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ABSTRACT

I JA method is presented for representing the perform-

ance of a trailing platform in maintaining trail against

a submarine. The process of holding trail, loss, and
unaided reacquisition is modeled as a three-parameter

stochastic process. The parameters have direct physical
interpretations and can readily be related to, or derived

from, empirical exercise data. In addition, the model

also includes a parameter that may be chosen to specify
the length of time out of contact necessary to constitute

a loss. This formulation allows the results of trailing
experiments, which may be available in a variety of forms,

to be used in predicting the effectiveness of trailing

operations.
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I. INTRODUCTION

This paper considers one important aspect of the

problem of trailing a submarine over an extended period

of time. in general, the success of a trailing operation

might depend on such factors as:

1 . The ability of a remote surveillance system
to detect, classify, and localize the submarine.

2. The ability of the trailing platform, to
initiate trail.

3. The ability of the trailing platform to
maintain trail, at least intermittently,
without being counterdetected and with or
without outside assistance.

El The aspect considered here is the ability of the platform

to maintain trail, and to reacquire trail after occasional

losses of contact, without help from external sources.

Although position information that might be provided by

other platforms or by a remote surveillance system could
be helpful in reacquiring contact, it is clear that any

effective trailing platform must have some ability to

recover from contact losses using only the information
obtained during its most recent period of contact.

It is assumed here that trailing is accomplished by

using acoustic sensors to detect noise radiated by the

lln this paper, "trailing platform" means either a single
attack submarine, a single surface ship, or a number of
aircraft operating such that one eircraft is always in
the general vicinity of the submarine.



submarine. Since the trailed submarine might also be

able to detect the trailer, the requirement that the

trailer not be counterdetected would be likely to impose

some constraints on the tactics used by the trailing
platform. Unless the trailing platfor'. has a very large
detection advantage oier the trailed submarine, these

constraints would make the trailing operation an inter-

mittent process, with frequent contact breaks ranging

in duration from a few minutes to a permanent loss of

'I • contact. The cause of a contact break may be a change

in the ambient noise, a change in the submarine's d2pth,
or the local acoustic refraction properties of the ocean,

or it may be due to one of many routine variations in the

submarine's operating procedure. As time elapses since

a loss of contact, regain of contact would become increas-
ingly difficult, due to gradual growth of the location

uncertainty area which must be searched. After a long
period out of contact, the chance of a platform reacquiring

A trail without outside help would become small.

The representation of the "unaided" loss and reacqui-

sition process described in this paper is the basis for a

I'~ submodel that was used in a more general model for esti-

mating the overall potential effectiveness of trailing

operations- [1) The appendix describes how the submodel
computes holding and reacquisition probabilities for use

in this discrete-time trailing model.
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II. GENERAL REPRESENIATION OF TRAILING PROCESS

As a result of oceanographic fluctuations and unknown

tactical operating procedures, the history of contact

breaks in a trailing operation may be thought of as a

stochastic process. This and the following sections

describe a procedure for representing trailing as a

simple stochastic process.

It is assumed that trailing is conducted in a way

which makes the probability of counterdetection by the
trailed submarine negligible. This assumption means that

the "random" tactical changes made by the trailed submarine

will not depend on the actions of the trailer.

Furthermore, it is assumed that, during periods of

contact, the instantaneous probability of losing contact

is independent of how long contact has been held; 1 that

is, the process of losing contact is assumed to be Poisson. 2

Thus, one may define a constant loss of contact frequency,

A0, such that A dt is the probability that a contact
loss of any duration will begin in an interval dt.

Similarly, during periods of loss of contact, one

may define a reacquisition frequency p(t), such that u(t) dt
is the probability of regaining contact in a time interval

dt, given that contact has been lost for a time t. It is

lThis assumption neglects "learning" effects, which might
cause trailing performance to improve somewhat during an
extended period of contact.

20nly time in contact is included in the time variable in
the-process.



