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ABSTRACT 

iíDC 629.7.O36.5.OI5.3.O3 

This book discusses questions of the theory and calculation of 

certain dynamic processes which take place with variable parameters In 

liquid rocket engines and their major components. Primary attention 

Is devoted to the description of the dynamic processes and the study 

of methods for the engineering calculation of these processes. 

The differential equations of motion of the working nedium and of 

the moving parts of the Individual components are used to describe the 

dynamic processes of liquid rocket engines (LRE). Theoretical LRE 

arrangements and their static characteristics are examined. Assuming 

the LRE to be potentially a dynamic system, the authors derive the 

equations of the dynamics of the powerplant primary components. 

The dynamics of tne LRE automation elements are analyzed and the 

questions of automatic regulation, trimming, and retriraming of engines 

jslng the results of firing tests are studied. The oscillatory pro¬ 

cesses in the tubing lines are examined in detail; the influence of 

oscillations in the pneumatic and hydraulic lines on the stability of 

the LRE working process is determined. 

An analysis is given of the LRE startup processes and the effect 

of the thrust tailoff Impulse (TTI) on the scatter of ballistic 

rockets. Original material used in the analysis of several engine 

elements and their control systems is presented. 

The book will be of interest for a wide range of specialists in 

rocket and aircraft engineering. It may also be useful to teachers 

and students in advanced technical school courses. 

There are 5 Tables, 138 Illustrations, and 195 References. 
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FOREWORD 
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The last 10 - 15 years have seen tremendous advances in rocket 

engineering, particularly in the creation of high-power liquid rocket 

engines (LRE). These engines have reached such a high degree of struc¬ 

tural efficiency and operational reliability in their development that 

it has been possible not only to provide unlimited i <et flight ranges, 

but also to accomplish the launch of piloted flight vehicles into outer’ 

space. 

The hundreds of successfully launched artificial earth satellites, 

launches of space rockets, flights of cosmonauts aboard space flight 

vehicles have initiated a new era — the era of direct emergence of 

man into space. 

and the 

engines 

•y pro- 

jce of 

lity of 

effect 

c 

gine 

sts in 

chers 

This has excited great interest in rocket engines and has led to 

the appearance of several books by Soviet and foreign authors devoted 

to rocket engines, in particular questions of the theory and computation 

of the working processes in these engines. 

However, at the present stage of rocket technology development 

we can no longer restrict ourselves to the study of only the steady 

operating regimes and static characteristics of the engine. The study 

of the dynamics of the engine working processes is becoming increasingly 

Important and necessary in practice. Knowledge of engine dynamic char¬ 

acteristics is of paramount importance in the preliminary design pro¬ 

cess and particularly in the engine experimental development stage. 

The accumulated scientific and practical experience in the field 

of LRE dynamics has obviously not been presented adequately in the 

technical literature, the published data are scattered in individual 

articles and monographs devoted to particular problems. For example, 

the well known monograph by Crocco and Cheng [78] covers only the 

questions of instability, while the recently published book of Moshkin 

FTD-HC-23-18-70 2 



[102] do., not cover the entire range of questions relating to LUE brief 

An impressive study by Shevyakov has recently appeared ("Automatic 

Control of Aircraft and Rocket Powerplants") [150]; however this 

book devotes onxy a single chapter to certain questions of LRE dynamics. 

As far as we know the present book is the first attempt to write 

a monograph covering the theory and calculation of the basic dynamic 

processes in an engine and its individual components, which are pro¬ 

cesses which proceed with time-variable parameters. Such processes 

include LRE startup, shutdown, wave processes in the fuel lines, 

transient regulation processes, unstable (pulsative) engine operating 
regimes, and so on. 

The liquid rocket powerplant Is a dynamic system. To describe 

the dynamic processes In a LRE we use the differential equations of 

motion of the working medium (liquid fuel or Its combustion products) 

and the moving parte of the Individual components (turbopump assembly 

rotor, valve disks, and so on). 

In presenting the fundamentals of LRE dynamics it is more pro¬ 

fitable to first examine the pneumo-hydraulic arrangements and the 

engine static characteristics, and also to derive the equations of 

the dynamic components of the LRE. Then we examine in sequence the 

questions which constitute the principal content of the book: 

automatic regulation, wave processes and hydraulic hammer in pneumo- 

hydraulic systems, damping, stability of the working process, LRE 

shutdown, questions of test stand dynamics, and certain other problems. 

Among these questions are some which should be considered pro¬ 

blems or questions which have received insufficient study. For ex¬ 

ample, at the present time many questions of the stability of the LRE 

process have not been entirely solved or have not been studied at all. 

In the analysis of such questions the authors do not pretend to pre¬ 

sent a complete or exhaustive discussion of these questions; their 

objective is to introduce the reader to the problem and describe 

FTD-HC-23-I8-70 
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briefly its present status. 

The rapid development of rocketry makea It Imposait,le to cover 

the latest advances In the field In question. However the material 

covered in the book la sufficient for the reader to obtain the funda¬ 

mental information on the dynamic processes In the IRE. 

and ,PT\7r "akhln ’'r0te Sectl0"8 1 - 3 of 2- Chapter. 6 

Prof«. P r 1 an<1 2 (sUbBeotlon 3) of Chapter 10; Assistant 
Proiessor Prlsnyakov, Candidate of Tech. Scl., wrote Sections A - 7 of 

Chepter 2, chapters J, A, 5, and a0; Assistant Professor Bellk 

coo« Te°,f Te°h' Scl” prepared 0h<lpter5 7 8- A11 ‘he authors 
cooperated in the writing of Chapter 1. 

The authors wish to thank A.A. Shevyakov for hi. kind and helpful 

advice given in the course of the manuscript review. 



CHAPTER I 

SCHEMA TC DIAGRAMS OP LRE 

The schematic diagram of the LRE Is a simplified graphical repre¬ 

sentation of the Interaction of Its major components and assemblies. 

This diagram gives a graphical picture of the sequence of the action 

and interaction of these components and assemblies in the process of 

the performance of the entire cycle of all the engine operating re¬ 

gimes, beginning from startup and terminating with shu! '.own. This 

diagram also defines the path which the components of the basic working 

medium follow from the tanks to the combustion chamber, and also indi¬ 

cates the lines for the auxiliary working media used to pressurize 
• 

the fuel tanks, supply the turbines and the engine pyropneumatlcs. 

Thus the present-day liquid rocket powerplant is a complex system 

cf inter-related assemblies and systems which make it possible to ob¬ 

tain certain basic parameters in the process of Its functioning on 

the flight vehicle. Therefore the choice of the optimal arrangement 

for a new LRE design is not a simple task. Here we see the influence 

of many different factors, beginning with the particular mission of 

the engine, its power characteristics, and terminating with opera¬ 

tional reliability, manufacturing cost, and so on. 



ê 

However, concerning several fundamentally different arrangements 

I we can express quite definite Ideas on the advisability of their use 

In a particular case. For example, with regard to feed systems the 

LRE are divided Into engines with pressure-fed and turbopump-fed pro¬ 

pellant systems. We know that the former are sometimes preferable for 

short-range rockets (anti-aircraft guided missiles), for which the 

structural weight Increase resulting from the thick-walled tanks Is 

offset by the relative simplicity of the powerplant pneumatic and 

hydraulic systems. But In most cases the pump-fed LRE is more effi¬ 

cient. In the following we examine the most typical LRE arrangements, 

both those In use and future designs, which have been described in the 

technical literature. 

§ 1. Pressure-Fed LRE 

In the pressure-fed propellant supply system,the pressure in the 

repre- rocket tanks is higher than that in the combustion chamber. To ensure 

lies- tank 8trength they are thick-walled and therefore have considerable 

tion weight. 

ss of 

re- Let us examine some LRE arrangements with pressure feed, 

his 

working 

o indi- A schematic diagram of a monopropellant LRE with gaseous pressure 

lze accumulator is shown in Figure 1.1. The monopropellant is forced from 

cs. the tank 10 into the combustion chamber 7 by the compressed gas in the 

bottle 1 (gas pressure accumulator). 

system 

to ob- The engine thrust is regulated by the combustion chamber pressure. 

? on the chamber pressure deviates from the set value, an electric 

ement signal from the pressure sensor 6 travels to the amplifier 5 and the 

luence servomotor 4, which readjusts the gas pressure reducer to a new regime, 

i of Thls Is accompanied by a change of the pressure in the propellant tank 

ra- and therefore a change of the pressure in the combustion chamber. 

Engine startup and shutdown are accomplished t 

valves 2 and 8. The membrane 11 is used to separat 

and the expulsion system. 

actuation of the 

the tank chamber 

: 
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Figure 1.1. Monopropellant LRE 
with pressurized propellant feed 
system: 

1) gas pressure accumulator; 
2) electropneumatic valve; 3) gas 
pressure reducer; servomotor; 
5) amplifier; 6) pressure sensor; 
7) combustion chamber; 8) main 
propellant valve; 9) orifice; 
10) propellant tank 11) membrane 

The bipropellant LRE arrange¬ 

ment (Figure 1.2) does not differ 

fundamentally from the monopropel¬ 

lant scheme Just discussed. Here 

the thrust Is also regulated by the 

combustion chamber pressure, but the 

ratio of the propellant components 

Is maintained within set limits by 

the (flow control) orifices 13 and 

7 in the oxidizer and fuel lines. 

Engine startup and shutdown are 

accomplished by the valves 2, 9, 

and 12. The separating membranes 

5 are used to avoid mixing of the 

propellent components during rocket 

transportation and storage in the 

fuelled condition. 

We note that in certain cases 

thrust regulation is not accom¬ 

plished by varying the combustion 

chamber pressure, rather it is 

accomplished by varying the pres¬ 

sure In the tanks, which is main¬ 

tained by a nonadjustable pressure 

regulator. In this case the pro¬ 

pellant feed system is simplified 

somewhat, since there is no need 

for the amplifier, servomotor, and 

the adjustable pressure reducer. 

The engine thrust varies over a 

considerable range, since the 

pressure ahead of the orifices depends on the flight load factor and 

the preasure reducer characteristics. 

The efficiency of the pressure-fed system can be Improved by pre¬ 

heating the working medium by means of a heat exchanger which uses 



the thermal energy of the exhaust gases [66]. 

The presence of the gas pressure accumulator on board the rocket Is 

not always Justified, since It has considerable weight and volume. 

Therefore, in place of the gas pressure accumulator, use is often made 

of a solid pressure accumulator (SPA), which has definite weight and 

structural advantages . A serious drawback of the pressure-fed propel¬ 

lant system using the SPA is that it is very difficult to organize a 

stable process for the combustion of the solid grain in the accumulator 

combustion chamber. This can be avoided if the propellant is expelled 

from the tanks using a liquid pressure accumulator (LPA) in which the 

working medium are the products of combustion of the liquid propellant 

components . 

A schematic diagram of a LRE with LPA is shown in Figure* 1.3. 

Air flows from the high-pressure bottle (accumulator) 1 through the 

valve 2, pressure reducer 3» and check valves ¿I into the tanks 5 and 

13 with the liquid propellants. After the membranes 6 and 12 burst, 

the liquid component enters the propellant tanks, where it burns as a 

result of mixing with the vapor and liquid phases of the components in 

tanks 7 and 11. We note that considerable pressure pulsations in the 

tanks may be observed in this arrangement. 

Moreover, for the realization of this scheme it is necessary that 

the oxidizer and fuel be hypergolic. 

More successful is the LPA arrangement in which the liquid com¬ 

ponents are burned in special gas generators mounted on the tanks. In 

this case a stable tank pressure and combustion products with the re¬ 

quired temperature can be obtained. 

§ 2. Turbopump-Fed LRE 

The LRE schemes with turbopump feed system have been widely used 

for rockets with various missions. These schemes are divided into 

two basic types: 
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Figure 1.2. Bipropellant LRE with 
pressurised propellant feed sys¬ 
tem: 

1) gas pressure accumulator; 
2) electropneumatic valve; 3) main 
pressure reducer; b) check valve; 
5) membrane; 6) propellant tanks; 
7 and 13) orifices; 8) combustion 
chamber; 9) main fuel valve; 
10) pressure sensor; 11) amplifier; 
12) main oxidizer valve; 111; servo¬ 
motor 

Figure 1.3. LRE with liquid 
pressure accumulator: 

1) gas pressure accumulator; 
2) electropneumatic valve; 3) gas 
pressure reducer; l|) check valve; 
5) small oxidizer tank; 6 and 12) 
membranes; 7) fuel tank; 8) main 
fuel valve; 9) combustion chamber 
10) main oxidizer valve; 
11) oxidizer tank; 13) small fuel 
tank; Hi) restrictors 
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1) open schemes, In which the used generator 

into the atmosphere downstream of the turbine; 

2) closed schemes, in which provision Is mad< 

the generator gas downstream of the turbine in th< 
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From the energetic viewpoint the closed systems are preferable 

to the open systems, since a definite gain in the powerplant specific 

thrust is achieved as a result of the utilization of the generator gas 

energy in the propulsor (thrust chamber). 

The pump-fed engines may be regulated or unregulated, depending 

on whether or not there are regulating organs in the system for vary¬ 

ing (regulating) the LRE operating regime. Let us examine some typical 

LRE arrangements with a turbopump system for feeding the propellant 

components. 

Figure 1.4 shows a LRE in which the turbine working medium are 

the products of decomposition of HgCg. To create the required pressure 

ahead of the pumps the oxidizer and fuel tanks 5 and 7, and also the 

hydrogen peroxide tank 19 are pressurized by the compressed air in 

the bottle (accumulator) 1. 

Prestart spinup of the turbine 16 is accomplished by the pyro- 

starter 9. After the turbopump assembly (TPA) has reached its nominal 

operating regime, the turbine is fed by the products of combustion of 

the hydrogen peroxide, which is fed by the pump 15 into the steam gas 

generator 8. Engine shutdown is accomplished by actuating the cutoff 

valves 12 and 13 and the steam gas generator valve 17. 

The H2O2 decomposition products have a comparatively low tempera¬ 

ture; therefore the use of steam-gas as the working medium is advan¬ 

tageous from the viewpoint of reducing the thermal loads on the turbine 

blades. It is true that this scheme results in a reduction of the 

engine specific thrust and complication of the fuel feed system. 

These drawbacks may be avoided if we use as the working medium 

for the turbine the combustion products of the main propellant compo¬ 

nents, which can be bled from the combustion chamber or obtained from 

a specially provided gas generator. A schematic cf such a LRE is 

shown in Figure 1.5. 

FTD-MC-23-I8-70 10 



Figure 1.4. LRE with turbopump Assembly: 

I) gas pressure accumulator; 2 and 20) electropneumatic 
valves; 3) high pressure reducer; 4) low pressure re¬ 
ducer 5) oxidizer tank; 6) membranes; 7) fuel tank; 
B) gas generator; 9) pyrostarter; 10) fuel pump; 
II) oxidlter pump; 12) main oxidizer valve; 13) main 
fuel valve; 14) combustion chamber; 15) H^Op pump; 
16) turbine; 17) H^Op valve; 18) control valve 
19) H202 tank ¿ ¿ 

The oxidleer and fuel are bled from the pump outlets and flow 

through the valve 15 to the gas-generator combustion chamber. The en¬ 

gine thrust is regulated by varying the TPA rpm, which depends on the 

i 

fuel fli 

is accol 

the prei 

11 FTD-HC-23-18-70 
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Figure 1.5. LRE with turbopump assembly operating on 
the products of combustion of the main propellants: 

■j 

1) gas pressure accumulator; 2, 8, and 16) electro- 
pneumatic valves; 3) pneumatic valves; 4) oxidizer 
tank; 5) turbine; 6) oxidizer and fuel pumps; 7) main 
oxidizer valve; 9) low pressure accumulator; 10; in¬ 
jector; 11) combustion chamber; 12) main fuel valve; 
13) pyrostarter; 14) liquid gas generator LOG; 15) LGO 
valve; 17) fuel tank; 18) membranes; 19) gas pressure 

now 
The en- 

on the 

fuel flowrate through the the valve 15. Engine startup and shutdown 

is accomplished by the valves 3, 7, and 12, which are supplied from 

the pressure accumulators 1 and 9, 

FTD-HC-23-I8-7O 12 



In this arrangement the propellant tanks are pressurized by com¬ 

pressed gas from the accumulator 1. The propellant combustion pro¬ 

ducts used In the turbine are dumped overboard, which naturally re¬ 

duces somewhat the engine specific thrust. Therefore the LRE with 

afterburning of the propellants (Figure 1.6) is more economical. Here 

the used gases are directed into the combustion chamber, where they 

are afterburned. Additionally, the propellant tanks are pressurized 

by the gas generators 1 and 2, operating on the main propellant com¬ 

ponents, which makes it possible to eliminate the gas pressure accumu¬ 

lator and thereby improve the powerplant weight characteristics. 

Of definite interest is the LRE arrangement (Figure 1.7) using 

liquid hydrogen and oxygen [180]. In this scheme the turbine is in¬ 

stalled directly in the combustion chamber and its working medium is 

the hydrogen which has been preheated in the combust!-- chamber cooling 

passages. 

* 3> Some Present-Day LRE Arrangements 

The rapid development of rocketry, resulting from its use in 

military operations and in the study of outer space, has been accom¬ 

panied by intensive research and preliminary design development in the 

direction of new, more reliable, and more economical LRE. The majority 

of the engine schemes which only recently were considered to be designs 

of the future have now been developed or are in the process of experi¬ 

mental and test development. In the following we examine briefly some 

of the present-day LRE which the authors believe to be of definite 

methodological and practical interest. 

RZ-2 Engine. This engine (Figure 1.8) Is the powerplant of the 

Blue Streak medium-range rocket, which operates on kerosene and liquid 

oxygen [179]. The sealevel engine thrust is 602,000 N (62 T), combus¬ 

tion chamber pressure is 37-5 bar (38 at), propellant component ratio 

k “ 2.16, nozzle exit to throat area ratio is 8:1. 

The engine has a tubular combustion chamber which is kerosene 

cooled. The propellant components are fed to the combustion chamber 

FTD-HC-23-18-70 
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Figure 1.6. LRE with afterburning: 

Îanîd LGG for tank Pressurization; j; oxi< 
6? ,Pyr° art^r; 5* 8* and 15) orifices 

pump; 7 and 12) valves; 9 and 10) main 

13) turbiné n) combustion chamber; 
3) turbine, 14) fuel pump; 15) regulator* 17) eas 

generator; 18) fuel tank; 19) membrane 8 

by the centrifugal pumpa 1 and 3, »hlch are coupled olth the turbin, 

through a apur-gear speed reducer. The turbine »orking medium are , 

combustion products of the main components In the gas generator .It) 
k * 0.35. 
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The engine is controlled by 

an electropneumatic system operat¬ 

ing on the principle of a strict 

actuation sequence: each process 

takes place after the controlling 

organ receives an impulse from the 

preceding actuator which has com¬ 

pleted its function. 

Propellant ignition in both 

the liquid gas generator (LOO) and 

the main combustion chamber takes 

place With the aid of pyrotechnic 

igniters. The sequence of activa¬ 

tion of the various assemblies 

during start is accomplished auto¬ 

matically from the ground station. 

•Figure 1.7. LRE *ith turbine 
combustion chamber: 

in 
The engine starting sequence 

is as follows. 

hydrogen and oxygen valves: 

l) ?nîl?Xyg!n ^ turMne; D Depressing the start 

HIT*" headi 6) “ln button pressurizes the ground pro- 

pellant tanks and the tank with 

oil to lubricate the planetary re- 

. ducer and the bearings. 

Ignited. P1"'0technl° s,!ulb ‘«S"1*«- in the combustion chamber Is 

. 3) *fter the eleCtl'1Cal contact 1" ‘he squib burns through, the 
in oxidizer valve and th„ starting fuel valve open. The liquid oxy- 

and à« Ignited' ^ ^ 8r0Un<’ t0 the 00"bu8tl0" ‘hamber 

4) The flam, burn, through the contact vire stretched across the 

nozzle exit, vhlch then sends a signal to start the LOO 

5) The pyrotechnic squib Ignites, after vhlch a signal Is sent 
to open the main fuel valve. 

L00 v^„eWhen the niln fUel 'alv' operla “ ‘and. a signal to open the 
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Figure 1.8. RZ-2 engine: Figure 1.9. LR-II5 engine: 

1) fuel pump; 2) reduction gearing; 
3) oxidizer pump; 4) oxidizer sup¬ 
ply line from ground tank; 5) and 11) 
check valves; 6) main fuel valve; 
7) main oxidizer valve; 8) combus¬ 
tion chamber; 9) LOG valve; 
10) fuel supply line from ground 
tank; 12) igniter squib; 13) liquid 
gas generator; 14) turbine 

1) Hp valve; 2) turbine; 3) tur- 
bine¿power regulator; 4 and 5) 
main fuel propellant valves; 
6) regulating valve; 7) 02 pump; 

8) reduction gearing; 9) two- 
stage Hg pump 
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7) The turbine starts up and the centrifugal pumps begin to 

deliver the propellant components to the combustion chamber and the 

LOG. 

8) When the pressure in the fuel feed system and in the rocket 

tanks reaches the operating values, i.e., when the engine has stabil¬ 

ized, the inlet valves from the ground start tanks are closed. 
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It is interesting to note that the start is aborted automatically 

if a particular parameter, for example the turbine speed or the liquid 

oxygen pump temperature, deviates from its value, and also if strong 

vibrations develop. The acceleration time is about 4 seconds. Engine 

shutdown is accomplished on command from the rocket range control sys¬ 

tem. The LOG valve is first closed, then the main oxygen valve, and 

then 0.2 seconds later the main fuel valve is closed. 

LR-115 Engine. This engine is used for the upper stage of the 

Saturn rocket [188]. The propellant components are liquid hydrogen 

and oxygen, which provide an increase of about a third in the specific 

thrust in comparison with engines operating on oxygen and kerosene. 

The engine develops a thrust of 66,600 N (6.8 T) with a combustion pro¬ 

duct exhaust velocity of 4100 m/sec. The nominal pressure in the com¬ 

bustion chamber is 20.6 bar, tne nozzle expansion ratio is 40. 

The use of liquid hydrogen as the fuel made it possible to simpli¬ 

fy the engine arrangement considerably (Figure I.9). We see from the 

schematic that the hydrogen flows from the tank through the two-stage 

centrifugal pump to the combustion chamber cooling passage. As a re¬ 

sult of the low critical temperature and pressure of hydrogen, the 

heat added is sufficient to obtain the energy of the working medium 

for driving the TPA. Thus, in this arrangement there is no need for 

the gas generator, which complicates the control system and creates a 

problem in getting rid of the combustion products downstream of the 

turbine. Additionally, this cycle is more efficient, since all the 

fuel is burned in the main combustion chamber under conditions which 

provide the maximal specific thrust. 

.-ii this arrangement no additional energy source is required for 

starting, since the available initial energy of the propellant stream 

flow is sufficient to accelerate the TPA. 

Simultaneously with the initiation of turbopump rotor rotation, 

the first portion of the propellant components is ignited in the com¬ 

bustion chamber and the engine accelerates. 
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The liquid oxygen pump is driven from the shaft of the turbine 2 

through the reducer 8. After the pump, the oxygen flows ghrough the 

throttling valve 5 which is used to trim the engine with respect to 

the component flow ratio during acceptance testing. The bypass line 

and regulator 3 in the turbine line make it possible to change the TPA 

power, which determines the required pressure in the combustion cham¬ 

ber and provides the possibility of regulating the engine thrust. 
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X-^05 Engine. This engine is used for the first stage of the 

Vanguard three-stage rocket, which is used to launch artificial earth 

satellites [169, 18?, 156, 164]. The engine thrust is 12*10** N;the pro¬ 

pellants are kerosene and liquid oxygen. 

Figure 1.10 shows the pneumatic and hydraulic system. The propel¬ 

lant tanks of the rocket first stage are pressurized by compressed 

helium in the accumlator 1. The propellant components are fed by the 

two centrifugal pumps 11 and 13, which are driven by a single-stage 

turbine operating on the products of decomposition of 901 hydrogen 

peroxide. The used steam-gas is fed to movable nozzles, which are 

rotated by a special system used to eliminate the possibility of rocket 

rotation about the longitudinal axis. 

The propellant flow rate into the combustion chamber is regulated 

by pneumatic valves. The component mass flow rate ratio is varied in 

accordance with a special program by a valve installed in the oxidizer 

line. 

Pyrotechnic ignition of the propellant components is used. Melt¬ 

ing of the corresponding element of an electrical circuit (after a 

definite delay) sends a signal which opens the main fuel valve fully 

and opens the main oxidizer valve partially. The propellant components 

under pressure enter the chamber and ignite, with the combustion tak¬ 

ing place at a relatively low temperature because of the excess fuel. 

The appearance of a flame downstream of the nozzle is detected by a 

sensor located in the nozzle exit plane. The sensor signal travels 

to the hydrogen peroxide valve 4, after which the TPA turbine accel¬ 

erates, the chamber inlet pressure rises, and engine operation 

stabilizes. 
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Figure 1.10. X-I105 engine: 

1) gas pressure accumulator; 
2) pressure reducer; 3) H202 tank; 

valve; 5) oxidizer tank; 6) gad 
generator; 7) turbine; 8) combus¬ 
tion chamber; 9) main oxidizer 
valve; 10) main fuel valve; 
11) oxidizer pump; 12) reduction 
gearing; 13) fuel pump; 14) fuel 
tank 

During the startup process 

the oxygen flow rate and the chamber 

pressure are regulated In accor¬ 

dance with a set program by the 

spring-loaded pneumatic oxidizer 

valve, which opens in proportion 

to the pump outlet pressure. The 

engine startup and acceleration is 

controlled by a special device lo¬ 

cated outside the rocket which 

automatically records the power- 

plant parameters and controls the 

sequence of startup operations and 

also shuts the engine down if any 

problems arise. Shutdown is ac¬ 

complished by sending a signal to 

close the main propellant valves 

9 and 10 and the valve 4. 

A pneumatic relay which anti¬ 

cipates valve closure is installed 

in the main propellant valve to 

prevent hydraulic shock in the fuel 

line. 

RL 20P-3 Engine. This engine 

is built by Pratt and Whitney and 

operates on liquid oxygen and hy¬ 

drogen [170]. The unusual arrange¬ 

ment of this engine is shown in 

Figure 1.11. The combustion cham¬ 

ber consists of two segments: one 

. operates with sweat cooling, the other (nozzle adapter) operates wit 

regenerative cooling. The combustion chamber is divided into two 

approximately equal volumes which have a series of radial tubes with 

the oxidizer injectors. A flat type head for atomization of the fue 

is located in the upper part of the combustion chamber. 
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The oxidizer and fuel pumps 

have their own turbines, located 

in the upper part of the combustion 

chamber. The turbine working me¬ 

dium are the products of incomplete 

combustion of hydrogen and oxygen. 

During startup the expansion energy 

of the hydrogen flowing through the 

supply system lines is sufficient 

to rotate the pumps. A small amount 

of fluorine is added to the oxidi¬ 

zer for ignition. Combustion be¬ 

gins in the forechamber 3, then 

the flow continues through the tur¬ 

bine blades and enters the main 

combustion chamber. 

AJ-10-104 Engine. The 

,. AJ-10-104 engine, installed on the 
1) oxidizer turbopump; 2) fuel in- ^ ^ ^ _ 
Jector head; 3) forechamber; second stage of the Thor-Able-Star 

4) fuel turbopump; 5) oxidizer in- rocket [28], is a typical LRE with 
Jector tubes; 6) porous sleeve; - J 
7) combustion chamber pressure-fed LRE. The engine op¬ 

erates on inhibited RPNA and asym- 

^ metric DMH (k ■ 2.8) and develops 
a thrust of 3.5*10 N with a chamber pressure of 14 bar. 

