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ABSTRACT

This study seeks better understanding of the general problem of
Predicting the response of fixed underwater structures to a shock wave
pPropagating through the water. Two idealized structures are considered;
an elastically-restrained rigid sphere and an elastically-restrained

" rigid cylinder. The shock is assumed to be an exponentially-decaying

Pressure pulse in an acoustic fluid. Solutions to the exact equations
are obtained analytically for the spherical structure and by Bellman's
numerical inversion procedure for both Structures. Previously obtained
solutions for the restrained cylindrical structure, simplified by the
Mindlin-Bleich approximction, are found to be in agreement. Response
curves are given for both structural types over a range of parameters.
The effects of drag are discussed.
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INTRODUCTION

This study continues the analysis that was begun in reference 1,
and seeks a better understanding of the general problem of predicting
the response of an underwater elastically-restrained structure to a
shock wave propagating through the water. This problem is of interest
to those who may want to consider the design or vulnerability of fixed
ocean-floor structures. There are sufficient differences between this
problem and that of a neutrally buoyant submarine, for example, to
make one suspect that existing analytical and experimental data may not
provide all the answers needed. The fixed ocean-floor structure has
several unique considerations: (1) It is not free to move with the
water shock or the flow behind it: this alters the loading and pro-
duces a greater flow of water psst the structure with accompanying drag
forces. (2) It is not necessar.ly necutrally buoyant; it may be denser
or less dense than the volume of water it displaces. The effect of
this relative density is important in the response of fixed structures.
(3) 1t depends upon the adequacy of the structural restraining members.
The design of these may be a critical problem. (4) It is subjected to
a different kind of absolute motion and acceleration than would be a
free structure such as a submarine. The struciure motions must be pre-
dicted so that criteria for stable positionfing and shock isolation can
be met. (5) It is restrained by and tied t> the ocean floor. It is
thus subject to loading caused by motion of the ocean floor as well as
that of the water shock.

Not all of the above considerations can be treated initially. The
special problem in the beginning stages of such an analysis is the dif-
ficulty in solving any but the most idealized situation. In this study,
as in reference 1, a simplified structure is mathematically modeled, and
the last of the above considerations is not included. For the water
shock an acoustic approxim:tion has been used, which implies certain
assumptions about the shock strength and velocity as well as the nature
of the fluid surrounding the structure. Although the acoustic approxi-
mation is known to be inaccurate, it is not clear how large an error it
contributes. In some cases the error may be minor. If the source of
the underwater disturbance is sufficiently far from the structure, the
shock reaching the structure will be traveling at acoustic speed. Also,
any drag forces due to steady flow appear to be quite small. For
stronger shocks the principal sources of error probably arise from the
neglect of forces produced by non-steady flow, turbulence, and separa-
tion of the boundary layer. It was demonstrated in reference 1 that in
the case of acceleration the peak values occur before the shock has
traversed the structure, so that viscous drag and turbulence have not




yet developed. This would imply that treating the water as an acoustic
fluid probably gives a good estimate of peak acceleration. On the other
hand, the peak velocity and peak displacement occur at later times so it
might be suspected :thaot a larger error is present in the acoustic pre-
dicticn of these values,

The reason for persisting in the acoustic approximation is that it
is fne most tractable analytically. However, even the acoustical equa-
tions become very difficult to solve as the number of parameters in-
creases. In this study at least two additional parameters are of inter-
est: The relative buoyancy of the structure and the restraint function.
A large number of parameters wmakes it impracticable to run direct numer-
ical solutions of the equations. It is more desirable to try to obtain
final solutions as some explicit function of the problem parameters so
that results can be obtained for any set of parametric values. This was
the approach followed by Murray? for the case of an unrestrained cylin-
der; but it did not lead to a final analytical solution, and numerical
inversion of Fourier transforms was required.

