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Corrections to 

"Oi the Exact Distributions of the Traces of 5.(5.+ 5,) 1 and S.Sl 
ARL 70*0241 112 17 

P. R. Krishnaiah and T. C. Chang 

1. 'hiltiply the left side of Eq. (21) by v!. 

2. Delete v! on tl« right side of Eqs. (2.5) and (2,6). 

3. Oh lines 12*13 of page 3, replace "the mmbcr of factors a.. 
(i«j)" with "the number of terms in the sunmation". 
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FOREWORD 

This report vas prepared for Applied Mathematics Research Laboratory, 

Aerospace Research Laboratories by P. R. Krishnaiah and T. C. Chang under 

Project 7071, ’’Research in Applied Mathematics”. Part of the work of 

T. C. (hang was performed at the Aerospace Research Laboratories while in 

the capacity of an Ohio Sute Uhiversity Research Foundation Visiting 

Research Associate under Contract F 3361S C 1758. The present affiliation 

of T. C. Chang is the Uhiversity of Cincinnati. 

In this report, the authors derived the exact distributions of the 

traces of two random matrices that arise in multivariate statistical 

analysis. 
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ABSTRACT 

In this paper, the authors derived ♦he exact 

distributions of the traces of 1 and ♦ S2) 1 where 

Sj and S2 are independently distributed as central Wishart 

matrices and the expected values of these matrices are the 

same. The method used involves expressing the Laplace 

transformations in terms of the linear combinations of 

products of certain double integrals and then taking the 

inverse Laplace transformations. 
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1. Introduction. The distributions of the traces of Sj(Sj* S2)’1 and 

Sj S2 * are quite useful in the applications of certain test 

procedures (e.g; see [6, 10, 12]) in multivariate analysis. 

(Unless otherwise specified, we will assume that S1 and S2 

are independently distributed positive definite central 

Wishart matrices of order p x p and with n^ and n2 degrees 

of freedom respectively.]) The exact distribution of V was 

derived by Nanda [9] for p ■ 2, 3, 4, and m ■ 0 when V denotes 

the trace of Sj(Sj ♦ S^*1 and m ■ (nj - p - 1)/2. Using 

the method of Nanda [9], Pillai and Jayachandran [13] derived 

the exact density of V when p-3, m*l,2,3 and p ■ 4, m * 1; 

they have also constructed exact percentage points for p ■ 3, 4 

and a few values of m. The exact density of Tq where Tq - n2U 

and U denotes the trace of S^S2 * was derived by Hotelling [6] for p«2' 

Constantine [1] derived the non-null density of T? for T2 < 1 
u 0 

in terms of the zonal polynomials. Pillai and Chang [11] 

obtained an expression for the density of U for p * 3 by 

transformation of variables. Recently, Pillai and Young [14] 

gave an expression for the distribution of T*j as a linear 

combination of the inverse Laplace transformations of certain 

pseudo - determinants when m is an integer; explicit expressions 

for the inverse Laplace transformations of these pseudo¬ 

determinants are evaluated in [14] for p ■ 3, m » 0(1)5, and 

p - 4, m » 0, 1,2. Exact percentage points of the distributions 
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of tJ are available in the literature (see (4]#lS],ll4])for p-2,3,4 and for somb 

values of a. Qavis (3] has shown that the density of ij satisfies an ordinary 

linear homogeneous differential equation of order p. The nonnull densities of 

U and V were derived by Pillai and Jayachandran [12J for p-2. 

In this paper, the authors expressed the exact distributions of V and U, for 

any p and a, as linear combinations of the inverse Laplace transformations of tho 

predicts of certain double integrals. The motivation behind considering the 

distribution of V in this paper is that it is not known*for general p and a. The 

method considered here is different from the one considered by Nanda [9] and it 

has the advantages over Nanda's method as p and m increase. In the case of the 

distribution of U, the inverse Laplace transformations of the products of double 

integrals encountered here are easier to evaluate than the inverse Laplace trms- 

formatims of the pseudo-determinants that arise in Pillai and Young [14J; this 

is the motivation behind considering the distribution of U in this paper. It 

should be pointed out here, however, that the complexity of the explicit evalua¬ 

tion of the inverse Laplace transformations encountered in this paper and [14] 

increases as p and m increase. The authors have discussed about the explicit 

evaluation of the inverse Up lace transformations encomtered in this paper and 

illustrated them for p-2 and ia-1. 