The pneumatic and hydraulic system is shown in Figure 1.12. The 

propellant is forced from the tanks by compressed helium and the oxi¬ 

dizer is the cooling component. The propellant flow rateis regulated 

by the main propellant pneumatic valves 9 and 11. The thrust is reg¬ 

ulated by the oxidizer 15 and fuel 10 flowmeters. 

Oerllkon Rocket Engine. A LRE (Figure 1.13) with 9800 N thrust 

which operates on kerosene and nitric acid is installed on the Oerllkon 

guided anti-aircraft rocket [171], [94]. 

The propellant is located in concentric tanks. The pistons 4, 

which expel the oxidizer and fuel under compressed nitrogen pressure, 

Figure 1.11. RL-20P3 engine: 
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Figure 1.12. AJ-10-104 engine: 

^ tank vent valv®* o onh ot\ 
3 and 5) filters- 4 ? #fl2 Pneumatic valves; 
12. and 17) 8ervovaívIí!«8Q\Ând419 .check valvesï 6. 
10J fuel flowmeter* Tn’ « m®ln oxidizer valve; 
chamber pneumatic valve-oÍ? v»?1 13) combustion 
dlzer flowmeter. 1<:\ * ^ valve ®*ltch; 15) oxl- 

18) accumulator*^ valüSrq”5niheliUm bottle8i 
22) oxidizer tank veít^lv^*2?^Pre?!Ílre re«ulator; 

2^) Pneumatic s^tcJf 25) i^l2^1'1261, tank; 

travel Inside the tanks. 

for and > - - 
the valves 10 and 12 a «-k Pr°Pellant flow rate is regulated by 

the valves 10 and 12.' wlthTiL ^ ^ °penlng of 
xldlzer flowing through the bypass line 
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directly into the head of the com¬ 

bustion ch-'mber. To shut the en¬ 

gine down a signal is sent to the 

valve 7; after this valve actuates, 

gas from the bottle 3 flows to the 

cutoff valve and closes it. 

XL-99 Airplane Engine. This 

engine was used for the high-speed 

X-15 experimental airplane [53], 

[27], [118]. The LRE develops a 

vacuum thrust of 248*10^ N, the 

combustion chamber pressure is 

*J1 bar, the combustion product 

velocity at the nozzle exit is 

2780 m/sec. The fuel is liquid 

oxygen and anhydrous liquid am¬ 

monia. A turbopump system is used 

for propellant feed. The thrust 

throttling range is 100 - 30Ï. 

Figure 1.13. LRE for Oerlikon 
rocket: 

1) pyrovalve; 2) pressure reducer; 
3) compressed nitrogen bottle; 
*0 pistons; 5) oxidizer tank: 
6) fuel tank; 7) pyrovalve; 8) pneu¬ 
matic valve; 9) starting tank; 
10) main fuel valve; 11) combustion 
chamber; 12) main oxidizer valve 

The pneumatic and hydraulic 

system of this LRE is shown in 

Figure 1.1¾. The propellant com¬ 

ponents are fed by the pumps 11 

and 12 from the tanks 7 and 9 

through lines to the combustion 

chamber, with the fuel first being 

used to cool the combustion cham¬ 

ber walls and then flowing through the oil heat exchanger 21 of the 

hydraulic system, while the part of the oxidizer which flows to the 

igniter passes through the vaporizer 13. 

The hydrogen peroxide is forced by compressed helium from the 

tank 1 into the steam-gas generator 5, from whl<h the products of 

decomposition flow to the turbine 6. The heat of the exhaust steam- 

gas is used in the vaporizer 13 to preheat the liquid oxygen. 



Figure l.m. XL-99 airplane engine: 

I) H202 tank; 2) throttling signal transmission channel; 

3) hydraulic power source: 4) turbine speed regulator; 
5) steam gas generator; 6) turbine; 7) liquid oxygen 
tank; S) safety valve; 9) NH, tank; 10) safety valve; 
II) liquid oxygen tank; 12) pump; 13) liquid oxygen 
evaporator; 1^ and 20) second stage ignition propellant 
valves; 15) liquid oxygen scavenge valve; 16) liquid 
oxygen cutoff valve; 17) Venturi tube; 18) igniter; 
19) sparking plug; 21) hydraulic system oil heat ex¬ 
changer; 22) NH3 cutoff valve; 23) NH^ scavenge valve; 

2¾) first stage ignition propellant valve; 25) H202 

regulating valve; 26) H202 cutoff valve 

Engine throttling is accomplished by means of the controllable 

regulating valve 25, which changes the hydrogen peroxide flow rate, 



which in turn leads to a change of the turbine speed and therefore a 

change of the propellant component flowrates. 

The engine startup sequence is as follows. 

1) When the launch airplane reaches a given altitude, the X-15 

engine is scavenged for 75 seconds to bring the metal parts of the 

TPA, lines, and valves down to cryogenic conditions. 

2) The combustion chamber is cleared by scavenging with compressed 

helium. 

3) Prior to X-15 separation from the launch plane a signal is 

sent to start the hydrogen peroxide flow, the TPA starts up, and the 

igniter is turned on. This is the so-called "idle" engine operating 

cycle. 

4) After separation from the launch airplane a signal is trans¬ 

mitted to open the main propellant valves Hi and 24. Ignition of the 

components in the combustion chamber is provided by the already operat¬ 

ing Igniter. Since airplane control is in the hands of the pilot,the 

possibility exists for engine throttling, shutdown, and restart. 

The engine is shut down by closing the main propellant valves with 

a subsequent helium scavenge. The engine is shut down automatically 

after complete exhaustion of the propellant when cavitation takes place 

in the pumps . 

Armstrong Siddeley "Screamer" Airplane LRE. This engine operates 

on liquid oxygen and aviation gasoline, developing a sea—level thrust 

from 4450 to 35,500 N [178], [33], [192], [193]. The pneumatic and 

hydraulic system of the engine is shown in Figure 1.15. 

The pumps 13, 14, and 27 feed the propellants from the tanks 7 and 

8 and the cooling water into the combustion chamber and the cooling 

passage. The pumps are driven by a turbine whose working mediums are 

the combustion products of the propellants in the gas generator 29 

Water is injected into the gas generator to reduce the temperature. 

The Igniter and the wall of the gas generator are also water cooled. 



I 

Figure 1.15. Armstrong Siddeley "Screamer" airplane 
LRE: 

1) oxidizer tank nitrogen inlet valve; 2) oxidizer start¬ 
ing tank; 3) fuel tank nitrogen inlet valve; 4) starting 
fuel tank; 5) H20 tank nit'rogen inlet valve; 6) starting 

H20 tank; 7) oxidizer tank; 8) fuel tank; 9) H20 tank; 

10) oxidizer shutoff valve; 11) fuel shutoff valve; 
12) h20 shutoff valve; 13) fuel pump; 1¾) H 0 pump; 

15) fuel flow regulator; 16) H20 flow regulator; 

17 and 18) filters; 19) main fuel valve; 20) igniter; 
21) combustion chamber; 22) main H20 valve; 23) main 

oxidizer valve; 2H) fuel check valve; 25) oxidizer flow 
regulator; 26) oxidizer check valve; 27) oxidizer pump; 
28) turbine; 29) LOG; 30) H?0 regulating valve in LGG 
line; 31) LGG igniter; 32) oxidizer pneumatic regulating 

k<3Cî.Hne» 33) fuel pneumatic regulating valve in 
LGG line; 3*0 throttling valve; 35, 36, and 37) check valves 
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The main combustion chamber is also cooled by water, which after pass¬ 

ing through the entire passage is sprayed into the chamber at the head 

end. 

Thrust regulation is accomplished by the throttling valve 34 in 

the oxygen line. 

Since the system for starting and controlling the Screamer engine 

is quite complex, we shall examine only the general description of the 

transient regimes. To start the engine a signal is sent to the EPV 

(electropneumatic valves) shutoff valves 10, 11, and 12, after which 

the propellants and water enter the starting tanks 2, 4, and 6, filling 

the main engine lines up to the cutoff and bypass valves 19, 22, and 

23. Then a signal is sent to feed nitrogen into the starting tanks, 

as a result of which liquid oxygen flows to the LOG igniter valves and 

fuel and water flow to the LGG igniter and its valves. The pressure in 

the ignition chamber rises, the valves open, and the components enter 

the LGG. Simultaneously the pneumatic valve transfers the ignition to 

the main chamber. 

The LGG combustion products accelerate the turbine, and until the 

moment the turbine reaches its nominal speed the pumps force the li¬ 

quid through the bypass lines back to the tanks. 

After the LGG stabilizes, the propellants enter the ignition cham¬ 

ber. Here the propellants are ignited by high-voltage sparking plugs 

and the increasing pressure opens the main water valve. Then after the 

pressure increases in the cooling slot the main oxygen valve is opened. 

The main fuel valve opens upon increase of the pressure in the oxygen 

line. The entire acceleration requires 2-3 seconds. 

Downstream of the pumps the propellants are partly diverted to 

the LGG, with the water and fuel flowing through control valves, while 

the liquid oxygen flows through a selector control valve and a remotely 

controlled flow regulator, which consists of a spring-loaded reducer 

valve which regulates the turbine speed and therefore the engine thrust. 

To obtain a variable thrust the pilot can change the spring tension. 
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In case of excessi-.e increase of the turbine speed an emergency switch 

shuts the engine iown. During engine shutdown the main operating valves 

are closed, and prior to complete turbine stoppage the propellants are 

returned to the main tanks through the bypass valves. The lines are 

scavenged with nitrogen to prevent a subsequent hard start. 

5 Trends in Development of LRE Arrangements 

The requirement for high reliability during startup, shutdown, 

and continuous operation leads to ever Increasing simplification of 

the engine arrangements. 

In the early powerplant designs the low reliability of the LRE 

was to a considerable degree due to the complex starting and regulating 

systems. Therefore, at the present time we see a trend toward maximal 

simplification of the starting, shutdown, and interlock systems, toward 

reduction of the number of elements of the engine automatic control 

systems, and so on. These simplifications ire accompanied by the rapid 

introduction of various sorts of inventions, the latest developments 

in chemistry and physics, and also intensive scientific research in¬ 

vestigations . 

At one time, for example, special tanks with fuel and oxidizer or 

a monopropellant H202 were installed on board the rocket for starting 

and operating the TPA. The propellants were pressure fed from the 

tanks into the LOG (SGG) (solid gas generator), which required addi¬ 

tional system complexity. 

Valve operation was provided by an electrical interlock system 

which controlled the pneumatic actuators in the required sequence. A 

complex pyrotechnic system was used to ignite the propellant comnonents 

in the combustion chamber, and TPA lubrication was accomplished by 

pressure feed of the lubricant from the tank. 

The technique and methods for starting and control techniques 

and methods were later simplified considerably. As a rule, the turbo¬ 

pump assembly is accelerated by a pyrostarter or using the head in 

the propellant tanks. 
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The main fuel valves are opened by the propellant component it¬ 

self upon reaching a given pump outlet pressure. This has made it 

possible to eliminate the electrical and pneumatic control system. 

Ignition in the LRE is accomplished either by the pyrostarter 

combustion products or an electric plug igniter. Ignition in the com- ‘ 

ustión chamber is provided by preinjecting hypergollc components. 

Shutdown is accomplished using fast-acting and structurally simple 

pyrovalves, which permit a considerable reduction of the thrust tail- 

off impulse. Control of the rocket is provided by a pivoting nozzle 

nstalled at the end of the turbine exit duct rather than with the 

use of special engines. 

The gas generator system can be eliminated if we locate the tur¬ 

bine in the upper part of the combustion chamber (see RL 20P-3 LRE in 

Figure l.ll) or if we use the arrangement with combustion product 

bleed from the main chamber (Figure I.I6). The trend toward slmpli- 
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fication of the engine system has led to elimination of most of the 

requirements for servo control. The system simplification has culmi¬ 
nated in the combining of several engine functions into a single 
servosystem. 

Still another characteristic of the present trend is the simpli¬ 

fication of the systems for prestart servicing, fueling, and prestart 
checkout of the engine. 
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CHAPTER 2 

STATIC CHARACTERISTICS CP POWER PLANTS 

AND THEIR MAIN COMPONENTS 

* 1* glassification of Operational Regimes and LRE Characteristics 

The basic engine parameters are determined by thermal calculation 

only for a few (basic) design conditions. However, In the experimental 

development process and under test stand and flight conditions the en¬ 

gine operates In various flight regimes, including off-design regimes. 

The engine operating regime Is characterized by a whole series of 

parameters: flow rates of the propellent components, pressure in the 

combustion chamber, absolute thrust, specific thrust, and so on. All 

these parameters are interrelated and any one of them may be selected 

as the characteristic of the LRE operating regime. Usually the pro¬ 

pellant flow rate or the combustion chamber pressure, which is propor¬ 

tional to the flow rate, is taken as the operating condition parameter. 

Figure 2.1 shows a typical plot of the LRE thrust variation with 

time. In accordance with this graph we differentiate the steady and 

unsteady engine operating regimes. The engine operating regime is 

steady (stationary) if its operating regime parameters are constant in 

time. The engine operating regimes in the preliminary l.main 3, and 

firal 5 stages are steady. 

The preliminary stage is provided to ensure higher reliability 

of LRE operation, particularly to organize a smoother acceleration of 



the engine to the main stage regime, 

to make possible simultaneous con¬ 

trol of startup of all the chambers 

of a multichamber power plant, to 

prevent combustion chamber explosion 

if a large amount of the propellent 

components accumulates at the ini- 

, tial moment, and so on. 

Figure 2.1. Nature of LRE thrust 
variation with time lor long- 
range ballistic rocket: Transition to the main stage 

regime is accomplished when a pump 

outlet pressure is reached by trans- 
1) preliminary stage; 2) launch; 
3) main stage; í») transition -it» reacnea oy 

■ r*8Í®e; 5) final stage; 6) engine netting a command for complete 
shutdown _ 

valve opening, or by automatic trig¬ 

gering of a valve when reaching a 

Surh » ► . specified fluid pressure in the lim 
Such » startup la sometime, called a two-.tage start. It Is provided 

* ln”t“Ulng ln one of the 11"« (««t often in the oxidizer line) a 
two-posltlon valve, which Is Initially only partially opened to a 

position corresponding to the preliminary stag, and then Is opened 

fully, which corresponds to the main stage. 

The main stage regime, in which the engine operates for a long 

time period, is the basic stage. In Figure 2.1 the dashed line re¬ 

flects the thrust increase with the engine operating in the steady 

regime due to reduction of atmospheric pressure during the flight time 

e solid horizontal line corresp¿nds to engine operation on the test 

stand in the steady main stage regime. 

For the proper determination of the moment of engine shutdown it 

is necessary to maintain with a high degree of precision the specified 

ght vehicle velocity and the coordinate of the end of the powered 

portion of the trajectory. This is achieved more easily In the case 

of a lower acceleration and, thus, lower thrust. Therefore, prior to 

engine shutdown in flight it is first switched from the main stage re¬ 

gime to the final stage regime. This shutdown technique reduces the 

magnitude and scatter of the tailoff thrust Impulse (see Chapter 11), 

which is the primary reason for down-range scatter distance for 
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The engine operating time in the final stage regime is about 

2 - 5 seconds, and the thrust is 10 - 20% of the main stage regime 
thrust. 

The LRE engine operating regime with time varying parameters is 

termed the unsteady regime. The unsteady regime is characterized by 

the corresponding transient process. The transient processes include 

startup, transition from the main stage regime to the final stage re¬ 

gime, shutdown, and engine regulation. 

The above classification of the steady regimes is applicable only 

to the autonomous engines of guided rockets. Launch boosters have only 

a single operating regime, while experimental engines may have a more 

extensive classification of the regimes. 

Thrust control in flight during transition from one regime to 

another is usually accomplished in two ways. 

In the single chamber engine the transition from the main stage 

to the final stage is accomplished by varying the component supply 

pressure. This technique is characterized by simplicity of the power 

plant arrangement, but its capabilities are limited,since extensive 

throttling usually leads to a pulsatlve engine operating regime which 

is accompanied by marked oscillations of the chamber pressure snd the 

pressure in the hydraulic lines. Moreover, the mixture formation and 

combustion processes deteriorate at the low flow rates and low chamber 

pressures and this results in some decrease of the specific thrust. 

In the multlchamber power plants the transition from main stage 

to final stage is accomplished by shutting down one or more chambers. 

This technique does not lead to any deterioration of the working pro¬ 

cess and, most importantly, it yields the possibility of obtaining a 

smaller thrust in the final stage. The power plant installation often 

includes a group of steering chambers in addition to the main engines. 

FTD-HC-2j-18-70 32 



In this esse only the steerln« chs-h.... are „perated ln the flnal 

age, and their total thrust amounts to no more than 10* of the over- 
all power plant thrust. 

LRE .rés"0“ 1"'POrtant fa0t0r "hlCh 1"n“n«» “>• operation of the 
ti ií! T“'“” °f the 8Urroun<lln« which varies ,1th alti¬ 
tude Therefore, even with a constant engine operating regime the 

the s’eaTeveî^thé "U1 al°ng the fllght Rotary from 
in calcul.« .! SPa°' ^ eS‘ The8e °han8e8 8re ‘“«n 1-to account In calculating the flight characteristics. 

thru.ridep7,nce °f the ,“ln ^ Para"et8rs - absolute and specific 
lÊtlc T.0" r 0P*ritlng COn<lltlon“ 18 'ailed the engine ch.r.ct.r- 

portant "r° “mC8 ~ thr0Ullng “d are most Im'- 

Jh« làrottllns (regulating) characteristic 1. the dependence of 
the absolut, and specific thrust on the propellent flow rate or the 

combustion chamber pressure for constant ambient pressure or, equlva- 
lently, constant flight altitude. 

The dependence of the absolute and specific thrust on flight altl- 

büstl nlent Pr"'-Ur') f°r a Con8t“t “aw 001. (or constant com¬ 
bustion chamber pres.ur.) 1. termed the altitude char.ct.«.«. 

The propellent composition characteristics are calculated for re- 

7irsC«!!“rPOae!l,0r a” 'a"“1"188 abtalned esperlmentally. These charac- 
" f‘ ar! the J<!pendence af the absolute or specific thrust on the 
SS ratio of the component flow rates or the oxidizer excess coeffl- 

t* °ther aonOitlons remaining the same. The experimental variation 
of thrust and specific thrust as a function of the engine design 

pray Injector head, combustion chamber, nozzle, and so on) Is often 
obtained for these same reasons. 

to In ®tUdylng LR£ regulation processes the need frequently arises 

__ U3e 6 StatiC characterlstics of the individual engine components 
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shall examine the characteristics of the major engine components in 

addition to the basic characteristics of the engine as a whole. 

§ 2. LRE Throttling Characteristics 

The throttling characteristics can be calculated only approximately 

under the assumption that the efficiency of the working process remains 

constant (constant efficiency of the mixture formation and combustion 

processes). Account for the change of the working process efficiency 

with change of the engine operating regime and the associated change 

of the combustion products temperature, gas constant, and polytrope 

exponent is not yet possible at the present time. 

If the efficiency of the process in the chamber is assumed to be 

the same in the different regimes, then the relationship between the 

flow rate and the combustion chamber pressure will be linear [6]. 

Therefore, the throttling characteristics are plotted either as a func¬ 

tion of the value of the flow rate G, or as a function of the chamber 

pressure pK« Since the quantities G and pK are proportional, the form 

of these characteristics will be the same; they will differ only with 

respect to the scale used. In practice it is more convenient to use 

the thrust and specific thrust characteristics: 

P-PO».). P»-P.(P.) 

We note that in the low-altitude low-power regimes with the engine 

operating at sea level or underwater a diamond compression shock pattern 

forms Inside the nozzle, and the usual thrust formula becomes invalid. 

The study of LRE dynamics is usually conducted only for the shock free 

regime. 

1. Absolute thrust throttling characteristics. 

The engine absolute thrust at the altitude H will be 



where fa is the coefficient of exit velocity loss due to spreading, 

which is a function of the nozzle exit divergence angle: 

G is the propellent mass flow rate; 

wc is the velocity of the combustion products at the nozzle exit; 

Pc nozzle exit area; 

PH Is the ambient atmospheric pressure at the altitude H (for 

sea level H - 0, pH - p0). 

Setting pH « 0, we obtain the expression for the vacuum thrust: 

(2.2) 

The thrust at the altitude H is related with the vacuum thrust by 
the formula 

(2.3) 

We express the specific thrust in a vacuum and at the altitude H 
in the form 

where 

1 

in the 

R 

To obtain the equation for the throttling characteristics of a 

given engine (with fixed nozzle) for vacuum and altitude conditions in 

the form Plm PB; P«-f(pK) we must obviously replace all the parameters 

in these formulas which depènd on the chamber pressure by p . These 

parameters include the flow rate and the nozzle exit pressure p . For 

fixed nozzle dimensions and constant working process efficiencyCthe 

discharge velocity is independent of the combustion chamber pressure. 

Por a given engine operating with a given fuel the flow rate de¬ 

pends only on the chamber pressure and they are connected by the 

linear relation 

0-Cpa, 
(2.¾) 

where 
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fding, 

5le : 

!zle exit; 

i (for 

thrust : 

(2.2) 

thrust by 

(2.3) 

titude H 

s of a 
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parameters 
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p . For 
c 

cy the 

ressure. 

rate de- 

the 

(2.«l) 

where 

*(^l) r~7Wt' 

n is the polytropic exponent for the combustion products; 

is the chamber critical area; 
cr 

R T 
K* K are, respectively, the gas constant and the temperature of 

the combustion products in the chamber. 

The value of the coefficient C is easily found from the parameters 

in the design regime (denoted by asterisk): 

Replacing pn by p^ in (2.2), we obtain 

P.-C,*. (2.5) 

where combines the quantities which are independent of p^. 

Ct—fíC-w.+í-“- 

Here « is the gas expansion ratio in the nozzle, equal to . The 
c 

coefficient can also be defined in terms of the design regime para¬ 

meters : 

Equation (2.5) shows that the absolute thrust is directly propor¬ 

tional to the combustion chamber pressure. This is then the equation 

of the throttling characteristic for the vacuum absolute thrust. It 

is represented graphically by a straight line passing through the co¬ 

ordinate origin (Figure 2.2). 

Replacing the quantity P« in (2.3) by (2.5), we obtain the equa¬ 

tion for the throttling characteristic at the altitude H 
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P—CtPm-FtPm- (2.6) 

This characteristic is 

line, but shifted downward 

(see Figure 2.2). 

a straight line parallel to the first 

by a distance equal to the quantity Ftpu 

Figure 2.2. Throttling character¬ 
istics of LRE combustion chamber 
absolute thrust at altitude H and 
in vacuum. 

2. Specific thrust throttling characteristics. 

The vacuum specific thrust equals the ratio of the 
to the flow rate 

vacuum thrust 

Taking account of (2.4) and (2.5), we obtain 

const. 
(2.7) 

TM» »an. that under those assumptions used In constructing the 

throttling characteristics, the vacuum specific thrust of a given en- 

glne !. independent of the operating regime, i.e.. Independent of the 

C amber pressure and fio» rate. Thus the vacuum specific thrust 

characteristic Is represented In the figure by a horlsontal line 

(Figure 2.3). In reality, at small fio» rates, (for lo» chamber pres¬ 

sure.) some reduction of the vacuum specific thrust Is noted due to 

e erloratlon of the »orklng process efficiency and Increase of the 

degree of dissociation of the combustion products. 
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We obtain the equation of the 

specific thrust throttling charac¬ 

teristic at the altitude H for the 

shock free flow regime in the nozzle 

by dividing (2.6) by (2.1|) 

Cpn * 

Figure 2.3. Throttling charac¬ 
teristics of LRE combustion 
chamber specific thrust at alti¬ 
tude H and in vacuum. 

or, using (2.7), 

p^-p, _L 

C Pu 

Hence we see that the sealevel specific thrust Increases with in¬ 

crease of the chamber pressure pK (or the flow rate Q). The difference 

between ?lm and P1H equals ^ and depends on pK; this difference is 

larger for small values of p^ and vice versa. For very large p„ (in 

the limit as PK+-) ?1H approaches asymptotically. 

S 3. LRE Altitude Characteristics 

While the throttling characteristics can be recorded during en¬ 

gine test stand runs, the altitude characteristics are usually plotted 

on the basis of calculation, since their experimental determination 

involves serious difficulties. 

The altitude characteristics can be plotted for different but 

specific values of the chamber pressure pK. For example, if the alti¬ 

tude characteristic is plotted for the nominal values of p it shows 

the nature of the variation of the nominal values of the absolute and 

specific thrust as a function of flight altitude. The usual formulas 

may be used as the equations of the altitude characteristics 

Pm-Pm-F'Pn-, 

Pu,' Cpm FH ‘Pim q Pm- 

(2.8) 

(2.9) 
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Since in the case of supersonic shock free gas flow in the nozzle, 

the ambient conditions do not affect the discharge felocity w , the 

factor which affects directly the basic parameters of the chamber is 

the ambient pressure pH, which changes as a function of the flight alti¬ 

tude. The variation of atmospheric pressure with flight altitude is 

presented graphically or in tabular form. Calculations show that when 

the ISA tables are used we can set pH » 0 at altitudes greater than 

25 km. The error of this assumption is less than 1*; therefore, the 

ISA tables can be used in constructing the altitude characteristics. 

The altitude characteristics are plotted as a function of the 

altitude H or the ambient pressure pH. Figure 2.¾ shows the LRE alti¬ 

tude characteristics as a function of flight altitude H and ambient 

pressure. The characteristics of the form PH - Ph(h) are simpler and 

more convenient, particularly in the case in which they must be con¬ 

structed for the underwater engine operation. 

We see from Figure 2.Ü that the absolute and specific thrust of 

the LRE increase with altitude, approaching the limiting values which 

are reached in vacuum (for pH - 0). The difference between like para¬ 

meters in vacuum and at the altitude H is determined on the curves by 

the segments FcpH and Zdj* which are larger, the larger the nozzle 

exit area and the lower the flight altitude. The greatest difference, 

representing h" change of the absolute and specific thrusts from sea 

level to vacuum conditions, amounts to 18 - 20% of the same parameters 
in vacuum. 

Figure 2.5 shows the altitude characteristics of a LRE operating 

in two different regimes. The first regime is characterized by the 

flow rate Qj, the second by Qjj, where Qj < Qn. The thrust charac¬ 

teristics for operation in the second regime lie below the correspond¬ 

ing values for the first regime. The thrust increase with climb due 

to the reduction of the ambient pressure is the same for both regimes 

and equals FcpH. The vacuum specific thrust is independent of the 

engine operating regime: fW-Pi-i. The specific thrust increase 

with climb for the engine operating in the second regime will be 

greater than for operation in the first regime, since 
Gil ö| 
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Figure 2.5. Altitude character¬ 
istics of LRE operating in two 
different regimes. 

Figure 2.4. Altitude character¬ 
istics of LRE as a function of 
ambient pressure pH and flight 

altitude H. 

Therefore the specific thrust is lower in the second regime than in 

the first at all altitudes. In particular the sealevel specific 

thrust is lower in the second regime! than in the first (P0II < P0I). 

5 Characteristics as a Function of Propellant Composition 

Let us examine the characteristics of a LRE with variable pro¬ 

pellant composition, caused by a change of the component ratio k, or 

what is the same thing, by a change of the excess oxidizer coefficient 

The change of the propellant composition (combustion product com¬ 

position) due to a change of the component ratio leads to a change of 

the gas capacity for work is the gas constant of the combustion 

products in the chamber, T^ is the temperature) and the specific 

thrust. 

Figure 2.6a shows curves of the vacuum specific thrust, tempera¬ 

ture, and gas constant as a function of the excess oxidizer coeffi¬ 

cient for a liquid fluorine plus liquid ammonia propellant, while 

40 

» 

t 
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Figure 2.6. LRE characteristics as a function of 
propellant composition: (a) fluorine and ammonia; 

(b) and oxygen and kerosene. 