In reference 1 the authors considered the rigid body response of
an elastically-restrained cylindrical deep-ocean structure to an acous-
tic shock. For this problem the method employed by Murray becomes very
tedious and an effort was made to find simple procedures of comparable
accuracy. Solutions were obtained using the Mindlin-Bleich3 approxima-
tion which makes the equation simpler by assuming a plane wave character
for the scattered and radiated waves. For the special case of no
restraint these solutions were compared with Murray's results and found
to be in close agreement.

It was not possible to determine the accuracy of the Mindlin-
Bleich approximation for restrained cylinders because no solutions have
been found for reference. One of the objectives of this study has there-
fore been to develop such solutions to the exact equations for the
restrained cylinder. This is difficult because solution of the exact
equation leads to transformed equations that cannot be inverted analyti-
cally. It is necessary to use a numerical inversion procedure as did
Murray. His procedure could be followed, but in this more difficult
problem that procedure becomes almost prohibitively laborious and time-
consuming. Instead, Bellman's numerical inversion procedure" wav tried.
The appropriateness of doing this was demonstrated for the case of a
spherical structure, for which analytical inversion of the transformed
equation can be performed and a comparison of results 1is possible.

This study therefore accomplishes the following:

1. It presents an exact solution for the rigid-body response of
an elastically-restrained spherical structure in an acoustic fluid.

2. It demonstrates the appropriateness of the Bellman procedure
for inverting the Laplace transforms in the case of the spherical
structure by comparison with 1, above.
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3. For the case of a restrained cylindrical structure in an
acoustic fluid, it presents a solution of the exact equations using
Bellman's procedure.

4. It compares solutions using the Mindlin-Bleich approximation
for the cylinder with the results of 3, above.

The following sections discuss these results in detail and result-
ing figures show the calculated response of both spherical and cylin-
drical structures. The Appendices contain the procedures used for
computing inverse transforms.

SPHERICAL STRUCTURE

It is possible to obtain an analytical solution of the equations
for a restrained spherical structure. Once that solution is at hand,
it can be used as a standard for testing numerical methods of solving
the same equations in order to determine the appropriateness of numeri-
cal solutions. If a satisfactory numerical procedure exists for the
case of the restrained spherical structure, it is reasonable to try the
same numerical procedure in the case of the restrained cylindrical
structure, for which an exact analytical solution has not been found.

Suppose that an elastically-restrained, spherical deep-ocean
structure is subjected to an underwater shock wave. The source of the
shock wave is assumed to be sufficiently far from the structure so that
the incident shock wave form is a plane wave describable by linear
acoustic theory. For simplicity the effects due to reflections from
the ocean floor and the ocean surface are not considered.

Figure 1 describes the geometry and shows the coordinate system.
The *top diagram is for time, t = 0. The shock wave is traveling from
left to right and time is measured from the instant the shock wave
reaches the sphere. 1he sphere is of radius a and standard spherical
coordinates are used; r is the distance from the origin, and 6 1is the
angle measured from the polar axis, which is taken to be in the direc-
tion of propagation of the wave. The problem has asimuthal symmetry,
so that a second angular coordinate is not required to describe the
velocity field. The lower view in Figure 1 shows the configuration at
a later time t. The shock wave has advanced the distance ct (c is the
acoustic velocity of the fluid) and the sphere has moved its center
through a distance z in the propagation direction. For clarity, the z
displacement has been grossly exaggerated. Not shown on the lower
diagram are the reflected, diffracted and radiated waves.

Three equations describe this dynamical situation. The first
expresses equilibrium of forces acting on the sphere. These forces are
the inertia force, the elastic restraining force, and the forces due to
the acoustic pressures of the incident and scattered and radiated waves.
The second equation is the wave equation that describes the propagation




of the acoustic waves. The third equation imposes the condition that
the water particle velocity at the surface of the sphere must have a
zero normal component relative to the sphere. Physically this states
that the surrounding water cannot penetrate into the sphere.