I not possible, however, to assume that U(t) is independent
of t, because the reacquisition frequency falls off with
time due to the increasing size of the position uncertainty

area of the submarine. The exact functional form of P(t)

will depend on the particular reacquisition tactics
employed by the trailer, and on the degree of randomnessg of the submarine's motion, but it will always be monoto-

nically decreasing.

Now that the recontact frequency, p(t), has been
defined it is possible to derive an expression for Pr(t),

O the probability that a platform will regain contact at
least once in a time t since loss of contact. The proba-
bility of no regain up to time t' and a regain in the next

interval dt' is

dPr (t') = (i - Pr (t')) u(t')dt'

Rearranging terms and integrating gives

1 dP r j(t')dt'

0

or -4 o p(t')dt'
i lPr =e

and therefore
-f p(t')dt'P'r(t)=1- -e 0

Thus the probability that a lost contact will eventually

be regained is unity only if

f U (t')dt' =

I If this integral is finite, then there is a finite proba-
bility that a loss of contact will be "permanent," unlessg recontact is provided by an external source.

4
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III. GENERALIZATION OF THE DEFINITION
OF THE TRAILING STATE

In the above discussion a submarine was considered to

be under trail only when contact was currently being held,

i.e., when an identified acoustic si.gnal was being received

by the trailing platform. The purpose of this section is

to generalize the definition of the trailing state so that

contact losses of shoft duration are not counted as periods

out of tr'ail. There are two motivations for this general-

ization:

0; Brief losses of contact might be very numerous
but would have little effect on the overall success
of a trailing operation. In a complicated
discrete-time trailing model, it is desirable
to avoid expending a large computational
effort on short-term multiple loss and regain
events which would have almost no effect on the
overall results.

* In compiling exercise data, a contact
loss is usually defined to have some minimum
duration; shorter breaks are ignored. In
order to compare exercise results with the
predictions of the model, or to use such empir-
ical data as input to the model, the model
must be compatible with various definitions
of the trailing state.

Let T be the minimum duration of a contact loss for it to

be considered as a break in trail. Let X(T)dt be the

probability that a contact break of duration T or longer

begins in the interval dt, given that contact was held at

the beginning of the interval. Then

5
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X(e ) the q Probabilaty that a loss of contactlasts foi- a time > T I .

When the quantity 1-Pp(T) is substituted for the proba-

bility in the braces,

C-f"A i(t')dt'

Note that the second factor in A(T) depends on the details
of ;he reacquisition process. It should also be noted

that 1it is not necessary to associate a time (such as T)

with a regain of contact, since any regain, no matter

ohow short, is enough to provide the trailing platform with

the latest information about the submarine's location.

iThe reciprocal of X(T) is the mean holding T H(T) Until

a loss of contact of duration T or longer. In computing

TH(T) from empirical data, all contact breaks shorter than

I T would be counted as time inn-contact.

I
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I IV. SPECIFIC 3-PARAMETER REPRESENTATION

In order to continue the analysis of the loss and

regain process, it is necessary to specify a functional

form for the reacquisition frequency p(t). For very short

contact breaks, which may occur frequently, the trailing

I platform would be expected to take no special action,
but merely wait for the acoustic signal to reappear. The

growth of the uncertainty area during these short breaks

may be neglected, and a constant 1 recontact frequency v
may be assumed. However, the recontact frequency would

gradually decrease for larger time, t, since loss of con-

tact, because it is assumed that the trailing platform

would commence a search procedure involving sweeping out

area at a constant rate within a constantly expanding

area 2 of uncertainty of the target.

The rate at which p(t) decreases with t depends on

many environmental and tactical details. However, it is
reasonable to assume that the shape of the area of uncer-

[ tainty remains approximately constant, while its area

increases with the square of time. This assumption and

the assumption of a constant search rate leads to the

following functional form for u(t):

U(t) 1 + yztz•

[i 1This means that the short-term regalf1 process is assumed
to be Poisson.j! 2 The uncertainty area would be expected to grow roughly as t 2 .



ai Note that 1/y is the time required for the reiontact fre-
quency to decrease by half due to expansion of the area
to be searched. This ti.me is clearly longer if either the

searching platform's search rate is high or if the trailed

submarine's change in velocity is small.