Figure 2.6b shows the vacuum specific thrust as a function of a for 

different chamber pressures for a kerosene plus liquid oxygen propel¬ 

lant. We see that in the first case the specific thrust maximum occurs 

at the stoichiometric component ratio (a = 1), in the second case, the 

optimal value of a < 1. This is not Just a random situation. Thermo¬ 

dynamic calculations and experiments show that the maximal specific 

thrusts of rocket engines using carbon-oxygen propellants are reached 

not for the stoichiometric component ratio but for some oxidizer de¬ 

ficiency (o < 1). The fact that the optimal a is less than one for 

the carbon-oxygen fuels is due to-the high content in the combustion 

product composition of carbon monoxide (CO) which,even though it is 

the product of incomplete combustion,is relatively resistant to disso¬ 

ciation and leads to loss of part of the heat. Therefore,T may be 

higher than for complete combustion, i.e., for 0 - 1. Moreover, the 

high content of CO, which has lower molecular weight than CO2, leads 

to an increase of RK- Therefore the product R^, which is proportional 

to the specific thrust, will be maximal for a < 1 for the carbon-based 

propellants . 

Thus, a change of the propellant component ratio k (or the coeffi¬ 

cient a ) leads to a change of the combustion product composition 
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which, other conditions being the same, causes a change of the combus¬ 

tion chamber thrust characteristics. 

5 5. Pump Characteristics 

The basic parameters characterizing the operation of centrifugal 

pumps are the mass flow rate G or the volume flow rate Q (output), 

the pressure rise Ap (head), efficiency n, angular velocity (or rpm n), 

power N (or shaft torque M). The interdependences of these quantities 

then yield the pump characteristics. Usually the output and the angu¬ 

lar velocity ui ■ 2irn. 

Then the characteristics may be written as follows: 

pressure rise ¿íp—&p(G, w) 
power. )V = W(G,«) 
torque M = M (G,m) 12.10 ) 
efficiency i)Mr)(GtM) 

The connection between these mutually dependent parameters is de¬ 

fined by the relations ' 

(¡N * 

N-AUo, 

where p is the density of the fluid being pumped. 

(2.11) 

(2.12) 

These expressions can be used to find the remaining quantities 

from any two which are known. The Relations (2.10) are represented by 

characteristic surfaces in three-dimensional coordinates. Since the 

use of these surfaces is difficult in practice, some one parameter a) 

or G is fixed and characteristic curves are obtained. Pump character¬ 

istics constructed for“* const, are widely used in practice. This 

is due basically to the fact that these characteristics are sufficient 

for examining steady processes taking place in pump-fed propellant 

lines . 

lari: 

In studying 

in studying 

the dyn-an.ic phenomena in propellant lines, particu- 

^.RE regulation, it is necessary to know the partial 



derivatives of the various parameters with respect to the angular 

velocity. For example, to determine these derivatives at a point of a 

known regime (usually the rated condition) we must know the dependences 

of these parameters on u> for a fixed flow rate, i.e., the pump charac¬ 

teristics which are defined by (2.10) with G = const. 

1. Head characteristic. 

Let us examine the head characteristic of a centrifugal pump, ex¬ 

pressing the head as a function of the flow rate for u - const, or the 

head as a function of impeller angular velocity for G = const. 

The theoretical head characteristic is easily obtained from the 

equation for the pump theoretical head (Euler equation) under the 

assumption of an infinite number of blades 

where ß2 1 

cities at 

velocity. 

In ac 

where 2 

ip'm=® («1^1 COSO,-tíceos a,). 

where A is the theoretical pump head; 

u is the circumferential velocity; 

n is the absolute fluid velocity; 

is the fluid density; 

Is the angle between the absolute and circumferential 

velocities. 

The subscript «I* applies to the rotor inlet, the subscript «2* applies 

to the rotor outlet. 

P 

Usually the pump impellers are designed so that ai=* —. Therefore, 

we can write 

bp'm=QuJcicosaJ. 
(2.13) 

As is known (see, for example, [104]), the projection of the ab¬ 

solute velocity on the circumferential velocity will be 

Ci cos aj=»uj—cjmctg ßi, (2.14) 
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where the angle between the relative and circumferential velo¬ 

cities at the blade exit; C2m is the radial component of the absolute 

velocity. 

In accordance with the discharge formula the radial component is 

r, ~_Çl__ 
' ( 2.15 ) 

where 2irr2bK2 is the rotor exit section area without account for 

the thickness of the blades; it is defined as the 

lateral surface of a cylinder of radius r2 and height 

equal to the rotor exit width bK2; 

G' is the theoretical mass flow rate; 

<p2 is a coefficient accounting for the blade thickness 

at the rotor exit. 

Substituting (2.14) into (2.15) and (2.13) and assuming that 

r2w, we obtain the theoretical head characteristic 

\p'm*=Qry ttgfe 

2*3«*,! 
GV 

(2.16) 

Let us first examine the case in which w* const. In the equation 

obtained all the quantities other than G' will be constants. There¬ 

fore, the characteristic will have the form of a straight line (Figure 

2.7). Since the connection between A and the theoretical head Ap’ 

for a finite number of blades is defined by the expression 

where <Pb is the coefficient accounting for the finite number of blades, 

the characteristic for A p' will have the form of a straight line which 

intercepts on the coordinate axis a distance equal to<Pïïpr2ü)2 (see 

Figure 2.7)• 

The real characteristic differs from the theoretical one by the 

magnitude of the hydraulic losses in the pump rotor and scroll 



* 

Figure 2.7. Centrifugal pump head Figure 2.8. Centrifugal pump head 
characteristic (for w • const) characteristic (for Q » const) 

Ap-A/—Apr- 

In practice the loss in overcoming the viscous forces are eval¬ 

uated with the aid of the so-called hydraulic efficiency 

As a result of the nonlinear dependence of the hydraulic losses 

A p^j on the output, the actual head characteristic has the form of a 

curve lying somewhat below the straight line Ap* ■ A p'(G) (see 

Figure 2.7). 

Now let us examine the case in which u> » var for G * const. The 

characteristic has the form of a second-order curve passing through the 

coordinate origin and crossing the abscissa axis twice (Figure 2.8). 
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The falloff of the theoretical head to zero for some value of w 

is explained by the fact that after the circumferential velocity reaches 

the value of the projection of the relative velocity on the circumfer¬ 

ential velocity the pump begins to operate as a turbine, i.e., while 

providing the flow rate Q* * const the required rpm is provided by the 

fluid head at the pump inlet. 

ump head 
const) 

re eval- 

losses 

m of a 

e 

t. The 

rough the 

2.8). 

The actual characteristic must obviously lie somewhat below the 

theoretical curve. 

2. Power characteristic. 

The theoretical pump power characteristic can be obtained from 

the known relation 

o 

Taking (2.16) into account, we obtain easily 

AT =rWG'— 
" 2 ÎhïAjQ 

and 

1 • t* MM 

As a result of losses of various forms the actual pump power must 

always be greater than the theoretical value. Therefore the actual 
N* 

power characteristic, equal to N - lies above the theoretical curve. 

The power characteristics constructed using these formulas for 

centrifugal pumps with u * const and G = const are shown in Figure 2.9. 

3. Pump efficiency characteristic. 

Now let us examine the dependence of the pump efficiency n on the 

output (for ui =■ const) and on the angular velocity (for G = const). 
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Figure 2.9. Pump power characteristic: 
a) for w - const; b) for Q - const 
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Figure 2.10. Pump efficiency 
versus component flow rate G 
(for u ■ const) 

We have mentioned previously that 

the head losses in overcoming vis¬ 

cous forces are characterized by 

the hydraulic efficiency nh. Its 

dependence on the flow rate is 

shown in Figure 2.10. The losses 

associated with fluid cross flow 

resulting from circulation within 

the pump due to the presence of 

clearances are accounted for by the 

volumetric efficiency 

where G is the actual mass flow rate of the component through the 
pump; 

0' is the theoretical flow rate. 

Additional power is expended on overcoming friction forces in the 

bearings and seals and also friction of the fluid on the rotor disk, 

and these losses are accounted for by the mechanical efficiency 
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where Ns, A N are respectively the pump shaft power and the power 

losses overcoming mechanical resistances. 

Curves 

The overall 

pump design 

the product 

of nv and versus pump output are shown in Figure 2.10. 

efficiency, which defines the degree of perfection of the 

from the mechanical and hydraulic viewpoint, is equal to 

of all the efficiencies mentioned above 

The pump characteristic nH - f(w) is shown in Figure 2.11. We 

note that the function nH ■ hH(u>, Q) can be approximated by the follow¬ 

ing relation [153] 

where B^, are coefficients which are constant for a given pump. 

4. Pump torque characteristic. 

The torque characteristic of the centrifugal pump, i.e., the 

variation of the torsional or rotational moment M as a function of the 

output and angular velocity, is easily found with the aid of the ob¬ 

vious expression 

Ar=<pflG7jCjcosai 

As before, the prime denotes theoretical values of the parameters. 

Actually, substituting in place of c2cos a2 its value from (2.14) 

with account for (2.5) it is easy to obtain 

2«?a»*n 



Figure 2.11. Pump 
efficiency versus 
angular rotation 
rate *> (for Q ■ 
const). 

Figure 2.12. Pump Figure 2.13. Pump 
torque M versus out- torque versus speed 
put G (for u « const) (for G = const) 

The torque pump characteristics plotted using this equation with 

•w ■ const and G ■ const are shown In Figures 2.12 and 2.13. 

5- Universal characteristic. 

Let us examine the universal characteristic of a centrifugal pump, 

which consists of a network of characteristics plotted for different 

shaft angular velocities or different component flow rates (Figure 2.14). 

On this network are plotted the curves of constant efficiency, which 

are curves of similar regimes and are parabolas passing through the 

zero value 

^f==*const ^ = const. 

The actual parabolas of the s-imilar regimes Join near the coordi¬ 

nate origin (due to the existence of mechanical losses) and for high 

angular velocities and high flow rates (due to the onset of cavitation), 

transforming the constant efficiency curves into ellipses^. This 

figure also shows the families of characteristics N(G) and N(u). 

We note that when the LRE is regulated by varying the pump rpm 

the operating point on the characteristic in the general case does not 

move along a curve of constant efficiency, rather it moves along some 

line AB. 

Footnote (1) appears on page 62. 
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Figure 2.14. Universal pump characteristic. 

6. Approximate dependences of pump head, output, power, 
and torque on angular velocity. 

In practical calculations, for small variations of the pump shaft 

angular velocity,use is made of the approximate dependences of the 

head Ap, flow rate G, power N, and torque M of the centrifugal pump 

on the angular velocity u. In this case we cam assume with adequate 

accuracy that the pump overall efficiency np is constant. Using this 

assumption,the computational formulas are found to be quite simple and 

convenient and still yield adequate accuracy. 

Let us examine first the approximate relation Ap * Ap(w). To 

this end we use the obvious equation 

\p ’I.TjCW/VOSUj. 

Considering that (see [122]) 

>iii 3j 
Cj—U,-1—, 

l- fj) 

we obtain 

•V : c 'i 
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where 

fV“'!,?/; ~!?co<a*- 
r 41 »ln (0,+¾) ' 

Por LRE pumps we can assume approximately [9] that the complex 

Then we obtain the evaluative formula 

, Formula (2.19) makes It possible to calculate the head for tran¬ 

sition from one regime (Index • ) to another quite closeb, regime 

:-. . . ui 
A*—A/tj. 

(2.20) 

Now let us turn to the output G, which may be defined by the 

formula 

0 ■ Í.tijvcfAiÇHKi »to a,. 

Using (2.18), we obtain easily 

where 

(2.21) 

Similarly, it is not difficult to find from (2.21) the pump output 

in a different regime 

These Expressions (2.20) and (2.21) make It possible to find the 

dependence of the power N on w . In fact, since 
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hence. 
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on * 

complex 

for tran- 

’egime 

(2.20) 

>y the 

(2.21) 

pump output 

3 find the 

then 

(V=rAV. 

where 

f,v e*,ea 
’ • 

n 

Similarly 

The connection between the torque M and the angular velocity u 

is obviously defined by the formula (see [2.12]) 

M " CjvQd)*, (2.22) 

hence, 

s 6. Turbine Characteristics 

The turbines used as the power drives in the TPA of rocket engines 

are usually designed as active turbines with velocity stages. There¬ 

fore, we shall restrict ourselves to an examination of the character¬ 

istics of turbines of this type only. Additionally, we shall assume 

that the gas generator which generates the working medium provides the 

critical pressure differential. 

Let us examine the relationships between the basic parauneters 

which characterize the turbine ooperating regime [9], [57], [129]: 

power N, torque M, angular velocity w, efficiency n, gas flow rate G, 
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gas work capacity RKTK, and the back pressure p2. These relationships 

are necessary in order to calculate the variable turbine operating re¬ 

gimes which occur both when regulating the design regime and during en¬ 

gine startup and shutdown. 

The turbine power, torque, and efficiency vary as a function of 

the working medium parameters ahead of the turbine — temperature, gas 

constant, expansion polytropic exponent n, and the turbine angular vel¬ 

ocity. If we take and u as the independent variables (neglecting 

the change of the polytropic exponent) the turbine characteristics will 

be defined by the following functional relationships.^2^ 

n-n(G, RJ,, my, 
rj„ my, 

N-N(G, RJ„ rn). (2.23) 

The connection between these quantities is defined by the known 

formulas 

N—Mm; (2.24) 

(2.25) 

Here L' is the adiabatic work of expansion per kilogram of gas, which 

. is defined by the known relation 

(2.26) 

where the theoretical gas discharge velocity is 

-£)’]• (2. 

Thus,the turbine operating regime can be changed by changing G 

or the propellant component ratio k, on which the gas work capacity 

RKTK depends (we neglect the influence' of the pressure change 

Footnote (2) appears on page 62. 
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in the gas generator on In a particular case, engine regulation 

may be accomplished by changing only the flow rate Q (with constant k, 

i.e., with RkTk * const) or by changing the propellant composition 

(with G ■ const) . Therefore we shall examine separately the turbine 

characteristics plotted for ■ const and G ■ const, which are also 

necessary for determining the partial derivatives when studying regu¬ 

lation in the general case. 

Now let us find the analytic relationships between the basic tur¬ 

bine parameters, i.e., let us determine the form of the Functions (2.23). 

We examine the efficiency, which characterizes the magnitude of 

the various losses which occur in gas turbines: losses in the stator 

ring, in the blades, with the exit velocity, leakage, gas cooling, 

windage, and disk friction in the gas, and mechanical losses. 

The losses in the stator ring are defined by the following 

expression [129] 

is the stator ring loss coefficient; 

is a coefficient accounting for the difference 

between the actual velocity Cj and the theoretical 

velocity cj. 

The losses in the turbine rotor are found from the formula 

where 

where 

?.«-4 

Footnote (3) appears on page 62. 



çj= -* is a coefficient accounting for the decrease of the 
•i 

relative velocity in the interblade channel (found from 

charts as a function of the sum of the inclination angles 

of the relative gas velocity at the inlet and outlet 

+ 02*» 

are respectively the relative gas velocities in the inter¬ 

blade channel at the outlet and inlet; 

u is the circumferential velocity; 

is the inclination of the absolute gas velocity vector 

to the plane of rotation at the blade inlet. 

The 

where $ 

The outlet losses are determined by the exit velocity 

or in relative units 

The losses discussed above are characterized by the so-called 

blading efficiency 

a 
f.w 

The 

where 

Substituting into this expression the values presented above for 

the coefficients Ç, after transformation (see, for example, [129]) we 

can obtain for the active turbine 

\=2r](l (2.28) 

Por the two-Stage active turbine the formula for the blading ef- 

fieishey can be obtained Without account for the exit losses [57] 

1.= to* a 

co««, 
rosa,«*,— 

Thea 

The 

fined as 
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I 

: 
i 

of the 

[found from 

latlon angles 

i outlet 

f 

In the inter- 

Lty vector 

o-called 

d above for 

i, [129]) we 

(2.28) 

blading ef- 

tes [57] 

2 l ?i—,— !+?»-!(1 + 73—r 
MtJi L COS^V CO* J ,/I 

The friction and windage losses can be found using the formula 

»ï / « \* 
fjislna, (<,) ’ 

(2.29) 

where ^ 

f.w. 

Is the constriction coefficient, equal to the ratio of 

the width of the interblade channel to the blade pitch; 

la the degree of turbine partiality; 

is a coefficient which depends on the number of "ows of 

motor blades (for a disk with a single blade row 

af w ■ 7.7^10 , for a disk with two rows af w ■ 

•10“*, with three rows a. ■ 12.^6^10-^). 
I.Wa 

The relative gas leakage losses are defined by the formula 

9.17 

*4 

(2.30) 

where 
le .K 

is the amount of gas leaking through the labyrinth 

tip seals, determined by the geometric dimensions of 

the gaps; 

is the blade clearance; 

is the blade height. 

These losses make it possible to determine the Internal efficiency 

i)< ■* ti»—Çt.i—£r*- (2.31) 

The magnitude of the overall effective turbine efficiency is de¬ 

fined as the product 

(2.32) 
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where nM is the mechanical efficiency. 

Hereafter,we shall assume that the quantities Cle and nM are inde¬ 

pendent of the turbine operating regime (which is very close to reality). 

Using (2.28) (2.32) it is easy to find the dependence of the effec¬ 

tive turbine efficiency on its independent parameters 

vir-** Xfr-** 
Hiti + t0‘ •v' 

where 

(2.33) 

The value of the effective turbine torque is defined by the ex¬ 

pression 

M±a-£3. 
(2.3*0 

Substituting into this formula the values of L' from (2.26) with 

account for (2.27) and the value of the efficiency from (2.33), after 
transformations we obtain 

VW7 «?]• (2.35) 

where 
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This expression makes it easy to find the form of the turbine 
power characteristic 

W-0[*.1'XT7 —«X-*.7=ç- 
(2.36) 

Let us study these relations in more detail. We see from (2.33) 

that „ depends on the angular velocity and on the gas worh capacity 

kkTk. We first obtain the turbine efficiency characteristic construe 

ted for RkTk. const. In this case the characteristic is defined b, a 

paraboia Of third order in terms of the angular velocity u. The fon 

the characteristic is shown in Figure 2.15. All the forms of loss, 

considered above are also shown in this figure. The curve n - n(w> 

has a maximum at the optimal regime point 

axis twice. 
and crosses the abscissa 

Now let us construct the turbine characteristic as a function of the 

5 1,1613111111 Work caPaclty for a constant angular velocity (Figure 

• We see that the curve n - n<RKTK> also has a single maximum. 

For practical use it is convenient to plot a network of curves 

n • n<»>, each of which corresponds to a constant value of R„T 

(Figure 2.17). „e note that with Increase of the quantity R,.t!Í the 

efficiency peak is shifted toward higher angular velocities. 

Footnote (4) appears on page 62. 
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Figure 2.15. Turbine efficiency 
characteristic (for RrTk - const) 

The turbine torque charac¬ 

teristic is defined by (2.35). 

Since M is a function of the three 

Independent variables G,u> and 

Vk* **or convenience we plot the 

characteristics for a fixed value 

of some two variables. Figure 2.18 

shows the relation M - M(w) for 

0 " const, RkTk ■ const, M ■ M(G) 

with <o- const and RKTK - const and 

M ■ ^(FjçTjç) with u ■ const and 

Q ■ const, also shown are the power 

characteristics constructed in a 

similar fashion. 

* 1’ hydraulic Line Characteristics 

Th. engine hydraulic ay.tem Include, e considerable number of 

line., »ho., characteristic, (both .t.tlc e ,d dynamic) have a .igm- 

flcant effect on th. characteristic, of th. entire .y.tem. Of parti¬ 

cular Importance are th. win line, through which the component, flow 

o the combustion chamber from the punp.. The line static character¬ 

istic. .ho. th. dependence of the pree.ur, drop on th. component flow 

rate, l.o;, the, are determined by th. hydraulic resletance. The line 

characteristic can be .jpres.ed analytically by a relation of th. form 

G-G(dp). 

The line losses Ap are made up of the length-dependent distri- 

uted losses and local losses. The distributed losses are determined 
by the formula 



i three 

ind 

at the 

value 

are 2.18 

for 

M(0) 

ist and 

and 

is power 

in a 

Figure 2.16. Turbine efficiency 
versus gas energy (for u ■ const) 

Figure 2.17. Turbine efficiency 
curves for different values of 

RKTK' 

! 

of 

Igni- 

partl- 

s flow 

acter- 

t flow 

tie line 

tie form 
Figure 2.I8. Turbine torque M versus speed , out¬ 

put Q, and working fluid energy RKTK. 

i;rl- 

rmlned 

(2.37) 

where X Is the coefficient accounting for fluid friction on the 

line wall; 

w Is the fluid velocity; 

de are respectively the line length and equivalent diameter. 

The pressure losses In overcoming local resistances, as Is known, 

are proportional to the velocity head 
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!ydraulic line char- 
acieristies for different values 
of the coefficient b. 

'1’ 

after transformations 

where Ç is the local resista^e 

coefficient. 

Assuming that 

—A, 

we obtain from (2.37) and (2.38) 

» 2-39 

^ 18 lhe hydraulic line characteristic coefficient 

order”“ ^ » repr.e.nt.d graphically a. a a.cond- 

r¿n:t1vu:ing through the c°or<,inite °ri«in 
^ * pln pout* ^*39) may be rewritten aa 

Pn^Ptux+blQ*. (2 AO) 

The cur., of the outlet preaaure vereua flow rate (for con.tant 

ti”th * hM the 'a,M quadratlc POWhola form, shifted relative TS.tlZ °rl8ln ^ th* a”°Unt Plh* If the hydraulic line 

terletlc wlitT" 8egM"t’ C0,,n'ct8d ln ^88. then It. charac 
_ “ e the 8ame f»™.hut the coefficient g 1. defined by 
summation of all b^. 
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(2.38) 
distance 

Footnotes 

1. on page ill 

2. on page 53 

In practice, the form of the angular velocity 
universal characteristic differs very xittle from 
that of the flow rate characteristic. 

In view of the assumption made above that the gas 
generator operates with the critical pressure dif¬ 
ferential, we can assume that the ratio pK/p i8 

for * Snoring the 
effect oí* p0 on the quantities in question!* 

>d (2.38) 

(2.39) 

“icient 

a second- 

2.19). 

3. on page 51» 

on page 58 

Usually the gas generator operates with a large ex¬ 
cess of one of the components. Therefore, by in- 

Îïth8thf ^i?!Srifalng).the 8upply of the component with the smaller flow rate we can alter kfR^T^) 

without any essential change of the overall flow 

is very1!»light* relatlve lncrease (decrease) of 0 

which yields the dependence of the 
H^eîîî îî* angular v*locity, has three roots. 
"°/^Lther? 1 *° need t0 examlne the third point 
îiniïtîh8ecti0n °î the curve h * n(“) With the axis, 
thî Vall?e 2f n 18 nesative in the region of 
the third root of our equation. 

(2.40) 

constant 

relative 

c line 

Its charac- 

flned by 
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CHAPTER 3 

LRE MAJOR COMPONENT DYNAMIC EQUATIONS 

The equations of the dynamics of both the individual elements of 

the LRE and of the entire power plant as a whole express the time de¬ 

pendences of thler basic parameters, i.e., the parameter dependences 

in the transient regimes. We shall examine the equations of the dy¬ 

namic of the major engine components. 

Í 1• Combustion Chamber Dynamic Equations 

TUt equation of LRE combustion chamber dynamics describes the 

varlat o the combustion product pressure and temperature in time 

as a fui.c on of the input of the basic propellant components. The 

combustion chamber can be considered as an element having mass capa¬ 

city and thermal capacity, i.e., an element in which accumulation of 

the working medium and heat is possible in the transient regimes. 

The exact » hematical description of the phenomena taking place 

in the combustion chamber Involves serious mathematical difficulties 

associated with the complexity of the processes taking place. There¬ 

fore, we first make several assumptions which simplify the mathema¬ 

tical arguments [78]. We assume that the propellant entering the cham¬ 

ber is transformed instantaneously rather than gradually into the final 

combustion products, but that this transformation does not take place 



immediately upon entry into the chamber, rather it takes place after 

some time interval in the course of which no energy is released and the 

volume of the components does not change. We term the time from the 

moment of propellant injection until its instantaneous transformation 

into the combustion products the lag time assuming it to be con¬ 

stant. This approximation makes it possible to con«lder the combustion 

chamber as a volume filled with gas in which the injected components are 

present in the form of droplets in the course of the time xK. We also 

assume that the products of combustion of the propellant components 

are an ideal gas whose temperature, pressure, and gas constant are 

constant, both along the chamber and radially. 

We write the balance equation for the mass in the chamber at each 

moment of time 

dm* 
dx (3.1) 

i.e., the rate of accumulation m^ of the mass of gaseous combustion 

products is determined by the difference between the gas mass inflow 

rate Ginf and its outflow rate GK. 

Let us examine individually each term of (3.1). 

The mass of the gaseous combustion products can clearly be found 

from the equation of state 

171,== E3Ï3 
KJ, ’ 

(3.2) 

where pK is the comrustion chamber pressure in N/m ; 

R„,TV are respectively the gas constant in J/kgf*deg and the 
K* K an 

temperature of the combustion products in 0K; 

V,, is the chamber volume in m^. 
K 

Hence it is easy to find the derivative : 

dm, ^ dp,   V, d IRJ,) p*' (3*3) 
dx ^ /T.r. dx (fl.r,)» dx 
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In view of the assumption made above concerning the instantaneous 

nature of the propellant combustion, the gas input at the moment x is 

determined by the amount of liquid components sprayed through the in¬ 

jectors at the moment x - T«. 
I\ 

Oip(x) ^ G*(t—T,). (3.4) 

This means that the component ratio k (or the oxidizer excess co¬ 

efficient o) in the Incoming combustion products at the moment x is 

determined by the relationship between the flow rate of the liquid oxi¬ 

dizer and fuel through the injectors at the moment x - x„, i.e., 

'â-Afr-r,). (3.5) 

As is known [7C], the work capacity of the combustion products 

RKTK 18 a functlon of k and pK. Therefore the value of the derivative 

***«*«> can be found as follows 
rfr 

_*(g„r.) i äk(x — t,) (3.6) 
it í/, rfT ^ d* ’ tff 

The gas flow rate from the chamber is defined by the known gas 

dynamic relation 

/3 _j 

‘ ■7W (3.7) 

n is the polytropic expansion exponent. 

Expressions (3.3), (3.4), (3.6) and (3.7) with account for the 

equality 

C-G.+O, 
(3.8) 

make it possible to obtain the combustion chamber equation in the form 
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ntaneous 

nt T is 

the in- 

ÍB.4) 

cess co- 

t t is 

quid oxi- 

• f 

(3.5) 

ducts 

rivative 

(3.6) 

n gas 

(3.7) 

r the 

(3.8) 

the form 

(3.9) 

(3.10) 

(3.11) 

Thus (3.9) together with (3.11) makes it possible to find, gener¬ 

ally speaking, the value of the combustion chamber pressure p^ at any 

instant of time, provided the time dependences of the component flow 

rates are known. 

„ , , d(ltju) dUtJ,) 
To determine the partial derivatives " and —— which 

appear in (3.9) we need to know the function R^T^ ■ f(pK,k), which is 

usually represented by a series of curves Rj^ » p(k) for fixed values 

of Pjç for the given propellant. These curves may be approximated by 

functions of the type 

Ma)*’+ «*(*«)*+“* (a) (3.12) 

KJt I* RJ. dp, P'\ Jt ' l 

p, — Ct„(x — Tk) -}- Cr (t — t,). 
_l\_ diRJ,) ./Ht-t,) 

(RJ*)'1 dk 

The propellant component ratio 

Or* 

Hence it is easy to find the time derivative of k 

.A fdQo a, dar\ 
o, V éi ar ix)’ 

rf* 

a. 