The total pressure force in the propagation direction is obtained
by integrating the incremental force in the z direction due to the
pressures acting on a strip of width dé at 6. This is shown in Figure
2. The area of the strip at angle 6 is simply 2ra? sin6 d6. This
gives the pressure acting on the strip; the component in the propagation
direction is obtained by projecting this pressure force in the z direc-~
tion. The total horizontal pressure force, therefore, is

Fp(a,e,t) = - [21ra2 8inb cosé dé]p(a,e,t) (1)

where p(a,06,t) is the pressure distribution at the surface of the sphere
at time t. The pressure itself is described through the velocity poten-
tial ¢ for the particle velocity distribution. In terms of ¢ the water

velocity and pressure are given by

M_(£,8,8) = = 3= 4(r,6,8) (2)
p(r,8,t) = u %% (r,0,t) (3)

where u is the density of water. The acoustic field is divided into
the incident acoustic field plus the scattered and radiated waves. The
incident pulse is assumed to have peak pressure p, and to decay with
time constant q as given below.

[2 + a :]/

- — t q +

p,(r,0,t)=p_e L € (e - 1zc—al) (4)
where z = r cosb

In terms of this incident wave, the equations for the system are:
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m 2(t) + k z(t) = - 2nai[ s8ind cosh [pi(a,e,t) + u%%ﬁa’e’t)]de (5)
o}
2 1 52%(r,8,t
V44 (r,0,t) = =4 m (6)
3¢, (r,6,t)
3(t) cosd = - —= l - 28(x,0,) . )

The above equations can be made dimensionless by defining the following
parameters:

= ($)e
- ()
pe?

g(t) = <3P0> z(t)

¢1(paenT) -<apluc
o]

() &

k /a\2
ot -5 (D)

g = us/ _ density of structure
U density of water

)¢(r.6.t)

0lp

With these transformations, the three equations for the system become:
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2 - = -
d—dgl) +w02 z(t) = - g_S[ sinf cosb dé [H(T -1 - cosf)e X(t 1 - cos8)
)

+a_¢1(1,e,r)] €))
9T

2 2

1% 1 Y0 a2 4.6,6,m) -
32 P 3p | pZ 382 312

dz (1) - X(t - 1 - cosb)

dr

cosf = H(t - 1 - cosf)cosh e

3
'Sp_ l(p’esT) (10)
p=1

Rather than deal directly with the time-dependent functions, it is
convenient to consider the Fourier transforms of 7(t) and ¢1. The
general relations connecting a function f(t) and its Fourier transform

F(w) are:

f(t) =ﬁ?“’ emt F(w) dw
- it
F) V%’J e £(t) dt

Using this transformation, the above set of equations become:
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- 3 e iwt (1 + cosb) -
(wo2 - w?) ) = - z—sj 8ind cos® de\/% T L + iw¢,(1,6,w)] (11)
0
- 3-¢7 (p,e,w) 32.6 (p)eom)
3%y JISo " 5 “CONMBIII - Ih 2P SYR,
ap2 (Pr8a) + 2 S + 7 307 wo, (p,0,0)  (12)

e w(l + Cose)cose _.2_¢1(p,6,m) (13)
27 X + iw ap el

where Z(w) is the Fourier transform of 7(t) and ¢,(p,8,w) is the Fourier
transform of ¢(p,8,t). The middle equation is now in the form of the
Helmholtz Equation in spherical coordinates with asimuthal symmetry.

The Eigen functions of this equation, which represent outgoing spherical
waves, are

iw Z(w) cosd

(]

hn(z)Qup) Pz(cose)

where

hz(z)(wp) = lth order spherical Hankel Function
of the second kind

Pz(cose) = Zth order Legendre polynomial

The general solution for the velocity potential, therefore, is given by
a linear combination of these Eigen functions, i.e.