•Khatri and Pillai (Ann. Math. Statist.?? 215-226) gave an expression for the 
noncentral distribution or V in terms of zonal polynomials but it is not of 

much practical use since it is valid only when V<1. 
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2. Frei iminaries. The inverse and determinant of a 

square matrix M is denoted by M*1 and |M| respectively. 

Also, let L(t;f) denote the Laplace transformation of f. 

If A ■ (a^) is a skew-symmetric matrix (that is, 
} 1/2 

A ■ -A') and A is of even order (say 2v), then |A| is 

known as a pfaffian. It is also known (see [2 , p. 521]) 

that the pfaffian can be expressed as a polynomial as follows: 

(2.1) |A| 1/2 I * ai 4 *4 4 
ili2 V4 li 2v-l12v 

where the summation is over all permutations ll.of 

1, 2.2v subject to the restrictions ij^ < i2, ij < i|,..,i2v_i < i2v 

and the sign is positive or negative according as the 

permutation is even or odd; here we note that the number of 

factors < j) in (2.1) is equal to 1.3...(2v - 1), We need 

the following notations in the sequel. 

Let 

(2.2) p(t,*;q,r,L,N) • / 

L<x 

, . q r q q 
/ / n {x[ij>(t,x4)) n (x1 - X.) n dx,, 

i-l 1 1 i>i 1 J i»i 1 
<x1<...<x <N J 

w e 
Fjit) - / Fs(t,e)eu*(t,0)de , Fs(t,e) - ^(t,x)xsdx, 

and 

- F“(t) - F*(t). 

0 

3 
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In addition, let 

(2.4) A(t,*;2v,r,L,M) 

0 

^i(t) o 

r*2v-l 
r 

r»2v-l 
r»l 

(t) 

(t) 

1/2 

r»2v-l .i(t) f 
r*l 
r*2v-l (t) 

and let Gu(t,4»;2v ♦ 1, r,L,M) denote the determinant |Au|1^2 

where *u - .u.1>u<1.2vtl and 

«íe need the following lemma in the sequel. 

Lei"”a 2.1 Let i|>(t,x) be a function of x such that the integral 

given in (2.2) exists, and let L < N and r > 0 be real 

constants. Also, let t be real or complex. Then 

(2.5) o(t ,<J»;q,r,L,N) - A(t,iP;2v,r,L^ )/vî 

when q ■ 2v, and 

(2.6) p(t ,4»;q,r,L^) 

when q ■ 2v ♦ 1. 

2v . 
• l (-D Fr4;(t,N)G. + 1(t,4»;2vl,r,L,N) 
• !■() 1 * 4 * 

Mehta [8] proved the above lemw when q ■ 2v and #(t;x) ■ exp(-x^) where 

k is any positive integer. Using the method in (8J, Krishnaiah and (hang (7] 

established that the lean is true in general. 
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We need the following lemmas also in the sequel. 

Lemma 2.2. Le t 

(2.7) 

where 

(2.8) 

where 

and 

Lemma 

(2.9) 

where 

(2.10) 

1 e u u 
R(t;r,r»k) * / / exP (*t(x ♦ 0))(xr0r‘,>k - xr*k0r)dxd0 

k is a non-negative integer, r ^ 0, ihen 

R(t;r,r*k) - ¡-1- [2(l/2)i‘1(2r *k ♦ i). .I(2t;2r+k*l) 
i»l (r ♦ i). X*A 

-exp (-t)(r ♦ k)i.1I(t;r ♦ k - i ♦ 1)] 

1 h 
I(at;b) ■ / exp (-atx)xDdx for b > -1, 

0 

(x)n - X(x - l)...(x - n ♦ 1), (x)o - 1. 