Since the coefficients a^, ag, for many pairs of components 

depend very weakly on pK they are usually taken to be constants. In 

practice, in most cases we use the combustion chamber equation obtaine« 

const : for RkTk 

¿P* . 
*.r. V+TXÍ'.” 

^C,(t-T,) 1-Cf(t- Tj. (3.13) 

Multiplying both sides of this equation by the ratio pu/G„ . 
K K after 

simple transformations we obtain 
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where 
s=r '.y, 
O.V. 

Mt 

is the ¿o-called chamber constant in seconds; 

is the gain with respect to the overall propellant 

component flow rate in 1/m*sec. 

The constant is one of the basic quantities which characterize 

the dynamic processes In the chamber. If we Introduce the widely used 

concepts of characteristic (equivalent) length L* and specific 

pressure impulse we obtain the following expression for 0,.: 

»=1*1 
• V« (3.15) 

If the delay time is variable the mass balance equation for the 

chamber will have the form 

ámu = (l - ^-)lG.(T-Tj+Cr(T-TjI-G.; 
(3.16) 

In this case the combustion chamber equation for k - const will 

be 

». - ^-)IG.(*-t.)+G,(t- tJ|. 
(3.17) 

In conclusion we note that thf combustion chamber equation obtained 

above can obviously also be used to study the dynamic processes which 

take place in liquid gas generators. 

I 2. Equations of Unsteady Fluid Motion in Hydraulic Lines 

1, Derivation of basic equations. 

We »hall derive the differential equations of unsteady fluid mo¬ 

tion in hydraulic lines, with the presentation being based primarily 

on the known works of Ginzburg [4?] and Charnyytl^]. 
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(3.14) 

ht 

terize 

y used 

Ific 

‘ 0K " 

(3.15) 

• the 

(3.16) 

will 

(3.17) 

We Isolate a line segment of length dx (Figure 3.1). Let the 

cross-section at the Initial section be F and the section-average fluid 

pressure be p. 

Fj. dF Jr 
At the second section the area is and the pressure is 

P+j^dx. We assume that the hydraulic line material obeys the elastic 

deformation laws. Therefore,the cross-section area is a function,not 

only of the x coordinate, but also of the time T; 

We appiy the momentum change law to the isolated fluid mass: the 

increment of the momentum of the mass over an elementary displacement 

is equal to the impulse of all the external forces acting during the 

question. This is written mathematically 

(3-18) 

the momentum vector of the given fluid mass; 

the vector of the ith external force; 

the volume of the isolated part of the fluid; 

the density; 

the velocity. 

time of the displacement in 

as follows 

whf re QwdV 

V 

0 

u 

is 

is 

is 

is 

is 

obtained 

which 

id mo- 

arily 

Since in , e fluid motion the change of the mass per unit time (due 

to the change of the density p)is and since (due to the change 

of volume) — ÍJ where Sv is the surface bounding the volume V, 

wn is the normaT component of the velocity at a given point of the sur¬ 

face — the velocity along the normal to the surface- then the change 

of the momentum of the fluid mass in question obviously can be written 

as follows 

dj 
dx (3.19) 
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Figure 3.1. Diagram for deriva¬ 
tion of equation of unsteady fluio 
motion in hydraulic lines. 

The external forces acting 

on the isolated fluid volume in¬ 

clude : 

mass forces - for example, such 

as the gravity force, centrifugal 

force, and so on, defined in the 

general case by the triple integral 

(3.20) 

where J is the mass force (referred 

to unit mass); 

pressure forces - equal to 

A 

(3.21) 

where n is the outward normal to the surface element dS; 

p is the pressure at the given point — a force which is 

Independent of the orientation of the surface to which it 

is applied; 

friction force - which can be expressed in terms of the friction stress 

tr as follows 

A 
(3.22) 

reaction force - PR of the solid bodies (if there are any) with which 

the surface Sy comes into contact. 

Considering the expressions obtained above, we write the fluid 

momentum change law in the form 

euro, dS*= 

pïdS+^X'dS+Pg. 
(3.23) 

Let 

Since Sy 

cross sec' 

the doubl 

Consi 

at the set 

onto the : 

Undei 

tion chan| 

the laten 

where n iï 

volume wi: 
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acting 

ume in- 

, such 

itrifugal 

1 in the 

e integral 

(3.20) 

! (referred 

(3.21) 

:h is 

ihich it 

Lon stress 

(3.22) 

th which 

fluid 

(3.23) 

Let us transform somewhat the integrals over the surface Sy. 

Since Sy cam be represented as the sum of the lateral surface and the 

cross section area 

S¥—S+2F-{-~dx, 
it 

the double integrals in (3-23) will be 

j j dS = JJ «wr, d FdF+ [j 

({ pndS-Jj pndF-i-fjpn dF+tt pn dS; 

•v ' 'S-e4* 

y T.¿s=y T.d/7+y +y ^ds- 

QWW^dS; 

(3.2*0 

Considering that at the first section *n ■ -wx, p a +p, Tn ■ _TXX» 

at the second section wn ■ wx, p = -p, Tn ■ txx, we project (3«23) 

onto the x-axis 

yj dv i y us hjy ¿f= 
T*4* 

ÎÎÎ^^-y x)dS — ß pcosQdF + 

Tã4* 
(3.25) 

Under the assumption that the area and the shape of the line sec¬ 

tion change sufficiently smoothly along the axis, the differential of 

the lateral surface of the Isolated volume may be calculated as 

dS^dWdx, (3.26) 

where n is the perimeter of the flow section; and the differential 
volume will be 

dV^dFdx. 

♦ 
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We divide both sides of (3.25) by dx and find the limits of each 

term as dx 0: 

Hm —- 
é£-4 dx r 

(3.27) 

where t Is the integrand. 

Now (3.25) may be written as follows 

<3-28> 

Let us tryisform some terms. We first calculate the partial 

atlve £ jj The change of with time can take p 

both due to the product pw^ and as a result of a change of the cross 

section per unit timeThe influence of the first factor is deter¬ 

mined by the term ÍJ £ (<!**)&• since the increment of the line flow 

area is expressed in terms of the projection of the velocity on the 

outward normal n' to the section contour by the expression (Figure 

3.2) 

äF*xfw,'dxifn, 

then the second term will be equal to 

We are considering tht flow of viscous fluids. Therefore, on 



f each 

I 

(3.27) 

(3.28) 

I 

I 

Lai 

t place 

cross 

ster- 

flow 

i the 

iKure 

, on 

the side surface S the tangential component ». = 0 and the normal com¬ 

ponent »b«*±|k/|. The normal n' is drawn in the plane of the contour n, 

i.e., it lies in the plane perpendicular to the Ox axis, while the 

normal n applies to the surface S. On the basis of the previously 

made assumption on the smoothness of the channel transition, we hypo¬ 

thesize that 

«vs»,. 

Therefore, we can finally write that the first two terms of 

(3.28)^1^ are equal to the partial derivative in question 

£ -£((^>F+^p»,sYi/n. (3.29) 
V V ■ 

Let us now examine the integral j[*)rfn. with a good de¬ 

gree of accuracy we can assume that the magnitude of the pressure 

varies little across the section, i.e., we can refer p to the center 

of the section. Then 

'tW (3.30) 
r 

and 

J cos (/»,*) </n. 

^ cos (n,*) ¿/n W 
The integral ¿ equals ~ ^ to within small quantities 

of second order. Therefore, we finally obtain 

^ />cos(«,j0</n =*—p(3-31) 
s 

Footnote (1) appears on page 101 
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Figure 3-2. Line cross section. 

Let us examine the integral 

I WH. vie denote the magnitude 

of the friction force acting per 

unit area of the lateral surface 

by 0. Then, considering the fact 

that the direction of $ is always 

opposing the direction of the mean 

velocity w and also considering the 

assumption made above that cos(n, x), 

is small, we obtain 

(3.32) 

-ir (( '•s' 
Since *aa<.p, we neglect the term * r in comparison with the 

other terms of (3.28) i.e., we assume that 

and th< 

exprès! 

with tt 

we can 

(3.33) 
where 

Let us turn to the last term of (3.28). The projection of the 

acceleration Î on the x axis will be 

/■—/»ln«. 

Averaging the fluid density across the section, we obtain 

0»/r«-®y*lnaF. (3.3¾) 

r 

Expressions (3.29)- - (3-3¾) permit us to write (3.28) as follows 

^ (3.35) 

r V 

Since the fluid mass flow rate 

Th 

form in 

moment ui 

where 

Eqi 

There foi 
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(3.36) 0 = WjF, 
r 

and the projection of the momentum K on the x axis is defined by the 

expression 

K~\\w\dP, (3.37) 

with the aid of the known formula 

(3.38) 

we can reduce (3-35) to the form 

àK . do _ a, , 

ix* tt ¿~TQttw'~Q/rJtlna’ (A) 

where ç is the hydraulic resistance coefficient, which is a func¬ 

tion of the channel dimensions and shape, degree of rough¬ 

ness, fluid physical parameters, and the flow regime. 

The resulting equation of fluid motion is most often used in this 

form in studying unsteady flows. We note that the flow rate 0 and the 

momentum K appearing in (A) are defined by the formulas 

O^-omF; (3.39) 
K—tQw, 

(3.40) 

where e is the Coriolis coefficient, accounting for the nonuniforra- 

ity of the velocity distribution across the flow section 

(for a uniform velocity distribution e • 1, for turbulent 

flow e - 1.02 - 1.03, for laminar flow e-1^, for unsteady 

motion e is, generally speaking, variable). 

Equation (A) is not sufficient for the solution of many problems, 

i here fere, we also use the continuity equation, obtained from the con- 



dition of conservation of the mass contained in the isolated fluid 

volume 

The mass change with time for fluid motion takes pl?^e both as a 

result of density change (the term ), and volume change 

(the term \\ ««^5 ): v 

\\\ £ 

Hence, after familiar transformation we can obtain the conserva¬ 

tion equation in the form 

(B) 

Equations (A) and (B) are quite general. They contain four un¬ 

knowns: p, p , w or Q and P. Therefore, in order to close the system, 

we must add to the above equations the equation of state of the fluid 

and the tubing wall deformation elastic law, i.e., the dependence of 

the area P on the pressure p. 

The fluid density is a function of both the fluid pressure and 

temperature. But since we are examining isothermal flow of liquids, 

their equation of state is represented by Hooke's law 

«-t+V1). (C, 

where p« is the density at the pressure p»; 

E' is the liquid bulk modulus of elasticity, which depends in 

general case on pressure and temperature. 

In the study of transient processes in LRE hydraulic lines the 

pressure changes are relatively small. Therefore, we shall assume the 

liquid bulk modulus of elasticity to be constant. The numerical values 

of E' for various liquids are shown in Tablï 1. 

FTD-HC-23-I8-7O 7 c 

Spec 

Nitric acl 

Nitric tet 

Ammonia (al 

Aniline 

Benzene 

ADMH 

Hydrogen (< 

Kerosene 

Oxygen (li< 

Nitromethai 

Methyl Alc< 

Ethyl alcol 
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formation 1 
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! 

fluid 

f 
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pth as a 
i 
ünge 

bnserva- 

1 (B) 

I 

îur un- 

ie system, 

\e fluid 
I 
mce of 
. 

*e and 

quids, 

(C) 

ends in 

TABLE 1 

Values of the Bulk Elastic Modulus, 

Speed of Sound in an Infinite Fluid Volume, and Temperature 

Coefficient for Several Liquids 

Liquid 

Nitric acid 

Nitric tetroxide 

Ammonia (aqueous solution) 

Aniline 

Benzene 

ADMH 

Hydrogen (liquid) 

Kerosene 

Oxygen (liquid) 

Nitromethane 

Methyl Alcohol 

Ethyl alcohol (95*) 

Toluene 

Tetranitromethane 

Water 

Temper¬ 
ature 

T°K 

Bulk 
Elastic 

Modulus 

E' ‘lO,- 

5 N/nr 

Speed of Temp, 
sound in coeffi< 
infinite | cient 
volume 

-Í- «• 
see ■ec-deg 

289 

289 

289 

293 

293 

277 

20.3 

ffl 

89.4 

298 

293 

293.5 

293 

293 

293 

31577 

30500 

27565 

15030 

18397 

4412 

11830 

9296 

19586 

9408 

8918 

14740 

17315 

21360 

1425 

1465 

1660 

1659 

1324 

1502 

II27 
I33Ò 
1295 

911 

1330 

1123 

1213 

1320 

1039 

1483 

-4.6 

-5.2 

-1.5 

-2 

-4.8 

-3.3 

-3.6 

-3.2 

-4 

+1.6 

Assuming that the tubing wall material operates in the elastic de 

formation region and also obeys Hooke’s law, in accordance with which 

^JL p-f 
"*• “2 K ’ (3.41) 

and considering that Ad ■ d - d* 
2 2 

r-r 
F* 

p ~ p* 

s the 

sume the 

al values 

FTD-HC-23-I8-70 

X 

76 

K 



hence 

t 

(D) 

•h.« E 1» the tubing «all material elaatlc deformation modulua; 

d,d* are reepectlvely the tubing dlametera for the liquid 

pressures p and p*. 

The dlmenalonleea coefficient x depend, on the «all thickneaa and 

the croa, aectlon ahupe. He .hall aho« ho. x 1. determined for thln- 

■alled circular tubing of length l and thickneaa o. with increaae of 

the preaaure by ip . p - p., the Increaae of the force tending to 

buret the tubing la obvloualy dtip. Therefore, the Increaae of the 

tenalle etreeeea In the »ell longitudinal aectlon «111 be 

As¬ 

ín accordance with Hooke's law the relative elongation is 

Comparing this expression with (3.41), we obtain 

Por thick-walled circular tubes 

X=*+ 
a+*+^-. 

where y is Poisson's ratio. 

The value of the coefficient x for polygonal and oval tubes was 

obtained by Dvukhsherstov [52] 

X“ (i—p*) (I +z*i*)x,r. 
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Tube croi 
shape 

Circle oí 

Rectangle 
of short 
equal to 
is c) 

Regular t 
with si 

Regular 2 
circur.£>cr 
of dliimet 

Oval with 
short and 
equal to 
axis equa 

The 

X for the 

spacers 
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I 

(D) 

dulus ; 

Id 

where x^, x2 are dimensionless form factors of the tube cross section, 

shown in Table 2; 

lQ is the characteristic linear dimension, whose values are 

also shown in Table 2. 

kness and 

or thin- 

rease of 

g to 

of the 

TABLE 2 

Values of the Quantities Iq, and for Tubes 

of Different Cross Sections 

bes was 

Tube cross section 
shape 

Circle of diameter d 

Rectangle with ratio 
of short to long side 
equal to a(larger side 
is c) 

it 

l+a 3(l+q») (1-f*)—JQ-i-b»)—15a* fl+a) 

60a (Ha) 

Regular triangle 
w^ i side c 

Regular 2n-gon with 
circumscribed circle 
of diameter d 

Oval with ratio of 
short and long axes 
equal to a (long 
axis equals c) 

2 

VT 
e 0.2 

« * 2 co*— 
2« 

4 
15 2ji 2ft 

(Ha) <¿-?a+5a») 
(—1+lOa-a») 

t 
wl 

. ^ -^-<1—a)« (—65+194a—Ma*) x 

(2—a) (2a—1), 
ierer«(5—2a+5aî) ((2-5a-2«?) 5(H«H 

+2X—H7a—aî) Y (2—a) (2a—1)J 

The following formulas were obtained in [113] for the coefficient 

X for the cooling passage of a LRE combustion chamber with corrugated 

spacers 
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l-Ä{o'0l«“hr+^-)+i[^+ 

where b is the corrugation pitch; 

Ai“A— 

6 

6 
corr 
i* «• 

and h 

!» di»d2 

r 

are respectively the corrugation thickness and height- 

are respectively the thickness and diameter of the inner 

and outer walls of the combustion chamber; 

ia the corrugation radius. 

We can also use the following formula 

ficient y of the chamber head 
of [1133 to find the coef- 

Vas 

«•>.« ftnd 6 are r..p.ctl,.ly th. r.dlu. „d thick»... of th. co«bu.. 
tion chamber head; 

h is the height of the spherical segment formed by the 
head. 

2. Transformations of the basic equations 

(D) Jlr!11 T tr*n”f0rm4tl0ns of th* «qu.tlon. (,) . 
which describe unsteady fl-*id flow. 

i. ,„3îr\r T‘con,i<iere<i p"»»“« <=»«*.. .»eh i»« «cok, •. u. 
1. .ppllcb 1. for th. liquid and th. line „an, 

P-P*<V and x(/>—p*)<E. 

Then.for.. Equation. (C) »d (D) can b. urltt.n a. follou. to 
within small quantities of second order(1) 

Footnote (1) appears on page 101. 



I 
¢-Q*CXp— 

« 

F—F*cxpi - 

(3.^2) 

íeight; 

:he inner 

Multiplying these expressions and differentiating with respect to 

T, we obtain 

(3.43) 

s coef- 

combus- 

the 

(A) - 

'3 law 

5 to 

Zhukovskey showed [59] that for circular lines the speed of sound 

in a flowing liquid is defined by the formula 

a« (3.44) 

This was also shown by Dvukhsherstov [52] for lines of complex 

cross section. 

The quantity ~ defines the so-called sound speed in an 

infinite fluid volume. The values of a^ for various liquids are shown 

in Table 1. The temperature dependence of a^ obeys the law 

«r-“«: + Pr(r-7-*), 

where a* is the sound speed at the temperature T*; 

is the temperature for which the quantity a is calculated; 

is the temperature coefficient, whose value is shown in 

Table 1. 

Expression (3-44) makes it possible to write the derivative (3.43) 

as follows 

*(qF) - * dr 
dt a* to 

(3.45) 
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In t 

section, 

reduced t 

As is known, the sound speed for a gas can be written in the 

form 

*9 (3.46) 

Therefore 

dxy 

Since d and dx are arbitrary increments, 

dt tt dt ‘ 

»I - 
If we take fx " • for a gas, which is very close to reality, the 

result obtained is analogous to the Expression (3.45) for a liquid. 

Replacing the momentum in (A), using (3-40), and substituting 

^3.45) into (B), we obtain the differential equations of unsteady mo¬ 
tion for both liquid and gas 

_/r -J-w+oysliia.f; 
dx à% Ox 2 a» 

it ix 

( E) 

These first order partial differential equations are nonlinear 

equations of the hyperbolic type.. Their solution has been obtained 

under various simplifications for specific problems (see [4?] and 

[145]). If we consider liquid flows at subsonic velocities, then both 

the dynamic head and its change,and the change of the flow rate due 

to density changes can be neglected. Then we can write 

/ Fv —0; Fv-£~0. 

In this case the Equations (E) are written as 

~F (^ + ^- r«y»ino F; 

ix (P) 

3. I 

We sh 

hydraulic 

[184]: l) 

rigid; 4) 

cooling pa 

losses and 

line, i.e. 

tion, for 

the collec 

Under 

component 

where 

z 
H* 

a 1’ 
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I 

I 

the 

(3.46) 

ity, the 

Iquid. 

ing 

tarty mo- 

( K) 

linear 

gained 

¡ and 

then both 

ce due 

IF) 

In the case of a rl^id line with very slight change of the cross 

section, i.e., for F = const, the differential Equations (E) can be 
reduced to the form 

-^2— 4--^- ote3+0/ sino; 
de rt2(/, u ' 

dw 
ôx 

(Q) 

3. Equation of motion of components in hydraulic lines 

We shall obtain the equation of motion of the components in LRE 

hydraulic lines under the following simplifying assumptions [148], 

[184]: l) the liquid motion is one-dimensional, i.e., 

-jf-0, jf—0; 2) the liquid is incompressible; 3) the line walls are 

rigid; 4) the motion of the components in the injectors, head, and 

cooling passage of the combustion chamber is inertialess; 5) the local 

losses and friction losses are referred to the dynamic head in the 

line, i.e., all losses are essentially concentrated at a single sec¬ 

tion, for example, at the line exit — Just upstream of the head or 
the collector manifold. 

Under these assumptions the equation of unsteady motion of the 
component will have the form [73] 

[vi«rm+ -Í£J. j„ (e,„1(l| |.y<roMrf+ 

(3.47) 

where i.*«, ta 

ZH» ZK 

V a2 

are respectively the component velocity at the line 

inlet, in the injectors, and at the end of the line 

(Just upstream of the head or collector), in m/sec; 

are the locations of the initial line section and the 

injector head, measured from an arbitrary level, in m; 

are the inclinations of the line axis to the horizon¬ 

tal and to the direction of the flight vehicle accel¬ 
eration; 
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PH» PK are the pressures at the line entrance section and 

in the combustion chamber, in N/m2; 

i are the local loss and friction loss coefficients; 

Jz is the vehicle axial acceleration, in m/sec2; 

de ia the equivalent line diameter, in meters. 

Prom the continuity equation for different sections of the line 

it is easy to obtain 

With the aid of these Equalities (3.47) may be written as 

(3.48) 

The difference of the geometric levels of the sections "H" and 

nK" can be expressed as follows: 

1) if the component flows through the combustion chamber cooling 

passage, then 

—*«” (/—Íw4)»ln ai. 

where lcool is the length of the cooled segment along the chamber 

axis; 

2) if the component flows directly to the head, then 

*■—*B-fstnat. 

We Introduce the notations 

F« ■■ 8 (Í - CJ •»" «i (f * In a,-f y, co* oJl 

(3.49) 



Then the equation of motion of the components in the hydraulic 

line can be written as follows 

( 3.50) 

This expression is sometimes termed the equation of motion of a 

liquid with lumped parameters. 

If the inertial forces in the head and in the cooling passage are 

large and the dynamic head losses in the line lead to large errors, 

then we must break the line down into individual segments and write 

(3.50) for each segment. In this case the influence of the liquid 

column can be neglected and the coefficient e can be taken equal to 

some average value. Under these assumptions (E) is written in the 

form 

1 dx rft ' * dx 

We integrate in the limits from one section to the other 

i 

dx 

Denoting 

i 

we obtain 

Pi — Pt I 
I na 

dx 

Hence 



t 

We represent the loss coefficient ç by the formula 

f 

_R»"' 

«i» C2» ni ftr® known constant coefficients; 

Re» J2_. 
Hit, ’ 

Then 
nUq 18 the fluid dynamic viscosity. 

\ \ jrdx+%Tt \ JT (JTl)’, dx^+cfi—. 
* I •. • 

For the line of constant section and for ç • const we have 

Figure 3.3 
tion of 

We wr 

the inlet 

where A p. 
it 

Negleç 

tion, with 

tion we car 

* 3. Equations of Pump Dynamics 

We shall derive the equation for unsteady liquid motion In a cen¬ 

trifugal pump. We break the entire pump passage into three segments 

(Figure 3-3): 1) the inlet duct; 2) the impeller channels; 3) the 

outlet arrangement, i.e., spiral and conical diffusers, and we follow 

the movement of the component from the inlet duct to the exit from the 
diffuser. 

Now le 

channel (Pi 

the blades 

with the al 
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( 

^ve 

In a cen- 

egments 

I) the 

e follow 

from the 

Figure 3.3. Diagram for deriva¬ 
tion of pump dynamic equation. 

Figure 3.1». Diagram of velocities 
in pump blades. 

. 

We write the Bernoulli equation for the unsteady fluid motion in 
the inlet duct in the form 

+,,.(-. rL+1/, +^2. f - 
1 <11 J /M.*) .* 

where A Ploa8 — are the hydraulic losses; 

c is the absolute fluid motion velocity. 

Neglecting the difference of the levels of the sections in ques¬ 

tion, with account for the transformations made in the preceding sec¬ 
tion we can write 

Pi ~y (r'-,;,) { (3.52) 

Now let us examine the motion of the component in the impeller 

channel (Figure 3.^). The angular momentum of the fluid flowing in- • 

the blades relative to the axis of rotation may be expressed as follows 
with the aid of the known theorem of mechanics 

. <’» 

/./ - ^ rc/fnt, 
<0 

I 

! 

- 

‘ 

i 
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where is the elementary mass, equal to pFdx; 

cu is the projection of the absolute velocity on the 

circumferential component, equal to 

«—wcosp. 

u and w are the circumferential and relative velocities; 

r is the instantaneous radius; 

6 is the angle between the relative and circumferential 

velocity vectors. 

We substitute in place of dm and cu their values and with account 

for the fact that — «».we find 
tit 

M—r(u — w cos ?) oFw 
» (t> 

+ 5 
(3.53) 

» <o 

We know from theoretical mechanics that the power N is equal to 

the time rate of change of the kinetic energy. Therefore, we can write 

for the fluid flowing through the pump impeller channels 

N* 
dx ) 2 

O) 

Since 

dm=Ql}dx 

and c‘ 

then 

2 2 w ♦ u - 2wu COS0, 

i i** '’’r 
y <•*“ HuVqFw 

» d) 

+u~7r~(w-7r+aJ£-) 
(3.5¾) 

On the other hand, the power of the flowing fluid is defined by 

the formula 

Equati 

and at the 

Since 

that wF » c 

pression wr. 

For re; 

losses in tl 

formation 1< 

These lossei 

of the flow' 

where 

C fr 
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he 
N p\F\W\—ptFiWt- (3.55) 

ential 

account 

(3.53) 

al to 

am write 

(3.5*0 

ed by 

Equating (3.5*0 and (3-55) with account for (3-53) for the torque 
and at the same time replacing riD> by u, we obtain 

PiFiVi-PtFtVt**- {v1 — 2-ii'iicos'}-\-u^Fw |(,>-f- 
» l..> 

+j, ["-jr-1 “ -Jr+“-"-)cos:’] 
(ï) in 

Î uqF cos ?dx — 
J dx 

• it (/1—V) cos ?) qFv> 

ID 

-J iiqF 
ID 

ID (0 

Ju 

dX 
dx. 

Since for Em incompressible fluid the continuity equation implies 

that wF ■ const, after some transformations we can obtain from the ex¬ 
pression written above 

ID 

A-/V-f IK-wp-i'iJ-tfpl+ff $ ('*—-£-cos?W 
ID V r * ^ 

(3.56) 

For real fluid flows it is necessary to take into account the 
losses in the blades, which are made up from the friction loss, eddy 
formation loss, separation zone formation loss, and so on (see [10*1]). 

These losses may be considered to be proportional to the square 
of the flow rate, i.e.. 

Ap.i^uG1, 
(3.57) 

where 

Cfr.b and Cvf.b 

i/ç and F 

F 1 

r - /.i_L_iü3_ 
• 2eÍ»?i r 2Cf* 

are respectively the blade friction and eddy 

formation coefficients; 

are the mean equivalent diameter and the mean 
flow area of the blade channel; 
is the inlet section area; 

as FTD-HC-23-18-70 
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I b Í-8 the length of the fluid motion path In the 

pump blades. 

