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In the book are discussed fundamentals of 
dynamics of rocket operating on solid and 
liquid propellants. There are listed equations 
of undisturbed and disturbed motion of rockets 
as bodies of variable composition, methods of 
linearization of equations and decomposition of 
linearized equations into separate groups. There 
are examined stability and controllability of 
the rocket, its transfer functions and dynamic 
characteristics as the object of control. 

There are comprehensively examined 
questions of stabilization of the rocket taking 
into account the elasticity of its construction 
and mobility of liquid propellant in the tanks. 

The book is intended for students of 
engineering colleges and can be useful for 
engineers of the aviation and rocket industry. 
Tables 2. Illustrations 56. Bibliography 27 
names. 
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PREFACE 

Educational textbook "Rocket Dynamics" is devoted to a 

comparatively narrow class oí* flight vehicles - ballistic rockets 

and carrier rockets of space apparatuses. 

The course of dynamics of ballistic rockets and carrier rockets 

of space apparatuses can be divided into two parts. In the first 

of them are examined trajectories and flight programs of rockets1, 

in the second - stability and controllability of rockets. The 

given educational textbook encompasses problems of the second part 

of the course of rocket dynamics and includes equations of motion of 

the rocket as a deformable material system, dynamic properties of 

the rocket as the object of automatic control, methods of investigati 

of the effectiveness of slave organs of the control system and 

possible ways of stabilization of rocket motion. 

In contrast to available educational literature on aircraft 

dynamics in "Rocket Dynamics" during investigation of the motion of 

rockets considerable attention is given to the account of elasticity 

'The book of R. F. Appazov, S. S. Lavrov, V. P. Mishin [1] is 
dedicated to this part of the course. 



Of its body and the mobility of propellant in tanks1, and with 

investigation of stability and controllability along with methods 

based on quenching of coefficients of equations, engineering methods 

of the investigation are stated with allowance for the effect of 

variability of coefficients. 

f In the process of designing contemporary ballis-jic and space 

rockets at the first stage the rocket is considered as a nondeformable 

material system. At this stage there is solved the problem of the 

I* rational aerodynamic layout of the rocket, the required effectiveness 

of slave organs of the control system and there is examined the 

question of stabilization of rocket motion as a nondeformable body. 

At the following stage there are approximately examined the 

frequency characteristics of the rocket as the object of automatic 

control taking into account the elasticity of its construction and 

mobility of liquid propellant. 

Subsequently there is calculated the frequency characteristics 

of the rocket as the object of control, accurate within the scope 

, ^ its accepted dynamic model. On the basis of these frequency 

characteristics there is designed the automatic stabilization control. 

With distribution of material by chapters the authors tried as 

much as possible to adhere to the shown sequence of carrying out 

dynamic investigations of the rocket. 

It is assumed that the reader has knowledge of fundamentals of 

( the theory of automatic control, aerodynamics, and also with divisions 

of higher mathematics, being studied at engineering colleges. In 

accordance with effective curriculum all these disciplines precede 

p the course of dynamics of flight, vehicles. 

Chapters I, II and Appendices are written by K. A. Abgarya, 

Chapters III and IV — I. M. Rapoport. 

1 During account of mobility of liquids and elasticity of the 
construction there .3 assumed smallness of oscillatons of liquids 
and smallness of elastic oscillations, due to which the problems 
are solved in linear setting. 

FTD-MT-2H-189-70 xl 



M 

CHAPTER I 

MOTION EQUATIONS OP ROCKET 

In flight part of the mass, contained inside the rocket body, 

with passage of time is continuously separated from the rocket 

mainly as a result of operation of engines. In connection with this 

there appears the need to determine which particles should be 

included in the composition of the rocket and which are considered 

already separated from it. In this question there is some 

uncertainty: it is not clear at which moment the particle, moving 

in the gas Jet flowing from the combustion chamber of the engine, 

leaves" the rocket. This uncertainty can be removed by the 

introduction of a control surface, conditionally considered as the 

boundary of the rocket. As such a surface, which will further 

also be called the shell of the rocket, we conveniently take the 

closed surface, formed by the external surface of the rocket and 

outlet sections of enginr nozzles. The composition of the rocket 

includes only those particles, which at a given moment are located 

inside this surface. 

Through a certain part of the control surface there occurs 

outflow of mass, which leads to change of the composition of 

material particles contained in it. Therefore, during the study 

of motion the rocket must be considered as a material system of 

variable composition. 

PTD-MT-24-189-70 1 



Classic theorems of dynamics of systems of constant composition - 

theorems about change of the momentum and change of angular momentum - 

are not directly applicable to systems of variable composition. 

However, by using these theorems, it is possible to formulate 

similar theorems for systems of variable composition and formulate 

the principle of compilation of motion equations for such systems, 

and specifically for rockets. 

§ 1. Fundamental Theorems of Dynamics of 
System of Variable Composition 

Let us examine closed surface (Fig. 1.1), which limits volume 

V, filled with various (solid, liquid, gaseous) particles. With the 

passage of time some particles exit from volume 7, and others, 

conversely, enter it. The aggregate of material particles, contained 

in volume 7, is the system of variable composition. Let us designate 

this system by E. 

Fig. 1.1. 

Let us assume surface Sq and material particles move relative 

to some system of coordinates OXYZ. Surface SQ in this case can 

also be deformed. Let us designate momentum and angular momentum 

of system E relative to point 0 by K and L respectively. 

. \ 

Along with system E let us examine system of constant composition 

E*, consisting of only those material particles which at some fixed 

moment of time • made up volume 7. By K* and L* let us designate 

the momentum and angular momentum of system E* relative to point 0. 

FTD-MT-24-189-70 2 
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1^1 

I 

Systems of variable composition £ and constant composition £* 

at moment of time t coincide. Therefore, 

(i.i.i) 

When t, 4 t systems £ and £• will consist, generally speaking, 

of different particles. Because of this the momentum and angular 

momentum of system £ will differ from momentum and angular momentum 
of system Z*, namely: 

(1.1.2) 

Vectors and Z(tj) represent changes of the momentum and 

angular momentum of system £, connected with change of Its 

composition for time At * - t. 

Let us subtract (1.1.1) from (1.1.2) an4 dlvlie the obtalne(j 

Ifference by at. Transferring further to the limit when t » t 

and considering in this case that 

we obtain 

*(<)== 0, /(/)=0, 

**!—** I d , 
dt ' rit * ww “* vs r 

(1.1.3) 

dt dt ' rit (1.1.Ü) 

Derivatives dk/dt, dl/dt represent flow rates per second of 

the momentum and angular momentum through surface S. at moment of 
time t. ü 

Relationships (1.1.4) have kinematic character and are valid 

for any system of coordinates (inertial or noninertial). 

FTD-MT-24-189-70 

..
.•
 

• 
••
 

• 
' 



y 
Let us suppose now that OXYZ - inertial system of coordinates. 

To system E*, as to system of constant composition, there are 

applicable theorems of classic dynamics of change of the momentum 

and change of angular momentum, which are formulated so: 

1. Time derivative from Vie momentum of the ayetem ia equal to 

the aum of all external forcee acting on the ayetem. 

2. Time derivative from the angular momentum of the ayatem 

relative to aome atationary center (in this case relative to point 

0) ia equal to the aum of momenta of all external forcea acting on 

the ayetem relative to the aame center. 

On the basis of these theorems at fixed moment of time t 

!£■=?, (1.1.5) 
dl dl 

where F and M - respectively the principal vector and principal 

moment of all external forces, acting at moment of time t on system 

E*, and therefore, on system E. 

Prom equalities (1.1.4) and (1.1.5) follow equalities: 

•IK -g dk 

~dt dt * dt it 
(1.1.6) 

Relationships (1.1.6), obtained for given moment of time 

also remain valid for any other moment of time t', if we consider 

that F and M - principal vector and principal moment of all external 

forces, acting on system E, and dk/dt and dl/dt — flow rates per 

second of the momentum and angular momentum through surface SQ at 

considered moment of time t'. 

* 

4 
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Formulas (1.1.6) represent the mathematical record of theorems 

about the change of momentum and angular momentum of the system 

of variable composition. 

i2. Migratory Motion of System of 
Variable Composition 

Along with basic system 0XÏI let us Introduce another system of 

coordinates Axyz (Fig. 1.2) and let us represent the absolute motion 

of material particle with mass dm as compound, consisting of 

relative motion (motion of particle relative to system of coordinates 

Axyz) and migratory (motion of particle together with axes Axyz 

relative to inertial system OXXZ). Let us designate absolute, 

migratory and relative velocities of particles by ~v,vttvr, and 

accelerations - by w, w„ wr respectively. By wK let us designate 

Coriolis acceleration of the particle. Finally, let us designate 

time derivative with respect to system Axyz (relative derivative) 
by symbol &/dt. 

Momentum of the system of constant composition E* in system 

OXYZ can be represented in the form 

(1.2.1) 

5 



Symbol £ designates the sum over all particles of system E*. 

By differentiating (1.2.1) with respect to t, we obtain 

■í£.= \ wdm. 
dt ¿ 

According to theorem of summation of accelerations. 

(1.2.2) 

tt=«V+«V+ »« 

Therefore, 

w,dm -f ^ 
dt i a* !• 

(1.2.3) 

Hence for moment of time t, when systems E and E* coincide, using 

(1.1.5), we obtain 

j w/im==?—j w/Zm-t-F„ (1.2.4) 

where -f -- principal moment cf Coriolis forcea of inertia, 

acting at moment of time t on system E. 

Momentum of system E* in system of coordinates Axyz is equal to: 

Hence, taking into account that 

we will have 

'r dt • 

« 
—-—=^ w/iut* 

and at moment of time t - 

«Mm. 

s 
(1.2.5) 
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On the other hand, for thiy moment of time kinematic relationship 

(1.1.4) is valid, which in system Axya is written as: 

. Mr 

di ~ At ^ It (1.2.6) 

Kere K* - momentum of system of variable composition l in system 

Axya; —j — relative flow rate per second of the momentum througn 

surface SQ at moment of time t. 

Taking into account (1.2.6) and (1.2.5) from (1.2.4) we find 

(127) 

Similar result can be obtained from the theorem of change- of 

angular momentum of the system of variable composition. 

Angular momentum of system Z* relative to point 0 is equal to 
(see Pig. 1.2): 

H rXvdm. (1.2.8) 

Hence 

5 rXvdm—-^-Xvdm + ^rXwdm. 

In the right side of the last equality the first integral is 

equivalent to zero, since 

dr 

dt 
XV^VXV^O, 

this means 

tf L* C a r -- - f «• —• 
rXwdm= \ r'Xwdm+ \ rAXn'dm. 

i* £• i* 
(1.2.9) 

7 



But, considering (1.2.2), 

\ rAXwdm=rAX \ wdm=7AX~-. 

Therefore 

. !• • t* 

Hence at moment of time ¢, considering (1.1.5) we obtain 

\ r' X -rAXf — Jr'X (1.2.11) 

where ^'«4= —^ principal moment of Coriolis forces of 

inertia, acting at moment of time t on system l. 

Principal moment of external forces relative to point At acting 

at moment of time t on system l (as well as on system E*), is equal 

to: 

M m-7axf. A 

Therefore, (1.2.11) can be represented in the form 

j r' X wedm ==7HA—j ? Xw,dm±-T\A. (1.2.12) 

Angular momentum of system £* relative to point A in system Axyz 

is equal to: 

and its relative derivative 

r' X Vfdin = ^ ü, X v^m — ^ r' X = 
dt dt 

*• *• 

j 7 X Wfdm. 

8 



At fixed moment of time t 

On the other hand, 

JSl 
dt 

i:. 

-p XvDfdm. (1.2.13) 

b*M , Wf4 

dt dt dt (1.2.14) 

where angular momentum of system of variable composition 

relative to point A in system 4xya; — relative flow rate per 

second of the angular momentum through surface S^. 

Prom (1.2.12), (1.2.13) and (1.2.14) we obtain 

5 ;■ X +(-%)+ 
(1.2.15) 

Equalities (1.2.7) and (1.2.15) describe migratory motion of 

medium l and represent another record of theorems of the momentum 

and angular momentum of the system of variable composition. 

53• Systems of Variable Composition with a Solid 
Shell. Principle of SolldlflcatloñT 

Formulas (1.2.7) and (1.2.15) can be given another form. For 

this let us examine some fictitious solid 5, which would be obtained 

if the system of variable composition l at moment of time t as if 

solidified, i.e., motion of particles relative to system Axyz would 

cease. Migratory accelerations of particles of system l are equal 

to absolute accelerations of particles of fictitious solid obtained 

in this way. Therefore, by designation :“i> the velocity of particle 

of solid S, we will have 

dV* - 
dt 

At moment of time t the distribution of masses in the fictitious 

solid and in system Z is identical. Therefore, 

9 



^ w/Jm = ^ w/m = ^ —r dm=-^\ vlS)dm “ “^7 

where îr5J - momentum of fictitious solid. Analogously 

^ r' X it'tdm = \r'Xw¿Im=\r,X—¿j-dm= 

*ss 

'L? 
di 

where L(/>=j r'X v(S) dm — angular momentum of fictitious solid 

relative to pole A. 

Taking into account the obtained relationships equalities 

(1.2.7) and (1.2.15) can be replaced by equalities: 

r=¾ +(-%)+^+(-%-)+ 5 -7T x 
s dt 

(1.3.1) 

(1.3.2) 

The center of mass of solid S is designated by C. Point C taken 

for the origin A of system of coordinates Axyz. In this instance 

instead of (1.3.2) we will have 

+ 
dt 

(--^)+^=+(-.¾-)- (1.3.3) 

Actually, since (see Fig. 1.2) and for particles of 

fictitious solid 

dr 
di 

then 

10 



^ Xv^dm— ^ Xvt^dm**- 
i I / • 

= —-—XJ=--^X^Mrf«—0when A-+C. 

s s 
i 

By changing the moment of solidification t, we obtain various 

solid St which are distinguished from one another by the amount 

and distribution of mass in space. Various bodies 5 can be 

considered as one fictitious solid, in which with the passage of 

time material particles appear or disappear, stationary relative 

to system of coordinates Axya. 

Let us now examine the system of variable composition, limited 

by solid shell Coordinate system Axya is permanently connected 

with solid shell SQ. In this case the absolute motion of shell 

and fictitious solid S coincides. Therefore, equations (1.3.1) and 

(1.3.2) [or (1.3.3)]» representing the absolute motion of 

fictitious solid, at the same time represent the motion of solid 

shell Sp. 

* 

Relative derivatives in the right sides of equations (I.3.I), 

(1.3.2) , (I.3.3) in this instance have the following physical 
meaning. 

Let us assume da - element of surface SQ. 

Plow rate per second of mass through this element at moment 

of time t is equal to QVmda. where 0— density: of medium, and vrn- 

standard component of relative velocity of medium. Flow rate per 

second of the momentum through element do in the system, permanently 

connected with the shell, is equal to v,QOrnda. Relative flow rate per 

second of the momentum through surface SQ is equal to: 

«• 

(1.3.4) 

* 

or 



ikr_ 

di 
(1.3.5) 

where mr !|j ivrjda— flow rate per second of mass through surface 

u - some average velocity of medium (relative to the shell). 

Vector UrQVrnda has dimensionality of force and is directed along 

the relative velocity of particle. Vector —VrQVndo has the opposite 

direction and is elementary reactive force. In accordance with 

tnis, vector —ô*r/d/is the principal vector of all reactive forces, 

and —MrCidt— principal moment of all reactive forces relative to 

pole C. 

Further let us suppose that at each point, fixed relative to 

the shell, the density of medium p and velocity of medium vr 

do not change with time. Then the system of variable composition 

has constant mass, constant momentum Kr and constant angular 

momentum Lrc relative to system of coordinates Oxyz. This means. 

dt 
=0, ^L¡C_ 

di 
=0. 

Generally, if inside the shell there is changed the density of 

medium and velocity of particle relative to the shell, there appear 

so-called variation forcee. Vectors —bKr/dt and —bLrCldt are the 

principal moment of these variation forces. 

The following principle ensues from the above. 

Principle of solidification for the system of variable composition 

with solid shell. Equations of motion of a solid shell of system 

of variable composition I at arbitrary moment of time t can be 

written in the form of motion equations of a solid (of constant 

compositio i)J, if we imagine that the system of variable composition 

ï. is sclidifi'ed at moment of time t and that to the fictitious 

solid obtained in this way there are applied: 1) external forces, 

action on system Z, 2) reactive forces, 3) Coriolis and 4) variation 

forces. 
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Principle of Solidification for th. Rn„i,.t 

We will consider thst the body of the rocket In flight Is not 
deformed1. Then the principle of solldlflcstlon. formulated In the 
previous psrsgraph. can bs applied to the rocket. However, for a 
rocket It la expedient to change somewhat the formulation of this 
principle. 

The point is that reactive force —&Tldt cannot be directly 

measured, therefore it is usually united with forces appearing as 

a result of atmospheric pressure on the rocket body and pressure in 

the gas Jet in the nozzle exit section of the engine, and also 

with variation forces. The expediency of such interconnection can 

be observed on the following example. 

Let us examine a rocket with solid shell and operating engine, 

fixed in a horizontal position on a testing stand. 

Since system of coordinates Oxya, connected with solid shell 
is fixed, then 

V 

£(««0, ?B=0 

and equation (1.3.1) in this case assumes the form 

a-41) 

**n aotuallty In flight under the action of externe! fnrroo 

abover°(sheu0oyf recketjT^o'dÄ.d^ AcS 

oí U. SÍ»ni.°fcÍ?eedClT^í^ni?í the “nÄÄr 



The rocket la affected by the following external forces: of 1) 

forces of weight, 2) reaction of supports, to which the rocket Is 

attached, 3) forces of atmospheric pressure and pressure In the 

nozzle exit section, applied to the shell of the rocket. 

+ •¥ 

Let us assume G - weight of rocket, and P - resultant of forces 

appearing during operation engine. The rocket Is pressed to 
♦ ♦ 

supports with force G + P. Reaction of supports, applied to the 

rocket, Is equal to: 

#--(8+55). 

Resultant of forces of atmospheric pressure and pressures In 

nozzle exit section let us designate by Fg. In quantity this 

resultant (Fig. 1.3) is equal to: 

F,“* [p*—Pu)Si, 

where pfl - pressure on nozzle section; pH - atmospheric pressure; 

Sa - area of nozzle exit section. 

A4 
Pu 

fL 

Fig. 1.3. 

Thus, In the considered case the principal vector of all 

external forces is equal to: 

?-?+#+?.—*+?.. 

By substituting this expression in (1.4.1), we obtain 
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(1.4.2) 

Instruments on the stand measure the force of pressure of the 

rocket to the support, so that as a result of bench tests one can 

determine force P, which, as can be seen from the obtained expression, 

is the resultant of reactive forces, variation forces and external 

forces, caused by atmospheric pressure and gas pressure in the nozzle 

exit section. 

Force P, determined by equality (1.4.2), is accepted to call 

thruBt force of the enginet or simply engine thrust. 

Having implied now under F and Hq respectively principal vector 

and principal of all external forces, except forces of atmospheric 

pressure and pressure in the nozzle exit section, equations (1.3.1) 

and (1.3.3) can be written so: 

dt ' 

dt + 

(1.4.3) 

(1.4.4) 

here = ; by Mtc there is designated the 

principal moment of foret 3, caused by atmospheric pressure on the 

rocket body and gas pressure in the nozzle exit section of the 

engine, relative to center of mass C. 

On the basis of equations (1.4.3) and (1.4.4) it is possible to 

formulate the following principle of compilation of equations of 

motion of a rocket. 
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Principle of eolidifioation for the rocket. Motion equations 

of solid shell of a rocket at arbitrary moment of time t can be 

written in the form of motion equations of a solid (of constant 

composition)t if we imagine that the rocket solidified at moment of 

time t and that to the fictitious solid obtained in this way 

there are applied: 1) external forces acting on the rocket (except 

force F*), 2) thrust of reaction engine, 3) Coriolis force. 

§5. Motion Equations of the Center 
of Mass of a Rocket 

Momentum of fictitious solid S, which is obtained as a result 

of solidification of the rocket at moment of time t, is equal to: 

KlS) = \* v(S)dm — /nV'i.5\ (1.5.1) 
* c 

where m - mass of fictitious solidification, equal to the mass of 

rocket at moment of time t; V(,5) — velocity of center of inertia of 

fictitious solid. 

According to the principle of solidification in equation (1.4.3) 
"* ( S ) 

the derivative of momentum K in time should be computed as in 

the case of a solid with constant mass, so that 

(1.5.2) 
dt dt 

where a>!;5, — acceleration of center of mass of solid S. 

By substituting (1.5.2) in (1.4.3), we obtain 

(1.5.3) 

With consumption of propellant the center of mass of the rocket 

is displaced relative to the body with certain velocity V„ and 

acceleration wCp. Considering the motion of center of mass together 

with the rocket body as migratory motion, and motion relative to the 

body - as relative motion, for absolute velocity Vc and acceleration 
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Uc of the center of mass we will have the following expressions : 

Vc**VCt+VCn wc =*wc#-f-«C,+2»XVCrt (1.5.4) 

where Vc$t - migratory velocity and acceleration of the center 

of mass of the rocket respectively; w - angular velocity of the 

rocket body. 

3 At moment of time t (at moment of solidification of the rocket) 

the centers of mass of the rocket and body S coincide. Therefore, 

at this moment 

Vct—Vp, • ( 1.5.5 ) 

* ( s) 
By excluding wc in equation (1.5.3) with the aid of equalities 

(1.5.4) and (1.5.5) we will have 

mwc =r ? -f P -J- -f mwCr+2nu»XVCr. (1.5.6) 

The last relationship is the motion equation of center of mass 

of the rocket in vector form. Components m¡Crt and 2mwXVCr are 

caused by motion of the center of mass relative to the body and 

there dimensionality of force. 

Subsequently for convenience we will write equations (1.5.6) in 

the form 
( V ^ 'J -'f ,, 1 ^ w t - 4 ft k 

(1.5.7) 

or 

(1.5.8) 

by designating through IF the right side of equality (1.5.6) - sum 

of all forces applied to the rocket. 
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During practical investigations the vector motion equations 

of the rocket are replaced by an equivalent system of three scalar 

equations, projecting the vector equation to some three mutually 

perpendicular axes. 

Let us project equation (1.5.8) to axes of system of rectangular 

coordinates Cxy,, origin of which (point C) coincides with the 
center of mass of the rocket. 

If da/dt is the derivative of some vector a relative to system 

I*™* 6a/dt - amative of this vector relative to system Cxys and 

angular velocity of rotation of system Cxyz in system OXYZ 

da 
It +«Xä, 

(1.5.9) 

and projections of vector da/dt to axes 
by formulas: 

Cx* Cy* Cz are determined 

(*L) = dax , 
i dt I, 
( da \ _ tiaÊ t 
\ dtJ,=a„-rm*as—'**„ (1.5.10) 

where ay*aa - projections of vector a; w , 

of vector to to axes Cx, Cy/Cz (Pig. 1.4). 
wa ~ Projections 

Pig. 1.4. 

à 

i 
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Actually, by differentiating expression 

we obtain 

~ = Jífi J i _ dt . ¿I . at 

<•* dt dt dt M~dt^a,dt'~a*~^' (1.5.11) 

Inasmuch as t, j, fe - unit vectors, their derivatives determine 

the velocities of the ends of these vectors, so that 

^r=“x7. x7, -—“•xî. 

By considering still that relative derivative of vector a is equal to 

^ _ dmt r da, 7 , W«, 7 
dt ^ dt dt *' 

from (1.5.11) we directly obtain formula (1.5.9). 

By known rule of calculation of vector product 

Xo 

^ ^ 
l J k 
** •*» •, 
O, 0, of 

=(^,-^,)/+(./1,-.^,)/+ 

• -• +((0^0,-^)4. 

By substituting the vector product by the provided expression 

in (1.5.9) and uniting the terms, containing the same unit vector, 
we obtain 

77—(-^+V.—Ap +(-£-+v,—a)7+ 

++'•p*! *• 

From this follow equalities (1.5.10). 
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By using formula (1.5?10), vector equation (1.5.8) can be replaced 

by the following three scalar equations: 

” F- 

m ( F» (1.5.12) • 

" 'r 

» 

Here VCx* VCyi VCa ~ PI,°Jectlons of velocity vector of center 
of mass of the rocket to axes CXt Cy, Cz; IF , lFt. ZFa - projections 

Mr If 3 

of all forces, applied to the rocket, to axes Cx, Cyt Cz. 

§6. Equations of Rotary Motion of the Rocket 

By omitting Index "C" and writing the right side In the form 

£77, let us present equation (1.4.11) in the form 

Let us project equation (1.6.1) to axes of moving coordinate 

system. 

( S ) { S ) f S ) 
Let us assume t , L* - projections of angular momentum 

of a fictitious solid to axes of moving system, and IM t IM , IM - 

projections of moments of forces, acting on the rocket, to axes 

of moving system. Then, by using formulas (1.5.10), instead of 

vector equation (1.6.1), we obtain the following equivalent system * 

of three scalar equations: 

(1.6.2) 
dL™ 

dt 
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If as axes of the system of coordinates there are selected 
the principal axes of inertia, then, as it is known, 

4«-//»,. 

where jyt - moments o. inertia of fictitious solid 

("solidified" rocket) relative to principal axes of inertia. In 

this case equations (1.6.2) take the form 

J. A*.. ( 1.6.3 ) 

A +(■/.-AI-a -J] 

(According to principle of eolldlflcatlon the derivatives of 

angular momentum and its projections are calculated as for a solid 

with constant moments of inertia). 

Let us note that solid 5 and the rocket body have the same 

angular velocity of rotation w relative to the inertial system, 

inasmuch as motion of solid 5 coincides with motion of the rocket 
body. 

Equations (1.6.3) are written for arbitrary, but fixed moment 
of time t. At different moments of time we will have solids S with 

different orientation of principal axes of inertia relative to the 

rocket body and with different moments of inertia relative to these 

axes. Therefore, equations (1.6.3) are projections of vector equation 
(1.6.1) to axes of coordinates, differently oriented relative to 

the rocket body. It would have been possible to consider rotation 

ol’ PrinciPal axes of inertia relative to the rocket body and to 

write scalar equations of rotatory motion in the same system of 

coordinates. However, in flight the directions of principal axes 

of inertia of the rocket change insignificantly, therefore, 

subsequently, using equations (1.6.3), we will simply assume that 
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directions of principal axes of inertia relative to the rocket 

body remain constant. 

§7. Systems of Coordinates 

During investigation of rocket motion there are applied 

rectangular right-hand systems of coordinates. In further sections 

there are used launching and earth-fixed systems of coordinates. 

It is possible to become familiar with other systems of coordinates, 

being applied in practice, for example, in book [11]. Launching 

system of coordinates Ax^y^z^ (Fig. 1.5a). 

Fig. 1.5. 

Axes of launching system of coordinates are earth-fixed. 

Origin of coordinate A is combined with the point of launch. Axis 

Ay0 is directed upward along a vertical line - directly opposite 

the force of gravity. Two mutually perpendicular axes AxQ, AzQ are 

arranged in the horizontal plane so that the system of coordinates 

would be right-hand. Usually axis AxQ is directed along the sight 

line. 

Launching system of axes of coordinates is subsequently 

considered as an inertial system. 

Earth-fixed system of coordinates Cxyz (Fig. 1.5b). 
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The origin of launching system of coordinates C coincides with 

the center of mass of rocket. Three mutually perpendicular axes of 

system Cxt Cyt Cm from the right-hand system. As artes of coordinates 

of the launching system we take three mutually perpendicular 

principal axes of inertia of the rocket, assuming that the directions 

of principal axes of inertia relative to the rocket body remain 

constant. One of the principal axes of inertia of the rocket usually 

coincides or is very close to the longitudinal axis of the rocket. 

We will consider that the longitudinal axis of the rocket is the 

principal axis of inertia, and let ui direct axis Cx along the 

longitudinal axis of the rocket. 

At launch the rocket is placed vertically and axis Cx at the 

moment of launching coincides in direction with axis Ay of the 

launching system. Let us direct axis Ca so that at the moment of 

launching it would be parallel to axis Az^. Axis Cy in this case 

will be directed along axis AxQ to the opposite side. Relative 

position of launching and earth-fixed systems of coordinates at 

the moment of launching is shown in Pig. 1.5a. 

Arraagment of the earth-fixed system of coordinates with 

respect to the launching system at arbitrary moment of time of 

flight of the rocket can be determined by six coordinates: three 

coordinates xQCS bf)c, zQc of origin of the earth-fixed system of 

coordinates and three angular coordinates. 

Figure 1.6 shows axes of earth-fixed system Cxyz and axes of 

launching system ¿W* origin A of which by means of parallel 

migration coincides with the origin C of body axes. Three angles 

O.if.v uniquely determine the directions of axes Cx, Cy, Cz relative 
to the launching system of coordinates. 
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Angle d (angle between axis CxQ of launching system and plane 

CxaQ) is called angle of pitch; angle ip (angle between axis Cx 

and plane ¿Xq^q) is called angle of yaw; finally, earth-fixed y 

(earth-fixed between axis Cy and intersection line of planes Cyz 

and is called angle of roll. Arrows show the positive 

directions of reading these angles. 

Cosines of angles between body and launching axes of 

coordinates are numerically equal to corresponding projections of 

unit vectors t, j, k, directed along body axes to launching axes. 

These projections are easily calculated by Pig. 1.6; values of 

projections of unit vectors i, j, fe are listed in Table 1.1. 

Table 1.1. 

Un
it
 

ve
ct

or
s toes 

Ax0 Ayo Aro 

«♦ 
/ 

7 
cot I cos 4» 

cos » sin 4» sin Y — sin # cos y 

cos % sin 4» cos Y + sin b sin y 

sin 1 cos 4* 

sin • sin 4>sin y + eos 0 cosy 

sind sin 4* cos Y — cosí sin y 

— sin 4» 

eos 4* sin V 

eos 4* eos y 

2k 



5 8‘ Kinematic Relationships 

During flight the rocket, and together with It the ax3s of 

earth-fixed system of coordinates are continuously turned relative 

to the launching, which leads to continuous change of angles of 

pitch, yaw and roll. The rates of change these angles are equal 

to respect!/ely. Vector of angular velocity d are directed 

along axis CzQ (see Pig. 1.6); with rotation of body axes around 

axis CzQ angles *. Y remain constant and only angle 0. is changed, 

the plane, in which this angle is read, isjperpendicular to the axis 

of rotation CzQ. Angular velocity vector ï is directed along 

intermediate axis ty'j with rotation of body axes around axis Cy' 

angles«. Y remain constant and only angle * is changed, the plane 

in which angle * is read_is perpendicular to axis of rotation Cy •. 

Angular velocity vector ÿ is directed along body axis Cx; with 

rotation of body axes around axis Cx; angles 0, * remain constant 

and only angle y is changed, the plane in which this angle is read i£ 

perpendicular to axis of rotation Cx. Arbitrary angular displacement 

of earth-fixed system of axes of coordinates relative to launching 

system around the axis passing through the origin of body axes 

can be represented as resulting displacement from rotary motions 

around three axes <7b0, Cy • and Cx. Therefore, if w - angular 

velocity of rotation of body axes relative to launching system of 

coordinates, then 

.«-<>+*+* (1.8.1) 

Let us project vector equality (1.8.1) to body axes Cx, Cy, Cs. 

Direction cosines of vector ♦ in earth-fixed system of 

coordinates are_ equal - sin*, cos * sin y, cos* cosy, vector ^-0, cosy. 

- siny, vector Ÿ—1,0,0. 
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Considering this, we obtain the following group of kinematic 

equations, establishing the connection between projections to axes 

of earth-fixed system of angular velocity of rotation of the rocket 

with angular parameters, characterizing the position and motion of 

the rocket relative to launching system of coordinates: 

«8X=Ÿ—dslnt, 

w„=^cosY+icost$lnY, (1.8.2) 

wt=—^slnY+tfcos^cosY. 

The velocity of some particle of the rocket in launching system 

of coordinates v is made up of migratory velocity v (velocity of 

motion of particle together with body axes) and relative velocity 

vp (velocity of motion of particle relative to body axes): 

(1.8.3) 

Migratory and relative velocities are respectively equal to: 

^ • lr 
¿i * 

-*• 

where r - radius vector of the considered point (Pig. 1.7). 

Fig. 1.7. 
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Hence 

*-V?c+«Xr+-^. (1.8.4) 

By projecting vector equality (1.8.4) to body axes, we obtain 

the second group of kinematic equations: 

».-IVt-V—.*+-2-. (1.8.5) 

where xt y, a - projections of radius vector r to axes Cxt Cyt Cz. 

§9. Forces Affecting the Rocket in Flight 

The right sides of equations of motion of center of mass of 

the rocket include external forces, engine thrust, Coriolis forces, 

connected to relative motion of particles inside the rotating 

rocket body, and forces caused by displacements of center of mass 

of the rocket relative to the body. By external forces we imply 

forces of gravity and aerodynamic forces. 

f 

Bearing in mind that in subsequent sections the dynamic equations, 

represented by systems (x.5.12) and (1.6.3), will be written in 

projections to body axes, all forces and moments of these forces 

will also be projected to axes of earth-fixed system of coordinates. 

9.1. Engine Thrust 

For generality let us suppose that the rocket engine (power 

plant) is a cluster of a certain number of comparatively small 

engines. These engines, being sustainer engines, at the same time 

can be used for control of rocket flight. We will consider that all 
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controls, connected to operation of the power plant, occupy a 

neutral position1. 

Thrust, being created by J-th engine, let us designate by Pj, 

and its projections to body axes - by P^Ä, P^. Axial lines 

of engines with longitudinal axis of the rocket form angles, usually 

not exceeding several degrees. Therefore, cosine of the angle between 

vector Pj and axis Cx of earth-fixed system is practically equal 

to one. By and Ç. let us designate respectively the cosines of 

angles between vector P^ and axes Cy and Cm. Then 

P,.=Pi. P1.-W1. w ( 1 •9 •1) 

Total engine thrust of the rocket is equal to: 

P-JP/. (1.9.2) 
J 

By projecting equality (1.9.2) to body axes, we obtain 

/ 

Pf-S (1.9.3) 

p,=2 
i 

i 

Radius^vector of the point of intersection of the line of action 

of vector Pj with the plane of nozzle section of J-th engine is 

designated by Moment of engine thrust relative to center of mass 

of the rocket is equal to: 

forces appearing with deflection of controls are considered 

in 9.4. 
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(1.9.4) ^»SÏ/xJ5/. 
i 

By projecting vector equality (1.9.4) to body axes, we will have 

J 

ph ( 1.9.5 ) 
i 

Af/>i32 (xfii—yiïph 
i 

where Xy y- projections of radius vector Ci to body axes. 

9.2. Force of Gravity 

Force of gravity, or weight of the rocket, G is expressed by 

known formula 

G^mmg, (1.9.6) 

where m — mass of rocket; g — acceleration of the earth’s attraction. 

If 0,.* 9„* 9„ * projections of acceleration of earth's attraction -*■ X y z 
g to axes Cxt Cy, Czt then projections of weight of the vehicle to 

the same axes will be equal to: 

* 

Gj—mgjf, Ge=mgK, G,=»mg^ (1.9.7) 

Vector G passes through the center of mass of the rocket, 

therefore, the moment of this force relative to center of mass is 

equal to zero. 

9-3. Aerodynamic Forces 

Aerodynamic forces appear during motion of the flight vehicle 

in air medium as a result of interaction between the vehicle surface 

and medium. 
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In this case it is assumed that the external surface of the rocket 

is symmetric relative to planes Cxy and Cxz, and air vanes, if 

there are such, occupy a neutral position. 

Let us suppose first that the rocket moves forward, i.e., w « 0, 

and that the air medium, in which the flight is accomplished, is 

fixed relative to the launching system of coordinates. In these 

conditions the aerodynamic forces are determined by the shape and 

size of the rocket, parameters of air and velocity of the rocket 

(body) relative to air. By disregarding the velocity of center of 

mass of the rocket relative to its body, we will consider that the 

velocity of the rocket body relative to air medium is equal to the 

velocity of its center of mass Vq. 

Resultant of all aerodynamic forces, applied to the rocket, 

will be called total aerodynamic force and designated by R . 
£1 

If velocity Vc lies in the plane of symmetry of the rocket, 

let us say in plane Cxyt then total aerodynamic force will lie in 

the same plane. By the point of its application (center of pressure) 

it is conditionally possible to consider the point of intersection 

of vector /?a with axis Cx. At small angles of attack in view of 

the assumed symmetry of external surface of the body the center of 

pressure will coincide with aerodynamic focal point of the rocket, 

which, as it is known, is defined as the point of longitudinal axis, 

possessing the property that at fixed controls the moment of 

aerodynamic forces relative to the axis passing through this point 

perpendicular to the plane of symmetry (plane Cxy), does not 

depend on the angle of attack. Thus, in this case the center of 

pressure and focal point coincide with each other and are located 

on the longitudinal axis of the rocket. 

With the presence on the rocket of a fin assembly (stabilizers 

and air vanes) velocity vector Vr may not lie in the plane of 

symmetry of the rocket and then, strictly speaking, vector R 
a 
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cannot lie in one plane with vector and longitudinal axis of 

the rocket. However, in this instance vector will depart from 

the plane only insignificantly, passing through vector Vc and axis 

Cxt especially as control of ballistic rockets is usually constructed 

so that in dense layers of the atmosphere the angle between vector 

VC and Plane of symmetry of the rocket is not large. Considering 

this, we will consider that in this instance the center of pressure 

lie on the longitudinal axis of the rocket and coincides with 

aerodynamic focal point, and vector of total aerodynamic force lies 

in the plane passing through axis Cx and vector Î . 
c 

Let us decompose total aerodynamic force R& into two components: 

drag force X, directed^along the line of action of velocity vector 

VC* and force Y (Pig. 1.8). These components by a model can 
be represented so: 

VÏ. V* *-^5Jl, r„vSJlt 

where - drai coefficient; oy - lift coefficient; C - density of 

a^r* & ~ area of midsection of rocket body. 

Having projected aerodynamic force to body axes, we obtain 

(Pigs. 1.8 and I.9): 

<^cosa4-K slna, 

Rky—(X sina-f K cos a) cos 7., 

Rt»=(X slna-f K cosa) sin*. 
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Pig. 1.9. 

Here a - angle between velocity vector Vr and axis Cx; we 

will call it the angle of attacks X — angle between projections of 

aerodynamic force Äa to plane Cya and axis Cy. 

From obvious equalities 

V'c—V'c sin a cos X. — Vasina sinX 

we have 

cosy =-——, sinx= — Vci—• 
4 Vc«ina Vc*ina 

Therefore, 

- y — 

Rtt= —{X sino-|-K cosa) Vc, 
Vc a 

By substituting values of X and 7, we obtain 

*.x = (Cj, cos a—Cy sin a) (.Si/* c* 

(Cj, sin a-f c, cos a)», 5-ÍÍ2ÍÍL, 
* tiaa 

--i-sin a-f cos a) tS. 
* sin a 
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Moment of aerodynamic forces relative to the center of mass of 

a rocket le equal to vector product of radlue vector of center of 

preeeure <•,(*,. o,o> by vector of total aerodynamic force: 

or, since in the considered case the center of pressure and 

aerodynamic focal point coincide. 

Here radius vector of focal point of the vehicle. 

By projecting this vector product to axes Cx, Cy, Cz, we obtain 

.W.„= —f-»-I- jf,(€-x8lno -f-c#coso)eS 
• 8ÍS G 

4r,^„=. —L ^(^«'no+^cosoífií-^Ê-. ( 1.9.9 ) 

Let us now suppose that air medium, in which the flight of the 

rocket is accomplished, moves relative to the launching system of 

coordinates at velocity Vq. Then the center of mass of the rocket 

will move relative to air at velocity Vq - V (Pig. 1.10). 

Aerodynamic forces are determined exactly like velocity of the rocket 

relative to air medium, therefore, during consideration of motion 

of air medium relative to the launching system in formulas (1.9.8) 

and (1.9.9) velocity vc must be replaced by modulus of velocity 

VC Vb‘ and ProJections of velocity of center of mass to body axes 

relative to launching axes must be replaced by projections of 

velocity of center of mass relative to air. 
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Fig. 1.10. 

If the rocket moves not only forward, but also rotates around 

the center of mass, then additional aerodynamic forces appear. 

Projections of the resultant of these forces to axes Cx, Cyt Cz 

let us designate Afl . AÄ . AÄ ,, and projections of corresponding 
a X y a ä 

(damping) moment to the same axes — AM , AM , AM . 
X & y d a 

Thus, projections of aerodynamic forces and moments to body axes 

generally can b^ represented by formulas: 

#.x=A/?ljr—1- cos a—f,, sfn a) c51 Vc—V, P; 

*.,=A/?.,—ÿ (c,+c, dg aKS ( l^c, - K.,) I —1/. |; 

• i 
^,=A/?if-y(fjr+f,ctga)c5(l/c,-^1)|^c-i/.|; 

Mtl/=AMir+-- xr(cx-j-ctctga)tS(l^c,—,)| Kc—P,I : 

= c,ctga)cS(l/c,-l/.Jl V¿-V,\. 

■+ 
In these formulas a - angle between vector Vr - V . and Cx (see 

Fig. 1.10). For rockets of the considered class it is characteristic « 

that in flight angle a and angular velocity of rotation uj are small. 

By using this circumstance, it is possible to considerably simplify 

formulas (1.9.10) and (1.9.11). 

(1.9.10) 

(1.9.11) 
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At snail a the lift coefficient 

<V-c;a, (1.9.12) 

drag coefficient 

(1.9.13) 

where <?“ - derivative of lift coefficient with respect to angle a 

when a = 0; cxc) - drag coefficient when a * 0; >1 - quantity not 

depending on angle a at small a. 

Further, with small w the projections of resultant of aerodynamic 

forces, caused by rotation of the vehicle, and corresponding moment 

to body axes are proportional to projections of angular velocity Z 
to these axes, namely: 

where 

f=o, a/?.,a/?.,=^2*, 

A A4, — A 

V* 

A.;:=^. 

(1.9.14) 

If the point of application of resultant of aerodynamic forces, 

caused by rotation of the vehicle, is located in front of the center 

of mass, then /?"j>0. If, however, this point is located 

behind the center of mass, then /^¡>0, In all cases each 

quantity M**, K, is smaller than zero. 

Let us substitute values of AA& x, Ai?a , A/?2 , AW , 

AWa y’ ^a determined by formulas (1.9.12)-(1.9.111), in*formulas 

(1.9.10) and (1.9.11) and let us exclude \VC-V,\ with the aid of 
equality 
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1 

(1.9.15) cota 

Then, by assuming sina»a, cosa^l and disregard!no- 

“ higher than to the first power, we obtain «"taming 

*..-*:*-1 v.,xvc,^"t (1%i6) 

j- J,(C-+i;)iS(^_ J(V,ci_ ^ j); (i ^i7) 

where V t y v , -> 
b X * y’ b a Projections of vector Vb to body axes. 

9.^. Control Forces 

™::ï ri”r,m“ r““' - 
Of center of mass of the rocket and V* m8ht the velot:lty 

by the necessary means For th, 0rlentatlon of «s axes In space 

-trois. Wlth^neluon of ^ 

appear the forces and moments necessary foT “ P°Sl‘l0n th-e 

According to functions being fulfilled .u 

conveniently broken down Into the followlngT™3 

of velocity of center of mass of the rocket. 
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2. Controls of rotation of the rocket around lateral axis C*. 

3. Controls of rotation of rocket around lateral axis Cy. 

Controls of rotation of rocket around longitudinal axis Cx. 

Let us examine the forces and moments which appear with deflection 

of controls of one group or another. 

Controls of velocity of center of mass 
of the rocket 

Change in the velocity of center of mass of the rocket by the 

required means can be realized with the aid of thrust control of the 

engine and the application of special braking devices. Usually 

thrust control is applied in practice. In this instance the 

control force, directed along axis Cx, is equal to change of engine 

thrust : 

\X-p 

(p > 0 with increase in thrust in comparison with nominal thrust and 

p < 0 otherwise). 

Let us represent control force so: 

A'Af—Cjrt&jn. 

« 

where - coefficient, equal in this case to nominal engine thrust 

P; 6x = p/p ~ quantity characterizing relative change of thrust. 

« 

Controls of rotation of rocket around 
lateral axis Ca 

It is possible to control rotation of the rocket around axis 

Ca with the aid of air vanes, jet (gas jet) vanes, auxiliary (vernier) 

engines; by tumi..g sustainer engines, change of thrust of sustainer 
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engines; with the aid of swiveling nozzles of engines, baffles and 

so forth. 

Despite the variety of means applied for control of rotation of 

the rocket around lateral axis, in all cases the forces and moments, 

which appear with deflection of controls, can be recorded identically. 

Let us examine, for example, certain types of controls. 

Hr vanee are comparatively small lifting surfaces, installed 

either directly on the rocket body, or on fixed surfaces, similar 

to wings, - stabilizers. With deflection of vanes symmetrically 

to plane Cxy (Pig. 1.11) there appears aerodynamic force, lying, in 

plane Cxy. The component of aerodynamic force along axis Cy can be 

represented so: 

where Ô* — angle of deflection of vane; o° — derivative of lift 
y 

coefficient of vane in earth-fixed system of coordinates with 

Vc 
respect to angle of deflection of vane; ¢==6 -dynamic head; - 

area of air vanes. 

Fig. 1.11. 

A 

* 
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Another component at small angles of deflection of vane and 

small angles of attack of the rocket Is negligible, and we will 

subsequently assume AX ■ 0. 

% Moraenc of aerodynamic forces relative to axis Ca, appearing with 
deflection of air vanes, is equal to: 

AM,-¿pAX, 

where ip - distance from center of pressure of vanes to center 

of mass of the rocket. 

Thus, with deflection of air vanes symmetrically to plane Cxy 

there appear force and moment, projections of which to body axes can 
be written in the form 

aAT=0, aK—Cpi-tp, aZ=0, 

A M, = aAf,=0, AM,=fu • ip, 

where 

cyi—clqSf,'cH— —LfCfi. 

Jet vanee in r.any respects are similar to air vanes. The 

essential difference is only the fact that jet vanes are installed 

in the flow of gases from engines. Forces and moments, which appear 

with deflection of jet v~nes, can be represented by formulas of the 

same form as air vanes, with the difference that coefficient cô 

must te determined for those conditions, under which the jet vines 

are located; by q we should imply dynamic head of gases in the engine 

nozzle in the area of location of jet vanes. 

Rotation of engine around the axis, parallel to axis c , is 

accompanied by the appearance of the following forces and moment: 

Lx = P cos i| — P = — 2P sin* —» \Y—Ps\n Í», 

aM,= —LtPt\nJk. 
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Usually, angles of rotation of the engine are small. Therefore, 

it is possible to take 

COS 8* =2 1 —— 

2 

Then, having discarded quantities of the second order of smallness, 

we will have 

aA’äO, bY=Cjb, AAi1=r*»V 

where 

Cyi —P, Cm—— LP. 

If the rocket engine consists of several chambers, then motion 

around axis Cz can be controlled by deviation of thruet. Let 

us suppose that for this purpose two chambers of the engine are 

used. If the thrust of one of the chambers is increased, and the 

other - decreased by p, then total engine thrust will not change, 

and at the same time there will appear a moment relative to axis Cs , 

equal to 

bMt=—ap~—aP,1k, 

where 

It is clear that in this case we can write 

AAf,=f»»i»« 
bearing in mind that 

Analogous expressions take place for other types of controls. 

Thus, with deflection of controls of rotation of the rocket 

around axis Cz there appear forces along axes Cx, Cy and moment along 

axis Cz, which generally with simultaneous utilization of several 

types of controls can be represented in the form 
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(1.9.1- ) 

2 *o, 
i 

• i 

2AAf„=2 ^w^/. 
I t 

Formulas (1.9.18), it is understood, are approximate, because 

they are obtained without allowing for the rate of change of 

quantities *», and certain other factors, affecting forces and moments 

created by the controls. However, the effect of neglected factors 

is small, and for flight vehicle of the considered class expressions 

(1.9.18) are entirely acceptable. 

Controls of rotation of the rocket 
around lateral axis Cu 

For control of rotation around axis Cy there are applied the 

same controls as for control around axis Ca. In accordance with 

this, forces and moment, which appear with deflection of controls, 

can be represented in the following manner: 

2a*,«o, 
I 

2 AZ, =2 *•»/*♦!. (1.9.19) 

2aaíw=2^/V- 
i i 

Coefficients c,„, c», are analogous to coefficients cf»i, in 

formulas (1.9.18), and in each particular case their expressions can 

be easily found. 

In che third equality (1.9.19) in contrast to corresponding 

equality (I.9.I8) coefficients c«, are positive, because in this case 

with positive ô+f there appears positive force AZ. and positive 

moment AA/ . (Fig. I.15). y I ° 
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Fig. 1.12. 
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Controls of rotation of the rocket 
around longitudinal axis Cx 

Rotation around axis Cx can be controlled with the aid of air 

and Jet vanes, swiveling engines or engines established at certain 

angles to the longitudinal axis of the rocket, with the aid of 
auxiliary engines and so forth. 

With deflection of controls a moment appears along axis Cx, 

which can be represented in the form 

S iMjtl — 2 CT»Í*TÍ 0)t (1.9.20) 

and force 

2a*,äo. (1.9.21) 
i 

there 

there 

For example, with deflection of air vanes to angle 6 (Fig. 1.16) 

e appears a moment proportional to angle 6,^. With positive 6 

e appears negative moment relative to axis Cx. Therefore, cT,<0. 

Fig. 1.16. 
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Forces appearing with deflection of controls from the neutral 

position are brought to principal vector (applied in the center 

of mass of the rocket) and to principal moment M>np. Projections of 

force Fynp and moment Alynp to body axes of coordinates are designated 

respectively by fyops> M^px, Mynpt. On the basis of 

this 

^ynpir=2 
i i 

^.p*=2^/=*2 (1.9.22) 
/ I 

^ynp /=2 kMxl =2 C7M*Ti« 
l I 

Mjnpt —2 AA*w = 2 
ï 1 

iMyBp*=2 AAff/=2 CUlkl' 
I I 

If between deflections of controls of each group there exists 

a proportional relationship, then, by reducing these deflections to 

deflection of some control of this group, formulas (1.9.22) can be 

represented in simpler form, namely: 

where 

^ynpP = ^P*®*» ^"ynp * = f**Nl* 

i^ynpjt = CI*®l» ^ynpP = f**®*» ^y«,,* = 
(1.9.23) 

« 

% 
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9.5. Coriolis Forces 

During rotation of the rocket around the center of mass and 

motion of propellant and gases relative to the body there appear 

Coriolis forces, principal vector and principal moment of which are 
represented by formulas: 

Fg — ^jwgd/n, MK=*—jr'Xwjim. 

Coriolis acceleration 

Therefore, 

2Ír'X»Xvjm. (1.9.24) 

By projecting vectors (1.9.24) to body axes, we obtain: 

2»,£ vftdm + 2«, Jvrfdm, 

Ftt= -2»,I vrjldm-\-2m; Jvrldm, (1.9.25) 

F \ vrUdm-\-2mll j vrxdm-, 

Mtx=-2mx^y'vr/lm- 2»xj z'ef,á.-« + 

J y\xdm-¡-2mt I z'V'Jm, 

+ 2™, j z'vrùdm+2mx j x'vrVdm, ( 1.9.2 ó ) 

Mk , = - 2-., j x'vrxdm - 2», J y'vrydm + 

+ 2«, f x'vrjdm + 2*J y'v„dm. 
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Here yrxJ yr j, i yr3 and x'> y'> *' -respectively the projections 

of relative velocity and radius vector r ' of particle to body 

axes. 

If we consider that the flow of gases and liquids inside the 

rocket body possesses axial symmetry. 

j vrkdm=0, 

and then 

^•cx—0, 

(1.9.27) 

where 

-2 f‘5^2 f 
> i 

Kx = - 2 j (y'vry+z'v„)dm, =-2^ (z'v,,+x'vrx) dm, 

^tL*~ ~*2 j* (X vrx-^- y vry)dm. 

More detailed research on the question shows that Ai*/ is 

negligible and it is possible to take 

m:î=o, 

and coefficients and M"* are basically determined by the value 

of integral 

j x'V'jfdm. 

Coriolis moments can be both buildup, and damping. For particles, 

which move to center of mass x'vn<Q, and, thus, during motion of 

these particles there appear buildup moments. For particles, moving 

from tne center of mass x'yri>0, and, thus, corresponding moments 



are directed opposite the rotation of the rocket, i.e., are 

damping. On the whole with location of engines behind the center 

of mass the damping moments prevail over buildup, and then 

Af> Af,V0. 

9.6. Forces, Caused by Displacement of Center 
of Mass of the Rocket Relative 

to its Body 

Forces caused by displacement of center of mass of the rocket 

relative to its body are determined by the sum of (see § 5): 

F, = mwCr + 2/m* X 

The first component is negligible. By rejecting this component, 

we will approximately have 

F,=2mZxVc,. (1.9.28) 

Let us project equality (1.9.28) to axes Cx, Cyß Czt we obtain: 

F ff—(2mm X t^Cr)x=2fll (mJfçn 

F f,,—(2mm X ^cr)iiŒ2/ii(«»,V^çfX—(1.9.29) 

Fft={2mm X~^Cr)t=2ffl (mx^Crt 

where VCpXf vCrB ~ projections of relative velocity of center 
of mass to the axes Cx, Cyß Cz. 

Considering that the flow of gases and liquids in the rocket 

body is axially symmetric, we will have 

Frx—0t Fry—2mVçrxmt, Fn— ^mVcrjmf ( 1 • 9 • 30 ) 



§iO. Dynamic Equations of the Rocket 
In Expanded Form 

Equations of motion of the center of mass of the rocket and 

equations of rotation around the center of mass together represent 

a system of dynamic equations of three-dimensional motion of the 

rocket. 

Dynamic equations of the rocket in projections to axes of the 

earth-fixed system of coordinates, which coincide about principal 

axes of inertia of the rocket, revolving in space together with the 

body at identical angular velocity, are represented in the 

following form: 

(1.10.1) 

"HAr J*)*-f"A1ky-f-Afylljf, 

In the right sides of equations (1.10.1) let us substitute 

approximate expressions of forces and moments, provided in §9. We 

obtain: 

\cj${Vc,-V 

-+ (Oj.-1- (VCj~V.,UVa- y.,)— 

— v*“’* “l" 2/nV^ Crxm* "l" (1.10.2) 
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+m^a— “Wr+Ç *A— 

Ÿ fc.+'îKÎ O'«,-1'. .MKc.-V'..)- 
—v,»^ 2mVCtjmt -f* , 

where 

v,= Vl=-frt*-F-'t 

and 

^X + «#“, = - + Z^)p> + f 

-^+Jj (*y-^/)P/+ 
+ -1-^(^+^)051^-1/.,)(^-1/.,)+^. (1.10.3) 

yf -^- + (4-7,)«)^= —!»,<», +JJ (x,<ny-ÿy)P/- 

/ 

“Y (l/c^-l/»x)(l/c»-'/.»)+rM8», 

where 

ïx=~M?x-Kxx> r.^-Kl-KS' ï.~-K:-K:- 

§ IL. Undisturbed and Disturbed Motions 

Despite simplifications, allowed during formulation of dynamic 

equations of the rocket, these equations, being nonlinear and with 

variable coefficients, nevertheless remain quite complex. Therefore 

in practice, depending on the character of the problem being solved, 

dynamic equations undergo additional simplifications. 

(Cont’d) 

(1.10.2) 
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Thufl, when determining trajectories of the center of mass we 

consider that parameters of the rocket and control systems have 

nominal values and flights proceeds in the atmosphere, parameters 

of which exactly correspond to so-called ’’standard atmosphere.” 

Besides this, often there are disregarded oscillations of the 

rocket around the center of mass, excluding equations of rotation 

of the rocket around center of mass from examination, i.e., there * 

are rejected all the factors which either little affect the 

trajectory of center of mass, or by its nature carry a random 

character and cannot be taken into account with construction of the • 

trajectory of center of mass. As a result we obtain some new, 

simplified system of equations, by integration of which we find 

the trajectory of center of mass corresponding to accepted 

Idealizations. 

The trajectory of center of mass obtained in this manner, of 

course, will differ from real, realizable in a particular situation, 

but under certain conditions the theoretical and real trajectory 

will be close to one another. 

Motion of the rocket, described by simplified system of equations, 

at nominal values of parameters of the vehicle and control system, 

standard values of parameters of the atmosphere and prescribed 

initial values of parameters of motion is accepted to call undisturbed 

motion, and corresponding trajectory of center of mass - undisturbed 

trajectory. In contrast to this the motion of the rocket, 

described by initial equations at rea] values of parameters of the 

vehicle and control system, parameters of the atmosphere, etc., is 

called disturbed motion; trajectories in disturbed motion are called • 

disturbed trajectories. 

During investigation of the stability of motion of flight vehicles < 

usually motion equations preliminarily undergo conversions, essence 

of which is examined in the following example. 
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Let us suppose that disturbed and undisturbed motions are 

described respectively by systems of differential equations: 

(1.11.1) 

dt 

and 

(1.11.2) 

where yi.yj.yn— parameters of motion, and *i,2j,— some constant 

or variable parameters (aerodynamic, geometric, weight and other 

parameters of the vehicle, parameters of the atmosphere and so 

forth), which in undisturbed motion are considered known. Here 

and subsequently quantities in disturbed motion are noted by primes. 

For convenience of discussion further we will apply compact 

writing of systems of equations. Thus, let us represent systems 

(1.11.1) and (1.11.2) in the form 

and 

dt 
U—I,...,/*). 
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Let us assume we know undisturbed motion of the considered 

object corresponding to certain prescribed initial conditions, to 

which corresponds particular solution y°t (/) (/ = 1,.. ,n) of equations 

(1.11.2). 

With substitution of particular solution y0, (/) (/==1,...,/1) in 

equations (1.11.2) the latter become identical: 

(1.11.3) 

Let us assume 

— byi (/"I,...,«), 

Zy —Zy-{-A£/ (/=1,...,^). 

(1.11.4) 

By subtracting identities (1.11.3) from (1.11.1) and considering 

(1.11.4), we obtain 

Hence, by expanding functions f . into Taylor series in the 

right sides of the last equalities, we will have 

*/<0AW+ J] »./(<>i*H-4/.(0+ 
/-1 /=» 

■J-^/(/»Ayi».—AZt,~.tAZM) (/ = 1,...,/1^, (1.11.5) 

where 

ày¡ A/^|c.*«Aya,AZijx-fAZ,! 0, 

dt) Aÿi,..*,Aÿ-iAZj,...,Az— 0, 

52 



and Äi “ totality of terms, having order higher than the first 

relatively to disturbances Ay,.Ay., A*, Az*. 

In converted equations of disturbed motion (1.11.5) the sought 

functions are disturbances Ay, (/-1, ..., n). To each motion of the 

Riven mechanical system corresponds a certain particular solution 

of equations (1.11.5). 

In problems of stability of motion there are usually considered 

solutions of system (1.11.5) at small initial values of 

disturbances. In this case it is natural to expect that the 

character of solutions is basically determined by the linear part 

of equations (1.11.5). Actually, frequently it turns out to be 

sufficient to consider linear system 

Pu(0à!//-h ”tj(0&*j+à/AQ (/—1 ), (1.11.6) 

so-called eyatem of equations of disturbed motion of the first 

approximation. Disregarding the nonlinear terms considerably 

simplifies investigation of the equations. 

§12. Linearization of Equations of 
Disturbed Motion 

12.1. Basic Prerequisites 

With derivation of differential equations of disturbed motion of 

the rocket as undisturbed motion we consider it programmed motion, 

being determined in the course of ballistic calculation, when it is 

considered that parameters of the rocket and control system have 

nominal values, and parameters of the atmosphere correspond to SA 

(standard atmosphere). 
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All the factors, which are not considered in the course of 

ballistic calculation and cause deviation of real motion from 

programmed, are considered as disturbances. Disturbances can be 

broken down into the following groups. 

1. Weight disturbances. In the course of ballistic calculation 

it is considered that the mass of rocket and its moments of inertia 

are changed with the passage of time in a definite known manner. 

True values of rocket mass and its moments of inertia for different 

reasons differ from calculated values of these parameters. Let us 

assume Jx (/), Jy (/), J't (/)— true values of mass and moments of 

inertia, and m(/), /,(/), /^(/), /,(/) _ programmed values. Then the 

disturbances of these quantities are equal to: 

A/,(/)=^,(/)-7,(/), 

^,(/)=^,(/)-^(/). aA('W.(/Wf(/). 

2. Aerodynamic disturbances. The basic aerodynamic 

disturbing factor is wind. Of vital importance is also the position 

of aerodynamic focal point. The computed value of coordinate of 

focal point xp(t), because of inaccuracies in determining the 

position of center of mass and position of focal point of the rocket 

differ from true value x,-(t) by 
F 

^/(/)=^/(/)—■*/(/)• 

Divergence of aerodynamic coefficients cj from article to 

article has no substantial value. However, these coefficients are 

determined with considerable errors. Disturbances of aerodynamic 

coefficients are equal to: 

\cx=c\-cx, Ar;=f;'-c;. 
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The true value of air density differs from the calculated 

value, being taken according to SA, by 

Deviations of the area of micisection S also lead to errors In 

calculations of aerodynamic forces. However, these deviations are 

insignificant during manufacture of the article, and they can be 

disregarded. 

3. Dieturbanoea oonneoted with engine thrust. When determining 

programmed motion it is considered that engine thrust is directed 

along the longitudinal axis of the rocket and that the center of 

mass lies on this axis. Therefore, components of engine thrust on 

lateral axes Cy, C*, and also the moment relative to center of mass 

of the rocket are equal to zero. In actuality, because of distinctive 

features of the layout and various technological errors there take 

place misalignment and eccentricity of thrust relative to the center 

of mass of the rocket. Therefore, components of thrust along lateral 

axes and the moment of thrust relative to the center of mass, 

generally speaking, are not equal to zero. Furthermore, the^ue 

value of thrust P'¿ will differ from calculated P. by certain 
quantity c 

AP;(/)=P;(/)-Pi(0. 

H. Disturbances rf basic parameters of motion. Basic 

parameters of motion include angles of pitch 0, yaw \p, roll y, 

velocity of center of mass The disturbed values of thes¡ 

quantities, as above, we noted by a prime. Disturbances of basic 

parameters .are equal to: 

AY (/)=Y'(/)-Y (0, AVc(0=Vc(0-?c(0- 
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Let us assume at moment of time t according to ballistic 

calculation the earth-fixed system of coordinates occupies a certain 

position in space. The true position of these axes will be different 

(Pig. 1.17). Projections of vector hVc to undisturbed axes of 

earth-fixed system are designated so: 

(•i^c)x——Ai^, (a^c)*—&Vg. 

Fig. 1.17. 

5. Disturbances of coefficients vy, v„ |ix, iiy, |ii, c*«, c#, cT». 

These coefficients depend on the geometric parameters of the 

rocket, relative particle motion inside the body, motion parameters 

of the rocket. Disturbances of the enumerated coefficients are 

designated by Avy, Avt, Aii*,... These disturbances are determined by 

errors (disturbances) of corresponding geometric, kinematic and 

other parameters. 

With derivation of differential equations of disturbed motion 

of the rocket let us agree to consider as small: 

- disturbances of basic motion parameters Ad, Aif>. Ay, AV',. AV',,. aV, 

and their time derivatives; 

- disturbances of mass Am and moments of inertia A/*, A/v, A/,; 

- wind velocity 1^, disturbance of air density Aq, and also 

disturbances of aerodynamic coefficients ACxo, Acj; 
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- disturbances connected with engine operation, namely: 

projections of engine thrust to axes Cy and Cb and thrust relative 

to center of mass; 

- time derivatives of angles of pitch, yaw, roll; 

- angle of attack a and its time derivative; 

- deflections of controls; 

-disturbances of coefficients Avv> Av,... n Acn . 

Prom smallness a and follows smallness W. Vr., ¿¡¿Si.. ÍÍÍ*. 
at 1 V»* 

This is easy to see from equalities 

V,Cr== — slnacosx, VCt =?—Vc sin a sin x, 

cited in i 9. 

Usually in programmed motion the angles of yaw and roll are equal 

to zero. We will also consider that in undisturbed motion 

(1.12.1) 

Finally, in view of condition (1.12.1), projections of 

acceleration of the earth's attraction g to undisturbed axis C’a 

at moment of launch is equal to zero, and generally - is a small 

quantity. 

12.2. Auxiliary Relationships 

Let us prepare some auxiliary relationships, which determine 

the connections between quantities in undisturbed and disturbed 

motions with accuracy to terms of the second order of smallness. 
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By using equalities (1.8.2), we will have: 

' = ¿(v+jv)— + sin4-At), 
* di it 

• 1ÍÍ+ÜL cos(y + Ay)+JLÍLLÜL co8(t+At)sln(Y+AY). 
9 dt at ^ 

^ = rf<* + A>)- cos(t + At)COS(y+ay)- sin(Y+AY). 

or, considering (1.12.1), 

sin At, 
dt it 

aBi*lC08AY+ COS At sin AY, 
* it dt 

. = rf(» + Al)_ COsAteosAY— 8,nAV- 
* it d* 

Hence, with accuracy to quantities of the second order of smallness 

. ^ WAy 
it 
Vát 

V“ a (1.12.2) 

d% . </Al 
it ^ it 

By differentiating equalities (1.12.2), we obtain: 

it 

im, 

it 

d*j 
it 

,™L. 
it* 

it* ’ 

rfn . «/»Ai 
rf/î it* 

(1.12.3) 

Prom equalities (1.12.2) and (1.12.3) it is evident, incidently, 

that projections of angular velocity to body axes and their 

derivatives are small quantities. 
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Between projections of arbitrary vector a to axes of two 
different systems of coordinates there are the following relation¬ 
ships: 

cot ,x) 4 cos (x'.y )+a, co« (jc'.s), 

a, -a,cot(y',x; f a,cos(y',y)+atcos(y',*), (1.12.4) 

= a, cos (z'rX)+at cos (z\y) -|- a, cos (r\*). 