3,(0,6) = E 4, @ 0, P o) P, (cos0) (14)

L =0




The coupled sets of equations involving ZT(v) and A;(w) are obtained by
inserting the above expression into the remaining two equations above,
multiplying by Py(cosf) and integrating with respect to 6 from zero to
7. (w) appears only in the £ = 1 equation, which corresponds to the
rigid-body motion of the sphere. The higher angular modes would contri-
bute to the various deformation modes of the sphere, which are not con-
sidered in this report. The two £ = 1 equations that result are:

-34 - 1w
(o2 = w?) Th) = - éﬁ t— 1@+ way@h, Pw)| @D
-dw, 1 (2)
e (") d|h W)
wrw g e b2l

v

The problem has now been reduced to two linear algebraic equations in
two unknowns, Z(w) and Al(w). The final expression for T(w) is:

- 1w
Tw) = %T s 2 [ ?2) 7 0w . (2 v @D
\I— w- d hl )] X+ iw) m02 -w? + 3 hl W)
4o d hl(z) (w)
do

This 1s not quite as formidable an expression as it appears because the
spherical Bessel and Hankel functions are simple linear combinations of
senes and cosines, Explicitly these functions are:®

sinw cosuw
jl(w) w? W

The final expression for Z(w) is obtained by substituting these values
for hl(z)(m) and jl(w).
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Tw) = L (18)
ﬁs (w + x)[(mo2 - w2)(- 24 + 20w + w?) +“S’—T(1 - w)]

The time-dependent displacement r(t) is the inverse, which is given
by the fcllowing integral:

10 -\/§=ﬂ S Twe e

This inversion can be done by contour integration in the complex
w plane to yield general solutions for certain cases, and numerical
solutions for other cases. This is discussed in Appendix A.

Typical examples of the time-histories are presented in Figures
3 through 20. The displacement Z, velocity, di/4,s and accelerationm,

2
g;%-, are plotted versus time, Tt -(c/a) t, for a variety of the parameters.

The peak acceleration does not appreciably change throughout the
range of X and w, studied. As w, increases, the maximum acceleration
in the initial positive peak decreases. However, the magnitude of the
first minimum increases. The net effect is an almost constant peak
acceleration.

As was to be expected, the peak response increases as S decreases.
As was observed for the unrestrained case, the rate of damping also
increases as S decreases. A denser structure experiences smaller peak
responses, However, its motion will persist for much longer times.

If the transformed equation for T(w) could not be inverted readily,
one could make use of a numerical inversion procedure. One such pro-
cedure has been developed by Bellman et al* for Laplace transforms.
Since a Fourier transform can be restated to a Laplace transform by an
appropriate substitution, the Bellman procedure can be applied to the
solution for the sphere. The reason for doing this is to obtain a check
on the applicability of the Bellman procedure to this problem by compar-
ing the results with those obtained by contour integration. Once its
applicability is established, the Bellman method can be used for the
solution for the cylinder, a solution that cannot readily be obtained
by contour integration.

The Bellman procedure is described in Appendix B. This procedure
was used to invert Equation 18, and the results are shown in Figures
21 through 30, which compare these results with those obtained by contour
integration.
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The points shown in the figures obtained by the Bellman procedure
used a quadrature order N of 5, 6 and 7, and scale factors SF of 1.0
and 3.33. The symbols used on the plots are:

NIT1o SF3.33
X n
@ *
o ¥

The agreement for small w, is very good. With increasing natural
frequency, the approximation breaks down after the first maximum is
reached. The main deficiency from a design point of view is that the
first minimum appears underestimated at these higher frequencies. It
is expected, however, that actual structures built on the ocean floor
will not be that rigidly constrained; hence w, will be relatively small.
Bellman's approximate inversion method should then yield reliable design
information,

CYLINDRICAL STRUCTURE

The next problem of interest is the motion of an elastically re-
strained cylindrical structure subjected to an underwater shock wave.
As in the previous section, the effects due to the sea surface and
bottom are neglected and the shock wave is considered to be a plane
wave that 1is weak enough to be describable by linear acoustic theory.

The formulation for the cylindrical structure proceeds in a man-
ner analogous to that for the spherical structure. The main differ-
ences between the two problems are that the surface area for the
cylinder does not contain the factor of sin® and that the independent
variables for the acoustic fluid are now cylindrical coordinates rather
than spherical coordinates. As a consequence of these differences, the
Fourier transform of the cylinder motion contains ordinary Hankel func-
tions rather than spherical Hankel functions and cannot be inverted
analytically.