Thus, with account for the losses (3*56) is written as: 

o <*> 

!(«? - V]) - («i - v-)I t c 5 (-^-- 
o» ' T 

--^-COs?)^+ftuC*. 
(3.58) 

The pressure rise in the diffuser is determined from the Bernoulli 

equation for unsteady motion in a fashion analogous to the procedure 
for the Inlet duct 

(3.59) 

The resulting equations (3-52), (3-58) and (3-59) make it possible 

to determine the pressure change in the pump from the inlet duct to the 
outlet 

The 

ceding ca 

where I 

F 

Now 

Pu-y Q(c\ - (I -f- «* - vi\ - «]+K-» - c\ J- c'J - 

1 III ' 
(3.60) 

Prom this^it is not difficulli to find the pump head in the steady 
regime, when — ^0: 

p’m(G,w)- 

-W 

-■í)-u ¡ - oi- (3.61) 

Sine 

formula 

where b 

o 

i 

then the 

where At h 

With account for this expression,the equation of the pump dynamics 
will have the form 

The 

Pm-pn=P\(0,^)-:(6,,-1 \ ("7 - 
Ò) 

i ifx. du 
-COS. 

dx 
(3.62) 
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r 

h in the 

(3-58) 

Bernoulli 

•cedure 

(3.59) 

: possible 

ict to the 

(3.60) 

be steady 

(3.61) 

p dynamics 

(3.62) 

The coefficients b2d and b21n are calculated similarly to the pre¬ 

ceding calculation: 

ui ». 

in) 1-1 

* i£¡íí.« ^ iíii-4 -íe-, 
H h'- 

where I 
BP 

? 

sp 

is the length of the spiral middle line; 

is the average value of the spiral flow area. 

Now we calculate the integral of (3-62) 

.,. (!) 1*1 
t JSi.—co,?W=( ,^-rfx-tcrcoJj-*-^. 

" 1 ,1, " II» 

Since the velocity in the impeller channel is defined by the 

formula 

w — • 
2. »in lyo 

where 
2K M 

is the blade width; 

<t is the constriction factor, equal to * 

o„ is the rotor blade thickness; 
J\ 

1 is the number of blades, 

then the first integral of the expression written above will be 

_ia— — 
) ® rft ju 2nri^i »iufr»! W* 
Hi 

The second integral is easily found: 

( (»r cos ? • dx B h ' 

ID ^ 
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These formulas make It possible to write (3-62) for the pump head 

In the transient regimes In the form 

where 

J£__ i L rf- 
rft • " (3.63) 

Assuming that the losses In the pump are proportional to the 

square of the flow rate and using (2.16),it is not difficult to obtain 

the approximate equation for the pump dynamics in a somewhat different 

form (for constant volumetric efficiency) 

— />„=fli,«.*—C* 6». -L h 
* « (3.64) 

where 

-fa ly*; 

*i.=*1«+»i, +,+ 

The coefficient b^ ^ ^-8 found from the formulas 

Km“* 

The coefficient bj. can be found from an approximate formula 

(see [3.57]) or from the following more exact formula 



^ump head 

(3.63) 

f 

the 

to obtain 

ifferent 

' (3.64) 

irmula 

The friction loss coefficient bj 

found from the formula 

in the spiral diffuser is 
sp 

The coefficient accounting for the losses in the conical diffuser 

is defined by the expression 

"Ur*- 
CtB«*» 

where e 
con 

P 

; 
in 

con 

is the coefficient of nonuniformity of the velocity 

field at the entrance to the conical diffuser; 

is the conical diffuser inlet area; 

is the loss coefficient, equal to [104] 

C*.’ 
C.| 

Í »in S ¡2 
+ *fn Y I I 

where y 

F 
out 

is the diffuser cone angle; 

is the diffuser outlet area. 

Now let us examine the losses associated with the sudden velocity 

change, which are termed shock losses [104] 

We substitute here fL ^ (C|«-a,G)*: 

This expression makes it possible to find the values of the co¬ 

efficients ax sh, a2 gh, and bl sh 
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Now we obtain the equation for the pump power in the unsteady flow 

case. To do this we use (3.53) and (3.55) 

N**G [«* ('■J- 'Í) - - («V, cos cos ?,) -I- ~ ^ j-f- 

(3.65) 

The first term is the expression for the pump power in the steady 

regime N (0, u). The Integral of the dynamic component of the power is 
expressed analogously 

Liüíi 
• «fe 

r, cos 3,1*1. 

Denoting the sums appearing in this equality by AJq and k2, we 

obtain the dynamic pump power equation in final form 

(3.66) 

Hence, with the aid of the known relation Af=Afo) it is not diffi¬ 

cult to write the equation for the pump torque in the variable regimes 

(3.67) 

s 

Let ui 

tank to th< 

the forcing 

exit at th< 

where 

w 
t a 

i 
a 

If th« 

?t ■ constJ 

and 

The 11 

the inertia 

the pressur 
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I 

5 4. Equation of Motion of the Components From the 
Tank to the Combustion Chamber 

iteady flow 

(3.65) 

;he steady 

i power is 

1 A2, we 

(3.66) 

iot dlffi- 

.e regimes 

(3.67) 

Let us examine the motion of the propellant components from the 

tank to the combustion chamber (see the schematic in Figure 3.5). If 

the forcing pressure in the tank is pt then the pressure at the tank 

exit at the section "It - It" is determined by the expression 

*l«= A + y C(wJ-®y+0^(^^0,,+ /^05 a,6)- 

-«J YY^c-aa. (3.68) 

where 
Apt 

wt and wlt 

°lt °2t 

are the hydraulic pressure losses in the tank; 

are the component velocities in the tank at the 

sections "t - t" and "It - It"; 

are the inclinations of the tank longitudinal axis 

to the horizon and the rocket axis; 

is the coordinate along the axis; 

is the liquid level in the tank, which is a func¬ 

tion of engine operating time 

If the component flow rate is constant and the cross section area 

Ft ■ const, then 

//.=//•- 
Ct 

lA 

and 

The liquid velocity in the tank is low and therefore we can ignore 

the inertia forces and the losses in the tank [Equation [3.8]). Then 

the pressure variation in the tank will be 

94 FTD-HC-23-I8-70 



P\* - eW»(T)(ff sfna,0 f /^co* o;6>. 

(3.69) 
Mr 

We write the equation for the 
unsteady motion of the component 
along the segment from the tank 
exit to the pump inlet 

m. 

For a 

coefficier 

Pm - Pi*=QHn(g *1« “u.+/, cos -i-c (w»4 - toJ,) - 

'■I* 

where I 

Figure 3.5. Diagram for deriva¬ 
tion of flow equation for pro¬ 
pellant from tank into combus¬ 
tion chamber. 

in 
d is 

We us i 
in the Fon 

where P 

in 

in 

alin a2in 

are the hydraulic losses along the segment "it" - 
"in"; 

is the difference of the heights of the initial 
and final sections; 

are respectively the inclinations of the line to 
the horizon and to the rocket axis . 

Considering that and the losses are proportional to the 
velocity head, we obtain 

Prn - Pi*=0//.. (i s<n alw + /, cos a, J - bXn G* - 
(3.70) 

Here 

(3.71) 

Regulj 
to the comt 

losses inte 
which will* 

rate. Ther 

where 

Footnote (2 
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/, CO* 

(3.72) 

(3.69) 

Ion for the 

component 

the tank 

e«-0- 

'ii 

dx 
F 

is the number of local resistances ; 

m6 is the number of line segments with constant cross section. 

For a cylindrical line of constant section the formulas for the 

coefficients blln and b21n are considerably simplified 

4ftt /• 

s 

where lln is the line length; 

d is the diameter. 

nent "It" - 

î Initial 

le line to 

to the 

(3.70) 

(3.71) 

We use the equation of steady motion of the liquid in the pump 
in the Form (3.63) 

*% ’ 
(3.73) 

Regulating organs may be located along the segment from the pump 

to the combustion chamber . Therefore, we shall divide the line 

losses into losses in the regulating organs and other losses, both of 

which will be considered to be proportional to the square of the flow 

rate. Therefore we can write for the "pump-chamber" segment 

P*-P* i/, COS 

where 

-L , I 

Footnote (2) appears on page 101 
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I 

Creg loss coefficient in the regulating organ; 
*reg the fl°w area* which depends on the position of the 

regulating organ; 

is the flow section of the injectors for the given 
component. 

have 
^Combining Equations (3.69), (3-70), (3.63) and (3.74), we finally 1 

(3.75) 

Here 

*1“ + ** + 

ni «2 are r®aP®ctively the number of regulating organs and 
the number of hydraulic lines 

4 

M»)“«^] ^»(E*ln«u+y,cosJ(); 

/.“/,(1); «u~«uW; «a «iiW- 

If the axes of the. tank and the hydraulic lines up to the combus¬ 
tion chamber do not change direction, i.e., au=a( and o«-ai, then 

Footnote (3) appears on page 101 
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/>»■=0 (¿fslnaj-j- /jCOSO]), 

gan; 

on of the 

given 

we finally 

(3.75) 

gana and 

he combua- 

then 

5 5. Equation of Turbopump Assembly Dynamics 

In studying the operation of the TPA we must usually examine ro¬ 

tational motion rather than translational. We know from theoretical 

mechanics that in this case the translational velocity is replaced by 

the rotational velocity and the body mass is replaced by the moment of 

inertia relative to the axis of rotation. In accordance with the basic 

law of rotary motion dynamics, the time derivative of the TPA angular 

momentum about the axis of rotation equals the moment of the external 

forces applied to the TPA rotor 

■ (3.76) 

The moment of the external forces equals the difference between 

the turbine and pump torques, l.e., 

(3.77) 

where n is the number of pumps per shaft; 

Hp is the turbine torque; 

Mjj is the pump torque. 

The angular momentum about the TPA axis is equal to the product 

of the angular velocity or rotation u and the moment of inertia J of 

the material points of the system about the axis of the rotating 

system 

¿Í *=»/«. (3.78) 

Substituting (3.77) ana (3-78) into (3-76), we obtain 

id-) 
lx 

« 

»!• 
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The moment of inertia J about the axis of rotation is defined in 
the general caae by a triple integral 

«(■**+**)</*</*</*, 

where the z^axls la directed along the axis of rotation while the x 
and y-axea are perpendicular to the z-axir- 

This integral may be split into two integrals, which define the 
moments of inertia of the metallic rotating parts and the liquid res¬ 
pectively 

Jm* If J M-**+yV* ** +JJ J (*>-{- ^ d. dydz, 
9 Vm (3.80) 

where the subscript "r" denotes parameters of the TPA rotor assembly, 
and the subscript "liq" denotes those of the liquid. 

The first term can be found by numerical integration, summing the 
products of the elementary masses of the TPA rotor by the squares of 
their distances from the axis of rotation 

A-ÍJfí Wï, (3.8l) 

It is obvious that the magnitude of the rotor moment of Inertia 
is independent of the time. 

The second term of (3.80), which is the moment of inertia of the 
component filling the pump, can also be determined by numerical inte¬ 

gration. But the magnitude of this moment of inertia depends on time 

in the general case*. tW#ril5ire# «itog the relations described above, 
we can obtain from (3.79) 

(3.82) 
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where Jllq is the sum of the moments of inertia of all the propellant 

components filling the pumps located on a single shaft. 

The derivative is nonzero during the pump filling or 

emptying period.^ If Jllq changes only slightly i.e., Jn - conts, 

then the term may be neglected, which simplifies (3.82) con¬ 

siderably. Therefore, the equation of TPA dynamics can finally be 

written as follows 

(3.83) 

where J& is the moment of inertia of all the rotating masses. 



Footnotes 

on page 72 We recall that we are considering lines of small 
curvature. Therefore, the projection of the vector 
{'•'H-*»*) on the X axis is negligibly small in com¬ 
parison with the other terms. 

on page 79 We recall that «rwi+s for ¿ma 

on page 96 Generally speaking, there must also be a regulating 
organ in the segment from the tank to the pump inlet. 

on page 97 In the present case we assume for simplicity that 
all the component flows from the pump to the 
combustion chamber. 
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CHAPTER 4 

DYNAMICS OP LRE AUTOMATIC CONTROL COMPONENTS 

In order to study the dynamic processes which take place In a 

power plant we must know the dynamics of Its Individual elements and 

particularly the automatic control system elements. 

I 1. The Equation of Unsteady foermodynamlsp. ' 

In the variable engine operating regimes there are processes in 

the pneumatic drives for the LRE automatic control components which 

take place with change of the amount of gas in a chamber of variable 

volume. For such processes the equation of the first law of thermo¬ 

dynamics in the form 

dQ-dU+dL 

is not valid, since it does not take into account the influx and efflux 

of energy with the incoming and outgoing gas. 

The development of techniques for calculating the working processes 

with a variable quantity of gas is of significant theoretical and 

practical importance for the dynamics of LRE pneumatic automatic 
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control components. In examining unsteady thermodynamics and Its ap- 

Pllcatlons, ., win utilise the studies of Mamontov [88] [89], Morosov 

L9ÖJ, Bezhanov [10], Gerts and Kreynln [i|2] [^3]. 

Ut us examine the energy balance of the gas In the working space 

of the system shown In Figure 4.1. if the amount of energy entering 

the chamber with the Incoming gas Is denoted by ladm and the amount 

o energy contained In the outgoing gas Is denoted by 1dm, then the 

energy balance equation for the variable quantity of gas will have the 

á'J-dQ+iydm,—(dL+idrn), 
(4.1) 

where U ¡s the Internal energy of the working medium; 

Q Is the amount of heat supplied to the gas from outside; 

L Is the work of expansion of the gas; 

1 Is the gas enthalpy. 

Ill 
‘I 

Figure 4.1. Diagram 
for derivation of 
equation of ~uh- ' 

steady thermodynamics 

The subscript Ms" refers to parameters of 

the supply system. In other words, the heat 

supplied to the working medium from outside 

together with the energy of the Incoming gas 

Is expended on changing the Internal energy 

and performing external work, with account for 

the fact that part of the energy Is carried 

away with the outgoing gas. With the aid of 

the obvious equality 

dm—Udx, 

where G Is the rate of change of the gas mass, (4.1) may be written 

In the form 

</Q+(/.0.-<G)(/T=rfC/4-rf£. 

It Is mere convenient to write this expression, which Is the math¬ 

ematical formulation of the first law of thermodynamics for processes 

with a variable quantity of gas, as follows 
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Dcesses 

dU 

dx 
-.¡fi. 

dL 

dx (4.2) 

In practice we usually use the pressure p and the chamber volume 

V rather than the Internal energy U and the work of expansion L of the 

working medium. 

Therefore, It Is advisable to transform (4.2) somewhat. With the 

aid of the known relations 

dU =c,mdT, 

pV^mRT 

and 

It is not difficult to obtain the value of the time derivative of the 

internal energy in the form 

Substituting this expression Into (4.2) and considering that 

dL~pdV, 

we finally obtain 

IL 
dx 

*-l ('.0.- /C- k 

*-! 
(4.3) 

This equation, which describes the rate of change of the pressure 

in the gas vessel, is the most convenient relation for studying the 

dynamics of LRE automatic control components. 

Por the solution of certain problems we need to know the derivative 

dp/dp, which is obtained easily from (4.3). in fact, since 
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(4.5) and norm 

without 

The aagnltude of the change of the amount of gas in the vessel 

will obviously be 

4m 
4x 
-0,-0. (H.6) 

Therefore, we can finally write 

1L. 
*9 

(*-D 
0t-0-9 

dv 
(^.7) 

Figure 4. 
drauH 

I 2. LRE Pneumohydraullc Valves 

LRB startup and shutdown, and also regulation of their operation, 

is usually accomplished by various valves, located both in the main 

propellant lines and in the auxiliary lines which supply the gas gen¬ 

erator. Because of the high component flow rates the valve disk di¬ 

mensions are quite large. The present-day pressure level in the hy¬ 

draulic lines is also quite high. Therefore, large operating forces 

are required to control the valves. 

Let 

moves tog 

this end 

the x-axi 

coordinat 

The 

the corapo 
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(4.4) 

(4.5) 

vessel 

(4.6) 

(4.7) 

The use of an electromagnet to obtain these forces Is not feasible, 

since a large amount of electric energy would have to be expended. 

Moreover, the use of an electromagnet causes considerable weight in¬ 

crease of the entire system. The best results are obtained by de¬ 

veloping the operating force on the hydraulic valve disk with the aid 

of a servopiston which displaces under the influence of high-pressure 

control gas. The gas is supplied to the control chamber of the elec¬ 

tropneumatic valve (EPV) (Figure 4.2). This type of valve, usually 

termed pneumohydraulic valves (PHV), has been used extensively on 

several flight vehicles [94], [34], [30], [16O], [158], [l6l], [152]. 

In the following we will examine PHV of two types: normally-closed 

and normally-open, i.e. valves which are respectively closed and open 

without any input control pressure (Figure 4.3). 

Figure 4.2. Control of pneu- 
draulic valve by EPV. 

Figure 4.3. Pneudraulic valves: 
a) normally open; b) normally 
closed. 

peration, 

e main 

gas gen- 

isk di- 

the hy- 

forces 

1. Control of PHV Disk Movement 

Let us formulate the equation of motion of the PHV disk, which 

moves together with several other parts - rod, piston, spring. To 

this end we examine the forces acting on the moving parts. We direct 

the x-axis along the piston rod axis (Figure 4.4) and we locate the 

coordinate origin on the plane passing through the valve seat. 

The primary forces acting on the PHV moving parts will be: a) 

the component pressure force PUq valve disk; b) the control gas 
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pressure force on the piston P ; c) the spring 

force Pc; d) the friction force Pf in the seals; 

e) the inertial force Pj of the moving parts. 

We neglect the other forces. Let us ex¬ 

amine in more detail each of these forces. 

for determining1*^ The liquid pressure force on the valve disk 

pSv^f ?ctln« on 18 determlned by the component pressure on the 
8 * inlet and back sides of the disk. 

with tie It«? "agnltU<le °f the Vel0Cltlr ^ ln coraPerlson 

.«I. Il I PrM‘Ure and aS3Ume that th' between the 

Ilillt °I II' lnlet 5ld* lnd the valv' equals the pressure 

valve disk ValVe ' then the ll,uld pressure force on the 

Pm^PlFl-PiP* 

where 

(¿1.8) 

Ft> 
4 : 

JMf* 

witheranTlMicIn;0""01 ^ - be Z 
Pfm~-(Pf—Ptt)Fp ( i|. 10 ) 

?«r Pr ?H,a” r"’PeCU'rel1' th* <!0nt,•01 8“ Pressure and the anblent 
(atmospheric) pressure; Fy is the-piston area. 

The spring force may be written as follows[10]: 

i c w 
\ • X JL / 

«her. c 1. the spring stlffn...; P^ l3 the spring force with the 

valve closed (for the normally closed valve It equals the Initial com¬ 

pression, for the normally open valve It equals the Initial compression 

plus ch1, where hx is the disk travel). 
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The symbol applies to the normally open valve and 

applies to the normally closed valve. 

The friction force In the piston and rod seals Is defined by the 

expression [10] 

P,= ±\/,lSy(pr-pll)+P/y\+/JSlu(p1-r,H)}.P/Ji (4.12) 

where fyl fr are respectively the sliding friction coefficients be¬ 

tween the piston seal and the cylinder walls and between the seal 

packing and the rod; Sy, Sr are the contact areas of the seals with 

the cylinder and the rod; P^y» Pj.r are the seal preload forces. 

The symbol applies to valve opening closure, the symbol 

applies to valve opening. 

Generally speaking, the friction coefficient Is a function of the 

sliding velocity [76] 

/=(/1+/,10) exp (-/,»)+/«. 

where f^, f^» f¿| are constants which depend on the nature of the 

bodies and the friction conditions. 

The nature of the variation of the friction coefficient f Is de¬ 

termined to a considerable degree by the magnitude of the specific 

loading between the contacting surfaces. If the specific load increases, 

the friction coefficient decreases (Figure 4.5). The specific loads 

which occur in various pneumatic mechanisms make it possible to con¬ 

sider that [10] 

Considering the friction coefficients of the seals with the cylin¬ 

der and the rod to be the same, which Is close to the real situation, 

we can transform the expression for the friction force to the form 

FTD-HC-23-I8-7O 108 



ê i 

Figure »1.5. Friction coefficient 
f verane sliding velocity w for 
different specific loads [76]: 
1) low specific load; 2.3) inter¬ 
mediate specific load; 4) high 
specific load. 

±C/W(PySj + PtSmP,, — Pt), (i,a4) 

». 4* 
where 

Pf^Pfj + P/m. 

Pt “ Pu (Sj+Sm). 

If the plate movement velocity 

changes in a small range, we can 

assume the friction coefficient 

to be constant 

/>/- ±/0vs,+fhSm+p¡ %—Pt). (4.15) 

The inertia force of the moving parts of the PHV will obviously be 

Pj^t~ (4.16) 

where the mass consists of the mass of the disk, rod, piston, and 

the equivalent mass of the spring, which is defined with adequate 

accuracy as follows [92] 

where c is a reduction factor which depends on the spring construction. 

The Expressions (»1.9), (4.10), (4.11), (H.U), (11.16) make it 

possible to write the differential equation of the valve disk motion 

pt*—Pr^r—P^Sui)]i+C4f“ 

In this equation there are two dependent variables — the pressures 

p^ and Pg. The connection between them is defined by the Bernoulli 

equation 

where t is 

disk, whid 
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S' 
Pi-= Pi-K Wo —, 

where c is the coefficient of the hydraulic losses across the valve 

disk, which is a function of the disk displacement; w^ is the velocity 

of the component at the valve inlet. 

Replacing w^ by the component flow rate Q using formula 

QP|I»i 

we obtain 

p^Pi+cw—j-r. 
(*» .18) 

where is the flow coefficient for the inlet section. 

The function ?>£(*) has the following form for the valve in 

question [137] 

C=C,fC, 
(4.19) 

where 

r n - i W«-1 C,== 0,55 H-— . 

C,—0,15-*-0,16. 

2. Determining PHV Opening Delay Time 

After an electrical command is sent to the EPV, the disk of the 

PHV does not begin to move immediately; the movement begins after a 

time which is usually called the triggering delay time. This time con¬ 

sists of two parts: the EPV delay time (Te) and the PHV delay time (ij). 



The firat delay Is determined by the parameters of the electrical cir¬ 

cuit with account for the EPV disk triggering time, and if an EPV with 

unloading is used, by the parameters of its gas chambers. The second 

delay is considerably longer and is determined by the parameters of 

the pneumatic line connecting the EPV and the hydraulic valve. In the 

present section we shall examine only the triggering delay of the PHV 

itself, i.e., the quantity 

The delay ^ is defined as the time from initiation of the pressure 

decrease in the pneumatic line (see Figure H.2) to the beginning of the 

valve disk motion, i.e., until the moment when the inequality 

PiFi-Pilri—(pf—Pii)F,±P(Q<0 
(4.20) 

becomes an equality 

Here the magnitude of the resultant force is negative, i.e., it is 

directed opposite the x-axls, since the valve will be closed if the 

force of the control gas pressure exceeds the force of the component 

pressure on the valve disk. 

In (4.20) only the magnitude of the control pressure is variable. 

Therefore, this inequality can become an equality only as a result of 

a decrease of py from the initial value p to the final value p t. , 

which can be obtained from the formula y 1 

(Pt*. ~Pii)F1’=p\F[—piF}±Pc(i. 
(4.21) 

To determine the actuation lag time we must find the time depend¬ 

ence of the pressure in the chamber as it empties [13], 

In studies devoted to the calculation of the emptying of gas 

vessels [10, 88, 90, 99, 124], the process is assumed to be polytropic 

with some average polytropic exponent n, whose determination involves 

serious difficulties. Let us examine the emptying of a gas vessel 

without detemining the average polytropic exponent, assuming that the 

pressure differential between the vessel and the surrounding medium is 
supercritical. 

Footnote (1) appears on page 147. 
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(4.3) and (4.4) simplify considerably 

dQ 

ip 
dj V 

» — i 
a 

(4.22) 

(4.23) 

We have omitted the subscripts in these expressions for simplicity. 

As is known, the formulas for the enthalpy and gas flow rate have the 
form 

/ = -*- 
. * — 1 

RT; 

G = Ak rfurP 

vm • 

where 

Pcr 18 the area of the section which determines the gas flow rate; 
V is the discharge coefficient. 

Substituting these expressions into (4.22) and (4.23), we obtain 
the values of the derivatives dp/dx and dp/dx: 

Í* 
dX 

k I 
V \dx k-l 

_A,(if,, 
«ft V JW 

(4.24) 

(4.25) 

We now differentiate the equation of state with respect to time 

<*p 
d\ dx Jx 

After substituting in place of the derivatives their values from 

(4.24) and (4.25), we find the expression for the time derivative of 
the gas temperature 
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/ Vf iQ_r\ 
^ y \A^tvJip éx ‘y (^.26) 

The magnitude of the heat flux from the vessel wall to the gas 

may be determined as follows 

where Tq la the wall temperature; 

S la the heat tranafer surface area; 

a la the heat tranafer coefficient. 

Assuming that the heat tranafer between the vessel walls and the 

gaa la due to free convection [99], we use the formula for the heat 

tranafer coefficient In the form (for ! [82]): 

«-Z.(T,-dw, 

where 

X 1» a constant coefficient which dependa on the sort of gas. 

The walla of high pressure gaa veaaela are quite thick. There¬ 

fore, the masa of the vessel la many times greater than the mass of the 

gaa enclosed In the vessel. Considering this, and also the high thermal 

conductivity of the wall material and the addition of heat from the 

surrounding medium, we can assume that the inner wall temperature T0 

remains practically constant over the quite long duration of the empty¬ 

ing process This has bfeen confirmed by several experiments which have 

been made [99]. Thus, taking Tq - const, we obtain the following ex¬ 

pression for the thermal flux 

i 

£-xr"V,<r,-n,,£ 
(^.27) 
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(4.26) 

o the gas 

Using the method of least squares to approximate the pressure and 

temperature head over the range of their possible variation by means 
of linear relations, we obtain 

(r0-n“~ r0v*(r#-r). 

where pQ is the initial pressure in the vessel. 

Equation (4.27) can be transformed to the form 

ils and the 

the heat 

-2.. 
4\ 

Substituting this value of the derivative dQ/dt into (4.26), after 
some transformations we obtain the following differential equation 

it _ J» 

(4.28) 

where 

as. 

t. There¬ 
mass of the 

ï high thermal 
from the 

îrature TQ 

>f the empty- 
I which have 
.lowing ex- 

*/7ft 
/R Y Po 

The solution of (4.28) can be written in the form 

(4.27) ~ == 5,Clh,(wt 1), (4.29) 

114 FTD-HC-23-18-70 



wheree=artho. 

To determine the time dependence p of the gas density we use (4.25), 

in which we substitute in place of p its value from the equation of 

state, and In place of T the Expression (4.29) 

i?«_JÜ^c,h(0#T.|_,)</T> (4.30) 

Integrating this equation from 0 to T and from p0 to p, we obtain 

• _ 4- 
ft •'* ' 

(4.31) 

where 

I-?-. 
<*-1)(1 +•) 

After determining T and p, we obtain with the aid of the equation 

of state the formula for calculating the time dependence of the gas 

pressure p In the vessel 

^ “-¡S- cth*(«-f «tjsh4 (i J- wt). 

(4.32) 

Formulas (4.29) and (4.32) also make It possible to find the law 

for the variation of the gas flow ‘rate from the vessel 

^ =3 içr dh (•+•*) »h1 (« -I- «). (4.33) 

. Q Arfif ,fP, 
where • iB the gas flow rate at the initial Instant. 