As we see, for transition from one system of axes to another 

it is sufficient to know the matrix (table) of transition 

cos (jr'.Jt) cos(jc\y) cos(jc'.í) 
cos(y',jr) cos(/,y) cos (/,z) .. 
cos(z'.a-) cos (/,y) cos(z',z) 

Values of cosines of angles between axes can be determined as 

scalar products of unit vectors, directed along corresponding axes. 

Let us assume i', j* t k' - unit direction vectors of axes Cx* t 
+ + + 

c'y’* C'a', and i, j, fe - unit direction vectors of axes C®, Cy, Cz. 

Then 

V I V-J V-k 

r-i r i r * • 
♦ ^ 

*'•/ V-J V k 

As is known, the scalar product of two vectors is equivalent 

to the sum of products of their corresponding components. For 

example, 

V’l— IxJxi 4- 

By compiling scalar products, using Table 1.1 for this, it is easy 

to compute matrix elements M: 
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i'.7=»cos A$cos(8-|-A&)cosd-f coiA<|»sin(d-|-A*)sfn®*« 

as COS Af CM At, 

('•/= —cos Atcostt-f-A^sint-fcos^sintt-f-A^costss 

=cos At sin At, 

i'.1=— sin At, 

7' *7= — cos AY sin (t 4- At) cos t -f sin AY sin At cos ( t -f At) cos t -}- 

-f- cos AY cos (14- At) sin 14- sin ay sin At sin (14 At) sin ft » 

=sin AY sin At cos A* -- cos AY sin a*. 

. y=cos AY sin (t 4 At) sin t — sin ay sin At cos (t 4 At) sin 14 
4 cos AY cos ( 14 At) cos 14 sin ay sin At sin ( 14 At) cos t= 

»cos AY cos At 4 sin AY sin At sin At, 

/•"t—sin AY cos At, 
i 

A'./--cos ay sin At cos (t 4 At) cos 14 sin Aysln(t4 a#)cos t— 

—sin AY cos(t 4 At) sin 14 cos AY sin At sin(t 4 At) sin t— 

» sin AY sin At 4 cos AY sin At cos At, 

Jt' ./ = — cos AY sin Ateos (t 4 A*) sin t—sin AY sln(t 4 ^*) sin •— 

— sin AY cos (t 4 At) cos 14 cos AY sin At sin (t 4 A*) cos • =« 

= — sin AY cos A* 4 cos AY sin At sin A*, 

k’ li—cos AY cos At- 

Hence, with accuracy to quantities of the second order of 

?•/-!. /'-7« At, ?.*=»-At. 

7'?=-At, 77=1, 7'*=AV, 

^-7= At *'.7=-AY, 

This means, with this accuracy 

/ 1 At -At Y 
Af=j —At 1 AY )• 

V At -AY 1 / 

smallness 

(1.12.5) 
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On the basis of equality (1.12.4), using expression (1.12.5) 
we obtain: * 

V cr ■“ Vc* “ V'cA* 

Vv—^H^+v^ay. 

Taking into account that 

V^Vçi+LV, 

and retaining quantities of order of smallness not higher than the 

first, we will have: 

^»V'cx+A^ 

V'c,-^cxA»+^c,+aK„ 

^V'c.+AK,. 

Prom equalities (1.12.6) by differentiation we find: 

'rCf 
it 

it it ' it it 

— AŸ+^CJ J^L+^ÍEL+ÍÍÍjL. 
dt TT^ Qx it ^ it ^ it 

(1.12.6) 

(1.12.7) 

For projections of acceleration of the earth’s attraction and 

wind velocity we obtain the following relationships: 

^“^r+frAl-^At. 
iï = —fcrAt+f^-f 

^=^At-^AY+^ 

V**~-V.stA+V%,+ V„t*t 
V' ''= *A* - Vñ ,ay+V^. ,. 
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Having discarded terms of the second o*der of smallness, we find 

gs =gi+g,L*' gy = -gx& + gv> gy —gx^—gAl+gt* (1.12.8) 

(1.12.9) 

12.3. Linearization of Equations of Disturbed Motion 

Let us simplify system of equations (1.10.2) by linearization. 

Considering these equations as equations of real motion, let us note 

the quantities entering them by primes, in order to distinguish 

them from corresponding quantities in undisturbed motion. As 

indicated above, we will consider programmed motion as undisturbed 

motion of the rocket. 

First equation of forces. We have 

(1.12.10) 

Corresponding equation in programmed motion has the form 

m +<**&*• (1.12.11) 

It is possible to immediately simplify equations (1.12.10) and 

(1.12.11), having discarded terms of the second order of smallness: 
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By using the relationships obtain in 12.2, let us write 

(1.12.2) in the form 

- y (**+Af^(¢+aos (V^+wCMhy ctvms- 
- 2a 1^.,)+(cxt+ac*) (»,+a*,). 

Again let us discard terms of the second and higher order of 

smallness. We will have 

m “ir+m Jí7¡r+Am *m^+++^+aa> - 

- Y Af^SV^+^^+AêJ. 

Let us exclude derivative dVCx/dt with the aid of equation 

(1.12.13). We obtain 

m Í^JL+(/> « J_ ++ 

+ c*f£Vcy*x ~ CjiSVçÀAQ - - J- Ö^xAfjO+C* tàjn 

or finally 

dlV. 
m —¡f- +cxoCSl/CxA^jr-m^A»=A/:'x4-í^A8x, (1.12.IH) 

where ^—^(»--f 

- axial disturbing force. In the same way let ua linearize the 

raining equations of system (1.10.2). While not stipulating 

separately, when writing these or other relationships In case of 

::::::::::6 wm rej6ct teras °f the—- -r 0f 
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The second equation of forcee in real and programmed motions 

with accuracy to terms of the second order of smallness can be 

accordingly written so: 

m' [^r +’'v'o)=m'«'(‘-+ 

+<•;)« sVçjVçf+—- vv. +^, ( 1.12.15 ) 

m +^ - T +¾ o^cA'c. - 

(1.12.16) 

Prom (1.12.15) we have 

Hence 

(m+im^+ÍÂ-^.-^^+í-íL + ^Jx 

X <^c«+ A^x)l=(m+MnHgi—gjAl)+2 **A+2 

-1^)+-5-(^+ ^,+^,+^,)(((+48)5(^,+4^) V'.,- 

- (»,+4>)(-3-+^)+(«m+4Ch)(V+4I,V 

<"(^+^-^4.+ ^^),.(,,-^,)+ 

+4m?. + V I,/»; - -i- (<-.+^,) »SV-c, (V'c +^,-^,1,)+ 
J 

+-5-(^+^^^--^(77+-^-)+^^+41.)- 



Let us exclude derivatives dVcJ<U, dVc,HI with the aid of 

equalities (1.12.13) and (1.12.16). Then 

or 

n—JL+v, _—¡P - y c^SVljàb=J _ 

f (^+^) QSVCji(1V¥~ QSW* + 

"Lu.i 
dt dt 2 {c«+cl)QSVCxxV,- 

~(P + Y^QOSV^)!*.. aF,+c„a8,, 
(1.12.17) 

where J V»/+j-(ij0+c;)^C41/.f - disturbing force in the 
J 

direction of axis Cy. 

The third equation of force. In real and programmed motions with 

accuracy to terms of the second order of smallness can be written 
so: 

rcv)=»>'«V +2¡S/^--f (^+^)C'SV^, X 

x (Vcr v>#, -4- f^i^t 

m mg. -± (c-+c;) tSVc^+e^ 

As earlier, from (1.12.18) we obtain 

(1.12.18) 

(1.12.19) 

+ A^)l-(m + Am)(*,At+tf,-*,AY)+2 5/(Py+aP/)- 

Y (cm+Afjrt+c;+ac;) (e+ac) 5 (VCx+bVx){VCxi$-\. vCt -f 

+ AVÄ) Af,.)(«»+ A«*). 
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or 

" ( ^ w+^+'iir)“m(i'1,+'r'“'r,lï,+E 

—t-SV 0 (^cjAi-f 

Let us substitute here values of dV^ldi, dVJdt. Then 

{p -f *í,i»+y¡ ¢^/- 

--J- (Vc^+il',- V i!£+r-m. 

Hence 

* «Ü +v."t+-L 
*t dt 2 (^4-^)051^^+ 

Y f îo5l^ çxJ Ai-mg¿y=a/1, -f ChA^,, 

where */%=--.(**+S |/Pj — disturbing force in 

of axis Cz. 

Firet equation of momenta without terras of the second 

smallness has the form 

-far +^(^/-^)^+ *1**1* 

Hence 

(7,+ a7,) — (^+ AP,) ^+ 

+^(^/-^/1/) (/*/+^^/)+(^ +ACt») (^t+AÏt), 

(1.12.20) 

direction 

order of 

(1.12.21) 
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or, considering that in programmed motion 6 ■ 0, 

(1.12.22) 

where —moment of disturbing forces in projection 

to axis Cx. 

By converting the second equation of moments 

(^+íí)«'SV¿ 

we obtain 

A^+f. {*>-m h + 

In programmed motion 

+<>) 

Therefore 

J. - y 4,(oÄ+r,) ¢^0.(4^,+ vc^«- 

=4-M,+^.4»h (1.12.23) 

where 4M,--i-x,(,Ä+^) ¢5^1/.,+— disturbing moment 

in projection to axis Cy. * 
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Finally, the third equation of momenta 

-* 9 9 ml 9 

J* = '+2j ixfli—yi) Pi— 

2~ xi‘ ) ® ^^cx* ¡y a’ ~~ 

is reduced to form 

J{«t+ïï)+*1 («w-*>) Pi-¡¡*Á'»+Qx 

X O'SV^gjf ( —Cjr a ®-}■ ^ ~ *)'I* "h Aí»). 

In programmed motion 

Considering this, we will have 

. <m# . eà% , i 

«AvM.+cmaí,, (1.12.24) 

where ^M^-Lx^c^c^QSV^V^-rYixflj-y,) ^ ±- disturbing 

I 
moment in projection to axis Ca. 

Thus, the system of linearized equations of disturbed motion 

has the form 

m —““("fjoC^^cifA^x—fflífjAÍ “í’xiAÍx'f" A^* X» dt 

m ^ + v» y- + y ^xo+^^cxA^- 

^^Cx) A»=r^Ai* + A/'x. ( 1.12.25 ) 
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+(^+-5-^^0/) A/",, 

A-T+^^-^+a^I, 

—5- ^(f/o+^ÍCÍV^xAt^fHAÍt + AAf,, 

J.—+1^^-+7- 

—5- 

(Cont'd) 

(1.12.25) 

In equations (1.12.25) the unknowns are functions AK», AV* ÀV*, AO, 
A*, Ay, A6.t, AÔ1, Aô+ , Aô|. Coefficients with these functions and 

their derivatives, so-called dynamic coefficients, are determined 

by design and geometric parameters of the rocket, Its aerodynamic 

characteristics and various parameters of programmed motion, which 

are found in the course of ballistic calculation; during analysis 

of system (1.12.25) the parameters of undisturbed (programmed) 

motion are considered as known functions of time. Functions A/*, \FV, 

AF„ AMx, bMy, AM, depend, furthermore, on various disturbances (weight, 

aerodynamic, etc.), relatiorship of which to unknown functions 

AV,, AV*.... is very slight, therefore, by disregarding the effect of 

unknown functions, the disturbing forces and moments AF*, AF*. AFt, AMX, 

AAfy, AM, ^**6 considered as functions of time, not depending upon 

AV,, AV* AV„ AQ, Alf, Ay, AÔ*. Aô, AÔ *, AÄ . . 
V* 

® ^-3. Splitting of Linearized Equations 
of Disturbed Motion ^- 

It is easy to see that the system of linearized equations of 

disturbed motion (1.12.25) is decomposed into two independent 

groups of equations. One of them describes change of parameters 
AV„ AVy, AO: 
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m (1.13.1) 

m ~~ -- -\-cxxtiVx—mgg^=c1t iK+lF„ 

+V, -+c„ +^ A» - cw A»* + A/7,. 
rf/ / 

7, "*--+1», -^-+^•»aV't+C**A® =* i mAÎ»+AvM,. 

Here 

C-f-r rroP^^Cx* cyy=x~ (^-nj^^JO^^Cx» 

^=-(^+ÿ<îeSVL). (1.13.2) 

c»= — 

The other group describes change of AV„ At, Av: 

m -fv, ~~+i»A V',+4 "i^AY=C^A^ f A/7,, 

“~~“<rT*A*T+AAfjr, (1.13.3) 

■/» - ™ -f-^A^^Aif+AAf,, 

where 

^=-Y^(Crt+^)eSV^Cjr, (1.13.4) 

With change of parameters AV*, AV,, AO parameters AVi, At, Ay. as is 

evident from equations (I.I3.I) and (1.13.3), do not change, and 

vice versa. This means, under conditions when disturbed motion 

of the rocket is described quite correctly by linearized equations, 

i.e., when discarded terms containing products and higher degrees of 

disturbances, do not substantially affect the character of disturbed 
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motion, this motion can be considered as the superposition of two 

motions, represented by two independent systems (1.13.1) and (I.13.?), 

investigation of which can be carried out sepai¿tely. Splitting of 

system (1.12.25) into independent subsystems considerably simplifies 

solution of the problems, since in this case are considered 

systems, order of which is considerably less than the order of the 

original system. 

Usually the linearized equations of disturbed motion are broken 

down into smaller groups, considering the control channels, which 

determine deflections of Aô*. Aô», AA+ and AAf, operate independently. 

In system (1,13.1) the second and third equations can be considered 

separately from the first equation, i.e., from system (I.I3.I) there 

can be separated independent subsystem 

. d*tk . dik , ., . (1*13*5) 
I”*1* c»irAV^|r-(-f»*A®=C»»AÍ* -f- AAf„ dt* 

which describes disturbed motion of the rocket in terms of pitch. 

Concerning the first equation of system (I.13.I), it can also be 

considered independently, if from system (1.13.5) A6 has already 

been determined as a function of time. Component mftAft in this 

Instance is expedient to include in the composition of disturbing 

force AF». Then we will have 

it 
A/?xt (1.13.6) 

where 

-^JiO^V'cxAO-oSV'cxACjo + 

y.,- 

(1. 
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Equation (1.13.6) describes longitudinal disturbed motion of 

the rocket. 

From system (I.13.3) there can be isolated and examined 

separately equation 

J* -^r+P* (1.13.8) 

describing the disturbed motion of the rocket in terms of roll. 

The remaining two equations of system (I.13.3) can also be 

analyzed separately from the remaining groups of equations, if we 

discard component mgy-iy, little affecting the character of disturbed 

motion of the rocket, or here consider Ay as known function of time, 

determined from equation (1.13.8); in the latter case it is 

convenient to include component mg^y in the composition of 

disturbing force. Then the last group of equations will appear in 

the form 

m -f -I- aV',+=c*A8* + A/7,, 

vj » j. dMi (1.13.9) 

Equations (I.13.9) describe disturbed motion of the rocket in 

terms of yaw. 

5 1^. Laws of Control 

During investigation of disturbed motion of the rocket as the 

controlled object to equations, which describe motion of the rocket 

as the object of control, it is necessary to add equations defining 

the law of forming of controlling pressure on the object. 
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Input pressure to the regulator (automatic stabilization 

control), further called control signal of the regulator, is formed 

usually as a linear combination of controllable quantities and their 

derivatives. Let us assume the controllable quantities are 

<?2' - some generalized coordinates of the considered 

mechanical system (for example, angles of pitch, yaw, etc.). Then 

the control signal of the regulator 

'’-ptàl+tw). (1.14.1) 

Coefficients ij.» !>2, can be both constant, and functions of 
time t. 

Sometimes the second derivatives of generalized coordinates 'q . 
take part in forming the control signal. ^ 

The output signal of the regulator can be considered deflection 
A6 of control (vane). 

Usually a nonlinear connection takes place between control and 

output signals of the regulator in real systems. 

For the sake of simplicity of analysis, frequently, by Idealising 

the regulator and placing certain limitations on Its operation, we 

consider it as a linear system. 

The connection between control and output signals of a linear 

regulator with parameters, which depend upon time. Is represented 
in the form (see [23]). 

i 

where g(t - t', t1) - pulse transient function of the regulator, 

which represents the reaction of a preliminarily unexcitable system 

to control signal in the form of delta function. 
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time intervalUlar, ^ Paraineter8 of the reÄul 
are invariable, then °r ln the considered 

Linear lawo 

—lal - anMr 

T-J-fñÍSj.r '**» 
dtl T 1 

symbolic writin» 

'‘“»«-fQHVtj. 

3 °r K coefficlentg of 

3Peakln«> functions of t. n . ’ generally 

’ "7'~ 3y"b01 0f differentiate. 

^—^IL^wotion 

products o/dlsturb ^ eqUaMons ^.12.25) the term 
disturbances or thair. terms containinc- 

dropped. xf thi«, < 1 Powers higher i-h» ^ 8 
&v j a 18 not done, than after t 0 the flrst were 

;r%s ~rr:P;r -- ---rrrrir^ 

variaMe - - to 

^or convenience or ^ 
disturbed m/-.'*-* Presentation of fho 

°n - 3UCh r°™. let us turn to^th ^ eqUatlons °f 
t0 other marks. 
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Let us assume xc\ yc't * _ coordinates of center of inertia 

of the rocket in disturbed motion in system oí coordinates Cxy*. 
Then, obviously, 

Motion parameters *c-. He-. Sc , 4«. 4». 4y. if position of body axes 

in undisturbed motion Is known, determine the position of rocket 

body In space and can be considered as generalised coordinates of 

the rocket. Equations of disturbed motion, written relative to 

these generalised coordinates, are represented In the form of system 

of nonlinear differential second order equations. By designating 

generalised coordinates through ,,, through p - other disturbances 

and dropping symbol 4 with { for convenience, equations of disturbed 

motion of the rocket can be represented In the following general 

Uh'« 
“«.(o».**,«.„)+/,(<.*.ia..*) .„ (1.15.1) 

• • • » <7n there are implied coordinates *c,yc% 
Here by ^ _ ___ 

At. Ay or part of them depending on whether then 11 Tonsldere 

the total system of equations or some separated subsystem (for 

example, a subsystem describing disturbed motion of the rocket in 

terms of pitch); by symbols m** ¡ti. *<* «< there are replaced the 

designations for coefficients of equations of disturbed motion 

accepted in § 13 (m, Jx, JWf /„ Cxat c„, c* , etc.); functions A((/, (i«) 

represent the disturbing forces and moments; finally, by f. there 

are designated the nonlinear terms which were dropped in the process 

of derivation of equation (1.12.25). 
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The linearized system of equations is obtained from (1.15.1), 

if we drop the terms that are nonlinear relative to q¡, dq¡ldt, p*: 

j»*) (/=1,..., n). (1.15.2) 

Disturbances ufe (for example, Ac,«, Aq, Ac*,,...) insignificantly 

depend on disturbances of basic parameters, so that this dependence 

can be disregarded. By considering disturbances as functions 

only of time t, we can present equations of disturbed motion 

(1.15.1) in the form 

Accordingly, linearized system of equations of disturbed motion 

will be written so: 

n). (1.15.4) • • • • » 

Each of systems (1.15.3), (1.15.4) together with equations of 

the control system forms a closed system of equations relative to 

variables qy describing the disturbed motion of the rocket as 

systems of automatic control. 

Observation. The form of writing equations of disturbed motion 

of the rocket, accepted in this paragraph, carries a general 

character in the sense that equations of disturbed motion of the 

rocket taking into account mobility of liquids in tanks and elasticity 

of the construction with some simplifications can also be represented 

in the form of a system of ordinary linear differential equations 

of form (I.15.3), (1.15.4). 
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CHAPTER II 

ROCKET STABILITY AND CONTROLLABILITY 

S 1. Concepts of Stability and 
Controllability 1 

With deflection of controls or the action of external disturbances 

the rocket, as any other flight vehicle, accomplishes some disturbed 

motion, the character of which depends on the dynamic characteristics 

of the vehicle - controllability and stability. 

Controllability of the flight vehicle is characterized by its 

reaction to deflection of controls by change of parameters of motion 

(velocity, angle of pitch, angle of roll, etc.). The rockeu controls 

must possess sufficient effectiveness for parrying the different 

type of disturbing factors (wind, eccentricity and misaligment of 

engine thrust, etc.). 

Selection of parameters and determination of the effectiveness 

of controls are connected with integration of equations of motion of 

the rocket. Usually it is not possible to obtain accurate analytical 

solution of these equations, therefore there are widely applied 

methods of approximate integration of equations, electromodeling 

and integration of equations with the aid of high-speed discrete 

computers. 

The concept of stability of motion is one of most important 

concepts in rocket dynamics. 
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It can be said that the rocket, as a mechanical system, is 

stable if small actions lead to small effects, and unstable if this 

does not always take place. 

Such definition of stability bears an intuitive character and, 

it is understood, is unsuitable for solution of '.;oncrete problems. 

It must be replaced by a mathematically strict definition, suitable 

for establishing quantitative criteria of stability and instability 

of motion of a mechanical system. The definition of stability, on one 

hand, must as complete as possible characterize stability as an 

objective quality of the system, and on the other hand - allow the 

possibility of construction of a convenient working apparatus for 

investigation of the stability of motion of particular objects. 

% 

At present in literature many various definitions of stability 

can be encountered. This can be explained by the fact that it is 

difficult, and perhaps impossible to formulate such a universal 

concept of stability, which would always completely satisfy the needs 

of life and would be accepted by all as solely true. Below are 

given some definitions of stability, having gained popularity and 

acknowledgement with solution of various problems of mathematical 

physics, mechanics and technology. 

1.1. Static Stability 

Some presentation of the stability of motion of a rocket can 

be obtained by investigating the motion of a rocket with fixed 

controls (i.e., when 6=0) with small deviations of motion parameters 

from their values in equilibrium state, when the sum of motion 

parameters from their values in equilibrium state, when the sum of 

moments of all external and reactive forces, affecting the rocket, 

is equal to zero. 

Let us consider, for example, motion of the rocket in the pitch¬ 

ing, plane considering that the longitudinal axis of the rocket and 

velocity of center of mass lie in one vertical plane. The sum of 

moments relative to axes can be represented so: 
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(2.1.1) 

where wa B - moment of aerodynamic forces (without aerodynamic moment, 

created by deflection of air vanes, if there are such); M 
np 3 

* moment of all other forces (external rud reactive), affecting the 

rocket. 

• According to (1.9.9) 

2 Aí,,«. (2.1.2) 

where Äa ^ - component of aerodynamic force along axis Cy, determined 

by formula (1.9.8). Since in this case 

Vg,~—Vc iloo, 

then 

,=s'n a -f c, cos a) So . (2.1.3) 

By considering small angles of attack, when it is possible to 

take sin a 1¾ a, cos a 1 and o » oaa, instead of (2.1.3) we will 
i. V V 
have 

i yt 
#-(^+^)058 ff ( 2.1.4 ) 

, With change of angle of attack in expression (2.1.2) there are 

change^ only y‘ If moment is not too.great, then for certain 

value of a - a6aji there sets in balancing of the flight vehicle, when 

the sum of all moments affecting the vehicle is equal to zero, i.e., 

(2.1.5) 

By subtracting equality (2.1.5) from (2.1.2), we obtain 
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Mg***Xp {fft g g |i— 
(2.1.6) 

or, in view of equality (2.1.4), 

JJ AÍ,=jfA (cA+cj) S^(a-atj. (2.1.7) 

The next three cases are possible. 

1. The xF < 0 (aerodynamic focal point is located behind the 

center of mass of the vehicle). 

If a > adaji* ln this ^stance in* < o, i.e., the rocket is 
affected by a moment which is directed toward decrease of the 

difference of a - aöajr (Pig. 2.1a). 

Fig. 2.1. 

If “ < 0t5aji* then lMz > 0 and again the moment affecting the 
rocket, tries to bring a closer to (Pig. 2.1b). 

Thus, if xp < 0, then with disturbance of balance of the flight 

vehicle the moments affecting the vehicle are directed toward 

decrease of |a - a6aJI|. In this instance we say taht the flight 

vehicle possesses etatio stability. 

2. The xF = 0 (aerodynamic focal point coincides with the center 
of mass of the vehicle). 
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As can be seen from expression (2.1.7), with any small change 

of angle of attack no moment appears. The flight vehicle is in a 

state of indifferent equilibrium. 

3. The > 0 (aerodynamic focal point is located in front of 

the center of mass of the vehicle). 

In this case the sign of the moment coincides with the sign of 

difference of a - <*6ajI. This means that with deviation in any 

direction from the position of equilibrium there appears a moment, 

directed toward incraase of |a - a6aJ (Pig. 2.2a, b). We say 

static stability takes place. 

The concept of static stability cannot be identified with the 

concept of stability of motion. The presence of static stability 

only attests to the fact that at a given moment of time on the flight 

vehicle act forces, which are trying to return it to position of 

equilibirum. But this does not exclude such a possibility, at which 

the vehicle in its approach to the position of equilibrium will 

oscillate relative to the position of equilibrium and in this case 

its maximum deviation from equilibrium position will be increased 

with the passage of-time. Further, static stability is a character¬ 

istic of a flight vehicle with fixed controls. Steering by means of 

deflection of controls radically changes the dynamic properties 

of the vehicle. Let us assume the rocket is even statically unstable 

and because of the control system it can accomplish motion, differing 

little from desired. And vice versa, if the control system is 
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desired erroneously, the rocket, even possessing static stability, 

will be inadmissibly highly deflected from the predetermined 

trajectory. 

The concept of stability of motion of the rocket, as any other 

mechanical system, must reflect the character of its actual motion 

in time. 

1.2. Lyapunov Stability 

Let us assume there is given a mechanical system, motion of 

which is described by a system of differential equations, reduced 

to standard from 

*!.•••, 0«) (i-I,...*), (2.1.8) 

where - certain parameters of motion (coordinate, velocity, etc.). 

Every solution of system (2.1.8) represents some particular 

motion of our mechanical system. Let us examine some particular 

motion of the system, to which corresponds solution y? * /.(t) 

(£ * 1, ..., n) of equations (2.1.8). Lyapunov calls this 

particular motion undisturbed in contrast to other, disturbed motions 

of the given mechanical system. 

In equations (2.1.8) let us replace variables 

JCi=ÿ/—/i(0 (/=1, 2,..., «). (2.1.9) 

V'e obtain the following system of differential equations relative to 

cjisturbances x . : 
I * * t 
, i 

(/» >*j« • • • » *■) (/=1, 2,..., «), (2.1.10) 

where 
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^/(^i **i» • • • i •**)¡{tf "f*/1« Xj■}■ /î»• • • « 

<(*• /it»*»t /«)• 

To every motion of the considered mechanical system there 

corresponds, in view of (2.1.9), a particular solution of equations 

(2.1.10). In particular trivial (zero) solutions x, ■ x« * ... * x = 

» 0 of equations (2.1.10) corresponds to undisturbed motion of the 

system. 

Lyapunov gives the following definition of stability of un¬ 

disturbed motion (trivial solution of equations (2.1.10)).[12]. 

Let us assume ..., in essence are randomly assigned 

positive numbers. If at every 2^, no matter how small, there can 

be selected positive numbers ..., so that at every real xiQ, 

satisfying conditions 

l*iol<£| (/-1.2,...,/1), (2.1.11) 

and at every t, exceeding tQ, there were fulfilled inequalities 

kil<4 (/-1,2,...,/1), (2.1.12) 

then undisturbed motion with respect to quantities is stable; 

otherewise - it is unstable. 

Determination of Lyapunov stability can be given by the follow¬ 

ing geometric interpretation. 

In n-dimensional space of quantities x,, x0, ..., x there is 

assigned a parallelepiped with the center at the origin of 

coordinates and with sides parallel to the coordinate planes. The 

quantity of sides is determined by numbers 22^, ..., 22^. These 

numbers are assigned arbitarily and can be as small as desired (but 

not equal to zero). If .or the given parallelepiped it is possible 

to construct another parallelepiped with sides determined by positive 



numbers 2^, ..., 2En> and namely such that beginning from moment 

of time tQ functions x^tt) remain inside the first parallelepiped, 

if their initial values, i.e., x¿0, were located inside the second 

parallelepiped, then undisturbed motion with respect to quantities 

X. are stable (in Fig. 2.3a there are shown sections of these 
X» 

parallelepiped with plane of two axes of coordinates x. and x. and 
* J 

change of these coordinates in time in the case of stable zero 

solution). In other words, undistrubed motion is stable, if all 

disturbances x. (t * 1, ..., n), values of which at initial 

moment of time tQ are rather small, at which t, larger than tQ, do 

not exceed limits determined by assigned, as small as desired numbers 

L. (Fig. 2.3b). 

Determination of Lyapunov stability does not maintain any 

concrete quantitative limitations on quantities x¿. Stability of 

motion according to Lyapunov is a certain characteristic of strength 

and inflexibility of motion to the actions of disturbances. This in¬ 

volves the mechanical sense of the concept of stability, which 

Lyapunov puts into it. 

1.3. Stability in Finite Interval of Time. 
Technical Stability 

An essential moment in determining Lyapunov stability is 

limitation of deviations of x¿ in an infinite interval of time by 

condition (2.1.12). If we convert to limitations in finite time 
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interval, even as large as desired, any meaning in Lyapunov 

determination is lost, inasmuch as in any finite time interval any 

motion, including that not having mechanical stability, satisfies 

conditions (2,1,11) and (2.1.12). Meanwhile, real objects are of 

interest during a finite interval of time and therefore the introduc¬ 

tion of the concept of motion acquires meaning and value for a finite 

interval of time is very expedient. The concept of stability of 

motijn acquires meaning and value for a finite time interval if we 

introduce a relationship between regions, limiting (t * 1, 2, ..., 

n) when t • tQ and t > *0. 

Let us give two different definitions of stability of motion in 

finite time Interval, proposed by a. V. Kamenkov and N. D. Moiseyev. 

Q. V. Kamenkov, retaining the mechanical sense of the concept 

of stability, which Lyapunov puts into it, poses problems of stability 

of motion in finite time interval in the following manner [6], 

If differential equations of disturbed motion (2.1.10) are 

such that at rather small positive number A quantities x , 

considered as time functions, satisfy condition 

A 

(2.1.13) 

in finite time interval [t0, t0 + At], if only the initial values of 

these functions x^q satisfy condition 

A 

(2.1.14) 

where numbers a ,, a 
81 8c* 

are such that 

«1|«1J • • • 

/0. then 
aala4 • • • am 
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undisturbed motion will be stable in tine interval At; otherwise - 

it is unstable, i.e., At « 0. 

The given definition of stability allows the following geometric 

interpretation. 
« 

Let us assume at certain moment of time t = tg the system obtained 

some nonzero, randomly small deviations •••» *nQ &nd these 

deviations were located inside or on the surface of n-dimensional • 

ellipsoid: 

2 (2.1.15) 
«•i 

Then if deviations x (t) (« - 1, 2, ..., n) remained inside or on the 
s 

surface of this ellipsoid at least to moment of time t » ^ > tg, 

then motion is stable in interval [tg, t^: otherwise - it is 

unstable. 

Number A, by means of which limitation is introduced on 

quantities ® , is not assumed assigned in advance: for stabiltiy of 

the system there is required only fulfilling of inequalities 

(2.1.13), (2.1.14) for rather small value A. Therefore it is 

comparatively easy to establish conditions of stability and instability 

of the system and evaluate time interval At * " *0* which 
V 

these conditions are observed. 

Concept of stability in finite time interval, proposed by 

G. V. Kamenkov, bears a local character. Usually it is require to 

investigate the behavior of the mechanical system within a certain 

prescribed time interval. In order to have the possibility of 

Judging the stability of motion within the prescribed time interval, 

it is required to conduct a certain number of the same type of 

Investigations at various "initial1’ values of tQ from the considered 

Interval. 
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Pig. 2.4. 

By examining mechanical systems, distrubed motion of which is 

described by equations 

..., Jf*)-!-(s* 1, 2,. , /i), 
(2.1.16) 

where P8(i) - disturbing forces, acting on the system, N. D. Moiseyev 

in the following manner defines the so-called technical stability of 
trivial solution of equations : 

(A *^i» • • • » ■*«) (*—1, 2, n). (2.1.17) 

Zero solution x1 * *2 * ... - xn - 0 of equations (2.1.17) is 

called possessing technical stability relative to assigned upper 

limits of initial deviations of xgQ > 0, assigned upper limits of 

disturbing forces pß > 0 and assigned upper limits of subsequent 

deviations of xa > 0 on assigned segment of values 0 <. t < ï In 

only the case where any solutions xg m xg(t) of system of equations 

(2.1.16) at any initial values of ®80, satisfying condition |x8()| < 

-*e0* and at arbitrary disturbing forces, limited by unique 
condition |p8(t)| < pg when 0 < t < Î, will satisfy the condition 

(i™!» 2,..., *) 

for all values of t, not exceeding ï. 
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Here, in contrast to definitions of stability by Lyapunov and 

Kamenkov, maximum permissible values of disturbances are assumed 

finite, and assigned in advance. Because of this, "technical 

stability" is largely a subjective characteristic of motion of a 

mechanical system: any motion, depending on assigned values of 

limiting deviations, can be both stable and unstable. Certain 

inconveniences result from the necessity of assigning limiting 

deviations: rational values of these quantities are usually unknown 

and difficult to determine. 

Nevertheless, formulation of the problem of stability, proposed 

by N. D. Moiseyev, allowing in each concrete case in the most 

acceptable manner to evaluate the mechanical system itself, on the 

strength of its utilized qualities is very attractive for technical 

applications, and specifically for problems of . ocket dynamics. 

It is possible to become acquainted with methods of investigation 

of the technical stability of mechanical systems in book [7], 

1.4. Local Stability 

Disturbed motion of the rocket is described by a system of 

equations, consisting of equations of disturbed motion of the vehicle 

as the object of control (1.15.3) or linearized equations (1.15.4), 

and equations of the control system. In flight on the rocket 

constantly act various disturbances (wind, weight and others). 

Because of this, in equations of disturbed motion there figure 

disturbing forces. Thus, in linearized equations of disturbed 

motion (1.15.4) these disturbing forces are represented by functions 

h.U). 

' i»' 

To each particular solution of equations of disturbed motion 

there corresponds a certain distrubed motion of the rocket. To 

undisturbed motion of the rocket there corresponds trivial (zero) 

solution of equations, which are obtained from equations of disturbed 

motion if all disturbing forces are discarded in them. Stability 
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and instability of undisturbed motion are equivalent to stability 

and Instability of the shown trivial solution, and the stability of 

this trivial solution Is determined by the behavior of particular 

solutions of equations of disturbed motion. In which there figure 

constantly acting disturbances. 

Thus, as In the formulation of N. D. Moiseyev, solution of 

the problem of stability of undisturbed motion of the rocket Is 

connected with Investigation of solutions of the system of equations 

with the presence of disturbing forces, whereas the motion being 

investlgaed Is represented by a particular solution of another 

system of equations, not containing disturbing forces. Analysis 

of stability of motion under these conditions Is a difficult problem 

and Its examination exceeds the bounds of educational literature. 

In this book we will limit ourselves to simplified formulation 

of problem, which, Incldently, Is widely used In practice. 

Let us assume that during some finite time Interval the flight 

vehicle is affected by disturbing forces and their action at moment 

of time t0, which we will call initial nom.nt, ceases. As a con¬ 

sequence of the action of disturbing forces, kinematic parameters 

of motion of the flight vehicle when t - t will differ from their 

-a«(tY+ ™jl8*url>ed motlon! *’<v ■ *<V + A*<V «'(to) - 

Solution of the problem of stability of undisturbed motion when 

t > t0 is connected with the character of change of disturbances 

A»(t), ... The rocket Is considered stable or unstable when 

Y, ‘° ln °ertaln interval C‘o. ‘ll depending on how disturbances 
of kinematic parameters are changed In this Interval. 

Inasmuch as change of distrubances A?(t), A*(0. 4*(t) when 

t > t0 proceeds under conditions when there are no disturbing forces 

disturbances of kinematic parameters are represented as particular ’ 

solution of equations of disturbed motion of the rocket corresponding 
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to initial values of these parameters (Ay(tg), A0(io), Ai(»(t0), ...) 

in which all the disturbing forces have been dropped. Thus, in the 

given formulation the subject of investigations becomes simpler 

equations, because of which the problem of stability is made sub¬ 

stantially easier. 

Disturbing forces, applied to the rocket, in actuality and 

when t > tg continue co affect the disturbance of kinematic 

parameters of motion. But if we consider rather small time intervals 

[*0, t-^], then, most likely, the effect from the action of disturbing 

forces during this interval in comparison with the effect from the 

action of these forces for a long time, preceding moment t0, will be 

small. 

The stability with the shown schematization of disturbed motion 

of the rocket we will call looal stability. 

1.5. Methods of Solution of Problems of Stability 

All methods of solution of the problems of stability of motion 

can be broken down into two categories. The first category includes 

those methods that are based on determination of general or particular 

solution of equations of disturbed motion. Lyapunov called the 

totality of all methods of the first category the first method. 

During investigation of stability by first method the question about 

integration of equations of disturbed motion is central. If it is 

possible to integrate these equations in closed form, then 

investigation of stability no longer further presents serious 

difficulties. 

The second category includes those methods that do not require 

finding particular or general solutions of equations of disturbed 

motion. Lyapunov called the totality of all methods of the second 

category the second method. 

During solution of the problem of stability both by first and 

second methods we usually resort to various methods, which simplify 
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the investigation of equations of disturbed motion. Thus, the 

problem will be considerably simplified if we are limited by con¬ 

sideration of linearized equations of disturbed motion - equations of 

the first approximation. 

Equations of disturbed motion of the rocket of the first 

approximation are represented in the form of linear equations, 

coefiiciente of which depend on the kinematic parameters of undisturbed 

motion (velocity, flight altitude, etc.) and design parameters of 

the vehicle (mass, moments of inertia, etc.). Since undisturbed 

motion occurs under conditions when the velocity and altitude of 

fligl-t, mass and moments of inertia are rapidly changed, it carries 

a clearly expressed unsteady character. Because of this, coefficients 

of equations of disturbed motion are functions of time t. Investiga¬ 

tion of system with various coefficients, let us assume even 

linear, nevertheless is a very complex problem. Therefore, in 

practice further simplifying the problem, we reduce it to investigation 

of systems of linear equations with constant coefficients by means 

of the so-called method of quenching of coefficients, having re¬ 

ceived wide use at present. 

§2. Method of Quenched Coefficients 

Method of quenched coefficients - this is a method of investiga¬ 

tion of equations of disturbed motion, based upon the method of 

quenching of coefficients of equations. The essence of the method 

of quenching of coefficients consists of the following. 

Let us assume the equations of disturbed motion are represented 
in the form 

S [m"(/) +r*i(0 7T + nu (0 ft ]=a, (0 »,+A, (/) 

(/=1, 2,...,n). (2.2.1) 
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Coefficients of equations n^^t), a^ít), &¿(t) 
depend on kinematic parameters of undisturbed motion and flight 

vehicle parameters and are known functions of time. On an undisturbed 

trajectory we select a certain number of characteristic points 

t,. .... t,. .... t so that from the behavior of the vehicle in the 
X fc Jn 

vicinities of these points it would be possible with sufficient 

certainty to judge its behavior on the entire trajectory. For 

studying the motion of a rocket in the vicinities of point instead 

of system of equations (2.2.1) with variable coefficients we consider 

the system of equations with constant coefficients, equal to values 

of these coefficients at fixed moment of time i.e., system 

1' 
m<' ''*> V+((*' 7T+= ^ <'•> *'+*' >'> 

(i—ä). (2.2.2) 

A new system of equations, as the system with constant 

coefficients, can be easily integrated. The behavior of solution of 

the original system (2.2.1) is judged by the solution of system 

(2.2.2). ' 

It is clear that the solutions of these two systems will not 

coincide, but if coefficients of the equations are changed rather 

slowly, then with some reliability it is possible to assert that in 

small vicinity of point the solution of the original system will 

little differ from solution of the system with quenched coefficients. 

As a measure of "slowness" of change of coefficients of equations 

there is sometimes taken their change during the transient process 

of the flight vehicle as the controllable object. Coefficients 

of equations are considered slowly changing, if their change during 

the transient process does not exceed 10-15¾ - accuracy of determina¬ 

tion of dynamic coefficients. 

It must be said that it is possible to Judge the validity of 

application of the method of quenched coefficients only by the 



behavior of coefficients of equations on a certain segment of time 

only with known precaution. This method can be permissible with 
rapid change of coefficients, and, conversely, inadmissible with 

their slighter change. The validity of application of the method of 
quenching of coefficients in every concrete case requires substantia¬ 
tion. Utilization of the method of quenching of coefficients is 
entirely justified at the initial stage of designing of a flight 

vehicle for preliminary selection of parameters of the vehicle and 

control system. Pinal check of the stability and controllability of 

the flight vehicle must be performed on the basis of stricter methods 

with allowance for the variability of coefficients of equations of 

disturbed motion. 

In practice of the design offices and scientific research 

organizations there is widely applied the method of quenching of 

coefficients, since this gives the possibility of using well worked- 

out engineering methods of investigation of linear stationary systems 

of automatic control. 

s 3. Motlon According to 
the Method of Quenched Coefficlelíts-6- 

Let us assume that disturbed motion is described by the 

following system of linear differential equations: 

W (1=1.2,....«). (2>31) 

Linearized equations of disturbed motion of a rocket have such 

a form when deflections controls are prescribed as "unctions of time 

or when the connection between control and output signals of the 

regulator is likewise prescribed by linear differential equations. 

In the latter case the deflections of controls <5v are considere*, al 

along with q., as generalized coordinates of the given mechanical 
system. 
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To undisturbed motion there corresponds trivial solution 

d Qt 
9)==0, ——=0(y=iI,■ 2,..., «) of equations 

(/—1,2,..., n). (2.3.2) 

Let us fix moment of time ^ sind let us invetigate the local 

stability of trivial solution of system (2.3.2) with values of t 

close to For this it is necessary to study the behavior of 

particular solutions of equations of disturbed motion when t > t. 
— fe 

on the assumption that the action of disturbing forces at moment of 

time ¿k is ceased, i.e., solutions of homogeneous system (2.3.2) must 

be investigated. 

By using the method of quenched coefficients, further instead 

of equations (2.3.2) let us introduce into consideration the 

equations with quenched coefficients 

SR 
/-1L 

(/— 1* 2,..., n). 
(2.3.3) 

where 

/n,;=«,/(/*), r,j=rij{tk), 

and let us investigate from the beginning the behavior of solutions 

of these equations. 

We will seek the particular solution of system of linear 

differential equations with constant coefficients (2.3.3) in the form 

?/=*/«“ (y == 1,..., n), (2.3.4) 

where \, kj - constants, which are determined in the following manner. 
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Let us substitute (2.3^) in equations (2.3.3). After reduction 

by e’ we obtain 

2 (<“ li 2.a). ( 2.3.5 ) 

System of algebraic equations (2.3.5) possesses trivial solution 

■'**’* k« a O* which, as evident from (2.3.4), determines 

the trivial solution of system of equations (2.3.3). System of 

linear homogeneous equations (2.3.5) has a nonzero solution, if only 

the determinant of system 

D(\) 

... “}■ -f* 

is equal to zero. 

(2-3.6) 

Having expanded this determinant, we obtain polynomial 

(2.3.7) 

called characteristic polynomial of the system. The coefficient at 

X is equal to determinant, consisting of coefficients of equations 

(2.3.5) at X2: 

Oo= 
Ælji ^22 • • • 

* * • • • 

^#1 ^<|2 • • • 
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We will consider that Oq + 0, and therefore polynomial (2.3.7) 

is a polynomial of 2n power relative to X. 

Prom higher algebra it is known that polynomial of 2n power with 

real coefficients has 2n roots, real or complex. Among these roots, 

generally speaking, they can be equal. For sJmplicity we will * 

assume that all roots of the characteristic polynomial are different. 

Let us assume X^ - one of roots of characteristic polynomial. ' 
Since 

0(1,)-0. 

system (2.3.5) when \ ■ A. has nonzero solution 

n\ (2.3.8) 

This solution with accuracy to within arbitrary constant 

coefficient, nonzero, is a unique solution of system (2.3.5), since 

xi is a simple root of the characteristic polynomial. 

Thus, to root X^ corresponds particular solution of system of 

differential equations (2.3.3) 

Ç)i=*'liex,t (7=1,2,...,/1), 
(2.3.9) 

or in expanded form 
# 

(2.3.10) 

By introducing into examination vector q^ ^ with components 

qli* q2i* • » ^ni and vector feU) with components fe. ., fe0., .... fe . 
It 2t' * nt 

96 



let u» represent the particular solution, corres;ending to root 

in the following compact form: 

(2.3.11) 

To each root of characteristic polynomial there corresponds a 

particular solution of form (2.3.11). The considered system of 

differential equations is linear, therefore, the superposition 

principle is valid, according to which any linear combination of 

particular solutions is also a solution of this system. General 

solution of system of equations (2.3.3) is represented by linear 

combination 

fa 

ÿs=B 2 •I V 
(2.3.12) 

containing 2n arbitrary constants ..., Arbitrary 

constants ^ are determined from initial conditions (by initial 

values of disturbances <7(tfe) and 

If X - complex root of characteristic polynomial, i.e., X - 

- cu + iß£ (e^ ^ o), then components of vector fe(i), as the solution 

of algebraic equations (2.3.5) with complex coefficients, will also 

be complex numbers. Therefore fe(t) iS a vector of form p(i> 

wheie p end q - vectors with real components. Among the re¬ 

maining roots there is certainly root Xfe, complex conjugate to root 

X.. Corresponding vector is a vector, complex conjugate to 

vector fe i.e., 

Thus, to the pair of complex conjugate roots X. and 

corresponds particular solution of system (2.3.3) 1 " 

(2.3.13) 
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In order that this particular solution would be real, it is 

necessary that and be complex conjugate numbers. 

Considering that = and representing complex number o. in 

the form 

c,^ctoe‘r‘, 

it is possible to write this particular solution so: 

(pd) -f igO)) ^/+^/)_|. (^,(/) _ 

Hence, using relationship 

we obtain 

e±lx=cosx±l$lnx. 

[p{,) cos sín(?,/+?,)]. ( 2.3.14 ) 

Values of oiQ and are determined by initial conditions. 

The provided relationships permit easily obtaining the 

conditions of stability and instability of trivial solution of the 

equations with constant coefficients (2.3.3). 

Let us compute the modulus of vector representing particular 

solution (2.3.10). By using (2.3.11), we find 

|f<0|=Vq{t)-q{,)=*VÂ(0• ka)elt‘el‘' (2.3.15) 

Hence it is apparent that the modulus of vector when 

t - » grows unlimitedly if > 0, it is decreased, asymptotically 

approaching zero if ou < 0, and remains constant if a. * 0 (see 

Pig. 2.5). 1 



Pig. 2.5. 

have 

Hence, since 

then 

(2.3.16) 

and, this means the modulus of component of vector q^ when t 

“ grows unlimitedly when > 0, asymptotically approaching zero 

when a. < 0, and remains constant if a. - 0. 

Let us assume 

Then 

' (2.3.17) 

Factor can be considered as complex amplitude with 

modulus 

i^Jil=!*»!«■'' i 

and argument 
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argj4A=»ai**Ä. 

Figure 2.6 shows the behavior of component on the complex 

plane depending on the sign of real the part of root A.. The given 

figures correspond to the case when ß. >0. 
% 

Character of change of the real part of coordinate q .. (when 

6^/0) when cu > 0, ou < 0 and ou = 0 is shown in Fig. 2.7. 

Fig. 2.7. 
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If \i is the real root, in this instance q.. is changed with 
respect to the exponent (Pig. 2.8). ^ 

Pig. 2.8 

By differentiating (2.3.10), we obtain 

Hence it is clear that behavior of ^¿1 is analogous to the 

behavior of ^ lf ReA¿ > °» then |-^| - ascending function; ij 

ReX¿ < 0, then \-^\ _ descending function, and if ReX. = 0, then 

1-3^1 - const. Modulus of vector i„ exactly the same manne: 

Let us suppose that all roots of characteristic polynomial 

have^negatlve real parts. In this Instance all particular solutlor 

of <7 and their derivatives In time with unlimited growth of t 

approach zero. Whatever constants oi are, general solution (2.3.12 

and Its derivative In time also approach zero when t » ». Con¬ 

sequently, trivial solution of system (2.3.3) Is stable according t 
Lyapunov, and at any Initial disturbances. 

If the investigated particular solution Is not only stable bu 

also possesses the property that all disturbances, Initial values 

of which are rather small, with unlimited growth of t asymptotical! 

approach zero, then we say that the given particular solution Is 

asymptotically stable. In the considered case, as we see, trivial 
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solution of equations (2.3.3) is not only stable, but is asymptotically 

stable. 

If there is at least one root with a positive real part, then 

from any small region of initial values there emerges a solution, 

unlimited when £-*•<». 

Actually, let us assume, for example, ReA . > 0 and 
c 

IfMK*.- (2.3.18) 

where 6 - as small a positive quantity as desired. Let us assume 

<•/=-0 (/#yx 

In this case we will have 

(2.3.19) 

When /=/, q{tk)=*k{t)fll*ch 

It is clear that can always be selected so that condition 

(2.3.18) is fulfilled. But, regardless of this, solution (2.3.19) 

when t -*■ ® is not limited; conditions (2.1.11) and (2.1.12) are not 

observed, and, this means, trivial solution of equations (2.3.3) is 

unstable according to Lyapunov. 

Finally, let us assume that along with roots with negative 

real parts there are roots with zero real parts and there are no 

roots with positive real parts. In this instance all solutions of 

system (2.3.3) and their derivatives in time when * > are limited, 

but there are solutions, moduli of which remain constant. Actually 

let us assume, for example, X. = iß.. Then such solution is 
«7 J 

qwmmkUie‘fJc¡. (2.3.20) 
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Solutions of type (2.3.20) do not disturb the stability of 

trivial solution of equations (2.3.3), but the stability of this 

solution is no longer asymptotic. 

Thus, in order that trivial solution of the system of equations 

with constant coefficients (2.3.3) would be asymptotically stable, 

it is necessary and sufficient that all roots of characteristic 

polynomial have negative real parts. If among the roots of character¬ 

istic polynomial there is at least one with positive real part, then 

the trivial solution is unstable. This remains valid even when there 
are multiple roots. 

If among roots of characteristic polynomial there are no roots 

with positive real parts, but there are simple roots with zero 

real parts, then the trivial solution is stable, but not asymptotically. 

Stability of the trivial solution is retained even in the presence 

of multiple roots with zero raal parts, if only the number of groups 

of solutions, corresponding to these roots, is equal to their 

multiplicity. 

Thus, the question of stability of trivial solution of equations 

(2.3.3) is solved by signs of real parts of roots of characteristic 

polynomial (2.3.7). 

Thus, we established conditions of stability and instability of 

the trivial solution of equations (2.3.3) in infinite time interval. 

But we are Interested in the behavior of solutions not when t » », 

but within finite time interval, starting from moment ¢.. 
K 

Inasmuch as (2.3.3) is a system of differential equations with 

constant coefficients, then the behavior of its particular solutions 

in infinite time interval, with the exception of cases of multiple 

roots of characteristic polynomial, fully determines its behavior 

in any finite time interval, and vice versa. Actually, if the 

trivial solution of equations (2.3.3) is stable according to 

Lyapunov, then all particular solutions of these equations of type 
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(2.3.11) with respect to modulus are nonincreasing functions when 

t > tfe. If, however, the trivial solution of equations (2.3.3) is 

unstable according to Lyapunov, then there is certainly at least 

one particular solution of form (2.3.11), which when t > t. at small 
— ft 

time interval is a function increasing in modulus. To these 

considerations let us add the following. It would be possible to 

show that if at moment of time the real parts of all roots of 

characteristic polynomial are negative, then stability takes place 

in finite time interval according to G. V. Kamenkov, i.e., starting 

from moment of time tfe th^re is finite time interval, during which 

all disturbances, included in initial moment inside a certain 

ellipsoid, do not exceed the limit of this ellipsoid. If, however, 

there is at least one root with positive real part, then the 

Investigated motion does not possess stability in finite time interval 

in the meaning of G. V. Kamenkov. 

Considering the above and excluding the case of multiple roots 

of characteristic polynomial from examination, it is possible to 

consider the above-formulated conditions of stability of trivial 

solution of equations (2.3.3) according to Lyapunov as conditions 

of stability of this solution in finite time interval with origin 

at fixed point tfe.1 Thus, the question of stability of trivial 

solution of equations with quenched coefficients (2.3.3) is solved 

bolth in infinite and finite time interval. 

If solutions of system (2.3.2) and systems with quenched 

coefficients (2.3.3) coincided, then the formulated conditions of 

stability of trivial solution of system (2.3.3) could have been 

directly converted to trivial solution of equations (2.3.2), which 

represents thp undisturbed motion being investigated. In fact, 

systems (2.3.2) and (2.3.3) are different and their solutions can 

be considered as close, if we arc* limited by small vicinities of 

lLet us note that the concept "asymptotic stability" makes 

ofHfinlte^time - during examination 
îo e„tlme fnífrval ln formulations of conditions of stability 

"3tabmtya"ymP stability" should be replaced by the term 
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point tk. Therefore, eigne of real parte of roote of oharacterletlc 

polynomial can be coneHere! only ae approximate criteria of 

roa^ny °f “41,turb»4 motion [trivial .olutlon of equation. 
(2.3.2)] within a amall time interval. 

Inasmuch as disturbed motion when * > was studied on the 

assumption that the action of disturbing forces when t = t. was 

ceased, these criteria are in ssence the approximate criteria of 

local stability. 

To investigate equations of disturbed motion it is not complusory 

to determine roots of characteristic polynomial. It is sufficient 

to obtain the characteristic polynomial of the system, and then use 

some criterion, permitting by coefficients of characteristic poly¬ 

nomial to judge its roots, for example, by Hurwitz criterion. 

For characteristic polynomial 

D(l)*! .. -{-<*■ 

the condition of negativity of real parts of all roots of character¬ 

istic polynomial is reduced to the fact that when aQ > 0 are all 

m Hurwitz determinants, being obtained from the determinant consisting 

of coefficients of the following characteristic polynomial, should 

be greater than 

namely : 

ßi! • • • 

flp a2 Û J • . . 
Oa, J. . . 
..I 

0 a0 «3 . • . 
••••«• 
oo oTTT 
00 0 . . . 

0 

0 

0 

0 

0 

0 

0 

0 . 

tszl 0 

m"-*aM 
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Aj=a,>Ot 

ä>°* lao «d 

¿3 = 

a, a, a, 
Û0 «I «4 >0, 

0 a, a, 

Am —>0. 

(2.3.21) 

During analysis of disturbed motion of rockets Nyquist criterion 

is widely applied. Formulation of Nyquist is given below (§ 5), where 
this criterion is used for establishing maximum permissible values 

o f frequency characteristics of automatic stabilization control from 

condition of stability of the automatic control system of the rocket. 

The basis of criterion of Hurwitz, Nyquist and other criteria 

of stability of stationary systems is given in courses of automatic 

control theory. 

§4. The Rocket as a Linear Object of 
Automatic Control 

Disturbed motion of the rocket as a closed system of automatic 

control is described by a system of equations consisting of equations 

of disturbed motion of the rocket as the object of control, and 

equations describing operation of control systems. The unknown 

functions in this system of equations are disturbances of parameters 

of motion AF^, Aft, Aÿ, Ay and deflections of controls 

A6x, AÔ», Afi^, A6y. 

To investigate the closed system of automatic control it is 

necessary to know the dynamic properties of its separate elements 

and, specifically, the dynamic properties of the rocket as the object 

of control. Knowledge of dynamic properties of the vehicle we 

separately consider equations of disturbed motion of the rocket as 

the object of control, assuming in them deflections of controls as 

known function of time. 
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The system "flight vehicle - regulator” generally speaking, is 

nonlinear: both the vehicle and regulator are described by nonlinear 

equations. In problems of dynamics the nonlinear terms of equations 

of disturbed motion of the rocket as an object of control are usually 

disregarded, being limited by consideration of linearized equations 

of disturbed motion (1.13.5), (1.13.6), (1.13.8), (1.13.9). Inmost 

cases linear approximation is sufficient with respect to the 

regulator. However, often there appears the necessity of investigation 

of the system with allowance for nonlinearity of the regulator, 

for example during investigation of self-oscillations in system 

"flight vehicle - regulator." 

Linear systems (1.13.5), (1.13.6), (1.13.8) and (1.13.9) consist 

of nonhomogeneous differential equations, the right sides of which at 

assigned values of deflections AÔ , AÍ», Afi., A5 are certain func- 
X IJ) y 

tions of time, not depending on unknown functions A7 . A7 . A7 . Ad 
a , * X* z* ' 
Ai|), Ay. 

General solution of nonhcmogenous linear system, as is known, 

is made up of the general solution of homogeneous system and 

particular solution of nonhomogenous system. 

General solution of homogeneous system describes free, or 

proper, motion of flight vehicle,1 and particular solution of 

nonhomogenous system - its forced motion. In accordance with this, 

disturbed motion, which appears with deflection of controls or action 

of external disturbing forces on the vehicle, is made up of free 

and forced motions. 

Dynamic properties of the rocket as an object of control are 

determined by the character of disturbed motion, appearing with 

deflection of controls or the action of disturbing forces. Usually 

there are investigated reactions of the vehicle to gradual deflection 

‘Proper motion corresponds to fixed controls. 
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controls and deflection of controls according to harmonic law. 

Reaction of the vehicle to gradual deri.„<.. 

described by transient functions of the flight m ^1-°13 13 

solutions of differential equations under zL i'Îuai' Whrtl0h 
and on the assumption that there are no d, !” ! conditions 

deflections of controls (a, ^ u H T ^ ^ 

time t0 (initial moment) are Identlcaîiy f^ 

* - *0 have constant nonzero values. ’ When 

rdenection °f c°— —n810 

mght vehicle. f^sTlharacterl9;:;:: CharaCte'’1Stl- 
Of differential equations of di * k ^ C°mponents of the solutic 

of disturbing forces and deflection ^ ^°11 WUh ^ absence 
law. of controls according to harmoni 

““r—- ■■ -- ~ 

We assume that during *omP . e. 

time t0 disturbing force acted on the "eh"^ rdlghttUP ^ °f 

kinematic parameters of motion of the flight m h 

differ from their values in undisturbed motion TV = ‘o 
W(tn) ? 0. hv (t ) ¿ r . motion, i.e., W (t ) ? 0, 

studied on the Lsu°mptV; Z dlnTiVlTT T T " 

zzzv™are ab'sent- -:cvquai 

iniUaldisturbanct of liT 

method of quenching ofVeTlTTr^ConsT0“ ^ ^ ^ 

mUSt be C°n3ld3rad 33 -ce actuTlTt’hereVTstdLd 
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dynamic properties of the flight vehicle under artificial conditions, 

when coefficients of equations of disturbed motion, beginning from 

moment of time *0, remain constant. In actuality the coefficients 

of equations are variables, and the variability of coefficients 

can sometimes be the cause of such dynamic effects, which cannot be 

revealed within the framework of the method of quenched coefficients. 

4.1. The Character of Free Disturbed Pitch 
and Yaw Motion 

Free disturbed pitch motion of the flight vehicle is described 

by system of equations (I.13.5) with zero right sides: 

(2.4.1) 

Let us assume 

A A»(4)»A»o, 

At>(/0)=A*,. (2.4.2) 

It is required to construct the solution of system (2.4.1) at 

initial conditions (2.4.2). 

By considering the coefficients of equations as quenched, we 

will seek the particular solution of system (2.4.1) in the form 

tf/y=zAeu, \h=Bea. 
(2.4.3) 

common factor e 
After substitution of (2.4.3) in (2.4.1) and reductions by 

n factor e we obtain a system of algebraic equations 

c*yA++B =0. (2.4.4) 
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Homogeneous system of linear algebraic equations (2.4.4), 

except trivial solution 4 = B = 0, has nonzero solutions, if only 

the determinant of the system is equal to zero, i.e., 

|«X+cw V-K» I 0 
(2.4.5) 

Having expanded the determinant, let us represent characteristic 

equation (2.4.5) in the form 

D(k)m(nk-[-cn)(//* -f +c*i) - - Wifi=0. ( 2.4.6 ) 

Let us assume X^, X ,, X^ - roots of characteristic equation. 

Usually all three roots ^re obtained different. In this case to 

each root X^ (i = 1, 2, 3) there corresponds a particular solution 
of system (2.4.1) : 

(2.4.7) 

where 4., B . - solution of algebraic system (2.4.4) when X = X.. 

General solution of system (2.4.1) is represented in the form 

of a linear combination cf particular solutions: 

l*=cxBxex,,+ ( 2.4.8 ) 

Here c2, - arbitrary constants, which are determined by 

initial conditions (2.4.2). 

Coefficients of the characteristic equation are real quantitites. 

Therefore, during analysis of free disturbed motion the following 

two cases can be presented: 

1) all three roots real; 
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2) one real root and two complex conjugate roots. 

In the first case each particular solution (2.4.7) has an 

aperiodic character, functions LV ,, A7. In modulus Increase In yi, i, 
time If the corresponding root Is positive, and are decreased If 

this root is negative. Free motion of the flight vehicle Is made 

up of three aperiodic motions. If among the roots of characteristic 

polynomial there will be at least one positive root, then dis¬ 

turbance At^, Ad at any nonzero initial conditions, beginning with 

a certain moment of time < *), will be ascending functions. 

In the second case to the pair of complex conjugate roots 

*2 * a + i0, = a - iß corresponds particular solutions 

A»î4“CîV+,,,,+^(-,,,,. (2.4.9) 

The expression for ¿7^ ^ has analogous form [see (2.4.8)]. 

Since initial disturbances A7^q and Ado are represented by real 

numbers, then o2B2 and 0riBr> will be complex conjugate values, i.e. 
if 

d—ib, 

then 

ib. 

Considering this and bearing in mind that = cos ßt ± 

± sin ßt, we will have 

A»2.3=(a~ lb)e‘*+,,) ' -f(a-f ib)e(-,M 1 =» 

== e* [(a - lb) (cos .¾ -f i sin 'if) -f (a + lb) (cos ß/—/sin ß/)J = 

—2e** (a cos ß/ -f A sin ß/). 
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V 

Hence 

=B***8,n (?*+?). (2.4.10) 

where 

B=2Ÿa2 -f <?=arctg-j-. 

As we can see, to the pair of complex conjugate roots corresponds 

oscillatory motion with frequency ß, phase 4» and variable amplitude 

Be ascending In exponent when a > 0 and descending when a < 0. 

Roots of characteristic equation (2.4.6) are easily found in the 

case when flight is performed outside the atmosphere (p = 0). In 

this case a* “t-»» «cw*=0, and therefore 

D(X)=/ia(/>«+fc*). 

p_ 
Hence we find: X, = 0, X0 = 0, X0 * -A 

i 2 3 

Roots of characteristic equation are determined simply when 

p / 0, but the aerodynamic focal point of the vehicle coincides with 

the center of mass (xp - 0). In this case and therefore 

D(X)«(mX+cw)(y^+^). 

o y 
Accordingly X, = - -M., X0 = 0, X0 = - 

J- m ' ¿ 3 «/ 
z 

Generally the roots of characteristic polynomial can be 

approximately determined by means of expansion of polynomial into 

factors in the following manner. 

Let us introduce numbers 3^, «2» into consideration and 

determine them so that the following equality would be fulfilled: 

(nik+Cyy) f Ji,! -f CM) - v^n^X - cl%c%y= 

=(wX-f z j) +(l**+X+fi»+.¾]. 
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By equating in this equality the coefficients with identical 

degrees of X, we obtain system of equations 

P**! "f Cl/lfZi "f mzi “[• =* — 

+ ^»+«i*i= -fl»«** 

• relative to a2, a^. 

Let us rewrite the obtained system of nonlinear algebraic 

equations so: 

y^j+mzj-U, 
lijzl+(f|r|r+*l)«J + S*«a*»’“V^|r, (2.4.12) 

f»i*i 4- (cvi “f” *i) «i “ —fi/Ta». 

By solving (2.4.12) formally as a system of linear equations, 

coefficients of which depend on parameter o 
yy 

+ a^, we will have 

Z — ~~ W*C»»*i»+ (g»H- *1) 

(«3f + «i)2 + M-cn—iiãm (c„ + g,) * 

z*= —[>'-£ (fw+*i)] *1- 'Ve»»- 

(2.4.13) 

Thus, the problem is red’ . ed to determination of a-j^ from the 

first equation of system (2.4.13). Determination of a^ is conveniently 

performed by the method of successive approximations. Let us 

assume 

(2.4.14) 

By substituting the value of s1 in the first equation (2.4.13), 

we obtain refined values of a^ 
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(2.4.15) 
zm„!!ííd. 