Since the main steps in the mathematical analysis are almost iden-
tical with that of the sphere, only a brief treatment of the development
will be given. The upper drawing of Figure 31 shows the incident shock
wave just arriving at the cylinder. The motion of the cylinder as well
as the fluid is independent of the x coordinate, which is perpendicular
to the plane of the paper. The z and y as well as r and 6 coordinates
are shown and are standard Carteslan and Polar coordinates, respectively,

10
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The lower drawing of Figure 31 shows the situation at a time t. The
shock wave has moved a distance ct and the cylinder is displaced at a
distance z. As with the sphere, the translational motion of the cylin-
der has been exaggerated for ease of presentation. The equation of
motion for the cylinder is

2
m2(t) +kz(t) = -a s cosé 31’0 H(ct - a - a cosb)e Let - zc; a cosb)
o
+ u _g_%(r, 8; ) i de (19)
r=a

where k is the spring constant per unit length of cylinder and m is the
mass per unit length of the cylinder. The terms on the righthand side
of the equation are the pressure forces due to the fluid (the notation
is exactly the same as with the sphere). The wave equation for the
motion of the acoustic wave and the boundary condition equation are
given below:

929 . 1 3¢ . 1 3% _ 1 232 ¢(r, 6, t)
AR A S Al 1 20

P

=(c) coad . %3(1’, o ) + S H(ct - a - a cosd) cos e ~ SSE =8 = 8 cosh)

Sc cq

r = a

(21)

The transformation to <imensionless variables proceeds exactly as it did
with the sphere. These transformations and the resulting equations follow:

- ()
- ()

11




2
z(r) = (ﬁﬁ-)z(t)
(o]

\
1
¢1(p y8,T) = (apouc)d’(r’e’t)

- (2)3

s =Yg/,

27
a¢
d? T 2 1 - X(t = 1 - cosb) 1
-7;;31—1 + wy ¢ t(t) ;;'j cosb [%(T -1 - cosf)e + 3T (1,6,1)

o
(22)
2 2 2
3p2 p 3p pZ 382 T 312
= = - 3¢ (pse T)
.QEEKIl cosf = H(t - 1 - cosfB)cosh e X(r -1 cosé) _ 17 '
T 3p p =1
24)

U«ing the same procedure as with the sphere, these equations are expressed
in terms of Fourier transforms. The solution of these transformed equa-
tions is straight-forward, but does not lead to any expression involving
spherical Hankel functions and Legendre Polynomials as was the case for
the sphere. Instead, the solution for the acoustic field is found in
terms of ordinary Hankel functions and cos n6. The final result for the
Fourier transform of the cylinder displacement is given below:

(2)
- iw w H ()
oy _ 4 1 e 1 2 1 2
Tw) = 3 e (o + 0 wd h (2)0») w2 + = (2)(m) + o (25)
1 1
dw dw

12




The time dependence for the displacement is the inverse, which is given
by the usual Fourier integral. Due to the fact that ordinary Hankel
functions are much more complicated than spherical Hankel functions, it
is not possible to perform the integration analytically. Numerical in-
version can be accomplished by using the Bellman procedure, which was
demonstrated in the discussion of the sphere and is further explained
in Appendix B.

Several examples for the response of cylindrical structures are
presented in Figures 32 through 43. The symbols have the meanings
previously defined. The displacement, velocity, acceleration, and time
are the dimensionless variables pertinent to the cylinder.

It can be seen from these figures that the response of the cylinder
is similar to that for the sphere. It is therefore inferred that the
reliability of the Bellman method extends to the cylindrical problem in
roughly the same parametric range.

Fairly reliable curves can be drawn fhrough these points, and ad-
ditional points can be readily calculated using larger values of N in
the Bellman procedure. The values chosen, however, appear adequate for
the determination of the peak response in the parametric range of
interest.