Excluding time from (4.29) and (4.31), we obtain the thermodynamic 

relation for the parameters 

Hence 

process wit 

In thi 

form [99] 

where 

As 0 — 

equation for 

calculating 

where 

These f 

delay. To t 
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I 

use (4.25), 

ion of 

(MO) 

we obtain 

(4.31) 

equation 

ie gas 

(4.32) 

the law 

(4.33) 

nmodynamic 

(4.34) 

Hence it is not difficult to see that for 0=0 (0r for Z=*C— the 

process without heat addition) the vessel emptying process is adiabatic 

In this case the functions p=p(t) and g=G(t) have the 

form [99] 

£=0+-,T)-*; -f -u+vP*; 
»fl 

0 _ (1 + m,tP 
O,- 7$ ’ 

(4.35) 

where 

(t-i)VP«P/pr, 
w 

As O—oo (i.e., as X—«> ) the Expression (4.34) becomes the 

equation for the isothermal process T/TQ - 1, and the formulas for 

calculating the vessel emptying process are written in the form [l4l] 

_f=_0 

n> c« 
(4.36) 

where 

These formulas make it possible to calculate the PHV opening time 

delay. To this end we use (4.21) to find p -t : 
y i 
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(M?) Pi-ïLpiTP/f + T“ 
rr ty 

On the other hand. In accordance with (11.32) the pressure In the 

control chanher at the time equal to the openingdela, will be 

_ _ ** »h'(« -f «sT|> 
,rt‘ •"* »*(« + «*,) ^ (11.38) 

Equating (4.37) and (4.38), we obtain 

-f mTi)_ 

where 

* F 'j/ ftr» 

Thie transcendental equation in Tl is easily solved graphically 

with the aid of the time dependences of the numerator and denominator, 

multiplied by a somewhat simpler but less exact expression for 

determining t1 can be obtained with the aid of (4.35) 

(4.40) 

For preliminary calculations it is convenient to use the formula ob¬ 

tained from (4.36) 

In . 
(4.41) 
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I 

(M7) 

re in the 

11 be 

(4.38) 

(4.39) 

jhically 

lominator, 

Lon for 

(4.40) 

nula ob- 

(4.41) 

3. Determining PHV Closing Time Delay 

After transmission of a command for closure of the PHV, its disk 

begins to travel after the time x^, termed the PHV closing delay time. 

The time consists of the EPV triggering delay and the delay of the 

PHV itself. The actuation delay of the PHV itself is determined by 

the time for the pressure to rise in the control chamber up to the 

beginning of the motion of the valve disk, when the inequality 

PiFi- PiFy- {pf—pn) Fr ± P«> 0 (4.42) 

becomes an equality. 

It is obvious that in order to calculate t2 we must know the law 

governing the gas pressure rise in the control chamber as it fills. 

Therefore, we first integrate the differential equations obtained from 

(4.3) and (4.4) which describe the change of the parameters in the PHV 

control chamber as it fills 

dp 
dx 

rft V 

(4.43) 

(4.44) 

Usually the gas enters the valve chamber from a pressure accumu¬ 

lator in which all the parameters vary in accordance with (4.29), (4.31), 

(4.32) and (4.33) as the accumulator empties. Therefore, substituting 

into (4.44) in place of G_ its value from (4.33), we obtain 
o 

»hV+*.T) 
tirtV lh (• + (4.45) 

We integrate this equation in the limits from 0 to t and from 

P0 to p 

«=0*h?ish* (*!"«). (4.46) 
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where 

ft-— •*;VmÍ (I — 

?. »* v«» * 

We note that the constants <r. 0, w. fl. e are found from the param, 
eters of the incoming gas. Neglecting the heat transfer to the gas 

U ~°). and takln6 (^-29) and (4.33) into account, we reduce 

(*••43) to the form 

— *h' Í» + . 
^ rft* (4.47) 

where R8, T80 are the gas constant of the incoming gas and the temp¬ 
erature of the supply system walls. 

After Integrating (4.4?) from p0 to p, we obtain 

where 

/>=/>'+?» +«t) |sh*(i+»t) -f j-L- (4.48) 

p Po vTOTT-^r^i 
s — *RJ,03*0,0 

vV*-» • 

Pcrmulas (4.46) and (4.48) make it possible to determine the time 
dependence of the temperature lit the control chamber 

p* + (. f mt) UhJ (« + WT) + -i-1 
r=-¡—_JL_ 

^ 19* + *1** (* + «T)| 
(4.49) 

Now let 

disk begins 

At the 

Equating 

where 

The magn 
ically from t 

If we ne 
the solution 

where 

Hence,it 
delay 
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param- 

e gas 

(4.47) 

temp- 

(4.48) 

the time 

(4.49) 

Now let us find the pressure corresponding to the moment the valve 

disk begins to move toward closure 

pyt% - - ;ij sh* J(i -f I'lTj)Ish1 (* -j-uiTj)+ - * j . 

At the moment of equilibrium we obtain from (4.42) 

Pï'.^y- Pt — ~jrPi + Ph ± 
rj rr “y 

Equating (4.50) and (4.51), we obtain 

(» -2) «hî(« +»Tj) * 

(4.50) 

(4.51) 

(4.52) 

where 

The magnitude of the PHV opening delay i2 is easily found graph¬ 

ically from the transcendental Equation (4.52). 

If we neglect the variation of the incoming gas parameters, then 

the solution of (4.43) is simplified considerably 

P«=/>0 + MjT, 

where 

1 V 

Hence,it is not difficult to obtain the approximate PHV closure 

delay 

r»-r,± If) 
(4.53) 
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4. Calculation of the PHV Opening Process 
The vo 

In calculating the transient processes ln LRE we must know the 

time dependence of the component flow rates in the period of PHV 

opening and closing. It is obvious that the flow rate through the 

valve will be determined primarily by the position of the valve disk 

at each instant of time. To determine the disk coordinate function as 

a function of time x(t), we must integrate the equation of motion (4.17) 

of the valve disk and the equation of the pneumatic-hydraulic line (4 3) 
for the case of PHV opening 

± Mp. - p/*-P,s, - PfSm)]i+cx^, 

~*FI-P*Fi-(Pj- P„)F, ± P.Ï 

áx 
¡G 

k-\PUx r4t)- (4.54) 

In the general case this equation can not be integrated. There¬ 

fore, we seek the solution under the following simplifying assumptions: 

1) the inertia and friction forces are negligibly small in comparison 

with the other forces; 2) the pressure p2 downstream of the valve disk 

is constant and equal to the atmospheric pressure during valve opening; 

3) there is no heat transfer between the walls of the valve chamber and’ 

the control gas; 4) T - Tq. Under these assumptions, (4.17) and (4.54) 

Will have the form 

Pf “ Pft. ^iXi 

‘Jl_hip ^ 
*X V Pl V P'4x ’ 

(4.55) 

(4.56) 

where 

r» 
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where VQ is 

Hence, 
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(4.56) with 

equation of 

We inte 

to T 

The valve op 

stituting X 
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We seek 

simplificati 
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I 

now the 

f PHV 

gh the 

Ive disk 

anction as 

otion (4.17) 

e line (4.3) 

be 

The volume of the gas space under the valve piston will obviously 

V-Vo-FyX, 

where Vq is the volume with the valve closed. 

(4.57) 

Hence, considering that 
dT dx dx , we obtain 

(4.54) 

dV K dx 

~dx=~Fl~dx‘ (4.58) 

Differentiating (4.55) with respect to t and substituting it into 

(4.56) with account for (4.58) and (4.55), we obtain the differential 

equation of motion of the valve disk in the form 

. There- 

ssumptions: 

amparison 

^alve disk 

Lve opening; 

chamber and 

and (4.54) 

(1..59) 

We integrate this equation in the limits from 0 to x and from 0 

to T 

. , (/\ r~\k 
W.) 

».»i 
In 

(4.60) 

(4.55) 

(4.56) 

The valve opening time is determined from this expression after sub¬ 

stituting x * h, where h is the valve disk travel. 

5. Calculation of PHV Closing Process 

We seek the relation x « x(T) for PHV closure under the following 

simplifications; 1) the Inertia, friction, and damping forces are neg¬ 

ligibly small; 2) during the valve closure period the pressure p„ down¬ 

stream of the disk is constant; 3) tnere is no heat transfer between 

the control chamber walls and the gas. In this case the equations de¬ 

scribing the valve dynamics during (.losure may be written as follows 
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(4.61) 

*Pi ^ — i 

dl ** V 
k • 

where 

V-V.-F#-*. 

dV _ tk ' 

7r"^7r* 

(4.62) 
Henc 

where 

With the aid of (4.29), (4.32) and (4.33), which account for the 

change of the Incoming gas parameters, these equations can be trans¬ 

formed Into the following differential equation describing the PHV 

closure process 

l*« -'(HI)*] '/*= (/T 
+ ’ (4.63) 

where 

If Wi 

chamber t( 

where 

VRtT„p„. 

We recall that the constants a. 0. ô. e. « are determined by the param¬ 

eters of the pressure accumulator. 

We integrate (H.63) In the Umita from 0 to , and from h to X 

>'- •(>-1 >[>•■•< I-H ;\| 

! V -., (¿ I ')<-^. 

where 

Elect 

power piar 

actuation 

Is determl 

Let i 

action EP’J 

rel Is del 

until the 

force In t 
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(4.61) 

(4.62) 

nt for the 

>e trans- 

the PHV 

(4.63) 

•y the param- 

h to X 

* i . ' ' •* (I 

Hence,we find desired relation x ■ x(x) 

i, V. 

•*^ [/1:(A+1)1», -?(0| - . 
(4.64) 

where 

? (r) = ^ sh,-î (t -j wt) Jshî (i +.«) !- -j-lj 1. 

If we consider the parameters of the gas entering the control 

chamber to be constant, then the function x(t) is simplified 

a- « 6,-1- -/bl - 2//6, -(-,-/1-1 26,T, 
(4.65) 

where 

^--= •—— -; 

? 4.^,(1 + 4) 

5 3« LRE Ëlectropneumatlc Valves 

Electropneumatic valves (EPV) are used for remote control of various 

power plant regulating elements. We have mentioned previously that the 

actuation delay of LRE AUTOMATIC CONTROL ELEMENTS (Including the PHV) 

is determined to some degree by the triggering delay of the EPV. 

Let us examine the opening delay of the normally closed EPV direct- 

action EPV shown •schematically in Figure 4.6. The opening delay time 

Tel is determined from the Instant of closure of the electrical circuit 

until the beginning of motion of the EPV disk. If the electromotive 

force In the circuit is E, the coll inductance is L, and the resistance 
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R, then the law governing the variation 

of the current intensity I during making 

and breaking of the circuit is defined 

by the Expression [166] 

Figure 4.6. Direct action 

electropneumatlc valve. 

66) 

»her. I0 1. th. current Intenelty at the Initial moment of time (it ia 

obvious that I0 • 0 for closure). 

The electromagnet pull force le defined by the formula (07] 

T’-' 
&F, 

In (In a 
IO». 

(4.67) 

where B Is the magnetic induction between the planes of the electro¬ 

magnet core and the armaturej ?a is the armature area; a is the elec- 

tromagnet apex cone halfangle (for a magnet with conical armature end). 

Assuming that 

* 

where i is the number of winding turns; ç is the magnetomotive force 

leakage factor; h is the air gap Between the armature and the magnet 

yoke along the magnet axis, we obtain 

*= 6.4 -10~4 /^ ( i - çp/î /i 
(4.68) 

At the Instant of opening the magnet force must be 

^•mi* (p*x—pn)F', 

which corresponds to the current intensity 

Here F ij s 

Subst 

the openin 

Now 1< 

disk beglm 
i 

I i 

which corre 

This V, 

the aid of | 

I 
t 

I 
In the i 

delay consi^ 

obtained us; 

Gas pre 

flow rates a 
] 

some gas pre 
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variation 

Lng making 

> defined 

)]’ (4.66) 

ime (it is 

[87] 

(4.67) 

electro- 

the elec- 

ature end). 

ve force 

ie magnet 

(4.68) 

Here is the EPV seat area 
s 

*,—6,4-10 
sin a *1 

Substituting the value of in place of I into (4.66), we obtain 

the opening delay of the direct-action EPV 

(4.69) 

Now let us find the EPV closing delay. At the Instant the valve 

disk begins to move the magnet force is 

P»Ml” (Pu—Paul) ^c. 

which corresponds to the current intensity 

*» 

This value of the current intensity makes it possible to find with 

the aid of (4.66) the EPV closure delay 

(4.70) 

In the case of the EPV with unloading (Figure 4.7) the triggering 

delay consists of the electric and pneumatic delays, which are easily 

obtained using the formulas presented above. 

I 4. Gas Pressure Reducers 

Gas pressure reducers are used to maintain the working medium 

flow rates and pressures within a definite range. Let us examine 

some gas pressure reducers. 
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Figure 4.7. Electropneumatic 
valve with unloading. 

Figure i<.8. Gas pressure reducer. 

We shall first derive the equation of the dynamics of the gas 

pressure reducer shown schematic.'Uy in Figure 4.8 [140]. 

In the steady state regime, the flow rate through the reducer 

equals the flow rate through the control valve, with the valve disk 

stationary and the inlet pressure p equals the pressure p2 (see 

Figure 4.8). The disk equilibrium position is determined by equality 

of the forces acting on the disk: the spring force and the force of 

the pressure p acting on the valve disk in the upward direction, and 

the forces of the pressures Pl and p2 acting downward. 

Since the force acting on the piston changes with change of the 

pressure in the volume V, the valve is established in a new position 

in which the magnitude of the flow section provides a flow rate such 

that the pressure does not change. During steady state or very slow 

change of the reducer operating regime,the flow rate oscillations lead 

to the appearance of an additional force which can always be equilibrated 

by the force acting on the piston, which plays the role of a leedback. 

During transient processes there appears an inertia force which reaches 

significant magnitudes. Moreover, the pressure p2 cannot follow the 

variation of p. These factors can lead to the appearance of oscilla¬ 

tions in the reducer, which are obviously undesirable. 

We shall assume the gasdynamic processes in the reducer to be 

adiabatic and quasisteady (without pressure oscillations). 

The mai 

formula of ¡ 

where p, p^ 

(see Figure 

area F1 

For - 
P\ 

critical vele 

the ratio p/p 

function 

The gas 

similarly to 

Now we w 

the volume V 

Since th 
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I 

fducer. 

The mass flow rate through the area Is defined by the familiar 

formula of Salnt-Venant and Wentzel [144] 

(-;;)• (*.71) 

where p, are respectively the pressures in the volumes V and V1 

(see Figure 4.8); y1 is the coefficient of discharge through the 

area F^ 

gas 

à 

For the function tif—) has a maximal value equal to 
er Pi U+i/ \pi I 

disk 

luality W 2 , 2 Jr 

fee of ' *-i \*+ 1/ 

i, and 

■m (for air ^ ('t)“0'579 ). In this case the 

)f the 

lition 

? such 

! slow 

>ns lead 

juilibrated 

•edback. 

i reaches 

>w the 

icilla- 

critical velocity is reached in the section F^ and further reduction of 

the ratio p/p^ does not yield any increase of the flow rate, i.e., the 

/ u \ 
function -j -const. 

The gas flow rate formulas for sections F^ and F^ are written 

similarly to (4.71). 

Now we write the equation of state for the mass of gas located in 

the volume V 

3 be 

// in If r. 

Since the sound velocity is defined by the formula 

(4.72) 

FTD-HC-23-18-70 128 



(»».73) 
*-kRT, 

the equation of state can be rewritten in the form 

kVp-a’m. 

Hence, after differentiating we obtain 

At the initial moment the gas mass will obviously be 

(4.75) 

Here and hereafter* the superscript denotes parameters at the 

initial time. Therefore* 

ï-mï->ïî)- 
(4.76) 

On the other hand. 

¿g.—a ,+<fr+qt ^ 
(4.77) 

These expressions make it possible to find the quantity ft* : 

A JL- 
m* r* p* *, "T*^"**’ (4.78) 

Then 

Simil 

We sh 

that in th 

and (4.77) 

have the f 

The c< 

follows 

Now le 

V2. If we 

change in t 

section P2 

using the e 

where P* is the initial area (see Figure 4.8). 

We introduce the notations 

we obtain f: 
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« 

(^.73) 

(4.75) 

’s at ;he 

(4.76) 

(4.77) 

$!*: 
«•. 

(4.78) 

Then 

(4.79) 

Similar expressions can be written for sections P2 and P^. 

We shall denote the gas flow from V into V2 by the symbol n2e" and 

that in the reverse direction by "2s" . Then with account for (4.76) 

and (4.77) the continuity equation for the flow from V into V2 will 

have the form 

? Ã .. fiJsrx», 
él i JÏ V ¿1 i ï / (4.80) 

The continuity equation for the flow from V2 into V is written as 

follows 

_2-4 ¿3(?'7iÕíL + _±Z.<ci!i\ .. .,. 
Jr rt Jr V «I Üj ã I (‘♦.ol) 

Now let us obtain the energy equation for the gas in the volume 

V2. If we neglect the heat input, we can assume the internal energy 

change in this volume takes place as a result of gas outflow through 

section ?2 and as a result of the work done by the piston. Therefore, 

using the expression for the enthalpy 

we obtain from (4.3) the expression for the volume V2 

i k.U'Ou '<pi JV, 
J« 

(4.82) 
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We take the coordinate origin at the point corresponding to the 

piston position with the spring unloaded. Then at the instant t the 

instantaneous volume of the chanter above the piston will be 

V»- {x+X^Fm. 

With the valve fully closed, i.e., when F, - 0, the volume is de¬ 

fined by the formula 

Vjo- (xt+k)Fi. 

where x is the instantaneous piston location coordinate; 

X° Íithlhe1^“™ ïreSr" the Pl8t0n and the Wal1 
h is the maximal spring contraction, corresponding to the 

instant when F^ ■ 0. 

Fp is the piston area. 

Using the notations 

we transform (4.82) to the following form 

since 

frf- dx 

n, 
u 

(4.83) 

We obtain similarly for the flow from V2 into V 



to tne 

t T the 

me is de- 

hragm 

the 

(4.83) 

(4.84) 

Let us write the energy equation for the gas in the volume V, 

neglecting the work done on the gas by the piston and the volume change 

due to valve displacement. In this case the increase (decrease) of the 

internal energy in the volume V occurs as a result of the gas influx 

(efflux) through the sections F2, F^ (provided heat transfer is 

also neglected). Then: 

for the flux from volume V into V2 

( 4.85 ) 

for the flux from volume V2 into V 

+ P“5*1^«^‘Til (4.86) 

The speed of sound in the gas in the volume V2 appears in these 

formulas. Therefore let us find the dependence of ä2 on 7. 

We obtain the equation for i2 for the gas flow in the volume V 

with the aid of (4.74), (4.75), and (4.83). We first write (4.83) as 

follows 

(•* + -0 + Pi I (* - 1 ) Pj kV\iuTjipxu. 
(4.87) 

We transform the equation of state (4.74) to the form 

Then, assuming that Pj^ï+i* and 

G •i’t. 
lit 

a ’F’ il.tij 

V " Jx ’ 

(4.88) 
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Me obtain 

(ï+ï,).iè+T “i. 
rf» </* «i ¿i ' 

*í h»^«/Wv^. 

The V 

as a funct 

Substituting this expression Into (4.87), we find 

(4.89) 

Assuming the process in the chamber V2 to be isentropic, we can 

write the equation for a2 in the case of gas flow from the chamber 

above the piston into the volume V: 

• m 

(4.90) 

We obtain the equation of the reducer dynamics by equating the 

Inertia force to the sum of all the forces acting on the valve disk 

(pressure, aerodynamic, elasticity, and damping). 

The aerodynamic forces are determined by the action of the flowing 

gas stream on the valve disk. Since it is difficult to calculate the 

aerodynamic forces theoretically, we usually use experimental data. 

Analyses of these data for valves'of different construction have made 

it possible to obtain an empirical formula of the form [140] 

Figure 4.9 

It is 

The eq 

as follows < 

Pt.“F*PxPf(px—f) (4.91) 

where is the functÍon which describes the change of 
the aerodynamic forces with a change of the 
valve position coordinate x; 

where is 

cf is 

c is 

Ff- 
/*<*--#> F* 

is the function describing the change of P. 
with a change of the pressure difference (p^ - p); 

With ai 

formed to t| 
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Pc is the seat area; 

T0L îeat1?* aerodynamlc force corresponding to liftoff from the 

as a functl1Ue8f°ç ^ ^ ^ ^ fr°m the exPerlmentí‘l results 
a function of ^ and p/Pl respectively (Figure Ü.9). 

Figure 4.9. Dimensionless aerodynamic forces versus f1 and p/p 

It is not difficult to write (4.91) in dimensionless form 

(4.92) 

The equation of motion of the valve 

as follows 
disk can obviously be written 

+ cx-rPf'ipt-pv-o. 

where is the mass of all the moving parts; 

cf is a coefficient of proportionality; 

c is the spring stiffness. 

With account for the adopted notations 

formed to the form 
this equation may be trans- 



(MU) 

where 

#f'.C 

4«J Ki 
</.f 

</f 
"<?.V /») o. 

1 Is the damping coefficient; 

y - ¡ .î«Uo”y.1iêrîiS1SÎ0S,i”2“!"CÏ of the initia!. 

(,=_£üÆ___ 
«i(* + 4ro).»i/r.* is the force coefficient for F • 

P* 

C,_gv 

m'(*'>Xt>a7f is the force coefficient for F». 

a ™:",Ultln* Elluatlon8 f''-81». («.SB). (11.85), (4.89) (4 90) 

t ;9 ’ rrthe reduc'r s- n^riSL section Fg from the volume V into V2 

-¡f-24.â>^jZ^l___ j; 

mpsL *Ó.Jk./¿\ (Jk n rf7 
"> rff \ Sî/ ^ * * *rff" ’ 

¿ -I c, 'f -I- ^ -r.J, - QKV, (h -- p)^o. 

(A) 

We heve the 

V2 into V 
fol lowing .„tan of aquations for the gas flow fron, volume 
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equation 
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(M*) 

î inertial- 

fi4.90), 

Tugh the 

(A) 

om volume 

' ...2 'í .'î*. .‘.'f" • î». t. •î'*7'^ 
'« Il l/t \ II) 1 lll 11 /' 

45*- - u7:-, 

</( 
?• ^CVV.Â VI - 

— -* i—i 
/»î“.** ; 

»'x-^-W'Api - 7)-o 
il I rfi 

(B) 

The first equation of the systems (A) and (B) is t.^e continuity 

equation for the gas in the volume V, the second and third are the 

equations of energy conservation in the volumes Vj and V respectively, 

the fourth defines the state of the gas in volume V2, which relates 

the quantities a2 and p2, and the fifth is the equation of motion of 

the reducer valve disk. 

We see that each of the resulting systems of five equations con¬ 

tains five unknowns (p, p2, ã, I2, x) and therefore can be solved for 

the parameter 7. 

The boundary conditions of the posed problem are written as 

follows : 

— r 

1) for A » alnce thls case the reducer is closed 

» 0) and there is no further motion of the valve disk, i.e., 

always; 

2) the equalities always hold 

f' 'p<p!; 

3) the system (A) is solved when Pi<,i ; system (B) is solved when 

P<fh 

This system of five nonlinear differential equations cannot be 

solved by analytic methods. Various numerical methods, the Runge-Kutta 
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method,for example, must be used for Its solution. But the numerical 

ijethods do not permit Obtaining the stability criteria for this sys¬ 

tem In general form. Therefore,we must linearize the equations of the 

system by making some simplifications. We shall assume that 

1) p^ ■ const; 

! 2) p^ ■ const; 

3) ■ const; u2e • w2s " con8tJ M3 ■ const; 
i 

4) "Fi——jzr — — _ c- const; 

i _ _ _ 

5) * " *2 " ftl " con8^ which confirms the numerical solutions of 

our problem, obtained using the simplifications 1-4; 

6) where k Is a coefficient of proportionality; 

7) since for Pt<fi nt&ityXi and for p*>p nt=*nu<0 $ then we shall 

represent ** and by the single function 

Assumption 5) makes It possible to eliminate two unknowns, and 
therefore we can eliminate two equations — the first and fourth equa¬ 

tions of the systems (A) and (B)(2). The last assumption makes it 

possible to reduce the two systems of equations to a single system 

“*ã(hFJjjT,-hFi*(p-pt) !>3(4.96) 

íx+*v)-£-~* -Pi) Pi-^-J; (4.97) 

4-=5. (4.98) 

Footnote (2) appears on page 14/. 
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In the linearization the deviations of the parameters are much 

smaller than their nominal values, i.e., 6ï«i\ t>p<p\ t>p2<cp] 

Therefore,we assume, as usual, that 

/>=*1+ Sp; 

Pi ^ 1 +®Pj; 

to—íü'-f ít¡», 

(^.99) 

since 

V-t “dÄ=l. 

We can also write in the vicinity of the point of linearitation 

J (4.100) 

where 

const; 
•lx 

const. 
<tx 

We can assume with satisfactory accuracy that ^«const. n,«const, 
•tj-const. • Differentiating (4.99), we also obtain 

•lx 

•t 

Jp 
l/t 

if.», 
iff 

Jit 
if* 

J'i'j .-- 
Jx 

dip 
Jx to 

./( 

-S 

Pi 

(4.101) 

Expressions (4.99), (4.100) and (4.101) make it possible to reduce 

(4.95) - (4.98) to the linearised form 
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(4.102) 
- C,üw - (-3 - A',) >~x - Kfp i Cj «/>,; 

mmm mmm 

Ix-lw, (4.103) 

— — K£u) -¡- Kj'>p - Kf>pi. 

(4.104) 

(4.105) 

Here 

^1-^,(^,-1)¾ 

Ki~-ka^F'x’ppx^ 

K^ka^Tm 

Kt^ka^tFjjijj 

r * 
A' *' . 

+ Jfo 

U* > ¿o) 

We 

(4.102) 
form a determinate from the coefficients of the right side of 
- (4.105): 

(-Ci-*)—(«*-*,) 
! -1 
o -/r, 
-Af, 0 

*, c, 

0 0 

I~(*4-K»)-M k, 
Kl (-Ky-4 

(4.106) 

Expanding this determinant, we obtain the characteristic equation 

where 
I a/1 ta,). I 0,)-0 

(4.107) 

1-:,(^ { K, • Kr) ! Art.V, I C^f,; 

«,=(«* -Af,)(/r4-i K, : ww,- Kl*«*. •- 

-I 
«•-(«’“ KJK.K, \ K,K (C, Ky). 
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t 

i 

^ (^.102) 

(^.103) 

('j.ioa) 

(4.105) 

side of 

(^. 106) 

equation 

(^.107) 

Studies of Hurwitz and Routh [36] showed that satisfaction of the 

following conditions is necessary and sufficient for stability of a 

fourth order system 

1) a,>0; Oj>0; a^O; 0,^0;’ 

2) a,aja,>UoU* |-a{; 

3) a]>4aJ. 
(^.108) 

Various constructional and operating conditions determine the 

magnitudes of the coefficients and Therefore,we can evaluate 

the stability of reducer operation by studying the influence of the 

various parameters on these coefficients. 

If the natural frequency of the inertial-elastic system in the re 

ducer is Increased, the coefficients aQ, and a2 also increase, 

which strengthens the first condition, i.e., the stability region is 

expanded. An increase of the damping coefficient has a similar 

effect, since a^, o2, are increased. Conversely, we see that in¬ 

crease of the inlet pressure p^ reduces the system stability region, 

since the coefficients «g, a^, a2 decrease. 

The study of the quantitative effect of the various parameters on 

reducer stability involves the necessity for repeated solution of 

(4.107), which leads to serious difficulties. Therefore,the solution 

of (4.107) was obtained by conventional algebraic methods, with the 

solution results being expressed in terms of the coefficients wnl/w 

and (Dn2/u>, which are connected with the roots of (4.107) as follows 

K ** 

(4.109) 

We see that for ICil <1 and U¡|<l we have complex roots and 

and wn2 are the natural frequencies of the reducer oscillations. For 

|ç;|<l and 1C, 1^1 we have only the natural frequency wnl, and u»n2 has 
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no phylc*1 meaning. The reducer le stable "In the small" if {>0 

one !he °tablUty boundhTy corresponds to the case ln «hlch 

1. p‘8°it^I 0f the 00mP0nent 00efflcle"ts 2er0 while the other 

r, •' • - -«i 4.4 in However,the complexity of 
the , solution, malee, it Impossible to evaluate the effect of the 

varlou. dealgn and operating parameter, on the stahlllt, Sol on. 