‘H 

By taking into account that <■»# 

.2 

x„o , ci» 
* yy 

-Xr-V a . and F ox yy* 

-( f . we will have 

(2.4.16) 

where 
1 
2°x0 pSV 

2 
ox - drag force at angle of attack a 0. 

The following approximation gives 

z|*l = 
c»/** ' -VK|, 

P-Xp 

"Vex 
. tP-Xn \* . P-X0 . 

J' (“^r) +,“^r+^ mVCt 
(2.4.17) 

With the exception of those sections of trajectory where the 

product of pxFVßx is close to zero, usually, as numerical calcula¬ 

tions show. 

(2.4.18) 

Puthermore, 

Therefore, at condition (2.4.18) ¾ z^ so that it is 

possible to be limited by approximation (2.4.16). 

Finally, it is possible to disregard quantity z^ in comparison 

with ***. Actually, if * 0, then c»„ = 0 and, thus, ^ = 0, 

Sg = 0> 23 = 0 (see (2.4.13)). If however, / 0, then, as 

calculations show, usually |c»»| >> \z^\. 

114 



Thus, the characterhistic polynomial can be approximately 

presented in the form 

O(X)a(«X^ 

where z1 is determined by approximate formulas (2.4.16) or (2.4.17). 

Polynomial (2.4.19) has such roots: 

X, a-L (f + 2l). (2.4.20) 

If cxFVax = 0, then ai - 0 and Ij = - Ji. < 0. If p* e ^ o and 

condition (2.4.18) is fulfilled, then 

P - X 
and thus, A1 ¾ —- > 0. In any case, real root as calcula- 

OX 1 

motion orV3 Sma11 in absolute value, so that slow aperiodic 
motion of the rocket corresponds to this root. 

The two others roots U2 and A3) depending on the sign of cm 

can be both real and complex conjugate. 

1. If cm < 0 (xF > 0, i.e., the rocket is statically unstable), 

then roots A2 and A3 are real, one of them positive, and the other 

negative. To the positive root corresponds aperiodic motion, in the 

process of which the corresponding components of disturbances 

Ad. Wy increase in modulus; to the negative root corresponds 

aperiodic motion, in the process of which the corresponding components 

of disturbances Ad, &Vy are decreased in modulus. 