In reference 1 the solution to the cylinder problem was obtained
using the Mindlin and Bleich approximation. Good agreement was obtained
between this approximate solution and Murray's exact solution for an
unrestrained cylinder. In Figures 44 through 46 a comparison of these
previous results with the present calculations shows that the Mindlin
and Bleich approximation must be reasonably accurate for the restrained
cylinder too. The Mindlin-Bleich results follow those from the exact
calculation until the velocity becomes negative. The reason for this
is the different treatment of the radiative force. In the Mindlin-
Bleich approximation this force is always 180 degrees out of phase with
the velocity; in the exact formulation the radiative force is an integ-
ral operator and bears no such constant phase relation with the velocity.

DRAG EFFECTS

Thus far the real nature of water, namely its wetness, has been
neglected. Due to viscosity the actual flow will differ from that ob-
tained in the preceding analysis. One immediate result is that drag
forces will be present.

The drag forces due to idealized steady flow, however, would be
quite small compared to the main pressure forces. For example, consider
the usual expression for the drag force on a sphere. This is given by:

-1 2012
FD 7 M CD ma‘l (26)

13



where Cp is the drag coefficient and U is the relative speed of the
sphere through the fluid. Assuming that U = Uy = Poy ) , 1.e., the
fluid particle velocity at the front of the shock wave, the drag force
becomes

2
-1 2|Fo.
Fy=5ucC)ma [HC] (27)

From this one readily calculates the dimensionless acceleration,
U
42 0
[id ]n 3/8 CD Sc (28)

2
where[%;%-] is the acceleration due solely to the drag term. This can

be compared with the main pressure contribution for a specific numerical
example., For S = 1, CD = 2 and p, = 1,000 psi, one gets

2 =
[%—5] = 2.25 x 1073
"o

The calculated peak acceleration from Figure 32 is 0.7; therefore, the
drag force is about 0.3% of the direct force. For larger incident
pressures this percentage increases; however, the linear-acoustic
theory itself collapses before this drag coatribution is appreciable.

In addition to this small perturbation, the change in the flow
resulting from the separation of the boundary layer may appreciably
alter the scattering and radiative properties of the sphere. - If this
is the case, then inviscid theory could conceivably be in error by much
more than the 0.3% estimated above for the contribution of direct drag.
At the present time there seems to be little information on this subject.

FINDINGS AND CONCLUSIONS

The response of spherical and cylindrical structures due to a
weak, plane acoustic shock wave has been presented. Exact expressions
for the Fourier transform were obtained. For the sphere the inverse
was obtained exactly; however, in order to invert the transform for the
cylinder, an approximation was necessary. This approximate method
applied to a sphere was compared with the exact solution for the sphere

14




and found to be acceptable for the range of parameters that will be
encountered for a deep ocean structure. It can be concluded from the
similarity of results for the sphere and cylinder that the approximate
method 1is appropriate for the cylinder in the same parametric range as
for the sphere.

The direct drag effects due to the viscosity of the water were
estimated to be negligible. Indirect effects due to the perturbed
flow could not be estimated, and a theoretical analysis of this effect
would be very difficult. A series of small-scale experiments should be
performed in order to investigate the magnitude of this effect.

15
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Figure 2. Detail for Pressure Calculation.
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Figure 3. Displacement Versus Time for Unrestrained Sphere; Step
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Appendix A

INVERSION OF FOURIER-TRANSFORMED
EQUATIONS FOR SPHERICAL STRUCTURE

The integral for 7(t) that appears in Equation 18 on page 9 can
be done by contour integration in the complex w plane. In general there
will be contributions from five poles, one at w = iX and the others at
the roots of the quartic equation

1 1
4 3 .1 2 2 2 2 = =
iw +(2+g)w (2+¢.u0 +g)w 2wow+21wo 0 (A-1)

The roots of this equation can be shown to lie in the upper half plane,
as they must to insure causality. It is not possible to solve the
quartic equativn in closed form for arbitrary S and w,. However, for
wo = 0 the quartic equation breaks down into a double root at w = 0 and
two roots that are the solutions of the remaining quadratic equation.
For wy, not equal to 0, recourse must be made to numerical methods in
order to obtain a particular solution. In terms of these roots, Xi,

z(t) is

o U (A-2)

M-

3
c(t)=S—i
=1

n -] X
M
[o4
|
F]
[ 55
-

where x; = iq and x5, 1 = 1, ..., 4 are the roots of the quartic. It
should be noted, that in case of multiple roots this solution is not
valid.