...“V i - r:r,ct*ri,uc E,uation <4-io7> f°- p i 
•*!” “O ‘ Where .. l, the Initial value of the real oscil¬ 

lé the °f th® lnertlal~elastlc system In the reducer and „ 

«.u^dé ™1“*' Sh0,n ln PlgU” h-10' ^ h»« calculation w, 

xb+*=t0,0254 e; ^¡=3. 

^--4,9¾ ^=0,5; 7,=0,2-, 

f.i». c,-i.5iÄ£: 

^**«0,0159 M\ Jl. - ; 0,8* U. -11--1, —• OOC a m • n p, -ji,-.! i; a -335«/itc: C*^1904- 

C*“ 190,4; rn>5650 N/a* -«0,227 kg; 75 = 1,07. 

/»*“70,31 b«r; P-4,93; 2007; 1/-5,9-10-» 

*-9,3. 

Since two type« of curves ?2*. conat (dashed) and Í2 
blnuous ) are 4 M 

, e - . 2 vaasnea; and - const 

1 Z -y7"7ln the fl8U”-the solutlon for “ch p“p alues f2 and . Is given by a pair of points representing the cor 
responding solution, with th. coordinates and «;.«,*) . 

The shaded region In figure 4.10 represents on, component of the oscll- 
ory process and or.; component of th, nonoscillator: process. the 

l7 a : tTm T:88"13 b0th th® oscillatory pro.ss. 
difficult to see from th, figure that Increase of F above 3 

as very little effect on the damping coefficients U and tï and on the 

r7:;::errnt- “ince th'se vaiues °f ^represent ^ m. sistance to flow between V and 
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Figure 4.10. Effect of F? and on damping coefficients ç' amd 
and frequency wnl/w, wi/w for the linearized solution 1 1 
[140]. nl n2 

It is also not difficult to show that as w-*-» one component ap¬ 

proaches - 0, ■ 1 while the other approaches the limit in 

which “2n^“ * becomes indeterminate. The curves ■ 0.0496 
and u ■ l.!>66 at the intersection point of A have çj - and 

“ni “ “n2* These curves are useful in that they sepirate regions in 

each of which it is not difficult to find the general nature of the 

variation of the intermediate curves. In these regions ^ an^ cross 

«ni) and (c£, at different points. 

In fact, let us assume that the operating and design parameters of 

the reducer, which enter into the coefficients a^, <»2, a1, a0 in various 

combinations, change. Then we can see from Figure 4.10 that the the¬ 

oretical solutions yield a stable process for many combinations of the 

parameters ?2 and u>2, for example, for zero damping coefficient. With 

Increase of the coefficients and the point A shifts upward along 
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the vertical and has no effect on u>nl, For small F2 or large Ü2 

the curves (dashed and continuous) change only slightly. This Indicates 

that In these regions the coefficients and q change the reducer 

damping very little. Thus,we can with a certain approximation classify 

the design and operating parameters of the reducer in accordance with 

their effect on c. and u . 
1 n 

5- Component Pressure and Flow Rate Regulators 

The maintenance of a definite LRE operating regime depends on the 

operation of various regulation systems, whose primary elements are 

regulators serving various purposes. 

The most important parameter of a power plant is its thrust, which 

depends on the pressure in the combustion chamber and the ratio of the 

propellant components entering the chamber. It is obvious, therefore, 

that the primary LRE regulators will be the regulator for the combus¬ 

tion chamber pressure and the regulator for the component flow rate 

ratio. 

Let us examine a combustion chamber pressure regulator, which can 

be, for example, a conventional pressure reducing valve [H6]. A pos¬ 

sible schematic pressure regulator is shown in Figure 4.11. We see 

from the schematic that increase of the combustion chamber pressure 

leads to displacement of the slide valve such that the flow section is 

reduced,and the flow rate of one of the components decreases. If the 

regulator is installed in the LOO line, then the power of the TPA de¬ 

creases, the flow rates of the primary components decrease, and the 

pressure in the combustion chamber is reduced. 

Let us write the equation of motion of the regulator disk, ne¬ 

glecting reactive force.s; we direct the x-axis upward along the reg¬ 

ulator axis and locate the coordinate origin in the plane of the seat 

(fî.tf . it X 

m<i/fT ' cf ¿7 - (Pi ~ Pi) —Ptl7^ ( 4. no) 

Figure 4.Hi 
combustion 
sure regul, 

where A. is 
b 

Equatioi 
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pressurizatic 
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(^4.110) 

P,, is the valve seat area; 

Fb is the so-called effective bellows area, 

equal to the area of a piston which 

under the action of the differential 

pressure Ap equalizes the force applied 

to it. 

The effective bellows area is related 

with its stiffness and sensitivity as 

follows 

Figure 4.11; Schematic of 
combustion chamber pres- Ft^=cc^Ac^. (4.111) 
sure regulator. 

where Ab is the bellows sensitivity, equal to 

Pcq is the overall force of the spring and bellows for x « 0; 

c is the overall stiffness of the spring and bellows. 

Equation (4.110) can be rewritten in a somewhat different form 

ntt—1 +<7  -{Pi" Pt)F*~(P* P^« 
dt* ' dt 

-P,o I-«—0. 
(4.112) 

If the TPA is driven by the products of decomposition of hydrogen 

peroxide, regulation of the pressure in the combustion chamber can be 

accomplished by varying the hydrogen peroxide flow rate into the steam 

gas generator. 

When using an expulsion system for feeding the hydrogen peroxide 

to the reactor, the magnitude of the pressure p^ is determined by the 

pressurization pressure in the hydrogen perioxide tank. In this case 

the gaseous pressurization reducer acts as the pK regulator. 

In the LRE scheme with steam gas generation, a liquid pressure 

reducer in which the regulating force is created by the pressure of a 
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gas supplied through a pressure reducer from another vessel can be used 

In the hydrogen perloxide line as the regulator for pK. A possible ar¬ 

rangement of a liquid pressure regulator with a slide valve of the 

knife-edge type is shown in Figure *1.12 (see [*J6]). 

liquid gas 

the working 

stant value 

tion chambe 

A 

Figure 4.12. Sche- 
■atic of liquid 
pressure 
reducer. 

If there is a change of the peroxide flow 

rate,the force of its pressure on the slide 

valve changes and under the action of the dif¬ 

ference of the forces the flow openings are 

increased (or decreased), restoring the liquid 

pressure to the predetermined value. A change 

of the engine operating regime can also be ac¬ 

complished by resetting the gas pressure re¬ 

ducer, which leads to a new equilibrium position 

of the slide valve and therefore to a new hy¬ 

drogen peroxide flow rate. 

The equation of motion of the slide valve can be written as follows 

m, 
rftjr 
¿■fl C/ “ Pf^n + P\F»— 

-Pif'-c.x-Gw, (4.113) 

where p 

ps 

Pi- 

cf 
X 

is the gas reducer exit pressure; 

is the effective membrane area; 

is the slide valve area; 

are respectively the pressures at the inlet to and outlet 

from the liquid pressure reducer; 

is the membrane stiffness; 

is the liquid mass flow rate through the reducer; 

is the velocity of the liquid discharge from the slide 

valve body; 

is the friction force coefficient; 

is the coordinate measured from the inoperative position 

of the slide valve. 
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Figure 4.13 
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i 

Figure 4.13 
matic of 
component 
regulator 

c is t 

Fm is t 

The value of the propellant component flow rate ratio in the engine 

combustion chamber determines the maximal specific thrust, and in the díamete 
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can be used 

ossible ar- 

Df the 

liquid gas generator kis chosen so as to obtain constant parameters of 

the working medium for the turbine. Therefore, maintenance of a con¬ 

stant value of the propellant component ratio in both the main combus¬ 

tion chamber and the LOO takes on particular importance. 

xide flow 
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> and outlet 

er; 
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The propellant component flow rate ratio regulator can be a con¬ 

ventional flow rate limiter [46], which uses as the external regulating 
parameter the pressure in the line of the other component, whose flow 

rate is not regulated. 

A possible propellant component ratio regulator scheme is shown in 

Figure 4.13. We see from the schematic that the resulting pressure of 

one of the components is compared with the pressure in the other com¬ 

ponent line. If the prescribed equilibrium position is disturbed, the 

regulator valve moves in the direction required to increase or decrease 

the degree of throttling. 

r 
Figure 4.13. Sche¬ 

matic of propellant 
component ratio 
regulator. 

The equation of the dynamics of this 

propellant component ratio regulator has 

the form (for the fuel line) 

m 
. é* 

. rff| +c/ ^-(Pri—PtJFt + — 

-Prt-cx+ipi-P'JF'. 

(4.114) 

where prl, pr2 are respectively the fuel 
pressures at the regulator 

inlet and outlet; 

is the valve area; 

is the oxidizer pressure, 

which is used in this case 

as the external regulating 

parameter; 

c is the overall stiffness of the spring, bellows, and membrane; 

F is the effective membrane area, equal to approximately 
n 

rK 

Po 

1 the engine 

ind in the 

r- n (°« I Ol)1 
Pm :y -—— D' and D" are respectively the outer membrane 

iiameter and the inner diameter of the retainer. 
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FOOTNOTES 

Footnote (1), page 111 

Footnote (2), page 137 

Here and hereafter, 
force Is arbitrarily 
force pc0. 

the static resting friction 
referred to the spring 

Actually, for da/dt - 0 the first and third 
equations of Systems (A) and (B) become 

t0 one an°ther; however, we retain 
îîîitïlrd«.i!quatl0n (ener8y), since it also 

ïï* flr8t (oontinulty) equation, 
being at the same time more exact. 
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CHAPTER 5 

AUTOMATIC REGULATION OF LRE 

The objective of the power plant of any flight vehicle is the 

creation of a thrust force, which is the output parameter of the given 

dynamic element. The thrust force is at the same time the input para¬ 

meter of the entire rocket as a dynamic system and determines along 

with other parameters the rocket flight trajectory, i.e., it deter¬ 

mines the precision with which the payload is delivered to a given point 

of space. 

In calculating the rocket trajectory, in the general case the 

thrust force is specified as some known time function corresponding to 

a given program. As a result of the action of various disturbing fac¬ 

tors the actual value of the power plant thrust force differs from the 

programmed value. It is obvious that the mission will be accomplished 

more accurately,the more precisely the engine operating regime is re¬ 

produced. 

The existence of various disturbing factors which make it diffi¬ 

cult to obtain the design parameters of the power plant components re¬ 

quires the use of special measures to ensure under various operating 

conditions synchronization in magnitude and time of the individual 

Footnote (1) appears on page 189. 



param*tien» of all the operating components and, In the final analysis, 

the proper value of the principal LRE parameter — the thrust force. 

.In other words, In view of the fact that it is not possible to account 

I theoretically for all the possible disturbing influences on the engine 

,(for example, those associated with variation of meteorological condi¬ 

tions), it is necessary to regulate continuously the plower plant so 

!that the disturbing deviations of the thrust force from its programmed 

! value will approach zero in a definite fashion in the course of time. 

The engine automatic regulation system performs this function. 

In addition to the thrust, the rocket engine is also characterized 

by the magnitude of the specific thrust, which defines the effective- 

ness of the utilization of 1 kg of propellant, i.e., the engine effi¬ 
ciency. 

In view of the fact that the absolute and specific thrusts depend 

on the combustion chamber pressure and the propellant component ratio 

in both the main chamber and the LOO, usually the combustion chamber 

pressure pR and the component ratio k are selected as the regulating 

parameters. Therefore, we shall examine systems for regulating the 

combustion chamber pressure and the propellant component ratio. 

Other automatic regulation systems are also provided in addition 

to those Just mentioned, fo. example, systems for maintaining a defi¬ 

nite pressure at the inlet to the centrifugal pumps, for reducing the 

residual quantities of the components in the tanks, for synchronizing 

the operation of multichamber power plants, and so on. 

The LRE is a complex dynamic system consisting of a group of ele¬ 

ments combined in a definite fashion, which have various feedforward 

and feedback connections with one another. The main elements of the 

controllable liquid rocket engine are: combustion chamber, turbopump 

assembly, gas generator, hydraulic lines, automatic regulation and 

control elements, and so on, which constitute the structural block 

diagram of the engine. 
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The system of differential equations of all the system elements 

is formulated with the aid of the LRE block diagram. It is obvious 

that for the correct mathematical description of such a complex dyna¬ 

mic system as the LRE we must first obtain the equations describing 

the operation of its individual components. 

In view of the fact that the deviations of the parameters from 

their nominal values which are considered in the study of the automatic 

regulation processes are much smaller than the nominal values themselves, 

usually we use the linearized equations, obtained by the method of 

small deviations. In this case the Instantaneous value of any para¬ 

meter can be represented as follows 

t-f'+lf. {5#1) 

where f* is the nominal value of the parameter in question; 

^ is its deviation from the nominal value. 

Hereafter, we shall use the symbol to denote the parameters 

which are defined by the nominal engine operating regime, or any other 

regime which is maintained at a constant level by the automatic regu¬ 

lation system. If the quantity is a function of several parameters 

its deviation is defined as follows 

+(2J *'+•••• 
(5.2) 

where the partial derivatives are detemined at the nominal operating 

regime point. 

Usually we do not consider the absolute deviation H but the 

relative deviation, represented by the ratio of the absolute deviation 

to the nominal value (or any other constant value) of the parameter 

in question 
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Differentiating (5.1), we obtain a relation which will be used 

frequently 

ÍL.Í»t 

* * * (5.3) 

Now we shall derive the linearized equations of the individual 

LRE components and use them to obtain and study the dynamic character¬ 

istics: transfer function, amplitude-phase and transient characteris¬ 

tics, and so on, which are used in analysing the automatic regulation 

systems for LRE. 

* Combustion Chamber as a Dynamic Element 
of the Regulation Systelñ 

We shall examine the dynamic properties of the combustion chamber 

in the LRE automatic regulation system, which are defined by the time 

variation of its basic parameters during unsteady processes. We first 

obtain the linearized equation of the chamber which is used to derive 

its basic characteristics and also to analyze the quality and stability 

of the regulation processes. For the derivation we use the differen¬ 

tial Equation (3.9) 

JUl- ■ I Ä«r« ip* J éx 
+(70: 

W«> *â(V-T«) 

(V.p * éx 

-fltÍT-fJ+CrÍT-T.l. 

]*- 

We write this equation in terms of deviations 

h jC /W.)H x , 

FTV TPT(—)J—+7£7T''-+ 

^ 7¾¾ *+•" Tyffijl ><w~ 

-1^7(^)½ 
r-t,» 

(5.¾) 

(5.5) 

We know from LRE theory that the product RK?K depends on the ini¬ 

tial enthalpies 1Q and lf of the propellant components, the component 

ratio k, and the chamber pressure p , l.e., 
K 
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I Ä.r.-/(/0, /ri ^i Pu) i (5.6) 

(5.3) 

dual 

racter- 

cteris- 

latlon 
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e time 

e first 

derive 

tablllty 

feren- 

(5.4) 

Í5.5) 

and the complex An, defined by the expansion polytrope exponent n, can 

be considered a function of the component ratio. 

Therefore, the deviations of these quantities are defined by the 
relations 

(5.7) 

(5.8) 

The deviations of the oxidizer IQ and fuel if enthalpies are func 

tions of the deviations of the component composition and the component 

temperature, which we shall not consider. We write (5.5) in terms of 

relative deviations with account for (5.7) and (5.8) 

+ 

+ G* I Í’ p\ 

i&r [ *pu 

AVI K /W.X., _ 

-(¾1) ]“<*-«.> 
(5.9) 

where the value of the overall propellant component flow rate G* is 
defined by the known gas dynamic relation 

(5.10) 

We Introduce the following notations for the constants in (5.9)- 
ie Ini- 

>onent 
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With the aid of these notations (5.9) can be easily transformed 
to the form 

(5.11) 

The qiu 
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If we Introduce Into conelderation the overall propellant llqul 

component flow rate, equal to 0,-0.+0, then (5.11) will have the 
form 

-ftp* -Hr..tf(T-T„)+ 

+ KÎÂt(T-T.K 

1 (5.12 
where 

The product RKTK depends very weakly on the combustion chamber 

pressure. Therefore, we can assume that -o in this cast 

the expression for the coefficients presented^ove are simplified 

We see 1 

the chamber < 

To deter 

use precomput 

of the quanti 

as follows 

Here the 

of propellant 
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The quantity 01K has been termed the combustion chamber constant. 

We recall that it is sometimes written in the form 

(5.13) 

since the pressure specific impulse is 

is formed 

, (5.14) 
P" 0 ' 

and the characteristic combustion chamber length L* is defined by the 

ratio 

(5.11) 

it liquid 

re the 

(5.12) 

hamber 

is case 

i fled 

r 

We see from (5.13) that for engines with similar values of 

the chamber constant is proportional to its characteristic length." " 

To determine the partial derivatives and ^ we can 

use precomputed graphs or approximate formulas describing the variation 

of the quantities RKTR and An in the vicinity of the regulation regime 

as follows 

■•W.)-*,*»+***+*,: [ 
I (5.15) 

Here the coefficients A.,, B.,, and B depend on the sort 

of propellant components. 

I 
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Then it is not difficult to obtain 

itmigr,) Bt, 

In the case k - const (5.12) will have the form 

(5.16) 

or 

m% 

+/f..,HÎr(l-l.). 
(5.17) 

where for simplification the subscript "l",in the combustion chamber 
constant 9^,is dropped. 

Let us find the combustion chamber transfer function. To do this 
we first perform Laplace transform of (5.16) and (5.17) 

(5.18) 

(1 + «V ¿ |»à]=#-"■ [K, J. 1«C,] 
(5.19) 

We see from these equations that the combustion chamber inputs 

are the flow rates bC, and bGf and the output is the combustion chamber 

pressure 6pK. Therefore, the block diagram of the combustion chamber 
may be represented as shown in Figure 5.1. 

Now let us calculate the chamber transfer function as a dynamic 

element of the regulation system. In accordance with the definition 

of the transfer function, given in the preceding chapter, we can write 

l-£ 
i 

, t kl ! i + i«. 
(5.20) 

Repla< 

tain the e: 

teristic 

Hence 

characterls 

phase of th 

are dividec 

Thus w 

character^ 

Using 

it is not d 

bustion cha 

Graphs 

combustion ( 

and T J. ■ 0.( 

We not« 

of the Expr« 

this we sub: 

expansion 
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Replacing the complex number s by the Imaginary number Id), we ob¬ 

tain the expression for the combustion chamber amplitude-phase charac¬ 
teristic 

(5.16) 

(5.17) 

chamber 

I + 1-«, * (5.21) 

Hence we can obtain the expression for the amplitude and phase 

characteristics. To do this we must first determine the amplitude and 

phase of the complex Function (5.21). Since when dividing,the moduli 

are divided while the arguments are subtracted, we can obviously write 

1Su=modW.(lm)~ I 
VTTST (5.22) 

». » «rg - V - MC tg (Í,-). 

Thus we have obtained the Amplitude (5.22) 
characteristics . 

(5.23) 

and Phase (5.23) 

'o do this 

(5.18) 

(5.19) 

inputs 

on chamber 

chamber 

dynamic 

finition 

can write 

(5.20) 

Using the familiar Euler formula 

e >“ COS «T, — / Sill «T, (5.21!) 

it is not difficult to obatin from (5.21) the real and imaginary com¬ 
bustion chamber characteristics 

«.(•) 

*.(")= 

COi»T,-.4, «|n*T, 

•la ^ + «tg to. MTk 
rnsi— 

(5.25) 

(5.26) 

Graphs of the amplitude, phase, amplitude-phase, real and imaginary 

combustion chamber characteristics, constructed for 0K * 0.00^5 sec 

and tk * 0.005 sec, are shown in Figures 5.2 - 5.i|. 

We note that an approximate relation is sometimes used in place 

of the Expression (5.20) obtained for the transfer function. To do 

this we substitute in place of the exponential function it series 
expansion 
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I 

Figure 5. 

Figure 5«1> Combustion chamber block diagram. 

. Amplitude and phase characteristics of combustion chamber. 

• • 

limited to the first two terms 

(5.27) 



1. 

ion chamber. 

(5.27) 

(5.28) 

Figure 5.3» Amplltude-phse characteristic of combustion chamber. 

Figure 5.4. Real and imaginary characteristics of combustion chamber. 

From this it is easy to obtain the approximate expression for the 
amplitude-phase characteristic 

y i + M. 

Now let us examine the combustion chamber transient characteristic. 

In view of the fact that the root of the transfer function denominator 

equals-^ in accordance with the Heaviside theorem for a step function 
we obtain 
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Figure 5.5. Combustion chamber 
transient characteristics and 
graph of input curve. 

¢.0)-1 -exp pï-iJj 

A plot of the transient char¬ 

acteristic for a step input signal 

is shown in Figure 5.5. 

It is not difficult to obtain 

the combustion chamber frequency 

characteristic for k ■ var from 

(5.12) after a Laplace transforma¬ 

tion 

meters are 

tatlon a, i 

pressure pf 

dynamic ele 

deviations 

(Here 

apply to th 

<*«»+<■*•»> . 
l+M* 

riH-**“ »+>«>«"*,+■*(«>,- K* .*„) «i» *.T.. 

»,«*»■>ro* **T« - ^« »+’|n “t- . 

I® 

ttf y_ t (/-) — TT tg * ^ ~ ^ f0» »«T« — (A, . «îli«»!«) »I. ..T, 
• •Si — *f. “X. + (<f. * +-**i.»*) eo* I.t, 

We int 

With t 

from (5.30) 

tlons 

where *i. 

1 2’ Equation of Centrifugal Pump as a Dynamic Ei«>in«»nt-. 
5? the ftegulation System- 

In view of the fact that the TPA of a LRE is a combination of 

centrifugal pumps and turbine drive, it is advisable to examine their 

dynamic properties separately. To derive the pump equation in terms 

of deviations we use the expression obtained in Chapter 3 

. (5.29) 

Usually 

are consider 

Equatic 

FTD-HC-23-18-70 159 
FTD-HC-23-I8 



I 

ßient char- 

nput signal 

t to obtain 

frequency 

var from 

transforma¬ 

it^ 

;ion of 

line their 

in terms 

(5.29) 

We see from this differential equation that the pump input para¬ 

meters are the pumped liquid flow rate G, the angular velocity of ro¬ 

tation ui, and the pump inlet pressure P^nJ the output parameter is the 

pressure p^ developed by the pump. The block diagram of the pump as a 

dynamic element is shown in Figure 5.6. We write (5.29) in terms of 

deviations 

=(20,X -\ru r»«»——OjiO*)*»* — 

(5.30) 

(Here and hereafter all the parameters denoted by the symbol • 

apply to the nominal regime.) 

We Introduce the notations 

as. 

With the aid of these notations it is not difficult to obtain 

from (5.30) the equation of the pump dynamics in terms of linear devia¬ 

tions 

*]». * #1. —+ *!«*" “ 77 ~ *»>**'• 
(5.31) 

where 
Pm 

*i.=(a»iX-a*G*)-V; 

rm 

Usually the terms with 0^^ and 02^ are neglected and the pumps 

are considered as inertialess elements, i.e., we assume 

ip,=K i,a«—k^üj (5.32) 

Equations (5-31) and (5.32), Laplace transformed, have the form 

(5.33) 
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(5.3^) 

It is not difficult to obtain 

from these equations the transfer 

functions of the pump with respect 

to angular velocity and flow rate 

r-w-r^—i^+^k 

**- 

1=01}* 

Figure 5.6. Block diagram of 
centrifugal pump. 

,°r approximately 

. th* COn'trUCtl0n of *»• «Vlltude characteristic cor 

.h.r".í"ã th f,,CtU*1 el‘**‘*ct,rl*tlc do., not offer any difficulty 

n» rltê a PUnP tr,n'1,nt char«cterlatlc for st. 

L»î.« ! f*ngUl“' T,loclt» lnP“‘» <=“ ^ obtained fro« th. Inver. 
Laplace transform formulas envers 

If th( 

are easily 

slope of th 

for the non 

In the 

not known, 

talned prev 

In add 

of LRE we a 

form. To ol 

3 for Mjj 

We writ 

the usual tr 

Expressions (5.31) and (5.32) 
head Equation (3.63) 

can also be obtained from the pump 

kf r *"rft • (5.35) 

In this case the coefficients 

expressions 
K1H and K2H are defined by the 

(5.36) 

where 

Neglect: 

The part 

constants (),„ 

known relatio 
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I 

f 

»öl. 

r (5.3*0 

! to obtain 

transfer 

th respect 
flow rate 

! 

¡ 
Istlc cor- 

Lfficulty 
c for step 
de Inverse 

the pump 

(5.35) 

r the 

(5.36) 

If the pump characteristics are known, the partial derivatives 

are easily determined graphically at the nominal regime point as the 

slope of the tangent to the curves pu « pu(w) and - pu(G), plotted 
n ri n H 

for the nominal values of u* and G*. 

In the preliminary design stage, when the pump characteristics are 
not known, the coefficients and are defined by the formulas ob¬ 
tained previously. 

In addition to the pump head equation, in studying the regulation 
of LRE we also use the pump torque equation, written in linearized 

form. To obtain this equation we use the expression derived in Chapter 
3 for Mh 

A<J0, -)-*;((/,.)+ (5.38) 

We write this equation in terms of deviations and after making 
the usual transformations we obtain 

tfi.~#c*c+/rjc -L «8 
1 * (5.39) 

where ¿/W, =» 

Neglecting the inertial terms in (5-39), we obtain 

ÜÃ.= KJÜ+KJS. (5.^0) 

The partial derivatives appearing in the gains K^H and and 

constants and written out above can be determined from the 
known relationship between the pump parameters 
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AfB *r &-&L (J. 

(5.^1) 

We «rite this expression in terms of deviations 

, W-sUo- 
U e-V 

Assuming that 

(5.42) 

we find the quantity 

we obtain 

MS)’“+(?)•<•• (5.43) 

sutstltutln* (5.3,, and (5.43, into (5.4,,. alter translation 

-Ï (-)>+-!^ 

(?)1- 
Since 

I I 

Ml. 

(5.44) 

(5.45) 

it Is not difficult to see from 
comparison of (5.44) and (5.45) that 

v " ' »-i IW-Ä) l * J+ 
I I 

ï-(^l= 
(5.46) 

Neglt 
tlons fron 

The p 
these formi 

If th< 
vatives api 

determined 

where the c 

gime paramei 

we obtain 
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(5.^1) 

(5.^2) 

(5.43) 

'ans format i on 

(5.44) 

/AM, y (v-/„)G* 1 Í 1 ! i I [(/.-/«)1 i . J 
(5.47) 

Neglecting the variation of the efficiency for small linear devia¬ 

tions from the regulated regime, we finally obtain 

[ i íà(p.-p„)V, il 

r_ (/.-/„)o* I 
l *• J *-•< ! 1 .:-4 [ ^ I 

The partial derivatives and appearing 

these formulas are determined, as shown above, graphically. 

(5.48) 

(5.49) 

in 

If the pump characteristics are not known, then the partial deri¬ 

vatives appearing in the constant quantities K^H, K^, 03h, 0Jœ are 

determined as approximately as follows. Assuming 

Atm~K*G, 

where the constant of proportionality is determined by the nominal re¬ 
gime parameters 

we obtain 

(5.45) 

(5.45) that 

(5.46) 
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* 3’ ?-PA R°tor as a Dynamic Element nf the 
Regulation System" -- 

To derive the equation of TPA rotor dynamics In 
*e uae (3.83) 

written In terms of deviations 

'•■rfT“1*’“1*«« -4Af.r 

linearized form 

(5.50) 

(5.51) 

fro. ^rtî»a!hermln!.th' de’1“l0n °f th* tUrl,ln' tor,,ue- ta« ZU T. Z ^017 “ ^ 1S * f“"«*10” “f ta. working «du, flo, 

eopacity “gUl“' V<,l0elty °f r0*“l0n “• 8M 
capacity Vg- »<> turbin. b.okpr...ur. or. .or. pr.cl.,iy, th. ratio 

of th' “to - ~ - g.:0 
2 K 

Aft-.Aff|c>,*;rr -û-J 
(5.52) 

We find the turbine torque deviation 

(5.53) 

where *»"' 

obtain 

f.-KvT 
Substituting (5.53) Into (5.51) and taking account of (5.-,5). we 

Footnote (2) appears on page 189. 