then 

2. If *» > 0 (*F < 0 , the rocket is statically stable), 

y3 21 
~~~ > °* slnce 3i < °* Therefore, when 
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(2.4.21) 

then roots X2 and are real and negative; corresponding motions 

of the vehicle carry a subsidence character. 

Let us now assume 

(2.4.22) 

In this case roots X^, X^ are conveniently presented in the form 

(2.it.23) 

where 

(2.4.24) 

(2.4.25) 

In view of condition (2.4.22) 1 - Ç2 > 0 and, thus X2, X^ - 

complex conjugate roots. Motion corresponding to these roots carries 

an oscillatory character. Since the real parts of roots X2, X^ are 

always negative, this oscillatory process is damped. 

Relationship 

determines the rate of attenuation and is called the damping (or 

attenuation) coefficient, and £ called logarithmic decrement. 

The angular frequency of free oscillations is determined by the 

Imaginary part of roots X5 
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Vs 
(2.4.27) 

frequency cf free oscillations is most affected by the 

egree of static stability, the measure of which is the coordinate of 

aerodynamic focal point xf. The larger |*f| < 0), the greater is 

cw and, thus, the greater is w. 

In the absence of damping ^ we have 

Yt-±v*- (2.4.28) 

The frequency of free oscillations in the absence of damoing w 

is called the frequency of natural oaoillatione of the vehicle. The 

frequency of natural oscillations in Hz is equal to: 

(2.4.29) 

The period of natural oscillations is determined by formula 

(2.4.30) 

Free disturbed yawing motion of the rocket is described 

equations: 
by 

/ , dAb (2.4.31) 

at initial conditions: 

4^,(4)-=4^ 4t(4)=lV 4Í(4)-aV 

The system of equations (2.4.31) with accu-acy to within 

designations does not differ from system (2.4.1), which describes 
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free disturbed pitching motion of the rocket, so that the entire 

preceding analysis of equations (2.4.1) can be directly transfered to 

equations (2.4.31). 

4.2. Transfer Functions of the Vehicle During 
Pitch and Yaw 

The method of quenching of coefficients makes possible the 

utilization of convenient methods of investigation of steady-state 

systems of automatic control when designing and investigating the 

control systems of rockets. The application of these methods is 

based on knowledge of transfer functions or frequency characteristics 

of the rocket as the object of control. 

As is known, the transfer function of linear element of the 

automatic control system is the ratio of Laplace transform of output 

quantity to Laplace transform of input quantity under zero initial 

conditions [24]. For the rocket as the element of automatic control 

system, the input quantities are deflections of controls, and also 

disturbing forces and moments; the output quantities are increments 

of motion parameters (A$, Ay, AF and so forth). 
y 

Transfer functions can be obtained from the equations of 

disturbed motion of the rocket by means of their Laplace transforma¬ 

tion with quenched coefficients. 

For Laplace transformation of equations of disturbed pitching 

motion of the rocket, under initial conditions. 

AV',(/o)=A»(/o)=A»(/0)=0 
(2.4.32) 

let us multiply the left and right sides of equations (1.13.5) by 

e V* and integrate them with respect to within limits from to 

9». Then, by designating through V^'p) «(p), 0»(p), f (p), Mz(p), 

respectively the Laplace transforms of function A7 , AF , 
» . y * y 
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l/»(^)=| »(p)= j 6$(p)=tj Abe-^dr, 

^(p)^j LF/r^dx, Mt(p)=j AM^dx (t =»/-/„) 

and considering that at condition (2.4.32) 

• m 
J, At/r^dt^er** j A^/r^dx(p), 

m • m 

I ^ = U»^]r. 4-pJ (p), 

i e-xdt^e-^Hp) 
'• .... . . <• 

and in exactly the same manner 

•• 

J AV/rfdt^r+'V, (p\ j e-*dt~e-**pV,(p\ 

\ bfoe-r'dt=er^*\(p), J aFjr*dt=er**F'(p), • 
*• *• 

m 

( AMjr*dt=nrP**M,{p\ 

we obtain 

í».'/.(pI+(Aí5tI‘,í+c»)»(í)=cmj,(í)+A(i(;,1 
(2.^.33) 

«(», By/!T?S Sy3te,n °f algebralc ^“tlons (2.0.33) relative to 
v(P) and (p ), we obtain 

e(p)= 

+ CV* c^»8» (/») + Ft (p) 

e%\! (P) 4- Aft Q>) 
(«P + CVV) (J,pi + Kfp + c„)--ettc,f (2.4.34) 
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Vy(P)- 

c y»®» lP) + ? »if) 
eU,Jl(P)+ Mt(p) 

*yP + 
J rP* + PiP + 

/ 
‘ ("ip + Cyy) (hr'1 + hP + f») — VyCyyP— ¢^,f|^ * (2.4.35) 

Having expanded the determinants, standing in the numerators, 

we will have 

V,(p)=Wy(p)U(p)+Wvlp)Ft{p)+Wv(p)M,(p). 
(2.4.3Í) 

(2.4.37) 

Here wl(p), Wv(p), (p), Wv(p), W* (p), \Yv(p) - transfer functions of 

the rocket, which correspond to different pairs of input and output 

signals. 

In expanded form, specifically, 

W\(PY- 
(mp+ Cyy) CM —Ct/tl 

(mP + *n) (ItP"1 + V-tP + fM) — vytttP— c, |f*f (2.4.38) 

In the denominator of transfer functions stands characteristic 

polynomial of system of equations (1.13.5). The polynomial, as 

was shown above, can be approximately represented in the form 

(2.4.19). By replacing the characteristic polynomial by Its 

approximate expression, we will have 

(rnp + Cgf) Cyy—etyeyi 

(mp + cir+ “ *ijp + «hJ (2.4.39) 

Transfer function (2.4.39) is conveniently presented so: 

W\\pV *YiP+ >> 
(tj/> + 1) (Pjfi + TTip + 1) 

(2.4.40) 

Here k - Cne*i~~e*rei^ _ transfer coefficient of the vehicle: t,, x« 

T - time constants, where 
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h 
meu 

Tj 
«W + *l 

t 

and T is determined by formula (2.4.24). 

Coefficient Ç (logarithmic decrement), as above, is represented 
by formula (2.4.25). 

By using the transfer function (2.4.40), it is possible to 

construct the transient function, representing the reaction of the 

vehicle for angle AO to deflections of controls. 

With gradual deflection of controls 

Considering this, from (2.4.40) we find 

«fr)  _» (TU + D 
+ 1) (TV + 2T\p + 1) (2.4.41) 

Hence, by Laplace inverse transformation one can determine 

transient function A0(i)/Aô», which represents the law of change of 

angle AO with gradual deflection of controls and initial conditions 
(2.4.32). 

By the same way it is possible to construct transient function 

Ay*)/Afc, representing the law of change of disturbance of velocity 

with gradual deflection of controls and initial conditions 
(2.4.32). 

Evident expressions of transient functions will be listed in the 

next point after some simplifications of equations of disturbed 
motion. 
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Transfer functions of the rocket In terms of yawing are 

analogous in form to transform functions of the rocket in terms of 

pitching. Thus, for instance, 

l*ip) (t2Afl)(7>!-f27V +1) » 

only now 

*=-ÎÜÎ£Zft*î*L X _ 
(C*z + *l) * 

T,= - 
*** + *! 

and a, is determined by approximate formulas 

P-Xq ) 
VCx ) 

and 

+ **e+t 
P-X 

mVç, 
P-Xp 

mVCx 

4.3. Simplified Equations of Disturbed Motion and 
Transfer Functions in Terms of Pitch and Yaw 

Transient process, which begins with deflection of controls, 

has the following characteristic. 

In the first seconds after deflection of controls the variation 

of velocity A^, which was equal to zero at initial moment t0, 

changes very slowly, remaining small in magnitude. Therefore, at 

the first stage of disturbed motion t.,e effect of variation of 

velocity of the center of mass of the vehicle on its rotation around 

the center of mass is little. Considering this, it is possible to 
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simplify equations of disturbed motion (1.13.5), assuming in the 

second equation of system (1.13.5) that - 0 and rejecting the 

first equation. Then the disturbed motion of the rocket at the first 

stage will be approximately represented by differential equation 

Jt ^+ (2.1*. 1*2) 

The expediency of such simplification of system (1.13.5) is 

dictated still by the fact that inasmuch as we use the method of 

quenching of coefficients, we can count on the reliability of 

obtained conclusions applicable only to small time segments. 

With the shown simplification of equations transfer functions 

V*» and are represented in the form 

Wl(p) 
Jz/ft + hP + tH 

(2.1*.1*3) 

(2.1*.1*1*) 

Assuming 

T= 5 = -¾_ 
2 yrJ,eH ’ (2.1*.1*5) 

we will have 

v¡(p)= Tip>+mp+i' (2.1*.1*6) 

7y+2n/>+r (2.1*.1*7) 

After analogous simplification of equations of disturbed yawing 

motion we will have 

A -r AAf,. (2.1*.1*8) 
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Hence we obtain the following expressions for transfer 

functions : 

<(p) 
JgP* + PtP + (2.4.49) 

W*(p)= 
1 

JgP1 + HP + * ' (2.4.50) 

Let us investigate the reaction of the vehicle in terms of 

angle of pitch to gradual deflection of controls. 

With gradual deflection of controls 

Hp)=wUp)b(p) cnA% 
P(J*P* + P,P+ CH) * 

Hence, by factoring trinomial 

D(p)=*J,p}-\-lXtp-\-C» 

we obtain 

♦(/>) CH _I_* 

■**» Jr P(P — Pl)(P—Pl) ' 

(2.4.51) 

(2.4.52) 

Here p^, - roots of trinomial 0(p): 

(2.4.53) 

Let us apply Laplace inverse transformation to (2.4.52); we 

obtain transient function 
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4 

± «* 

, P{P-P\)(9-Pù r—!• 

Here o - arbitrary real number, exceeding the real parts of roots 

(2.4.53). 

The right side of relationship (2.4.54) is equal to the sum of 

residues of integrands. Residue of function /(p), corresponding to 

pole p¿1 of multiplicity k, as is known, is determined so: 

(2.4.55) 

Specifically, if p^ is a simple pole of function /(p), then 

Ri = Re8/(p)=lim|/(p) (p-p,)\. 
P~P» D^Pt 

Let us examine the following possible cases. 

Statically unotable flight vehicle (x? >0). In this instance 

c*» < 0, therefore p1 > 0, and p2 < 0. The integrand in expression 

(2.4.54) has three simple poles: Pl, p2, o. Corresponding resudies 

of integrand are equal to: 

Point p is K-multiple pole of function /(p), if it is <-multiple 

zero of function = 4>(p). in turn, x-multiple zero of function 

^(P) ls characterized by relationships 

» (Pi) * 0, 0... dp 
(Pi) 
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■m 

«»* residue R Since PtPt 12 Jt 

coefficient fe (see (2.4.45)). 

3 
is exactly equivalent to transfer 

Considering this, we obtain 

T 1 Jm piipi—pi) ' Pi(Pi—p\) (2.4.56) 

Transient function (2.4.56) determines the law of change of 

disturbance 40(0 with gradual deflection of controls and zero 

initial values of disturbances Ad and Ad. Since p^ > 0, and p2 < 0, 

the first component of transient function increases with passage of 

time, and the second component - diminishes, approaching zero. 

3+atically neutral flight vehicle (xp = 0). In this instance 

cu = 0, therefore p^ = 0, and p2 = 
3 

The integrand has double pole 0 and simple pole p2. Correspond¬ 

ing residues are equal to: 

This means 

eH 

Ä,-77 IT 

AI (Q_CH J_ 
Aíj Jt p\ 1* pt (2.4.57) 

As we can see, in this instance the transient function has a 

component, increasing in modulus with passage of time, however, now 

this rise proceeds according to linear law. 

Statically stable flight vehicle (xF < 0). In this instance 

ci* > 0, and the following variants are possible. 
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\ M *11 
a' _i > this case roots and p- are negative 

J2 ' 
and 

different. Transient function HiÖ is again represented by formula 
AV 

(2.4.56), but now both the first and second of its components are 

descending functions with respect to modulus; with increase of t 

disturbance Ad(/) approaches a steady value, equal to kAb* : 

b) -¡¿p. > "v* Prom (2.4.53) we have P1 = P2 = • For 
2 2 

transient function we obtain the following expression: 

AH mTi A J (2.4.58) 

With Increase of t A&(/)-»• ==—if** ^ 
y«/5 1¾ ./ 

c) «•» 
_a < —• In this instance roots p.,, p2 - complex 
4^2 

2 

conjugate: 

In notations (2.4.45) we will have 

»~j.+ln3L, ( fVT=t! 
r t ’ (2.4.59) 

Since ^ p2» Pj ^ 0, p2 ^ 0 and, thus, poles of integrand 

are simple, the transient function is determined by formula (2.4.56) 

at values p1 and p2, determined by formulas (2.4.59). 
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By substituting values of and p2 in (2.^1.56), after some 

conversions we obtain 

(2.4.60) 

The last relationship can be reduced to the form 

(2.4.61) 

where 

Prom (2.4.61) it is evident that the transient process is 

r i V 
oscillatory, moreover oscillations are damped, since “f “ < ° 

3 

The greater the damping coefficient Ç/T the faster the oscillatory 

process attenuates. With the passage of time disturbance Ad(0 

approaches a steady value, equal to ftAfl*. Transfer coefficient 

fe in this case can be treated as the relationship of steady value of 

output quantity Ad the quantity of input signal 

4.4. Transfer Functions of the Vehicle 
in Terms of Roll 

By converting equations of disturbed rolling motion (1.13.8) 

according to Laplace under zero initial conditions, we obtain 

(■'xP*+l»xP)Y(/>)=íií»T(/»í+Af,(/>). (2.4.62) 

where 
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VW-J 

Henee 

Y(#)» «i(P)+ 
1 

PVmP + ^m) 
MAPI (2.H.63) 

Coefficients at (p) and Mx(p) are transfer functions of the 

vehicle in terms of roll and V?. These transfer functions can be 

represented in the form T 

» 

pFp+l) ’ 
W?(P) —-. 

P(Tp+l) (2.11.64) 

Here fe 

constant. 

jj-transfer coefficients, T 
X 

time 

Reaction of the vehicle to gradual deflection of controls with 

respect to roll is described by transient function Ay(*)/AÓ which can 

be obtained by using transfer function /(p), by means of llplace 

inverse transformation. With gradual deflection of controls 

Hence 
• . 

k 
/>*0>+ 1) * 

*Y<0 
t+lm 

Al, ¿Í 
r—!• 

2«i J pHTp+1) ePtdp (2.4.65) 

and after calculation of integral 

(2.4.66) 
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By differentiating (2.4.66), we obtain the expression for 

angular velocity of the vehicle with respect to roll as a function 

of time: 

(2.4.67) 

With increase of t the angular velocity Ay, changing aperiodically 

approaches the value of this velocity in steady state, equal to feA6^. 

The rate of passage of this aperiodic transient process depends on 

the value of time constant T: the greater T is, the slower this 

process occurs, and vice versa. 

Transfer coefficient fe can be treated as the ratio of steady 

value of output quantity Ay to the quantity of output signal 

4.5, Transfer Functions of the Rocket in 
Longitudinal Motion 

Laplace transformation of equation of disturbed longitudinal 

motion of the rocket (1.13.6) under zero initial conditions leads 

to equality 

(mp + cxx) Vx(p)=cXilx ( p)+Fs(p), (2.4.68) 

where V (p), 6 (p), F (p) - Laplace transforms of functions AF , 

i5*> 4V 
From (2.4.68) we find transfer functions of the rocket in 

longitudinal motion: 

(2.4.69) 

In more convenient form 



(2.4.70) jy+T* rf(i 

;— - transform coefficients; f ■ -2- _ time 
X* 

constant of the vehicle. 

With gradual deflection of input signal the transient conditions 

process is started, which is described by transient function 

(2.4.71) 

As we can see, the dynamic properties of the vehicle with respect 

to LV coincide with properties of aperiodic link. With increase of 

t output signal AK approaches in exponent to the steady value of 

disturbance A7 . The rate of passage of this aperiodic process 

depends on the quantity of time constant T: the greater T is, the 

slower this process occurs. 

Prom (2.4.71) it is evident that transfer coefficients fe can 

be treated as the ratio of steady value of output quantity At^ to 

the value of input quantity A6 . 

The transfer coefficient kF has analogous physical meaning: it 

is equal to the ratio of steady value of output quantity A7 to the 
X 

value of input quantity AF . 
X 

4.6. Frequency Characteristics of the Rocket 

Processes in the control system of the rocket are frequently 

difficult to describe by simple differential equations, rather 

convenient for analysis. Therefore, in practice there are widely 

applied methods of investigations which use frequency characteristics 

of the system. Frequency characteristics of elements of the system, 

equations of which are unknown, can be obtained experimentally. The 
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application of frequency methods is especially expedient for systems 

of high order, since in this instance the solutions of differential 

equations and algebraic criteria of stability become very bulky. 

For application of frequency methods it is necessary to know 

the frequency characteristics of the rocket as an object of control 

and frequency characteristics of the control system. Frequency 

characteristics of the rocket as an object of control can be 

obtained from expressions for transfer functions of the rocket by 

means of replacement of parameter p by iio. However, for greater 

clarity we obtain frequency characteristics directly from equations 

of disturbed motion. Concerning the frequency characteristics of 

the control system, they are usually determined experimentally. 

Frequency characterfstics of the rocket represent its forced 

motion with deflection of controls according to harmonic law and 

the absence of disturbing forces. 

Let us examine pitching motion. For construction of frequency 

characteristics in equations (1.13.5) let us assume 

^,=0, aAÍ,=0, aí* (2.4.72) 

and considering that coefficients of equations are quenched, we 

will seek unknown functions AF , Ai* In the form 
X 

(2.4.73) 

After substitution of (2.4.72) and (2.4.73) in equations 

(1.13.5) we obtain system of algebraic equations 

(cw+/•«) ^,+(^+¿«V,) B=c*, 

"f 4v—ia3-/t)Q==CM' 
(2.4.74) 

Let us solve system (2.4.74) relative to 6. We obtain 

frequency transfer function 
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(2.4.75) 

+ tmmeu _• 

'—-VJ-C|# + i\mm 

By comparing it with (2.4.38), we can see that 

Let us write 0 in the form 

•«•!<•)+/*(•). (2.4.76) 

where 0^, “■ and imagir*i.ry components of frequency transfer 

function r pectively, determined by formulas: 

ei — ct.CLi) + 
ïïÎtr-- 

C|M<WCH—C; (fy,fM — 

T+T 

(2.4.77) 

Here 

c,=cw(rH —»’y,)— 
c2=«m(c»* 

Frequency transfer function can be presented thus: 

0r=*(«)¿te> (2.4.79) 

where 

*<«)-H(H=y iw+sw (2.4.80) 

- amplitude frequency characteristics of the object (amplltlflcatlon 

factor); 

?-=arge(/«) 
(2.4.81) 
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- phase frequency characteristic of the object (phase shift). 

Accordingly, function Ad, being the output quantity for the 

object as the linear link of automatic control system (and input 

quantity for automatic stabilization control), is represented by 

formula 

*(«)«'!-<+» (-)1 (2.4.82) 

As we can see, harmonic oscillations of controls cause harmonic 

oscillations of output quantity of the object with the same 

frequency, but with changed amplitude and phase. These changes are 

characterized by amplification factor fe(u) and by phase shift <|>(i»>). 

Having substituted (2.4.77) in (2.4.80), we will have 

)'* \-\/ (2.4.83) 
r Cj + *1 » \ W / 

If control is carried out by means of thrust misalignment, 

the oyß * 0, and in this instance 

*(•) Vcl+Jm*. (2.4.84) 

During control with the aid of air or Jet vanes or by means of 

turning of sustainer engines c« - - In this case formula 

(2.4.83) assumes the form 

(2.4.85) 

Phase shift $(w) is represented as the difference of arguments 

of the numerator and denominator of frequency transfer function. 

Let us turn to examination of rolling motion of the rocket. In 

equation of disturbed motion (1.13.8) let us assume 



AAf^—O, (2.4.86) 

Again considering the coefficients of equation as quenched, we 
will seek unknown function ty in the form 

AY=r}**. (2.4.87) 

After substitution of (2.4.86) and (2.4.8?) in equation (1.13.8) 
we obtain 

Hence 

(2.4.88) 

or 

r-r.M+fl’.H 
(2.4.89) 

where 

r,(.)= r. ■ —««i». 
'î-h-4 ’ ’ (2.4.90) 

Here r^w), r2(w) - real and imaginary components of frequency 

transfer function respectively. 

Frequency transfer function can be presented in the form 

r=*(.)e,M.), (2.4.9!) 

where 

>(•)=* |r(A.)| M 
ŸJW+i*i-* (2.4.92) 
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?(«)=argr(to)=arg 

Since < 0, 

Functions ’.(w) and ¢(01) represent the amplitude frequency and 

phase frequency characteristics respectively of the rocket as an 

object of cont’rol.. 

§ 5. Requirements for Frequency Characteristics of 
Automatic Stabilization Control from Condition 
of Stability of the Automatic Control System 

of the Rocket 

If the frequency characteristics of the rocket as an object 

of control and frequency characteristics of automatic stabilization 

control are known, then we can determine the frequency character¬ 

istics of an open automatic control system. 

Let us assume fe0.(w) and 4>o(u>) - respectively the amplification 

factor and phase shift of the object, and ka(œ) and <|> (u>) - 

amplification factor and phase shift of automatic stabilization 

control. Then, as is known, the amplification factor and phase 

shift of an open automatic control system are determined by relation¬ 

ships : 

?(«)=?«(•)+?.(••)• 
(2.5.1) 

®ol* ®o2 “ respectively the real and imaginary components 

of frequency transfer function of the object, and 6al, 0a2 - real 

and imaginary components of frequency transfer function of the 

automatic stabilization control then real and imaginary components 

of the frequency transfer function of an open system are determined 

by equalities: 
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8, («)=80, («) 8,, («)—80, (•) 8,, (•), 
8,(-)-8,,(-)6^(-,)+8,,(.)8.,(-). (2.5.2) 

By relationships (2.5.1) or (2.5.2) it is possible to construct 

amplitude-phase-frequency characteristics (hodographs) of the open 

system. By the shape of this hodograph, adhering to Nyquist 

stability criterion, it is possible to Judge the stability of motion 

of the rocket. 

Nyquist criterion of stability is formulated in the following 

manner. 

Let us assume WQ(p) - transfer function of the rocket as an 

object of control, and - transfer function of automatic 

stabilization control. Then the transfer function of the open 

automatic control system, as is known, is equal to: 

^(^)=^.(^)^,(^)=^, (2.5.3) 

where R(p) and Q(p) - polynomial of p; degree of polynomial R(p) 

is not higher than the degree of polynomial Q(p). 

From (2.5.3), incidently, with substitution of p = i(u) there 

is obtained frequency transfer function of the open system: 

r (Í-) 3- 8(H=*H^<•) =9,(-)+/8,(-). ( 2.5. Ü ) 

Nyquiet stability criterion. Let us aeeume the denominator of 

transfer function of the open automatic control eyetem (2.5.3) 

contains l roots in the right half-plane of the complex plane and 

n-l roots - in the left. Then with change of frequency u from -<*> 

to +<» for a system stable in closed state the resulting turn of the 

end of the vector of frequency transfer function Q(iw) of the open 

system relative to point (+1, 0) counterclockwise should form an 

angle, equal to 2vl, i.e., amplitude-phase-frequency characteristic 
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should encompass point (+1, 0) as many times as the denominator of 

transfer function of the open system contains roots in the right 

half-plane. 

Note : The provided formulation of Nyquist stability criterion 
is valid on the assumption that the output quantity of 
the object with the same sign is the input quantity or 
part of the input (control) quantity of the regulator. 
In theory of automatic control usually during forming 
of control quantity of the regulator quantity of the 
object as a link of automatic control system is taken 
with opposite sign. In this instance the characteristic 
point, relative to which there is considered rotation of 
the end of vector 0(io)), becomes point (-1, 0). 

At the initial stage of designing the rocket, when parameters of 

automatic stabilization control have not yet been determined, but 

frequency characteristics of the rocket as an object of control are 

already known, with the aid of Nyquist stability criterion it is 

possible to establish the necessary limitations for frequency 

characteristics of automatic stabilization control from the condition 

of stability of the system, which will permit refining the range of 

possible values of parameters of the automatic stabilization control 

and, thus, will simplify the problem of selection of its rational 

values. 

Below we will limit ourselves to examination of pitching and 

rolling motion of the rocket, bearing in mind that corresponding 

analysis of other control channels is performed analogously. 
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5.1. Requirements for Frequency Characteristics 
of Automatic Stabilization Control 

with Respect to Pitch Channel 

For simplicity and clarity of analysis let us use equation 

(2.Ü.Ü2), which approximately describes disturbed pitching motion 

of rocket. In this instance for transfer function of the rocket 

as an object of control we have the following expression: 

W.{p)**W\(p)^-fli 
+ Pip + eH ' 

(2.5.5) 

By substituting tu> instead of p in (2.5.5), we obtain frequency 

transfer function of the object 

r.(H« «.(«.)=—=2!-. 
—C** — (2.5.6) 

By dividing the real and imaginary parts of frequency transfer 

function, we will have 

where 

(2.5.7) 

»iH— 

8o2(u») = — t*** - 

(/^7 — fM P + (‘J** 

(2.5.8) 

Formulas (2.5.8) are conveniently written so 

6 -r.,'-) 

U,U 

80,0=,-- "/'ÿ , . 

(2.5.9) 
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Here 

(2.5.10) 

The following three cases are possible. 

1. Rocket ie statically stablet i,e.t xp < 0. In this case 

CM>0 (2.5.11) 

and therefore the denominator of transfer function (2.5.5) does not 

have roots in the right half-plane. 

With change of w from to +«° the end of the vector of 

frequency transfer function 60(tu>) describes the curve shown in 

Fig. 2.9, as follows from analysis of formulas (2.5.9) taking into 

account the fact that d*. < 0, > 0. From condition of Nyquist 

stability since the denominator of transfer function does not have 

roots in the right half-plane, it follows that the hodograph of the 

open system should not encompass point (+1, 0).1 The desirable 

shape of the hodograph of an open system is shown in Fig. 2.9 by a 

broken line. In this instance there will take place a stability 

margin with respect to phase, being measured by magnitude of 

angle between the axis of abscissa and ray, drawn from the 

origin of coordinates through the point of intersection of hodograph 

of the open system with the circumference of unit radius. For 

creation of such margin of stability it is necessary that the 

automatic stabilization control at frequencies, close to frequency 

at which the amplification factor of the open system is equal 

to one, had phase lead. Phase shift of automatic stabilization 

control must satisfy condition 

2fci<?i+?0<(2*+l)n (*=0,1,2,. . .) (2.5.12) 

Here and further it is assumed that the denominator of transfer 
function of automatic stabilization control does not have roots in 
the right half-plane. 
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t 

Pig. 2.9, 

2. Rooket ia atatioally natural, i.e.t xp » 0. In this case 

fM==0 
(2.5.13) 

and therefore 

ff — -fM A “«Mi1* •¿i»)« 

2.10. 

' (2.5.14) 

The end of vector BQ(iw) describes the curve shown in Fig. 

Pig. 2.10, 

141 



The denominator of transfer function (2.5.5) again does not 

have roots in the right half-plane. Therefore, Just as in case 

X < 0, the automatic stabilization control should have phase lead 

according to condition (2.5.12). 

3. Rooket is statically unstable, i.e.t > 0. In this case 

(2.5.15) rM<0 

and therefore the denominator of transfer function (2.5.5) has one 

root in the right half-plane. In this case the frequency transfer 

function of the object of control is represented by the curve shown 

in Fig. 2.11. Accordingly to Nyquist criterion, for stability of 

the system in closed state the end of the vector of frequency transfer 

function of the open system with change of w from -» to +» must be 

turned to angle 2ir. From Fig. 2.11 it is evident that to provide 

stability with some phase margin it is necessary that phase <|»a of 

automatic stabilization control satisfies condition (2.5.12). But 

this is insufficient in the considered case. It is still necessary 

that the hodograph of the open system intersect the axis of abscissa 

when w * 0 to the right of point (+1, 0). Therefore it is necessary 

to fulfill one more condition: 

*.(0)*.(0)>1. (2.5.16) 

Fig. 2.11. 

•«Mi 
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Since amplification factor of the object 

(2.5.17) 

when w * 0 we have 

(2.5.18) 

Considering (2.5.18), from (2.5.16) we find the lower limit 

of permissible values of amplification factor of the automatic 

stabilization control: 

(2.5.19) 

Thus, in all the considered cases there is required phase lead 

of automatic stabilization control at frequencies close to frequenc; 

“*» and lf the rocket is statically unstable, furthermore, the 

amplification factor of automatic stabilization control when u» = 0 

must satisfy condition (2.5.19). 

Frequency <u«, close to which condition (2.5.12) must be 

fulfilled, is determined by equality 

This frequency can be found so. Let us substitute value k (u*) 

in equality (2.5.20) according to (2.5.17). We obtain 

Jîül 
- ., ., M-*)-1 
V (*•-*)'+?/* 

In view of the smallness of i¡3, hence follows approximate 

equality 
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(2.5.21) ••*»5.+fcd*.íO 

If the relationship of amplification factor of the automatic 

stabilization control fea to frequency w is known, then from (2.5.21) 

it is simple to determine the desired frequency u>* graphically or 

by means of successive approximations 

Since usually ^ 0 (and when “ 0 <(>0(w#) « 0), the 

condition of phase lead of automatic stabilization control can be 

simplified, having written it so: 

1)* (A—0,1,2,. • . (2 5 22) 

Finally, let uf, estimate the maximum permissible value of 

amplification factor of the automatic stabilization control at large 

U). 

Let us assume wo - frequency at which the automatic stabilization 

control does not give phase shift. Approximately at this frequency 

the hodograph of open automatic control system intersects the axis of 

abscissa, since phase shift, created by the object, is very small. 

By disregarding value <fr0(<*>0), for coordinate of the point of 

intersection of hodograph of open automatic control system with the 

axis of abscissa we will have the following expression: 

•i (••)= * (^.)=8.1 (••)*,(••)*» 

(2.5.23) 

From condition of stability of the system the hodograph of 

open system should intersect the axis of abscissa (at frequencies 

close to u>0) to the left of point (+1, 0) and, thus, the amplifica¬ 

tion factor of automatic stabilization control must satisfy 

inequality 



Hence, assuming that > &». and taking into account that 
in < 0, we obtain 

*.(“oK 
—(“*— 

(2.5.25) 

In view of the smallness of coefficient ÿ relationship 

(2.5.25) can be simplified, having dropped component . Then 
we will have 3 0 

*.(-.)< 
—eH •' 

(2.5.26) 

5.2. Requirements for Frequency Characteristics of 
Automatic Stabilization Control with 

Respect to Roll Channel 

Transfer function of the rocket as the object of control for 

the pair of input and output signals AS -Ay is' represented in the 
form of [see (2.^.64)] T 

(2.5.27) 

Real and imaginary components of frequency transfer function 

are represented by formula (2.4.90), which can be written so: 

•1 r =»- ¿ 
(-1+¾) M 

Here 



With change of w from -® to +» the end of the vector of 

frequency transfer function ro(tu) describes the curve shown in 

Pig. 2.12. Since the denominator of transfer function (2.5.27) does 

not have roots in the right half-plane, then from the condition of 

Nyquist stability the hodograph of open system should not encompass 

point (+1, 0), and for this it is necessary that the automatic 

stabilization control at frequencies close to frequency w*, at 

which the amplification factor of open system is equal to one, had 

phase lead; more accurately, that at these frequencies there would 

be fulfilled condition 

<?,+?„< (2*-!-l)n 
(*=*0,1,2,...). (2.5.28) 

Frequency u* can be determined in the following manner. 

Let us assume fe.(w) and fe_(u) - amplification factor of the 
O cl 

object and automatic stabilization control respectively. Then, 

according to condition, 

Taking into account that 

(2.5.29) 

kM=VfrWoi= (2.5.30) 
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from (2.5.29) we obtain 

MM-I-W+Ä)«'... 

In view of the emallneee of hence follows approximate 
equality 

(2.5.31) 

If the amplification factor of automatic stabilization control 

as a function of u> is known, then from (2.5.31) it is possible, at 

least approximately, to determine the value of <d*. 

5 6« Stability Regions. D-Dlvision 

During calculation and designing of the system of control of 

the rocket there is usually investigated the effect of various 

structural parameters of the rocket and parameters of the regulator 

on the stability of the system. For this purpose we construct 

regions of stability in the plane of one parameter or in the plane o 

two parameters at fixed values of all other parameters. The plane 

of the investigated parameters is subjected to so-called D-division 

by means of constructions of a line, which divides the regions with 

definite distribution of roots of the characteristic polynomial of 

a closed system (with the same number of roots with negative real 

parts and with positive reál parts). Of practical interest is the 

part of curves of D-division, that is the boundary of the region 

with maximum number of roots with negative real parts. For isolation 

of this region, which can be the region of stability, there is 

introduced shading of lines of D-division according to the rule 

given below. In order to establish whether in fact the selected 

region is the region of stability or not, it is necessary for one 

(any) point of this region to check the stability with the aid of 
some criterion. 

Below as an example there is shown the construction of the 

region of stability in a plane of two parameters. There is 
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considered disturbed pitching motion of the rocket. Construction 

of the regions of stability with respect to yaw and roll is per¬ 

formed completely analogously. 

Disturbed pitching motion of the rocket is described by 

differential equations: 

(2.6.1) 

■MO ^-+^(0^+^(0^+^(04^,-. 

To equations (2.6.1) there must be added another equation of 

the connection between AÓ and the controllable quantities. Let us 

take the following law of control: 

.,41 At 

* dfi 
l-Tr 

rfAt 

dt 
A*»**»-}-*!“- 

af (2.6.2) 

Por the other law of control the corresponding working formulas are 

simply obtained by repeating the operations being given further. 

By following the method of quenched coefficients, let us record 

time t and examine the system of homogeneous equations with constant 

coefficients 

J. 

7] 

dòVm 

dt 

4*At 

dfl 

rf*At 

TTf 

dt* 
+7-1 i 

-f* tf** A®—f** AÍ=0, 

i^-*A»=0. 

(2.6.3) 

Let us construct lines of D-division in the plane of two 

parameters fe and fe1, assuming that T1 and - assigned quantities. 

Characteristic equations of system (2.6.3) has the form 
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where 

D(X)«a07|X»4.(a1rj-|-apr1)X<+(fl0+a^*-fa1rI)i*+ 

+(«i+«i7î+<iiri+MiH,+(«:+ViTM-t-Mi)H 
+(«I+MH0, (2.6.4) 

a2=mcn d*v, 

¿i= —mcu, 

l>i=*CyiC%$-CnCu. 

(2#6.5) 

Equation (2.6.4) can be rewritten so: 

*P(X)+*iQ(X)+S(X)=0, 
(2.6.6) 

where 

P(X)^*,X+^ 

Q(X)-(V+WX. 

^íXJ^OoTlXí+ía^+aorOX^+fao+ajTl+a.T-jJXH 

+(Oi+a8r;+«j7'I)X*-i-(aj-fa,7*1)X+a,. 

Let us introduce substitution X = iw. We will have 

<?(M=Q.(-)+¿Q*H 

5(/<»)=5, H+/5,K 

Here 

P| (w) — ôj, Pii*)— 

¢,(0))=-^1^ ¢,(0,) = ^ 
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S,(»»)a»(a,7^-l-«or i)w4—(ai+a^TJ+ajT 

SaH^úo^-K+a^+tf/O^+íaj+a/i)». 

By equating separately the real and imaginary parts to zero in 

equation (2.6.6), we obtain parametric equations of lines of D- 

division of the plane of parameters fe and fe^: 

M + *iQi(")TSi(*)=0, \ (2 G 7) 

(“) "f * iQî ^ =' 

Let us solve equalities (2.6.7) relative to k and fe^. Then 

1-5,(-) <?,(->| 

cl -¾ (-) 0«(«M 

I />,(-) 0, (-) I ’ 
I p,(-) Oi(-)l 

I p, (-) -5,(-)1 

t 1 p»(-) -5,(-)1 
‘ I Pi (-) 0i(«)|' 

I Pj (-) Q*(-)l 

or, by expanding the determinants. 

(2 6 8) 

k-1[±-;r(AiS+Are*+A»)' 

where 

Au=bi(a0-{-a2Tl-\-aiTx)~ + 

iA,0= — (2.6.9) 

^i«—M*,7! "I"0»7*i)—^i7!» 

^»=(’a(ao+fl27H"ai T*,)-^i(a,*ffl37j-f*fl27'>)» 
jAqq— Új¿1 bj(ûj “}" Uj7^,). 

To every value of co there correspond definite values of fe and fe^, 

i.€■., the point in plane kk1. By adding different values of w 

(from to ®), it is possible in plane fefej^ to construct the curve 
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of D-divi8ion. In this case k should be plotted along thé axis of 
abscissas, and - along the axis of ordinates. 

Further there is performed shading of curve of D-division 

according to the following rule. If during motion along this curve 

toward growth of u (i.e,, from w ■ to w * ») the principal 

determinant of system (2.6.7) is positive, then the curve is shaded 

from the left. If in this case the principal determinant is negative, 

the the curve is shaded from the right. In our case the principal 

determinant is equal to: 

*.(•) <?.(•) 

Qt(-) 

Therefore, with growth of o> from 0 to - A > 0, and, thus, the curve 

should be shaded from the left. 

Inasmuch as in formulas (2.6.8) m enters the fourth power, each 

point of the curve corresponds to two values of to: ±|w|, i.e., with 

growth of a> from -« to ® our curve is passed twice: from -® to 0 

and from 0 to ®. With growth of ui from -® to 0 A < 0, thërefore 

the curve should be shaded from the right. As a result the curve 

is shaded twice from the same side. 

The point with coordinates fe(0), fe^O) is specific, since when 

'*> = 0 both the principal determinant of system (2.6.7) and the follow¬ 

ing determinants become zero: 

-S,(«) Q, (u>) I I />,(•) —$,(») j 

-$(•) Qjh r Ia>2(») -s2(.)| 
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When w ■ 0 system (2.6.7) is reduced to one equation 

(2.6.11) 

This equation is a straight line, passing through a specific point 

(2.6.10). The straight line should be shaded so that near the 

specific point the shading of straight line and curve would be 

directed to the same side. The region, covered by the maximum 

number of shadings, will be the range of stability, if there 

generally is such at the considered moment of time. 

Figure 2.13 shows line of D-division and region of stability for 

a rocket with law of control (2.6.2). A similar construction of 

regions of stability is provided for various fixed moments of time 

with 10-20 s interval. The overall part of all stability regions 

obtained in this manner is the region of those values of 

parameters fe and fe^, at which stability is provided on the entire 

trajectory. 

Fig. 2.13. 



5 7. Refinement of the Method of Quenched 
Coefficients, Accounts of Variability 

of Coefficients of Equations 

In i 3 we formulated the approximate criterion of local stability 

of undisturbed motion, to which corresponds trivial solution of 

equations (2.3.2), based on the method of »quenching" of coefficients. 

In this section there are derived criteria of local stability of 

undisturbed motion [trivial solution of equations (2.3.2)]., con¬ 

sidering the variability of coefficients of equations. 

Por convenience of further account let us present the system 

of differential equations (2.3.2) in standard form. For this 

purpose, considering generalized velocities as additional generalized 

coordinates, let us introduce new variables 

-1,2,...11). 

f!_«(/-«+ lr..,2ft). (2.7.1) 

In new variables system (2.3.2) assumes the form 

~t-- 

J-i 
(/ ** 1.2,...-, n). (2.7.2) 

Determinant, composed of coefficients with leading 

derivatives in system (2.3.2), can be shown nonzero, therefore the 

following determinant is not equal to zero 

mUmlt • • • JBlftO -...0 I 

nijiifijj • • • % • • • 0 11 

• *iu0. • • • 0 

0 0 0 1 ....0 

o o..».o 0....1 
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consisting of coefficients with derivatives in equations (2.7.2). 

This means, system (2.7.2) is solvable relative to derivatives 

dx./dt. By solving it as a nonhomogeneous algebraic system relative 

to derivatives dx./dt> we obtain a system of differential equations 

in standara form 

(<-1.2.(2.7.3) 

Further it is assumed that u .(t) - any necessary number of 

once differentiable functions. 

7.1. Asymptotic Integration of Equations 

If coefficients of equations (2.7.3) are constants, then their 

solution is constructed just as the solution of system (2.3.3). So, 

if 

(<“ 1,5.^..*), 
(2.7.4) 

where * const, then the particular solution is sought in the 

form 

X,-*,«" (1-1.2,.*). (2.7.5) 

Substitution of (2.7.5) in equations (2.7.4) leads to the 

system of algebraic equations 

yj «,/*/—*i*-0 (/-1,2.«). (2.7.6) 

System of algebraic equations (2.7.6) has nonzero solutions only 

at values of X at which the determinant of the system becomes zero. 

The determinant of the system is polynomial (characteristic poly¬ 

nomial) of m power relative to X. This polynomial has m roots X^, 
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*2* •••» \ij' 8^®Ple root Xg with accuracy to arbitrary nonzero 

coefficient corresponds unique nonzero solution of algebraic system 

(2.7.6): ¿20» •••» ¿m0* root X^ and to nonzero solution oi 

algebraic equations (2.7.6) when ^ corresponds the particular 

solution of differential equations (2.7.4). 

(/»1,2.m). (2.7.7) 

If all the roots of characteristic polynomial are simple, 

then the general solution of equations (2.7.4) is represented so: 

m 

x< ” 5] MM**' (/-1.2 M). (2.7.8) 
•-I • 

where (0 - 1, 2, ..., m) - arbitrary constants. 

The problem of stability of trivial solution of equations 

(2.7.4) is determined depending on signs of real parts of roots of 

characteristic polynomial. According to the method of quenched 

coefficients the signs of real parts of roots are considered as 

criterion of stability when coefficients of equations are variables. 

In order to obtain more accurate stability criteria of trivial 

solution of equations (2.7.3), adhering to the first method of 

Lyapunov, it is necessary to solve equations (2.7.3) more 

accurately than by the method of quenched coefficents. 

Below is indicated the method of construction of approximate 

solution of equations (2.7.3) with allowance for variability of 

coefficients of equations. This method is based on ideas of 

asymptotic integration of differential equations using the concept 

'slow time," introduced into mathematical physics by N. M. Krylov 

and N. N. Bogolyubov [9]. 

Instead of system (2.7.3) let us introduce into examination 
the system 
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éxt 
át (2.7.9) *tj V) xj (l-L*.*). 

where x ■ et - so-called "slow time"; e - parameter. 

When e * 1 systems (2.7.3) and (2.7.9) coincide, so that if we 

can construct the solution of equations (2.7.9), then, by assuming 

in this solution e - 1, we obtain the solution of system (2.7.3) of 

interest to us. 

We will seek the particular solution of equations (2.7.9) In 

the form 

.,(,..)-1,(,. (,-1.5..). (2.7.10) 

By substituting (2.7.10) in (2.7.9), after reduction by common 

multiple exp / l(x, e)dt 

ï/(».(/-1.2.«). (2.7.11) 

Let us determine functions ^(T* £) an<* Mt, e) so that 

equalities (2.7.11) are fulfilled indentically relative to parameter 

e. We will construct these functions in the form of series according 

to powers e: 

k¡ (t, «) » >/ (T)+ «»J11 (Tj + tUp (T)+... (/- 1. 2.*). 

I(t. 0-1 (1).+ .1^(^ +1^(^)+... (2.7.12) 

Let us substitute (2.7.12) in (2.7.11)! 

(2.7.13) 
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In equalities (2.7.13) let us equate the terms containing e in 

equal powers. As a reuslt we obtain the following systems of 

equalities: 

VBiy (T).*J(t) —*,(t)à(t) =* 0 (i«l. 2.m)\ 

UU (*) (r)X(r) * k, (T) >.l'> (T) + (/ -1,2,... 

2 ■'/ <T> *T iT> ” *1** M1 (f) - */ (T) (t) + 

... ... "I11 w 
+*}’1 (t)X»1' (r) + Jx - (1-1.2. 

(2.7.14) 

(2.7.15) 

(2.7.15a) 

which the terms of series (2.7.12) should satisfy. 

Before proceeding to the solution of obtained algebraic systems, 

let us examine some general features of systems of linear algebraic 

equations. 

7.1.1. Some information from the theory of 
systems of linear algebraic equations 

Let us examine the algebraic system of linear nonhomogenous 

equations 

(»II —X) *; + — /|. 

+ (“a — X) +...+ tt7mkm — /,. 

*«i*i + *«1*1+ • • • + (*««*«— X) ** fm 

and homogeneous system corresponding to it 

(®M—'*)*! +*ll*l + ... + *|**» —0, 

*11*1 + («a—*) *t+... + *1«*« — 0, 

“»i*i +*«i*i+...+(*««-X)*<„ -Ö. 

(2.7.16) 

(2.7.x7) 
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In order that homogeneous system (2.7.17) would have nonzero 

solution. It Is necessary and sufficient that the determinant of 

system 

8|l —X 8)1 ... B]m 

®»l «»—X ... Mfm 

H«1 ■«t ... 

(2.7.18) 

be equal to zero. Determinant (2.7.18) in opened form Is a poly¬ 

nomial (characteristic polynomial) of power m, which has m roots: 

X,, A0, ..., X (u. . — real quantities). We will further assume 

that all these roots are different. 

Let us assume X - one of the roots of character4stic poly- o 
nomial. When * * 10» inasmuch as X0 - simple root of characteristic 

polynomial, the rank of determinant (2.8.18) is equal to m - 1 and 

therefore system (2.7.17) with accuracy to arbitrary nonzero 

coefficient has unique nonzero solution. This means that if 

(2.7.19) 

- nonzero solution of system (2.7.17)» then all other solutions of 

this system have the form 

**!»• ' • •• 

Solution of (2.7.19) can be represented in vector Ka with 

components fela, fe2a, ..., kmg. The available arbitrariness permits 

selecting the solution of (2.7.19) in such a way that the following 

condition would be fulfilled 

(2.7.20) 

Let us 

al* » am 
of vector A 

remember that the modulus of vector A with components 

is defined as the square root of the scalar product 

by itself: 
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Mi-Kcnr, 

and the scalar product of vector A by vector B with components 

^2* *•'* cas® when components of vectors are numbers from 

the field of complex numbers, is represented by equality 

m 

Conjugate homogeneous system 

(*ii - *) ft + «i-.« +...+ « o, 

Bm‘l + («»—^) .,. + . o. (2.7.21) 

when A = (Xfl - root characteristic polynomial) with accuracy to 

within arbitrary nonzero coefficient also has unique nonzero 

solution, which is written so: 

i*íi. I1«*.i1#-. (2.7.22) 

Between the solutions of homogeneous system (2.7.17) and 

conjugate system (2.7.21) there exist relationships 

(2.7.23) 

This can be shown by the following means, 

We have 

(8:i X#) *j,+«|j*îf+...+01,4^^0, 

“i i *i.+(«2r— K) **,+...+ 

b«1*1,+“«îaj,+ ...+ (•mm— \) *mt— 0 

(2.7.24) 
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and 

(“li — *») l*«l + *Î1!*#2 +...+ I'mlNm “ O, 

t + (“» — ^ + -..+ OnU^oi ■■ 0. (2.7.25) 
*****•**•«••••••••••••• 

“I "Hi i + «j«.“iî + ...+ (umm — X,) (i,. M 0. 

Let us multiply îach i-th line in system (2.7.24) by y ., and 
81* 

in system (2.7.25) - by -fe^0 and sum up the results. We obtain 

(ijf— X,) (Mji*i,+ Hj2+j,+ ...+ *• 0. (2.7.26) 

Hence there directly follow relationships (2.7.23). 

Nonzero solution (2.7.22) of conjugate system (2.7.21) is also 

determined with accuracy to arbitrary nonzero coefficient, therefore 

it can always be selected so that the first equality (2.7.23) would 

be fulfilled in the following manner: 

(2.7.27) 

Subsequently we will assume that solutions cf system (2.7.17) 

and conjugate system (2.7.21) are selected in accordance with 

conditions (2.7.20) and (2.7.27). 

Finally, let us note one condition of solvability of non- 

homogenous system (2.7.16). 

In order that the system of linear nonhomogenous equations 

(2.7.16) when X * Ag would be solvable, it is necessary and sufficient 

that the following equality be fulfilled 

where ual, uo2, 

(2.7.28) 

U0m - any solution of conjugate system (2.7.21). 
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Let us prove this necessity. Let us assume that system (2.7.16/ 

is solvable (commonly) and y0l, yo2, ...» yom - some solution of 

conjugate system. Let us sum up equalities (2.7.16) together, 

having preliminarily multiplied each i-th equality by y_.. We 

obtain 

[(a,, - i) K.i+0,,^,+...+ 0«,^]*| +. 

+ (0» — X) (»*+...+ 0Mt|»,J % + 

+ [«i. i».,+"*■+*+ •..+ (0*. - X) t'j J r.j/r 
/-i 

When ^ “ 10 all the square brackets become zerc, since )ial> 

Uo2, ...» uam is the solution of conjugate homogeneous system 

corresponding to root and, consequently, 

m 

/-i 

Adequacy. Let us assume condition (2.7.28) is observed. Let 

us prove then that system (2.7.16) is common. 

According to theorem of Kronecker-Capella the system of linear 

equations (2.7.16) when A = X^ then and only then is common, when 

the rank of matrix 

®I1 —" A, 0,2 o,,, 

Í/«* Hj, Bj., —... ma 

®*il . • • • umb' ■ 

is equal to the rank of expanded matrix 

Í/,- 

“11 —X, 0,t 

hji un—X, 
••• «i«/i 

••• ■*■/« 

“*1 “"1 ... umm X'/,, 
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In the considered case the rank of matrix V is equal to m - 1, 

since X is the simple root of characteristic polynomial. Let us 
o 

show that the rank of expanded matrix is also equal to m - 1. 

Without detriment for generality let us assume that to nonzero 

minor of matrix U occupies the left upper corner. For this minor 

in matrix there are two bordering minors : one of them - determinant • 

of matrix U, which is equal to zero, and the other - determinant 

■il—X, «i* ■lar—1 ft 

■« “a —X, «2*—1 ft 

"art «an umm—\ fm 

(2.7.29) 

Determinant (2.7.29) is also equal to zero. Actually, if we 

multiply lines of this determinant respectively by yol, uo2, ..., uom 

and then sum them up, then, in view of condition (2.7.28), as a 

result we obtain zero, which designates the linear dependence of 

determinant. Hence it follows that determinant of (2.7.29) is 

equal to zero. 

Thus, minors of matrix £/^, bordering the minor of rank m - 1 

not equal to zero, are equal to zero. Therefore, the rank of matrix 

£/1 is equal to m - 1, i.e., is equal to the rank of matrix U. This 

means system (2.7.16) when X = X0 is solvable. 

7.1.2. Recurrence formulas 

Let us return to systems of equations (2.7.1^), (2.7.15) and 

so forth. Let us first consider system (2.7.14). In expanded 

form this system has the form of equalities (2.7.17). To each root 

Xo of characteristic polynomial there corresponds a solution of 

system fela, fe2o, ..., fema, which, we will consider, satisfies 

condition (2.7.20). Since coefficients 1/.. are functions of time, 

roots X,, Xn, ..., X are also functions of time t. Further we 
i. ¿ tu 

will assume that in the considered time interval all roots remain 

simple, i.e.. 

162 



1 

|M<)—MO|>«>o (•i4*)* (2.7.30) 

When X * X^ and - kig equality (2.7.14) is fulfilled 

identically, and remaining algebraic systems (2.7.15), (2.7.15a), ..., 

can be written so: 

2 “»/ <*) (T) - *1’.' M X.<T> («)+ f!*-11 (») 

(<» 1,2,.V—1,2,...). (2.7.31) 

Here 

‘I'-Z- 
(2.7.32) 

and so forth. 

Let us suppose that fe^], X^1], ..., X^v"1] are 

already determined. Then g^v”^^ is a known function, and the 

quantities of the next approximation fei'’1 xïv’ can be determined JO 0 
from v-th system (2.7.31) in the following manner. 

Let us assume 

I1*!. HiJ.*.** I1*» (2.7.33) 

is the solution of homogeneous system, conjugate to system (2.7.17), 

when X = X , i.e., solution of system 
0 

2 (/«1,2.m). 
J 

(2.7.34) 

We will assume that all solutions of form (2.7.33), correspond¬ 

ing to roots X^, X2, ..., Xm and satisfying, of course, equalities 

(2.7.23), are selected from condition (2.7.27). 
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Condition of solvatlllty of v-th linear system (2.7.31) will 

be written down so;

Hence, considering (2.7.27), we find

- - -

:oi ; '

(2.7.35)

For determination of let us multiply each i-th equality

of v-th system (2.7.31) by and sum up the results. We obtain

or, by changing the order of summation.

Hence, taking Into account that

[see (2.7.3**)], we obtain

(2.7.36)

When 2fi’om (2.7.36) we have

i-i

16*1

J



When • - o the right side of equality (2.7.36) is equal to zero 

in view of (2.7.35) and so that we can take 

[v] 
where og - arbitrary, necessary number of times, differentiable 

function. 

Thus, the sought quantities satisfy the following system 

of algebraic equations: 

(**•). 

(*-•). (2.7.37) 

where 

(2.7.38) 

The determinant of system (2.7.37) is equal to: 

As we can see, the lines of this determinant are nonzero 

solutions of system (2.7.3^) when X - X^ Xg, ..., X^. Since all 

roots X^ are different, all m nonzero solutions of system (2.7.34) 

are linearly independent and, thus, determinant A is nonzero. 

Considering this, by Cramer rule from (2.7.37) we find 

‘I:1- ï *£-"+ -? .¡1 (/-1.5. 
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Here A . - signed minor of element \i . of determinant A. 
81 81 

A . • 
It is possible to show that ratio ■ fe^. Considering this, 

we will have 

»I:1- ('»1.2.„). (2.7.39) 

Let us use the arbitrariness, available during determination of 
.T V1 

in the following manner. 

Let us assume X - vector with components fe, , , ..., fe : 
o i<j ' ¿ex J mo 

- vector with components •••» “ vector 
mt 

with components fe^0, k^, ...» fem(J. Then m of the first series 

(2.7.12) can be written so: 

*.<». •) ~*.<T>+ (T) + «*/f W (T)+... (2.7.^0) 

Terms of this series (v = 1, 2, ...) in accordance with 

(2.7.39) are determined by formula 

KÍ’1- (2.7.41) 

Let us subordinate the selection of arbitrary functions 

(v » 1, 2, ... ) to condition of equality of modulus of vector 

Ka to one. The square of modulus of vector Kq is equal to: 

|*.P-R. *.)-(** fO + *[(K"Kl") + (Kl», X.)] + 

+«* 1(^ +(/fi11. JCl'1)+Ui*1. ^,)]+•»... (2.7.42) 

In view of (2.7.20) 

(2.7.43) 
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Further, conelderlng (2.7.41) and (2.7.43), we find 

(*.. ^)+(4111. 4.)- (4.. J 4^+^)+ .-.4.-: ■ 

+ (2 4>ff + 4.4!", 4.)-2 (4., 4>«) + 2 (Mi?, 4.)+J,!'l 
JM • SZ ’ 4^" 

Hence it is apparent that if we take 

-T S 1(4.. 4,*«) +(AT,. AyW)]. 

then the component in (2.7.42), containing e in the first power, 

will become zero. 

By the same method it is possible to select so that in 

(2.7.42) the component containing e2 and so forth would become zero. 

Thus, during corresponding selection of a^] 
O * fT * “it » • • • we 

will have « O O 

While not stipulating especially, further we will assume that 

the selection of functions cav is subordinate to condition (2.7.44). 

The obtained recurrent formulas (2.7.35) and (2.7.39) permit 

successively determining the terms of series (2.7.12) [and, con¬ 

sequently, series (2.7.40)] by means of which the particular 

solution of differential equations (2.7.9), corresponding to root 

A0(t) of characteristic polynomial, is represented in the form of 

(2.7.10). To each root Afl(t) (e - 1, 2, ..., m) there corresponds 

a particular solution of such form. 

By assuming in (2.7.12) e = 1, we obtain particular solutions 

of the original system (2.7.3): 
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(2.7.45) 

corresponding to roots X^t), X2(t)t ..., XJt) of characteristic 

polynomial. Here 

Ç(0“Ç(t.o 1,.,. 

In vector writing the particular solutions (2.7.45) have the form 

X. (0-^(0 («-1.2.*). (2.7.46) 

where Xa - vector with components a:la, x2a, ...» xma. 

Constructed particular solutions are formed solutions of system 

(2.7.3), since the convergence of series (2.7.12) is not proven. 

For practical purposes this is not necessary, since the time 

consumption of calculations sharply increases with increase of number 

V, and for all practical purposes there can be determined only a 

certain number of the first terms of series (2.7.12). 

By retaining in series (2.7.12) a finite number of first 

terms, we will have approximate solutions of equations (2.7.3). 

Calculations show that during examination of equations of disturbed 

motion of a rocket it is sufficient to be limited only by the first 

two terms of expansion (2.7.12). The account of subsequent terms 

does not introduce substantial correction into the result. 

7.2. Stability Criteria 

Let us investigate the behavior of particular solutions in the 

vicinity of fixed moment of time Éq. 

Modulus of particular solution of differential equations 

(2.7.3) is equal to: 
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or, considering (2.7.M), 

|jr,|« 
(2.7.47) 

By differentiating (2.7.47), we obtain 

(2.7.48) 

Let us assume Re ^(^q) < 0. Then with respect to continuity 

inequality \g(tJ < 0 takes place within a certain finite interval 

of time. According to (2.7.48) in this interval the modulus of 

particular solution Xa is a diminishing function. 

If Re > 0, then, at least in a rather small vicinity of 

point éq, Xq is a function increasing a modulus. 

Prom this follows the following conditions of stability and 

instability of undisturbed motion [trivial solution of equations 

(2.7.3)]. 

If all functions \a(tJ satisfy inequalities 

ReT,(^)<0 (#-1.2.m). 
(2.7.49) 

then undisturbed motion [trivial solution of equations (2.7.3)] 

possesses stability in finite time interval [t0, tQ + At]; if how¬ 

ever among functions \a there is at least one function \ .(t), such 
that 1 

Re£(*e) >0. 

then undisturbed motion is unstable (At » 0). 

Let us subst_tute the values of functions X in (2.7.JJ9). 

Then the condition of stability will be written so: 
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R«K + ií,, + X¡,»+...)<0 («»1,2, (2.7.50) m). 

By retaining in the left sides of inequalities (2.7.50) only 

the first terms, we obtain stability criterion in very simple form, 

coinciding with criterion of stability according to the method of 

quenched coefficients: 

ReX, < 0 (1-1.2.m). (2.7.51) 

By retaining the two first terms in decompositions Xo, we 

obtain refined criterion of stability, already considering the 

variability of coefficients of equations: 

R«(l. + x',,)<0 (--1.2.«)• 

Having substituted here the values of we will have 
o 

* ák 

Re(Ä--S^^f)<0 í*“1-2- •*> (2.7.52) 
' /-i 

The following approximation gives 

Re(X.+ XÍ,, + X¿,,)<0 

and so forth. 

7.3. The Applicability of Approximate Criteria 
of Stability 

Stability and instability of undisutrbed motion, as was shown 

above, are determined depending on the signs of functions 

Re(X, + *l:l + ... + Xl|>) («— 1,2.«). (2.7.53) 

The time consumption of calculation of terms of series 
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x.+im+*w+... 
(2.7.5M 

sharply Increases with Increase In serial number, therefore It 

Is convenient to use the provided stability criterion at small l. 

Inasmuch as these criteria are not accurate, then when among func¬ 

tions (2.7.53) there are some very close to zero, approximate 

criteria of stability become doubtful. Therefore, it is important, 

on the one hand, to correctly determine number 7, and on the other - 

to be able to evaluate the authenticity of approximate criteria of 

stability with selected l. Strict solution of these questions 

is very difficult. It is possible to recommend the following 

practical method of selection of l and evaluation of authenticity of 

approximate criteria of stability. We will consider that number l 

is selected correctly, and corresponding stability criterion 

possesses sufficient authenticity, if as l there has been selected 
the least whole positive number or 0, at which 

__ 

MW+ 3^(/0)+...+^1 <*)] J €l ^1,2.mh (2.7.55) 

understanding the strengthened inequality in the sense that its left 

side is at least one order less than the right side. 

Condition (2.7.55) can be used, specifically, for determination 

of the applicability of the method of quenched coefficients. Thus, 

when fulfilling inequalities 

IM1* to)l 
I R® K to) I <l 1,2.m) *(2.7.56, 

« 

approximate condition of stability will have the form 

Rei. <o (.-1.2....«), (2.7.57) 

which coincides in accuracy with the condition of stability according 

to the method of quenched coefficients. Nonfulfillment of condition 
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(2.7.56), at least at one a, designates the inapplicability of the 

method of quenched coefficients. 

Stability criteria, established above, are valid under the 

condition that all roots of characteristic polynomial are simple. 

With the presence of equal roots these criteria are inapplicable, 

since in this instance the recurrence formulas for and X^K-* 
o o 

lose meaning. 

In conclusion - several words about the influence of variability 

of coefficients of equations on the stability of motion of the 

system. 
‘T . 

By analyzing the relationships, which determine •••» 

it can be expected that the influence of variability of coefficients 

of equations of disturbed motion, generally speaking, will be greater 

in those sections of the trajectory where derivatives dk^/dt are 

great, i.e., where there is a sharp change of components of solution 

of equations (2.7.14). Calculations of particular systems confirm 

this assumption. For an example let us give results of calculations, 

connected with the investigation of free oscillations of a mechanical 

system, motion of which is described by system of equations of form 

? (i“1.2.m). 
(2.7.58) 

where m. . 
13 

= m ... 
31' 

n . . 
13 

= n 
31 

Figure 2.14 shows change of three nonzero roots of character¬ 

istic polynomial of differential equations, obtained as a result of 

conversion of equations (2.7.58) to standard form. These and other 

nonr ->ro roots are purely imaginary and therefore Re Xo = 0. Accord¬ 

ing to the simplest stability criterion the system is located on the 

boundary of the region of stability. This result coincides with 

conclusions obtained by the method of quenched coefficients, and 

expresses the physical fact that if coefficients of equations would 
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be constants, then oscillations of the system would proceed with 

constant amplitudes. The variability of coefficients not only 

quantitatively, but also qualitatively changes the picture. On 

Pig. 2.15 there are presented functions xj1^. Calculation of 

aubaequ.nt oorreotlona of x£2] ahowad that on the antira oonaldarad 

range of time Xa there are negligible values, so that the in¬ 

fluence of variability of coefficients of equations, at least in the 

given example, is practically completely considered by functions X[1] 
o 
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From Fig. 2.15 it is evident that the variability of coefficients 

can show both a damping Influence, and. conversely, can be the cause 

for excitation of oscillations in the system. In this case the 

variability of coefficients leads to damping of oscillations of the 

second tone and buildup of oscillations of the third tone. These 

effects are manifested the most strongly in the section where roots 

X2 and approach each other. At the same time, the approach and 

even Intersection of roots X^ and X2 did not noticeably change the 

character of shape of curves Re (X0 + X^). This means that 

convergence of roots of characteristic polynomial will not 

necessarily involve increase of the influence of variability of 

coefficients. 

More detailed analysis shows that the influence of variability 

of coefficients of equations of disturbed motion on the stability of 

undisturbed motion is great in those sections of the trajectory where 

there is a sharp change of components of vectors consisting of 

solutions of system (2.7.14). In turn, a sharp change of components 

of these vectors can be expected where there is convergence of 

roots o** characteristic polynomial with each other. On those 

sections of the trajectory where among the roots of characteristic 

polynomial there are no close roots, the influence of variability of 

coefficients on the character of motion of the object is small, 

and therefore the investigation of stability within the framework of 

the method of quenched coefficients can be sufficient, if, of course, 

the time interval, within limits of which motion of the system is 

considered, is not too great: for a large time interval, even with 

small effect from the variability of coefficients, the amplitude of 

oscillations can grow to inadmissibly large values. 

§ 8* Effectiveness and Maximum Permissible 
Reflections of~Controls 

The effectiveness and maximum permissible deflections are 

basic indices of controls. 



The effectiveness of controls is characterized by the ratio of 

controlling moment, which appears with unit deflection of controls, 

to the corresponding inertia moment of the flight vehicle. Thus, 

the effectiveness of pitch control is determined by dynamic coefficient 

•Wjj the effectiveness of yaw controls is determined by dynamic 

coefficient the effectiveness of roll controls is determined 
by dyanmic coefficient cu/j . 

X 

The effectiveness and maximum permissible deflections of 

controls determine the maximum controlling moments, which can be 

created by the controls. Maximum moments, being created by the 

controls of pitch, yaw and roll, are referred to corresponding 

inertia moments of the rocket, are equal to: 

mas* 

where max, 6y max - maximum permissible deflections of 

controls of pitch, yaw and roll respectively. 

Requirements of the effectiveness and limiting deflections of 

controls are developed when designing the control system of the 

rocket depending on uhe problems being placed on these systems and 

their operating conditions. These requirements can usually be 

satisfied at various combinations of effectiveness and limiting 

deflections of controls, and the assignment of the designer is to 

determine the optimum ratio between these characteristics. All things 

being equal, the effectiveness of controls is directly proportional 

to the area of air and Jet vanes, engine thrust, utilized for creation 

of controlling moment, and so forth. Therefore, the natural 

tendency of the designer toward economy of weight causes a tendency 

to decrease of the effectiveness of controls. However, decrease in 

the size and weight of controls does not necessar'ly lead to de- 

crease in the weight of the entire rocket. The necessity of in¬ 

crease in the maximum permissible deflection of controls in connec¬ 

tion with decrease of its effectiveness in the fina! an lysis an 

lead to increase in the weight of the entire rocket, since with* 
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large deflections of controls there is a decrease in their 

effectiveness, increase of aerodynamic drag of air vanes and losses 

of thrust of swiveling engines, utilized for creation of controlling 

moment. Furthermore, increase in the limiting deflections of controls 

can be difficult with respect to various structural considerations. 

Thus, problems of determination of the required effectiveness 

and limiting deflections of controls are closely interconnected and 

must be solved together for finding optimum solutions. 

The solution of these problems is conveniently sought by means 

of comparison of several variants, which are distinguished by 

different values of limiting deflections of controls. The cal¬ 

culation of each variant is reduced to determination of the required 

effectiveness of controls at predetermined values of limiting de¬ 

flections and at the condition that the vehicle possesses the 

necessary dynamic quantités, for example with the action of various 

disturbing factors on the vehicle in flight the disturbances of 

parameters of motion at the end of the powered-flight phase do not 

exceed definite limits. In such formulation for determining the 

required effectiveness of controls it is necessary to know how 

parameters of disturbed motion of the vehicle are changed with the 

presence of limitations on deflections of controls, i.e., under the 

condition that 

(2.8.1) 

Thus, the selection of basic parameters of controls (effective¬ 

ness and limiting deflections) are connected with determination of 

disturbances of parameters of motion of the rocket in condition 

(2.8.1). For determination of the disturbances of parameters of 

motion it is necessary to integrate equations of disturbed motion » 

together with the accepted law of control. 

Condition (2.8.1) can be somewhat simplified. Taking into 

account that 
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*'W-*(0+Al(/), . 

where 6(t) - deflection of control, required for flight along a 

programmed trajectory, according to (2.8.1) we have 

l«(0+A8(/)|<*.u. (2.8.2) 

A ballistic rocket is a low-maneuverable flight vehicle, and 

required deflections of controls during flight along the programmed 

trajectory are small. Therefore, condition (2.8.2), which must be 

satisfied in all controlled flight phases, can be replaced by 

approximate condition 

|Ai (*)!<*■*• (2.8.3) 

8.1. Effectiveness of Pitch and Yaw Controls 

Disturbed motion of the rocket in pitching and yawing planes 

is described by similar equations, therefore investigation of the 

effectivenesses and selection of rational parameters of pitching and 

yawing controls can be conducted by identical methods. Considering 

this, we will be limited here by examination only of yawing notion. 

Disturbed yawing motion of the rocket is described by system of 

equations (1.13.9). The law of control in a rather general case has 

the form 

Thus, closed system of equations of disturbed yawing motion of 

the rocket is represented so: 

(2.8.5) 
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(2.8.5 
Cont'd.) 

Unknown functions are kz(t) > hV (t) > bty(t) and In order 

to judge the effectiveness of controls of the rocket, it is 

necessary to know how these functions gire changed on the trajectory 

with predetermined initial values and the action of all types of 

factory on the rocket. 

Thus, the problem of investigation of controllability of a 

rocket in yawing leads to the necessity of integration of system of 

equations (2.8.5) with assigned initial conditions: 

AV'rt, At (4)=Ato. 

(2.8.6) 

and limitation 

lAMOKit (2.8.7) 

Limitation of deflection controls introduces nonlinearity into 

the problem. This difficulty can be overcome by the following means. 

Let us suppose that = Aô^ft) is the solution of system (2.8.5) 

with initial conditions (2.8.6) without allowing for condition 

(2.8.7). This solution, beginning from initial moment tQJ remains 

valid even with condition (2.8.7) while 

IaMOKW 

or 

IaMOI— 
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but in the latter case - if - nonincreasing function. 

Let us assume at some moment of time t]_ deflection of control 
reaches a limiting value and in this case \^.(t)\ - increasing 
function. * 

Then starting from this moment the disturbed motion of the 

rocket will be described by other equations, namely: equations 

m '« +AV',+c* A<J» = ± CIt6f aux 

^ ± ¢448^..1 +am0, 

(2.8.8) 

with initial conditions : 

Wt-U. A»,. • 

wher-e A.j, A 1^, Aijj, . values at moment of time of correspond- 

ing functions, representing the solution of system (2.8.5) at initial 

conditions (2.8.6). Before coefficients and c one should accept 

sign "+", if A6^rt1) > 0, and if < 0. 

System (2.8.8) describes disturbed motion of the rocket right 

up to moment of time *2, when 

W ( 2.8.9 ) 

the left side of equality (2.8.9) at moment t2 - diminishing function. 

Beginning wit moment of time *2 again the disturbed motion 

is described by system (2.8.5) and so forth. 
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Thus, sought quantities kz(t), Mf (t) y bty(t) can be obtained 
Z 

as solutions of systems (2.8.5) and (2.8.8), "Joined" with each 

other at boundary points ••• 

Let us suppose that from those or other considerations there are 

prescribed maximum permissible values of disturbances As, AK , Aÿ 
* / ^ 

Ai|) (either on the entire trajectory or on its separate phases). Then, 

by solving systems of equations of disturbed motion at various 

fixed values of parameters of controls, it is possible to select 

rational values of parameters of controls under the condition that 

limitations, placed on parameters of motion, are not disturbed. 

Integration of equations should be performed separately, assum¬ 

ing each time that the vehicle is affected by disturbing forces 

and moment, connected to one of the disturbing factors. The action 

of all types of disturbances can be summarized by root-mean-square 

law, if we assume that these disturbances are independent and each 

of them is subordinate to a standard law of distribution. Let us 

assume, for example, x^, ..., x^ - values of parameter of motion x 

with action n independent disturbances. Then the selection of 

parameters of the controls must be subordinate to condition 

j/* 

where x - maximum permissible value of parameter of motion x. 

Basic disturbances, influencing the selection of effectiveness 

of controls, are wind and disturbances from the propulsion system. 

Systems of equations (2.8.5) and (2.8.8) can generally be 

integrated by numerical method. With some additional simplifications 

the construction of solutions of these systems in quadratures is 

possible. 

Let us suppose that beginning with moment of time the vehicle 

is affected by constant disturbing forces (AF = const, AM = const) 
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and that disturbed motion is described by differential equations, 

coefficients of which are also constant. At moment of time the 

transient process is started, in which at first there is a rapid 

change of angular parameters of motion. If the rocket is stable, 

then soon the angular parameters assume values, equal to, or more 

accurately, close to their values in steady state. Subsequently 

these parameters remain constants or, by slowly changing, asymptot¬ 

ically approach steady values of quantities, so that their derivatives 

are close to zero. Therefore, disturbed motion of the vehicle after 

termination of the stage of rapid change of angular parameters can 

approximately be described by equations, which are obtained from 

initial equations of disturbed motion, if in the latter we disregard 

derivatives of angular quantities. 

If disturbing forces and coefficients of equations change slowly, 

tnen after the first stage of disturbed motion, when there is a 

rapid change of angular parameters of motion, a certain quasi-static 

mode of flight sets in, in which the angular quantities are changed, 

but slowly, so that in this instance the derivatives of angular 

parameters remain small quantities. Considering this, equations of 

disturbed motion can be simplified, having dropped derivatives of 

angular parameters of motion and derivatives of angles of deflection 

of controls. 

Concerning the first stage of disturbed motion, here the 

equations of disturbed motion can be considerably simplified. If 

the rocket is stable, then the first stage of disturbed motion is 

finished relatively rapidly and during this time the dynamic 

coefficients of equations are changed little. Therefore, during 

analysis of the effectiveness of controls during the first stage 

of disturbed motion, which begins as a result of the action of 

disturbing forces according to step law, or brief action of distur¬ 

bances, as, for example, during separation of stages, etc., the 

variability of coefficients can be disregarded. Then the problem is 

reduced to integration of linear differential equations with constant 

coefficients, whi ! no longer presents difficulty. 

l8l 



At the first stage of disturbed motion the angular parameters 