It is instructive to look at the inversion integral for the case

w, = 0 in some detail. For this case, the above inverse of Equation 18

becomes

-]

Z(t) = = j ok
218 ) alu - 1X)[m - (1 + %5)1 -\ + ;—S)(l - %)]

[n-(l+%-§)i+ (1+?s')(1'?s')] du (A-3)
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Figure 47 shows the location of the poles in the complex w plane, as
well as the two contours, Cl and C2. For negative values of t the
exponential along the contour C2 goes to zero. There are no poles
within this contour; hence the result is zero. As stated above, this
is simply une to causality. Namely, before the shock wave hits the
sphere, it shouldn't move. For t greater than zero the contour can be
closed in the upper half of the plane. This is Cl in Figure 47, and
this contour encloses all four poles. The integral along the real axis
is displaced slightly below it, so that the pole at w = 0 is inside the
contour. The value of the integral 1s 271 times the sum of the residue.
The general feature of the solution can be readily determined with-
out explicitly presenting the cumbersome algebra. If X = 0, there is a
first order pole at w = 0. The residue at w = 0 times 27mi then repre-
sents the asymptotic displacement of the sphere, i.e.

If X = 0, then the pole at w = 0 is of second order so that

. 3t
D, 3571

hence

d (1) 3

>

dt 1> 25+ 1

The poles at

oyl )

yield exponentially damped contributions; the damping increases in-
versely with S. It is interesting to observe that even without a
restraint force these contain an oscillatory component for S greater
than one-half. It is not obvious what the physical cause is for this
oscillation. However, it is rather strongly damped out in time and
would probably not be measurable. (Murray2 observes the same type of
oscillations for the motion of an unrestrained cylinder.) For S smal-
ler than one-half, the motion no longer is oscillatory but is exponen-
tially damped. It is interesting to observe that for S equal to one
and X * 0, z(=») is equal to L which is simply the distance a particle

of water in frent of the shock wave would move during the decay time of
the pulse. For X = 0 on the other hand,
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e
- » 3/(28 + 1)

which for S greater than one is less than the particle velocity in the
shock wave, For S = 1 the sphere moves with the shock wave, and for

S less than 1, it moves faster than the particle velocity in the shock
wave. This is not an unreasonable result, since from potential theory
it is well known that an accelerated sphere will lead or lag the water
velocity depending on whether the density is less than or greater than
the water density. Since with the potential theory there is no force
on the submerged object due to uniform flow, this motion will persist.
On the other hand the inclusion of drag forces would maintain the
asymptotic velocity of the sphere equal to that of the water particle
velocities.
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Appendix B

NUMERICAL INVERSION OF TRANSFORMED EQUATIONS

Although an exact solution for the motion of the sphere can be
obtained, this is not possible for a cylindrical structure because the
solution to the transformed equation cannot be readily inverted. A
numerical inversion of the Laplace transform for the cylinder response
can be obtained, however, using a method due to Bellman, Kalaba and
Lockett.* It is expected that the motion of the sphere and the cylin-
der will be qualitatively similar, so that the limitations of Bellman's
method in this application can be determined by applying it to the
motion of the sphere.

