 0.8669
0.45 0.1219 0.22 0.9254
0.44 C.1462 0.21 0.9886
0.43 0.1706 0.20 1.057
0.42 0.1954 0.19 1.132
0.41 0.2205 0.18 1.215
0.40 0.2462 .17 1.305
0.39 0.2723 0.16 1.407
0.38 0.2992 0.15 1,520
0.37 0.3267 0.14 1.649
0.36 0.3551 0.13 1.796
0.35 0.3845 0.12 1.965
0.34 0.4149 0.11 2,164
0.33 0.4465 0.10 2.401
0.32 0.4794 0.09 2.689
0.31 0.5138 0.08 3.046
0.30 0.5498 0.07 3.5
0.29 0.5877 0.06 4,107
0.28 0.6275 0.05 4.951

0.27 0.6696
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0.09 1.384 2.507 0.09 1.480 2.478 G.0% 1.574 2.446
0.10 1.247 2.238 0.0 1.33h4 2.212 0.10 1.415 2.185
0.11 1.135 2.017 .11 1.214 1.994 0.11 1.291 1.969
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0.15 0.8368 1.u4l15 0.15 0.8956 1.399 0.15 0.9533 1.381
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2.1%
2.073
1.969
1.879
1.802
1.735
1.676
1.624
1.579

1.539
1.505
1.476
1.452
1.433
1.618
1.409
1.405

1y

0.08

)

2.489
1.883
1.519
1.274
1.096
0.9591
0.8497

0.7589
0.6816
0.61uk
0.55u46
0.5008
0.4517
0.4062
0.3638
0.3237
0.2855

0.2488
0.2132
0.1784
0.1440
0.1097
0.0753
0.0u404
0.0047
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0.22
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5.927
L.o0k
3.828
3.319
2.959
2.691
2.483

2.315
2.178
2.063
1.966
1.882
1.810
1.747
1.692
l1.6L44
1.603

1.568
1.539
1.515
1.496
1.483
1.477

0.07

2.217
1.683
1.362
1.145
0.9869
0.8645
0.7657

0.6830
0.6121
0.5498
0.4941
0.LL35
0.3969
0.3534
0.3124
0.2733
0.2357

0.1991
0.1633
0.1277
0.0921
0.0561
0.0194

0.02
0.03
0.04
.05
0.06
0.07
0.08
0.99

0.10
0.11
0.12
0.13
0.1%
0.15
0.16
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0.19
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0.23

.035
.56k
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.631
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2.286
2.159
2.053
1.963
1 886
1.819
1.762
1.712
1.670
1.635

1.606
1.583
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7.351
5.160
4L.104
3.485
5.078
2.787
2.568
2.396

2.256
2.141
2.045
1.963
1.893
1.834
1.783
1.741
1.706
1.679

1.659
1.648
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0.05

8

2.434
1.662
1.278
1.044
0.8836
0.76306
0.6689
0.5900

.5227
L4630
4101
.3613
.3158
2727
L2314
.1915
0.1521
0.1129
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| ui a 0,04 ui = 0,03 ui = 0,02
(o} Y 6 o Y ) o} Y $

V.02 6.582 2.000 0.02 5.733 1.564 0.02 4.833 1.135
0.03 4.719 1.383 0.03 4.251 1.104 0.03 3.778 0.8274
0.04 3.825 1.074 0.0 3.537 0.8690 0.04 3.252 0.6606
G.05 3.299 n.8832 6.05 3.109 U.7194 0.05 2.32¢& 0.5475
.06 2.949 0.7497 0.06 2.819 0.6110 0.96 2.696 0.4608
0.07 2.696 0.6478 0.07 2.8006 0.5256 0.07 2.525 0.5888
0.08 2.504 0.5655 0.08 2.44. 0.454k 0.08 2.393 0.3.°9
0.09 2.352 0.4959 0.09 2.312 0.3925 0.09 2.288 0.26385
0.10 2.228 0.4351 0.10 2.207 0.3368 0.10 2.206 0.2143
0.11 2.126 0.3806 0.11 2.12¢ 0.2856 0.11 2z.141 0.1619
0.12 2.041 0.3306 0.12 2.048 0.2372 0.12 2.994 0.1096
0.13 1.969 0.2839 0.13 1.990 0.1905 0.13 2.064 0.0561
0.14 1.909 0.2395 0.1 1.945 0.1445
0.15 1.859 0.1967 0.15 1.911 0.0986
6.16 1.818 0.15%45 0.16 1.889 0.0517
0.17 1.787 0.1125 0.17 1.881 0.0030
0.18 1.765 0.0701

0.19 1.753 0.0267

ui = 0.01
g Y )
0.04 2.988 0.4289
0.05 2.761 0.3429
0.06 2.599 0.2693
0.07 2.481 0.2015
0.08 2.396 0.1355
0.09 2.344 0.0680
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