undergo rapid change, and velocity and coordinate Az are 

changed insignificantly. Therefore, it is possible to further 

simplify equations (2.8.5), having dropped the first and fourth 

equations and disregarding the effect of disturbances Al^, Aa on the 

rotatory motion of the rocket around the center of mass. 

Thus, when the considered disturbed motion of a stable rocket has 

a quasi-static character, the equations of disturbed motion can be 

simplified, having dropped the terms containing derivatives of angular 

quantities; during analysis of processes at the first stage of 

disturbed motion, which sets in as a result of the action of various 

disturbances, it is possible to use the method of quenching of 

coefficients, and also to disregard the effect of disturbances 

A7a, Aa on rotatory motion of the rocket. 

8.1.1. Integration of equations in the case of slow 
change of disturbing action with the absence 

of control of motion of center of mass 

(fe3 = °) 

By dropping derivatives of angular quantities in equations 

(2.8.5) and taking into account that in this case kg = ky = 0, 
z 

we obtain the following system of equations, which describe 

approximately the disturbed motion of the rocket in quasi-static 

mode : 

gSAtf 

dt 

*A*=AV (2.8.10) 

In the case when the vanes occupy limiting positions, we have 

m ^î + clfAVrg+c«*AŸ=±tfi»N-«» + AF,, 

dt % i (2.8.11) 
Ctf + T A-'Wjf. 
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System (2.8.11) acts up to the moment of time when the first 

(after the vanes reached stops) relationships are simultanelusly 

fulfilled: 

^i|AA$|<0. (2.8. 

Here l designates the smallest derivative of |feAÿ| of order 

not equal to 0. 

Let us first examine system (2.8.10). 

Assuming that 0, from the second and third 

equations we find 

e^~*c44 

Having substituted the values of Aÿ and A6 in the first 

equation of system (2.8.10), we obtain 

(2.8.15) 

(2.8.16) 

General solution of linear differential equation (2.8.15) has 

the form 

diV. 

dt 

where 

-P(/)AV't=Q(0. 

j* 

-I 

(2.8.13) 

(2.8.111) 
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(2.8.17) 

Arbitrary constant o is determined by initial value of AV 

By assuming in (2.8.1?) t = tQi we obtain 

A^(/0)=AV'j0=f. 

Thus 

(2.8.18) 

Formulas (2.8.13) and (2.8.14) together with expression (2.8.18) 

represent the solution of system (2.8.10). 

By the same means we can determine parameters of motion A/ and 

when the controls occupy limiting positions. 

From the second equation of system (2.8.11) we have 

(2.8.19) 

By substituting (2.8.19) in the first equation of system 

(2.8.11), we again obtain linear differential equation of form 

(2.8.15), only now 

(2.8.20) 
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8.1.2. Account of control of velocity of 
center of mass U = 0, fe„ ¡T'Q) - —-- 3 » y ' / 

Prom (2.8.5) in this instance ensue approximate equations, 

describing rocket motion in quasi-static mode: 

^ dCkVg 
m ~~ïï~ + eu^ya + + bFa, 

AÍj-J-(2.8.21) 
“ A V',-j-=ai*. 

This system also leads to linear differential equation of the 
first order 

d\vt 
dt 

f PaV'.-q. 
(2.8.22) 

Here 

" L 
(2.8.23) 

Deflection A\p and AS^ are determined by formulas: 

^=T~¡rr1A ^ - (r*‘+*y*c« ) akj, 

Aï=~T-*C l*A^ + *v/h) aV'J. ♦♦ 

which follow from the second and third equations of system (2.8.21). 

8.1.3. Account of control of velocity and 
lateral displacement of center of mass— 

Quasi-static mode of disturbed motion in this instance is 

described by equations: 
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f r,AV,4-f C^A^CjiASt-i-A/7 m dW, 
dt 

\Mt, 
— ktÙZ—kyt&V t-{-k 

(2.8.26) 

From the second and third equations we have 

AJ, =,-L-[ AiW, - (c+1 + c* kyt) bV t—bz], (2.8.27) 

Aj —;-1-[¿aMj,—(*C*J + hyC^f) bVt—kjiftbz]. (2.8.28) 
Ca^. — ÄCj4 

Having substituted the value« of Aij; and A6 in the first equation 

of system (2.8.26), we obtain 

^ + PWA^ + /?</)AZ=Q(0. (2i8<29) 

where P and Q are determined by formulas (2.8.23), and 

*«*»»*11 

"• <**»-**»;) * 

(2.8.30) 

Considering the fourth equation of system (2.8.26), we will have 

-^+^(/) +/?(<) A*=Q(/), ( 2.8.31 ) 
rf/* j# 

Thus, in the considered case the problem is reduced to 

construction of a solution of equations (2.8.31) at initial condi¬ 

tions 

.Wi/oHAZo, AKJ(/0)=AVf0. (2.8.32) 

This equation can be integrated numerically. Having determined 

Az and then it is possible to even •calculate Aÿ and A6 by 

formulas (2.8.27) and (2.8.28). 
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Integration of equations at the first 
stage of disturbed motion ~ 

As was already said, during Investigation of the effectiveness 

of controls at the first stage of disturbed motion It Is possible 

to disregard the variability of coefficients of equations, and 

also the effect of disturbances and As on the rotatory motion 

of the rocket. In this case system of equations (2.8.5) assumes the 
form 

dt 
(2.8.33) 

Here 'V and °i|)ó and a11 the remaining coefficients - 
constants. Equations (2.8.33) can be used every time, when 

controllability Is investigated with large initial disturbances of 

parameters of motion or Intermittent action of external disturbances. 

For integration of equations it is convenient to use Laplace trans¬ 
formations . 

Initial conditions: 

«(<.)=A*,, AS* (/0)=4840, 
dAt. 

dt t-t, 
=A84*. (2.8.34) 

Having transformed -quations (2.8.33) according to Laplace, 
we obtain 

(Jtp1 + fltp -j-CH)^(p)~ C4484 (p) „ 

=Mif(p)-\-(pJl/-l- fy) -f 

1)84(^)=. 

= 71(^4840 + 484.)+7-,4840-^4¾. 

where ^(p), &^(p)3 Hy(p) - Laplace transforms of functions Aÿ, A6 

AW respectively. 
y 
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By solving the obtained system, for example relative to &^(p), 
we will have 

^ P U,P'+ V-tP + fH) {T\pi +7-,,+1)-^ + *) 

+ (pjy + hr) Al>j + y»AÍ»o] (*]^ + /:)4 4h/>4f«*) 4 

4^8+0)4^1/-^0-*»A%ll . (2.8.35) 

If we now perform inverse Laplace transformations, then we find 

function A6. : 
* 

Aí«(')=¿ I, \(P)€’'dp. (2.8.36) 

Integral (2.8.36) is calculated with the aid of residues of 

integrands. Construction of Aô^ft; is performed in the following 

sequence. 

1. For prescribed disturbances AW, (t) there is determined 

transform M (p): y 

For most types of disturbances encountered in practice the 

corresponding transforms can be found in tables, which are listed 

in textbooks according on the theory of automatic control. 

2. Expression &^(p) is represented as the relationship of two 

polynomials M(p) and S(p): 
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3. Zeros of polynomial A?rp>) are determined, i.e., those 

values of p. at which N(p.) - 0. 

Residues of function 6^fpJ are determined. Residue of 

the function, corresponding to simple pole p. (pole of function S^fpJ 

is zero of polynomial Nip), if p. ls not also zero, and function 
M(p)), in this case is equal to: 

/? = lim M^ePt(P—Pt) St 
1 N (p) /^\ 

5. The right side of expression (2.8.36) is equivalent to the 

sum of all residues of integrands. Thus, 

AM'): 
*(//) ZMj 

Í-) 
1 \dp)f-t 

ft. 
(2.8.37) 

By this means it is possible to also construct function btytt). 

By using expression (2.8.37), it is simple to determine maximum 

values of For this let us equate derivative to zero 

We obtain, by designating through t* the values of the argument, at 

which this derivative is equal to zero. 

ZPjM{ 

(-) i [ifj 

P/MQ>,)iPl‘* 
=0. (2.8.38) 

/-/, 

By determining t* from this equality and substituting it in 

(2.8.37), we will have 
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(2.8.39) 

Inasmuch as the process is oscillatory, equality (2.8.38), 

generally speaking, will be fulfilled at several values of the* 

argument. However, by knowing that the vehicle is stable, it should 

b»; expected that maximum deflection of the vane will take place with 

minimum of tf, but it is necessary to bear in mind that other 

possibilities are not excluded. 

Analogously it is possible to construct function Aÿ under 

conditions when the vanes occupy limiting positions. 

In this instance from (2.8.8) we have approximate relationship 

(2.8.40) 

As a result of Laplace transformation we obtain 

UtP1 T+ C+Jty(P) = ± * 
P 

+( A/* + M Mb -f./»Alb- (2.8.41) 

Hence 

+(•/#/>+MMj -f J „Atol- (2.8.42) 

Inverse Laplace transformation of function \p(pj gives 

M(9—¿ J it(p)eHdp. 
(2.8.43) 
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Further there Is calculated the right side of relationship 

(2.8,43) according to the scheme given above. 

8.2. Effectiveness of Controls on Rolling 

Disturbed rolling motion of the rocket is described by 

equation 

AAfj,. (2.8.44) 

Let us take the law of control, for example, in the form 

71 —ï- 
* dti dt 

d\y 

~di 
(2.8.45) 

Quasi-static mode of rolling motion of the rocket is described 

by equations, which are obtained from (2.8.44) and (2.8.45), if we 

drop the derivatives of angular quantities: 

a4|—ÄAy. (2.8.46) 

Hence 

A^—i™*- 

Cï» V'* ’ (2.8.47) 

i.e., angle of deflection of vane is directly proportional ;o the 

effectiveness of the vane. 

Steady value of the angular of roll is equal to: 

• aí. 
AY =-1= 

k 

kMx/Jj 
(2.8.48) 
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During investigation of the effectiveness uf controls on roll in 

transient conditions the coefficients of equation (2.8.44) can be 

considered as constant. Then the solutions of equations (2.8.44) 

and (2.8.45) under initial conditions 

AY (4) 
i/AY I 

dt 'i-f. 

AVo. AM^o^AÍt* 
rfAí.l 

=Aï« tt L..'44* 
(2.8.49) 

can be obtained so. Having performed Laplace transformation of these 

equations, we obtain 

(/>•/*+ M AYo-t-Vyo, 

-(*1P+*)Y(P)+W+7',P+DÄt (/»)=* 

=<n*+7-i)4«u + Hi«,.(2.8.50) 

Here y(p), & (p), Mr(p) - transforms of function Ay, A6 , AW 

according to Laplace. 

By solving the system of algebraic equations (2.8.50) relative 

to (p) and y(p) it is possible to then determine the sought func¬ 

tions Aó^ft) and Ay(t) in accordance with expressions: 

t+lm t+im 

A«i(0=¿ J ^(P)^dp, AY(í)-¿ J y(p)ef‘dp. (2.8.51) 
f—i« f—/■ 

« 
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CHAPTER III 

STABILIZATION OF ROCKET MOTION WITH ACCOUNT 
OF MOBILITY OF FLUIDS IN FUEL TANKS 

5 1- Basic Statements About the Physical 
Properties of Liquid PropellantT- 

Velocity Potential 

With derivation of differential motion equations of a rocket, 

considering the irobility of fluids in fuel tanks, we will consider 

tne liquid components of propellant as perfect and incompressible 

fluids. The question of the account of viscosity of fluids in 

equations of motion of a rocket will be illuminated below, in § 22. 

If motions, being accomplished by fluids in the initial launch system 

of coordinates xQ, 30, at some moment of time will be vortex-free, 

then, as is known from the course of hydrodynamics (see [8]), they 

will remain vortex-free subsequently in accordance with the perfectness 

of these fluids being assumed by us. We will consider that at some 

initial moment of cime the fluids are in a state of rest with respect 

to the initial launch coordinates system x0, yZq. in this case all 

subsequent motions of fluids, being accomplished by them in system of 

coordinates xQi yQi zQi will be vortex-free, since the state of rest 

is a particular case of vortex-free motion. 

Having^established specific numbering for fuel tanks of the 

rocket, by v. let us designate the vector, which determines velocities 

with which particles of fluid, located in the tank with number j, move’ 

in initial launch r/stem of coordinates. Since motions, accomplished 



by fluids in initial launch system of coordinates, are assumed 

vortex-free, the rotor of vector v^. at any moment of time should 

satisfy condition 

rot (3.1.1) 

in the region occupied by fluid in the tank with number j. According 

to this, the velocity field of fluid, being determined by vector u., 

must be potential, in other words vector v. should be expressed by 

the gradient of its potential. Thus, there must take place equality 

tV=graa4>i, (3.1.2) 

where ¢^. - velocity potential for fluid, which is located in the tank 

with number j . 

Divergence of vector v . at any moment of time t must satisfy 

condition 

dlv£j=0 (3.1.3) 

in the region occupied by fluid in j-th tank, in accordance with the 

assumed incompressibility of liquid components of propellant. 

According to (3.1.2) and (3.1.3) the velocity potential must 

satisfy Laplace equation 

divgrad1>j=v*fy=0 (3.1.4) 

in the region occupied by fluid ir. the tank with number j. In the 

following paragraph there are examined boundary conditions, which 

must be fulfilled on the boundary of this region. 
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§ 2. Boundary Conditions for Velocity Potentials 

Velocity Vj, at which the particle of fluid moves In Initial 

launch system of coordinates x0, ycan be represented in the 

form of the sum of velocity of following, being generated by motion 

of fixed system of coordinates x, y, a, and relative velocity v. 
J J OTH * 

at the given particle of fluid moves in coordinate system x, y, z. 

By using the formula for velocity of following known from theoretical 

mechanics, we obtain relationship 

t>j=*¿o+«Xr+t>jOT1, (3.2.1) 

where yQ - velocity at which the origin of coordinate system x, y, z 

moves; Z - angular velocity of rotation of fixed system of coordinates; 

r - radius vector of the examined particle of fluid in movable 

coordinate system x, y, a.1 According to (3.1.2) and (3.2.1) there 

should take place equality 

grad•!>j=¢,, -f«óXr + ®j#w. (3.2.2) 

In accordance with formula (3-2.2), having established boundary 

conditions lor relative velocity v. , the desired boundary conditions 

for velocity potential ¢^.. Let us examine the conditions, which 

must be satisfied by relative velocity y. on the surface of the 
C OTH 

tank being wetted and on the free surface of fluid. 

We will subsequently consider that the origin of movable system 
of coordinates coincides with the center of mass of the rocket when 
the fluids in the fuel tanks are limited by flat free surfaces, 
standard for the longitudinal axis of the rocket. In connection 
with this in contrast to Chapter I the origin of movable system of 
coordinates will be designated by the letter 0. With oscillations 
of free surfaces of fluids the center of mass C will be deflected from 

point 0 and velocity v>0 will differ from velocity y^. 
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Let us designate by the internal surface of j-th tank and by 

o. - the plane section of this tank, normal to axis x and constructed 

thus so that the volume of region V., limited by surfaces S. and a ., 

would be equal to tne volume of fluid located in the tank (Fig. 3.1). 

If x = x^.(t) - equation of plane cu, then the equation of free surface 

of fluid, which we will designate subsequently by a.», can be presented 
in the form 3 

(3.2.3) 

where fjiy, z, t) - function, determining deflections of the points 

of free surface of fluid o* from plane o .. 
«7 J 

Let us examine first the particle motion of fluid, flowing 

around the wetted^surface . Vector of relative velocity of motion 

of this particle^. ^ will always lie in the plane tangent to 

surface . By n let us designate the unit vector of the external 

normal to surface s. (see Fig. 3.1). In the considered case vectors 

j OTH and n mu3t be mutually orthogonal, their scalar product must 

be equal to zero and, thus, on the wetted surface there must be 

fulfilled condition 
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on Sj. (3.2.4) 

Let us examine further the relative particle motion of fluid, 

remaining in the process of this motion on free surface aV By 4 let 

us designate the point, at which this particle of fluid is located 

at moment of time t, and by ^ - the point, to which it is moved 

at moment of time t + it (Pig. 3.2). Movement of 2/1,, accomplished by 

the particle of fluid in fixed system of coordinates for element of 

time dt, will be equal to v. ojHdt. Point /^ will lie on the free 

surface of fluid, corresponding to moment of time t + dt and shown 

in Pig. 3.2 by dotted line. In accordance with the equation of free 

surface (3.2.3) the point of this surface with coordinates y, 3 at 

the moment of time t + dt will have coordinate ® + dx, determined 
by relationship 

X+dx~Xj(t+dt)+/j(y, z,t+dt). ( 3.2 . R ) 

According to (3.2.3) and (3.2.5) there will take place equality 

(3.2.6) 

As can be seen from Pig. 3.2, projection of movement J2, in the 

direction of external normal n» to surface o* will be equal to 

dx cos (**, ®), or according to (3.2.6) 
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(3.2.7a) 

At the same time, this projection can be found in terms of 

scalar by multiplying movement by unit vector of the external 

normal to surface awhich we designate by n«. in this instance 

for the considered projection we obtain expression 

(3.2.7b) 

By comparing expressions (3.2.7a) and (3.2.7b), we arrive at 

boundary condition 

tW«,“^+^-)coi(«\jc) on«;. (3.2.8) 

Accordinr to (3.2.2), (3.2.4) and (3.2.8) velocity potential 

must satisfy boundary conditions 

grad(îxr).n on $h 

grad0/.a*svo.Ã*+ (»Xr).«*4- (3.2.9) 

C0S (ä* • ^ on ’>• 

By using equalities: 

a* 
cos(n,x)+-Lc<H(n,y) + 

..- à*. 
grad <!►/•« ==-i- 

dx 

gradcosí«*, x)+^-co8(/»*, 
(3.2.10) 
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and equalities: 

(» X r) • /* » (r X «) •-, (• X r) -ï*=(;X *•).:, (3.2.11) 

ensuing from the possibility of cyclic permutation of coefficients 

in mixed product of vectors, it is possible to reduce bounda-y 

conditions (3.2.9) to the form 

■J¡—V«+»-(rX*) onSi, 

(3.2.12) 

!f on the investigated section of rocket flight the tank with 

number J is not emptied, plane a., shown in Pig. 3.1, does not change 

its position in fixed system of coordinates *, y, s and function x.(t) 

keeps a constant value. In this Instance boundary conditions (3.2^12) 
take the form 

=T>0.«+u..(rXn) on 5/, 

X «•)-}- 

cosí«'. Jf) on a*. 

(3.2.13) 

For the emptying tanks boundary conditions (3.2.12) must be 

augmented by the boundary condition, which should be fulfilled in 

the intake sections of expended fuel line . In this instance the 

velocity potential will be made up of potential * which satisfies 

boundary conditions (3.2.13), and additional velocity potential, 

determining the process of drain of fluid from an immobile tank’ 

in the course of which the free surface of fluid remains flat and 

perpendicular to xis x. Since drain of fluid for all practical 
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purposes is not reflected on oscillations, accomplished by the fluid 

in the fuel tank, we will limit ourselves to account of velocity 

potential ¢^., determined by boundary conditions (3.2.13), and in 

connection with this, in all further considerations we will proceed 

from differential equation (3.1.4) with boundary conditions (3.2.13). 

§ 3. Small Oscillations of Fluids in Fuel Tanks 

As was already shown in the preface, during examination of the 

question about stabilization of rocket motion with allowance for 

mobility of fluids in fuel tanks we will be limited to investigation 

of small oscillations of fluids, in the process of which the free 

surfaces remain close to plane surfaces ck (see Fig. 3.1). In 

this instance boundary value problem for velocity potential ¢., 

obtained in the previous paragraph, can be simplified, while C 
subsequently will significantly facilitate motion stability analysis. 

Let us introduce into consideration function Y ., connected to 

velocity potential ¢. by relationship ° ¡j 

'9¡=**l—Vf'r=*<b)—V'U[x-Vuy—v0¿i. (3-3.1) 

By differentiating both parts of relationship (3.3.1), we obtain 

equalities : 

à*j 
àn “lü ®0xCO8(«, JC)—t»o»COS 

àü'~Vo‘a 0n Sjt 

*1, 
— x)-t>wcos(**, y)-~ 

— t/Q,cos(/»*,t)ss—L—t»Q-«• on ay 

(3.3.2) 
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In accordance with formulas (.3.1.4), (3.2.13) and C3,3,2) 

function ÿ. must satisfy Laplace equation 

and boundary conditions: 

VXFj.o (3.3.3) 

dVi • • ♦ 
«».(rx«) on Sj, 

••(rX«,)+^-co«(<»*( X) on 

According to (3.1.2) and (3.3.1) there will take place 
relationship 

vj—v0+gnáVj. (3.3.5) 

From formulas (3.2.1) and (3-3.5) ensues equality 

•Xr+^-Rradf/. (3.3.6) 

In accordance with the assumption about the slovness of rotation 

of the rocket and about the smallness of oscillations of fluids in 

the fuel tanks, velocities “ x ? + v, will always be small and 

allowing relatively small errors when determining their potential y 

we obtain errors of the second order of smallness when seeking ^ 

absolute velocities of motion of particles of fluid v., At small 

oscillations of fluid in the tank with number j the free surface of 

liquid Oj will remain close to plane c,. Thus,, by disregarding small 

quantities of the second crder of smallness during investigation of 

motion of fluid, it is possible to transfer the second of boundary 

conditions (3.3.4) from surface o* to close surface o^, substituting 

in this case the direction of normal n* to surface o* ;by direction 

of normal n to surface Oy Boundary conditions (3.3?4)in this 

instance will take the form 
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(3.3.7) 

äVi <» — <* 
_-L=a«.(rX/i) on Sjt 
dn 

dV, - ■* , 9/. 
—i-=«.(rX «)+-—• ona; 
on ot 

(on surfacs o . cos (n, x) *■ 1, since the direction of external 
J 

normal n to plane o. coincides with direction of axis x). 
C 

The question about construction of the solution of Laplace 

equation (3.3.3), satisfying boundary conditions (3-3.7), is compre¬ 

hensively examined by us in the following paragraphs of this chapter. 

« 

§ 4. Zhukovskiy Potentials 

Let us first examine the case when the surface of fluid, located 

in the j-th tank, is closed by a cap, located in section of tank a .. 
u 

As can be seen from Pig. 3.1, in this instance function /.(y, a, t) in 

the process of motion will remain identically equal to zero and in 

accordance with this, boundary conditions (3.3.7) will take the form 

=•• (r X «) on Sj and «j. (3.4.1) 

Let us introduce 

Laplace equation 

into consideration vector function satisfying 

V*W=0 (3.4.2) 

and boundary condition 

dn 
■rXitonSf and oj. (3.4.3) 

According to (3-4.2) and (3-4.3) function 

Vj—o-fj (3.4.4) 
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will satisfy differential equation (3-3-3) and boundary condition 

(3-^-1)- Thus, in the examined case the problem about motion of 

fluid, located in the tank with number is reduced to solution of 

differential equation (3-^.2) with boundary condition (3.4.3). 

Problem of finding function ¢, satisfying Laplace equation 

^=° (3-4.5) 

in the region limited by surface 5, and satisfying boundary condition 

àf 
dn 

F on S, (3-4.6) 

where F - function assigned on boundary surface 5, carries the name 

Neumann problem for Laplace equation. Por solvability of Neumann 

problem it is necessary and sufficient that function F satisfy 

condition 

J/^s^O (3-4.:) 

(see [21]). Thus, necessary and sufficient conditions of solvability 

of differential equation (3-4.2) with boundary condition (3.4.3) 

in vector form can be expressed by equality 

vL'***“0- (3.1.8) 

Let us show that condition (3.4.8) is always fulfilled. Having 

converted surface integrals into volumetric by means of Gauss 

divergence formulas we find: 

(3-4.9) 
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J [jcco8(Â,ÿ)^ÿcos(«,JC)]i/*=^~—(3.4.9 cont’d) 

VV • *i 

(v. - region lying inside closed surface 5. + a.). 
<? 3 3 

Scalar equalities (3.4.9) are equivalent to vector equality 

(3.4.8). Thus, boundary value problem, formed by differential 

equation (3.4.2) with boundary condition (3.4.3), is always solvable, 

which it was required to prove. 

According to (3*3.5) and (3.4.4) the velocity of motion of 

particles of fluid in the considered case will be determined by 

formula 

(3.4.10) 

Differential equation (3.4.5) with boundary condition (3.4.6) 

determines the desired function $ with accuracy to arbitrary constant 

component. In accordance with this equation (3.4.2) with boundary 

v.jndltion (3.4.3) determines the vector function |., with accuracy to 

arbitrary constant vector component. According to (3.4.10) the form 

of vector function determining the velocity field, does not depend 

on the selection of this constant component and can be taken as any. 

When to »l,w *0,w = 0 formula (3.4.10) assumes the form 
X y z 

«/“îo+grad*/,, (3.4.11) 

to oase u »O.w *l,w *0 there corresponds equality 
X y z 

î^o-fgradfl* (3-4.12) 

and in case u * 0, w « 0, u » 1 velocity y, will be determined by 
X y z j 

formula 

v/—«o+gradfj,. (3.4.13) 
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Thus, projections V of vector I are vsloeity 

potentials, appearing with rotation of the rocket body with unit 

angular velocity around axes ., y, , respectively. Velocity potentials 

V*' Introduced Into consideration for the first time 

by N. ïe. Zhukovskiy, therefore functions * a and ». „e will 

subsequently call Zhukovskiy potential,. ™ '' 

5 5‘ Oscillations of Fluid ln an Tmmohn» 
Tank. Motion Potential. “ 

Let us now examine small oscillations of fluids, which can take 

Place In the fuel tanks of an Immobile rocket, occupying a vertical 

position (case of the rocket standing for launch), /ssumlng in 

(3.3.5) and (3.3.7) v0 = 0, Î » o, for vector v. we obtain formula 
V 

^== grad Vj, (3.5.1) 

where - solution of Laplace equation (3.3.3), which satisfies 
boundary conditions: 

ir-oo"*, £-£ - «- (3.5.2) 

Let us Introduce into examination function satisfying Laplac. 
equation " 

v*4»i=-a 
(3.5.3) 

and boundary conditions 

on 5;, -J**/, on o,. 
(3.5.¾) 

According to (3.5.3) and (3.5.¾) function 

205 



(3.5.5) 

will satisfy differential equation (3.3.3) and boundary condition 

(3.5.2) in accordance with equalities: 

dt** dt ' dn Va// di \dnr (3.5.6) 

ensuing from the possibilities of change of order of differentiation 

of the function, depending upon several independent variables. Thus, 

in the considered case the problem about motion of fluid, located in 

the tank with number j, can be reduced to solution of differential 

equation (3.5.3) with boundary conditions (3.5.^). For solvability 

of this Neumann problem it is necessary and sufficient that function 

f. satisfy condition 
J 

J/irfj-o. (3.5.7) 
*1 

As can be seen from Fig. 3.I, with small oscillations of fluid in 
j-th fuel tank the integral, which figures in the left side of equality 

(3.5.7), determines the difference between the volume of region limited 

by surfaces S. and oí, and the volume of region V., limited by surface 
u H 3 

sj and Qy Section of tank Oj was so constructed above that these 

two volumes would be equal to each other. Thus, condition (3.5.7) 

will be fulfilled. 

Let us now introduce into examination vector u.(x, y, a, t), 

determining movements which the particle of fluid, having coordinates 

«, y, a in the state of rest, accomplishes in j^-th tank. Velocity of 

motion of the particle of fluid, having coordinates ¢, y, a at the 

moment of time ¢, is determined by vector v.(x, y, a, t). Thus, 

the velocity of motion of the particle, having coordinates x, y , z 

in the state of rest, will be determined by vector v .(.x + u, . 
j jx 

y + “in’ * + “fa* slnce at the moment of time t this particle of 

« 
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fluid will have coordinates x + u 1/ + u ■ * + u., where u. , u. 
<JX ox ja’ jar» “jy 

uja ~ Projections of vector of movements u.. Prom this follows 

equality J 

da t — 
/). (3.5.8) 

Witn small oscillations of fluid, allowing errors of the second 

order of smallness, it is possible to substitute equality (3.5.8) by 

approximate relationship 

or according to (3-5.1) and (3-5-5) 

(3-5-9) 

(3-5.10) 

By changing the order of differentiation of function ip , hence 

we obtain equality ^ 

£(î/-*radfc)-0. (3.5.11) 

Let us suppose now that at a certain moment of time t = t the 

particles of fluid, located in j-th tank, occupy positions corresponding 
to the state of rest, i.e., 

uj=0 in Vj when /=/<>./¿(y.*,/0)¿0 (3-5.12) 

(see Fig. 3.1). According to (3.5.12) with t - t0 the boundary value 

problem, being formed by differential equation (3.5.3) and boundary 

conditions (3.5.4), will be homogeneous Neumanr problem and there will 

exist relationship 
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ifjmicj when t-t* (3.5.13) 

where a. - some constant. In accordance with equality (3.5.11) the 

difference of - grad iJk should, not depend on time t, while accor 

to (3.5.12) and (3.5.13) when t = this difference should be 

identically equal to zero. Thus, there should exist identical 

equality 

uy=gratify in V), (3.5.14) 

As we see, in case of small oscillations of fluid in an immobile 

tank the movements accomplished by particles of fluid possess 

potential \p., determined by differential equation (3-5.3) with 
J 

boundary conditions (3-5.4). In accordance with this the solution of 

Laplace equation (3-5.3), which satisfies boundary conditions (3.5.4), 

we will subsequently call motion potential, bearing in mind the 

movements caused by oscillations of free surface of fluid in the tank 

with number j . 

By knowing Zhukovskiy potentials ¢). , 4». , (j>. and motion Ox oy ¡) z 
potential it is possible to construct a general expression for 

velocity potential Ÿ., figuring in formula (3.3-5) and determined by 
»7 

differential equation (3-3.3) with boundary conditions (3-3.7). 

According to (3.4.2), (3-4.3), (3-5-3), (3-5.4) and (3-5.6) function 

(3.5.15) 

will satisfy differential Laplace equation (3-3.3) and boundary 

conditions (3-3-7). Thus, according to (3-3.5) and (3.5.15) generally 

the velocities, at which particles of fluid move in the launch system 

of coordinates, which is located in ,7-th tank, will be determined by 

relationship 

(3.5.16) 
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Motion potential ^ can be found from differential equation 

(3.5.3) with boundary conditions (3.5.4), by knowing function f , 

determining the oscillations which the free surface of fluid ^ 

accomplishes in the tank with number j . The question of seeking 

functions f. is considered by us in the following paragraph. 

§ 6. Oscillations of Free Surfaces of Fluids 
in Fuel Tanks ~~ “ 

Pressure in the region occupied by fluid in the tank with number 

j, which we will subsequently designate by p (x, y, a, ¢), on free 

surface o*. must coincide with the pressure of gas located above the 

free surface, in other words with boost pressure. Proceeding from 
condition 

pj~py>önsr (3.6.2.) 

where - boost pressure in j-th fuel tank, below we obtain the 

boundary value problem, which determines the oscillations of free 

surface of fluid in the tank with number j according to assigned 

vector functions of time ^(¢) and ÎU), characterizing motion, 

accomplished by the rocket body in the launch system of coordinates 

«0 » ^0 * 3o ' 

In accordance with d'Alembert principle pressure p. will satisfy 
equation of equilibrium J 

gradp;-cA (3.6.2) 

where ¢, - density of fluid in the tank with number j; ¢. - mass 

force, acting on this fluid (see [8]), if we include mass*7force of 

inertia in force $ . Thus, pressure p can be determined, having 
assumed in (3.6.2) * 

Ql-t-il. (3.6.3) 

209 



where ~g - acceleration due to gravity, acting on the fluid; - 

vector, determining the accelerations, at which particles of fluid, 

located in j-th tank, move in launch system of coordinates ®0, j/0, a0 

According to (3.3-5) there should exist equality 

W;=*W0- 
'(gr«dT,) 

dt ' 
(3.6.4) 

where wQ = - acceleration, at which the origin of fixed system 

of coordinates x, y, a moves. 

We will assume velocity potential Ÿ . found in the form of time 
J 

function t and three-dimensional coordinates x, y, z. By calculating 

the acceleration of some particles of fluid by formula (3.6.4), it 

is necessary to consider the dependence of coordinates of this 

particle x, y, a on the time, furthermore, with differentiation of 

vector grad Y . there should be considered rotation of coordinate 

system x, yt », adding vector product u * grad Ÿ. to the local time 
V + + + 

derivative t of vector grad Y.. By designating through e , e , e 
j x y 3 

the unit vectors, directions of which correspond to positive positions 

of coordinate axes x, y, a, we find 

: .Æ: +¾ 
dt \ dx d* d* */ 

(&Wj #Wj dx t 8**, d9 dPtW, dt\- 

V dxdt 1 djfl dt dxdy dt 

d«Wj dy 

Dxdt 

**, dj_\~ 
dy dt dxdy dt dy* dt dy dx dt )*,+ 

&Tf dx , Õ*Vj dy ( 

dxdx dt'* dydx dt 

4- « X grad grad 4 

d* di)e,+ 

dV, dx I dTy Wy J 

dx dt dt 

dVt dx\ -• 
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or 

à(piiWj) m/dri ! - V - 

-£-£- - grad grad V;) + . x grad V/, ( 3.6.5 ) 

where — velocity, at which the considered particle of fluid 

moves on fixed^system of coordinates x, y, a. In view of the smallness 

of velocities Vj oth, a> and grad assumed by us, formula (3.6.5) 

can be substituted by approximate formula 

if (grad Vt) 

dt 
== grad 

dV, 
(3.6.6) 

disregarding small quantities of the second order of smallness. 

According to (3.6.3), (3.6.4), and (3.6.6) equation (3.6.2) can be 

reduced to form 

graduée; (g-w0-gTad ^-j. 

In accordance with equality 

(3.6.7) 

“gr»d[(w0-J).r] (3.6.8) 

equation (3.6.7) can be given the form 

ï"<f{w+<»[(®o-i)-M-ïlj)_o. (3.6.9) 

According to (3.6.9) there should exist dependence 
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where o. U) - a certa! i function cf time t, which will subsequently 

be excluded from examiiation. 

By using formula (3.5.15), we find 

(3.6.11) 

If on the invest! ;ated section of rocket flight the tank with 

number j is not emptie 1, vector function being determined by 

equation (3-4.2) with boundary condition (3.4.3), does not depend 

on time t and equality (3.6.11) in this case assumes the form 

(3.6.12) 

practical purposes car be referred to the number of small quantities 

and in conformity with the assumed smallness of angular velocity 

w it is possible to substitute relationship (3.6.11) by approximate 

relationship (3.6.12), allowing errors of the second order of 

smallness . 

According to (3.6 12) formula (3.6.10) can be given the form 

(3.6.13) 

In accordance wit i the equation of free surface (3.2.3) condition 

(3.6.1) can be presentid in the form 

or 
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(3.6.14) 

"<*,h *• 0+(^L/'+1-(¾ w+ 
' + . . -p)*». 

With small oscillations of free surface condition (3.6.14) can 

be substituted with approximate condition 

WU* ». *, 0 +($■)/)-/>}». ( 3.6.15) 

allowing errors of highest orders of smallness. By placing p. from 

(3.6.13) into (3.6.15), we obtain equality ^ 

¢3.6.16) 

In accordance with the assumption about smallness of oscillations 

of free surface and about smallness of angular acceleration dZ/dt 

equality (3.6.16) can be substituted by approximate equality 

—o [(War— +(»0,—¿tr,) y+(»0.— 

+ jMm£j M0): ( 3.6.17 ) 

allowing errors of the second order of smallness 

Having introduced meaning 

(3.6.18) 



it is possible to give relationship (3.6.17) the form 

l — i'jr)//+(«» —ÿ+ + 

dfl /*-*j Cjd), 

or 

(tDojr—fx)/j+(tPoi, —^j,) y + (fPo,—+-^.Çj+ 
dt 

+-¡¡/—Q(0 on o]. (3.6.19) 

By placing f_. froi.i (3.6.19) into (3.5.4), for motion potential 

Ÿ . we obtain boundary conditions 
V 

——OonSft . . * 
on 

^+(®ojt—^+(®o»—i'#) il+(wo»—£*) * + (3.6.20) 

+ “ W=Ci(0 on oj. 

According to (3-5.4), by knowing motion potential y 

determine function fAy, *, ¢) by formula 
V 

i., we can 
J 

(3.6.21) 

(on plane Cy the direction of external normal n coincides with positive 

direction of axis x). Thus, function f.(y, 2, ¢), determining 

oscillations of free surface of fluid in the tank with number j, can 

be found, having solved Laplace equation (3-5.3) with boundary 

conditions (3.6.20). 



In the conclusion of this paragraph let us show that the solution 
of the problem about oscillations of free surface of fluid, located 
in ¿-th tank, does not depend on the form of function CAt)t figuring 
in boundary conditions (3.6.20). Let us consider function of time 
Y(t), which satisfies differential equation 

— «»C/iO-CJl/). (3.6.22) 

By assuming in equation (3.5.3) and in boundary conditions 
(3.6.20) 

IvHÇ-f-YÍO. (3.6.23) 

according to (3.6.22) we obtain differential equation 

(3.6.24) 

with boundary conditions: 

^-OonS* 

, . ' 
do (3.6.25) 

+•— Ï/=C;(/) on oh 

< 

Thus, substitution of (3.6.23) transfers boundary problem for 

function f., formed by differential equation (3.5.3) with boundary 

conditions (3-6.20),. into analogous boundary value problem for function 

^/» containing instead of function another function C* (t) 

In this case according to (3.6.23) there will exist equality^ 

(¾ J»i) 
\àx /*-*) \dx /x-jry 
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and in accordance with formula (3.6.21), carrying out the transition 

from function C.U) to function C*.{t), we will finally obtain the same 

function (y, a, t), determining oscillations of free surface in 

the tank with number j. Further we will select functions Cj(t) * 

3 - 1» 2, ... proceeding from convenience of conducting the necessary 

calculations. 

§ 7• Oscillations of Center of Mass of the Rocket. 
Equation of Forces 

Let us now turn to investigation of the influence, which mobility 

of fluids in fuel tanks has on motion, accomplished by the rocket body. 

According to assumption, the origin of movable coordinate system 

0 coincides with the center of mass of the rocket C, if fluids located 

in the fuel tanks are limited by flat free surfaces, normal to the 

axis of the rocket. The small oscillations of free surfaces of fluids 

examined above cause small oscillations of the center of mass of the 

rocket relative to the origin of fixed system of coordinates x, y, a 

and thus affect the motion being accomplished by this coordinate 

system. 

The position, being occupied by the center of mass of the rocket 

in fixed system of coordinates, will be determined by vector formula 

(3.7.1) 

where - radius vector of center of mass; m - overall mass of rocket; 

N - number of fuel tanks; Fq - region occupied by solid elements of 

the construction; V* - region occupied by fluid in j-th tank; r - 

radius vector of element of volume dt>; ¢.- density of solid elements 

of the construction; ¢1. ft. ...q* - density of fluids, located in the 

fuel tanks. 

216 



Region V* is limited by the wetted surface of the tank S . and 

by free surface of fluid a». If F(x, y, ») - some function ofJspace 

variables x, y, a, then, as can be seen from Pig. 3.1, at small 

deviations of free surface o* from plane o^ it is possible to assume 

j Fdv~j Fdv+jF/jds, (3.7.2) 
v) •/ 

where - the region limited by surfaces and a..1 In accordance 

with equality (3.7.2) formula (3.7.1) can be converted to form 

(3.7.3) 

In the absence of deviations of free surfaces o* from planes 

a^. the center of mass of the rocket should coincide with the origin 

of fixed system of coordinates x, y, a. Thus, according to (3.7.3) 

there should exist equality 

* • AT 
VcCrrfü-O. 

K, /»i Yj 
(3.7.4) 

By using dependence (3.7.4), it is possible to convert formula (3.7.3) 

to form 

N 

(3.7.5) 
i-. 

Formula (3-7-5) determines the osciilations of center of mass 

of the rocket, being caused by oscillations of free surfaces of 

fluids in the fuel tanks. 

% 

‘Formula (3.7.2) is accurate only for a cylindrical fuel tank. 
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As was already indicated in Chapter I, equations of motion of the 

rocket can be formulated as equations of motion of a material system 

of constant composition, having connected the reactive forces to 

external forces acting on the rocket. In accordance with the theorem 

about motion of center of mass of a material system there should take 

place equality 

mwc=F-\-mg, (3.7.6) 

where wc - absolute acceleration of center of mass of the rocket, 

found without allowing for variability of its composition; f — 

principal vector of aerodynamic and reactive forces, acting on the 

rocket; g - acceleration due to gravity.1 

By representing absolute accordance u in the form of the sum 
c 

of migratory, relative and Coriolis accelerations, we find 

®c = »o+^Xrc+«x(«Xrc)+^-|-¿;xiS.. (3-7.7) 
mg an at 

By allowing errors of the highest orders of smallness, it is 

possible to substitute equality (3.7.7) by approximate equality, 

(3.7.8) 

since rotation of the rocket is assumed slow by us and oscillations, 

being accomplished by the center of mass of the rocket, must be small 

in accordance with the smallness of oscillations of free surfaces of 

fluids assumed by us. 

lIn Chapter 1 for the principal vector and principal moment of 

forces acting on the rocket, we applied designations lí and IM. By 
sign l we emphasized the addition of reactive and Coriolis forces to 
external forces. Subsequently, for brevity, sign I will be dropped 
by us . 
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According to (3.7.5) acceleration fcjdt2, found without 

allowing for variability of oompoaitlon of the rocket, will be 

determined by relationship 

(3.7.9) 

In accordance with formulas (3.7.8) and (3.7.9) 

can be given the form 
equation (3.7.6) 

K 

/-i •. 

- dtff 

r dfl 
h=F. (3.7.10) 

V 

Equation (3.7.10) is the equation of foroee , constructed with 

allowance for the nobility of fluide, located in the fuel tanke of 

the rocket. 

§ 8* Moment of Momentum of the Rocket 

By changing to construction of equation of moment* > let us first 

derive the formula, determining the moment of momentum of a rocket 

relative to its center of mass, considering the mobility of liquid 

components of propellant during the derivation. 

Taking into account the mobility of fluids, located in the fuel 

tanks of the rocket, the desired moment of momentum ? should be 

found from relationship c 

t +* +2«» J (;-?c) X 
v) . 

Xvjdv, 
(3.8.1) 
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where Vj - vector determining the velocities, at which particles 

of fluid, located in tie tank with number j, move in launch system 

of coordinates. By sut stitutlng from (3.3.5) into (3.8.1), we 

obtain equality 

^ - J.(;-'c) X +; x7)(.*> «, i (;_;e) X 

x(i0+gr*d Vijdv, 

or 

Lr = j(r~rc)e^ + 2cy J + 

+ f(r“rc)(‘JXr)ç</v-f Ve; f (r-rc)xgradTji/r. (3.8.2) 

*• V 

By using formula (3-7.1) and ecuality 

.t 
(dv. 

determining the overal] mass of rocket m, we find 

(3.8.3) 

J (r—''c)dv~^dv+ 

+ 2Jj J[rrf,'“^C</,'+2Cííd,,^c==0- (3.8.4) 

According to (3.8.4) formula (3.8.2) can be given the form 
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Zc-^-yxpx^.-H- 

ff 

^^ ^ ('■“''c) X grad V¡dv. 

w 

(3.8.5) 

By considering the smallness of vectors r^, Î and grad Ÿ. and 

the proximity of regions 7* and it is possible with errors of 

the highest orders of smallness to replace formula (3.8.5) by 

approximate formula 

ZC ® Jr X pxr)Cdt»+2 Oi Jr Xgrad V,dv. (3.8.6) 

+1 

By carrying out conversion of volumetric integral, into surface 

by means of Gauss divergence formulas, we find: 

+ÿ- if"*-".) *j]+¿7 [(Ã-«.) »/]} 
J ^4(^-»*■) ¢0.(0^)+(«, - a.) cot («,,)+ 

V*/ • 

■f-rájeos(a,ar)J 1/3T» J ’P./ifycosf/i.z)— 
*/+V I 

-z cos(«, y)]fiM -f- [z cos (a, x) — x cos (a, z)] e, + 

+ ÍJfcos(a,y)-ycos(a, jr)]eJ</o=i f Vjïxndi 

or according to (3.4.3) 

yXgtaáVjdv** J 'Vjjjtjd*. 

*1 Vi 

(3.8.7) 
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Functions and are solutions of equations (3.3.3) and 

(3.^.2), and, thus, in accordance with Green's theorem there should 

take place equality 

,í Í 
Vi V/ 

(3.8.8) 

According to (3-3-7) and (3.8.8) formula (3.8.7) can be given 
the form 

Jrxgradï^dtF^ f 9j»-(rx«)rf9+f 
V, a,Í,. i * 
1 ri •/ 

or, if we use dependence (3.4.3) 

J rxgradV/rfü= f ¿íf- 

Vv n * 
(3.8.9) 

By substituting (3.8.9) in (3.8.6), for moment of momentum lZ 

'lie obtain formula 

JrX («'Xrjedv+^C/ $ 
W i-i 

dn 
rfa-j- 

or 

Zc=2^>-}-2ti (3.8.10) 
i.i y 

[Translator's Note: The vector is shown exactly as it appears 

in the original and as it should appear according to errata changes 
however incorrectly it may be written.] 
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where 

2-frXÍXr)c*>+2«l f 
*' I-' VV 

(3.8.11) 

In formula (3.8.10) vector Lc determines the moment of momentum 

of the rocket relative to Its center of mass, corresponding to the 

case when In the process of motion the free surfaces of fluids do not 

accomplish oscillations and remain plane and normal to the axis of 

the rocket. The second component in the right side of formula 

(3.8.10) determines the additional moment of momentum, being generated 

by oscillations of free surfaces of fluids, located in the fuel tanks. 

S 9-_ Account of the Mobility of Liquid Comoonents 
of Propellant During Calculation of Moment!- 

of Inertia of Operation 

Let us examine in more detail the moment of momentum L°, 

being determined by formula (3.8.11). In vector formula (3.8.11) 

by projecting vectors to the axes of fixed system of coordinates x, 

y, a, we-obtain formulas: 

ly Ky - vt) - z (vt - Qdv+ 

“ JI* («V* - -,y) - X (mrf - ^)] c 

y» 

(3.9.1) 
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Formulas (3-9.1) can be given the form 

^C°J — +J xift + Jxi*** 

Lcl = J»¿**+A/*#+^1. ( 3 - 9 - 2 ) 

LC°J “Ax-xi A»*»+^m*i, 

where 
ê 

V, /-1 V*j 

^=-5^0^+20/ 5 fjg^-J3* 

i’. /-» 5/+'/ 

? ^ • - a? 
^xi=-JJC^O^ + 2o/ f *,Mtoá9' 

V, /-1 */+'/ 

■ ' J» . 

Ax = -j X\JQdv+2 0/ J Tlr “f1 da> 

y» /-i A+'i 
JV 

A» = j (**+^)0^+2 0/ I 
K, /-1 •»/+*/ 

at a? * 

A. = -]y*o^+2o/ J v»-ü¡rd*' 
y. /-i V/ . * 

AT 

y„«-Jjf¿e</®+2o/ f 
V, /-1 •; 

AT 

Ax — - j ÿiorfv +2o/ J ?/. -¿¡-d*' 
V, /-1 V*/ 

0/ 

According to (3- + 2) functions ¢. ,41. , and ¢. are solutions 
J® jy ja 

of Laplace equations, and, thus, in accordance with Green's theorem 

there should take place equalities: 

N 

A«=J(-K*+y*)e<ft>+2 
V. /-1 

224 



(3.9.^) 

J* J 
V#j *f*', 

J fJ‘^rd9am ¡ d9' 

J J fk&Ld,. 

Prom formulas (3.9.3) and (3.9.4) ensue relationships: 

JV*aJH* Jtxrc!Jxtt JU~ Jff 
(3.9.5) 

in accordance with equalities (3.9.2) and (3.9.5) the moment of 

momentum is equal to the moment of momentum of a solid for 

which moments of inertia relative to axes x, y, * -j j * j 

centrifugal inertia moments J , j j have’vaw/íC l*™ 
formulas (3.9.3). ** 12 »' alUeS deter”lned ^ 

By using relationships (3.9.2) and (3.9.5), It Is possible to 
give equality (3.8.10) the form 

2c H Jxx»x+Jx*,+Jxtmt) e~+ (jxtmx++J^Je, + 

M 

x¿"x4- Jui*!-f )£* -f ®y ^ ~dt~ d3. 
i-l 

(3.9.6) 

According to (3-9.6) in the absence of oscillations of free 

surfaces of fluids, i.e., when / = 0, ¿ « 1 2 v 
_ ■ ''j Nt the moment 

of momentum of the rocket relative to its center of mass can be 

determined as the moment of momentum of a solid, having calculated the 

Inertia moments of the rocket relative to axes of fixed system of 
coordinates x% u, z - j j T e. ^ * 
_.. , y’ Jxx> Jyy> Jzz and centrifugal inertia moments 

of the rocket by formulas (3.9.3) 
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§ 10. Equation of Moments. Zhukovskiy Theorem 

In 5 7 we obtained equation of forcis (3.7.10). Let us row 

turn to derivation of equation of moments. In accordance with the 

theorem about change of moment of momentum, at any moment of time 

there should exist equality 

dlc 
where time derivative from moment of momentum tc, calculated 
without allowing for variability of the composition of the rocket; 

tiç - main moment of aerodynamic and reactive forces affecting the 
rocket (main moment of forces of gravity relative to center of mass 

of the rocket will always be equal to zero). 

Equation (3.10.1) can be given the form 

iïc , - - 
-^-r«XA:=A*c- (3.10.2) 

According to (3.9.6) vector product u x is a small quantity 

of the second order of smallness in accordance with the smallness 

of oscillations of free surfaces of fluids and smallness of angular 

velocity u>, assumed by us. Thus, disregarding small quantities of 

the second order of smallness, it is possible to substitute equation 

(3.10.2) by approximate equation 

(3.10.3) 

Calculating the local time derivative 6^/dt by formula (3.9.6) 

without allowing for variability of the composition of the rocket, 

we obtain relationship 
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^)i+ 

+(y" ^+y" T? +yf^)í+ 

(3.10.4) 
7-1 ; • 

Let us further designate through jÇ the main moment of aerodynamic 

and reactive forces relative to the origin of fixed system of 

coordinates *,*,*. Moments £ and ^ will be connected together by 
relationship 

Mc=*M-rcxP, (3.10.5) 

where rc - radius vector of center of mass of the rocket; t - main 

vector of aerodynamic and reactive forces, acting on the rocket. 

According to (3.7-6) and (3.7.8) formula (3.10.5) can be 

converted to the form 

(3.10.6) an 

The smallness of oscillations of free surfaces of fluids being 

assumed by us involves the smallness bf oscillations being accomplished 

by the center mass of the rocket in fixed system of coordinates 

X, y, s. Thus, disregarding small quantities of the second order of 

smallness, it is possible to replace equality (3.10.6) by approximate 
equality 

Mc=M—mrcX (w0—g). 



or according to (3.7.5) 

- Yqj p/fdix&t-g)- (3.10.7) 
/ml »j 

By substituting (3.10.4) and (3.10.7) in (3.10.3), we obtain 
equation 

N 

/-i •, 
(3.10.8) 

when f .= 0, j 
c 

In the absence of oscillations of free surfaces of fluids, i.e.t 

1» 2* •••» equation of forces (3.7.10) and equation 

of moments (3.10.8) change into equations of motion of a solid, which 

we proceeded from in Chapters I and II, with the only difference that 

during consideration of relative motions, being accomplished by 

fluids in the fuel tanks, the moments of inertia of the rocket must 

be calculated not by formulas of dynamics of solid, but by formulas 

(3.9.3). 

In [5] N. Ye. Zhukovskiy examined the problem about motion of 

a solid with cavities, completely filled with perfect fluid, and 

showed that such a material system moves under the action of a 

predetermined system of forces, as an equivalent solid of the same 

mass, possessing moments of inertia, determined by formulas (3.9.3) 

Un this instance surfaces a^, j » 1, 2, ..., n, figuring in formulas 

(3.9.3), are absent). Thus, in the absence of oscillations of free 

surfaces of fluids, the equations of forces and moments (3.7.10) and 

(3.10.8) directly ensue from the works of Zhukovskiy indicated by us. 

Formulas (3-9-3) will be subsequently called Zhukovskiy formulas. 
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í 11. Equations of Motion of th» Rnnw • 
Considering the Mobility -L 

in Fuel Tanks 

Equation» of force» and moments (3.7.10) and (3.10.8) contain 

™ T" f^‘ '• " 11 2.. char«cterl2lng 
ti™ t! T SUPfi0M °f flUlds ln fuel ‘“‘■e. At the same 
time the boundary value problem, being formed by differential 

f!rt!0n Wlth b0Unaary oonaltlonE (3.6.20) and determining 
, W*' ’• 0 ln acc°rdance with formula (3.6.21), contain» 

motlo*™ On3“0x' U°«' iux/dt • ¿V* and characterizing 
motion accomplished by the rocAet body." Thus, the'problem about 

motion of the body and the problem about oscillations of fluías In fuel 

tanks can be solved only as a result of their joint examination. In 

the" l TIT a 0Omplete ay“teB of »quations, determining motion of 
the rocket body and motions accomplished by fluids located In fuel 

anks, one should exclude functions / (y, ,, t) trom equations of 

forces and moments (3.7.10) and (3.IO.8) by means of relationship 

1th h r C°nneCt them t0 °btalned dependencc3 of equation (3.5.3) 
boundrry conditions (3.6.30). We obtain system of equations 

/-i «i ' ' 7 

~J" ëf)*' + (y" "ïf~J" ^+y“ 

/-> •/ •j* 1 

X (»„—]?)=Af, 

Vfy = 0, 7-1,2,. . . * 

^-0 on 5/, 7-1,2,. . . , A/, 

d<¡(. * .* . 

(3.11.1) 

</«•- 
r—.,,a=C,(0 on o,, 7—1,2.A7. 
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Equations (3.11.1) determine motion accomplished by the body of 

the rocket, and system of functions y, a, ¢), « 1, 2, ... K. 

By using formula (3.6.21), by functions it is possible to find 

the system of functions f.(y, *, t) j - 1, 2, ..., N, determining 

the oscillations of free surfaces of fluids in fuel tsnks. By 

knowing vector functions of time v^it) and u(t) and functions 

y > a» t), j * 1, 2, ..., y, by formula (3.5.16) it is possible to 

construct the system of vector functions u.(x, y, a, ¢), j * 1, 2, 

..., Í?, determining the velocity field of fluids located in fuel 

tanks. Thus, equations (3.11.1) completely determine motions 

accomplished by the rocket body and fluids located in its fuel tanks, 

and these equations can be considered as equations of motion of the 

rocket, considering the mobility of fluids in fuel tanks. 

For construction of equations of motion (3.11.1) it is necessary 

to preliminarily find Zhukovskiy potentials , j = i j 2, 

..., N, clearly entering equations (3.11.1) and figuring in Zhukovskiy 

formulas (3-9.3). The question about calculation of Zhukovskiy 

potentials is considered in the following paragraphs of this chapter. 

5 12- Calculation of Zhukovskiy Potentials 

During examination of the question about calculation of 

Zhukovskiy potentials , we will assume that all wetted 

surfaces 5^., j = 1, 2, ..., y, are surfaces of rotation. With the 

presence of intertank equipment, disturbing this property of the wetted 

surface, calculation determination of Zhukovskiy potentials is very 

complicated, investigation of dynamic effects, which appear with 

installation of such intertank equipment, is conducted usually by 

experimental methods. 

Zhukovskiy potentials 6., ò. , ¢. are projections to 
j * jy j 3 

coordinate axes x, y, a of vector $., determined by equation (3.4.2) 
J 

and boundary condition (3.4.3). By r. let us designate the radius 
V 
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vector of center of flat free surface of fluid o^ in fixed system 

of coordinates x, yt a (Pig. 3.3) and instead of vector function 

^ let us lntro<iuce Into examination vector function $5» determined 
by relationship ^ 

(3.12.1) 

According to (3.12.1) there will exist equality: 

(3 

By using differential equation (3.^.2), boundary condition 

(3.^.3) and relationships: 

V*r=V2(xes+yet+zet)=0, 

+ ye*+)=cos (^. Jf)i+cos(«, y)ev+ ( 3 

+ COS (/1, 
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from (3.12.2) we obtain differential aquation 

(3.12.4) 

and boundary condition 

= (r-7¡)xñ on Sj and oj. (3.12.5) 

Let us further construct system of cylindrical coordinates Ç, 

r, a, shown in Fig. 3.3. The connection between rectangular 

coordinates x¡ y, a and cylindrical c.ordinates Ç, r, a will be 

determined by formulas: 

x=*)+l, 

y—yi+riwa, (3.12.6) 
z^zj+ria, 

where Xj , y^. and 2^. - projections of ector r,. to coordinate axes 

X, y, a (see !!,ig. 3-3). Differential Laplace equation (3.12.4) in 

cylindrical coordinates £, r, a will ave the form 

~dP (3.12.7) 

(see [21]). According to (3.12.5) an: (3.12.7) the projections of 

vector 4,° to coordinate axes x, y, a - ¿0), mUst satisfy 

differential equations: 

dP 

dP 

dV 

or* 

dri 

dr^ 

<..,± d^l-0 
dr — -U’ 

dr 

*}? 
dr 

ri 

1 

1 

da* 

da* 

(3.12.8) 
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and boundary conditions: 

-¡f—(if-wK-i*-*;)«* 

dfff 
~-=(X~Xj)nt-~(y~yi)nJ 

on Sj and oj. (3.12.9) 

Let us further designate through x the angle between direction 

of external normal „ to surface S and c and direction of negative 

semiaxis £ (Pig. 3.I1). As can be seen f[,0In the flgur,e> pI.OJectlons 

V ny ana ", “f “hit vector of external normal n will be determined 
by formulas: 

co* x, 

sin/ cosa, 
«**=sfn/*lna. 

(3.12.10) 

According to (3.12.6) and (3.12.10) boundary conditions 

can be given the form 
(3.12.9) 



o ig. 
dn 

—(r co» X - I sin x) sin a 

(rcosx+îslnZ)coso 

on Sj and sj. (3.12.11) 

We will satisfy the first of differential equations (3.12.8) 

and the first of boundary conditions (3.12.11), having assumed 

,0»=0. (3.12.12) 

For determination of functions and let us Introduce Into 

examination the soluticn of two-dimensional differential equation 

Mj | dHj i d%, 

dp dr* r dr (3.12.13) 

regular on axis r * 0, in other words unlimitedly differentiable at 

the points of this axis, and satisfying boundary condition 

■^-«=rcosx+Sslnx onij* (3.12.14) 
on 

where 1.- generatrix of closed surface of rotation S . + a.. According 

to (3.12.13) and (3.12.14) we will satisfy the second and third of 

differential equations (3.12.8) and the second and third of boundary 

conditions (3.12.11), having assumed 

= —■•jslno, ?J? = 0/cosa (3.12.15) 

(on external normal n polar angle a keeps constant value, and, thus 

3a/3n = 0). 

By carrying out in equality (3-12.1) projection of vectors to 

coordinate axes x, y, z, we obtain formulas: 
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?/*-«£fh=fff + Zf*—Xjz, ?h^fff+Xjy-^tx9 

or according to (3.12.12) and (3.12.15) 

th-yjz-zjy, 
91» = — #/«lna4 ZfX—xft, 
= 6/ cos c 4- xjy—y)X. 

(3.12.16) 

Thus, having solved two-dimensional boundary problem, being 

formed by differential equation (3.12.13) and boundary condition 

(3.12.14), it is possible to then find Zhukovskiy potentials ¢, , 

Qjy and by ^ormt!las (3.12.16). For solution of differential 

equation (3.12.13) with boundary condition (3.12.14) there are known 

many calculation methods; it is possible to use, specifically, the 

method discussed in book [22]. Sometimes function 0. can be found 

in the form of decomposition by these or other specific functions. 

Two such cases are con^rehensively examined by us in the following 

paragraph. . •;*. 

£ 

§ 13. The Simplest Examples of Calculation 
of Zhukovskiy Potentials 

13-1. Cylindrical Fuel Tank 

In this instance generatrix of closed surface S. + a. is a 

broken line, shown in Fig. 3.5. Angle x* figuring in boundary 

condition (3.12.14), on contour takes values determined by formulas 

ï = 0 when £ ■* —0 < r < #. , 

X“~whenr„*. *—// < £ < 0t 

X ~ * when £ aw 0, 0 <r < /t. 

(3.13.I) 

where - radius of tank; ff - its filling depth. 
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Fig. 3.5. 

According to (3.13.1) boundary condition (3.12.14) in 

will have the form 

ÜL 
* 

-ÍL. 

-r when ( — —0 < r < *. 

i ( when r ** R, 

Mi 
— —r when { -* 0. 0<r<R. 

o* 

Assuming in (3.12.13) and (3.13.2) 

•i-er+i;. 

for function we obtain differential equation 
J 

**) vi ., m: - •: 
d& ^ dr* + r dr 

— —~~ * 0 

with boundary conditions: 

dt\ 
-2r when ( «■ —//, 0 < r < R, 

dr 

dt 

!0 when r •* R,- —//< { < 0, 

' —2r when { «« 0, 0 < /• < At. 

this case 

(3.13.2) 

(3.13.3) 

(3.13.4) 

(3.13.5) 
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Let us first construct particular solution of differential 

equation (3.13.4) of form 

«/-/(OfW. (3.13.6) 

regular on axis r - 0 and satisfying the second of boundary conditions 

(3.13.5). By substituting (3.13.6) In (3.13.4), v:e obtain equality 

*+/ \ dr* 
ÉL 
dr 

or 

. ±í+±‘í_j. 
*** <tri r dr, r* 
/ g (3.13.7) 

The left side of equality (3.13.7) does not depend on variable r, and 

the right side of this equality does not depend on variable ¢. Thus 

the ratios, figuring In equality (3.13.7), must represent a certain ’ 

constant. By designating this constant through A2, for function 

/( Ç) we obtain differential equation 

JUL 
—W/-0 (3.13.8) 

and for function g(r) - differential equation 

(3.13.9) 

Assuming in (3.13.9) 

r-m J. 
I • (3.13.10) 
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for function g we obtain Bessel differential equation 

, J_jf* 

hir)'-' (3.13.11) 

“.“riT.’rrc“;:: ... •• 
0rder - A„). Thus, d.ffere„tiaT . ^ flrSt tyPe “d first 
(3.13.10) possesses solution eiuaticn (3.13.9) according to 

t-'l O'). 

regular at point r * (). 
(3.13.12) 

General solution of different4*! 
ferent_al equation (3.13.8) has the fo™ 

/ "■ + Ä«*4*, 
(3.13.13) 

n (3.13.4) has solution 

+ ^/, (Jr). 
(3.13.14) 

regular on axis >* - n 
5 and A. an contaioirg three arbitrary constants 

By substituting (3.13.1/1) i,, dmL. 

(3-13.5), for parameter A we obtain I 0f bound£try conditions 
e ootaln equation 

(3.13.15) 

(3.13^7^1^'satlsfTthe ^ b* ^ 
-hen l5fy the 3eMnd “f boundary conditions (3.13.5, 

X“1? (tE=1.2 
(3.13.16) 
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where Vj. w2, ...- »equenoe of solutions of transcendental equation 

(3.13 17) 

We will now seek the solution 

by differential equation (3.13.4) 

in the form of series 

of boundary value problem, formed 

and boundary conditions (3.13.5), 

(3.13.18) 

We showed above that each of the terms of series (in,«, 

n rTenntiii equation (3'i3-4)’ ^■eaent: 
and satisfying the second of boundary conditions (3.13.5) 

Thus, t remains to fina the values of coefficients and S (fe . q 

o't thê!l b W!1Ch SerleS (3-13'18) Wln 3atlSflr the «"t and third 
°Un ary conditions- By substituting series (3.13.18) in 

these two boundary conditions, we obtain equalities: 

~jf (A*- —2r 

0 < r < (3.13.19) 

For Bessel function of the first) order there 
relationships : 

take place integral 

* 

f ",(«0 /, «JVi C«)/,-(»*)-./, 

(3.13.20) 
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(see [27]). 

T ' 

By assuming In (3.13.20) a . u /s s 
f ï V*. we obtain equalities: 

nee numbers v2> ... are solutions of equations (3 13 17) 

Having multiplied both sides of relationships (3.13 l )'bï j/»-M 

and integrated them with respect to r from 0 tVwbtn^ 
according to oi\ we obtain 

g to U.13.21) equations: 

_ l" 
-4* 

*• ('H)Ji (V|) • 

^ K-OMñ) ! 

From equations (3.12.22) we find 

(3.13.22) 

4P? ‘ . 

/ (3.13.23) 

4P? \I — 

By substituting (3.13.23) In (3.13.18), 
we obtain formula 

2^0 



or 

K-i) /i (¾) M R m 
(3.13.24) 

According to (3.12.Í6), (3.13.3) and (3.13.2A, In the considered 

example the Zhukovskiy potentials will be determined by relationships: 

1t*-*J*-*H 

V»-Cr + 4^* I 
»-i 

^(»â—0Air^i (n) 
*tna+ 

f/«’ 

v* (A—l) «k /j (**) I 

(3.13.2 ' 

I3.2. Half-Pilled Spherical Tank 

In this instance the generatrix lj of closed surface 5 , + 0 . the 

contour, shown in Pig. 3.6. In differential eouation (3.12^13) let us 

change from rectangular coordinates £, r to polar coordinates ,, 6, 

having assumed 



In accordance with transition formulis: 

( ào Q* #¡ 

(3.13.27) 

differential equation (3.12.13) takes the fo’rm 

. 2 *1 1 #$. e|< ; a dê. t. 

(3'1328 

Contour lj in the considered case is nade up of the arc of 

circumference 0 - p and segment of straight line ß ■ tt/2 (Fig. 3.6). 

Angle lj, figuring in boundary condition (3.12.14), cn contour x 

will be determined by equalities: 

(3.13.29) 



According to (3.13.27) the derivative of 36./3» will be determined 
on contour by formulas: 

dtj Mi h 

~dHm~dQ 0<^<"2' (3.13.30) 

du ac " 
àtj 

--T-C0O + -—-f-íln? 
*9 Q dß r 

1 Mj ^ j ail. _ 
— *lní«»-—— when Sv»— 

e ac p 2 * 
o < « < 

In accordance with equalities n i ? 

boundary condition (3 12 U) ln th 3* 3 6 * (3'13'29) (3.13.30) 
3 *U) ln the conslòered example will have the 

dij 
—-0 wh.r 9-^0<J<i, 
dQ 
Mj n 

9» wh.n ?»Y.0<«<JC. 

Assuming In (3.13.28) and (3.13.31) 

(3.13.31) 

•/-y-«l»2î+ •; 
(3.13.32) 

for function 0» we obtain differential equation 

e ap u2 a.j> |t ac i. 
C2 aisiß «0 

with boundary conditions: 

(3.13.33) 

d* 

£ 

tin 2? when Q** R, 0 < J < 

® when ,C 
31 
2 ' 

* 

® < 9 < i? . (3.13.3^) 



Let us first construct particular solution of differential 

equation (3.13.33) of form 

»;=/(«)*(?). (3.13.35) 

regular on segment ß = 0,0<o<i?and satisfying the second of 

conditions (3-13.3^). By substituting (3-13-35) in (3.13.33), we 

obtain equality 

/£/ LdJL\ 
9 <tQ/ 

g+ L/^L qI [ dV =0. 

or 

€L + 2_dJ_ 
dtf p d(¡ 

«* 

<T-g dg 

^■ + C‘*P^ 
g 

sint 8 
(3.13.36) 

The left side of equality (3.13.36) does not depend on variable 

ß, and the right side of this equality does not depend on variable 

0- Thus, rations which figure in equality (3-13-36), must represent 

a certain constant. By designating this constant through X, for 

function /(p) we obtain differential equation 

d{p Q dQ pt (3.13.37) 

and for function g(ß) - differential equation 

<flg 
dp +c,t,l+(‘-lSF)‘-°- (3.13.38) 

Assuming in (3.13.38) 

cosp»!. 
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for function g we obtain Legendre differential 

In order that function 0*. determined by formula (3.13.35), would 

be regular when ß = 0 and would satisfy the second of boundary 

conditions (3.13.3^), function g according to (3.13.39) should be 

regular when n = 1 and must satisfy condition 

“S. « 
w, ~0 ",,rn 1 = 0- (3.13.^1) 

Differential equation (3.13.40) has a solution, which satisfies 

condition (3.13.41) and is regular at point n = 1; when 

i = 2A(2> —1) (3.13.42) 

(fc = 1, 2, ...) this solution is determined by associated Legendre 

function of the first type ^). Thus, according to (3.13.39) 

initial differential equation (3.13.38) when A = 2fe (2k - 1) has 

solution 

*= (CO.?). (3.13.43) 

regular at point ß = 0 and satisfying condition 

(3.13.44) 

By substituting (3.13.42) in (3.13.37), for function /(«) we 

obtain Euler differential equation 

dQi 
+ 1 iL 

9 ctf 
— 2* (2* — 1) — 

9' 
0. 
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Solution of differential equation (3-13.^5), regular at point 

0=0, nas the form 

(3-13.46) 

According to (3-13-35), (3-13-43) and (3-13-46) differential 

equation (3-13-33) has infinite sequence of particular solutions 

(*-1.2....), (3-13-47) 

regular on segment 6 = 0, 0<o</?and satisfying the second of 

conditions (3-13-34). 

We will now seek the solution of boundary value problem, formed 

by differential equation (3-13-33) and boundary conditions (3-13-34), 

in the form of series 

(3-13-48) 

Each term of series (3-13-48) satisfies differential equation 

(3-13-33) and the second of boundary conditions (3.13.34). Thus, 

it remains to find the values of coefficients o^, ¢£, •••> at which 

series (3-13-48) will satisfy the first of these boundary conditions. 

By substituting series (3-13-48) in the first of conditions (3.13.34), 

we obtain equality 

S i2* - ^ Cl^*~3p(2k-1 (CO* 3)-sin 23 (o < 3 < -| J. 

or 

2 (2*-l)e*Ä“-*/>JJL, (1)=-21) (0 < i) < 1). (3-13-49) 
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By using formula 

Pl'Hü-hVT^?, (3.13.50^ 

it is possible to convert equality (3.13.50) thus: 

i: (2* - 1) (I) — y Pi» (,) (0 < , < 1). (3.13.51) 

For associated Legendre functions, figuring in (3.13.51), there 

exist integral relationships (see [27]): 

i 

j ^U-itDPilL, 01)-/, = 0 when k +1, 

1 

f pP d) PiJl, (id </, = _-LL^gLzJl 
{ (/+1)(2/-3) 2.4...2/ * 

Having multiplied (3-13.51) by (n) and integrated with 

respect to n from 0 to 1, according to (3-13.52) we obtain equality 

(3.1:.52) 

(2/~1)22/ j./r»-»-' ^-1)^ » 3...(2/-/) 
4/-1 (/.+ 1)(2/-3) 2.4...2/ * 

in accordance with which coefficients o2, ..., should have 

values determined by formula 

.,_1--1).-W-l) 1.3.. .(2/-1) 
(/+1)(2/-3)(2/-1)¾ 2.4...2/ * * (3.13.53) 

By substituting (3.13.53) in (3.13.^8), for function 6*! expansion 
J 
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Rr 
(*+1) (2*—3) (2>-l)J 

1.3...(2t—1) 
2.4...2* (-^) ^»Hi (co* *)• (3.13.5^) 

According to (3.12.16), (3-13.32) and (3.13.54) in the given 

example the Zhukovskiy potentials will be determined by relationships: 

Vm-vj*-**/' 

e! sin 23 + R- JJ 
(4*_ i) 1.3...(24-1) 

2 ' ".^j(*+l)(2*-3) (2*-l)î 2.4...2* 

X J** ’ Pill, (co, ß)J sin a + ijx-xjt. 

• [ 2 
.1.21 mV 1.3.■ .(2^-1) ,.- 
% + R7 2j (*+1) (2*—3) (2*—1)* 2.4. ..24 X 

X ^ ' P'»-r (cos W| co, a + jr/f —gjx. 

(3.13.55) 

§ 14. Calculation of Moments of Inertia 
of the Rocket 

According to (3-9-3), with allowance for mobility of liquid 

components of propellant, the moments of inertia of the rocket are 

expressed by relationships: 

where 
XX 

(0 

yy 
J{0) 
HZ - moments of inertia of a 

rocket not filled with fuel: <7^ «7^ j 
’ XX ’ yy ’ zz ’ xy ’ xz ’ yz 

(1 < j < iV) - moments of inertia of liquid mass, located in the tank 

with number j, which can be found by formula: 
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(3.14.2) 
•/«"C; J do, JW—Qj J f/, lU* do, 

*/+V */+•/ 

^'-«j 5 ^f-(/ 5 w, 
*i+V sj**j 

In accordance with equality (3.12.1) vector function | can be 

represented in the form 

J/^yw+ÍjO, (3.14.3) 

where - vector function, determined by differential equation 

(3.12.4) with boundary condition (3.12.5); 

tf>~rixr (3.14.4) 

- vector function, which according to (3.12.3) satisfies differential 

equation 

^)=0 (3.14.5) 

with boundary condition 

¿TÍ” - - 
—on S] and o¡. (3.14.6) 

By using relationships (3.12.12) and (3-14.3), it is possible 

to convert formulas (3.14.2) thus: 

y«)=0/ j tf'J^-do, 

Vv 

6) j Çji» 

JO) 
*y 

ßi) jt 

dn 

^(tíí' + TÍi») 

do. 

do. 

(3.14.7) 

S;+V 

249 



UM 

+e,j 
SJ+'J 

+*¡J«-¥*- 
SJ+'J 

+WJ '• 

(3.1¿J.8) 

♦(-1) satisfy"^ ^ <3'12'") and (3-U'5) f“=«ons *<0) ,(0) ,(!) 
^ satisfy Laplace equation and ln a„ , ^ ’ ♦ •„ > 
there should take place equalities- 0rdan<:e Wlth a™"'s theorem 

1 J SJ*fJ 

f•# t on * s]v*ß 

J>-¥*-J*** 
*/+•/ (3.1^.9) 

Thus, formulas (8 lii ^ 
can be given the form 

•/W = Cl f t;<l> + p 

(3.1^.iu) 
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(3.1^.10 cont'd) 

By using relationships (3.12.5), (3.14.4) and (3.14.6), it is 

possible to convert formulas (3.14.7) and (3.14.10): 

J** - Í (yiz- zjy) [yj cos (n,z) - ZJ COS (n, ü)l da, 

7' \ 
J*i = ^J iyp-ZW)[zCOS-XCOS(/1,2)1 da, 

Sj+tj 

J** = ~ z>y) \X cos M - y COS («,JC)1 da, 

J (zjx—xjz)[(2z—zj) cos(n,x)— 
SJ+*J 

-(2x-x/)cos(/i,2)l</a+Ci J fJO) 

sJfJ 

Í ¡(Z)X- X)Z) \x COS (n,y)-y cos (/1,2-)1 -f 

+ (*/«/ - y/Jf) 1(2—2y) cos (/i.ar)- 

~(jf-jfy)cos(/l,2)l]</3 4-Cy f ?(0) ÜÎÎ. i/, 
, J h dn 
Jy+.y 

^ = ^ J (^/i/ - wt) [( Zr - JTy) cos(/i .i,) - 
Sy+«y 

-(2i/-i/;)cos(/i,.r)l</3-f Cy J ?(o, ^ 

Sy*.y 

(3.14.11) 

By converting surface Integrals Into volumetric In formulas 

(3.HI.11) by means of Gauss divergence formulas, we obtain relation 
ships : 
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yiî»Cif 

-UÍ xzjdv, 
v! 

y^=CiJ ((2x - jr;) X)+(2z-zj) zj] dv f 

Sj+'j 

yi« = -C/j fife/-Hz—z, 

V/ 

yM=C/ f |(2jf- z/) z/ -f (2ÿ - W) w] dv+ 

+«/ 

S/+#y 

(3.14.12) 

The mass of fluid, located in the tank with number j - m. and 
0 

coordinates of the center of mass of this fluid *(¿>, ZU) 
will be determined by formulas: C > C > c 

The center of mass of fluid, located in j-th tank, should lie 

on the axis of this tank in accordance with the assumption about 

axial symmetry of fuel tanks. Thus, there should take place equalities: 

^»zy. (3.14.14) 
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According to (3.14.13) and (3.14.14) formulas (3.14.12) can be 

given the form 

JW—-mp/pn, /«_ -mixjpz,. 

+(, j ,)« a,, 

SJ+*J . 

-mwjzj+çj J* da. 
(3.14.15' 

5,+., 

f ^0) da 

sfr 

The integral from some function f on axisymmetrical surface 

5J + °j can be found by formula 

** 
j /¿3=m f J frdsda, 

5,+., i,8 (3.14.16) 

where generatrix of surface of integration 5. + o.. By usine 

formules (3.12.15) and (3.14.16), we find J J 

I2y ~f6' ■fc’s,nî(u/3 = f f ^71 X 
^+V 5,?., " àn 

ft 

XrslOCsda = J sln’oda J 

• COS Ci/3 : 

5/+V 5J+., 
>■ 

(3.14.17) 

5 S ^ ¿4 ' s*nacosa^5rfa = — ( sin a ros a X 
'/0 i 

Xda\t,^rds~0, 
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cont'd) 

( ")3y substituting (3.14.17) in (3.14.15), for moments of inertia 

J XX » we obtain formulas: 

+„t, ( ei^lrd,, 
¿ d" (3.1^.18) 

'1 

and for centrifugal inertia moments — formulas- 
xy ’ xz * yz muías. 

Jx¿-—mjx(pyj, JO);-mjy)Z). (3.14.19) 

According to (3.14.1) and (3.14.19) the centrifugal moments of 

inertia of the rocket are determined by relationships: 

Jn - —2 
J-l 

m*x<Pz>> (3 14.20) 



Just as in Chapter I, we will assume below that planes ÿ « 0 

and a ■ 0 are planes of symmetry of the rocket. In this instance the 

principal axes of inertia of a rocket not filled with fuel coincide 

with axes x, y, s, in other words 

y(0)=y(0)ay(«)=o. (3.1^.21) 

When y . / 0 to the mass of fluid m. with center of mass at point 
M) <7 «7 

x = a" , y * y ., a =• a. in view of the symmetry there will always 
V JO 

correspond the same mass of fluid m. with center of mass at point 
( 7 ) 3 x = x" , y = -y .. a = a.. Analogously when a . ¿ 0 to the mass of 
0 J J j 

fluid m . with center of mass at point x = xi,3\ y = y ., a = a . in 
0 ^00 

view of symmetry there will correspond the same mass of fluid with 
t ,* ) 

center of mass at point x = xi, , y = y ., a = -a .. Thus, there will 
^ JO 

always exist equalities 

N N N 

V mjx<J)yj = V my x^zj = Y myyyzy=0. (3-14.22) 
/-i /-i /-i 

According to (3-14.20), (3-14.21) and (3-14.22) during 

consideration of mobility of liquid components of propellant, 

equalities 

Jx„=Jxt=JUt = 0 (3-14.23) 

are retained and axes of fixed system of coordinates x, y, z remain 

principal axes of inertia of the rocket. Moments of inertia of the 

rocket «7^, , retain the role of principal moments of inertia 

J t J , «7 ; 
x y ’ a 

Jxx — Jm* Jgt — Jf (3-14.24) 
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Let us turn to examination of inertia moments J 

determined by formulas (3.14.18). Ey using identity** ' *y ’ zz 

(2^ -X,) X,=x\}y -(XJ-JCJ/))», 

it is possible to give formulas (3.14.18) the form 

(3.14.25) 

'l'J-njW+ÿ+Jj, (3.14.26) 

where 

(3.14.27) 

The difference x. - 
0 C determines the depth, at which the 

center of mass of fluid, which is located in the tank with number j, 

is located; this difference does not depend on the arrangement of 

j-th tank. Function 0^., determined by differential equation (3.12.13) 

with boundary condition (3.12.14), also does not depend on the 

arrangement of this tank. Thus, quantity J_., figuring in formulas 

(3.14.26), depends only on the configuration of the tank with number 

J, on the level of filling of this tank with fluid and on the density 

of fluid located in the tank; quantity J. does not depend on the 

arrangement of the tank. When x^ = 0, y - 0, a. - ü, i.e., when 

the center of gravity of liquid mass, which is located in the tank 

with number j, coincides with origin of fixed system of coordinates 

x> hi a, formulas (3.14.26) assume the form 
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According to (3.14.28) the quantity of J determines the moment 

of inertia of fluid located in j-th tank, relative to the lateral 

axis, passing through the center of mass of this fluid. Moment of 

inertia of liquid relative to longitudinal axis of the tank according 

to (3.14.28) is equal to zero, which corresponds to the original 

assumptions about the axial symmetry of fuel tanks and about the 

perfectness of liquid components of propellant. 

In its physical sense quantity J. is nonnegative, and, by 

introducing the radius of inertia into examination A., it is possible 

to assume J 

Jj—mjhy 
(3.14.29) 

In accordance with formulas (3.14.27) and (3.14.29) the radi 

of inertia h. can be found by formula 
O 

iS 

(3.14.30) 

m . 
where v. = -4 _ volume of fluld located ln </_th tank> 

According to (3-14.1), (3.14.24), (3.14.26) and (3.14.29^ the 

moments of inertia j* Càn be calculated by formulas: 

H (3.14.31) 

J-i 
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By substituting in (3.1^-31) the moments of inertia cf a rocket 

not filled with fuel J ^ ^, by their expanded expressions, ** yy ** 
for principal inertia moments of the rocket J , J , J we obtain 

X y a 
wording formulas: 

(3.1^.32) 

According to (3.1^ 30) the determination of radius of inertia 

h. is reduced to solution of boundary value problem, formed by 

differential equation (3.12.13) and boundary condition (3.12.14). 

As an example let us calculate the radius of inertia of liquid mass, 

located in a cylindrical fuel tank. In this case contour l. is 
j 

made up of three rectilinear segments: {; = 0 < r < /?; r = /?, 

-H < Ç < 0; Ç = 0, 0<r<Ä(see Fig. 3-5). According to (3.12.14) 