The solution obtained for the sphere was based on the Fourier
transform, whereas Bellman's method requires the Laplace transform.
Due to the fact that the system is at rest for negative times, the
Laplace transform FL(O) is related to the Fourier transform FF(w) by

F (9) = V2r B 1))

In order to demonstrate this, let FFGu) be the Fourier transform of |l
f(t); then )

Fo) = /;=ﬂj e 1t £ityde (B-1)

Then since f(t) = o when t is less than zero, this becomes

-]

Fplw) = & s e " Bt £iryar (B-2)

0

L

The above expression for w = - ic is

Fo(- 10) = szﬂ: e~ 9 f(t)at (B-3)
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However, the Laplace transform of f(t) is

o«

F (0) -I e "%t fyde (B-4)
(o]

hence

F, (o) = Y2r Fp(- 10) (B-5)

as was to be shown. With this relation the Laplace transform for the
spherical problem can be readily obtained from the Fourier transform
solution.

To describe Bellman's method for inverting the Laplace transform
let F(o) be the Laplace transform of f(t), hence

F(o) -S e "% g(v)de (B-6)
(o]

For the numerical integration, limits of zero to one are easier to
han”ie. This is accomplished by the following change of variable.

SUt:

yse (B—7)
which when inserted into (B-6) gives
1
g -1
F(o) = j y f(- tny)dy (B-8)
o

This integral can be approximated by an N-term quadrature formula
(Bellman uses Gauss-Legendre, although others may work as well).
Equation (B-8) therefore becomes
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-1
F(a) = oy © £(- tnyp) (B-9)

where the y, and w, depend on the particular quadrature formula used.

This represents one equation for the N unknowns, (f(- &ny,), n = 1,2,...,N).
N equations are obtained by substituting N different values for o. Taking

this set to be o = 1,2,...,N, equation (B-9) yields the following set.

N
F(j) * E wn ynj -1 f(' Qnyn); j = 1’2""’N (B-].O)

n=1

In matrix form equation (B-10) is

{F} = [A){f} (B-11)
where
F(1) f(- inyj)
F(2) G
(F} = A PRI
' f(- 4ny.)
F(N) 8
1 -1 1=-1
Y1 "y Yn Y
[A] =
N-1 N-1
51 ks i Y Y

The usefulness of the method is due to the fact that [A]_1 is problem-
independent. The solution of equation (B-11) is

(£} = (AL ;) (8-12)
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Numerical values for f(- 2ny,) are readily obtained once [A]—1 is known.
For Gauss-Legendre quadrature, Bellman has tabulated [A]”1l and - 2ny
for values of N from 3 to 15. It should be noted that [A] is 111~
conditioned, hence double precision (16 digits) is needed to carry out
the indicated operations in equation (B-12).

Since t = - 2ny, N values of f(t) can te obtained by solving equa-
tion (B-12) for N values of f(- &ny). Unfortunately, the t, values
are rather small and tend to cluster near t = o for the range of N
given by Bellman. This problem can be avoided, however, and f(t)
determined for larger values of t by using the fact that the Laplace
transform of f(at) is given by L F(o/0) where F(o) is the Laplace
transform of £(t). Therefore, equation (B-12) becomes

£(aty) = & z AL EG/e) (B-13)

=1

3

Other methods to extend the time domain are discussed in reference 4
and will not be discussed here.
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LIST OF SYMBOLS

Radius of sphere or cylinder

Acoustic velocity in water

Hankel function, Rth order, an kind
Bessel function

Summation index

"Spring" constant of restraint

Summation index

Unit mass of sphere or cylinder

Summation index

Unit pressure

Peak pressure of incident pulse

Time decay-constant

Radial distance

Ratio of structure density to water density
Time

Water particle velocity and acceleration
Water particle velocity at front of shock wiave
Weighting factor

Displacement, velocity, acceleration of structure
in direction of shock propagation

Frequency dependent amplitude of ltb mode
Drag coefficient

Mass coefficient

Drag force

Inertia force

Heavyside step function

Quadrature order, Bellman method
Legendre polynomial, %th order

Scaling factor

Spherical coordinate measured in vertical plane
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OE

Dimensionless translational distance
Fourier transform of ¢

Spherical or rylindrical coordinate
Mass density of water

Dimensionless radial distance
Laplace variable

Dimensionless time

Potential function

Fourier transform of ¢

Dimensionless time constant

Angular frequency (rad/sec)

Furdamental frequency of structure in air
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