I If this expression for V(t) is inserted in equation (1)

for P rt) then the probability that a platform will regain

contact at least once in a time t since loss is:

1O 1 dtP*P~t) "1 e- Ve T dt.

L-- tan-' yt
1l-e Y'

I The unconditional probability of regaining contact is

then

Pr(,- 1i - e-

'I Recalling that the calculation of X(t) involved the reac-
4uisition process, it may now be computed:

X(T) A • probability {a loss of contact lasts
for a time > T}

- tan y -C
S• e X

The mean holding time until a loss lasting time T or

longer is then4

To)0- tan yr

|8
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I • It should be ncted that Dobbie [2], [3] in two papers
on ASW detection and tracking operations, used the follow-

"ing functional form for p(t):

!110
5~~~ 11(t +, c 0e 9~~t

For this function the probability that a platform will

regain contact at least once in time t is
"-•- o__• (l~-(•+c)t-P(t) 1 -

r Pi +c

and the unconditional probability of regaining contact is

r

The mean holding time until a loss lasting time T or

longer is then
T 1* 1TH(T) )o I+•+

•1.1~~~1 0~ 0  1+ ,j~ (e(~octi0o

Dobbie chose this specific form because it was suitable
for an approach using Laplace transform techniques. How-

ever, in the more complex model [1] in which the present

analysis has been embedded, Laplace transform methods are

not helpful, and the functional form for p(t) was there-
fore chosen to have a simple physical interpretation of

the "position uncertainty spreading parameter," y, and

11also to give a good fit to exercise data. A comparison
of the two functions is given in Fig. 1, where the para-
meters have been chosen so that the probabilities of a
permanent loss of contact are equal.

U•
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IV. DETERMINATION OF TRAILING PARAMETERS

FROM EXERCISE DATA

IiThe three parameters representing the trailing pro-

cess could be derived from more detailed tactical models,

or they could be generated empirically. In either case,

it is useful to be able to relate the parameters to data

from actual trailing exercises. It is assumed here that

such data would be available in the form of a record of

U all times when contact was lost or regained. Since it

is possible that some or all of the very short term

losses may not have been recorded, it is important that

the data be used in a way which is not sensitive to these

omissions.

For the regain frequency function chosen in the previ-

ous section, the mean holding time until a loss of contact

of duration T or greater was shown to be

"" -tan-' Y -E
e

The approach taken here is to construct an empirical version

of this function, TH(T)e, directly from the exercise data,

and then choose the three parameters ii • ' and y to fit

this curve. Analyses of exercise data often define a loss

of contact as being out of contact for some minimum time T,

making it possible to ignore very short-term losses of con-

tact which may occur frequently but which may have little

effect on trailing capabilities. Unfortunately, different

I[i 1



analyses often use different values of T to define their

losses8 so that results are hard to compare. One advantage

of the present procedure is that it produces TH(T) for all

j, thus allowing comparisons to be made with all available

I exercise anzalyses, regardless of how a loss of contact was
defined.

I The empirical function TH(T)enp is computed as

1 * Select a small value of T (say, 0.1 hours).

0 Let N(T) be the total number of contact periods
ignoring contact breaks of duration less than T.' Let H(T) be the corresponding total number of
hours in contact, again not counting losses
less than T in length.

0 Then the observed mean time till loss of con-
tact of duration T or greater is computed as
follows:

TH(r)emp T

Successively larger values of T may then be chosen and the

V entire procedure can be repeated to generate the function

T TH(T)emp•

SThe parameters Ao' 1o' and y are then obtained as
follows:

9 At T-0, the model predicts that TH(0) = •-, and

thus A is found by taking the inverseJc the intercept of TH(T)emp*

1 1 1e OT
* For small T, TH(p) goes as - e and therefore

U. when plotted on a l1garithmi8 scale the slope of

TH(T)emp near T,= 0 gives uo"

~ (1 12
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6 The final free parameter, y, is then selected to pro-
duce the "best" fit (in some appropriate sense) between

TH(T) and TH(T)emp over the time period of interest.