and (3.I3.I) in the considered case derivative of 39 ./3« will be 
determined on contour l. by equalities: 

J 

— =- r when * — H. 0 < r < 

—-= í when r*=R. _//<{< 0, 

dl) 
— —r wh.„ ¢,0. 0 <r < R. 

In accordance with equalities (3.14.33) the contour integral, 

which figures in formula (3.14.30), can be represented in the form 

\*'~àrdg~\ {‘A—*'*'+ \ <•>),_* rnt- rîrfr. ( 3.14.34) 
lj P -H j 

(3.14.33) 

A 

N 

V, /-1 
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By using formulas (3.13.3) and (3.13.24). we find 

(*Jh_a—Hr + W 

V* (^-1) *1» ^ /j (v*) 

Oj),-* -Ri + ARi t 
*-l 

[ch JiiiliJLj 

(•/)t„o-*R* / —-£-/ 1 

»•I * 

V* (vj—l)»h-^ 

(-'‘¥N¥) 

J\ (V*) 

(3.14.35) 

By substituting (3.14.35) In (3.14.34), we obtain 
expansion 

»-i 
yl(v*) 

xj'','(y)'M'+»! j" fWi + wV’ 
L* 

(3.14.36) 

By calculating definite integrals, 

we find 
figuring in formula (3.14.36), 

/**■« (¾). 
y* 

-T- 

ÍÍ^VL 
'í V « J R (3.14.37) 
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[see (3.13.21)]. By substituting (3-1^.37) In (3.1^.36) and applying 

identity 

eh« — 1 

«ba 
(3.1^.38) 

we obtain expansion 

(*..*» H*R* HR* f, .. 1 

V 
(3.14.39) 

*-1 

By using tables of Bessel functions, we find 

1 l (3.14.40) 

[let us recall that v^, v,, ... — sequence of solutions of equations 

(3.13.17)]. According to (3.14.40) formula (3.14.39) can be given 

the form 

zHRs y ,h 5^ 
(3.14.41) 

»-j 

In the considered case 

H 
Vj*t xHR?, xj—xtf1 * y (3.14.42) 
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By substituting (3.14.41) and (3.14.42) in (3.14.30), for radius 

of inertia ft , we obtain expression 
V 

I 
_T 

H* W V* >h 2R 
12 * + H L* v»(v5- 

V/ 
2R 

0 
»-1 

(3.14.43) 

According to (3*14.40) in the limit, when ratio H/R approaches 

zero, equality (3.14.43) is degenerated into limiting equality 

'"T (3.14,44) 

feòT-' O' When f ^ 0 Trom (3-14.43) ensues limiting relationship 

* >2vr (3.14.45) 

In the considered example the radius of inertial of "frozen" 

liquid mass is determined by formula 

'‘~V ¡T+T- (3.14.46) 

According to (3.14.44), (3.14.45) and (3.14.46) during calculation 

of radius of inertia of liquid mass, located in a cylindrical fuel 

tank, the effect, which the account of mobility of fluid gives, 

disappears when H/R + 0 and when H/R ■* ». On Fig. 3.7 a solid line 

shows the relationship between ratios h./R and H/R, found by formula 

(3.14.43), i.e., with allowance for mobility of fluid. For comparison 

in the same figure the broken line shows the relationship between 

ratios hj/R and H/R, found without allowing for mobility of fluid 
by formula (3.14.46). 
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Pig. 3.7- 

§ 15. Oscillations of Free Surface of Fluid 
In Axlsymmetrlcal Fuel Tank 

The problem about oscillations of free surface of fluid, located 

in the fuel tank with number j, was reduced by us in § 6 to finding 

function satisfying Laplace equation (3.5.3) and boundary conditions 

(3.6.20). In the case of axial symmetry of the tank the boundary 

problem, formed by differential equation (3.5.3) and boundary conditions 

(3-6.20), can be substantially simplified. 

By carrying out the transition from rectangular coordinates x, 

y, a to cylindrical coordinates Ç, r, a, in § 6 we obtained formulas 

(3-12.16) for Zhukovskiy potentials $. , <J>. , <J>. , In accordance with 
J x jy j z 

transition formulas (3.12.6) relationships (3.12.16) can be given 

the form 

'■(w si" a—cos a), i 

-(xr + 0j)sln a, ( 3 • 15.1 ) 
W; = — •/) cos a. J 

On surface acoordinate Ç becomes zero (see Fig. 3.3). Thus, 

according to (3.15.1) there should exist equalities: 
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?/* =“ >■ ( w «In a—z; cos a) 
V)t * ~ +(®iX-o]»lna 
?/* =3 + (®A-oj cos a 

on 9). (3.15.2) 

Coordinates m., a . 
J J 

presented in the form 
of the center of flat free surface can be 

y/«*/7cosa/, ¿/—r/sfna/, (3.15.3) 

where r. - distance from axis of j-th tank to axis *; a. - angle 

between plane 3 = 0 and the plane passing through the axis of this 
tank and axis x (see Pig. 3.3). 

In accordance with equalities (3.15.3) the first of formulas 

(3.15.2) can be converted so: 

?/,=r/r.sln(a—a/) on <7. (3.15.4) 

Function 9^. represents the solution of differential equation 

(3.12.13), regular on axis Ç. According to (3.12.13) when r -*• 0 ratio 

0^/r approaches a finite limit, determined by equality 

'-O' \ ár (3.15.5) 

Hence, specifically, finiteness ensues at point r = 0 of 

relationship 

(3.15.6) 

By introducing into examination function fe., determined by 

relationship (3.15.6), it is possible to convert the second and 

third of formulas (3.15.2): 

9/, == — (Xß—kf) r sin a| 

?/*—(•*/—^/) r cos a J °n 3*' (3.15.7) 
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According to (3.12.6), (3.15.^0 and (3.15.7) boundary conditions 

(3.6.20) can be given the forrfi 

dn 
0 on S), 

**1 , Ml 
+ -rr+(trw-^) (yj-(-rcosa)+ 

-f («'o* —£*) +r slna)+^-ry sln(a—a/)— 
at 

■ (Jf; — fty) r sin a + (xj—/■ cos a=Cj (/) on oi. 
at dt 

(3.15.8) 

Having represented Laplace equation (3.5.3) in cylindrical 

Uñates £, r, a, for functic 

formed by differential equation 

coordinates £, r, a, for function ÿ . we obtain boundary value problem, 
J 

**/1 1 f îh\L ^/=o 
áP dr* r dr r* da* 

and boundary conditions (3.15.8). 

In § 6 we showed that the solution of the problem about oscillations 

of free surface of fluid, located in j'-th tank, depends on the form 

of function C.(t)t entering the boundary conditions for motion potential 
J 

'It..• For simplification of boundary conditions (3.15-8) let us assume 
V 

Cj(Ó=W(ww - JV+*1 (»o,—£,). (3.15.10) 

In this instance boundary conditions (3.15.8) will take the form 

dn 
=0 on Sj, 

'-%■ r'In (.-«))+ 

+r cosa-}- 

+ rsina=3° on 3/> 

(3.15.11) 
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Generatrix l. of surface of revolution + a. is made up of 

the generatrix of wetted surface (we will subsequently designate 

this generatrix by l*) and of rectilinear segment £*0,0<r < r 

where R¿ - radius of flat free surface (see Fig. 3-3). Let us ' 

Introduce into examination the solution f. of two-dimensional 

differential equation * 

d\i ^ dri T r dr~ ri ’ ^3.15.12) 

regular on axis r = 0 and satisfying boundary conditions 

^=0 on r,. 

when 1= 0, 0<r</?j. 

(3.15.13) 

function regular on axis £ and satisfying differential equation 

*4% I *4% ■ i *4*;» *h Q 

àV ' dri ’ r dr /-2 (3.15.14) 

and boundary conditions 

=0 on /}, 
dn ' 

^ + r [«oir—g»+J“ 0 

when 5—0, 0<r</?/, 

(3.15.15) 

and solution of differential equation 
V * 

dit ^ dri1' r dr r* '0, (3.15.16) 
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regular on axis Ç and satisfying boundary conditions 

òn 
=0 on /}, 

dP ■(®dr */) ^-]=0 

when £ = 0, 0<r</?j. 

(3.15.17) 

According to (3.15.12), (3.15.13), (3.15.1^), (3.15.15), (3-15-16) 

and (3.15.17) function 

to =■ bx sin (a - a/)+^ cos a+sin a ( 3.15.18 ) 

will represent the solution of Laplace equation (3.J-5.9), regular 

inside closed surface S . + 0 . and satisfying boundary conditions 
J v 

(3.15.11) (on surface ck the direction of normal n coincides with the 

direction of positive semiaxis Ç). 

Thus, in case of axial symmetry of j-th tank the three-dimensional 

problem, formed by differential equation (3.15.9) and boundary 

conditions (3-15.11), can be reduced to two-c’lmensional boundary value 

problems for functions ÿ. , ÿ. , . . 
jœ Jÿ ja 

In accordance with formulas (3.6.21), (3.12.6) and (3-15-18) 

fi'nction <*> t), which determines oscillations of free surface 

of fluid in j-th tank, will have the form 

'ln(a_aj,+(^L co,° ( 3 •15 •19 ’ 

Apparent axial acceleration figures in boundary 

conditions (3.15.13), (3-15-15)'and (3.15.17) as the coefficient 

with partial derivative with respect to Ç of the sought function. 

Of the lateral apparent accelerations - gyi wQz - gz and angular 

accelerations du /dt, du /dt, du /dt the boundary conditions * y z 
(3.15.13) contain only acceleration du^/dt alone. Boundary conditions 
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(3.15.15) include accelerations wQy - gy and and boundary 

conditions (3.15.17) - accelerations wQ]t - g¡¡ and dot /dt. Thus, 

function determines the oscillations of free surface, caused by 

oscillations of the rocket body in the rolling plane, function ¢. * 

determines oscillations of free surface, generated by oscillations 

of the body in pitching plane, function determines oscillations 

of free surface, caused by oscillations of the rocket in yawing plane. 

In accordance with formula (3.15.19) the oscillations of free 

surface of fluid in j-th tank, caused by revolution of the rocket 

around its longitudinal axis, are characterized by nodal line, lying 

in plane a = ou ; along this line function f. always remains equal to 

zero. As can be seen from Fig. 3-3, plane a = a always passes 

through axis «. Oscillations of free surface of fluid, being 

generated by oscillations of the rocket body in the pitching plane, 

according to (3-15.19) are characterized by nodal lines, lying in 

plane a = ïï/2, i.e., in plane y = (see Fig. 3.3). Oscillations 

of free surface, caused by oscillations of the rocket in yawing 

plane, are characterized by nodal line, lying in plane 3=3.. 
«7 

According to (3.15.6) quantity fe^., figuring in boundary 

conditions (3.15.15) and (3.15.17), can be found, having solved 

the boundary value problem formed by differential equation (3.12.13) 

and boundary condition (3.12.14). While the tank with number j 

is not emptied, quantity fe^. does not depend on time t and is a 

function of only variable r alone. In the process of emptying of 

j-th tank there appears the relationship of quantity fe. to time t, 

since the form of function 0. depends on the filling level of the 
t ink. 

As an example let us determine quantity fe. for fluid, located 

In a cylindrical fuel tank. In the considered case according to 

(3.13.3) and (3.13.24) there will exist equality 

CVh-O—4** (“X-)'■(¥) 
(3.15.20) 
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By substituting (3.15.2Q) in (3.15.6) and by using identity 

(3.14.38), for quantity fe. we obtain expansion 
J 

TsL 

\ 

(3.15.21) 

In the limit, when ratio H/R approaches infinity, equality 

(3.15.21) is degenerated into limiting equality 

*j=*4R 
ft-!)/,<*) 

(3.15.22) 

When H/R+Q function fe. degenerates into identical zero. 
%] 

Figure 3.8 for different values of ratio H/R shows the relationship 

between ratios k./R and r/R, found by formula (3.15.21). 
V 

For a spherical tank, half filled with fluid, according to 

(3.13.32) and (3.13.54) there will exist equality 

(•A.«** #*2(7+ 
(-1.3. 
U(2*- ■ 3) (2* — 1 )3 

(2*-l) 
2-4. . .2* 

/ r 
(t) > 

(3.15.23) 
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I.H I 

[in accoriance with transition formulas (3.13.26) 0 * £ and 0 - r 

when Ç - 0]. By substituting (3.15.23) in (3.15.6) and by using 

relationship 

2»—8;; ,<a*7^ 
2.4.. .2* 

(see [2?]), for quantity fe. we obtain expansion 
V 

(3.15.2H) 

* - (8 y ^—i 
1 i4 íè24 

y f . .(24-3) Vf r \*»-»| 

Äl2.4. . .(2^-2) HT,/ /• 

or 

24(44-1) 

*-l 
(4+1)(24-3) (24-1)* 

(3.15.25) 

Figure 3*9 shows the relationship between ratios fe .//? and 

r/F, found by formula (3.15.25). 3 
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§ 16. Equation of Longitudinal Motion, Equations 
of Motion In Pitching. Yawing and Rolling Planes 

Let us now return to examination of equations of motion (3.11.1). 

In the first two equations (3.11.1) by projecting vectors to 

coordinate axes x, y, z and using in this case transition formulas 

(3.12.6) and relationships (3.14.23) and (3.14.24), we obtain three 

equations of forces: 

" S'')" (iwL 
1-i ., 

(w+rc°*0)(3.16.1) 

+J ¢/ J (¾ fr »ln«) 
Pi ., 

and three equations of moments: 

J-i ; 
fb 

xS,\ (yj-\-rcosa)(^")£ êda-(w<»-ii)x 

N 

X J(zj+r s!na)^J^ 
ITi ., “• 

Pi ., 
x|]c^(z;+rslna)^) d°-(*<>,-g,)X 
“i ; 

4-1-(¾ 
Pi ; 

do=*Mu 

(3.16.2) 
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Jt “ +jSwj/*(5SLA+,^-wx 

(3.16.2 cont1 d) 

In 5 15 we obtained eauaUf^ 

Zhukovskiy potentiais * “ a “d '3.15.7) for 
P0tentl 1 By usln/?h'es*;o^ rotula (3.15.18) for motio 

g s’ “fS'h'ing in equations (3.16’l) ^ tranSfo™ the surfaci 
^0.lb.1) and (3.16.2). 

The integral from some funrti 

surface of fluld 0. “ WUh reSpe0t to «« free 
^ can be represented In the form 

Where ^ - radlus fee surface a,. 
«7 

Having converted fornmla (3.15.Í8): 

(3.16.3) 

we find 
3.16.4) 

l l-oSlnaj ^30 ^ jS co*«tf«X 

x^lÄcik!!^)} .ï 
g I de d/i ^#rrfr +J 8ina//«x 

o 

X ('[_?*_%++J, to* a,) I ) 

I d^S~-JL,r j ^ 
(3.16.5) 

271 



sin a cos a «fax 
o r 

U(W + rcosa) í/3 = JJ(yí+rcosa) X 
• J \ /1*® . « j 

=W jjco»^« 5' »'"“■'“X 

xfr-^r^i-i+j 
i^j./,°.'1,)Lr'‘'r+ ioo*’a‘'ax 

■"f (^),.^--(ÄLrwr- 

V"+r,ta“) (Ä) = 
XC0,0+ [“^5w~i,]w8lno) jj «»«■‘'«x 

XS [-<+ha{!iS'0'~]l.,r‘,,'}+S stnacosodnx 

xfP-^l^+S. 
" 0 

xfpi-:rji '’"—rr;m 
=ntfeL^+"C0S“'f(^L;Wr- 

sin* cu/a X 

(3.16.6) 

(3.16.7) 
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According to (3.16.5) the first of equations (3.16.1) can be 

given the form 

(3.16.8) 

Equation of longitudinal motion (3.16.8) is no different from 

the equation placed by us in the basis of investigation of 

longitudinal motion of the rocket in Chapter 1. Thus, oscillations 

of fluids in the fuel tanks do not affect longitudinal motion of the 

rocket. 

According to (3.16.6) and (3.16.7) the second and third of 

equations (3.16.1) can be reduced to the form 

jy £ (3.16.9) 

Let us turn to conversion of equations of moments (3.16.2). 

By using formulas (3-15.4), (3.15.7), (3-15-3) and (3.16.4), we 

find 
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5 9h rf3 * r/ J (sin a cos cy—cos a sin aj) X 

= sin a cos a da ^ Jcos aj ^ _ s|n Qi x 

x r^nr"'1],.]rw'tcM 

x ]' [~''^'f0,°'>l /Wr-,ln«'S c«>aJax 
0 L -^-0 o 

xf[“^t-)--{co..X 

(3.16.10) 

+[^^.,)]^!ina, 3=_^nocMa<fak 

x]f 

yr^^-^»inai) 
d?d/î 

II » 

j ^ (jf;—*;) rJrf/- — ^ sin* a rfa x 

x ?' [»«’J,* ^hcot 
J I di dt? 

0 fc 

°/)l 

Jt-0 
(x¡—kj) r7dr- 

(3.16.11) 
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X) ~^(*l-ki)r'dr + J cos’iu/aX 

cosa-f- 

A{^JX‘-k^'ä'-^>\{^)j^-k,\r>är. (3.16.12) 

By substituting derivative a\./3Ç3*2 in the left sides of 

formulas (3.16.5), (3.16.6) and (3.I6.7) by derivative 3t|i./3£ we 

obtain relationships: ^ 

(3.16.13) 

According to (3.16.10). (3.16.11), (3.16.12) and (3.16.13) the 

equations of moments (3.16.2) can be given the form 
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I 

J‘ *• +1,||<"r'j (i^),~"Sllir',ln"‘X 

x j wcosa'|'(^Lrvr+ 

[|¡ ‘'Î'(^L^+ 
+ 5¡í)C0!«)('^) rWr]»A»„ 

j-1 0 ' ' -8 J 

i o' { " 

-”SVdfel 
/-1 o *"■ 

r ^ **/*i \ ^ 
•MíWox-^ I Jji/ \ r*rfr4 Jjç/cosaiX 

-»|j ç/slnajj* ffijj'l-*!)'*'- 

■-'■•¡Mm -«(W(U- r^dr— 

r^dr^M. 

(3.16.14) 
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When cos c^. ^ 0 in view of symmetry of the rocket, to lhe fuel 

tank with number j there will always correspond exactly the same 

fuel tank with a certain number fe, symmetrically arranged with 

respect to plane y » 0 (see Fig. 3.3), and there will take place 

equalities : 

'I*«jr =*tylxt C*=CJ, r^rj, Rt=Rj, xk^xj, 

kk~k), cosak= —cosaj. (3.16.15) 

From this follows relationships: 

(3.16.16) 

Analogously when sin otj / 0 to the fuel tank with number j there 

will always correspond exactly the same fuel tank with certain number 

fe, symmetrically arranged with respect to plane a = 0, there will 

exist relationships: 

'i'»*™Qt—Qj, rk==r)> Rtr7SRj, Xt=*Xj, 

kk — kj, sinat=s — sina;. (3.16.17) 

Equalities (3.16.17) involve relationships: 
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N 

Se'si"a' ' 
j-i 
N 

« 
(3.I6.I8 cont'd) 

According to (3.I6.I6) and (3.I6.I8) equations of forces 

(3.16.9) can be converted so: 

y-i 0 

N K 

w'm, j-\ • x * 

rWr=^ 

(3.16.19) 

and equations of moments (3.16.14) can be given the form 

S'" Í (¾ 
;-i • ' /í“° 

X S" J (¾ C«-ft)X 

/-1 0 ' 

/-1 0 

+"(%.-*.) Jo f(^)w ridr--Mh 
/-i 0 

at « 

/-1 0 

/-1 0 ' /r- • 

= Af,. 

(3.16.20) 
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By uniting the first of equations (3.16.19) with the third 

of equations (3.16.20) and adding to this system of equations the 

differential equations (3.15.1*0 with boundary conditions (3.15.15), 

we obtain equations: 

»•(««-î,)+ng rWr-J 

'.7T+* JM' 
-n(TT0j-^x)gCy r*dr~ 

d? +~zr+T ~ir~~~^L=0fJ==l*2. 

dn s0 on l], y*lt 2.jV, 

s0 5=0, 0<r<^, y»i, 2,..., N. 

(3.16.21) 

Equations (3.16.21) determine the motion being accomplished by 

the rocket body in the pitching plane, and oscillations of free 

surfaces of fluids in the fuel tanks appearing during this motion, 

which according to (3.15.19) are characterized by functions 

N. (3.16.22) 

Thus, equations (3.16.21) are motion equations of the rooket in 

the pitching plane, considering the mobility of fluids, located in 

the fuel tanks of the rocket. 

Analogously, by uniting the second of equations (3.16.19) with 

the second of equations (3.16.20) and adding to this system of 

equations the differential equations (3.15.16) with boundary conditions 

(3.15.17), we obtain motion equations of the rocket in yawing plane: 
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»M...-?.>+* g (Ä)m r’är-F,. 

'■ --Í! '' f J’ tt-’S '' f (^L(jr'-*j)rVr+ 
N *J idi. * 

+« («or-^) ti J r'dr = Af„ 

«* ^ dr*-‘ r ör r* U’ 7 ^ ^.. dr» * 

—- — 0 on f¡, y = 1, 2,..., JVt 
du 

“0 when E = 0. 0<r</?j% y = U 2t~. « N. 

(3.16.23) 

Motion equations ln the yawing plane (3.16.23) can be obtained 

from equations of motion In the pitching plane (3.16.21), replacing 

dw3 
quantities - g^t Fyi Mj¡, J * and ij^ respectively by 

dui 
quantities wQ¡¡ - g*t -jf-, -Myi and . Thus ., motion 

equations in the pitching plane and equations of motion in yawing 

plane have completely identical structure and Just as in Chapter I, 

we will be limited subsequently to examination of motion equations 

in the pitching plane, bearing in mind the applicability of all the 

obtained results to equations of motion in yawing plane. 

By adding to the first of equations of moments (3.16.20) the 

differential equations (3.15.12) with boundary conditions (3.15.13), 

we obtain equations: 

rVr-f- 

+»(-«-*.) gWf(^)(_rWr- (3.16.24) 

-«(•o,-*,) r7dr = M. 

280 



IJ 

dt* ^ dr* ^ r dr 
y-1, 2.....ÍV, 

-^-0 on ¢,7-1,2.AT, 
Óñ 

«... ¢-0. 

0<r</?j, 7 = 1, 2.AT. 

(3.16.24 cont'd) 

Equations (3.16.24) determine rotation of the rocket body around 

its longitudinal axis and oscillations of free surfaces of fluids in 

the fuel tanks appearing during this rotation, which according to 

(3.15.19) are characterized by functions 

y=i, 2.N. (3.16.25) 

Thus, equations (3.16.24) are motion equatione of the rooket in 

rolling plane, considering the mobility of fluids located in the 

fuel tanks of the rocket. 

Equations (2.16.24) maintain quantities , - g^, 

\li. and iji. , characterizing motion, being accomplished by the rocket 

in pitching and yawing planes. Components, containing these 

quantities, determine the effect which oscillations of the rocket 

in pitching and yawing planes have on rotation of the rocket around 

its longitudinal axis. This effect appears due to the fact that 

oscillations of the free surfaces of fluids, caused by oscillations 

of the center of gravity of the rocket relative to its axis and 

thus affect the axial component of the principal moment of external 

forces relative to the center of gravity of the rocket. In view of 

the relative smallness of lateral apparent accelerations -a 0y Vy 
and w0a - the indicated effect is practically very slight and 

usually is disregarded. By dropping the terms in (3.16.24) 

characterizing the given effect, we obtain equations: 
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(3.16.26) 

=*1, 2... 

//» J—It 2,..., 

N, 

d'i, , 
¿fl "f (•'(U-^)“~-Hrrj-^-=0 when E=0, 

0<r</?^, y«l, 2.N. 

In equations (3.16.26) r^. - distance from axis of j-th fuel tank 

to the longitudinal axis of the rocket a?. When ^ = r2 * ,..- 

= rN = 0, i.e., when the axes of all fuel tanks coincide with the 

longitudinal axis of the rocket, equations (3.16.26) are decomposed 

into equation 

J*~7r=aM* (3.16.27) 

and homogeneous differential equations for functions *. with 

homogeneous boundary conditions. According to (3.14.32* in this 
case 

f erf® 
K. 

(3.16.28) 

%- + 
z . 

J Thus, when 
* 0 the presence of 

fluids in fuel tanks does not affect the rotation of the rocket 

around its longitudinal axis, which agrees with the original 

assumptions about axial symmetry of the fuel tanks and about the 

perfectness of liquid components of the propellant. 

Direct Investigation of stability of motion of the rocket on 

the basis of motion equations, constructed in this paragraph, is 

very difficult because of the presence of differential equations 

in partial derivatives in these equations of motion. In connection 

» 
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with this, motion equations of the rocket, considering the mobility 

of liquid components of propellant, will be transformed below into 

systems of ordinary differential equations, with respect to which 

there are applicable usual methods of investigation of the stability 

of motion. This conversion is based on the concept of natural 

oscillations of free surfaces of fluids, for examination of which 

we will transfer to the following paragraph of this chapter. 

§ 17. Natural Oscillations of Free Surfaces 
of Fluids in Fuel Tanks 

In § 15 for functions ¢,, ¢, and ¢. we obtained differential 

equations (3.15.12), (3.15.14) and (3.15.16) with boundary conditions 

(3.15.13), (3.15.15) and (3.15.17). For these three boundary 

value problems it is possible to establish a single writing 

introducing Into examination function ty, which satisfies differential 
equation 

2t+?^+± 
0{»Tdr*rr dr r* U’ (3.17.1) 

regular on axis r = 0 and satisfying boundary conditions: 

on 

(fa 

-£T+(»(u-&r) -£-+G,(r,t)-0 wh.n i~0, Kr<Rb 

(3.17.2) 

where t) - a certain assigned function. When 

G,~rr‘, ■ rf», 
ét (3.17.3) 

the solution of boundary value problem formed by differential 

equation (3.17.1) and boundary conditions (3.17.2), will determine 

function ¢^, when 
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(3.17.4) *j)”**j— function and when 

®/-r[«to—&-(■*/-function (3.17.5) 

According to (3.17.3), (3.17.4) and (3.17.5) with the absence 

of lateral apparent accelerations - gyt uQa - ga and angular 

dw du du 
accelerations in all three cases function C.(r, t) will 

be identically equal to zero and boundary conditions (3.17.2) will 

degenerate into homogeneous boundary conditions: 

"■»0 on /J, 

■ÿj""H*!»* —£jr)“0 whin |»0, 0<r</?;. (3.17.6) 

Differential equation (3.17.1) with boundary conditions 

(3.17.6) has obvious or, as it is accepted to say in such cases, 

trivial solution •¿■O. To this trivial solution corresponds 

identical equality of functions i>jxt ^jy and \¡>ja to zero, and 

consequently, function /^, determining oscillations of fríe surface 

of fluid in j-th tank in accordance with formula (3.15.19). Thus, 

in the absence of lateral apparent accelerations and angular 

accelerations one of the possible motions of fluids, located in 

fuel tanks, is such motion at which the free surfaces of fluids do 

not oscillate, remaining flat and normal to the longitudinal axis 

of rocket x in the process of motion. However, as will be seer 

further, along with trivial solution ty—O differential equation 

(3.I7.I) with homogeneous boundary conditions (3.17.6) has infinite 

sequence of linearly independent nontrivial solutions, different 

from solution I/mO. Oscillations of free surface of fluid in j-th 

tank, corresponding to these nontrivial solutions of differential 

equation (3.17.1) with boundary conditions (3.17.6), are called 

natural oeoillatione of this free surface. 

284 



The problem about natural oscillations of the free surface of 

fluid can be solved by the method of separation of variables, which 

in mathematical physics it is accepted to call the Fourier method. 

We will seek nontrivial solution of differential equation (3.17.1), 

regular on axis r ■ 0 and satisfying boundary conditions (3.17.6), 

in the form of the product of two functions 

»/U. r,/)»e,(5, r)?,(0. (3.17.7) 

By substituting (3-17-7) in (3.17.1) and (3.17.6), we obtain 

differential equation 

M) ■ #6/ . 1 

<&' dr* + r dr r* % (3.17.8) 

boundary condition 

(3.17.9) 

and boundary condition 

wh.nÇ—O, 0<r<*,. (3.17.10) 

Condition (3.17.10) can be converted so: 

(¾] jCL 
* dt* 

l*L—ï^=z>»r (317u) 

The left side of equality (3-7.11) does not depend on variable 

ty and the right side of this equality does not depend on variable 

r. Thus, the ratios, which figure in equality (3.17.11), must 

represent some constant. By designating the constant through X., for 

function 0. we obtain boundary condition ^ 
J 
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(3.17.12) wh.n (=0, 0<r</?/ 

i 
and for function ß . differential equation 

(3.17.13) 

Thus, the problem about natural oscillations of free surface 

of fluid, located in j-th fuel tank, is reduced to finding those 

values of numerical parameter X^, at which differential equation 

(3.17.8) has nontrivial solutions, regular on axis £ and satisfying 

boundary conditions (3.17.9) and (3.17.12). These values of 

parameter X^. are called eigenvalues of boundary value problem, formed 

by differential equation (3.17-8) and boundary conditions (3.17.9) 

and (3.17.12); nontrivial solutions of this boundary value problem 

are called its eigenfunatione. Basic properties of eigenfunctions 

and eigenvalues of differential equation (3.17.8) with boundary 

conditions (3.17.9) and (3-17-12) are found by us in the following 

paragraph. 

§ 18. Forms and Frequencies of Natural 
Oscillations of Free Surface 

In order to investigate the eigenfunctions and eigenvalues of 

the boundary value problem, formed by differential equation (3.17.8) 

and boundary conditions (3.17.9) and (3.17.12), let us introduce into 

consideration function ^(5» 0), determined by equality 

C/j—6jC0sa. C 3* 18.1) 

According to (3-17.8), (3.17.9) and (3.17.12) function u. must 
3 

satisfy Laplace equation 

*>V) , <PU j . 1 dUj . 1 dnij 0 
’** dr* dr rj da* “ 

(3.18.2) 
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and boundary conditions: 

(3.18.3) 

(let us recall that contour l* is the generatrix of wetted surface 
of revolution 5., and rectilinear segment £ = 0,0<r</? — 

« i' 

Let us prove first that differential equation (3.17.8) can 

have nontrivial solutions, which satisfy boundary conditions (3.17.9) 

and (3.17.12) only with real and moreover positive values of 

parameter A^.. Let us assume that a certain complex value of parameter 

is the eigenvalue of the boundary value problem, formed by 

differential equation (3.17.8) and boundary conditions (3.17.9) and 

(3.17.12). The appropriate eigenfunction 0^. will be complex, function 

Vy found by formula (3.18.1), will also be complex. According to 

(3.18.3) there will exist equality 

$ ^r*Ulda=z\i J U)Ü}dti=x\j \ \Utfd3. (3.18.4) 

By converting the surface integral into volumetric by means of 

Gauss divergence formulas, we find 

•Vv */+•/ 
5 S 

(3.18.5) 
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since according to (3.18.2) 0. 

Function 0. is nontrivial solution of differential equation 

(3.17.8) and, thus, in accordance with formula (3.18.1), function 

Uj can keeP constant value in region . From this follows inequality 

0 

(3.18.6) 

and inequality 

Uj^O on o¡ (3.18.7) 

(when Uj = 0 on o^. the boundary value problem, formed by differential 

Laplace equation (3.18.2) and boundary conditions (3.18.3), degenerates 

into homogeneous Neumann problem, general solution of which has form 

Uj = const). According to (3.18.4) and (3.18.5) there should take 

place equality 

V 

In accordance with inequalities (3.18.6) and (3.18.7) the 

integrals, which figure in formula (3.18.8), is real and positive. 

Thus, having assumed that the boundary value problem, formed by 

differential equation (:.17.8) and boundary conditions (3.17.9) 

and (3.17.12), has complex eigenvalue, we arrived at a contradiction, 

thereby having proven the realness of eigenvalues of this boundary 

value problem. Incidentally, having established equality (3.I8.8), 

we also proved the positivity of these eigenvalues. 

Considering the positivity of eigenvalues X . and positivity 

of axial apparent acceleration wQx - g^, it is possible to give 

differential equation (3.17.13) the form 
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(3.18.9) +^,-«. 

where 

'“i=sVw*to-gj. (3.18.10) 

By solving the problem about natural oscillations of free 

surface of fluid by Fourier method, we established the possibility 

of appearance of natural oscillations, in the process of which 

functions and ^ take values, determined by formula 

(3.17.7). As an example let us consider natural oscillations of 

free surface of fluid in the pitching plane. Assuming in accordance 

with formula (3.17.7) 

(3.18.11) 

let us investigate function ot, ¢), determining deflections of 

points of the free surface of fluid from plane 0.. According to 

(3.16.22) and (3.18.11) in the considered case there will exist 

equality 

/)—h(0 Fj(r ) cos a, (3-18.12) 

where 

(3.18.13) 

In accordance with equality (3.18.12) in the cross section of 

free surface with arbitrary plane, passing through the axis of the 

tank, deflections of points of the free surface from plane a., 

determined by function , at any moment of time t are proportional 

to values taken by function ^-(r). The proportionality factor depends 

on the position of intersecting plane and on the values being taken 
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by time factor 0.(t). According to (3.18.12) the greatest deflections 
J 

of points of the free surface from plane a. appear in half-planes 
TT 

a ” 0 and a = it, in half-planes a = movements are absent, 

through these half-planes pass the nodal line. Time factor ß.(t) 

is determined by differential equation (3.18.9), quantity w., entering 

this equation, characterizes the frequency of oscillations of free 

surface considered by us. Thus, function F.(r) determines the form 
0 

of natural oaeillations of the free surface, quantity w. determines 

the frequency of oscillations. 

According to (3.18.10) the frequency of natural oscillations is 

proportional to the square root cf apparent axial acceleration w» - g , 

in other words, is proprotional to the square root of axial overload. 

Changes, undergone by axial overload in the process of rocket flight, 

involve changes of frequency of natural oscillations w.. Until j-th 

fuel tank is emptied, numerical factor and function F.(r) do not 

undergo changes. In the process of emptying of j-th tank there 

changes contour l*., figuring in boundary condition (3.17.9), and 

radius of flat free surface aentering the boundary condition 

(3.17.12). In connection with this, there appears the relationship 

of eigenvalue and eigenfunction 0^. to time t in the boundary value 

problem, formed by differential equation (3.17.8) and boundary 

conditions (3-17-9) f.nd (3.17.12). According to (3.18.13) the 

relationship of function 0. to time involves the relationship of 

function F j to time, determining the form of natural oscillations 

of the free surface of fluid. 

In case of relationship of function 0. to time t solution 

(3.17.7) of differential equation (3.17.1) with boundary conditions 

(3.17.6) becomes already approximate, since with substitution of 

function from (3.17.7) in the second of boundary conditions 

(3.17.6) , not only function 6., but also function 0. should be 
V «7 

differentiated with respect to time. However, the theoretical and 

experimental investigations conducted on this question attest to 

the insignificance of errors appearing in this case. 
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Forms of natural oscillations of free surfaces of fluids possess 

an integral property, which it Is accepted to call the property of 

orthogonality. In order to establish this property, let us examine 

two eigenfunctions and ej, corresponding to two different 

eigenvalues and of the boundary value problem, formed by 

differential equation (3.17.8) and boundary conditions (3.17.9) and 

(3.17.12). Along with function (3.18.1), which satifies differential 

equation (3.18.2) and boundary conditions (3.18.3), we will consider 
function 

0;COSO, (3.18.1¾) 

satisfying Laplace equation 

fÜxfLuj. íi i i «5 „ 

and boundary conditions: 

In accordance with Green's theorem there will take place equality 

( 3.18.17) 

By using boundary conditions (3.18.3) and (3.18.16), it is 

possible to reduce equality (3.18.17) to the form 

àr* r dr r* ¿a* 

dU\ 
— = ° on Sh 

on 

U. 

(3.18.16) 

l'l Í UjifjdoMmXj f UjU’jda, (3.18.18) 



or 

V 

Prom this follows relationship 

J 
V 

since according to condition A* / A.. 
0 J 

According to (3.16.3), (3.18.1) and (3.18.14) equality 

can be reduced to form 

j J(0^)t.orcos,€u/rrfa=O, 

or 

h H] 
jcos*<u/aJ (0;0j)i-or</r=O. 

Relationship (3.18.20) can be given the form 

m 

i 
(0;6;)t-o rdr=0, 

since 

l’ cosa(fu=z #0. 

(3.18.19) 

(3.18.19) 

(3.18.20) 

(3.18.21) 
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In accordance with boundary condition (3.17.12) there must exist 
equalities: 

(3.18.22) 

when 0 < r < R,. 
J 

By placing (3.18.22) in (3.18.21), we obtain relationship 

or according to (3.18.13) 

r)rdr=0. (3.18.23) 

where 

(3.18.24) 

- function, which determines the form of natural oscillations, 

corresponding to eigenvalue of the boundary value problem, formed 

by differential equation (3.17.8) and boundary conditions (3.17.9) 

and (3.17.12). 

Thus, any two forms of natural oscillations of the free surface, 

corresponding to different eigenvalues X. and X* are connected 

together by integral relationship (3-18.23), expressing the so-called 

property of orthogonality of forms of natural oscillations. 
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In this paragraph W3 showed that the forms and frequencies of 

natural oscillations of the free surface of fluid, located in ¿-th 

tank, can be determined, having found the eigenvalues and eigenfunctions 

of the boundary value prtblem, formed by differential equation 

(3.17.8) and boundary conditions ¢3.17-9) and (3.17.12). As the 

simplest example we will Indicate in the following paragraph the 

solution of this boundary value problem for the case of cylindrical 

configuration of a fuel tank. 

5 19. Natural Oscillations of Free Surface 
of Fluli in a. Cylindrical Fuel Tank 

In the considered case contour Zj is made up of two rectilinear 

segments Z = -Hi0<r<R and r » J?, «Ä < Ç < 0 (see Pig. 3.5). 

Thus, boundary conditions (3.17.9) and (3.17.12) in this case will 

have the form 

¿9, 
whin { — — //, Q<r<Jt, 

99, • 
—0 when /■-.#, -//<{<0. 

99, 
*h,n (.0. 0 < /■ <Ä 

(3.19.1) 

(radius of flat free surface ck in the considered example is always 

equal to the radius of c./linirical tank R). In § 13 we showed that 

differential equation (3.13.¾) has particular solution (3.13.14), 

regular on axis Ç and containing three arbitrary constants A, B and 

A. In accordance with this we will seek the solution of differential 

equation (3.17.8), regular on axis Ç and satisfying boundary 

conditions (3.19.1) in the form 

(3.19.2) 



In order that function 0^, determined by formula (3.19.2), would 

satisfy the first and third of boundary conditions (3.19.1), constants 

A and B must satisfy equations: 

(3.19.3) 

By equating the determinant of homogeneous system of equati 

(3.19.3) to zero, we obtain equation 
ons 

(3.19.4) 

which should be satisfied by parameter so that equations (3.19.3) 

would have nontrivial solution. By determining X. from equation 

(3.19.4), we find 0 

Jjf —XJt 

x;~1 +«-1* »low. (3.19.5) 

By substituting (3.19.2) in the second of boundary conditions 

(3.I9.I), we obtain equation 

'i<U)-o. (3.19.6) 

By solving equation (3.19.6), for constant X we obtain infinite 
sequence of values 

M —T 1 9 • aa4b • • • 0 
(3.19.7) 

where v2 ... -sequence of solutions of transcendental equation 

'1M-0. (3.19.8) 
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By substituting (3.19.7) in (3.19.5), we find infinite sequence 

of eigenvalues of the considered boundary value problem 

ft. 
R H 1.2. (3.19.9) 

We will satisfy equations (3.19.3), having assumed 

it« (3.19.10) 

where C - arbitrary constant. By substituting (3.19.10) in (3.19.2), 

for function 0. we obtain expression 
J 

+ (3.19.11) 

According to (3.19.7) and (3.19.11) the eigenfunctions of the 

considered boundary value problem should have the form 

MW + O 
R 1.2, (3.19.12) 

where C1, ...- arbitrary constants. 

By substituting (3.19.9) in (3.18.10) and (3.19.12) in (3.18.13), 

for frequencies of natural oscillations of the free surface we obtain 

values 

V? *«-1.2. 

« 

(3.19.13) 

and for forms of natural oscillations expression 

* 1,2.- (3.19.14) 
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By giving to oonstAnts Æg» ••• values determined by 
relationship 

(3.19.15) 

for the forms oí natural oscillations of free surface we obtain 

expressions 

*-1.2. (3.19.16) 

According to (3.19.13) when H/R + «o natural frequencies w. 

approach finite limits determined by formula 

•r-(/*-i.2. (3.19.17) 

Figure 3.10 shows the relationship between ratios w./o/0" and 

B/R for the first three frequencies of natural oscillations (k - l 
2, 3). 

In accordance with formula (3.19.16) in the considered case 

the forms of natural oscillations do not depend on the filling 

depth of the fuel tank. Figure 3.11 shows the form of cross section 
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of free surface of fluid with plane passing through the axis of the 

tank for the first three tones of oscillations (fe * 1, 2, 3). 

Pig. 3.11. 

§ 20. Forced Oscillations of Free Surfaces 
of Fluids in Fuel Tanks 

Let us now turn to examination of forced oscillations of free 

surfaces of fluids, i.e., those oscillations which are caused by lateral 

apparent accelerations - g^ , wQ¡¡ - and by angular accelerations 

dw^/dt, du /dt, du^/dt, appearing in the process of rocket flight. 

Functions i|*. , . and ÿ . , characterising these oscillations, are 
t/ j y j & 

determined by differential equations (3.17-1) with boundary conditions 

(3.17.2), in which ^.(r, t) - function, the possible form of which 

is shown in formulas (3.17.3), (3.17.4) and (3.17-5). The boundary 

value problem, formed by differential equation (3.17.1) and boundary 

conditions (3-17-2), can be solved, having constructed for function 

G,.(r, t) expansion into series with respect to forms of natural 

oscillations of fluid f¿(r). Let us assume , o/.2), ...- 

frequencies of natural oscillations of fluid, located in j-th fuel 

tank, and FÍ^(r), , ... — functions determining the 

corresponding forms of natural oscillations (we will consider 

natural frequencies renumbered in there ascending order). In 

accordance with properties of orthogonality of the forms of natural 
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oscillations, which we established above in S 18, there will exist 

equalities 

j (r),ér~0 wh«n (3.20.1) 

Coefficients of expansion of function G.{rt t) into series with 

respect to forms of natural oscillations F .(r) will depend on time t. 

Thus, the desired expansion will have the form 

ns 

For finding the coefficients of series (3.20.2) in both sides 

of equality (3.20.2) let us multiply by F^.fe)(r)r and integrate with 

respect to r from zero to R.. According to (3.20.1) we obtain 
relationship 

j'c,(r, W’irirâr-cŸ'Wj’ 

In accordance with equality (3.20.3) expansion (3.20.2) 

given the form 

(3.20.3) 

can be 

“ 

Gj(r, /)= 
J * í'. O /y» (r) rdr f*» (/■) 

4r rdr 
(3.20.10 

We will now seek the solution of differential equation (3.17.1) 

with boundary conditions (3.17.2) in the form of series 

*-1 
(3.20.5) 
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( 1 ) 2 
where Q\ r), » • •• *“ eigenfunctions of boundary value 

problem, formed by differential equation (3.17.8) and boundary 

conditions (3.17.9) and (3.17.12), i.e., functions satisfying 

differential equations 

«pe}*» j aej*> 

d£2 + dr* dr 
ej*> 

i* 
«0, 2,... (3.20.7) 

and boundary conditions 

/•y**0j** when ; —0, O^r^Rf 
2,..., .3.20.7) 

in which A/), Aj2) - eigenvalues of the given boundary value problem. 

According to (3.20.6) and (3.20.7) series (3.20.5) will satisfy 

differential equation (3.17.1) and the first of boundary conditions 

(3.17.2), the second of boundary conditions (3.20.7) will be fulfilled 

if there will take place identical equality 

“HOyir, /)=0 when (3.20.8) 

In accordance with formulas (3.18.13) and (3.20.7) relationship 

(3.20.8) can be given the form 

ä ~-L(w( af. rvwox— /)=0 

When 0<r</?J, (3.20.9) 
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where Fj \r), F^\r) - functions, which determine the form., of 

natural oscillations of free surface of fluid, located in j-tn tank. 

By substituting function ^(r, t) in (3.20.9) by its expansion 

(3.20.4), we obtain equality 

Î 
k-i 

nsr dO 
(*) 

Ft 

f G)(r, t)F)*Ur)rdr 

0 when 0<r</?/, 

rdr 
mo¬ 

is.20.10) 

which will take place if functions fe = l, 2, ... will 

satisfy differential equations 

F) 
... Í Onr.f)Ff\r)rdr 

dti -jT-— -0, 1, 2,.(3.20. 
¡ [Pf ir)\'rd. 

11) 

According to (3.18.10) equations (3.20.11) can be given the form 

¿sal*) y °J (r- 0 WVirdr 

ftw 

=0, A=l, 2,... (3.20.12) 
rdr 

By using expansion of function <^(r, t) into infinite series 

(3.20.4) as a basis, for solution of differential equation (3.17.1) 

with boundary conditions (3.17.2) we obtained infinite series 

(3.20.5) , in which ß^U), ßj2^(t), ...- functions determined by 

differential equations (3.20.12). For all practical purposes the 

assigned function G.(r, t) with sufficient accuracy can always 

represent finite sum of series (3.20.4). ln this instance the solution 

of differential equation (3.17.1) with boundax-y conditions (3.17.2) 

will be determined by the sum of the appropriate number of terms of 

series (3.20.5). 
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Let us first construct function ip . , figuring in equations of 
t'X 

motion in the rolling plane (3.16.24). In the considered case 

function G.(r, t) is determined by formula (3-17-3). According to 
J 

(3-17-3) in this case thei'e will take place equality 

*/ *j 

J Gj lr, /) Ff' (r) rdr = r, ^ \ F'/'^r’dr (3.20.13) 
• • 

and expansion (3.20.4) will have the form 

Gj(r, 1) = rj 
,.,y J™™ 

f'/'fr). (3.20.14) 

As can be seen from Fig. 3.11, for the first tone of natural 

oscillations of free surface of fluid, located in cylindrical fuel 

tank, the section of free surface wit:, plane passing through the 

axis of the tank little differs from rectilinear, in other words 

F},! (r)*;Cjr. (3.20.15) 

According to (3.12.6) and (3.18.12) function fj, determining 

deflections of free surface of fluid from plane can be approximately 

expressed in this instance by relationship 

fcos(i=C$j ;/) (y~ y/). (3.20.16) 

In accordance with equality (3.20.16) the first tone of 

oscillations of the free surface of fluid in a cylindrical fuel 

tank is characterized by the fact that in the process of oscillations 

the free surface retains a configuration close to flat. Numerous 

calculations, and also experimental investigations showed that the 

first tone of natural oscillations of free surface possesses this 

feature regardless of the configuration of the fuel tank. By using 
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approximate relationship (3.20.15), we find 

\ ñ*\r) r*dr a* X ^(r)Ff} (r) rdr (3.20.17) 

According to (3.20.1) 

J Fjk) (r)F)l\r)rdr=0 when *>2. (3.20.18) 

In accordance with equalities (3.20.17) and (3.20.18) in the 

expansion, figuring in the right side of relationship (3.20.14), 

for all practical purposes we can be limited by the first term. In 

this instance according to (3.20.5), (3.20.12) and (3.20.13) the 

desired function will be expressed by the product of 

fc.-tf’Mefft, rv (3.20.19) 

(1) 
where (t) - function determined by differential equation 

dnp .. J ^ W r**r 
+lX'+XŸ'r,^ ij-L-=0. (3.20.20) 

Let us now turn to construction of function ÿ. , figuring In 

equations of motion in the pitching plane (3.16.21)! In this case 

function Gj(r, t) is determined by formula (3-17.4). According to 

(3-17.4) in the considered case there will jxist equality 

K j 

5 C/(r. /) frWr* = («>„-*,+*, ^ jVV)rfir- 

- ' % 

(3.20.21) 
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and expansion (3.20.¾) will have the form 

(3.20.22) 

We showed above that in the first of the series, figuring in 

the right side of relationship (3.20.22), it is practically possible 

to be limited by the first term of this series. Let us examine the 

second of the expansions entering formula (3.20.22). Let us return 

to the example of cylindrical fuel tank. Figure 3*12 shows for this 

case the relationship of ratio to variable r, calculated by 
0 0 

formulas (3.15.21) and (3.19.16) at various values of ratio H/R. In 

the considered example ratio Fj^/k . represents the function of 
0 0 

variable r, close to linear, in other words 

(3.20.23) 

Vf 

« 

Fig. 3.12. 
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Calculations, being conducted for tanks of very diverse configu¬ 

rations, attest to the fact that approximate equality (3.20.23) is 

observed regardless of the shape of the fuel tank. By using 

approximate relationship (3.20.23), we find 

J V \r) ?Vw>(r) rdr. 
• / * • 

(3.20.24) 

In accordance with equalities (3.20.18) and (3.20.24) in the 

second of series, figuring in the right side of relationship (3.20.22), 

just as in the first of these series, it is practically possible to 

be limited by the first term of expansion. In this instance according 

to (3.20.5), (3.20.12) and (3-20.21) the desired function ÿ. win be 

expressed by the product of Oy 

r\ (3.20.25) 

where sj1^*) - function determined by differential equation 

¡ W'(Of rdr 
(3.20.26) 

in which 

f kj/Ur 
_# 

jVy»(r)fVr 
(3.20.27) 

By introducing various designations for time functions, figuring 

in formulas for and ^, and having dropped the upper indices in 

relationships (3.20.19), (3.20.20), (3.20.25), (3-20.26), for 

convenience of subsequent computations to formulas determining functions 
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^•x and y., let us give che form 

r\ 
^=a;(/)ej(e, /■), (3.20.28) 

where (¢) and ou(t) - functions determined by differencial equations 

(3.20.29) 

&j ~ quantity determined by relationship 

(3.20.30) 

by subsequently using formulas (3.20.28), (3.20.29) and (3.20.30), 

we will bear in mind that in these formulas X^. and 0^. - first eigenvalu 

and first eigenfunction of boundary value problem, formed by 

differential equation (3.17.8) and boundary conditions (3.1^.9) and 

(3.17.12), and and — first frequency and first form respectively 

of natural oscillations of free surface of fluid in j-th tank. 

4 

Until the fuel tank with number j is emptied, quantity 6,., 

being determined by formula (3.20.30), remains constant; in the 

process of emptying of j-th tank there appears relationship of 

quantity 6^. to time t. Figure 3.13 shows the relationship between 

ratios Ô^./i? and H/R, calculated for cylindrical fuel tank by formulas 

(3.15.21), (3.19.16) and (3.20.30). 
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5„21. Calculation of Forms ani Frequencies of 
Natural Oscillations of Free Surfaces by the 

Method of Successive Approximations 

In the previous paragraph we reduced finding of functions <p . 

fiSurlng in equations of motion of the rocket In pitching and 

rolling planes, to Integration of ordinary differential equations 

(3.20.29). Corjstruction of these differential equations requires 

calculation of the first form and first frequency of natural 

oscillations of the free surface of fluid, located in j-th fuel tank, 

in other words, calculation of the first eigenvalue and first 

eigenfunction of the boundary value problem, formed by differential 

equation (3.17.8) and boundary conditions (3.17.9) and (3.17.12) 

[forms and frequencies of natural oscillations will be determined 

by relationships (3.18.10) and (3-18.13)]. In this paragraph we 

will give the process of successive approximations, making it possible 

to relatively simply calculate the first eigenvalue and first eigen¬ 

function of this boundary value problem for a fuel tank of arbitrary 

axisymmetric configuration. 

By knowing ;he eigenfunction of boundary value problem 0., we 

can determine the corresponding eigenvalue A having used boundary 

condition (3.17.12). According to (3.17.12)'there must exist 
equality 

\ [T¡9l\.,rdr=x>\' 
0 0 
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in accordance with which eigenvalue \. can be found by formula 

(3.21.2) 

In accordance with differential equation (3-17.8) and boundary 

conditions (3.17.9) and (3.17.12) we will determine the fe + 1 

approximation for eigen function 0^. with respect to j-th 

approximation by solving differential equation 

¿*9/. » + 1 , *0/. k+l , 1 ¿6;.*+! ty.*+l 
^ , àr A« ~U (3.21.3) 

with boundary conditions: 

d**/. * + 1 _ q 
dn 

on fh 

=*h¡fih when i=0, 0<r<Rh 
(3.21.4) 

The fe-th approximation of for sought eigenvalue A ., figuring 

in boundary conditions (3.21.4), according to (3.21.2) we will 

calculate by formula 

*1» 
((if-8“),-'" 

i <**>,—<* 

(3.21.5) 

r’or construction of initial approximation it is possible to 

use approximate relationship (3.20.15). According to (3.18.13) and 

(3.20.15) for the first eigenfunction 0^ there should take place 

approximate relationship 
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(3.21.6) 

Since eigenfunctions are determined with accuracy to arbitrary 
constant factors, for the first apiproximation it is possible to 
establish relationship 

(3.21 /) 

According to (3.17.8), (3.17.9) and (3.21.7) the first 
approximation 0^.^ can be found from differential equation 

aie /1-1-¾ ._! «zi»« 
ae* T ar* r r ar /« 0 (3.21.8) 

with boundary conditions: 

^-° on ¢. 

when î=»0, 0<r</?j. 
(3.21.9) 

In accordance with foi-mulas (3.18.10) and (3.18.13) the fe-th 
approximation aKfe for frequency of natural oscillations w . will be 
determined by relationship J 

V>h(9>oJl- gx) (3.21.10) 

and fe-th approximation F.^r) for function F Ar), determining the 
form of natural oscillations of free surface, - by relationship 

(3.21.11) 
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1 

According to (3.21.4) and (3.21.9) formula (3.21.11) can be 

replaced by formulas 

F¡Ár)—r* when *>2. (3.21.12) 

Calculation of each of successive approxinations is reduced 

to solution of differential equation 

, _!_de¿_e¿5 

W àr> r dr t* (3.21.13) 

with boundary conditions: 

on L 
dn 

Ô9 

<* 
'Fj(r) when 5=0, 0<r</?/, 

(3.12.14) 

where F^(r) — assigned function. Boundary value problem of such 

type is comprehensively examined in [22]. In this book it is shown 

that the given boundary value problem is always solvable and has a 

unique solution, there is indicated one of the possible calculation 

methods for solution of this boundary value problem. 

In order to illustrate the method of successive approximations 

given in this paragraph, let us consider two examples. 

21.1. Cylindrical Fuel Tank 

In the considered case contour l*. is made up of two rectilinear 
0 

segments 0<r<J? and r = ¿?, -/?<Ç<0 and in accordance 

with thase boundary conditions (3.21.9) assume the form 

di : 

ae 

0 when —//, 0 <f <Jt. 

" 0 wher r~ R, 

— = r when 0. 0<r<R. 

(3.21.15) 
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In § 13 we showed that the solution of differential equation 

(3.13.^), satisfying the second of boundary conditions (3.13.5), can 

be represented in the form of series (3.13.18). Thus, having 
assuried 

(3.21.16) 

we will satisfy differential equation (3.21.8) and the second of 

boundary conditions (3.21.15). In order that series (3.21.16) would 

satisfy the first and third of boundary conditions (3.21.15), there 

must take place equalities: 

(3.21.17) 

and 

2 >-»'■(•?■)■ 
■ r, 0<r<jf. (3.21.18) 

Having multiplied both sides of relationship (3.21.18) by 

and integrated them with respect to r from 0 to /?, according to 

(3.13.21) we obtain equation 

At W 
Tí*pí)'i(n) ‘ (3.21.19) 

♦ 

Relationship (3.21.17) will take place if at any whole positive 

l coefficients /1, and will satisfy equation 

V ~ir D ~îr 
0. (3.21.20) 
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By solving the system of equations (3.23.19) and (3.21.20), 

for coefficients and we obtain expressions: 

.-1/ 2Ä» 

Bi 

Í 7'IM\ ’ 

»VT 

(3.21.21) 

According to (3.21.15) and (3.21.21) in :,he considered case 

function can be represented by series 

or 

nN-1)^1 ('*)»•» 

(3.21.22) 

By using expansion (3.21.22) and the thi’d of boundary conditions 

(3.21.15), we obtain relationship 

2*>cth 

or according to (3.13.21) 
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case 

* 

'«’i-O ' 
(3.21.23) 

In accordance with formulas (3.13.21) and (3.21.22) In this 

» 

(3.21.24) 

According to (3.21.5), (3.21.23) and (3.21.24) In the considered 

case the first approximation for the sought eigenvalue A . can 

be found by formula 3 

Ÿ 
V-:-(3.21.25) 

In accordance with formulas (3.21.12) and (3.21.22) function 

Fj2(r)* approximately determining the sought form of natural 
oscillations, in this case will be determined by series 
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(3.21.26) Fn(r)-=njxR> I 
*-i 

.*(>*-1) 'iK) ' 

approximation for sought frequency of natural oscillations 

according to (3.21.10) will be determined by relationship 

(3.21.27) 

In § 19 we obtained an accurate solution of the problem about 

natural oscillations of the free surface of fluid in a cylindrical 

fuel tank, in accordance with this accurate solution the function 

characterizing the form of natural oscillations, and frequency 

^or the f’11’31" tone of natural oscillations of free surface are 

determined by formulas [see (3.19.13) and (3.19.14)]: 

(3.21.28) 

where C — arbitrary factor, not depending on variable r. 

In the table given below for several values of ratio H/H there 

are shown particular values of function F.-ir), calculated according 

to formulas (3.21.25), (3-21.26) and (3.21.27), approximately 

determining the form of natural oscillations, and approximate values 

wjl for fneqnoncy of natural oscillations of the free surface of 

fluid OK. For comparison in the same table there are shown particular 

values of function Fj(r), calculated according to formulas (3.21.28), 

accurately determining the form of natural oscillations, and accurate 

values of frequency of natural oscillations (factor C was determined 

so that mean values cf functions F^.(r) and F ,^{r) would coincide in 

interval 0 < r < R). 



rl* 

H¡R -0,2 HIR-0,5 H IR-1,0 H/R—oa 

FJárl 
R 

n(r) 
R R 

ÜJri 
R 

ÜliH 
R 

FMr) >7 lr) 
R R R 

0 
o.l 
0.2 

0.3 

0.4 

0.3 

0.6 

0.7 

0.8 

0.9 

1.0 

• 0 
0.127 

0.250 

0,369 

0.480 

0.582 

0,670 

0.742 

0.801 

0.839 

0.8.15 

0 

0.132 

0.258 

0,379 

0,490 

0,589 

0.674 

0.741 

0,790 

0.819 1 
0.831 1 

0 

0.123 

0.242 

0,357 

0.466 

0.569 

0.66( 

0,736 

0.800 

0.8Í6 

0.867 

0 

0,130 

0.255 

0.375 

),484 

0.583 

0,666 

0,734 

0.783 

0,812 

0.823 

0 

0,121 

0.237 

0.350 

0.460 

0,563 

0,655 

0,7^5 

0,803 

0,852 

0.878 

0 

0.129 

0,254 

0.374 

0.483 

0,581 

0.664 

0.731 

0.780 

0.809 

0.820 

0 

0,120 

0.236 

0,349 

0.458 

0.561 

0,654 

0,735 

0.804 

0.853 

0,880 

0 

0.129 

C.254 

0.374 

0,483 

0,581 

0.664 

0.730 

0,779 

0.808 

0,819 

Continued 

H IR—0,2 H¡R=0,b 

-/il^ «y r/? -7.1/7 -y } R 

1 *(u-g* y vox-kj V*lx-gx 1' w0j—gx 

0.807 0,806 1.157 1.156 

vsVJiii/XIlUCU 

«y VR 

y ®0j- gx y "nx-gx 

HIR= 

“jiVR “7 1^ 

V*'Ux-gx V"Qx-gx 



From the provided table it is evident that for achievement of 

accuracy, acceptable during engineering calculations, in the 

considered case it is sufficient to calculate the first approximations 

for eigenvalue A. and eigenfunctions 0.. 
«7 o 

21.2. Soherical Fuel Tank, Half-Filled 
with Fluid 

#• 

During consideration of this example let us change from 

rectangular coordinates £, r to polar coordinates ¢, ß in accordance 

with transition formulas (3.13.26),. In § 13 we showed that differential 

equation (3.12.13) in this instance assumes the form (3.13.28), for 

differentiation of function with respect to normal n to contour l . 

we obtained formulas (3.13.30). Thus, by changing to polar 

coordinates in formulas (3.21.8) and (3.21.9), we obtain differential 

equation 

"a+i-??a+JL«!i+5«i»e_V. „ 
d# « de »a ¢2 e? # c2*ta2# (3.21.29) 

with boundary conditions 

s 
— *0 When ß = 0<?<y. 

^/1 » 
—-C* wner 0<p < R. 

(3.21.30 

In § 13 for differential equation (3.13.28) with boundary 

conditions (3.13.31) we obtained the solution, determined by 

formulas (3-13.32) and (3-13.50. In accordance with these formulas 

the solution of differential equation (3.21.29) with boundary 

conditions (3.21.30) should have the form 



£.1"!*+* Y—ir_x 

.. 1.8. • .(2*—n /o \»-i ... 
*747775 Lx(â7 

fl 

According to (3.21.31) there will exist equality 

(6,V —x 
íè(*+,,í2*~3,(2*“I)* x 

.. 1.3. ■ . (.> — 1) / r \J*-1 
* 2.4 . . . ( Ä j 

(in accordance with transition formulas (3.13.26) # r, ß 

when Ç = o). By using formula 

^-,(0) - (-1)*“1 2k l-3- • (2*-l> 
2.4. . .2* 

(see [27]), it is possible to convert equality (3.21.32) to 

[1.3. . . (2*—!)]?/ r \»-i 
XI 2.4. . .2* J * 

By using expansion (3.21.34) and the second of boundary 

conditions (3.21.9), we obtain relationships: 

(7¾.) y—_x 
j) \ di 7t-o ^(* + l)(2*-3)(2*-l)S X 

*-i 

« 
\U-1 

\-z) r*dr. .[fer^rjKr 
m 

,-R-o V -^-1)_r 1.3. ■ . (2>— I) 
^(*+li-’(2*-3)(2t-l)î| 2.4. . .2k J * 

(3.21.31) 

(3.21.32) 

ïï 
2 

(3.21.33) 

the form 

(3.21.34) 

t3.21.35) 
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O 

_4* (4*--1)/(4/-1) 

* jL 2j{k+\)W-: 
*-l 1-1 

3)(2* — l)î (/+1)(2/-3)(2/-1)* 

itt+tl—t 
— I a <//•*» 

r i.a. . .(2»~i)in 1.3. . .(2/-1)1¾(*/_£_V 
'I 2.4. . .2* I I 2.4. . .21 J Jl äJ 

■"•22,77 
2*(4*—1)/(4/ — 1) 

1) (2* - 3) (2* -1)* (/+1)(2/-3)(2/-1)5(4+0 
»-I /-1 

r 1.3. . .(2*—i)r r 1.3. . .(2/-i)| 

1 2.4 . . . 24 J l 2.4. . .2/ J 

(3.21.35 cont'd) 

By summation of the numerical series, figuring in formulas 

(3.21.35), we find 

A A 

J (^Lr=oj592*- J 
/<//• = 0,1007/?«. (3.21.36) 

(3.21.37) 

According to (3.21.5) and (3.21.36) in the considered case 

. 1.381 

*—/T*' 

In accordance with formulas (3.21.12), (3.21.3^) and (3-21.37) 

function F.„(r), approximately determining the sought form of natur, 
J ^ 

oscillations, in this case v/ill be determined by series 

f561* V-i*»-«-1» 
' A,(»+l)(2* —3)(2.-1,1 

*-l 

(3.21.38) 
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approximation of for sought frequency of 

according to (3.21.10) will be determined by 

natural oscillations w • o. a. xa w* j. wiiö . 
J 

relationship 

1/ (3.21.39) 

Calculation of further successive approximations in the 

considered example leads to function F.(r), graph of which is shown 

by the solid line in Fig. 3-11*, and to formula 

«y-1.258 (3.21.40) 

for frequency of natural oscillations of free surface of fluid. The 

broken line in Fig. 3.14 shows the graph of function F .Ar). constructed 

in accordance with formula (3-21.38). As can be seen, in the given 

example for achievement of accuracy acceptable during engineering 

calculations, it is sufficient to determine the first approximations 

for eigenvalue X. and eigenfunction 0.. 
0 o 

X r- 

Fig. 3.14. 

§ 22. Account of Energy Dissipation in Equation 
of Oscillations of Free Surface of Fluid 

While investigating in § 18 the natural oscillations of free 

surface of Huid, for function of time 3,.( t) we obtained different!. J 

equation (3-18.9). If axial overload retains a constant value and 
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the level of fluid in the fuel tank does not change, the frequency 

of natural oscillations u. according to (3-18.10) remains constant 
J 

and the general solution of differential equation (3.18.9) in this 

instance can be represented in the form 

fo-CcosM+ç), (3.22.1) 

where C and <t> - arbitrary constants. 
« 

According to (3.22.1) in the considered ease the free surface 

of the fluid will accomplish harmonic oscillations, which is found 

in accordance with the original assumption ab.ut the perfectness of 

fluid, on tne basis of which all reasonings were conducted above. 

In actual conditions, because of internal friction and friction of 

fluid against the wetted surface of the tank, natural oscillations 

of the free surface of fluid will always be damped. Numerous 

experimental investigations show that oscilla,ion energy dissipation 

can be taken into account, by substituting differential equation 

(3.18.9) by differential equation 

where t . - positive coefficient, which determines the rapidity of 
J 

damping of natural oscillations of the free surface of fluid. 

Determination of damping factor e . by calculation is a very 
3 

complex problem, and, as a rule, for finding it we use experimental 

methods. The question about experimental determination of the 

damping factor is comprehensively examined in book [14]. 

The damping factor depends on the amplitude of oscillations of 

the free surface of fluid, the damping factor rises as the amplitude 

of oscillations increases. In the question aoout stabilization of 

oscillations of free surfaces of fluids this circumstance plays an 

important role. For :i tank with smooth walls the relationship of 

•>TOf r 
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damping factor to the amplitude of oscillations Is manifested weakly, 

however, with the presence of special Intertank damping equipment 

this relationship becomes very essential. 

In the process of experimental determination of the damping 

factor there is simultaneously established the experimental value 
of the frequency of natural oscillations of fluid. 

5 23. Conversion of Equations of Motion Into 
Systems of Ordinary Differential EquatTcms 

* 
We reduced the determination of functions \p. (Ç, r, t) and 

r, t) in § 20 to integration of ordinary differential equations 

(3.20.29). Having sought functions o.(t) and 8.U) from these 

equations, we can further determine functions i/. (Ç, r, t) and 

r* ^ by formulas (3.20.28). By using formulas (3.20.28), 

below we will convert equations of motion of the rocket in pitching 

and rolling planes, constructed in § 16, to systems of ordinary 

differential equations. 

According to (3.20.28) the first two equations of (3.16.21) 
can be given the form 

(3.23.1) 

(in the process of emptying the tank with number t there appears 

the relationship of eigenfunction 0. to time, however, with 

differentiation of function ^ and * this relationship can be 

disregarded, since the rate of change of function 0. in this instance 

is very small as < spared to the rate of change of functions a. and 
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By introducing meanings : 

0).=.10/ 5 

o 

Rj 

ûj»=nci ^ [^¡r)lmfXt~kÙridr' 

(3.23.2) 

it is possible to reduce equations (3-23.1) t> the form 

N 

ajg „ 

/-i 

j-i j-i 

(3.23.3) 

According to (3.18.13) formulas (3.23.2) can be given the form 

*1 
oj^ncjj F¡(r)r*drt 

a,/i=no; (FAr)(x¡- 
*j(r)kjr*dr 

l 

k,)r*dr=aj„\ x¡- 

P: [r)r*dr 

or, if we use meaning (3.20.30), 

<*jy=--W) \ Fj(r)r*dr, (3.23P) 

Taking into account damping, the first (f equations (3.20.29) 

assumes the form 
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or 

*/ 

J Xmpjj +„QJ J FfidrX 
• .0 

x[«o»-&+(Jfi-W-^-]=0. • (3-23.5) 

By introducing meaning 

(3.23.6) 

and by using meanings (3.23.^), it is possible to reduce equation 

(3.23.5) to the form 

W +aji -^-=0. (3.23.7) 

According to (3-23.3) and (3.23.7) the equations of motion of 

the rocket in pitching plane can be represented in the form 

ft . 

"TT +5] ** ír -Kr-Kj Y aM‘)= M„ 
/-1 ft (3.23.8) 

w l ^+^^+^/^)+^^-^)+ 
+a/>-^r=°. /=1,2,...^7. 
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The system of differential equations (3-23.8) determines the 

motion, accomplished by the rocket body in the pitching plane, and 

functions ß^t), ß2(t), ..., ß^(t), characterizing oscillations 

of free surfaces of fluids in the fuel tanks. 

Functions ^(r), F2(r), ..., F/r), figuring in formulas 

(3.23.4) and (3.23.6), in the process of calculation of forms of 

natural oscillations of fluids are determined to within arbitrary 

factors, which do not depend on variable r. In order to give 

uniqueness to coefficients of differential equations (3.23.8), for 

functions F.(r), j = 1, 2, ..., ff, let us establish additional 
condition 

= \ .her r-=0, (3.23.9) 

in the presence of which the system of functions F^r), F (r ), 

fn(p) will already be determined uniquely. According to (3.13.12) 

in this instance functions f.(r, a, t), determining the deflections 

of points of free surfaces of fluids from planes 0., will always 
satisfy condition J 

(3.23.10) 

Specifically in half-plane 

will exist equality 
a = 0, normal to nodal line, there 

(3.23.II) 

With small oscillations of free surface of fluid in j-th tank 

the right side of equality (3.23.II) represents the angle between 

the plane tangent to free surface 0.» at point r = 0, and plane a.. 

Thus, when fulfilling condition (3.23.9) function ß (t) will determine 

e angle of rotation of free surface of fluid in j-th tank around its 

nodal line in the section of free surface normal to this line (Fig. 
3 • 15)• 
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Fig. 3.15. 

Let us tu-'n to conversion of equations of motion of the rocket in 

rolling plane. According to (3-20.28) the first of equations 

(3.16.2^) can be given the form 

N 

<1t qm 
digj 

dfi 

or 

where 

J* 
dt 

N 

dt* (3 23.12) 

aji—nQjrj (3.23.13) 

In accordance witn formulas (3-23.2) and (3.23.13) coefficients 

ajy and Vjy are connected by relationship 

aJi (3.23.1k) 
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Taking damping into account the second of equations (3.2d.29) 

takes the form 

tPaj 

JO f */ =•0, 

or 

(3.23.15) 

According to (3-23.^) and (3.23.1^) there should exist equality 

ah = W)r) (3.23.16) 

In accordance with formulas (3.23.6) anc (3.23.16) equation 

(3.23.15) can be given the form 

(3.13 17) 

According to (3.23.12) and (3.23.17) the equations of motion 

of the rocket in rolling plane can be represented in the form 

W 
JO f li +“/“yj+a/T —0. 

y=1,2,...,M 

(3.23.16) 



System of differential equations (3.23.16) determines rotation 

of the rooket body around Its longitudinal axis and time functions 

OjU). a2(t), .... o^U), characterizing the oscillations of free 

surfaces of fluids, caused by this rotation. With fulfilling of 

condition (3.23.9), function »_.(«) determines the angle of rotation 

of free surface of fluid In j-th tank around Its nodal line In the 
section of free surface normal to this line. 



§ 2H. Equations of Disturbed Motion, Considering 
the Mobility of Liquid Components 

of Propellant 

Let us turn now to construction of differential equations of 

discurbed motion of the rocket, considering the mobility of liquid 

components of propellant. Let us first examine the motion of the 

rocket in pitching plane. 

Let us assume ßi{/), ßj(/), ..., ßx(t) - functions characterizing 

oscillations of free surfaces of fluids, accomplished by them during 

undisturbed motion of the rocket in the pitching plane, and 

MO. ßi (0.ß; (/) - functions characterizing oscillations of free 

surfaces, appearing with disturbed motion of the rocket. According 

to (3.23.8) functions ßi(0> ß>(0..... ßjv(0 must satisfy differential 

equations 

w + */ ~f-r vpjj + ajt (Way - gt) -f- ajt 0, 

y *1.2.N, (3.24.1) 

and functions ?)(0. MO.—.^(0-equations 

W 
\ dm 

u>)V,]+ah{v'ay-gv) + a» 
y *1.2.N, (3.24.2) 

where - g^ , - apparent lateral acceleration in the pitching plane, 

appearing in the process of disturbed motion of the rocket; a)' - 
z 

angular velocity of rotation of the rocket around axis 2. corresponding 

to disturbed motion [in view of the smallness of oscillations of free 

surfaces of fluids assumed by us, in equations (3-24.2) it is possible 

to disregard small changes of coefficients of these differential 

equations, which can appear during transition from undisturbed to 

disturbed motion of the rocket]. In accordance with equations 

(3.24.1) and ( 3.24.2)the differences of 

y = l,2.N, (3.24.3) 
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must satisfy differential equations 

W " -*o.+^)+ 

+«>• — ¿ ’-0, J~ 1,2,...,AT. (3.2i|.iO 

By using transition matrix (1.12.5), we find: 

«V — — —/îjr)A®==W0, —/?,- 

a.' = -iîl^ ^ _l rfAI 
* « rf/ + rf/ * 

(3-2^.5) 

(with error of the second order of smallness ®¿ssl/c^V?c f aV?c). 

According to (3.24.5) differential equations (3.24.4) can be 
given the form 

»ilSr+'l-^+Wlj+a'.'ÏZl+a,, *» _ (3,,6) 
The first two equations of (3.23.8) oar. be represented In the 

form 

y* -~-«-^.+(3.24.7) 

where 

^«#** — >1 «I, 

A s dO and 

y-i 
A 

j-i (3.24.8) 

329 



the force and moment respectively, appearing as a result of 
mobility of fluids. 

In Chapter I, not considering force F and moment Af we 
Zy M Z 

obtained equations of disturbed motion: 

m 7* l~v# jr« dt dt 

tfAl (3.24.9) 

With allowance for force ^ and moment appearing during 
the transition from ^ 

m^ + v WA, 
dt 

dl% 

dt 

J‘ -¡¡r+f- \-C%ybVy-\-Cnb$=Cuk\ + AAf^-fAAi, „ 
(3.24.10) 

dt 

where hF^ y and & - changes of force F^ y and moment g, 

appearing during the transition from undisturbed motion of the rocket 
to its disturbed motion. 

According to (3.24.8) there will exist equalities: 

(3.24.11) 

[in view of the assumed smallness of oscillations of free surfaces ol 

fluids, it is possible to disregard small changes of coefficients of 

differential expressions ( 3-24.8),'which can appear during the 

transition from undisturbed to disturbed motion of the rocket]. 
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By substituting (3.24.11) in (3.24.10) and to the obtained 

equations adding differential equations (3.24.6) we obtain system 

of equations 

m 
+2 0/' 

c t»Ai* K 

d*$j 

dt* 

J* ~dF~ ajt 

N ‘ 
~(w<u~^)2 ab$l=c%*k\JrkM,, 

/«í, 2f...,^r. 
dp ' 

(3.24.12) 

Equations (3.24.12) are differential equations of disturbed 

motion of the rocket in the pitching plane, considering the mobility 

of liquid components of propellant. 

Let us turn to examination of rotation of the rocket around 

its longitudinal axis. According to (3.23.18) disturbances Aa., 
J 9 

appearing with transition from undisturbed to disturbed motion of the 

rocket, must satisfy differential equations: 

W y*=i. 2.n. 

% 

or 

«0, -/=1, 2,...,JV, (3.24.13) 

since 

The first of equations (3.23.18) caí» be given the form 

(3.24.14) 
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where 

(3.214.15) 
/-1 

In Chapter I, while not considering moment M In equation 
W X 

(3.24.14), we obtained equation of disturbed motion 

. tP\y . d\\ 
+ + (3.24.16) 

With allowance for moment M equation (3.24.16) takes the 
W X 

form 

dtl 
Pi ^J¡- -f- kMj + „ (3.24.17) 

where 

(3.21.18) 
/-1 

according to (3.24.15). By substituting (3.24.38) in (3.24.17) and 

adding differential equations (3.24.13) to the obtained equation, we 

obtain system of equations 

/ ¿’AY > „ d\y 
J jc ~TT” i Px ' 

N 

dt* dt s-« 
/-1 

<PXat 

dfi 
= ^4^ 4- AAfj 

y*= i, 2,...,/v. 
(3.24.19) 

Equations (3.24.19) represent differential equations of disturbed 

motion of the rocket in rolling plane, considering the mobility of 

liquid components of propellant. 

332 



§ 25. Calculation of Coefficients of Differential 
Equations of Disturbed Motion 

The question about calculation of coefficients c*,, c,i, <V*. cH, fM, 

vv, , figuring in equations of disturbed motion (3.24.12) and 

(3.24.19), v/as examined by us in Chapter I. Below we will provide 

a summary of working formulas for calculation of the remaining 

coefficients of these differential equations — flj*,<*/t» <«>i. A. </* 

(calculation of moments of inertia /, and /, in Chapter I was 

considered without allowing for mobility of liquid components of 
propellant). 

The basis of the necessary calculations is solution of differential 
equations 

#2 ‘ r dr j-=\, 

with boundary conditions 

(3.25.1) 

dt, 
«rcosx-Hsinx Ha 1,, /=1, 2.N (3.25.2) 

and finding the first eigenvalues and the first eigenfunctions of 

boundary value problems, formed by differential equations 

35* dri ^ r dr /=1, 2....JV (3.25.3) 

and boundary conditions: to, ä 
-^=0 on r. 
dn * 

dB, 
when 1=0, 0<r<^ 

/ = 1, 2,...,.V (3.25.4) 

(see §§ 12 and 17). By applying the method of successive approxima¬ 

tions, given in § 21, for calculation of eigenvalues X. and eigenfunc¬ 

tions Qj to solution of differential equations (3.25.11 with boundary 
conditions of form 
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(3.25.5) -^-=/,(5) on/), /= I, 2,...,JV, 

where fj(s) - assigned functions of length of arc a of contour l .. 
«7 

By knowing functions 0. and 0., j * 1, 2, ..., N, and numbers 
J J 

X1> X2> ..., Xff, it is possible to calculate the coefficients of 

differential equations of disturbed motion a. . \i., u.. J . J 
öy‘ V 3* X* z 

by formulas : 

■ j F)(r)r*dr, 

^F)(r)rdr% 

/V 
yjr=J + +«*), 

/-1 

V. /-1 

(3.25.6) 

where 

F’ir)=(ic\u 

(3.25.7) 

(see §§ 14, 18 and 23). 

By knowing coefficients art, j * 1, 2, ..., iV, it is possible 

to calculate coefficients fl¿* and flji, j * 1, 2, ..., N by formulas: 

where 

aß ={JCj - «/) ajy, aji=rjajy. 

*! f F¡k^dr 

(see §§ 15, 20 and 23), 

"i 
I /yîrfi- 

*/= 
(•A-« 

(3.25.8) 

(3.25.9) 
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In all the reasonings, conducted in this chapter, for simplicity 

we assumed that the axis of fuel tank always intersects the liquid 

mass, which is located in this tank. If the tank with number j is 

doughnut-shaped In the second of boundary conditions (3.25.4) interval 

°(0)r < Rj mUSt be 1,61)12106(1 by lnterval /?j0) < r < /?. where 
~ Internal radius of flat figure ain this case having the 

shape of a ring. In this case there is dropped the requirement of 

regularity of solutions of differential equations (3.25.1) and 

(3.25.3) on the axis of fuel tank r = 0. In formulas (3.25.6) 

and (3.25.9) for a^, lu and 6^. the interval of integration (0, R.) 

in the considered case should be replaced by interval (r[®^, R.) f 
«7 J 

Until the tank with number j is emptied, coefficients ajv, a*, au 

and retain constant values. In the process of emptying of j-th 

tank there appears relationship of these coefficients to time t. 

As was shown above in § 22, in the process of experimental 

determination of damping facotrs there is simultaneously achieved 

experimental determination of the frequencies of natural oscillations 

of free surfaces of fluids uk. By knowing frequencies u^, u>2, ..., u> , 

it is possible to approximately calculate the remaining coefficients ^ 

of differential equations of disturbed motion, while not resorting 

to solution of differential equations (3.25.1) and (3.25.3) with 

boundary conditions (3.25.2) and (3.25.4). According to (3.20.15) 

for the first tone of natural oscillations of free surface it is 
possible to approximately assume 

fj(r)-Cjr. (3.25.10) 

In order that condition (3.23.9) would be fulfilled, constant c. 

must be equal to one. Assuming in formulas (3-25.6) for coefficients 
a., and y . 
jy j 

F}(r)-r, (3.25.11) 

we obtain approximate relationships: 
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(3.25.12) 