Z.3. Let 

S(t;r,r ♦ k) - / / exp {-t(i ♦ i))(xr0r4k - xr+k0r)dxd0 
0 0 x 0 

k is a non-negative integer, r > 0 and Re(t)> 0. Then 

Jç 
S(t;r,r ♦ k) - [ ^'2t^ [(r ♦ i), ,g(t;r ♦ i ♦!,!) 

i-1 (r ♦ k ♦ 1)¿ 1 1 

* (1/2)11 (2r ♦ k ♦ 2) j .jgft ;2r ♦ k ♦ 3,2)] 
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where Re(t) denotes the real value of t, and 

• a 
(2.11) g(t;a,b) - / exp (*tz)/(l ♦ £) dt. 

0 D 

The above two lemmas can be proved using integration by 

parts. 

3. Distribution of the trace o^5^(8^ ♦ Sj)"* . Let S1 

and $2 be independently distributed as central Wishart 

matrices with n^ and n2 degrees of freedom respectively and 

let EfSj/nj^) ■ E(S2/n2) ■ ï. Also, let 6p > 6p j >••*> 6^^ 

be the latent roots of SjCSj ♦ S^"1. Then, it is known 

(see Roy [15]) that the joint density of 6^,...,6^ is given by 

P p 
(3-i) g(ei.en) * c (pr,m) nteTd - e )m} n (e. - e.) 

where 

C(p,r,m) 

o < e. < • • •< e <1 
1 p 

-frf p? Pp(r + rn ♦ p ♦ 1) 

rD((2r ♦ p ♦ l)/2)T ((2m ♦ p ♦ 1)/Zr (p/2) 

r (a) - tt?(P-D/4 P r(a . l(i . 1)} ( 
P i-1 L 

r - (nj - p - 1)/2 and m » (n2 - p - 1)/2. 

Then the Laplace transformation of V = 6. is given by 
i-1 1 
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(3.2) 

L(V;t) - E (exp (-tV)} 

- C(p ,iyn)p (t ;p ,r ,0,1) 

where » exp(‘tx)(l - x)m. Using Lemma 2.1 and 

Equation (2.1), we obtain 

(3.2a) ¿(V;t) - I t b. . (t)b- • (tj.-.b, . 
q'. 1ll2 13l4 12q-l ,12q 

(t) 

and 

when p ■ 2q, 

(3.2b) L(V ;t) (-l)UBrtu(t,l) 

Uut », i (t)b. - (t)...b. • (t)} 
1l12 13l4 12q-l , 2q 

when p *■ 2q ♦ 1. 

In the above equations b^ is equivalent to f|*£_j(t) when 

L - 0, N - 1 and i|i(t,x) * ^^(t.x). Also, in Equation (3.2a), 

the summation is over all permutations -^q ** 2,...,2q 

subject to the restrictions i^ < Í2»Í3 < *4»,,,**2q-l < ^2q 

and the sign is positive or negative according as the 

permutation is even or odd. In Equation (3.2b), £u denotes 

the summation over all permutations i^,...,^^ of 

1, 2.u , u ♦ 2.2q+l subject to the restriction 
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il < i2»i3 < A4.i2q-l < ^2q and the si8n is positive 

or negative according as the permutation is even or odd. 

Also Br+u^t’1^ is equivalent to the value of Fr+ (t,l) when 

L ■ 0 and i</(t,x) ■ ^(t.x). Now, taking the inverse Laplace 

transformation of (3.2a) and (3.2b) the density function 

of V is given by 

(3.3,) f(V) . SÍEíifJíl ¡ * h(i 
4 • 1 

and 

when p - 2q 

(3.3b) f(V) qT u»0 

^u 1 hu(ll.12q;V^ 

when p ■ 2q ♦ 1 

where h(i^,...,12^;V) is the inverse Laplace transformation of 

bilÍ2(t),,‘bi2q 1 izq^^ and hu^il ’ • • • »^q ;V^ is the inverse 

Laplace transformation of B (t,l)b. . (t)...b. (t) , 
12 12q-l ,12q 

and the summations I and £u are defined in the same way as in 

(3.2a) and (3.2b) respectively. The signs t in (3.3a) and 

(3.3b) depend in the same way as in (3.2a) and (3.2b) respectively. 

We will now discuss as to how to evaluate h(ilf...i, ;V). 

(The evaluation of ^(ij ,... ;V) requires slight change.) 