Figure 2 shows the result of applying this procedure

to simulated exercise data. The quality of the fir shown
in Fig. 2 is comparable to the fits obtained using real
exercise data. The straight dashed line indicates that the

simpler Poisscn model for reacquisition (p(t)=constant) gives
an unsatisfactory fit. Clearly, the effect of spreading of
the position uncertainty area cannot be onmi-ted from the
trailing model. For comparison, the fit given by Dobbie's
model is shown for two values of his parameter, c.

Although Dobbie's model would probably be acceptable for
many apnlications, all avai]able exercise data was more

closely approximated by the reacquisition model presented
in this paper.

80 7 0 = 0 O. . . . . . . .. . . .
60 Z! , =F. ..

40

0.

SIMULATED EXERCISE DATA
2. - PRESENT MODEL

---- DOBBIE'S MODEL

0 0.5 1 1.5 2 2.5 3 3.5' LENGTH OF CONTACT LOSS (hours)
10-20-70-2

FIGURE 2. Comparison of Mean Holding Time, as a Function of Time Used
to Define Minimum Loss of Contact, for Present Model,

Dobbie's Model, and Simulated Exercise Data
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I

HOLDING AND REACQUISITION PROBABILITIES

The process of trailing, loss, and reacquisition has

been represented above as a 3-parameter stochastic process.

This representation could be used in a simple continuous

trailing model, where the evolution of the fraction of

submarines under trail is governed by a differential equa-
tion. However, many large-scale models, because of their

complexities and interrelated submodels, must be formulated

in a discrete time framework. This appendix discusses how
E the trailing formulation described above was implemented in

the nonstationary multistage Markov model described in Ref. 1.

E A multistage model requires various holding and reacqui-

sition probabilities (which re'late to the interval length T)

such as1 The probability that trail is held at stage k + 1,
,given that it was held at stage k (denoted PH(T));

0 The probability that trail is held at stage k + 1,
given that it was not held at stage k but was held
at stage k - 1 (denoted Preacq';

9 The probability that trail is held at stage k + 1,
given that it was not held at stages k or k - 1
but was held at stage k - 2 (denoted P'reacq );

etc. The different numbers of time intervals that the

t submarine has been out of contact are represented by

different "lost states" in the Markov model.

The choice of the time interval length T in the multi-

stage model depends on several conflicting considerations.

15
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I It should be chosen short enough so that large numbers of

events (i.e., losses and regains of contact, etc.) do not

I occur in a single, interval, and so that various environ-

mental parameters may be considered constant during the

interval. On the other hand, it should be chosen long

enough so that the values of certain other random variables

(not those represented in the trailing model) at two suc-

cessive stages may be considered uncorrelated, and so that

an excessive number of "lost" states need not be defined

to adequately represent the trailing history of the sub-

marine.

i All of these requirements on the choice of T can be

satisfied by taking advantage of the feature of the sto-

chastic formulation described above in Section 3. This

feature allowed the state of being in trail to be defined

such that all contact breaks of durati.on t or less could

be ignored. As long as

T < 2T

multiple contact losses cannot by definition occur in a

:single interval. Thus, T can first be chosen large enough

to satisfy the various other requirements, and the compli-

cation caused by large numbers of relatively insignificant

- contact breaks in a single interval can then be avoided by

choosing T = T/2.

A. CALCULATION OF HOLDING PROBABILITIES

The first probability of interest is PH(T), the

probability that a platform is hulding contact at the end

of a time interval of length T, given that it held contact

at the beginning of that interval. This probability is

made up of the sum of the probabilities of two exclusive

16



events: contact is never lost throughout the interval,

or contact is lost during the interval and then regained

before the end of the interval. Therefore, PH(T) is

expressed as follows:

ST-T TT

PH(T) = e + X(T)dt f -PRt'-t

0 0 t+T

•i -A(r) (T-t')

p(t'-t)e dt'
where

S'X(T) = the platform loss-of-contact frequency for
a time T or greater,

p(t) = the platform reacquisition frequency at time r,

and P R(t) is the probability of at least one unaided

reacquisition in a time t > T, given that no reacquisition

L occurred before time T, and is calculated as follows:

[} 1-P (t)

PRTWt) = 1 - lFR(t) for t>r, otherwise P t) = 0

1: where PR(t), the probability qf at least one recontact

in time t after loss, is identical to the probability

Pr t) derived in the main text. In the integrals in the

second term above, t represents the time (during the inter-

val of length T) at which the loss lasting T or longer

occurred, and t' represents the time at which contact was

regained and held for the remainder of the interval.

I B. CALCULATION OF REACQUISITION PROBABILITIES

1. Out of Contact One Interval

Preacq is defined as the probability that a platform

I twould be in contact at stage k + 1, given that it was out

17
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[3of contact (in the lost state) at stage k and in contact
at stage k - 1, and given that no help was obtained from
another platform. This probability can be calculated by

merely considering the two different ways in which the

platform can progress from being in contact at interval

k - 1 to being in contact at interval k + 1.

The exact probability that the platform is holding

two intervals later is therefore the sum of the probabili-
ties of the two exclusive events of (being in contact atLi the end of the first interval and also being in contact
at the end of the second interval) and (not being in con-ii tact at the end of the first interval but being in contact
at the end of the second). Therefore,

j Pexact( 2 T) = P2 H(T) + [1 - PH(T)]Preacq

Pexact(2T) can be calculated approximately, using the
functions PH(t) (derived in the previous section) and
e-Xt evaluated at t = 2T. Since the calculation of PH( 2 T)

U only includes the possibility of one event of a loss and
regain while 2T is a sufficient time for three such eventsII to occur, Pexact(2T) must also include correction terms
that account for more than one event. The probability PA

of the event of a loss and a reacquisition in an interval

of length T is Just

PA = PH(T)-e "

U It may be verified that as long as P. is small, the
probability of two such events occurring in two intervalsI ~of length T is approximately 2PA, and the probability of
three such events in two intervals is proportional to

3P3 . Therefore,

18
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LPexact(2T) = PH(2T) + 2P 2 + O(P3)

or for small P 3

LPexact(2T) = PH(2T) + 2P 2

Substituting this expression for Pexact( 2 T) into the above
I expressions involving Preacq and solving for P reacq we

find thatrecraq

2 -)(r)T -)X(T)TPH(2T)+PH 2(T)-4PH(T)e +2e

Sreacq 1 - PH (T )

2. Out of Contact Two Intervals

If the definition of the states includes a "lost for

two intervals state" which can only be entered from one of

the other lost states, then the model requires the calcu-

lation of the probability of reacquisition from this state,

P reacq.

P' is defined as the probability that a plat-U reacq

form will be in contact at the beginning of the interval

beginning at stage k + 1, given it was out of contact both

F at stages k and k - 1, but in contact at stage k - 2. This

quantity is calculated in a manner similar to that which

Swas used to calculate Preacq' but in addition to PH the
calculation also includes P The exact probability

reacq-
of being in contact three intervals later, given that the

platform was in contact, is

[ii Pexact(3T)= P (T) + 2-PH(T).[- PH(T)]Preacq

[+ •[ PH(T)] [1 - Preacq]p'eacq

19
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I It can be shown that for small P

"Pexact(3 T) P3(3T) + 8P2

When this expression is substituted in the equation con-

taining P' and solved for P' we find
reacq reacq '

I
P' = IP(3T) + 8 (-e + H

+e2PH(T).[ - P H(T)]Preac

[1 - PH(T [1 - Preacq] Preacq

If necessary, more lost states could be defined and

the appropriate reacquisition probabilities from these

lost-from-contact states could be computed approximately

in a manner similar to that shown above.

E

20
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of contact necessary to constitute a loss. This formulation
allows the results of trailing experiments, which may be

II available in a variety of forms, to be used in predicting
the effectiveness of trailing operations.
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