ft If 

t \ r9dr=—Q}R*r 
o 

According to (3.25.6) there must exist equality 

-1-. (3.25.13) 
•dr--/x 

By using relationship (3.25.13)» it is possible to reduce 

formulas (3-25.12) to the form 

ah— •(®<u~ ?x)- (3.25.14) 

Calculation of moment of inertia J without allowing for mobility X 
of liquid components of propellant leads to overstated results. Thus, 

A<Ierf®+2 ejj(*»+?*)</«. (3.25.15) 

On the other hand, according !o (3.25.6) 

A> j (**+y*) erf®+J mj -(- y}). (3.25.15a) 

In accordance with inequalities (3.25.15) and (3.25.15a) 

approximate formula 

5 (-^+y*)erf® + Y J] [C/ \ W+W* + ml ( 3.2 5.16 ) 

gives erroi with absolute value not exceeding the sum of 

N 

Y S [c'j Uî + VS)rf®-/n;(^,-|-ÿJ)]. (3.25.17) 
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The sum of (3*25«17) usually comprises only several percent of 
the approximate value of moment of Inertia determined by formula 
(3*25.16) By substituting In (3.25.6) the accurate formula for 

moment of Inertia by approximate formula (3.25.16), we obtain 
working formulas for moments of Inertia: 

y» jTi 
M' (3.25.18) 

With substantial withdrawal of the free surface of fluid In 
j-th tank from plane x « 0, passing through origin of fixed system 
of coordinates, quantity is usually small In comparison with the 
absolute quantity of coordinate Xj. If, however, the free surface 
of fluid In j-th tank Is close to plane x - 0, coefficient a* in 
view of Its smallness does not play a substantial role during 

investigation of the stability of motion of the rocket. By disregarding 
in (3.25.8) quantity we obtain working formulas: 

aj*=~xjah, ah~rjah. (3-25.19) 

Thus, having obtained experimental values of damping factors e. 
and frequencies of natural oscillations w., it is possible to 
orientace the investigation of stability of motion of the rocket, 
by using simple working formulas (3.25.14), (3.25.18) and (3.25.19) 

during calculation of remaining coefficients of differential equations 
of disturbed motion. 

5 26• Frequency Characteristics of the Rocket 
as the Object of Automatic Control- 

In Chapter II during investigation of the stability of motion 

of the rocket we described the connection between input signal of 

automatic stabilization control and its output signal by the simplest 

linear differential equations. If we consider the mobility of liquid 
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n * in the process of investigation of stability 
c^onents ' l8 ne0es5arï to consider oscillations of 
of motion of the r^e r ^ of frequencies; for such a 
Its body in a substantially g „la(I of controi- by 
wide frequency range the descr p connection with this, 
differential equations becomes very » ^ rocket. Mlth aliowance 

to investigate the stabllity propellant we usually use the 

frequency methods of the tneo y 

in this paragraph we consider the paragraphs 

of these frequency characterist os' stablllty of motion of the 

ZZtln^ZZ "rmoMlïr, Of muid corónente of propellant. 

Just as in Chapter ” clents of differential 

“o:! r^eTs^L,Considering that 

interval these coefficients keep values corresponding to 

fixed initial moment of time t » t. 

Let us first examine motion of the ^ ^/“^^^Lns 0^^ 
construction of the sought frequency characteristics 

disturbed motion (3-24.12) let us assume 

a/^-o, aa<,=o, a* =^-1 (3.26.1) 

and, considering the coefficients of these differential equations 

constant, we will seek unknown functions AV» AO, AM . 

in the form 

A®=»8«'“'. j***' 2,...N. (3.26.2) 

-=---:,:::::. 
V, 0 and J = 1» 2> •••>"** ouu 
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(Cu+¡»m)V+(Cfi+¿v/í) 8—•* —c^t 

e*tv+(fM+l?i* - »*A) ® - - íx) + . 

I1/ /V-) +¡aj^V - [(w0j - *,) a;, + 
+«*aA]6»0, y=i, 2,...,yv. 

According to (3.26.3) there must exist equalities 

+1.,.) ■y_'. (3.26.1*) 

By substituting (3.26.1*) in the first two equations of (3.26.3) 
for unknown 7 ana 0 we obtain a system of two algebraic equations 

— yi J(yar —/jr) «ir -f \ 

£ .>(.;--+V) / 

* /-S' ./W--+M 

-^y._V i • 
Hl »‘ií*»/—* + fc^) / 

By introducing meanings : 

Af , . 

-»uw+»..(.v 

/.,+2 

i-i iaM'y ■“••*+*/•) ' 
/V 

_ V - + _ 
^(-y—* + M “ 

“«aW+ttaH 

(3.26.5) 

(3.26.6) 
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it is possible to reduce equations (3.26.5) 0 form 

(fli.+^2i)y+(<*a+/^jj)8=*tii. ( 3 • 26.7) 

By separating the real and imaginary pa: ts in the left sides 

of relationships (3.26.6), for functions fl/»(c ) and fy*(w),/■■ 1,2.4-1,2, 
we obtain working formulas: 

N 

«u (•)”*«+]£] 
J-' 
N 

4„(«)=«/n + 2 
i-i 
N 

««(•)“ 2 
J-l 

N 

*»(•)—v*+2 
j-i 
N 

Oj. ((O) = Cly “I“ 

•I»**), 

(Mî 

>/((•]—’J’+mI ^ 

*f>*ajv[(vQx—gx)a)t- •»J«-] 

^/((-/-^ + ^) * 

/-1 
N " / Î 

_ V ('7~ 
^1.(-)=2 

/-1 

«a(“)— 

*a(*)*»l»^>+2 
/-1 

^/1(-/--^+«H ' 

,‘/[(“/--?), + *H . 
N / * 
y. H[(«-Or-/ + 

£ »*/[(-/—î)+«H * 

'‘/(î-/—,),+*/-,J 

(3.26.8) 

By determining 0 from equations (3.26.7), we find 

_cw(g.i + **..)—g,(a»i + /»a ) 

(«.. + <*..) («a + (*») — («» + /»«) (< h + /ft|]> ** 
__cNaH~~c^a»l +((fM*.|— 

aii*a“*i?«*i — *u*a+ *is*n +1 («i!*?j — an*ii + *n«a —*ii«ii * 

or 

91=8,((.)+/8, (<»), (3.26.9) 



I 

where 01(w) and Ggiw) - functions of frequency w, determined by 
formulas: 

ti (fMS|| - e^n) + 

•î + «î 

fI ^ *11°» ®I2®J1 — ^11^3 +^1 Al. 
ct=fl,,^2,- r-uéj, ¿„a^—,0,,. 

(3.26.10) 

Relationship (3-26.9) can be reduced to form 

(3.26.11) 

where 

A.(»)-V •!(«)+ •;(•), T.(-)-arctg-J^-. 
•iW (3.26.12) 

According to (3.26.2) and (3.26.11) in the considered case 

disturbance Ad,- being the input signal for automatic stabilisation 
control, will be determined by relationship 

A&«*,'(•) e'l-'+nt-M. ( 3 • 26.13) 
• 4 

Thus, in the absence of disturbing forces and moments, harmonic 
oscillations of actuating elements of the control system cause 

harmonic oscillations of the input signal of automatic stabilization 
control, characterized by amplifination factor *o(w) and 90(a). 

Functions M«>) and 90(a), for which we established calculation formulas 

(3-.26.8), (3.26.10) and (3.26.12), determine amplitude-frequency and 
phase-frequency characterietio of the rocket as the object of automatic 
control for the case of oscillations of the rocket in pitching plane. 

Let us turn to examination of the rotation of the rocket around 

its longitudinal axis. Having assumed in equations of disturbed motion 
(3.24.19) that 

, AAf^-O, AÍT=*e,— 
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and considering the coefficients of these differential equations 

"quenched" at a certain moment of time t ■ t, we will seek unknown 

functions Ay and Ao^, ¿ - 1, 2, ..., iV in the form 

Ay—toi-Aje**1, y—1,2,. . .N. (3.26.15) 

By substituting (3.26.14) and (3.26.15) in (3.24.19), for 
coefficients r and Aj* j * 1, 2, ...,N we obtain system of algebraic 
equations 

(*•**-•*/,) r-■* 2 afiAl-e+ 

•*‘»/ir=*0, (3.26.16) 

y-i,2.tf. 

By excluding unknowns Ay j • 1, 2, from equations 
(3.26.16) we obtain equation 

or 

where 

ICjH+iCjMir-c,,, (3.26.17) 
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According to (3-26.17) there will exist equality 

r 
Ci+ICt ’ 

or 
4 

(3.26.19) 

where 

CjW+^w cJm+cíí qw+cfw (3.26.20) 

Having given formula (3.26.19) the form 

(3.26.21) 

where 

*.<»)= Ki-JH+I», (3.26.22) 
r, («) 

according to (3.26.15) and (3.6.21) we obtain relationship 

(3.26.23) 

In accordance with equality (3.6.23), functions *0(a>) and <Po(<o). 
for which we obtained working formulas (3.26.18), (3.26.20) and 

(3.6.22), determine the amplitude-frequency and phase-frequency 
characteristics of the rocket as the object of automatic control for 
the case of rotation of the rocket around its longitudinal axis. 

Having determined the frequency characteristics of the rocket 
as the object of control for some of the control channels and 

having assigned the frequency characteristics of automatic stabilization 
control, it is possible to construct a hodograph of open system of 

automatic control, and, by using frequency criterion of stability, to 
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make a conclusion about the stability or instability of motion of 

./ the rocket with assigned frequency characteristics of automatic 

stabilization control. If the amplification factor and phase shift 

of automatic stabilization control are determined by functions fta(a>) and 

<P*(<■>), then amplification factor * and phase shift <p of the open system 

of automatic control will be determined by relationship: 

? —?o (“*) + ?•(“)• (3.26.24) 

Relationships (3.26.24) determine the equation of hodograph in 

polar coordinates k and ?• In rectangular coordinates X and ï the 

equation of hodograph will have the form 

X—k0(w)ka(io) 

K=*,(•) A. («.); 

0cos<?,(-)], \ 

•Xsin I?. (-)+9.(-)1. 1 ^ 3.26.25) 

Having constructed the hodograph of the open system in accordance 

with the calculation scheme, discussed in this paragraph the conclusion 

can be made concerning local stability, „r instability of motion 

of the rocket at moment of time t « x, having used Nyquist criterion. 

§ 2?. Phase Stabilization of Oscillations 
of the Rocket Body and Free Surfaces 

of Fluids in Fuel Tanks 

During consideration of the question about finding the frequency 

characteristics of automatic stabilization control, providing stability 

of motion of the rocket, we will proceed from approximate calculation 

of frequency characteristics of the rocket as the object of automatic 

control, using as a basis the following simplifications of equations 

(3.26.3) and (3.26.16). 

1. Harmonic oscillations of actuating elements of control 

system with frequency w excite oscillations of the free surface of 

fluid in the fuel tank with number k for all practical purposes 

only at values of frequency tu very close to the frequency of free 

oscillations of this free surface a>* . If among the remaining frequencies 
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of free oscillations wi.au,Wr there are no frequencies 
close to W». then during calculation of the frequency characteristics 
of the rocket as a controllable object for frequencies u> close to 
frequencies tuk, for all practical purposes it is possible to consider 
oscillations of free surfaces of fluids in the fuel tanks with numbers 
1,2.*—1. *+l.iV. In this instance in the sums, which figure in 
equations (3.26.3), there are retained only the components containing 

unknown quantity Bk, and in the sum, which figures in equations (3.26.16 
there will be retained only one component, containing unknown quantity 

2. When determining unknowns V and 6 from the first two equations 
of system (3-26.3) for frequencies w, close to the frequencies of 
natural oscillations of free surfaces of fluids, the basic role among 
components containing these unknowns is played by components iWnV ¿nd 
©*/,0. In connection with this, during approximate calculation of 
frequency characteristics of the rocket as a controllable object for 
frequencies w, close to frequencies of natural oscillations of fluids 
in fuel tanks, in equations (3.26.3) and (3.26.16) it is possible to 
disregard the components containing coefficients «W c*. n, 
and n* as factors. 

Thus, approximate calculation of frequency characteristics of 
the rocket as the object of automatic control of frequencies ©, close 
to frequency ©* can be carried out by substituting system of equations 
(3.26.3) by equations: 

wVjfl [(Wqx—«¿a»#] B»=ch, 

- I(»C* - tfx) G*+*1»} 1—0 

and system of equations (3.26.16) - by equations: 

(3.27.1) 

-«»Ar-.AbjiV-c*, : 
i»* («* - «*4 ¿V») 

(3.27.2) 



Let us first examine the question about stabilization of motion 

of the rocket in the pitching plane. By excluding unknowns V and 6 

from equations (3.27.1), we obtain equation 

H K -,,j5t +^ + 

K^Ox-£,r)<z*irfw,®»J {i'll-(- 

+ I(®’ox—kx) +^h! 3t)=0, 
or 

{(ma»+“ ^A)“*4 -(-\WJmu\ + 2m(tr0jr— 

-^x) a*»«»] ^ h m (wox-^x)*a*,+ 

= - (ma »cii.+ J&uCyî) '¿-m («-„ - gx) a^. (3.27-3) 

Biquadratic equation 

(«»a*, + ./,«*, - 4. {PtmV* 4- 

-f 2mKJr-^)awa*,1^4-01(^-^1^0. (3-27.4) 

always has positive real solution close to frequency <úà. For 

its approximate detection let us assume in (3.27.4). 

ö“»*+n- (3-27-5) 

By disregarding in this case the highest degrees of small quantity 
n, we obtain equation 

{4 (ma**4-7^-^/^4.2 4- 
4- 2m {w^—gx) a^a*»] t»*| n -f (ma^ -{- /^*f) 4- 

4- 2m (m^ - ^x) a^a^tu* 4-01(^,,,-a*#=0. 

According to (3-18.10) and (3-23-4) equation (3.27.6) can be 

reduced to form 

* 
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or 

{-fcyni.+o^ [4«U, - M»+i/,+^ 

(3.27.7) 

Ratio ls always small In comparison with one and In 
accordance with equality (3.27.7) It Is possible to approximately 
assume 

where 

(3.27.8) 

Jt4—8, -I—L 
(3.27.9) 

According to (3.27.5) arid (3.27.8) solution a,; 0f biquadratic 
equation (3.27.4) can be approximately calculated by formula 

(3.27.10) 

With values of frequency oi, close to frequency 0;, quantity 
can be approximately determined from equation (3-27.3), assuming 
in equation (3.27.3) 

» '•;+* (3.27.11) 
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and In the left side of this equation disregarding small quantities 
2 

of order of smallness 6 and and in the right side of the equation 

small quantities of order of smallness 6. Equation (3-27-3) In this 

instance takes the form 

j j4 (man + - >V**A) “»+2 [PtmJtf* 4- 

4-2« iw0x -frx)ak,aH] «;j Í-! £*= 

— — (manCuJ«V—(®0i—^j,)( 3.27.12) 

[let us recall that w* - solution of equation (3-27-4)]. By 

disregarding small quantities of order of smallness 6n and —©*) 

in the left side of equation (3-27-12) and in the right side of this 

equation - small quantities of order of smallness n, in equation 

(3-27-12) it is possible to substitute frequency a* by frequency a*. 

According to (3.18.10) and (3.23-4) in this instance equation 

(3-27-12) could be given the form 

=*« [V*+ «(-**-** 4 —) <**»]• ( 3 - 27 -13) 

Since ratio -is small in comparison with one, equation 
w* 

(3-27-13) can be substituted by approximate equation 

or according to (3-27-9) 

(28 - ht) = a”(J'e* + mx*>en) (3-27-14) 

In accordance with the second of equations (3.27.1) function 

0(u)) can be found by formula 

(j   [(«’Ojt — Sx) aMI + ] Ä* + Cti 

*1. (3-27-15) 



By substituting Bk from (3.27.14) in (3.27.15) we obtain 
relationship 

X +mx\c%i) -J- vtftmJ'Cu (2¾—/**)J. 
(3.27.16) 

By considering the proximity of frequency 10 to frequency oxt and 

smallness of quantities 6 and , assumed by us, it is possible to 

substitute equality (3.27*16) by approximate equality 

ù _ [<*<* ~ **) a»y + au (it'* + mx»en) 
“ÍíV^I(2*-/«*) (3.27.17) 

In accordance with formulas (3.18.10) and (3.23.4) relationship 
(3.27.17) can be given the form 

f_ fa ~lt+v)a*' +mx*e») 

— ht) 

or, if we use meaning (3.27.9), 

(3.27.18) 

According to (3.26.11) and (3.27.18) there will exist equalities: 

*o('u)eos?0(u>)=Re6= - 

*„(">) sin tp0 (<»)=/m 8 = — 

*xl(J*egi+ "<*1,'*) «2.1 

xl(J‘c* + ”>*'>'») »Ist (3.27.19) 

In accordance with formulas (3.26.25) and (3.27.19) in the 

onsldered case the equation of hodograph of the open system of automatic 
control will have the form 
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(3.27.20) 

+ w-VhK, 
*i (*) X 

X128 cos ?, (««) -1* sin (-)1, 

xk(J*eyi + wx* c»»)a»r V / vv 

+'*) * 

X I2i sin ç, («>)-}-1* cos (-)). 

By considering the proximity of frequency o> to frequency <d&, 

assumed by us, it is possible to substitute equalities ( 3.27.20) by 

approximate equalities : 

or 

where 

X = 

y= 

+I"*] 

"tPki*Jlt(W +«*) 
*« («*) 128 cos ?. (a.*)- «, sin ?,(«*)!, 

*\()*cA + mx\ cw)«?, 
-*^*^(«* +•») 

*. (»*) (28 sin K)+r* cos ?,(-,)!, 

Y—2*»*» (¾ CO» Ta («*») — «> Sin y, (->)] 
«*+.» 

2**«» [2* »ln y« (»*) + •» co« fm K) i 
48*+«I 

(3.27.21) 

*« (*S) *> g||) ajy 
——__j _ (3-27.22) 

According to (3.27.21) there should take place equalities: 

X cos <p, (¾)+K sin?, (¾) « 

X sin<p,(•>*)—K eos?,K)« - 

_4V*8 
48*+ «* ’ 

2«*«J 
48*+«Í' 

(3.27.23) 
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in accordance with which parameter 6 can be expressed through 
coordinates of hodograph X, ï by relationship 

h-rm — 'll? C°* *1 (»>) ^ Y »»»fiM. t 
2 tin f, (•*) — cos y, (-4)] (3.27.24) 

By substituting (3.27.24) in the second of equalities (3.27.23), 
it is possible to reduce the equation of hodograph to form 

- 2c*=I* sin 9, (•*)—K cos f, (•,)] X 
xfl _|__I*C0<tiK) + r»i"f.(-)|« ] ~ 

l \X sin f, (-*) - r cos », (-*)]i J 
f + n 

A'sin»,(-*)— reos»,(-*) * 

or 

+^+2c* K <fos 9,(-,))=0. (3.27.25) 

Equation (3.27.25) represents an equation of circumfereroe. 
Reduction of this equation to canonical form 

[ * -f f, sin ?, K)!*+(^ - cos », (-*)]* =. c* ( 3.27.26) 

shows that coordinates of the center of the given circumference 
XQt yq are respectively ¿qual to: 

^0=»-c*sln9,(-,), K-,-«:*cos»,(•*), (3.27.27) 

radius of circumference is equal to |C4| , the circumference passes 
through the origin of coordinates. 

< 

When XQ < 0 the hodograph of the open system with values of 
frequency w, close to frequency <■>». win have the form show:. In 

Pig. 3.16 by a solid line for case J0 > 0 and broken line - for case 
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Yq < 0. In both cases regardless of the radius of circumference with 

frequencies u>, close to frequency wn. the hodograph of the open system 

can encompass point Y •* 1, Y * 0. According to (3.27.27) with our 

introduced simplifications the conditions 

f*snT.(.Ä)>0 (3.27.28) 

are sufficient conditions of stability of oscillations of the rocket 

Dody and free surfaces of fluids in the fuel tanks.1 Condition 

(3.27.28) is called the condition of phase stabilization, since it 

is fulfilled by the creation of phase lead in the aucomatic 

stabilization control at frequency ©=*©> when c*>0 or phase lag at 

this frequency when Ck<0 ; the value, takon at frequency «-w* by 

the amplification factor of automatic stabilization control, does not 

play a role in this case. In accoidance with formula (3.27*22) the 

condition of phase stabilization (3.27.28) can be ^j-ven the form 

*1 (Vi*+sin(•,)<0. ( 3.27.29 ) 

If the control system does not create controlling force and its 

actuating elements shape only the controlling moment (control of 

thrust misalignment), condition (3.27.29) assumes the form 

lAfter sinplifications, made in the beginning of this paragraph, 
the transfer function cannot have poles in the right half-plane. 
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s,n ?,(<«*)> O, (3.27.30) 

since in this instance c^-0, cM <0. Thus, in the considered case the 

phase stabilization of oscillations can be provided by realizing 
phase lead in the automatic stabilization control in the range of 

frequencies encompassing all the frequencies of free oscillations of 
free surfaces of fluids u , w ..., u 

1 c N 

If actuating elements of the control system create controlling 
force, then 

(3.27.31) 

where l - distance from the line of action of controlling force to 
plane x - 0. In this instance condition (3.27.29) assumes the form 

?.(•*)< 0 (3.27.32) 

(coefficient is always positive). According to (3.27.32) for 
phase stabilization of oscillations there is required phase lead at 
frequency at when 

*;«> and Jt;>4 (3.27.33) 

and phase lag - when 

0«<'-=r ml (3.27.34) 

Coordinate *k usually little differs from coordinate x% . Thus, 
by realizing phase lead in the automatic stabilization control in 
the range of frequencies encompassing the frequencies of natural 
oscillations of free surfaces of fluids u)2, ..., we 

accomplish phase stabilization of the oscillations for fuel tanks 
whose free surfaces of fluids lie lower than the center of mass of 
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the rocket. For the remaining fuel tanks the conditions of phase 

stabilization, as a rule, will be disturbed in this case. Realization 

of phase lead in the automatic stabilization control for some fuel 

tanks and phase lag for other tanks is practically impossible, since 

frequencies of natural oscillations u»1, w2, ..., usually lie in 

the small frequency range and, furthermore, are changed in the process 

of rocket flight. In connection with this, in the automatic 

stabilization control for the entire range of frequencies of natural 

oscillations of free surfaces of fluids there is usually realized 

phase lead, and in the upper fuel tanks, for which in the first 

stage of flight the condition of phase stabilization is disturbed, 

there are installed perforated caps, which for all practical purposes 

prevent the possibility of oscillations of free surfaces of fluids in 

these tanks until these tanks begin to empty. When the propellant 

in these tanks begins to be consumed, the surfaces of fluids in 

them, as a rule, are already lower than the center of mass of the 

rocket and the stability of motion is not disturbed. The places 

for installation of caps are selected with allowance for minimum 

permissible level of servicing of the tanks. 

By the means indicated above it is usually possible to achieve 

stabilization of oscillations for the larger part of powered flight 

sections the conditions of stability are continuously disturbed. 

This case is considered by us in the following paragraph of this 
chapter. 

Let us turn to examination of rotation of the rocket around 

its longitudinal axis. By excluding unknown quantity r from equations 
(3*27.2) we obtain equation 

f^i(-Î¿*+0*^=0. (3*27*35) 

Assuming in (3*27* ^5) 
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it is possible to convert this equation: 

-"Sr- (3.27.37) 

With values of frequency u close to frequency , where 

in accordance with equality (3.27.36), quantity Ak can be approximately 
determined from equation (3.27.37), assuming In this equation 

(3.27.39) 

and disregarding small quantities of order of smallness ä2 and «6 • 

In the left side of the equation. Equation (3.27.37) In this Instance 
takes the form 

(3.27.40) 

Hatio is always small in comparison with one, and according 

to (3.27.38) frequency «J will always be close to frequency In 
accordance with this equation (3.27.40) can be substituted by 
approximate equation 

Vj#* (3.27.41) 

By substituting Ak from (3.27.41) into the first of equations 
(3.27.2), for quantity f we obtain expression 

P- (»-/«>) 
(28-4.,) (3.27.42) 
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Considering the smallness of ó and e*. it is possible to replace 
formula (3-27.42) by approximate formula 

r=~ ' (3.27.113) 

According to (3-26.21) and (3-27-43) there will exist equalities 

*,(••) cos ?,(») = ReT« _* «T T *_ 

•Lîü!» 
f«i) ‘ (3-27-44) 

In accordance with formulas (3-26.25) and (3.27.44) in the 
considered case the equation of hodograph of the open system of 
automatic control will have the form 

*,n **co$ 
(3-27.45) 

By considering the proximity of frequency u> to frequency <oh. 
assumed by us, it is possible to substitute equalities (3.27.45) by 
approximate equalities: 

x ví*í*+«i) *«^I28cc,7*W~ 

+ •» COS ?.(.,)!. 

(3-27-46) 

356 



Assuming in this case 

(3.27.47) 

it is possible to reduce the equation of hodograph of open system 
(3.27.46) to form (3.27.26), established by us earlier in 
examining the motion of rocket in the pitching plane. In the 
considered case there will always take place inequality 

(3.27.48) Ck>X 

since coefficient is always negative. In accordance with inequality 
(3.27.48) the conditions of phase stabilization (3.27.28) for the 
case of rotation of the rocket around its longitudinal axis will have 
the form 

8in?.(“»)>0, *=1,2,. . . N. (3.27.49) 

Thus, in the considered case phase stabilization of oscillations 
can be provided by realising phase lead in the automatic stabilization 

control in the range of frequencies encompassing all frequencies of 
free oscillations of free surfaces of fluids id. , w, 

i. i '2 » • • • » “V 

In conclusion of this paragraph let us note that the criteria 
of stability indicated in it are based on simplifications of the 
calculation scheme made in the beginning of the paragraph, and 
sometimes can be incorrect. A strict conclusion about the stability 
of motion can be made only on the basis of an accurate construction 
of hodograph. 

§ 28. Self-Oscillations of the Rocket 
In Pitching Plane 

Let us now examine the case when for the fuel tank with number 
* the condition of phase stabilization of oscillations In pitching 
plane (3.27.28) cannot be provided. According to (3.27.27) when 
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sin<p.(a*)<0 coordinate XQ of the center of circumference, approximately 
determining the type of hodograph of the open system of frequencies 
U close to frequency m, will be positive. In this case, this 

circumference will have the shape shown in Pig. 3.17 by solid line 
for case yo > 0 and by oroken line - for case < 0. In accordance 
with the equation of the considered circumference (3.27.26) the 
points of its intersection with straight line Y ■ 0 will be determined 
by quadratic equation 

l*+ck «ta ?, K)P+cj cos* <p, («,)=c*. 

or 

(3.28.1) 

Thus, the circuí ference will intersect axis X at points with 
coordinates 

and ^=-2^81119,(0¾) 

and the condition of stability of oscillations of *-th fuel tank will 
have the form 

2c*sln9,(<»4)<l. (3.28 2) 
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In accordance with formula (3.27.22) condition (3.28.2) can be 
given the form 

*. <“*>>ln T« (»*) + mxl cM) 

or 

(3.28.3) 

where 

,(0) _ k* ^,la y» K) *1 (itc* + 'rx\ ft|) a* 

* --• (3.28.4) 

Quantity e‘°) determines the minimum value of damping factor e„, 

at which oscillations still remain stable. Specifically, when 

e*-ei°) the hodograph of open system of automatic control at certain 

frequency afV close to frequency w*. passes through point * * 1, 

7 " 0’ and in thls case the oscillations acquire a harmonic character. 

As was already noted above, in S 22, the camping factor depends 

on the amplitude of oscillations of free surface of fluid in the fuel 

tank and increases with growth of amplitude of these oscillations. 

The limit which the damping factor e*. approaches when the amplitude 

of oscillations of the free surface of fluid in *-th tank approaches 

zero, as a rule, is inadequate for fulfilling the condition of 

stability (3.28.3). In this instance equality ek-e<°> is fulfilled 

only for some particular value of amplitude of oscillations of the 

free surface of fluid in fc-th fuel tank, which can be calculated, 

having available for this tank experimental data about the relationship 

of damping factor to the amplitude of oscillations of the free surface 

The value of amplitude of oscillations of the free surface of fluid 

in ft-th fuel tank, at which damping factor e* , assumes value ef , 



determined by formula (3.28.4), we will designate below through Pi01.1 

In the considered case one of the possible motions of the rocket 

will be its motion in the pitching plane, at uhich the free surface 

of fluid in *-th fuel tank accomplishes harmonic oscillations with 

amplitude {¡,jl0). With values of amplitude of oscillations of the 

free surface of fluid in fe-th fuel tank, which do not reach critical 

value Pi0), there will exist inequality ek<«i,0), oscillations will be 

unstable and their amplitude will increase. With values of 

amplitude of oscillations of the free surface exceeding Pi0*, there 

will exist Inequality ek>^ll0, and oscillations will be damped. Thus, 

the above-indicated motion of the rocket in the pitching plane, at 

which the free surface of fluid in fe-th fuel uank accomplishes 

harmonic oscillations with amplitude Pi¡,0,, is ¿table self-oeoillating 

motion, which will inevitably appear in the conditions analyzed by us. 

In § 26 we showed that when AAf,=0 the differential 

equation of disturbed motion (3.24.12) have a solution, determined by 

formulas (3.26.2). In accordance with this when 

AÍ» —V'“'. \F „-*0, AiW, —0 (3.28.5) 

differential equations of distributed motion will have solutions 

a»«^-*, A?i=8o^'-<. /=1,2. . .,N, (3.28.6) 

since these differential equations are linear. Thus, oscillations of 

actuating elements of the control system, hav.ng amplitude 6q, cause 

oscillations of the free surface of fluid in /-th fuel tank, having 

amplitude öo|ß*|. According to (3.27.11) and (3.27.14) there should 

exist equality 

V4(^—w*)+ïï IÆJ = fgl7 w g**}, (3.28.7) 
»nwh 

‘During calculation of amplitude ^°1 we should consider the 
relationship of frequency characteristics of the automatic stabiliza¬ 
tion control, which figure in formula (3.28.^-), to the amplitude of 
input signal of the automatic stabilization control. The account 
of nonlinearity of the automatic stabilization control Is examined 
in detail at the end of the paragraph. 
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In accordance with this equality the amplitude of oscillations 

of the free surface of fluid in Jk-th fuel tank will be determined 
by expression 

“*m*»*/i V 4(*—«;)' + ,* (3.28.8) 

where w - frequency of oscillations of actuating elements of the 

control system; Óq — amplitude of these oscillations. Assuming in 
this expression w-w«,0», where a><°> - frequency of investigated self¬ 

oscillations, and equating the obtained result to the amplitude of 
self-oscillation of free surface of fluid in fc-th fuel tank Pi0) , 

for the amplitude of self-oscillations of actuating elements of the 
control system we obtain formula 

«** )/*<!*+ *jr¡ ***) ’ (3.28.9) 

where ej,#> - value of damping factor et, corresponding to the self- 
oscillating mode of oscillations considered by us. 

The point of the hodograph of 
frequency of self-oscillation u)',0’. 
accordance with formula (3.27.11) 

tnere should take place equality 

open system, corresponding to the 
has coordinates JT * 1, y = 0. In 

and the second of formulas (3.27.21) 

2 («?> - «.;) sin ?. K) -f «<•> cos Ç, («.,)=0. 

According to (3*28.10) formula (3*28.9) can be converted so: 

°w \J‘e* + "“l |*in fa (-»)| '' 
(3.28.11) 
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In the considered case the quantity, figuring In the right 

side of equality (3.28.4), is positive and formula (3.28.4) can be 

given the form 

r(0) *•« («») I»1" ft K)l l**| + mx\ »nl a\w 
(3.28.12) 

By substituting (3.28.12) in (3.28.11), for the amplitude of 

self-oscillation of actuating elements of the control system we obtain 

formula 

J» 
(3.28.13) 

In self-oscillating mode the amplitude of oscillations of input 

signal of the automatic stabilization control 0# will be connected 

with the amplitude of oscillations of actuating elements of ;he 

control system 6q by relationship 

(3.28.14) 

By considering the proximity of frequency of self-oscillation 

to frequency «un. it is possible to substitute equality (3.28.14) 

by approximate equality 

8o=»*.(-*)V (3.28.15) 

According to (3.28.13) and (3.28.15) the amplitude of self¬ 

oscillations of the input signal of automatic stabilization control 

can be determined by formula 

(3.28.16) 

By means of formulas (3.28.4) and (3.28.16) we can determine the 

amplitude of self-oscillations of the free surface of fluid in fc-th 

fuel tank ß*0’ and the amplitude of self-oscillations of the input signal 

of automatic stabilization control flo. having available experimental 
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data about the relationship of damping factor to the amplitude of 

of oscillations of the free surface in *-th tank. 

Large amplitudes of self-oscillation of free surfaces of fluids 

in fuel tanks are inadmissible, since they cause rapid drop of 

boost pressure.1 Large amplitudes of self-oscillations of the input 

signal of automatic stabilization control are also inadmissible, 

since because of these oscillations the interferences at the input 

of the automatic stabilization control can exceed their permissible 

level. Reduction of the amplitudes of self-oscillations to their 

permissible level is attained by selection of rather effective inter¬ 

tank equipment, raising the damping factors. Raising the damping 

factor can be achieved, specifically, by installation of longitudinal 

perl orated ribs in the fuel tank. The cross section of the tank, 

equipped with such longitudinal damping ribs, is shown in Pig. 3.18. 

The number of damping ribs and their profile are selected so that 

the required damping factor would be attained in the given tank at 

a permissible amplitude of oscillations of the free surface of fluid. 

With the presence of the longitudinal ribs, shown in Pig. 3.18, 

the wetted surface of the tank will cease being a surface of revolu¬ 

tion, which was proposed by us in the greater part of this chapter. 

In this instance the moment of inertia of fluid, located in the fuel 

tank, becomes nonzero relative tp the axis of this tank, since in 

this instance in the process of rotation of the tank around its 

longitudinal axis the fluid is drawn into rotation by the ribs seizing 

lThe effect of oscillations of the free surface of fluid in the 
fuel tank on the boost pressure is comprehensively examined usually 
in the course of rocket design. 



it. Furthermore, with the presence of ribs the oscillations of the 

tank around its longitudinal axis cause oscillations of the free 

surface of the fluid located in it, which were not considered by us 

during examination of the stability of motion of the rocket in 

rolling plane. Calculation investigation of the above-indicated 

effects is connected with large calculating difficulties; for account 

of these effects in the question about stabilization of rotation of 

the rocket around its longitudinal axis there are usually applied 

experimental methods. Description of these experimental methods 

is contained in book [14]. 

As was noted above, the amplification factor of automatic 

stabilization control Mo>*) and phase shift <fa(w*) depend on the 

amplitudes of oscillations of input signal Go- During calculation 

if the amplitudes of self-oscillations this dependence is considered 

in the following manner. In the first approximation when determining 

the require'd damping in formula (3.28.4) we place limiting 

values, which quantities M«*) and approach when do—0. Having 

found further the amplitude of oscillations of free surface of 

fluid pj,0» , by formula (3.28.16) we determine the first approximation 

for amplitude of oscillations of the input signal of automatic 

stabilization control d*>. In the next approximation for determination 

of required damping e]®» in formula (3.28.4) we place values of 

amplification factor Mw*) and phase shift corresponding to 

the first approximation for amplitude of oscillations of the input 

signal of automatic stabilization control do, further we calculate 

the second approximation for the amplitude of oscillations of free 

surface of fluid and for amplitude of oscillations of the input 

signal of automatic stabilization control ¢9 and so forth. This 

process of successive approximations is usually well convergent and 

rapidly leads to the target. 

The methods of investigation discussed in this chapter are applied 

for preliminary selection of the frequency characteristics of automatic 

stabilization controls and for development of intertank equipment. 
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necessary for stabilization of oscillations of liquid components 

of propellant. Further check of stability of motion and final 

selection of frequency characteristics of automatic stabilization 

controls are performed usually by the method of electromodeling with 
actual equipment of the control system. 
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CHAPTER IV 

STABILIZATION OF ROCKET MOTION WITH ACCOUNT 
OF ELASTICITY OF ITS CONSTRUCTION 

5 1. The Simplest Statement of the Problems About 
Flexural Vibrations of the Rocket Body 

During investigation of elastic oscillations of the rocket, 

which appear in the process of its flight, we will restrict ourselves 

to examination of flexural vibrations of the rocket body in the 

pitching plane. In tt.e question about stabilization of flexural 

vibrations of the rocket all calculation schemes for yawing plane 

are practically no different from corresponding calculation schemes 

for the pitching plane. By replacing the bending equation in 

calculation schemes, constructed for pitching plane, by equation 

of torsion, calculation schemes can be obtained for solution of the 

problem about stabilization of torsional vibrations of the rocket. 

Calculation of deformations of various structural elements of 

the rocket, appearing under action of predetermined loads, is a 

very complex problem of structural mechanics and in connection 

with this, during formation of motion equations of the rocket, 

considering the elasticity of its construction, we always proceed 

from replacement of actual construction of the rocket by some 

simplified mechanical model of it. The question about stabilization 

of flexural vibrations of the rocket body will be examined proceeding 
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from the simplest original assumptions, which we will formulate in 

this paragraph. 

With derivation of equations of rocket motion in pitching plane, 

considering the elasticity of its construction, we will proceed below 

from the following assumptions. 

1. We will essurne that the rocket body is deformed as a hollow 

elastic rod, and during calculation of its flexural deformations 

we will proceed from corresponding equations of strength of materials. 

2. We will disregard the mutual affect of compressive (stretching) 

shear, bending and twisting strains and in accordance with this 

when examining flexural vibrations of the rocket we will use equations 

of pure bending. 

3. We will assume that particles of the rocket, which at 

initial moment of time lie in some flat cross section of it do not 

change their mutual arrangement in the process of motion of the 

rocket. In reference to the rocket body this assumption coincides 

with the hypothesis of flat cross sections, forming the basis of 

strength of materials. For liquid propellant components the given 

assumption excludes the possibility of wave formation on the free 

surface of liquids. This assumption also excludes the possibility 

of account of real deformations of structural elements, fastened 

to the supporting body, and deformations of attachment points. ' 

4. We will assume that the extreme cross sections of the 

rocket are free from loads. In accordance with this, durinp- examina¬ 

tion of bending of the rocket we will consider that shearing force 

and bending moment at the ends of the rocket become zero. 

In previous chapters we assumed that the axes of fixed system 

of coordinates x, y, 2 coincide with principal central axes of inertia 

when free surfaces of fluids have the shape of planes, normal to the 
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lon¿r>itudinai axis of the rocket. Subsequently, by considering the 

elasticity of rocket construction during oerivation of equation^ 

of motion, as before we will assume that axes of mobile system of 

coordinates x, y, z always coincide with principal central axes of 

inertia of the rocket. 

Bending of the rocket body in the pitching plane affects the 

aerodynamic and reactive forces, acting on the rocket. In each 

cross section of the rocket body we will consider so-called "local" 

angle of attack, made up of angle a, formed by positive direction of 

axis x and direction of velocity vector of the center of mass of the 

rocket, and angle of rotation of the given section, appearing in 

the process of bending of the body. Lateral aerodynamic load per 

unit of length will be considered proportional to this local angle 

of attack.1 The effect of bending of the body on the vector of total 

thrust force of engines ? will involve rotation of this vector, as 

a result of which in mobile system of coordinates x, y, z at vector 

? there will appear a lateral component. We will consider this 

lateral force as concentrated force, applied to the rocket body at 

the place of attachment of the power plant to it. Furthermore, 

bending of the rocket body will cause displacement of.the line of 

action of longitudinal component of vector P, as a result of which 

there will appear additional moment of reactive forces relative 

to axis a. We will disregard the effect of bending of rocket body 

on controlling forces. 

In the following paragraph, being based on the above-formulated 

original prerequisites, we will derive differential equation of 

flexural vibrations of the rocket body in the pitching plane, by using 

which we further investigate the stability of motion of the rocket in 

this plane with allowance for elasticity of the rocket construction. 

^uch type of account of the effect of bending of rocket body on 
aerodynamic forces is very approximate, however, we used it in dynamic 
calculations, since oscillations of aerodynamic forces, caused by 
flexural vibrations of the body, insignificantly affect the motion 
of the rocket. 
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§ 2. Differential Equation of Flexural Vibrations 

In accordance with the assumptions formulated In the previous 

paracraph, differential equation of flexural vibrations of the 

rocket body in the pitching plane can be obtained, having constructed 

the equation of oscillations of an elastic hollow rod, which undergoes 

pure bending in plane s * 0 in the process of oscillations. Pro¬ 

ceeding from d’Alembert principle the equation of oscillations of 

an elastic rod can be formulated from equations of its elastic 

equilibrium, having added forces of inertia to the external forces 

acting on the rod. In case of pure bending in plane a = 0 equation 

of equilibrium of elastic rod have the form (see [25]) 

T*—(4.2.1) 

where - lateral linear force, acting on the rod; Q - shearing 

force, appearing in the elastic rod; m - linear moment of external 

forcee, acting on the rod; M - bending moments v - deflection of 

rods B -flexural rigidity, 
y 

In order to obtain equations of flexural vibrations of the rod 

from equations of equilibrium (4.2.1) to lateral lines force a 

it is necessary to add lateral linear force q , created by forces 

of inertia, and to linear moment m - linear moment of forces of 
A 

inertia mau. Furthermore, in equations (4.2.1) the symbols of 

ordinary differentiation should be replaced by symbols of partial 

differentiation, since in the process of oscillations unknown functions 

v, ¡1 and Q will depend on two independent variables - coordinates 

of section x and time t. As a result we obtain system of equations 

¿7-fc+fc.. (4.2.2) 
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In order to determine linear force q anc linear moment m , 
zu 

let us calculate the forces of inertia appearin? in the process of 

motion, beinr accomplished by the rocket body in launch system of 

coordinates xQyQzQ. As coordinate axes x, y, z we selected in 

§ 1 axes combined with principal central axes of inertia of the 

rocket. In this instance the relative motion of particles of the 

rocket in mobile coordinate system x, y, z can appear only as a result 

of deformations of the rocket, since its forward movement in system 

of coordinates x, y, z changes the position occupied by the center 

of mass of the rocket in this coordinate system, and rotation of 

the rocket relative to mobile coordinate axes disturbs the equality 

of centrifugal inertia moment «7 . -/ , J .tc zero. In connection 
x a y 2 

with our assumed smallness of elastic oscillations the relative 

velocities of particles of the rocket ? can be considered small. 
O T H 

Rotation of the rocket is assumed slow by us xnd, thus, when 

determining absolute accelerations of particles of the rocket Û 

it Is possible to disregard migratory accelention wX(c>Xr) and 

Coriolis acceleration 2(oX?0u) (w - angular /elocity of rotation 

of mobile coordinate system x, y, a, ? - radias vector of particle 

of the rocket in this coordinate system). For absolute acceleration 

of rocket particles we obtain approximate formula 

(4.2.3) 

where u>Q - absolute acceleration of the origin of mobile system 

of coordinates x, y, a; (d0tb - relative accelerations of rocket 

particles. 

According to (4.2.3) in the case of plan: notion of the rocket, 

i.e., when there will exist equalities: 

w*=wo,-y^-+»;T.„ 
(4.2.4) 
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Let ua determine now the relative accelerations w0Ti, and 

which appear in the process of flexural vibrations of the rocket in 

the pitchinß plane. Let us examine the relative motion of rocket 

particles, which lie in its plane cross section, having coordinate 

X in nondeformed condition of the body. In accordance with assump 

tions made in § 1, in the process of flexural vibrations these 

particles will not change their mutual arrangement and, thus, the 

particle having coordinates x, y in nondeformed state of the rocket 

body in the process of bending will assume positions determined 

by coordinates x', y't where in accordance with Pig. 4.1. 

y'—y-\-v y(l —cos?), ^ 

Here ut v - forward movements of the section in the direction of 

axes x and yj * - angle of rotation of the section around its axis, 

parallel to axis 3. Angle <j> will be connected with deflection of 

body v by relationship 

(1.2.6) 

In accordance with the assumption about smallness of elastic 

oscillations of the rocket, disregarding small quantities of higher 

orders of smallness, it is possible to assume 

cos?=l. 
(4.2.7) 



According to (4.2.7) relationships (4.2.5) can be substituted 

by approximate relationships 

( 4.2.b) 

By using formulas (4.2.8), we find 

*£l ’ u ^ 
““ «î y ixdt* 

®«T»f 1 
w rri 
‘a* “ ‘ 

(4.2.9) 

By substituting (4.2.9) in (4.2.4), for absolute accelerations 

d . u formulas : 
X* y 

' w 1 d/î 1 a 

(4.2.10) 

Let us now construct two plane cross sections of the rocket S 

and S', having coordinates x and x + dx in nondeformed state of the 

body (Fig. 4.2). The elementary cylinder (shaded in the figure) 

with tne area of base ds and height dx is affected by force of 

inertia, projection of which to axis x is equal to utxQdsdx, projection 

of this force to axis y is equal to WyQdsdx (p - density of the 

considered elementary cylinder). Thus, lateral load g^dx and moment 

load mtudx, created by forces of inertia affecting the particles of 

the rocket, enclosed between sections S and S', will be determined 

by relationships: 

qndx— — f wfldsdx, dx=j trx ye ds dx. (4.2.11) 
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According to (4.2.11) linear force q ard linear moraent m 
yu zu 

can be found by formulas: 

(4.2.12) 

By substituting (4.2.10) in (4.2.12), we obtain relationships: 

(4.2.13) 

We assume everywhere that planes y * 0 and a * 0 are planes of 

symmetry of the rocket. Thus, there should take place equality 

(4.2.14) 

in accordance with which formulas (4.2.13) can be given the form 

where 

P=j«<fo, /,=j fads. (4.2.16) 
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By substituting (U.2.15) in (4.2.2), we obtain equations: 

(¢.2.17) 

B, g—M- 

By using the second and third equations from (4.2.17), we find 

«-s-($-+50- (4.2.18) 

By substituting shearing force Q from (4.2.18) in the first 

equation of system (4.2.17), for function y(x, t) we obtain 

differential equation in partial derivatives 

dm, 

dx 

(4.2.19) 

In accordance with assumptions formulated in 5 1, there should 

exist equalities 

Af-=Q«0 when x-a and x-b. (4.2.20) 

where a and b - abscissas of extreme cross sections of the rocket. 

According to (4.2.17), (4.2.18) and (4.2.20) the solution of 

differential equation (4.2.19) v(*, ¢) must satisfy boundary 

conditions : 

*—fl and whan X = b. (4.2.21) 
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I 

Thus, at prescribed loads and and with predetennined 

Motion of mobile system of coordinates x, yt z the determination of 

deflection of body u(x, t) is reduced to solution of differential 

equation of flexural vibrations (4.2.19) with boundary conditions 

(4.2.21). The question about motion, accomplished by mobile 

coordinate system x, y, a, is considered by us in the following 

paragraph of this chapter. 

§ 3• Equation of Forces and Equation of lioments 

Equations of motion being accomplished by mobile system of 

coordinates x, y, a in initial launch coordinate system x0, yQ, 

zQt can be constructed, having used the theorem of motion of the 

center of mass of a material system and theorem of change of moment 

of momentum, since axes of coordinates x, y, a are combined by us 

with principal central axes of inertia of the rocket. If to external 

forces, acting on the rocket, wc add reactive forces and designate 

the principal vector of the obtained system of forces by Q and 

the principal moment of these forces relative to origin of mobile 

coordinate system x, y, a, by /./ there will exist equalities:- 

A dt 
■M *• 

(4.3.1) 

where Jz - moment of inertia of the rocket relative to axis a 

let us recall that rotation of the rocket is assumed slow by us). 

In 5 2 when examining bending of the rocket body in the pitching 

plane through q we designated linear lateral force, acting on the 
<3 

rocket, and through m - linear moment of external forces. Thus, 

external forces, acting in the pitching plane on the section of the 

rocket contained between its cross sections, having abscissas x 

and x + dx, will be reduced to force q dx and to moment m dz. The 
a 99 

moment of this system of forces relative to axis a will be equal to 

(qyx+mjdx. In accordance with this, the projection of principal 

vector of external forces and proJf.*ction of principal moment 

M can be determined by formulas: 
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('1.3.2) 

» » 

Q, - [ </* </jf, Mt »= j 

AccorainE to (4.3.2) equations (4.3.1) can be given the form 

(M.3) 

Equations of forces and morrents (4.3.3) tocether with differential 

equation of flexural vibrations (4.2.19) and boundary conditions 

(4.2.21) determine the motion of mobile coordinate system in the 

pitching plane and flexural vibrations of body, appearing in this 

plane in the process of rnotiin of the rocket. 

Let us now show that function u(x, t), found from differential 

equation (4.2.19) with boundary conditions (4.2.21), will always 

satisfy integral conditions: 

» » 

(4.3.3) 
ï m 

in accordance with equations (4.3.3)» which determine accelerations 

and Integral relationships (4.3.4) play an important 

role during investigation of flexural vibrations of the rocket body. 

By Integrating both sides of equality (4.2.19) with respect to 

variable x from a to i, we obtain relationship 

« 

.J».«**—„J»<<*+(-/».+/. 
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or according to (4.2.21) 

» 

J ^*dx==\<i'dx-w'»\v‘dx-djj¡\jxvd*- (4.3.5) 

Having multiplied both sides of equation (4.2.19) by x and 

integrated with respect to x from a to we obtain equality 

J x~L[£ (fi' S - '■ £¿\jx 
f * * =J x^dx—w» I xtdx-^^x'tdx- 
• • i 

* 

naving integrated this relationship by parts, it is possibi« 

to convert it in the following manner: 

* * • 

^+[i—.+j. ^)C- 

or according to (4.2.21) 

* » ' • * (4.3.6) 

=}x9,dx-w„^dx-ä^^dx+^m,-j'd-ZL')dx. 
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In accordance with the first of boundary conditions (4.2.21) 

there should exist equality 

and thus, relationship (4.3.6) can be given the form 

» • • 

r 
* * —*0, J JCJ» dx-^j*- J (jfy+JJdx. 

(4.3.8) 

By using equations (4.3.3), it is possible to convert equalities 

(4.3.5) and (4.3.8): 

• m 

I * 1 

+¾- ]• 

(¢.3.9) 

Total mass of rocket m, coordrnate of its center of mass 

and moment of inertia J can be expressed by integrals: 
3 

m=^0</T, xc^xrdrt = (4.3.10) 
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where V - region occupied by the rocket with ncndeformed state of its 

body (deformation of the body do not affect the coordinate of center 

of mass xc because of our selection of mobile coordinate system x, 

y s s; we will everywhere disregard the effect of deformations of the 

body at moment of inertia since this moment of inertia enters 

equation (4.3.3) with small factor Integration of some 

function with respect to cross section of region 5 and having then 

completed integration of the obtained result with respect to variable 

X from a to b. Thus, formulas (4.3.10) can be given the form 

» • 
y'Qds'jdx, 

or according to (4.2.16) 

» * 

majju/x, jrc=*-i-JacjM/x, 

• « 0 

(4.3.11) 

In accordance with equalities (4.3.11) relationshios (4.3.9) 

can be reduced to form 

(4.3.12) 

(x6, = 0, since the origin of coordinate system x, y,- z is combined 

by us with the center of mass of the rocket). According to (4.3.12) 

there should exist equalities: 

dfl (4.3.13) 
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[when performinc time differentiation in the left sides of relation¬ 

ships (4.3.13) the slow change of form of functions u and J8, 

appearing in the process of rocket flight, can be disregarded, 

since these functions figure :n (4.3.13) with small factors v and 
dv -i 

dx 

Let us assume that before the initial moment of time of rocket 

flight t * íq there are no deflections of its body v(x, ¢). In 

this instance there will take place relationships: 

(4.3.14) 

By twice integrating the left and right sides of equalities 

(4.3.13) with respect to time t from tQ to t, according to (4.3.14) 

we obtain integral relationships (4.3.4). 

§ 4. Differential Equations of Motion of the Rocket 
in Pitching Plane Considering the elasticity 

of the Rocket Body 

Let us now construct expanded expressions for lateral linear 

force q. and linear moment ma, which enter equations of forces and 

moments and equations of flexural vibrations (4.2.19). Successively 

let us examine linear forces and linear moments, being generated 

by the force of gravity, aerodynamic forces, reactive forces and 

controlling forces and moments. 

1. Force of gravity. In accordance with the first of formulas 

(4.2.16) function g(x) represents the mass of rocket, taken per unit 

of its length in cross section S, having abscissa x. In connection 

with this, it is accepted to call function u(x) the linear mass of 
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the rocket. Vector of linear force q, being generated by force of 

gravity, will be equal to up, where g - vector of acceleration of 

force of gravity. By projecting vector q to axis y, we obtain 

relationship 

(JM.l) 

The center of mass of any cross section of the rocket will lie 

on its longitudinal axis, since we assumed the rocket symmetric 

relative to planes y - 0 and s * 0. Thus, the force of gravity 

cannot generate linear moments and in this case there will take place 

equality 

«,-a 
(H.4.2) 

2. Aerodynamio foroea. In this case we will consider lateral 

linear force proportional to the local angle of attack in accordance 

with the original prerequisites, formulated in I 1. By designating 

the proportionality factor through o(x, t), we obtain equality 

• 

(4.4.3) 

where a* - local angle of attack. As can be seen from Pig. 4.1 

angle ¢, to which the cross section of the rocket is turned in the 

process of bending, during small flexural vibrations can be considered 

equal to derivative 3v/3x. In this instance the local angle of 

attack a* will be determined by equality 

(H.H.IO 

where a - angle of attack, corresponding to nondeformed state of 

rocket body, i.e., angle between direction of velocity vector of 

center of mass of the rocket and positive direction of axis x. By 

substituting (4.4.4) in (4.4.3) we obtain relationship 
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w(.+£). 
(4.4.5) 

In the considered case it is possible to asòume 

(4.4.6) 

since during investigation of the stability of motion the linear 

aerodynamic moments for all practical purposes can be disregarded. 

3. Reactive forcee. Lateral linear force q , corresponding to 

the action of concentrated force Q, on the elastic rod applied in y 
the section of rod with abscissa * * ¢, in strength of materials is 

considered as the limit, to which when e -»■ 0 there approaches linear 

lateral force q*(x), determined by equalities: 
y 

q*(x)=~ wh.n 5—y<-*<5 + Y* 

<l*(x)—0 whén -^-ard whan fc-)—— <X<b. 
(4.4.7) 

Graph of function q*(x) is shown in Pig. 4.3. Formulas (4.4.7) 
y 

can be given the form 

(4.4.8) 

where /(x, ç) - function determined in interval a < x < b by 

relationships : 

(4.4.9) 
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4 Pig. 4.3. 

The limit which function /(x, ç) .approaches when e 0 is 

:: r/r^r10"and 18 desi£nated by 4{i*£>- Th-> a=-^i„g 
8), In the considered case lateral linear force , (x) can 

be expressed by relationship ^ 

9» l*)“ Hm q*\x) (jr, Î). 
•mi (4./4.10) 

In accordance with formulas (4.4.9) at any small e there 

is observed equality 

t *+T 

J dx~ 1. 

* * t-4- 
(4.4.11) 

According to (4.4.9) and (4.4.11) delta function «Six, ç) possesse: 

properties 

w 
8(X,S)=0 wh.n JC/Í, fi(x, \)dx~l. 

(4.4.1?) 

In case of the action of concentrated moment M on the elastic 

rod, applied in the section of the rod with abscissa x = ç, the 

corresponding linear moment m3(x) can be expressed by equality 

m*(x)“M,6(x, I). (4.4.13) 

Analogous to equality (4.4.10). 
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Let us now lesignate by xT the abscissa cr the section of the 

rocket, in which to the supporting body there ts fastened the power 

plant. Total thrust force f will have the linj of action shown in 

Fig. 4.¿I. Projections of vector ? to coordinate axes x and y will 

be determined by equalities: 

Px = Pcos<p, P„=*Psin<|>, 0.4.14) 

where + angle between the direction of vector ’ and positive direction 

of axis x. In accordance with approximate equalities (4.2.7), 

established for angle 4) in § 2, formulas (4.4.14) can be given the 

form 

(4.4.15) 

Fig. 4.4. 

As can be seen from Fig. 4.4, reactive forces, acting on the 

rocket body in its section having abscissa x = x will be reduced 

to lateral concentrated force Q ana to concen .rated moment ^ , 
y z 

which according to (4.4.15) can be found by fc mulas: 

(4.4.16) 
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In accordance with equalities (4.4,10) and (4,4.13) for linear 

lateral force a and linear moment m in the considered case there 
• y 3 

will exist relationships: 

q»~p 

m,— -P(v)x-Mr*(x,xr). (4.4.17) 

In this case It is necessary to make the followinr, observation. 

In tne process of derivation of formulas (4.4.17) as the point of 

reduction of reactive forces we used point x = of nondefnrmed 

axis of the rocket in accordance with the meaning, which is usually 

placed in linear force q and linear moment in oripinal equations 

of equilibrium (4.2.1). The account of the influence, which is 

shown on flexural vibrations of the rocket body by change of line 

of action of total thrust force ? by means of formulas (4.4.17), 

is very approximate. However, in the problem about stability of 

flexural vibrations the given effect plays a comparatively unessential 

role in connection with this, its approximate account by means of 

formulas (4.4.17) is entirely sufficient for all practical purposes. 

4. Controlling forces and moments, fty x^ let us designate the 

abscissa of cross section of the rocket, in which its body is affected 

by controlling force, or controlling moment. If for motion of the 

rocket in the pitching plane the system of control creates controlling 

force F , the appropriate linear lateral force o according to 
U ynp* ^ y 

(4.4.13) can be determined by expression 

<h-Fyyvpb(X, Xj). (4.4.13) 

If the control system forms concentrated controlling moment 

/./ (case of control of thrust misalignment), the corresponding 
a ynp 
linear moment m according to (4.4.13) can be represented by relation- 

2 

ship 
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ynpô (X, Xf). 

In order not to subsequently separate at any time the above- 

indicated two cases of control of rocket notion in the pitching 

plane, we will assume below that the control system simultaneously 

generates linear lateral force and linear moment mz, expressed 

by equalities: 

Çj=Fiij«91 4(4.4.20) 

having agreed t') consider that M^’ynp^O when the control system 

forms controlling force, and assuming f¥rllp-0, y»p the 

case when actuating elements of the control system create concentrated 

controlling moment. 

By uniting linear lateral forces, determined by formulas (4.4.1), 

(4.4.5), (4.4.17) and (4.4.20), for total lateral linear force 

we obtain expression 

According to (4.4.2), (4.4.6), (-1.4.17) and (4.4.20) the total 

linear moment m can generally be expressed by relationship 
z 

m,= -P(v),.xl(x,xt)+ M^UxSr)- ( 4 .4.2?) 

By substituting (4.4.21) and (4.4.22) in equations of forces 

and moments (4.3.3), we obtain equations: 
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'»■W-f,]' (af-£:)íü<+p(-^.}Wi 5 + 
• • ë 

è 

+Ftr‘f¡ H^)äxt 

(-+-^)^+^(^ X 
* * * 

X j l(xtx,)xdx-P(v)x.Sy f Hxjcx)dx+Fyjuf \ 

or according to (4.3.11) and (4.4.12) 

{<, + £)cäx+pffl^+F,m 

* « 

Xx^x-Plv^+F,,"! HxsJxdx-j-Mi*" 

(4.4.23) 

(let us recall that the coordinate of center of gravity of the 

rocket always remains equal to zero). 

In accordance with formulas (4.4.12) for any function f(x), 

assigned in interval a <_ x < b, at any small positive e there 

should be observed equality 

j Hxt\)f{x)dx=f(\)¡ l(x,\)dx+^ Hxt\)[f(x)-f(i)]dx= 
• ë ë 

!+• 

=/(5)4-^ Í 

(4.4.24) 

t(x,t)l/(x)-/(t)]dx. 
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If function f(x) is continuous at point x = £, at any small 

n it is possible to find such a sufficiently small e, so that there 

would exist inequality 

1/(^-/(6) I <n when \— 

In this instance we obtain estimation 

{+• * 

(i».4.26) 

Inequality (4.4.26) can exist at any small n only when 

f *(jf,ï)!/(JC)-/U)lrfjc=a0* (4.4.27) 

r’rom relationships (4.4.24) and (4.4.27) ensues equality 

f l(x,l)f(x)dx=fi\), 
ë 

valid for any function fix), continuous at point x = Ç. 

According to (4.4.28) equations (4.4.23) can be given the form 

(<■+£-)cdxJrP^^ +F,,,,, 
ë 

J-^r=\[a+ii;)cxdx+p{xJt-v\-.+ 
(4.4.29) 
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Dy introducing meanings 

/'f-o J 
(^.4.30) 

it is possible to reduce equations (4.4.29) to form 

t * (4.4.31) 

Equations (4.4.31) represent equations of forces and moments, 

coinsidering the elasticity of the rocket body. In these equations 

according to (4.4.30) force Fy is the projection of principal vector 

of aerodynamic and controlling forces, acting on the rocket in the 

absence of flexural vibrations of its body to axis y, moment v 

is the projection of principal moment of these forces to axis l. 

Direct substitution of linear force q and linear moment n , 

determined by formulas (4.4.21) and (4.4.22), in the equation of 

flexural vibrations (4.2.19) leads tc the necessity of differentia¬ 

tion of delta function. In order to avoid this operation, let us 

replace equation (4.2.19) by a system of two differential equations 

in partial derivatives for deflection v(xt t) and shearing force 

Q(x, t), which is determined by formula (4.2.18). We obtain a 

system of two equations 

(4.4.32) 
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In accordance with formula (4.Z. 18) let us reduce boundary 

conditions (4.2.21) to the form 

Q-o wh«n (4.4.33) 

ày substituting q and m from (4.4.21) and (4.4.22) in (4.4.32), 
J ** 

we obtain system of equations 

^+^-- (a +-£■)+ 

3y uniting equations of forces and moments (4.4.31), differential 

equations in partial derivatives (4.4.34) and boundary conditions 

(4.4.33), we obtain equations: 

ë 

yt^£.=Af, + (iL cxdx + pi x^v\ . 
* dt * ‘ J dje 1 ( dx !*-*r 

r dt* T dx 

+ ? Mx-*rl (x.x,) - M <0y>n|t8 (x,xy), 
_ _ 

——’ = 0* Q = 0 ^en X=(l and »rhen«X=&« 
dJT* 

(4.4.35) 
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Equations (4.¾.35) represent motion equations of the rocket in 
plane pitching, considering elasticity of the rocket body. These 

equations determine the motion, being accomplished in the pitching 

plane by mobile system of coordinates x, yt 2, and functions y(x, t) 

Q(x, t)t characterizing flexural vibrations of the rocket body in 
pitching plane. 

System of equations (4.4.35) includes differential equations in 
partial derivatives. As we will show below, equations of motion of 

the rocket in pitching plane, listed in this paragraph, can be 

converted into infinite system of ordinary differential equations. 

This conversion is based on the investigation of so-called natural 

flexural vibrations of the rocket body, which we win examine in 

the following paragraph. 

5 Flexural Natural Vibrations of the Rocket Rody 
in the Pitching Plañe -- 

flexural vibrations of the rocket body in the pitching plane, 

proceeding in the absence of linear lateral force q and linear 

moments are called natural osoillationc of the body in the 

pitching planeAccording to (4.3.3) in the considered case accéléra 

tiors u0ÿ and are absent,and thus, differential equation of 

flexural vibrations (4.2.19) in this case assumes the form 

(4.5.1) 

Boundary conditions (4.2.21) in this case will change to 

boundary conditions: 

vmen X = il and 

when X=-b. (4.5.2) 
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In examining differential equation (4.5.1) with boundary 

conditions (4.5.2) we will assume below that functions p and j 
, z 
depend on only one variable x, disregarding the slow change of the 

form of these functions, appearing in the considered tine interval 

oecause of emptying of fuel tanks. 

Homogeneous differential equation (4.5.1) with homogeneous 

boundary conditions (4.5.2) possesses obvious solution v(x, t) = 0 

which it is accepted to call trivial solution of this boundary value 

problem. ¡Jontrivial solutions of differential equation (4.5.1), 

satisfying boundary conditions (4.5.2), will be sought in the form 
of the product of two functions 

v(x, t)~V{x)g(t), 

applying in the considered case the method called Fourier method, or 

method of separation of variables. By substituting (4.5.3) in 
(4.5.1), we obtain equality 

which can be reduced to form 

(4.5.4) 

t, 
The left side of equality (4.5.4) does 

the right side of this equality does not 
not depend on variable 

depend on variable x. 
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ThUs the ratios, fieurin£ in the left and right sides of equality 

should represent a certain constant, which we designate 

through X. According to, function V(x) must satisfy differential 

(4.5.5) 

and function g(t) - differential equation 

dfl (4.5.6) 

According to (4.5.2) and (4.5.3) 
conditions : 

there must be fulfilled boundary 

O tPV 
at-0 
' dx* * v 

*£. 
dfl 

0 

when X—U and 

»rhan X=b, 

which can be given the form 

when X—a air 

whan X— b 
(1-5.7) 

in accordance with differential equation (¢.5.6). In order that 

condition (¢.5.7) would be fulfilled at any moment of tine t 

function f(i) must satisfy boundary conditions: 



when X — 0 and 

when X = (¿1.5.8) 

Differential equation ^.5-5) with boundary conditions (¿1.5.8) 

with any value of numerical parameter X has trivial solution 

/(x) = 0. The values of parameter X, at which the boundary value 

problem formed by“ differential equation (¿1.5.5) as boundary conditions 

(¿I.5.S), has nontrivial solutions, are callet eigenvalues of this 

boundary value problem. Nontrivial solutions of differential equation 

(¿1.5.5) with boundary (¿1.5.8), corresponding to eigenvalues of the 

riven boundary value problem, are called its eigenfunctions . Let 

us show that eigenvalues of the boundary value problem, formed by 

differential equation (¿1.5.5) and boundary conditions (¿1.5.8), 

are real and nonnegative. 

Let us examine two eigenfunctions of the considered boundary 

value problem V(x) and '/*(x), corresponding to eigenvalues X and 

X*. Function V(x) will satisfy differential equation (¿1.5.5) and 

boundary conditions (¿1.5.8), function ^(x) - differential equation 

B. 

d 
dr 

dlV 

4# 

(¢.5.9) 

and boundary conditions: 

when X=a and 

when X — b. (¿1.5.10) 

According to (¿1.5.5) there should exist equality 

p.VV*dx=0. (¿*.5.11) 
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3y carrying out integration by parts in (4.5.11), we obtain 
relationship 

» 

« * 

dv dV* 
dx dx 

f|iW)rfjc=0. 
(4.5.12) 

By means of integration by parts equality (4.5.12) can be 

reduced to form 

B ^ —Yl. 
* dx* dx* 

d*V \x-» 

äx* 'x— 

H J. dV dV dx dx 
dx* 0, 

or in accordance with boundary conditions (4.5.8) 

f B, —~ix—\ \ [i.* m+tVV)dx. J y dx* dx'- i V àx ' ) 
(4.5.13) 

Analogously, having multiplied both sides of equation (4.5.9) 

by V and having integrated them with respect to variable x from* 

a to b, we obtain the equality, which by means of integration by 
parts can be given the form 
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» 
<nv 
djfl 

dx=\9 dx. 

If for a certain complex value of parameter X differential 

equation (4.5.5) has nontrival solution 7(x), which satisfies 

boundary conditions (4.5.8), then when X* - \ the boundary value 

problem, formed by differential equation (4.5.9) and boundary 

conditions (4.5.10), will have nontrivial solution K*(.t) = 7(.r). 

In the considered case equality (4.5.13) takes the form 

m 

By 
(py 
djfi 

<PV 
djfl 

or v 

(4.5.15) 

In accordance with formulas (4.2.16) there should always be 

observed Inequalities: 

P>0, A>0. (4.5.16) 

According to (4.5.16) equality 

5 m+w)"-* 
ë 
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can exist only for function V(x), identically equal to zero in 

interval a <_ x <_ b. By assumptions, function V(x) represents 

nontrivial solution of differential equation (4.5.5), and, thus, 

integral, figurine in the right side of relationship (4.5.15), 

cannot be equal to zero. Prom (4.5.15) ensues equality 

t 

(4.5.17) 

in accordance with which eigenvalue X must be real. Having assumed 

that the boundary value problem, formed by differential equation 

(4.5.5) and boundary conditions (4.5.8), has complex eigenvalue, 

we arrived at a contradiction. Thus, we proved the substantiality 

of eigenvalues of the considered boundary value problem; from 

equality (4.5.17) there also ensues nonnegative character of these 

eigenvalues, since the denominator of the fraction, figuring in the 

right side of relationship (4.5.17), is positive, che numerator of 
this fraction is nonnegative. 

Prom formulas (4.5.13) and (4.5.14) ensues equality 

n—n J (a dV dV* 

dx dx 
?VV)dx=0, (4.5.18) 

in accordance with which the eigenfunctions of the considered 

boundary value problem 7(x) and P»(x), corresponding to its various 
eigenvalue A and A*, must always satisfy condition 

-f nW’j dx=Q. 
(4.5.19) 
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The property of eigenfunctions, expressed by integral relation¬ 

ship (¿4.5.19), is accepted to call the propeity of their orthogonality. 

When X = 0 differential equation (¿4.5.5) degenerates into 

equation 

(¿4.5.20) 

boundary conditions (¿4.5.8) when X = 0 take tue form 

(¿4.5.21) 

According to (¿4.5.20) there should exist equality 

(¿4.5.22) 

where and - arbitrary constants. In accordance with boundary 

conditions (¿4.5.21) both constants and C2 be equal to zero. 

By assuming in (¿4.5.22) * ^2 “ we obtain a differential 

equation having two linearly independent solu.ions: 

Both these solutions satisfy boundary conditions (¿4.5.21), 

and, thus, the boundary value problem, formed by differential 

equation (¿4.5.5) and boundary conditions (¿4.5.8), has eigenvalue 

X equal to zero. To this eigenvalue correspond two eigenfunctions 

of the boundary value problem determined by formulas (¿4.5.23). All 

the remaining eigenvalues of the considered boundary value problem 

must be positive. These positive eigenvalues will be designated 

^ ^•••, having agreed to number them in ascending order, 

eigenfunctions corresponding to them - by ^.(-), ¿ - 1> 2, 
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According to (^.5.3) to the first of eigenfunctions (11.5.23) 

correspond identical movements of cross sections of the body, to 

the second of these eigenfunctions - movements proportional to 

abscissa of cross section x. In the first case function v(x, t) 

determines the forward movements of the rocket body in the pitching 

plane, to the second case corresponds rotation of the body around 

axis 3. Both these motions are not accompanied by deformations 

of the body, and, thus, the eigenvalue of the considered boundary 

value problem, equal to zero, of flexural natural vibrations of the 

rocket body is not determined. 

To the positive eigenvalue of boundary value problem x . 

according to (^.5.3) and (4.5.6) there will correspond function 

v(xt t), determined by formula 

whe 

v(x,f)~Vj(x)Kj(t), 

re g At) - solution of differential equation 

dfi 
■)jg]=0. 

Assuming 

it is possible to reduce equation (4.5.25) to the form 

(4.5.24) 

(4.5.25) 

(4.5.26) 

(4.5.27) 

General solution of differential equation (4.5.27) can be 

presented in the form 

&(0 “Cj cos (wjf+(^), (4.5.28) 

where Cj and 4^. - arbitrary constants. 
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By substituting (4.^.28) In (4.5.24) for deflection of rocket 

body y(x, ¢) we obtain expression 

y(x, O-CjlMxJcosM+Ç;’. (4.5.29) 

According to (4.5.29) in the considered ■ aie at any moment 

of t the movements of cross sections of the ï ody Is proportional 

to corresponding values of function ^.(x). Thus, functions 

y.(x), ,7 = 1, 2, ... determine the forms of natural flexural vibra- 
J 
tions of the rocket body, nurr.oers w., j = 1, 2, ... in accordance 

J 
with formula (4.5.29) determine the frequencits of these natural 

oscillations. It is accepted to call différertial equation (4.5.27) 

the differential equation of natural oscillations. 

We showed above that differential equati'n (4.5.5) with 

boundary conditions (4.5.8) has two eigenfunc ions 7 = i and 

V ■ X, corresponding to eigenvalue X = 0, and the sequence of 

eigenfunctions ^.(x), j = 1, 2, ...» correspo ding to positive 
Jo «/ p 

eigenvalues X. = <*>.. .i = 1. 2. ... Assuming n (4.5.19) V = V., 

V* - 1, for functions V.(x), j » 1, 2, ... we obtain integral 
J 

relationships : 

(4.5.30) 

When V = V., V* = X from equality (4.5.19) there will ensue integral 
J 

relationships : 

» 

« 
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When lüj ¥ ufe> assuming in (4.5.19) V a Vy v* m vk> for the foriT!S 

of natural oscillations of condition of orthogonality we obtain 

With derivation of differential equation of flexural vibrations 

of the rocket body we did not consider energy dissipation inevitably 

accompanying any real oscillatory process. In accordance with this, 

the obtained differential equation of natural oscillations (4.5.27) 

predetermines the harmonic character of the considered natural 

oscillations of the rocket body. In order to take into account 

damping of natural oscillations, it is necessary to replace equation 

(4.5.27) by differential equation 

(4.5.33) 

Having repeatedly conducted natural dynamic tests of various 

rockets, and also dynamic tests of structurally similar rocket 

models (see [14]), attest to the fact that for elastic oscillations 

of the rocket body the logarithmic decrement of natural oscilla¬ 

tions for all practical purposes does not depend on the number of 

their tone, designated in equation (4.5.33) through j. The logarithm! 

decrement of natural oscillations is proportional to the ratio of 

damping factor e. to the frequency of oscillations w.. Thus, for 
V J 9 

equation (4.5.33) it is possible to approximately assume 

(4.5.34) 

where n - dimensionless coefficient, independent of number or tone 

j. Coefficient n usually lies within 0.01 to 0.02. According to 

(4.5.34) differential equation (4.5.33) can be given the form 



(4.5.35) 