When <Kt,x) ■ ^(t.x), ws know that 
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(3.4) f|(t) • I J (J )(J )(-l)*1 a2 
aj-0 a2-0 al a2 

Î ? , i+ai J+a? 3+ai 
X / / exp {-t(x ♦ 9))(x i9 ¿ - X 10 Z)dxd0. 

0 0 

The above equation can be rewritten as follows : 

(3.5) fjkt) ■ I (")2R(t;i ♦ a. j ♦ .) 
a»0 

* l (ï )(" )(-l)V*2[R(t¡i . a j . a,) 
al<a2 12 1 ¿ 

♦ R(t;i ♦ a2,j ♦ a^] 

where R(t;r,r ♦ k) is defined by (2.7) and 

R(t;r,r ♦ k) - -R(t;r ♦ k,r). Now, using (2.8), (3.3a), (3.3b) and 

(3.5) , we observe that the evaluation of f(V) depends upon 

finding the inverse Laplace transformations of the linear 

combinations of terms of the form 

n exp {- c.t)I(ait;ß.) 
i"l * 1 1 

»«tere ai - 1 or 2, ßi » 0 and 

c^C 0 « Cj < [^1]) are integers, and [(p+l)/2 denotes the integral part of 

(p*l)/2. Let I* (s; o^, 6^, c^) be the inverse Laplace transformation of 

I*>i t; ßjjexpi-c^t). Then 

ßa+1 ß. 
(3.6) I*(s; «j, ßj, Cjç) - (1/oj) J (* ‘ Cfc) J 

cY<s<ck**i 
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since 

0. + 1 Ck+Cli ß. 
(3.7) Ifo^tjßjJexp (-c^t) * (1/a^) -1 / exp (-ty)(y - c^) My. 

In general, when p > 2, the inverse Laplace transformation of 

[(P»«/2] 
n exp {- c t)I (a. t ;0. ) involves the evaluation of [‘^-J-fold 

i-1 ill ¿ 

convolution integral. We will illustrate the evaluation of 

f(V) when p - 2 and m ■ 1. In this special case, the density 

of V “ öj e2 is given by (3.3a) 

(3.8) f(V) - C(2,r,l)h(l,2;V) . 

But, h(l,2;V) is the inverse Laplace transformation of 

b12(t). By (3.5) 

.r+1 
(3.9) b:>2(t) * fr (t) * R(t;r,r ♦ 1) ♦ R(t;r + l,r +2) - R(t;r,r +2). 

Finally applying lemma (2.2) and Equation (3.6) we have 

'cU.r.lHOjOO 0 < V < 1 
(3.10) f(V) 

where 

C(2,r,1)(^00 ♦ ^2(V)) 1 < V < 2 

¢1 (V) -—(l/2)2r+?(V2r+2 - V2r+3) + —(l/2)2r+iV 2r+4, 
r ♦ 1 r ♦ 2 

*2(V) 1 -(V - l)r+2 - —i—(V - l)r+2. 
r ♦ 1 r ♦ 2 



4. Distribution of the trace of S^-1 . Let S1 and S2 

be as defined in the previous section. Then the joint 

density of the latent roots X^,...,Xp of S^S2 * known (see 

Roy [15]) to be of the form 

(4.1) fiX..X ) - C(p,m,r) n {X?(l ♦ X. ) *(m+r+p+1)} n (X. - X.) 
A P i-1 1 1 i>j 1 J 

0<X, < ...<X < 00 
1 p 

where r,m and C(p,rr.,r) are defined in the previous section. 

Now, let U » f Then the Laplace transformation of U 
i * 1 1 

is given by 

(4.2) L (U ;t.) « /•••/ exp {-t \ X.}f(X..X ) 0 dX. 
Rx i-1 1 1 p i-1 1 

where Rj : (0 £ X^ <^ .. .£ X < «} and Re(t)> 0. As in [14], we 

make the transformations 

Xj. " ^ Xp-i + li ’ 1 * 1 »* ’ * »P* 

Then, we obtain 

(4.3) L(U;t) - C(p,m,r) exp (pt)o(t ,i]»2 ;p ,r ,0 ,1) 

where 4>2(t,x) - exp (-t/x)(l - x)m. Using Lemma 2.1 and 

Equation (2.1), we obtain 

(4.3a) L(U;t) - (ptl ^ ± (t)c (t).. c (t) 
qi 'l^ 3^ 12q -1, X2q 

11 



and 

when p - 2q 

(4.3b) L ( U ; t ) C(£_^Lr)exp (pt) 

qî u-0 
C-i)ucr+u(t,i) 

ci i (t)c. . (t)...c. 
1112 1314 12q-l ,12q 

(t)} 

when p - 2q + 1. 