In conclusion of this paragraph let us note that differential 

equation (4.5.5) with boundary conditions (4.5.8) determines 

functions Vx)t j * 1, 2, ... to within arbitrary constant factors. 

For elimination of this indeterminancy functions V.(x), ,j = 1, 2, ... 

are always subordinate to some additional condition. As such an 

additional condition we usually use initial condition 

(X)-l when*»* 

5 6. Calculation of Forms and Frequencies of 
Natural Flexural Vibrations by Method of 

Successive Approximations 

For calculation of the forms and frequencies of natural flexural 

vibrations it is possible to use the method of successive approxima¬ 

tions discussed in this paragraph. 

Let us assume approximation for j-th form of 

natural oscillations (x). Relative to function yj*--b(x) we will 

assume that it satisfies conditions: 

» 

(,.6. 
* . 

wn*n X — a% 

in accordance with integral relationships (4.5.30) and (4.5.31), 

and to initial condition (4.5.36), which we will adhere to every¬ 

where in the subsequent discussion, "-he following approximation 

^7**(*) ^01, function Fj(x) will be conditionally determined from 

differential equation 



(^.6.2) 

with boundary conditions: 

*.Æ=,0 

— By -!— 1-/-/7, -1— ~0 
/.Ï V djfl J r ! dx 

dvV-" 
"h*n JC=fl and 

when Jf=^ ('<.6.3) 

[see (4.[>.5) and (4.5.8)], having required in this case that the 

30uGht function K)»)(x> satisfy conditions: 

J VJ*>iu/jc=0, 
« 

« 

= 1 when X=a 

(4.6.4) 

[see (4.6.1)]. As we will see subsequently, differential equation 

(4.6.2) with boundary conditions (4.6.3) and additional conditions 

(4^.6.4) uniquely determines function V«>(x) and numerical oarame'-er 

X/>, which figures in differential equation (4.6.2) and in boundary 

conditions (4.6.3). 

According to (4.6.2) and (4.6.3) there should exist equality 

S vy-'wx- (4.6.5) 
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In accordance with the first of relationships (4.6.1) boundary 

condition 

dVj *-D d \ 
— -1—— = 0 X = a H When 

will be fulfilled. 

Differential equation (4.6.5) can be reduced to form 

d 

dx 
[b„ ^ vy-'Wx-xy'xVŸ-"* 

ë 

= - xy^v'^-'v - xy»> jt —L—, 

or 

ë 

= + A 

(4.6.6) 

According to (4.6.6) and (4.6.3) there should exist equality 

B. 
<nv\" 
djfi 

* * ! 

dx )dx- (11.6.7) 

Boundary conditions 

B, £111=0 
djfl 

when X~ d SI when X—b 

will be fulfilled in accordance with relationships (4.6.1). 
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Equation (4.6.7) can be reduced to form’ 

rfjr* * B,(x) * (4.6.8) 

where 

(4.6.9) 

Assuming in (4.6.8) 

(4.6.10) 

for function F^^x) we obtain differential equation 

Äf(x) * (4.6.11) 

According to (4.6.4) and (4.6.10) function F‘*> (x) must 
satisfy conditions: 

5 0, J +7, rfx=0 (4.6.12) 

Differential equation (4.6.11) has particular solution 

where 

(4.b.l3) 
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which can be checked by twice differentiating both sides of equality 

(^.6.13) with respect to x. Thus, general solution of differential 

equation (4.6.]1) can be presented in the form 

( U. 6.14) 

where and - arbitrary constants. 

By substituting (4.6.14) in (4.6.12), for constants and 

we obtain system of equations 

* p * C| J pd-t+C, J ?xdx= -j jfvix, 

C, j v-xdx+(pxH A) d.f = - J [xlft + y, dx< 

or according to (4.3.11) 

mC,= -j PP***' 
a 

Û 

(4.6.15) 

(let us recall that the coordinate of center of mass of the rocket 

XQ is always equal to zero). 

By substituting C1 and C? from (4.6.15) into (4.6.14), for 

function Fp (x) we obtain expression 

ë 

+mx \ (^"’H A-^)rfx|. 
Æ * 

(4.6.16) 
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According to (4.6.4) and (4.6.10) there should exist equality 

Xi*)/«) (a)-1. 
(4.6.17) 

From formulas (4.6.13) and (4.6.16) we find 

1 
m t x \ [f?w. -rmax)~majt (4.6.18) 

In accordance with equalities (4.6.17) and (4.6.18) numerical 

factor î.j*1 should have a value determined by formula 

(*(/* + max) + majt (4.6.19) 

By substituting (4.6.16) and (4.6.19) in (4.6.10), for the 

sought function ^ (x) we obtain expression 

/,j /jV* + -ur J (x/J*V + AÆjrfjr-Â/f/j»,(je) 

5 |/}*V (/* + max) + majg • fjj J 
(4.6.20) 

ix 

Thus, by knowing (fe - 1) approximation of for function 

Væ), lt 15 P°ssible to calculate the following approximation 

Vy(x) by formulas (4.6.9), (4.6.13) and (4.6.20). For determining 

the first form of natural oscillations as Initial approximation 

IT (X) there can be taken the arbitrary function, according to 

(4.6.1) satisfying conditions: 
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» J V<*Wx=Qt 

ë 

K<0)==1 wnen X—û. 

(4.6.21) 

It 1s possible to assume, for example, 

VJ01 ( jc) =■ C0 -f C,jr -}- C^. (4.6.22) 

having determined coefficients Cq, and froit conditions (4.6.21). 

The sequence of functions VJ*> (x), ik*=l, 2, ... will always converge at 

function J^(x), which determines the first form of natural oscilla¬ 

tions, and numerical sequence constructed in accordance 

with formula (4.6.19), will always have limit X^, according to 

(4.5.26) determining the square of the first frequency of natural 

oscillations of the rocket body. For finding the second form of 

natural oscillations as initial approximation (x) there she *ld 

be taken the function, according to (4.6.1) satisfying conditions: 

» 

J i^V*=o, 
ë 

(4.6.23) 

V^0) = l Wh»n JCs=a 

and furthermore, condition 

(4.6.24) 

in accordance with properties of orthogonality (4.5.32). By knowing 

function ^(x), it is possible to construct initial approximation 
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for function having assumed 

vyw-cy^w+cy^x). (4.6.25) 

According to (4.5.30), (4.5.31), (4.5.36) and (4.6.21) the 

first two conditions from (4.6.23) will be fulfilled at a-:y values 

of coefficients and Cg, the third condition will be fulfilled, 

if constants and satisfy equation 

Ci+Cj*»!. (4.6.26) 

Having substituted (4.6.25) in (4.6.24), for coefficients 

and C2 we obtain equation 

» 

(4.6.27) 

Having determined constants and C2 from equations (4.6.26) 

and (4.6.27), by formula (4.6.25) we find function VJ0, (*)» which 

satisfies all the necessary conditions. The sequence of functions 
h 

V2(x), b * 1, 2, ... will converge at function V^ix), which determines 

the second form of natural oscillations, and numerical sequence 

will have limit X2, determining the second frequency 

of natural oscillations. As initial approximation VJ,0» (x) for 

function ^(¢) there can be taken function 

vTUHC.iW+CjV.i*), 
(4.6.28) 
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where and C2 constants, determined by equations: 

Ci+^a—1» 

(^.6.29) 

and so forth. 

Let us note two specific cases, which can occur in the process 

of performing the above-indicated calculations. 

If point X * a is nodal for the j-th form of natural oscilla¬ 

tions, condition (4.5.36) for this value of index j becomes impracti¬ 

cable. Then the determined integral, which plays the role of 

denominator in formulas (4.6.19) and (4.6.20), when k-fOO Will 

approach zero and the process of successive approximations will 

become divergent. In the considered case condition (4.5.36) should 

be replaced by some other additional condition for function ^.(x). 
J 

If function V{0> (*) is randomly orthogonal to function V .(x), 
J 

i.e., if at certain j there appears equality 

the j-th form of natural oscillations in the process of the above- 

indicated calculations will be omitted. In connection with this, 

during calculation of the forms and frequencies of natural oscilla¬ 

tions by the considered method of successive approximations, it 

is useful to perform computations twice, proceeding from two 

different initial approximations 



S 7. Conversion of Equations of Motion of the Rocket 
1ft-- Pitching Plane to Infinite System of Ordinary 

Differential Equations 

By knowing the forms and frequencies of natural flexural vibra¬ 

tions of the rocket body, It Is possible to convert equations 

(^.35), containing differential equations in partial derivatives, 

into infinite system of ordinary differential equations. 

We showed above that the boundary value problem, formed by 

differential equation (4.5.5) and boundary conditions (4.5.8), 

possesses two eigenfunctions 1 and x, corresponding to eigenvalue 

X » 0, and sequence of eigenfunctions Mx), j » 1, 2 

corresponding to positive eigenvalues of the given boundary value 

problem. Sequence of eigenfunctions 

1.* Vi(x), V,(x)t... (4.7.1) 

possesses so-called property of completeness, which is expressed 

in the fact that any function /(x), continuous in interval 

a 1 x 1 can be expanded into series according to eigenfunctions 
(4.7.1) 

. m 

(4.7.2) 

converging at any point of interval a < x < b to the corresponding 

particular value of function fix). 

As a result of emptying of fuel tanks, functions p and j 

which figure in differential equation (4.5.5) and boundary conditions 

(4.5.8), change their form in the process of rocket flight. In 

accordance with this, different forms of natural flexural vibrations 

of the rocket body will correspond to different moments of time t. 

in other words, eigenfunctions of boundary value problem, formed 

by differential equation (4.5.5) and boundary conditions (4.5.8), 

will depend on time t. At ary moment of time t the sequence of 
functions 
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lx. Vxix.t), V,(je,/),... 
(4.7.3) 

will possess the property of completeness, and, thus, at each 

moment of time t the deflection of the rocket body v(x, t) can 

be represented by series 

(4.7.4) 

converging at any point of interval a < x < £> to the corresponding 

value of deflection i>. 

Let us first determine coefficients of expansion (4.7.4) 

C^(t), C^t). In § 3 we showed that function uix, t), found from 

differential equation (4.2.19) with boundary conditions (4.2.21), 

will always satisfy integral conditions (4.3.4). By substituting 

(4.7.4) in (4.3.4), we obtain equalities: 

or according to (4.3.11), (4.5.30) and (4.5.31) 

/nC,-0, /,C|—0 (4.7.5) 

(x^ = 0). Thus, in expansion (4.7.4) coefficients C^U) and C^U) 

will always be identically equal to zero and in accordance with this, 

deflection of rocket body j(x, t) will be sought in the form of 

series 

*-i 

(4.7.6) 
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By substituting series (4.7.6) in the first two equations of 

(4.4.35), we obtain equations: 

*•1 • 

v.-^-a*.+2 4 
»-1 a 

where 

»-! 

(4.7.7) 

» 

(4.7.8) 

Let us now substitute series (4.7.6) in differential equations 

in partia] derivatives, contained in equations of motion (4.4.35). 

In the process of motion of the rocket the forms of flexural natural 

vibrations of its body change slowly and in connection with this 

during calculation of partial derivatives in time t of deflection 

v(x, t) for all practical purposes it is possible to disregard the 

relationship of function K*(x,1,2,... to time t. In this 

instance, by substituting series (4.7.6) in differential equations 

in partial derivatives, shown in (4.4.35), we obtain relationships: 
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2 -£-(a'^)ft-A| -$- ^-Q-/.Â+ 
• ' 

+P2 (^~^(**>-*«,»(-Mj>. 

(4.7.9) 

In both sides of the first equation from (4.7.9) by multiplying 

by Vjixj t) and integrating with respect to variable x from a to 
bt we obtain equality 

¿ \ VVifdx V^x-V*dx{w„-g,)- 
t-1 m . » a 

* * - . * 
-\xV*<tx-±-+<, \ V,«<x+2 ^ VI 

« . « hml • 

• * • * 

+ P 2 ) '>'Mxjc,)<lx+F,ri \ VMx^,)dx. 
.»-1 ' * T a a 

(4.7.10) 

Having multiplied both sides of the second equation from 

(4.7.9) by —dVjJdx and integrated them with respect to variable 

x from a to è, we obtain relationship 

*-l a 

(4.7.11) 

+i Q-â*—] 
* • *-i 

xi ^HX'Xjdx. 
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AccordinE to (4.7.10) and (4.7.11) there should exist equality 

È ! (^+-5- %-'■)<* X 
*-i g 

* _ « 

1.-. ft *«<.•* 
r dif ^ 

-(l'.u», \ -jJ-tU.x.JdxjJft+A',,.; J Vt(**r)‘lx+ 
* . . « 

+^% ^ ~ •(jr.^rfjc. 

According to (^#5.5) and (^.5.8) function K*(jc,/) must satisfy 
differential equation 

(4.7.12) 

(4.7.13) 

and boundary conditions: 

wh»n X=a and 

"hen (4.7.14) 

By integrating in (4.7.13) with respect to variable * from a to 

X and in this case taking into account boundary conditions (4.7.1H) 
we obtain equality 



By 
dWk 

dxl dx V#Jx—0. 
^.7.15) 

In accordance with equality (4.7.15) thex*e should exist relation¬ 

ship 

41 ë 

+x* \ ^ V&dxdx. 

(4.7.16) 

By integratinc both sides of identity 

with respect to variable x from a to fc, we obtain equality 

( \ Vipdxdx+\ V,VjKtx. 
(¢.7.17) 

According to (4.5.3d) and (4.7.17) there should exist relation¬ 

ship 

* âv ‘ 
\ ~dx~ ) Viikdjcdx==-\ Vy#**, 

(4.7.18) 
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in accordance with which formula (4.7*16) can be reduced 

By using the boundary condition, shown for function 

equations of motion (4.4.35), we find 

According to (4.7.19) and (4.7.20) equation (4.7.1?) 

given the form 

- » 

2 ) 

X(Wo»-tff)-^ + Vicdx+ 
a ^a 

+2(iv' 
*-l a a 

* y * 

a a 

+^M * 
ã 

or In accordance with equalities (4.5.30), (4.5.31) and (< 

i [^+(17) >«] rfjc ( =0 yv>¿jc + 

+| {} ^^^+^(^-)..,, i VMx¿t,)<¡x- 
» * 

to form 

(4.7.19) 

« in 

(4.7.20) 

can be 

*5.32) 

(4.5.21) 
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By using formula (4.^.28) and equality (4.5.26), it is possible 

to reduce equation (4.7.21) to the form 

f 

or 

where 

m) \ vy¿*-V c/*g,T 
• ».i 

doc jjr-x, 

« 

ca=A> ( Vj^L) - \ ^ 
\ OX dx J 7 dx 

(4.7.22) 

(4.7.23) 

Equation (4.7.22) can be treated as a differential equation of 

forced oscillations of the rocket body, caused by aerodynamic forces, 

controlling forces and loads, appearing as a result of the effect 

of bending of the body on aerodynamic and reactive forces, acting on 

the rocket. If we do not consider the effect of bending of the 

rocket body on the line of action of total thrust force of the 

engines, differential equation of forced oscillations (4.7.22) 

in the absence of aerodynamic and controlling forces will degenerate 

into differential equation of natural oscillations (4.5.27). 
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Equation of forced oscillations (4.7.22) is obtained by us 

without allowing for energy dissipation, appearing in the process 

of oscillations. In i 5 we showed that energy dissipation, which 

accompanies natural oscillations of the rocket body, can be taken 

into account by substituting the equation of natural oscillations 

(4.5.27) by differential equation (4.5.35). In accordance with this, 

energy dissipation can be taken into account in equation of forced 

oscillations (4.7.22), by substituting this equation by differential 

equation 

'"'(ó£-+v'J£+-H -« 1 <«,+ 
« *-i 

» /<v,x (4.7.24) 

+{v,]r-x’F'’'*+(ir)*-*rM‘0U- 

By uniting the equations of forced oscillations of the rocket 

body corresponding to various tones of these oscillations, and adding 

equations of forces and moments (4.7.7) to this infinite system of 

differential equations, we obtain equations 

w 

»-i 

»-j 

mj i vJcdx^ 
*-l m 

y«l. 2.... 

(4.7.25) 

Infinite system of ordinary differential equations (4.7.:^5) 

determines the motion, being accomplished by mobile coordinate 

system x, y, a, and infinite sequence of functions c^U), 
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Deflection of rocket body y(x, t), appearing in the process of 

flexural vibrations in the pitching plane, can be detern.ined by 

functions j = 1, 2, ..., by summarizing series (¿1.7.6). 

§ 8* Differential Equations of Disturbed Motion 
in the Pitching Plane. Considering the 

Elasticity of the Rocket Body 

By changing to construction of differential equations of 

disturbed motion, through g-^, g••• let us designate time functions, 

determining flexural vibrations of the rocket body, corresponding 

to undisturbed motion, and through g'^, g^» ... let us designate 

time functions determining flexural vibrations of the body, appearing 

in the process of disturbed motion of the rocket. In Chapter I, 

proceeding from equations of forces and moments: 

J. dt 
(4.8.1) 

we obtained equations of disturbed motion of the rocket in pitching 

plane : 

¿I jr, , 

y* ^7* —r»iAi*-f-AAft. ( 4.8.2) 

Thus, to the first two equations of system (4.7.25) there will 

correspond equations of disturbed motion: 

=*'*&*•+(4.8.3) 

J' ~dp^*' ~7T 
m 
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(H.8.U) 

(small changes, which coefficients o . and ci* during transition 

from undisturbed motion to disturbed, can be disregarded, since 

these coefficients in equations (4.7.25) are multiplied by functions 

gk, being small in accordance with our assumed smallness of flexural 
vibrations of the rocket body). 

According to (4.7.25) functions j - 1, 2, ... will be 

determined by equations: 

• • . »-1 m 

+ ynpi /-1.¾.... 

(4.8.5) 

where o', c', l/J, F'e,rtp and - functions determining the angle 

of attack a, coefficient o, form of flexural vibrations V., controlling 

force Fyillp and controlling moment for the case of disturbed 

motion of the rocket (in view of the assumed smallness of functions 

nHr ana -^/=^2.- the small changes, which coefficients with 

these functions can undergo in the case of transition from undisturbed 

motion to disturbed, can be disregarded). Assuming in (4.8.5) 

. F/ = 1,2,....,0 =(1-1- aq, c'=c Af|, 

^=^+4^/=1,2,... - (^.8.6) 

and disregarding the products of small quantities ao, &Vj, 
dx 

jaal,2,...tàc,Flfni—Fiyut and we obtain equations 
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m'++“î«')+S ^++^ ^+ *-« ' 
•* ■ * • * t ■ 

+*5Af/)+2c*Afta“(a+A°)J^icrfjf+a f àVpdx+a f V&cdxi- (4.8.7) 
*-l à S m 

ww, „,+(4V,W/,^+ (-^-)^, ' 

i diV,\ 1 

+ ("ãT w*y==1, *•“* 

According to (^.7.25) equations (4.8.7) can be civen the form 

mj (¾^ +nulj T?+“}A^) +S 0»A£*-A°J Vjcd*+ 

ri^+aj AVjcdx+ 

+a J + [(“ÃT ),-,y_ 

-(¾) 

By using transition matrix (1.12.5) and approximate equalities 

(4.8.8) 

a= -Ü2., a'= - , we find: 
Vat WOur 

Ao—a' —a= 
1 “ ®0-f 

»ax 

%-Pqf^-Po, AVy 

wax wax . 
(4.8.9) 

In accordance with equality (4.8.9) equations (4.8.8) can be reduced 

to the form 

mJ (-“+9-/ +•} w)+V ^^+^1^,+ 

iàV 
(4.8.10) 

+ = (V'llr-Xy^^.y,,,^lijn^ + A^;, /**1» 2,... 
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where 
9 9 

r*—V)cdx, (^.8.11) 

AF,*« J bY¡cdx-\-a^ Vfrcdx 

L-, 
(^.8.12) 

force 
V/hen the actuating elements of the control system form controlling 

^Vy«**tf#*A**. Mgjtp^O. (*».8.13) 

If the actuating elements create concentrated controlling 

moment, then 

MW« ^Mgypp nClaAt». 
(*».8.1»») 

Thus, equations. (4.8.10) can be given the form 

mi(~7fiT + ^ +J chW»+chbV,+ 
1 M 

+^Ad*VH+AF|, y«i, 2,..., 

where 

(4.8.15) 

(4.8.16) 

when the actuating elements of the control system create controlling 
force, and 

•—eu (4.8.17) 
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when actuating elements of the control system create concentrated 

controlling moment, i.e., in case of control by thrust misalignment. 

By uniting equations (4.8.3) and (4.8.15) we obtain infinite 

system of differential equations 

=*C»iAî* + A/7,, 

-f^r»*A£*=f»iAÎ* +aA'„ (4.8.18) 
»-1 

m¡ + r.**; + T c h*V#+c^A® -! • 
• i 

IlF), j—\, 2,... 

Differential equations of disturbed motion (4.8.18) determine 

disturbances AO and Atf;,/"1, 2,... according to assigned function 

Aô»(0. which describes the operation of actuating elements of the 

control system, and according to assigned functions bFv(t), AM,(0 

and A/j(/), /-1, 2. which determine the disturbing force, disturbing 

moment and sequence of so-called reduced disturbing forces. 

By knowing the forms of natural flexural vibrations of the rocket 

body, we can determine the so-called reduced masses m ., j = 1, 2, ... 

and coefficients of differential equations of disturbed motion 

^V/. Oy» fjiit tfl, / = 1, 2,... and cjh, J—\% 2,..., k=1, 2,... 

by formulas (4.7.8), (4.7.23) and (4.8.11). When the actuating 

elements of the control system form controlling force, for calcula¬ 

tion of coefficients ^»,/-1,2,... formula (4.Ö.16) should be used, 

in case of control by thrust misalignment coefficients «yi./-1,2,... 

should be calculated by formula (4.8.17). 
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s 9. Calculation of Frequency Characteristics of 
the Rocket as the Oblect of Automatic Control 

by the Method of Summation of Series 

During investigation of the stability of motion of the rocket 

with allowance for elasticity of its body we usually apply the 

same frequency methods as in the question about stabilization of 

oscillations of liquid propellant components. 

By changing to consideration of the frequency characteristics 

of the rocket, considering the elasticity of its body» let us first 

determine the effect that flexural vibrations of the rocket have 

on the input signal of the automatic stabilization control. As 

a result of flexural vibrations of the body the gyroscopic instrument, 

designed for measurement of disturbance of angle of pitch AO, in 

actuality records angle AO*, made up of disturbance AO, corresponding 
to nondeformed state of the rocket body, and additional angle of 

rotation of the gyro instrument, appearing with bending of the body. 

As can be seen from Pig. 4.1, at small flexural vibrations this 

additional angle of rotation can be considered equal to partial 

derivative 3v/3x, calculated for the cross section of the rocket, 

in which the gyro instrument is located. By designating the abscissa 

of this cross section through xr, for input signal of automatic 

stabilization control AO* we obtain expression 

In examining the disturbed motion of the rocket in expansion 

(4.7.6) it is necessary to replace functions g1(t)t g2(t), ... 

by functions g%^(t)-^t •••> corresponding to the case of 

disturbed motion. Assuming in (4.9.1) 

v{x, o-3V.(oy.(*. o. (4.9.2) 
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/ 

for input signal of automatic stabilization control AO*we obtain 

expansion 

or according to (4.8.¾) 

l* 

(4.9.3) 

(in view of the assumed smallness of functions gf^, k * 1, 2, ... 

in expansion (4.9.2) it is possible to disregard small changes of 

functions k - 1, 2, ..., which can appear during transition 

from undisturbed motion of the rocket to disturbed). 

In accordance with formula (4.9.3) the input signal of automatic 

stabilization control, generated by disturbances Ad, Atfi, Aft, •.can 

be represented in the form of series 

A»* 
(4.9.4) 

(in formula (4.9.3) series 

determines the input signal of automatic stabilization control, 

generated by bending of the construction of the rocket during its 

undisturbed motion). 

During investigation of the stability of motion of the rocket 

in the vicinity of moment of time t * t as before we will use the 

% 
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method of quenched coefficients, substituting variable coefficients 

of differential equations of disturbed motion (4.8.18) by their 
particular values, corresponding to moment of time t « r. In 
formula (4.9.4) let us replace variable coefficients t 

*"1.2,... by their values, calculated for moment of time t - t. 
For determination of frequency characteristics of the rocket as an 

object of automatic control in equations of disturbed motion 

(4.8.18) it is necessary to assume 

aF^=0, AAf,«=sO, tiFy^O, 7—1, 2,..., Alt—e*"*, (4.9.5) 

find disturbances AV* AO, Atfi, Agt,... from the obtained equations 

and then by formula (4.9.4) determine the input signal of automatic 

stabilization control AO*, corresponding to case (4.9,5). By 

substituting (4.9.5) in (4.8.18) and finding the solution of obtained 

equations in the form 

Al^VV1-'» A»-0*'-', 7=1, 2. (4.9.6) 

for coefficients V^r e and ¢7^., j - 1, 2, ...we obtain infinite 

system of algebraic equations 

+ ÿcMG4=rM, 
*-! 

+G)+ 0,^,+^+2 C)fik=* 

"O*. 7*“1. 2,... 

(4.9.7) 

According to (4.9.4) and (4.9.6) in the considered case there 

will exist equality 

(4.9.8) 
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where 

6-(.), 

(^.9.9) 

By designating through 5J (q) and 
parts of complex-valued function 0*(a>) 

6Î (») the real and imaginary 
and assuming 

•* (.)=(.) cos <p0 (<u), 6; (ui)=*0(u,) sin 90 (.), 

it is possible to reduce equality (^.9.8) to form 

(^.9.10) 

(^1.9.11) 

Functions »„(«>) and »„(o,| determine the amplitude-frequency and 
phase-frequency characteristics of the rocket respectively as the 
object of automatic control. According to (t.9.10) functions 
Mu) and Vo(w) can be found by formulas: 

Ö1 («)]*+ [ ôîi«)]*, ?o(.)=ardg ~~. fh n ■ 

•iH (^.9.. 

Thus, calculation of frequency characteristics of the rocket 
as the controllable object Is reduced to determination of functions 

o an j<“), J • 1, 2, ... from Infinite system of algebraic 
equations (4.9.7) and to summation of series (4.9.9). Solution of 
Infinite system of equations (4.9.7) can be found by the method of 

successive approximations stated below, possessing rapid convergence 

By introducing meanings: 

(4.9.13) 
*-i 
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fN ^ ' M ~~^i 

efiamC)i-c)lVt~erf- £o4C4, y-i, .. 
*-i 

it U possible to reduce equations («.9.7) t0 the form 

(cm -j- irnm) +(f4| -f l^t) 

(r*i.+ /<••!*, — <JJt) 0=ch, 
my(•• j+«**)Gj^Cp, y^l, 2,... 

According to H.9.KU there should take place equalities 

V, = ~(>.» + '~v»)C. + ( 1. +If,--*/, ],1 
(<-w + /-Jn) (fM+ /+,Mj ^ + /<v-j, 

e=-- 
(C„ + i-«) (r||+ * 

(^.9.13) 
(Cont'd) 

(^.9.3^) 

('1.9.15) 
C/* 

my ("/+ —rf) * J2,... 

By substitutes (-..9.15) In (9.9.13), „e obtain equations: 

l^-Y 
U «..K 

C,i enen. 
«.('4+ '’J—.—*) * 

iTi m'‘ (“* + —-5) V 

rl=c- :—if/» ) - ¢/., ( -(- z»v,)l c;, 

-íí¿iíf**±iw* - “,y0 - «««i.! «!. 
(«w + z-*) iiM+ / - 

-V—_!*!«___ \ . 0 
¿j ^{ '¿+ /1—.—2) * /=• I. 2, . .. 

(^.9.16) 
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Formula (4.9.9) according to (4.9.15) can be converted in the 

following manner: 

0* (,,) = 
(fkv + f|y e*t 

(Cm + iom) + /»(ii —«V») — ehf(eyt -*■ i*** ) 
r 

dVt 
y. 

•«■■i m. (ui+— «*) 

(4.9.17) 

Coefficients r>{, r»i, r>c. y = l. 2..., determined by infinite system 

of algebraic equations (4.9.16), usually little differ from coef¬ 

ficients Cyu O«,/= 1,2,... Assuming in the first approximation 

7=:1.2,.,. (4.9.18) 

and substituting (4.9.18) in the right sides of equations (4.-9.16), 

for coefficients ru* ^.7 = 1.2,-.. we obtain series, which 

determine the refined values of the shown coefficients. We will 

consider these refined values of coefficients as their second 

approximations. Having calculated the second approximations for 

’ coefficients fjj, /“1,2,... for the assigned value of frequency 

ui and having substituted them in the right sides of equations 

(4.9.16) , for the sought coefficients we obtain new series, summation 

of which for original value of frequency u> will give the third 

approximation for these coefficients, and so forth. Having determined 

by the shown method of successive approximations the coefficients 

f'i, f»;. 7“ 1,2,..., it is possible to construct according to 

(4.9.17) the expansion, which determines the corresponding particular 

value of function 9*(uj) for the accepted value of frequency w. 

For this particular value cf function e* having separated the real 

part 9* and imaginary part 9* further by formulas (4.9.12) we can 

determine the amplification factor feo and phase shift (j> for 

original value of frequency w. By carrying out the shown calculation 

for series of successive values of frequency, it is possible to 

construct, thus, the sought frequency charact-ristics of the rocket 
as the object of automatic control. 
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Method of calculation of frequency characteristics described in 
this paragraph requires sununation of numerical series, figuring 

in equations (4.9.16) and in formula (4.9.17). In the following 
paragraph we will indicate another method of calculation of the 

frequency characteristics of the rocket, not requiring determination 
of the forms and frequencies of natural flexural vibrations of the 
rocket and summation of numerical series. 

5 Tlnatl0n °f Frequ&nc-V Characteristic 
of,the Rocket as the Controllable Object from— 

Ordinary Differential Equation- 

Bv changing to discussion of the second method of calculation 
of frequency characteristics of the rocket as the controllable 
ooject, let us preliminarily note that in expressions +^-^, 
/-1.¾.... figuring in equations (4.9.7), each of components 

in view of the smallness of coefilcient n plays a role only with 
values of frequency uy In connection with this, for all practical 

purposes without loss of accuracy of determination of sought frequency 
characteristics in equation (4.9.7) it is possible to substitute 
expressions 

»>, y =.1, 2,... 
(4.10.1) 

by expressions 

or 

where 

1 *2 i» (4.10.2) 

y=i. 2,... 
(4.10.3) 
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In this case equations (4.9.7) will change into equations 

(cw -f /*>m) 1/, -|- (£> -j- /«V,) S -)- ^ 

+Ct*Gk=zCMt 

® (4.10.4) 

mt(.J*-•»)0j4-c}lV,4-c^9-}- gaßt-Cfi, 7=1,2,... 

As we will show below, the frequency characteristics, determined 

oy equations (4.10.4) and formulas (4.9.9) ana (4.9.12), can he 

constructed, while not resorting to solution of infinite system of 

algebraic equations (4.9.16) and to summation of series, firurinr 

in formula (4.9.9). 

In the absence of damping, i.e., when n » 0, fictitious complex 

frequencies wj, entering equations (4.10.4), according to (4.10.3) 

will change into actual real frequencies of natural flexural vibra¬ 

tions of the rocket body The method of calculation of frequency 

characteristics, discussed in this paragraph, will be analyzed first 

for particular case n = 0, after this we will indicate the method 

permitting taking into account the damping, characterized by assigned 

value of coefficient n during determination of the sought frequency 

characteristics. 

■;e obtained differential equations of disturbed motion (4.8.Id) 

having converted motion equations of zhe rocket in the pitching 

plane (4.4.35) into infinite system of ordinary differential equa¬ 

tions, formed by equations (4.7.7) and (4.7.22), and then taking 

into account damping by means of transition from equations (4.7.22) 

to equations (4.7.24). Without allowing for damping the differential 

equations of disturbed motion of the rocket in the pitching plane 

can be obtained by direct transition from undisturbed motion to 

disturbed in the original equations of motion (4.4.35). 
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By v'(xj t) let us designate deflection of the rocket body, 

corresponding to its disturbed motion, and by Avi'x, t) - the 

difference between deflection v'(xt t) and deflection v(x, t), 

corresponding to undisturbed motion, 

Ao-o'-o. (4.10.5) 

According to (4.4.35) when taking into account the elasticity 

of the rocket body the equations of forces and moments (4.8.2), 

constructed in Chapter I on the basis of motion equations (4.8.1), 

will change into equations: 

J* jp "4"IS— (11.10.6) 

- i IT exäx-p (^ 
ë 1 

During the transition from undisturbed motion of the rocket to 

disturbed, the boundary value problem for functions v and *?, shown 

in (4.4.35), will change into boundary value problem, formed by 

differential equations: 

» 

•‘'Sr+ir—'*'«• -e,)-f'x ^-+*v+ 

. +' v+p(ir)wt*<* 
à fD ifl&\ . <Pv' • dlé. 

dx \ßg dxi)~^lldft^ =r^—+P(v')x.xTX 

Xi(x, Xr)-MÍ%l(x, X,)' 

(4.10.7) 
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and boundary conditions: 

ß r=0. O' = 0 X = C wn«n X — b. 
* dJt2 (^.10.8) 

By primes at the sign of functions we desißnated the membership 

of these functions to disturbed motion of the rocket. For coefficients 

with function v' and with its partial derivatives we retained their 

values everywhere, corresponding to undisturbed motion, in accordance 

with the assumption about smallness of flexural vibrations of the 

rocket. 

Assuming in (4.10.7) and (4.10.8) 

Ati, Q'^Q+aQ, ji'sBji-f-Aj», c'=c-l-Ac, a'=a-f Ao, 

by using formulas (3.24.5) and (4.8.9) and disregarding small 

quantities of higher orders of smallness, we obtain relationships: 

- AQ=+/> (to,-,,* (X, Xr)+J,a-£+P (A*),-,» X 

X 8 (•*• "*t)t A/, •” ■Mfyiif JCy), 
at 

B y -{-By -7-7 — 0, Q f AQ = 0 when X — CLBiti when X~b, 
9 A 9 A •ri 
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or according to (4.4.35) 

+^^7^)+0-,.^.)+ 

I» / o Vto \ , <Páv ^ 

dx HF+ 

+>Ui04r-,fi<jr, xT)—AjJ*)^ i(jr, Jfr)-Am„ 

&» -^7 =°. AQ==0 wh«n X~a and nh»nX**b, 

where 

A^ = -A!» 

^Vjrnp^i^» Jf|r) 

X,). ¡ 

By uniting equations (4.10.6) and (4.10.9), we obtain 

of disturbed motion: 

m Tr'+^.+'^+^-fe«'*- 

. Wiil . rfA* , ,, , * r dlv . 
7* 7^+^ +^,+^- J 77«^- 

ê 

-^+^+-1^+^-0--^^- 

®(jf» Jf#)+Aft», 
_a_/p diA®v a»A» .0 . w*ai . 
¿Jf ( 1 dx?) * dxdfl ^ * dfl " A 

X * (Jf, xT)=a -Aíi0^, Í (JC, X,)- A/n„ 

iflSiV 
——=0, AQ=0 >»h«njt=aand when X=*b, 

OX* 

(4.10.9) 

(4.10.10) 

equations 

(4.10.11) 

435 



determining disturbances A6(0. AMO and Ao(x,/) according to 

predetermined controlling actions and disturbing forces and moments. 

According to (4.9.1) disturbances AVv(/), Ao(x. t) will generate 

input signal of automatic stabilization control, determined by 

formula 

A»*= 
(4.10.12) 

Thus, having substituted time dependent coefficients of equations 

(4.10.11) by their values, corresponding to moment of time t “ t, 

for this moment of time it is possible to calculate the sought 

frequency characteristics of the rocket, having assumed in (4.10.11) 

A/^O, A.W, =0, Afc=0, Am,—0, A*» -V-', ( 4.10.13 ) 

having determined the disturbances AO and Au from the obtained 

equations and substituted them in (4.10.12). 

In accordance with formulas (4.0.13) and (4.8.14) to functions 

A6i, shown in relationships (4.10.13), there will correspond 
equalities : 

Ft' ? ft1'* , 
(4.10.14) 

in the case when the actuating element of the control system form 

controlling force, and equalities: 

JVy»>“0, Al',%—W,, ( 4.10.15 ) 

in the case when the actuating elements create concentrated controlling 

moment. By uniting these two cases, in equations (4.10.11) v/e assume 
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having agreed that in the first case 

Cff aaO, 

and in the second case 

(iJ.10.17) 

(^.10.18) 

We will seek the solution of equations (4.10.11) in the form 

uv(X, /)=l/i*)*'-', aQ(x, 
¡y,—vs*. . (4.10.19) 

By substituting (4.10.13), (4.10.16) and (4.10.19) in (4.10.11), 

for functions V(x), Q(x) and for constants 0 and V we obtain 

equations: 

(cw -f fern) y, -f(<>+i»vt) *~\jïcdx'~ 

itv 
-\z‘xix~ 

-p(x — -V) \ 4x J‘-‘, 

-P(V),-,'Hx, *,)—x>\ 

d*/ --- 

(4.10.20) 

o 



According to (4.10.12) and (4.10.19) in the considered case 

the inpat signal of automatic stabilization control will be determined 

by equality 

where 

(4.10.21) 

(4.10.22) 

Thus, without allowing for damping, peculiar to flexural 

vibrations of the rocket body, i.e., when n * 0, function e*(w), 

determining the sought frequency characteristics of the rocket, 

can be constructed from formula (4.10.22), having found function 

V(x) and constant 0 from equations (4.10.20). 

Let us now show that the presence of damping, determined by 

predetermined value of coefficient n, can be taken into account 

having substituted the actual flexural rigidity of the rocket body 

in equations (4.10.20) by fictitious complex rigidity B*(x), 

determined by relationship 

(4.10.23) 

For this it is sufficient for us to prove that function 9*(w), 

found from relationships (4.10.20) and (4.10.22) with replacement 

of rigidity by fictitious rigidity B*, becomes identical function 

e*(w), found from infinite system of algebraic equations (4.10.4) 

by summation of series (4.9.9). 

We showed above that function v(xt t), found from original 

equations of motion (4.4.35), can always be represented by series 

(4.7.6). In accordance with this, function V(x), found from equations 

(4.10.20), can be represented in the form of series 
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(4.10.2¾) 

[equatlonn (4.10.20) are obtained from equations of disturbed motion 

(4.10.11) after replacement of time dependent coefficients of system 

(4.10.11) by their values, corresponding to moment of time t • t]. 

By substituting series (4.10.24) In the first two equations 

from (4.10.20), according to (4.7.8) we obtain equations: 

(cm -j- A»m) V g1*»,) ® + V Cyfit=Cfi, 

- ' (4.10.25) +•+y CuPm'-C*' 

where and cm, *“1, 2, .... we should mean the values of these 

coefficients, corresponding to moment of time t ■ t. 

By substituting series (4.10.24) in the differential equations, 

shown in (4.10.20), and replacing rigidity by rigidity s*, 

we obtain relationships: 

+a-^ 

- (4.x 

Cl 

in which for all functions, depending on time t, we bear in mind 

their values, corresponding to moment of time t = t. 
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Having: multiplied both sides of the first equation from 

(4.10.26) by V. and integrated them with respect to x from a to b, 

we obtain relationship 

—' ¿ ¢, $ v,v*u+\V, Í2 íx+lfaK,- 
• • 

* • * * * Mt 
\ \ V»xä*-Y> G*\ V* to cdx~~ 
« « *-i « 

a cTl a 

“if* J Vi*Kx* X;)rf.tC 

(4.10.27) 

Having multiplied both sides of the second equation from 

(4.10.26) by-and integrated them with respect x from a 
dx 

to b, we obtain relationship 

Jar8^’ 
« 

(4.10.28) 

♦ 

In accordance with formulas (4.10.23)» (4.10.27) and (4.10.28) 

there should exist equality 

440 



or 

- » 

-o+rt>|jc* j Tr ¿ (Ä«^) ^+5 ete’)rfx+ 

* * Air 
+ iiu,l/*- J V'Wjc - «*« J (v>jr +“■ y.) rfje- 

'« « 

• 1-1 <• 

a 

^ dV^ ■ Î ^ * 
-O'l^j -^5(jf, JfT)rfjfjl =«rwJ (or, jry)dx+ 

« ' a 

»-, 
J 77 xJdx> 

according to (iJ.ii.28), (i».5.30), (4.5.31) and (4.7.19) 

|¡G,[(!+ft)i4—>)1 ([VlV^+^L ~^-J,)dx+ 

+ SV'S+^)^-( 
* a 

-|G.|5V,^«t,+P(l,,^-V.^^J= 

-v^+'í? (¾.^. 

(4.10.29) 
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Dy usine relationships (4.5.26) and (4.5.32) and meanings 

(4.7.23) and (4.8.11), we can reduce equality (4.10.29) to the 

form 

l<l+/U»5-»>]mA + $(Vi-£+Q^yx+f»Vf + 
ë 

, (4.10.30) 

In accordance with boundary conditions shown for function Q 

in formulas (4.10.20), there should take place equality 

(4.10.31) 

According to (4.8.16) and (4.10.17) wher the actuatinr elements 

of the control system create controlling force 

f#i {Vi)*-,+cW (^)x_Xr=i«. (4.10.32) 

r-quality (4.10.32) will exist when the actuating elements of 

the control system create concentrated controlling moment, since 

in this instance there will take place relationships (4.8.17) and 

(4.10.18). According to (4.10.3), (4.10.30), (4.10.31) and (4.10.32) 

the coefficients of series (4.10.24) must satisfy equations 

/ = 1, 2,. .. 
»-i 

(4.10.33) 

Infinite system of algebraic equations, formed by equations 

(4.10.25) and (4.10.33), coincides with the inllnite system of 
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equations (¿1.10.4). By substituting series (4.10.24) in formula 

(4.10.22), for function 0Ä(u) we obtain expansion (4.9.9). Thus, 

by replacing rigidity in (4.10.20) by rigidity B*, by solving 

equations (4.10.20) and further determining function e*U) by 

formula (4.10.22), we obtain the same result as in the case of 

construction of this function by means of solution of infinite system 

of equations (4.10.4) and summation of series (4.9.9), which it was 

required to prove. 

For determination of function V(x) and constant e from equations 

(4.10.20) it is possible to usé the following calculation scheme. 

Differential equations, shown in (4.10.20), after replacement of 

rigidity B by rigidity fl* can be given the form 
a y 

c~+^ --¿7=/oW + v,AW+8/»(*)-f- 

+AM. 

where 

/0= Jf_), /l~ ¿U}i -[-— # 
•ûr 

/i=0. /4= -P8(jf, jfT), 
*„=—rJJ>*(jf, jfy), ^=0. 

g,=Pl(x, xt), gi—0. 

(¿1.10.34) 

(4.10.35) 

Boundary conditions for functions V and Q, shown in (4.10.20), 

.with replacement of rigidity B by rigidity B* take tre form 
** y 

s ¿ly 
By 7^-=0. Q=0 when x=a and when x=b. (4.10.36) 
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Let us introduce into consideration functions V .(x) and 

j = °» 1> •••> satisfying differential equations: 

*Q) 
ix 

Ub\ ™ 
ix 

ix 
/=0,1.4 

(4.10.37) 

and boundary conditions: 

‘0, Qj=0, y = 0, 1, . . .,4, Wh«n JC=*« and whênJCs»^. (^.10.38) 

According to (4.10.37) and (4.10.38) 
functions : 

+(^)r-xT ^)+(--)^ K4(4f), 

Q U)=Q0(jf)+ V& (x)+6Q,(.r)+ 

+ (10*-*T Q,(jf) 4- (—) Q4(x) 
• \ ix >*-*■, 

satisfying b! ! Sy 3‘ °f dlfferentlal ouations (4.10.34) 

rî r COn<iltl0nS By substituting function 

yU> ^ a-10-39) ‘ha first two aquations of systen (4 10 20) 
we obtain equations: 
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[e-+um-fo‘,x-p (%■)„,]v>+ 

• . 

[• 

+'(*£-^]<^-()£«*+ 
:p(^-^L,pLr 

According to (^.10.39) there should exist equalities 

(^ÎUm^Vg+iY+ [(V’,)Jr_XT — l](^)jr.j,T -f 

+(^4Wt “ -(V'oW,. 

Vrfx U'-HSU-tSU^t 
*[(su-'i(a^-(SL- 

('I.IOJIO) 

(^.10.^1) 
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Equations (*1.10.*10) and (*1.10.*11) forni a system of four linear 

algebraic equations for four unknown constants V'.. 6. 

(-) • 
and 

Thus, calculation of sought frequency characteristics is 

reduced to integration of the system of ordinary differential 

equations 

CÍÍ+.W-ÍS-/M. 
dx dx 

with boundary conditions: 

5* ~~ =0, Q — 0 "ner. X—fl and *™r.X—b. 
(*1.10.*13) 

With prescribed value of frequency w, by successively assunlnr 

in (*1.10.42) f(x) * Qi*) * 0jt*)* J * 0, 1, ..., 4, we find 

functions Vj(x) and Qj(x)t j = 0, 1, ..., 4, satisfying equations 

(4.10.37) and boundary conditions (4.10.38). Having determined 

further constants Vv, and ) from equations (4.10.40) 
» \dx Jx-Xj 

and (4.10.41) and having substituted their values in the first of 

formulas (4.10.39), we find function V(x). Having then found 

the real part e* and imaginary part e!| of complex number e*, 

determined by relationship (4.10.22), by formulas (4.9.12) it is 

possible to further calculate amplification factor feQ and phase 

shift <f>Q for original calculated value of frequency id. By carrying 

out the shown calculation for series of successive values of 

frequency u>, it is possible to construct, thus, the amplitude-frequency 

and phase-frequency characteristics of the rocket as the object of 

automatic control. 
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Solution of nonhomoKeneous system of differential equations 

(4.10.42), satisfyine boundary conditions (4.10.43), can be found, 

having constructed four linearly independent particular solutions 
of homogeneous system of differential equations 

dV 

dx 

(4.10.44) 

3y using the method of variation of arbitrary constants, it is 

possible by these particular solutions of system (4.10.44) to 

construct general solution of system of differential equations 

(4.10.42); arbitrary constants will be determined by boundary 

conditions (4.10.43). 

The method of calculation of frequency characteristics of the 

rocket as the controllable object, discussed in this paragraph, is 

less laborious than the method shown in 5 9, and it provides higher 

accuracy of calculations. It is necessary to resort to the method 

described in § 9 during solution of the problem about some "shortening" 

of iniinite system of differential equations of disturbed motion 

(4.3.13) during investigation of stability of motion by means of 

electromodeling with actual equipment of the control system. Shorten¬ 

ing of equations of disturbed motion (4.8.18) can be considered 

permissible if the frequency characteristics, found from appropriately 

shortened equations (4.9.7) and from appropriate particular sum of 

series (4.9.9), for the investigated range of frequencies gives 

errors, which can be considered permissible in the question of 

stability of notion. 

5 ^4* ilt-ab:m2atlon of Motion of the RnekPt-. with 
Account of Elasticity of its Construction 

During examination of the question about stabilization of flexural 

vioratlons of the rocket body we will proceed from approximate 
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construction of frequency characteristics of the rocket, as a 

controllable object, for frequencies u> close to frequencies of 

natural flexural vibrations of the body Wj,, fe = 1, 2, ... With 

frequencies u> close to frequency u>., in expansion (^.9.9) the basic 

—Gj(ut), the remaininf terns of this 
ox Jx~xr 

series in the considered case for all practical purposes can be 

disregarded. In connection with this, for frequencies w close to 

frequency a)., it is approximately possible to assume 

( '1.31.1 ) 

As was already indicated in § 9, coefficients ¢^,/-1,2,..., 

figuring in formulas (il.9.15)> are close to corresponding coefficients 

¢/2,/-1,2.... and it is possible to approximately assume — Cß. 

In this instance according to (4.9.15) there will exist equality 

(4.11.2) 

By substituting (4.11.2) in (4.11.1), for function e*(u>) we 

obtain approximate formula 

(4.11.3) 

3y separating the real and imaginary parts of complex expressions 

in (4.11.3), we obtain relationships: 
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where in accordance with earlier accepted meaninps ofU) - real 

and 0*!U) - imacinary parts of complex-valued function e^U). 

According to (4.9.10) and (4.11.4) in the considered case there 
will exist equalities: 

* ■ , (;|-: 

MJ [(-/--^+^-¾]] * 

*,(«•) CO* ?0(»)=i 

*.(“> «>n ?.(»)=■ 

In accordance with formulas (3.26.25) and (4.11.5) the equation 

of hodograph of open system of automatic control in this case will 
have the form 

, W, \ 
g/« Ux ’x.tr ^K**/ - ti r^«)] 

*/l(“/—*)' +^}] 

- *) ,,n /CO. T,(.)] (4.11.6) 

"/1(-/-5)‘+^^] * 

where *.(0,) and ç.(a)) - functions determining the amplitude-frequency 

and phase-frequency characteristics cf automatic stabilization 
control. 

Assuming in (4.11.6) 

and disregarding quantities of the second order of smallness in 

numerators of the obtained fractions and quantities of the third 

order of smallness in their denominators in comparison with smallness 

of quantities 6 and n, for frequencies o> close to frequency u. 
we obtain approximate equation cf hodograph 
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(4.11.3) 

eß (77)^, co** h)-vrj y« (*j)l 

AccordlnG to (4.11.8) there should exist equalities: 

A * -K* 

idV, \* 

> (77 )wr**(^) 

X sin ?.(^)-Kcos ?,(«/)= 
(9-L/* 

"yi^ + ’lS) 

In accordance with which the equation of hodograph can be 

in the form 

*HK* 
-,(¾ dx J*m*T 

sin T. (-;) — K cos »,(*»;)] 

3y introducing meanings 

Yo 

(~dx)*-Mr ,ln 

Sum/») 
f 

it is possible to reduce equation (4.11.10) to the form 

X*-\-Yi**2(XXi-\-YY& 

or (X-Xtf+iY-Ytf^f?, 

(4.11.9) 

presented 

(4.11.10) 

(4.11.11) 

(4.11.12) 
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where 

Equation (^.11.12) represents the equation of circurnferenco of 

radius R with center at the point with coordinates X * x , y = y . 

This circumference passes through the origin of coordinates, 

since *0 + r0 - * . According.to (4.11.11) when 

,,n 
(4.11.14) 

ihe center of this circumference does not exceed the bounds of the 

left half-plane and in this case at frequencies close to frequency 

V the hodoEraPh of open system of automatic control has the form 

shown in Fig. 4.5 by solid line for case > 0 and broken line for 

case Yq < 0. In the considered case the circumference, determined 

by equation (4.11.12), cannot encompass point * = 1, y = o, no 

matter how large its radius /?. Thus, conditions (4.11.4) Ire 

suificient conditions of stability of flexural vibrations of the 

rocket body.1 Inequality (4.11.14) does not maintain the amplifica¬ 

tion factor of automatic stabilization control, and in connection 

with this, it has been accepted to call it the condition of phase 

stabilization of j-th tone of flexural vibrations. 

According to (4.11.11) when 

/W.\ 

Cl% \17 Ur,,n *>'»0 (4.11.15) 

^ith the simplifications made by us the transfpr 
does not have poles in the right half-plane. tranSfer 
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the center of the circumference, determined by equation (4.11.12), 

lies in the rieht half-plane and in this case at frequencies close 

to frequency w . the hodocraph of open system of automatic control 
J 

has the form shown in Fie« 4.6 by solid line for case yQ > 0 and 

broken line for case yQ < 0. According to (4.11.12) the point of 

intersection of positive semiaxis x by the hodograph has coordinate 

X, equal to 2Xq. In order that at frequencies close to frequency 

wj the hodograph would not encompass point ,Y * 1, y = 0, inequality 

2*q ± 1 must be fulfilled. According to (4.11.11) this inequality 

can be given the form 

(4.11.16) 

Condition (4.11.16) in the considered case is a necessary 

condition of stability for the j-th tone of flexural vibrations of 

the rocket body; this condition is usually called the condition of 

ampxitude stabilization. 

« 

452 



Thus, for j-th tone of flexural vibrations of the rocket body 

the stability can be provided for cither by fulfilling the condition 

of phase stabilization (4.11.14), or by fulfilling the condition 

of amplitude stabilization (4.11.16). Coefficients m. and 
3 J <5, 

derivatives and frequencies of natural flexural vibrations 

of the body u^., figuring in conditions of stability (4.11.14) and 

(4.11.16), in the process of rocket flight undergo substantial 

changes. In connection with this, for all powered-flight phases 

of the rocket the phase stabilization is usually realized only for 

the first tone of. flexural vibrations. Providing the amplitude 

stabilization of flexural vibrations also frequently turns out to 

be difficultly feasible. In such, cases on the rocket it is necessary 

to install additional sensing devices of the control system, as 

which there are usually applied angular velocity transmitters. By 

successfully combining the signals of these transmitters with the 

basic input signal of automatic stabilization control, it is possible 

to significantly facilitate stabilization of flexural vibrations 

of the rocket body. 

After preliminary selection of frequency characteristics of 

automatic stabilization control the stability of flexural vibrations 

of the rocket body is checked by calculation by means of accurate 

construction of a hodograph of the open system of automatic control 

and experimentally by means of electromodeling with a mockup of 

the actual equipment of the control system. 
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APPENDIX 

CANONICAL TRANSFORMATIONS OF EQUATIONS 
OF DISTURBED MOTION 

In practice usually the stability and controllability of the 

rocket is finally checked on simulating devices - electronic analog 

computers combined with actual equipment of the control system. On 

such devices there is reproduced the behavior of the rocket under 

prescribed initial conditions. For complete assurance there are 

required the same types of investigations at various combinations of 

initial conditions, the minimum necessary number of which sharply 

increases with increase of the order of system of equations of 

disturbed motion of the rocket and are usually so great that examina¬ 

tion of all variants is sometimes not possible. Furthermore, with 

increase of the order of system of equations with utilization of analog 

computers the errors in results and complexity of debugging noticeably 

increase . 

These difficulties to a considerable degree can be eliminated, 

if, using high-speed discrete computers, we preliminary perform 

"diagonalization" of the original system of equations of disturbed 

motion of the rocket as the object of control. This appendix is 

devoted to an account of algorithms of similarity transformation of 

equations. In § 2 there is listed the algorithm of transformation 

of equations, and in subsequent paragraphs there is indicated the 

method of such transformation with allowance for variability of 

coefficients of equations; there are also given corresponding 

transformations of the expression of control signal of automatic 

stabilization control. 
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The account is given in convenient and economical language 

of the theory of matrices. The necessary reductions from theory of 
matrices are listed in § 1. 

Generally there are examined linearized equations of disturbed 
motion of the rocket 

2 ^+rii (o 

=<M0M*Ai(0 (/=1,2,.n). (/0 

In matrix writing these equations have the form 

(A. ) 

where 

Control signal of automatic stabilization control is examined 
in the form 

(B) 

where and 2>2 ~ row matrices. 
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§ 1. Elements of Matrix Calculation 

1.1. Basic Determinations and Meanings 

Let us assume there is given a certain numerical field X, i.e., 

aggregate of nuirbers, within which four operations are always 

feasible and simple: summation, subtraction, multiplication and 

division by a number, nonzero, for example, field of complex numbers. 

Matrix is a rectangular table of numbers of field X, consisting 

of m lines and n columns : 

«U «U . . . au 
«21 «23 . . «2, 

-am\ am1 • • • Û«M 

If m = n, then the matrix is called square, and number m, equal 

to n, - is its order. Generally the matrix is called rectangular 

of type m * n . The numbers, from which the matrix is compiled, are 

called its elements. Concisely the matrix is designated so: 

(«<>) (i™ 1« • ««I, 1, *. n), { 

or by one letter (capital or small); for example, matrix A, bearing 

in mind that A = («¿fc)* 

Rectangular matrix, consisting of one column 
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is called oolum matrix. Rectangular matrix, consisting of one line 

(*! ••• *n)i is called row matrix. Column and row matrices are 

sometimes called veotore. 

The matrix is called zero, if all its elements are equal to zero. 

Matrices A » 311(1 B m are equal to each other, if 

they are of the same type m x n and, furthermore, 

1.2. Summation and Multiplication 
of Rect angular Matrices 

1. The operation of eummation of matrices is applicable only 

to matrices of the same type. The sum of two rectangular matrices 

A - (a..) and B * (i>. .) of type m x n is called matrix C = (c. .) 
‘'t? T'J IJ 

of type m X n, elements of which are equal to the sums of corresponding 

matrix elements A and B, i.e.. 

Oi4+fi, 

if 

+ (/-1.. /-J, 

The operation of summation of matrices possesses communative 

and associative properties : 

1) A + B = B + i4, 

2) (i4 + B) + C = i4 + (B + C) . 

2. The product of matrix A * (a..) by number a from K is 

called matrix C = (c. .), elements of which are obtained from 
‘IJ 

corresponding matrix elements A by multiplication by number a, i.e., 
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CmaA, 

if 

^ i • • •» /** ï* • • •» ^0* 

The operation of multiplication of the matrix by a number 

possesses the following properties : 

1) aU + B) * oj4 + aß, 

2) (a + 3)4 = a4 + ß4, 

3) (aß)4 * a(64). 

Here 4 and B - rectangular matrices of the same type, a, 3 - 

numbers fi-om field K. 

3. The difference of 4 - B of two rectangular matrices of the 

same type is determined by equality 

A-B~A+(-\)B. 

Jj. The product of two matrices A and B of type m * n and 

m' * «' respectively and such that n * m’, is called matrix C, whose 

element standing on the intersection of i-th line and j-th column, 

is equal to "product" of i-th line of the first matrix 4 by j-th 

column of the second matrix B, i.e., 

C-AB, 

where 

(<*<*) (f-1, ...m; A-l, 

£-(M (*-l,.... m'; *-l, 

458 



moreover n * m', If 

■ 

(J—l.. . y—1 I • • • t *')• 

Metrix has as many lines as there are lines in matrix A, and 

as many columns as columns in matrix B, i.e., C is the matrix of 
type m * n'. 

The operation of multiplication of two matrices, introduced 

above, is inapplicable if the number of columns of the first matrix 

is not equal to the number of lines of the second matrix. For square 

matrices of the same order multiplication is always feasible. 

Multiplication of matrices possesses associative and distributive 
properties : 

1) (AB)C = A(BC) ; 

2) (A + B)C = AC + BC, 

3) A(B + C) - AB + AC. 

Multiplication of matrices does not possess associative property. 

If AB - BA, then matrices A and B are called exchanging or commutating. 

1.3. Partitioned Matrices 

Rsctangular matrix A = (aife) of type m x n with the aid of 

horizontal and vertical lines can be cut to rectangular blocks. 

A (*<m; /<«). 
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Here Aij octangular matrjces or numbers. Specifically, the 

matrix can be cut by only horizontal lines or only vertical lines. 
In this case we will have respectively 

■i 

A or . . .Ab 

The partitioned matrix can concisely be designated so 

(a—1,. . .,s; ft=l,. ..,/). 

The operations of summation and multiplication over partitioned 

matrices are formally performed by the same rules as when instead of 
blocks there are numerical elements. 

Two rectangular matrices of identical sizes and with identical 
division into blocks are made up so : 

+Æ«») (0=1,. . . p=l, . . .,/). 

Por the oossibility of multiplication of two partitioned matrices 

by each other it is necessary that with division into blocks all the 

horizontal dimensions of the blocks in the first factor would coincide 
with corresponding vertical dimensions in the second. Let us assume 

and the number of columns of block A 

of block (ot — 1, ..., si 0 = 1, ..., 
block is equal to the number of lines 

lj ..., m; 6 = 1, ...,t). Then 

Aß=C=(C.t), 
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(Qal( • • • • f» • • • t ä)» 
1-1 

1.4. Square Matrices 

1. Square matrix, for which all elements except those located 

on the main diagonal, are equal to zero, is called diagonal matrix. 

Diagonal matrix, thus, has the form 

Diagonal matrix of order n, for which all diagonal elements 

are equal to one, is called unit matrix and is designated through E , 
or simply E. 

For any rectangular matrix A of type m x n there exist equalities 

EnA-AEi-A. 

Square matrix A = (a..) is called aymmetric, if a., = a, .. 
T'* Ik ki 

2. Determinant of square matrix A * (a..) is called the 

determinant., composed of elements of matrix A. This determinant 

is designated so: |a..| or |/l|. 

Square matrix A is called degenerate (or particular), if |a| = 0. 

Otherwise square matrix A is called nondegenerate (or ordinary). 
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If à - nondegenerate matrix, then there exists unique nondegener¬ 

ate matrix fl, which satisfies equalities 

AB-BA-E. 

Such a matrix is called inverse matrix for matrix A and is 

designated through /T1. 

1.5. Eigenvectors and Eigenvalues of Square Matrix 

1. Column matrix x / 0 and number X are respectively called 

eigenvector and eigenvalue of square matrix A, if 

Ax^ïjc. (1.1) 

To matrix equality (1.1) there corresponds system of algebraic 
equations 

(an —X)jc,-f. . . +a>«*«—0. 
«11**!0, 

• • • +(û*-x)Jf.=0. 

In order that system of linear homogeneous equations (1.2) 

would have nonzero solution, it is necessary and sufficient that the 

determinant of this system be equal to zero : 

flu—X a,j ... aia 
®ji ^23 X * . . ¿Zjjg =0. 

^■1 X 

(1.3) 

Equation 

relative to X 
(1.3) represents algebraic equation of n-th of degree 

and is called characteristic equation of matrix A. 
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Let us assume in equations (1.2) X is the root cf characteristic 
equation (1.3). Then system (1.2) has nonzero solution x, . .... x , 

i.e., number X corresponds eigenvector 

x*. 

Eigenvector is determined to within arbitrary factor, not 
equal to zero. 

Eigenvectors of matrix A, corresponding in pairs to various 

eigenvalues, are always linearly independent. 

2. Matrix A of order n is called matrix of eimple structure, 

if it has exactly n linearly independent eigenvectors. 

Matrix A of order n has simple structure, if its characteristic 

equation has n different roots. This condition is sufficient, but not 

necessary. There exist matrices of simple structure, characteristic 

equations of which have multiple roots. It is possible to show that 

the symmetric matrix has simple structure. Matrix u = m"1« also 

has simple structure, where m and n — symmetric matrices. 

1.6. Expansion of Matrix of Simple Structure 
into Components and Its Reduction 

to Diagonal Form 

1. Let us assume A - matrix of simple structure of order n, and 

*1’ - eigenvectors, so that 

(J-1.. -. n). (1.1) 

Square matrix K * (X^ ... X^), composed of n linearly independent 

eigenvectors of matrix 4, is a nondegenerate matrix and therefore has 

inverse matrix X-1, which for convenience we will designate through 
M (X-1 = M). 
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Thus , we have 

(1.5) 

Let us designate rows of matrixes W by ..., : 

-Al,- 

Between rows of matrix M and columns of matrix K there exist 

the following relationships : 

|1 (s-o) 
"Hò ,.M (1.6) 

On the basis of (1.4) and (1.5) 

A = AE'*='AKM=*A(Kl. . . KJM^Kx. . . W, 

Aii 

Af. 

Matrices 

Af—kjKjMj (/-1,..., a) 

are called components of matrix A. These components are mutual1y 

orthogonal, i.e., 

Aj-Aj-O (/^=/), 

which follows from property (1.6). 
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2. Through A let us designate diagonal matrix 

for which diagonal elements are eigenvalues of matrix A. By using 
(1.4), we obtain 

AK-KK (1.7) 

and afuer multiplication of equality (1.7) on the right by tf'1 we 
will have 

A-KAK-'. (1.8) 

Two matrices B and C are called similar, if there exists 
nondegenerate matrix T, so that 

B-TCT-K 

Thus, matrix A, having siirple structure, is similar to diagonal 
mat ri x. 

1.7. Differentiation of Matrices 

1. Matrix, elements of which are functions of some parameter, is 
called functional : 

A(t)-(ai}(t)) (i-l.m;/-1,..., „). 

2. Eerivative of matrix A(t) with respect to parameter t is 

called a matrix, elements of which are derivatives of corresponding 
matrix elements 4(t), i.e., 
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The derivative of the matrix possesses, the following 
properties : 

1) if C - constant of matrix, then 

d\CMt)]_c dAV) d\A(t)C) _áA(t) c 
dt dt ' dt dt 

and generally 

d\CAit)).d\Am: 
dt r dt 

2) dlA(i)+ , dBll) . 
dt dt "r dt * 

3) (O)=IdjO B(t)+A(t). 

S 2. Reduction of Equations of Dlsti.rbed Motion 
of the Rocket to a Form ConverleñF 

for Modeling, with Quenched 
Coefficients of Equations 

Let us examine equations of disturbed motion of the rocket as 
the object of control with quenched coefficients 

m (2.1) 

Here m, r, n, a - matrices with constant elements. 

For simplicity let us omit the terms proportional to generalized 
velocities, which determine damping in the system and are usually 
small. In this instance we will have 

(2.2) 
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Further, we will assume that matrix u ■ m"1« has simple 
structure. 

Let us assume ..., vn - eigenvalues of matrix u. To these 
eigenvalues correspond respectively n linearly independent eigenvectors 
*1» *2* Therefore square matrix 

X"(X| ... X«) 

is nondegenerate matrix and, thus, has inverse matrix 

Rows o . matrix y and columns of matrix k are connected by 
relationships 

n («—) 
10 (*/«). (2.3) 

Let us recall that elements of colunn matrix q are generalized 
coordinates q,, ,.., q^. Lat us introduce into examination new 
coordinates ..., connected to generalized coordinates by 
relationships 

(2.1*) 

Let us substitute (2.4) in (2.2), having preliminarily 
multiplied both sides of equality (2.2) by m"1. We obtain 

(2.5) 
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Here 

or 

where 

Considering (2.6), from (2.5), after multiplication of both 

sides of this equality from the left by u, we obtain 

vzaiim-’taS-l-A). (2.7) 

The last relationship in expanded form i3 written so : 

or 

V 

0*1 

4P 
V|*l 

0r* 

4P fv* 

hm-'(oí-f A) 

A) 
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Hence it is clear that matrix equation (2.7) if equivalent to « 
equations 

—(2 8) 

The left sides of these equations contain only one coordinate 
each, and the connection between equations remains only through 
their right sides, containing common function 6(t). In such form 

it is considerably simpler to realize electromodeling of equations. 

When Ä = 6 = 0 system of equations (4) describes free motion 
of the rocket. In this instance the converted system (2.8) is 
expanded into n independent equations 

—+W0 (9=1.n), (2.9) 

each of which determines the change of corresponding coordinate a . 
In the case when m and n - symmetric matrices, eigenvalues va of ° 
matrix u • m n, it is possible to show, - real numbers. In this 

case, if va > 0, then coordinate aa accomplishes harmonic oscillations 
with frequency i/v“; when va = 0 coordinate a0 is changed according 

to linear law. Finally, when vo < 0, sa is presented in the form of 
linear combination of function exp and exp(-/v^7). Each of the 
generalized coordinates is linear combination of coordinates z . 
Coordinates *0 are called normal coordinates of the system, and 

/ÑT (when va > 0) - eigen or normal frequency. In connection with 
this, frequently the operation of reduction of equations (2.2) to 
form (2.8) is called reduction of equations of disturbed motion to 
normal coordinates. 

The control signal of regulator also must be expressed through 
coordinates *0 (o - 1, ..., n). For this purpose let us substitute 
expression (2.4) in equality (ß). Then 

«(*)»*,2 *• 2 ( 2.10 ) 
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or in another form 

(2.11) 

S 3. Reduction of Equations of Free Oscillations 
to Canonical Form ~ 

» 

System of equations 

/"(O^+rW ^+0(0^-°. ¢3.1) 

describing free oscillations of the rocket, is converted so is 

to obtain a system of independent linear differential second order 

equations. Our target — to change from generalized coordinates 

...» qn to new coordinates ...» an, relative to which the 

equations of free oscillations have the form 

ífi+s,. ÍÍL+S**.*!) (*=1.*). C3.2) 
dp it 

The connection between old and new coordinates will be sought 

in the form 

¢a■2(1,,•(3*3) 
•-i ' ' 

where ic^0, - some column matrices. 

t 
Having introduced so-called "slow time" t * et, let us examine 

system 

(3*4) * 

which when e * 1 will change to system (3*1)• 
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Let us first reduce system (3.4) to form (3.2), considering 

*i0* (í ■ 1» 2) as functions of slow time t and parameter e. 

By differentiating (3*3) with respect to t and excluding 

each time with the aid of equalities (3.2), we will have 

It ~S ïiÂ.) *.]. 

-11-5=+-½ ¡a. 
dp 

dxu ~ ~ rf«i. 
dx " dx 

+.(-2 

2 
Let us substitute values qt || and in (3.4) : 

rf*j. 

dt 

d'w i r ) 
+*i¿5,-*í¿i. - «kïî. j + 

+ ^ 2 K‘ lu 
•-I ^ 

• + (« - «lÃ. ) z']+» 2 a Q* (3.5) 

In the obtained equality let us equate coefficients at a and o 
d*o 
IT * 



We will have 

^--2 + 

+'’«']+'''(*!,_''1^,+*-^-)+^-^0 («-1.«). (3.6) 

»[î-Â.-IÂ+^-î^S.-î. 4f)+Æ]+ 

+.^(-1^.+.^-1+,5,,=0 (.-),...,,). (3.7) 

Column matrices <i(j and scalar functions Sio, which should 
become identities, let us construct equalities (3.6) and (3.7) 
in the form of series : 

*h(r, *) =* £ «‘«I,*'(*). ci.Ct. «)= T «H*1 (*)• ( 3.8) 
*-0 *.0 

Let us substitute (3.8) in equalities (3.6), (3.7) and let us 
equace coefficients at t0. We obtain 

Let us assume 

o|?-°. (3.10) 

Then the left and right sides of the first equality (3.9) 
become zero, and the second equality assumes the form 

472 



The last relationship will be fulfilled if is same 

eigenvalue of matrix u, for example \>g, and - corresponding 
eigenvector of this matrix. Thus, 

(3.11) 

^Further, in equalities (3.6) and (3.7) let us equate coefficients 
at e (fe ■ 1, 2, ...). Taking into account (3.10) and (3.11) we obtain 

=»*i>iv. -f _2—, 

««gj =xgl V, 4 x^igj—m¿*irxgl -f xg! ajU _ 

ét * 

«gl»*gJv.+MX£, 4-mfl-ir 

+«i+2^+^.,í5_ís 
Wt éfli ’ 

and generally 

(*-1.2,. . .), 

«xgl-xglv.+x*L*l+¿£-U i*“1'2- • .)• 

(3.12) 

(3.13) 

Here 

rfff-O. 

¿K1 - - V^iî1+^0^+^0¾1 -2 ^î., 

-f2-í^ v,+*|tií^_íl5! , 
' u * ét» * éx 

(3.HO 

etc. 
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Let us assunta that «Jí*. ®J¡* r—0, It 2, . . ., fc—1) are already 

found. Then equalities 

«I?1 (*=1.2), ( 3 • 15 ) 

where already known column matrices, completely determine the 
values of the following approximation. Let us show this. 

Let us multiply equality (3-15) from the left by matrix y. Taking 

into account (2.6), we obtain 

na V, 4- + (¿ = 1,2). 

Let us introduce into examination column matrix 

(3.16) 

determined by equality 

(3.17) 

Then 

*13" 

*13 
'V»*I8" 
wlö 

and 

4?4 



Mlö 
Mlö 

>iV 
Í4*. 

.Mit'. I4.»« 

^r1 

M|» 
Mjî! +^1.^+Mií“11 

v.7jîî 

From the last relationship it is evident that matrix equality 
(3*16) is equivalent to n algebraic (not matrix) equalities 

» 

^S-'Wß+lYwß'+vtö-'i <«-1,2.. . (3.18) 

In view of (2.3) when 8 - a from (3.18) we have 

(3.19) 

Hence we find 

(3.20) 

When JV«—0, a v.^-v*. Therefore, e equality (3.18) is 
solvable relative to flîl:' 

«12 («*>)• (3.21) 

Only scalar function WS remained indeterminate. As can be seen 
from (3.19)» as ¢12 it is possible to take arbitrary, sufficient 
number of times differentiable function. 
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Now it is easy to determine k|*'. For this both sides of equality 

(3.17) must be multiplied from the left by pJ Then 

«13 

«13 
*“1 4 

or, considering (3.21), 

(3.22) 

where 

/».«V-Jïü-ï (3.23) 

^JiJ' - arbitrary, sufficient number of times differentiable function 

of T . 

When fe = 1 

r 

«J1I = -P. (m0->r*.-f2^) +,wia. 

(3.2Í») 

Since * 0, then 

ai¡l«0. (3.25) 

Assuming 9|í¡*=0, we will also have 

(3.26) 

4?6 

i 



By considering the last relationships, we obtain [see (3.11* )3 

^,,+ (3.27) 

— 

éx ái» 

In accordance with this, quantities of the next approximation 
are determined so: 

«gl-O, aj»l-0, 

«p—MÍÍ1 
(3.28) 

(3.29) 

Here arbitrary function ?|2 is taken equal to zero. 

By this method there can successively be determined all terms 

of series (3.8). By retaining in these series a finite number of 

first terms, we obtain approximately converted system of equations. 
Thus, if we are confined only to the first terms of series, then we 
will have 

—^-fv’A=0 (0-1,. • • (3.30) 

By retaining the two first terms, we obtain 

(3.31) 

The next approximation gives 

(o=l.n) (3.32) 

and so forth. 

477 



For application of these results to ordinal system (3.J/) it 
is necessary in all relationships to assume t ** 1. 

§ Reduction of Equations of Disturbed Motion 
of the Rocket to a Form Convenient 

for Simulation 

For reduction of equations (4*) to the iorm convenient for 
siim.lation, let us introduce into examination system 

i 

m^S+,rí,íf'+Âít)ísas,Â(T)Â+-:W (*—•*). (4.1) 

coinciding with (/}•) when e * 1. 

For the purpcJe of convenience of computations let us write 
system (4.1) in the form 

t) (4.2) 

where (i,f3) 

In system (4.2) let us perform substitution 

* 

■ •)*.). (^.4) 

assuming that scalar functions *a satisfy equations 

-^+0|.(T, 0»(t, t, ()+(^1.(/, t,() 

(®—1*...,). (4.5) 

t 

i 
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We have 

•ml 

Having substituted the obtained expressions in (4.2) and 
having equated coefficients at *oJ d»a/dt and free terms, we obtain 

again equalities (3.6), (3.7), which, as we saw, become identities, if 
terms of series (3.8) are determined by formulas (3.20) and (3.22), 
and equalities 

* ¿[(* «*+;-(£+•-£)]+ 

2 A. 
•-1 

i[(a 
•* » 

•-i 

+ 

(4.6) 
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Thus, the problem Is reduced to construction of functions 4/q0 
and (a * 1, ...» n), which satisfy relationships (4.6) and 
(4.7). 

We will construct these functions In the form of series 

'M*. T, «)=■ ¿ *%*' (/, T), 
*-0 t~4 

(4.8) 

Relationships (4.6) and (4.7) coincide with each other to within 
meanings, therefore, it is sufficient to show, for example, how from 
(4.6) to determine i|>0o depending on h. 

Let us introduce square matrices 

and column matrices 

"t/i" 

J (/-0,1). 

By means of these matrices equality (4.6) can be written so: 
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In accordance with (3.8) and (4.8) we have 

«i(t, o- r (4.10) 
i-t 

T, •)- 2 t) (/=0,1), 

where 

... «i?) (/-1,¾ 

*i»i_ 

«lî1 

•B' 

W1 

_wj 

(y-M). 

Let us substitute series (4.10) in matrix equation (4.9). 
Taking into account that x|0l-0,oj°l-0 , we obtain 

m a ¿ ^r-i «N*1 ¿■■»i*1+i •n*' Is •■n*1+ 
*-i km% /»-0 

■ ¿ ( 
»-1 \J 

)l 

+•2 ’ * 
*-• »-• Í 

(4.11) 

^ In equality (4.11) let us equate the terms, not containing e in 
the form of factor. Bearing in mind that x^™x [see (3.11)], we 
obtain 

A. (4.12) 
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Hence 

^81 “x-’m-'A—pm-1*. ( 4.13 ) 

In accordance with this 

(4.14) 

Now in equality (4.11) let us equate coef icients at e in the 
first power. We will have 

mtÿyi*= — m+*l,l-jj- . (4.15) 

Hence 

By substituting here the value of ♦J01 and taking into account 
that 

and «i11 « 0 [see (3*26)], we obtain 

♦4“— (4.17) 

and accordingly 

( 4 .!8) 

By this method there can be successively determined all terms 
of expansion $»•(*'*••)• 
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Terms; of expansion of function ♦!•(/. T,'e)iare expressed by the 

same formulas as terms of expansion of function (t, x. i), only in 

the latter instead of h it is necessary to substitute function (4.3). 
Thus, 

tß'-Mr««*, (4.19) 

♦Ü1“ —Ä , ( 4.2 0 ) 

etc. 

Thus, system of equations (4.1) can be reduced to form (4.5). 
Coefficients of equations of converted system are represented in the 
form c- series with respect to powers e. By retaining in coefficients 
the terms containing e not higher than in the first power, we will 
have 

+1^(111-^-(«»!,...,«). (4.21) 

It is possible to refine the converted system by retaining in 
coefficients of equations the terms containing e2. However, calcula¬ 

tions show that in this case the values of coefficients are changed 
insignificantly, and therefore it is entirely possible to be limited 
to examination of system (4.21). 

In order to apply the obtained results to original system (>1'), 
it is necessary in all relationships to assume e ■ 1. By assuming 
e ■ 1 in (4.21), we will have 

-+^-^01+ 

(—1.n). ^-22) 
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§ 5. Conversion of Control Signal of Automatic 
Stabilization Control"" 

In the expression of control signal of automatic stabilization 

control {B) let us turn to new variables ...» by means oí* 

substitution (A.4): 

(' 

(•-I a 

I+• £ J+*» 2(‘k½^+Ä*•z• )• +[ *-7—— «1Ä» I*» 

Let us designate 

Vit =*&| (« +*») + 

V» =ft,(t ^*** *irfiar)+fti**».r 
dx 

C5.1) 

Then 

' * /“* d t ** *** \ 

•-i 

Let us substitute series (3*8) in (5.1): 

(5.2) 

i—M « 2 2«H41 2«h4,+ 
\ *-« *-l ».1 

+ i ^+¾ ¿ «u*1- 
*-• »«1 

* / " \ 

« Z •*—- Z*H" Z ‘H*1 T*» Z ••■i" 
\ »-1 t-o / ».• 
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I 
By uniting In the right sides of the last equalities the terms 

containing e In equal powers, let us represent functions vla and 

and D2o 

(/-1,2). (5.3) 
»-• 

Here 

ß 
Vgl: 

«t'-vu1. .p-»,(£-.1^), (s.") 

etc. In formulas (5*^) there are taken Into account equalities 
(3.11) and (3.26). 

On the basis of obtained relationships we have 

• • • 1^-+ 

+[v.+'»,(^-.pv.)+.*. . . . 

Hence, by retaining only the terms containing 
than the first power we obtain approximately 

•5 ' 

\ (5.6) 

Relationship (5.6) when e ■ 1 represents approximate expression 
of control signal of automatic stabilization control through new 
coordinates «1, ..., *n, which must be considered together with 
converted equations of disturbed motion of the rocket as the object 
of control. 

}• (5.5) 

e In not higher 
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