In the above equations ci;j(t) is equivalent to when 

L * 0, li ■ 1 and ii»(t,x) ■ (*>*)• The summation and the 

signs + in (4.3a) are defined in the same way as in (3.2a) 

whereas the summation ^ and the signs Î in (4.3b) are defined 

in the same way as in (3.2b). Also Cr+u(t,l) is equivalent 

t0 Fr+u(t,1) when L “ 0 and ^(t,x) « \p2(t,x). The density 

function of U is given by 

(4.4a) f(u) - £CEJU£l J t Jdj.i2q:U) 

when p ■ 2q 

and 

(4.4b) f(IJ) - ílEiüLtll (.jjU 
q I u-0 

x <iu " ^u^1! * * * * ,i2q ;U^ 

when p - 2q ♦ 1 

12 



where J(i^ ,... ;U) is the inverse Laplace transformation 

Of «p(pt)elil2(t)...cÍ2q andJ^ij.i2q;U) 

is the inverse Laplace transformation of 

C + (t,l) exp (pt)c. . (t)...c. . (t), and the 
V2 hq-l^Zq 

summations and the signs t in (4.4a) and (4.4b) are defined 

in the same way as in (4.3a) and (4.3b) respectively. The 

evaluation of terms of the form JUj.^ ;U) is 

discussed below. (Again the evaluation of 

requires only slight change) 

When t|>(t ,x) * *s seen that 

*^2q 

(4.S) fl(t) “ [ («J S(t;i ♦ a, j ♦ a) 
a-0 

al*a2 

al< a2 1 
* l ‘ ♦ aj, j ♦ a2) 

+ S(t;i ♦ a.2, j ♦ a^) ] 

where S(t;r,r ♦ k) is defined by (2.9) and 

S(t;r,r ♦ k) * -S(t;r + k,r). Now using (2.10), (4.4a), (4.4b) 

and (4.5), we observe that the evaluation of f(U) depends 

upon finding the inverse Laplace transformations of the linear 
[(p+1)/21 

combinations of terms of the form n g(t;olfß.) where 
i-1 * J 

8(t, «¿i ßj) i» defined by (2.11). 

13 



Let us denote the inverse Laplace transformation of 

g(t ;a^ ,6^) by g^isja-.S^. Then the inverse Laplace 

k 
transformation of n g(t;a.,ß.) is the convolution 

i-1 1 1 

g * (s ; (Xj , ß ^ ) a g (s ;a2 »é^) 

In particular 

(4.6) g*(s;a,ß) ■ ßa/(ß ♦ s)a 

and 

* a s 
g (s;a1 .ßj) A g (s ;a2 ,ß2) - / 

.* g (s;ak,ßk). 

0 < s < ® 

at a7 
ß^ ß2^ dx 

(ß1 ♦ x)0l(ß2 ♦ 

For illustration , we write below explicitly the density 

of U for p * 2 and m » 1. In this special case, the density 

of U ■ Xj ♦ X2 is given by (4.4a) 

(4.7) f(u) - C(2,1,r)J(1,2;u) 

But J(l,2;u) is the inverse Laplace transformation of 

exp(2t)c12(t). By (4.5) 

(4.8) c12 (t) - fj+1(t) - S(t;r,r ♦ 1) ♦ S(t;r + 1, r ♦ 2) 

- S(t;r,r ♦ 2). 

14 



Finally applying lemma 2.3 and Equation (4.6) we have 

(4.9) f(u) LL2_iiall [(J * u)'(r+2) 
r ♦ 2 

(1 ♦ ÿr(2r+4>] 

. ÇÍLJLill [(i ♦ u)"^r*2^ 
r ♦ 3 

2(1 ♦ £)-(2r*s>* (1 ♦ 

where 0 < u < • . 

IS 
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