We coi 

Here 

If the 

the back pre¡ 

then^^ < 
ja 

capacity, i.{ 

With these ai 

Footnote (3) 
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t 

I 

f 

t 

ized form 

(5.50) 

(5.51) 

We know 

ilium flow 

, gas work 

the ratio 

fi the gas 

(5.52) 

(5.53) 

^5 .^5), we 

We convert to dimensionless parameters 

*• (5.55) 

Here 

If th. pressure différentiel ecro.s the tribune Is crltle.l, then 

th'«''' -83 n° erfe0t °n th' tUrM"e and 

capacity 
K3a - 0. If we neglect the change of the working medium work 

' __ • i i.e., if we assume 1' 
K 

With these assumptions (5.55) is simplified 
const, then the coefficient K, ■ 0. 

C CL 

Footnote (3) appears on page 189. 
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(5.56) I. +£- Af ulff ' - Kj;*' _ 

Equations (5.55) and (5-56) make it- possible to represent the 

block diagram of the TPA rotor as a dynamic element of the automatic 

regulation system (Figure 5.7). 

To determine the partial derivatives. ■^■and^i- 
a- du' 

(2.35) 

*t-o' . 

■we use 

(5.57) 

We differentiate this expression with respect to to, O’, i*, * : 

(^[^)-.^(^.12(^]. (56i) 

Since the coefficients a^, a6, a7 are defined by the formulas 

(see Chapter 2) 

(5.62) 

where a{, a¿, aj are constants for a given turbine, it is not diffi¬ 

cult to find the partial derivatives and i!L 
*«t At, 



(5.56) 

sent the 

automatic 

m. 
we use 

(5.57) 

(5.58) 

(5.63) 

In the general case the quantity depends on the compo¬ 

nent ratio k' in the gas generator, the enthalpy of the components, 

and the pressure p¿. Usually the propellant component ratio k’ has 

the greatest influence on the parameter 1' Therefore we can assume 
that * 

(5.64) 

(5.59) 

(5.60) 

(5.61) 

formulas 

(5.62) 

not diffi- 

Then the equation of the TPA rotor dynamics (5-55) can with suffi¬ 

cient accuracy be written as follows 

^ - kjE, ^ Kmw, 
(5.65) 

where 

(5.66) 

The partial derivative is determined from the graph of the 

relation • iK(k) in the nominal regln¿ or with the aid of the ap¬ 
proximate formula 

hence 

I_ 

/mít+«5F+«; 
(5.67) 

lãyk»' + ê, 

(cr (5.68) 
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We now perform the Laplace transform (5.65) 

(1 +rf.u| 
(5.69) 

We find the TPA rotor transfer functions 

g^T __5m.. 
1|0 | • + *•. ’ 

MH „ ** . 

• ii<?i «+Hi * 

gr ._üâ_K_*■•« . 
litad 1 + * ’ 

^ 

M«aui ’ 

(5.70) 

(5.71) 

(5.72) 

(5.73) 

!••• » in the general fonn the transfer function for all the Inputs can 

:be written as 

r._ 
• I+*. * (5.7M) 

be 
(4) 

The amplitude-phase characteristic of the TPA rotor will obviously 

r-~i +M. * (5.75) 

We can easily obtain the real and Imaginary TPA rotor character¬ 

istics from (5.75) 

«.(•)■ 

•»* 

if-m*’ 

- 

i + -mj ‘ 

(5.76) 

(5.77) 

and also the asiplltude and phase characteristics 

Footnote (4) appears on page 169. 

Now 1 

fact that 

accordance 

In vii 

regulation 

proximate < 

We wr: 

Convei 

where 

The bl 

shown In FI 
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(5.69) 

(5.70) 

mod 

(5.78) 

-argU^fe)» -irctg«V 
(5.79) 

Now let us find the TPA rotor transient process. In view of the 

fact that the root of the transfer function denominator is “r in 

accordance with the Heaviside theorem for a step input we obtain 

(5.71) 
Ht)- AT. [l-exp (--1-)] . 

(5.7¿) 

(5.73) 

inputs can 

(5.7¾) 

1 obviously 

(5.75) 

haracter- 

(5.76) 

® Équation of the Hydraulic Line as a Dynamic 
Element of the Regulation System 

In view of the fact that the deviations of the parameters during 
regulation from the steady state regime are very small, we use the ap¬ 
proximate equation for the hydraulic line dynamics in the form 

A-(5.81) 

We write this equation in terms of deviations 

ml 

Converting to relative quantities, we obtain 

where 

for p,, » const: z 

(5.82) 

(5.83) 

(5.77) • • • 

• • 

2*iO** ' 

<L 

The block diagram of the hydraulic line as a dynamic element is 
shown in Figure 5.8. We perform the Laplace transform (5.83) 
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We ni 

If. 

Sí: 

11; 

•0 »1 
tpa 

R 
Figure 5.7. Block diagram of 

turbopump assembly rotor. 

HL 
If 

Figure 5.8. Block diagram of 
hydraulic line. 

(\+*m)L[9E\=KjL[tipm]. (5.84) 

Hence it is easy to find the transfer function of the hydraulic 
line 

- (5.85) 

and this means we can also find the amplitude-phase, real, imaginary, 
amplitude, and phase characterisltcs 

!+-»•! ’ 

I.—odr(H——; 

-«rdgI.». 

(5.86) 

(5.87) 

(5.88) 

(5.89) 
(5.90) 

The graphs of these characteristics do not differ from those of 

the TPA rotor. The transient process in the hydraulic line is deter¬ 
mined similarly 

and then 

§ 5 

The i 

nificantl; 
the dynam: 

for examp: 

equation 

For t 
Then, assi 

screw rot£ 

We c( 

obtain 

where 

(5.91) 
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We note that the inertial term in (5.8?) is frequently neglected 

and then the equation for the hydraulic line is simplified considerably 

(5.92) 

S 5. Equation of Combustion Chamber Pressure Regulator 
as a Dynamic Element of the Regulation System 

The various engine automatic control elements do not differ sig¬ 

nificantly from one another. Therefore, it is advisable to examine 

the dynamic properties of some one regulator in the regulation system, 

for example the combustion chamber pressure regulator, whose dynamic 

equation is written in accordance with (iJ.110) 

(5.93) 

For the sake of simplicity we consider the case in which F. ■ F, 
DC J 

Then, assuming that Pcq depends in the general case on the adjusting 

screw rotation angle Ÿ, in terms of deviations we can write 

fix- - FM ± F .8,. + 

+-^ * 
(5.9^) 

We convert to dimensionless quantities and after transformations 

obtain 

N» ét, ^ *>» +C—/ei,*^, -- Kiffa + 
(5.95) 

where 

il 
* X*f ' 
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This equation makes It possible to construct the block diagram 

of the combustion chamber pressure regulator as shown In Figure 5.9. 

We see that the output coordinate — the displacement ÔÎ which deter- 

tdnes the component flow rate Into the chamber — Is determined by the 

pressure pK, the regulator Inlet pressure px and the spring adjusting 
screw angular rotation. 

How we Laplace transform (5.95) 

+• *•/!»*)+Ki/lW (5.96) 

Hence the regulator transfer functions will be 

W Mla.1 1 

Kif 

'+V+V ' 

r, - _*» 
^ * ¿lfta.1 1' ■£{»ih) l + V + V* ’ 

TiÄ T i|if) i + V+V* 

(5.97) 

(5.98) 

(5.99) 

The amplitude-phase characteristic of the regulator for any Jth 
parameter Is defined by the obvious expression 

Hence it is not difficult to find all the remaining characteristics 
real. Imaginary, amplitude, and phase 

•,(•)--*i±l'-***> - ; 
1 + 

- / »_Kiihr*_ 

V I+ (»},-2^,)+ 

f,-Sf«r/>(fc.)--*rdg-rÎÇ—. 

The regulator transient characteristic can be obtained easily 
using (5.98) 
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Figure 5*9. Block diagram of com¬ 
bustion chamber pressure regula¬ 
tor. 

where 

-+, iV *?»—**» 

I 6. The LRE as a Controlled Plant 

The results obtained above make it possible to approach the study 

of the dynamic properties of the rocket engine as a whole. In view of 

the specific peculiarities of the various types of LRE it is difficult 

in practice to study all possible engine schemes. But there is no 

particular advantage in doing this, since the principles Involved in 

studying one power plant do not differ in any way from those used with 

another power plant. Therefore, as an example we shall examine a 

possible LRE scheme with a turbopump assembly operating on the decom- 

poiltion products of hydrogen peroxide (see [150], [9]) whose sche¬ 
matic is shown in Figure 5.10. 

For the sake of simplicity we shall not take into account the 

effects due to the change of the propellant component inlet pressures. 

We see from Figure 5.10 that the flight vehicle velocity signal causes 

the automatic regulation system to turn the gas pressure reducer ad¬ 

justing screw in the required direction (through the angle 0^) and this 

determines the hydrogen peroxide tame pressurization pressure. As a 

result of this there is a change of the pressure differential p^ - p£ 

across the peroxide line and a change of the component flow rate into 

the steam gas generator (SQO). The SGQ operating regime changes and 

causes a deviation of the turbine rotor angular velocity in the re¬ 

quired direction. The deviation fiu causes a change of the operating 

regime of the oxidizer and fuel pumps, a change of the component flow 

rates, and in the final analysis a change of the combustion chamber 



SP 

Figure 5*10. Block diagram of LRE with turbopump and 
with gas generation. 

1) air pressure reducer (AR); 2) hydrogen peroxide 
pressure reducer (PR); 3) peroxide line (PL); H) gas 
generator (SQQ); 5) turbopump (TPA); 6) fuel pump 
(FP); 7) oxidizer pump (OP); 8) fuel line (FL); 9) 
°*ldizer line (OL); 10) combustion chamber (CC). 

pressure (and this means a change of the power plant thrust, which de¬ 

termines the flight vehicle velocity). 

We shall construct a mathematical model of this particular LRE, 

i.e., we shall formulate the system of equations describing the opera¬ 

tion of the individual elements of the engine. On the basis of the 

results obtained previously it is obvious that this system will include 

the following equations: 

i * 

a) equation of the combustion chamber in transform form 

; (5.100) 

b) equation of the lines (without regulating organs) 

0 +«^*M I®*l - Km.J. (lAfl, ,1; 

c) equation of the pumps 

,+» 1H - (*V. T V.i) L 1<5,|; 

(5.101) 

(5.102) 

(5.103) 

d) equ 

the assumptl 

critical, 

e) equ 

f ) equ 

g) com 

We negl 

we set the t 

equations ab 

Footnote (5) 
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L r + *l*.r*)¿ 1*0,1; (5.10¾) 

d) equation of the TPA rotor in transform form, obtained under 
> the assumption that the pressure drop across the turbine is super¬ 

critical/5^ i.e., for K3a - 0 

(5.105) 

e) equation of the steam gas generator 
and 

(l+*)M»*l«*~*V;£l«C'|; (5.106) 
as 

f) equation of the hydrogen peroxide line 

, which de¬ 

ll (5.107) 

g) combined equation of the gas and liquid pressure reducers 

alar LRE, 
1 the opera- 

s of the 

will include 

rm 

(5.100) 

(5.101) 

(5.102) 

(5.103) 

(5.108) 

We neglect the effect of the pump and hydraulic line inertia, i.e., 
we set the terms with and equal to zero. Then the system of 
equations above (5.100) - (5.108) can be written in the form 

(l+f«.)4[»p.l - |*s;|+Kl; ( 5 •109 ) 
4 [15,1-^..4 Ifc.l - K^L [lptY (5.110) 

4105,1-^.,411^1-^,411^1: (5.111) 

MM..I «Xu./- N - 1*5*1; (5112) 
U'P.A~Ki.'L[*\-KuM*>'Y 

(5.113) 

<1+*«.) 41¿) *= KhL IW-K^L |ic;| - *„4 (tf,,; (5.11¾) 

(1+(^)4(1^1-^^1151: i (5.115) 

_M®1«^¡-4l*I-#fU|«í;i: (5.116) 

Footnote (5) appears on page 189. 
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Here 
(5.117) 

. 

Blnce for a supercritical pressure drop the working medium flow rate 

p* through the turbine is proportional to the pressure in the steam 

gas generator, i.e.. 

C'-C^ 

The transfer function of the power plant in question shows the 

mathematical connection between the input action, represented by the 

reducer set screw rotation angle and the output action — the com¬ 

bustion chamber pressure ópK. We see from Figure 5.10 that it is ad¬ 

visable to separate the block diagram of the engine being studied into 

two elements connected in series: one element having the input coor¬ 

dinate 6ÿ and the output coordinate the gas generator pressure 6pi, 

and the other having the corresponding input íp¿ and output 6pK. 

Therefore, the transfer function of the power plant can be written as 

follows 

(5.118) 

To determine the transfer function we must examine the 

system of equations (5.115) - (5-117); to determine we must ex¬ 

amine the system (5.109) - (5.114). 

We know from automatic control theory that the transfer function 

is calculated with the aid of the determinant of the system of equa¬ 

tions being examined. Let us formulate the fundamental determinants 

of the systems (5-115) - (5.117),and (5.109) - (5.114), respectively. 



» -K» 
o o I 

~(1+H.)í«. Km.;K„ ooo 
i o -iTfc,.; o o 

**' 0 1 0 -*i~ o 
0 ^0 1 o -K*.. 
0 « *%, » I -AT^, 
0 K, Km o 0 (l+n.) 

We also formulate the determinante ae a function of the action ln 
queatlon, »hlch are obtained from the fundamental determinante .ritten 
out above by replacing the column of the coefficient, correepondlng to 
he output signal by the column of coefficient, corresponding to the 

input action 

A* 

0 1 
0 0 

0 
0 0 

o #; o 

0 1 
*♦’ o i 

0 0 

0 0 
1 0 
o 1 0 

o 1 
^•i 0 0 

0 
0 
0 

0+*«.) 

Expanding these determinants by the usual methods, after some 
transformations we obtain 

A,.- + 
A,; I «.'Kin,**, + 1/f.r/f u.r/rur/i’r, .+ 

+ *...*1. .(1 + ^.^ ,)11 - - A„ 



where 

+ K*.Ku,Y. 
Afj*= Ar,+AfUr/ftarÄ'— lAru.^+ 

^-=^.^...(1+^^)+^.^.,(1+ir....^ .Y. 
K^Kt-(KmK..,-K.J(HHKhl,Klm.tKt..t- 

•“^*i.i^i...^ta..)- 

We determine the dealred transfer functions for the first element 

— the steam gas generator, *nd the second element — the combustion 
chamber 

«v* 
4 

(1 

_ 
(Í +1*,)»"» (*|4t + Kt) + AT,«,, + K, 

(5.119) 

(5.120) 

where 

All 1 

Hence it is easy to find the amplitude-phase characteristics of 

the steam gas generator and the combustion chamber 

(i +<.<,)•*'(<•«,)+*• 

A« _ 
(I + i«4,) etp + K}) + / 4(,¾ + /(, 

(5.121) 

(5.122) 

The Expression (5.121) for the amplitude-phase characteristics of 

the gas steam gas generator makes it possible to use the standard 

techniques to find all its remaining characteristics — amplitude, 

phase, real, and imaginary 

where 

These 

plant elem 

matic cont 

as a whole 

Figure 5.1 

and steam 

with the a 
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(5.123) 

Irst element 

combustion 

(5.119) 

(5.120) 

'istics of 

(5.121) 

(5.122) 

eristics of 

andard 

litude , 

y.»modir ,’(/■.)- A’ 

’ 

»¡-■rgr; (/«)== - arctg ( + \ 

««(•) : 

where 

(5.12H) 

(5.125) 

(5.126) 

*•(")“ • 1- Ä| + 2/f,(COS «T* — 

All the combustion chamber characteristics are found similarly 

where 

5,--mod ^.(6.)=—-A ., ; 
✓TO 

«<-) 

*«(“) 

•■M"-—=--. *«(•) 

(5.127) 

(5.128) 

(5.129) 

(5.130) 

- , - a cos «T, + /C4-+ AT,*.)-sin -r,; 
3(-)=(^,4. + K,9u)m cos «T. f (Af, - /f,•.•,«*) sin «r,+AT,».-; 

D,.ntTt7e eXPre33l0"s for characteristics of the Individual pc, 
Plan elements mähe It posslhle to use the familiar technldues of au, 

matlc control theor, to stud, the regulation stability of the engine 

. a .hole, the duality of Its transient process, and so on. ' 

Figure 5.11 shows the amplitude-phase characteristic of a LRE with T[ 

an steam gas generation, plotted using the formulas presented above 

-he aid of (5.118) for the following values of the parameters 

FTDJIC-23-18-70 1Ö0 



Figure 5.11. Amplitude-phase characteristic of LRE 
with turbopump Md with gas generation. 

*«*-0,4; AT,,-0,6; 1.=0,005 see 

*,=0,005 sec 1,=0,2 sec /ffc=0,15; 

*%-0,2¡ ^„-0.3; Ar>0.6; 

•>0,003 sec t>0.03 .eC 

*te..-S,2; ^,=¾ Affc.=2,75; 

**«-1.43; ATfc ,= -0,2; 

*m.r— —0,22; Ar^=2; AT^,=2,5; 

*♦“*.* *w..^-2,2; Affer=l,9. 

We see that the hodograph of the amplitude-phase characteristic 

does not enclose the point ( - 1, io), which indicates stability of 

the automatic control system in question. 

S 7* Some LRE Automatic Regulation Systems 

The determination of the various characteristics of the systems 

for regulating power plants obviously depends on the regulation schemes 

used. Therefore, wP need to examine the possible LRE automatic control 
systems [6], [15d], [149]. 
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We know that the LRE operation is determineá by a whole complex 

of various different parameters which characterize its stability, re¬ 

liability, and efficiency. The requirements on these parameters de¬ 

pend on the missions performed by the flight vehicle. These require¬ 

ments usually involve variation of the parameters during the period of 

engine operation in accordance with a specified law or in maintaining 

these parameters at a fixed level. 

As a rule a power plant has several automatic control systems. 

Usually the absolute and specific thrusts are considered as the 

basic LRE parameters (see Chapter 2) 

P-G»t+Ft(pt-pK)-' 

*-»•+ £ (*-*«). 

Both the propellant component flow rate and the combustion pro¬ 

duct exhaust velocity wc are functions of the combustion chamber 

pressure pK and the mixture ratio k. In view of the fact that the 

pressure ratio PK/pc does not change in the course of LRE operation, 
we can obviously write 

P-P(P„ k, pn)- 

p\mP\{p*. k, pM). 

The magnitude of the ambient pressure p^ is an independent para¬ 

meter. Therefore, we usually consider systems for automatic regulation 

of the combustion chamber pressure p^ and the mixture ratio k, with 

the latter also being used frequently for the liquid gas generator as 

well. This is explained by the fact that in the region of nominal 

combustion chamber operation the primary thermodynamic characteristics 

(temperature, gas constant) of the combustion products change very 

little. Therefore, quite large deviations of k from the nominal value 

do not lead to a marked change of T^ and R^. The opposite picture is 

observed in the LGG, which operates with an excess of one of the com¬ 

ponents. Therefore, the requirements on the accuracy of the value of 

the propellant mixture ratio in the LGG are more severe, since a small 
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Figure 5*12- Possible automatic combustion chamber pressure reg¬ 
ulation configurations: 

a) scheme with gas generation and pressurized peroxide feed system; 
b) scheme with gas generation and pumped peroxide feed system; c) 
scheme with liquid gas generator^; HPT - hydrogen peroxide tank; 
PL - peroxides line; SQG - giss generator; TPA - turbopump assembly 

” oxidizer line; PL - fuel line; CC - combustion chamber; 
LOG - liquid gas generator; GPR - gas pressure reducer; GB - gas 
bottle; R - regulator. 

Fi 

OT 

H0 
of 
bu 

reducer controlled by■compressed gas pressure, and intthe third scheme 

a regulator of the type examined in Chapter 4 can be used. 

We see that in all the schemes feedbacks are provided between the 

combustion chamber pressure (controlled parameter) and the flow rate 
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Figure 5-13. Automatic regulation of propellant ratio in 
LGG : 

OL', FL' - gas generator oxidizer and fuel lines; OL, FL- 
main oxidizer and fuel lines; LGG - liquid gass generator; 
TPA - turbopump assembly; CC - combustion chamber; R - 
regulator 

e reg- 

u system; 
tern; c) 
tank; 
assembly; 

r; 
- gas 

P TL.. , ÍÃT 
R 

_, 
Zj CG }- 
V- 

I * r pi i 

. K . . . . 

Figure 5-1^ Propellant tank level regulation system: 

OT - oxidizer tank; FT - Fuel tank; TPA - turbopump assembly 
H0 - hydrostatic heads of oxidizer; Hp - hydrostatic heads 

of fuel; OL - oxidizer lines; FL - fuel lines; CC - com¬ 
bustion chamber; R - regulator 

third scheme 

between the 

flow rate 
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Figure 5.15. Pump inlet pressure regulation schemes: 
a) scheme with bottle gas generator tank pressurization system: 
d; scheme with special generators for pressurizing tanks: OT - 
oxidizer tank; FT - fuel tank; TPA - turbopump assembly; L3G - 
liquid gas generator; R - regulator. 
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Figure 5.I6. Possible system for controlling powerplant of a 
flight vehicle: 

OT - oxidizer tank; FT - fuel tank; LGG - liquid gas generator; 
CS - control system; OL - main oxidizer line; FL - main fuel 
line; OL' - gas generator oxidizer lines; FL' - gas generator 
fuel lines; 0LQ - lines for pressurizing oxidizer tanks; FL- - 
lines for presäurizing fuel tanks; TPA - turbopump assembly? w„ - 
apparent flight vehicle velocity; R - regulator. f.v. 
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I 

change of k' can lead to a marked change of the TPA operating regime 

and even to burnout of the LOG wall. 

Another important parameter for reliable LRE operation is the 

value of the pressure pln at the pump inlet. Therefore, a system to 

regulate pin may be provided on the power plants. 

The flight range of a flight vehicle depends basically on the ter¬ 

minal flight vehicle weight. Therefore, it is natural that designers 

wish to reduce the amount of propellant remaining in the tanks, which 

may occur as a result of engine operation with a mixture ratio differ¬ 

ing from the nominal value. 

A system for regulating the propellant component levels in the 

tanks is provided in order to reduce the residual component quantities. 

In addition to these LRE automatic control systems, for multi¬ 

chamber power plants a system is provided to synchronize the thrust 

of the individual combustion chambers. 

The combustion chamber pressure control system is in essence a 

system for regulating the absolute engine thrust. We know [6] that 

the combustion chamber pressure is determined by the propellant flow 

rate, and therefore, pR can be regulated by varying the component flow 

rates. In turn, a change of the propellant flow rate is the result of 

a change of either the line hydraulic resistance or the flow rate of 

the working medium to the turbine, which defines the pump operating 

regime. Figure 5.12 shows some possible schematics of systems for 

regulating combustion chamber pressure. Figure 5.12a shows the basic 

interrelationships between the elements of a LRE with an expulsion 

system for feeding peroxide to the steam gas generator. Figure 5.12b 

shows a system with steam gas generation and a pump system for feeding 

the components, F'gure 5-12c shows a system with a liquid gas generator. 

In the first scheme the regulator is a gas pressure reducer, which 

determines the pressure which expelis the hydrogen peroxide from the 

tank, in the second scheme the regulator is a hydraulic pressure 
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reducer controlled by compressed gas pressure, and In the third scheme 

a regulator of the type examined In Chapter H can be used. 

We see that In all the schemes, feedbacks arc provided between 

e combustion chamber pressure (controlled parameter) and the flow rate 

of-the working medium In the gas generator'6» In order to reduce the 

regulation errors. We note that the system for regulating p Is 

coupled with the system for regulating the flight vehicle velocity 

the ,sensor which measures the vehicle true velocity sends a signal In¬ 

dicating increase of this velocity to a computer which determines the 

deviation of the velocity from the programmed value, after which a sig¬ 

nal indicating the magnitude of the difference with account for the 

sign Is directed to the pK regulator, which then alters the combustion 

chamber pressure (and therefore the thrust) in the required direction. 

» system for regulating the mixture ratio In a liquid gas genera¬ 

tor la shown in Figure 5.13. We see that the regulator Is Installed 

of the propellant lines through which the components flow (the 

uel line In the present case) to the Uffi. The mixture ratio Is main¬ 

tained within the required limits not only by the action of the regu¬ 

lated component (fuel) pressure, but also by the pressure of the 

second component (oxldlaer). The design of a possible mixture ratio 

regulator was examined in Chapter 4. 

Figure 5.1« shows in simplified form a possible scheme of a sys¬ 

tem for regulating the level of the propellants In the tanks. Pro¬ 

portional emptying of the tanks Is accomplished as follows, the sensors 

determine the component levels In the tanks and alter the flow rate of 

one of the components as a function of the deviation of the ratio of 

the components In the tanks from the required value. 

Figure 5.15 shows a scbewgtic of a system for regulating the in¬ 

let pressures of the components through the pumps. This scheme is 

frequently termed a system for regulating the tank pressurization pres 

sure pt> which is connected with the pump inlet pressure as follows 

Footnote (6) appears on page 189. 
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where Pjn rnjx is the minimal acceptable pump inlet pressure; 

A P^Qgg are the pressure losses from the tank to the pump inlet. 

A possible system for controlling the entire power plant is shown 

in Figure 5-16, which indicates the Interrelationship of all the sys¬ 

tems mentioned above — regulation of the ratio of the mass flow rates 

of the components to the LRE, regulation of the level of the components 

in the tanks, regulation of the pump inlet pressures, and also the 

system for maintaining the required flight vehicle velocity. 
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Pootnotea 

on pa*e 1^8 With minimal energy losses, naturally. 

on page I65 With no losses In the gas feed line. 

on page 166 The effect of the pressure p¿ In the gas generator 

Is accounted for by the proportional quantity O'. 

on page 169 We recall that here and hereafter u Is the circular 
frequency, and 6w Is the relative change of the 
angular velocity of rotation of the TPA rotor. 

on page 176 Obviously Kga ■ 0 In the case of the monopropellant 
gas generator. 

on page 187 This Is not entirely correct for the last scheme, 
since the mixture ratio must also change in the LOG, 
which has a significant effect on the work capacity 
of the working medium. 



CHAPTER 6 

TRIMMING THE LRE 

* 1. Concept of LRE Trimming 

Trimming of the LRE is the term used for the entire complex of 

theoretical and experimental operations which make it possible to ob¬ 

tain the specified engine parameters by determining the characteris¬ 

tics of its regulating elements. The required characteristics of the 

regulating elements are determined by computation with the use of the 

results of hydraulic cold flow tests, pneumatic tests of the engine, 

and pneumatic testing of the engine components and assemblies, and 

also the use of the results of preliminary tests of the complete engine. 

The trimming of the LRE installed in pilotless flight vehicles is 

of paramount importance, since engine control during rocket flight Is 

self-contained. Therefore, trimming must provide optimal satisfaction 

of the tactical and technical requirements Imposed on the engine de¬ 

sign with respect to the basic parameters. The ultimate goal of LRE 

trimming is to ensure nominal values of the basic engine parameters: 

thrust or propellant flow rates and the ratio of the component flow 

rates, i.e., those parameters of LRE operation which are used in the 

ballistic confutation of the rocket trajectory. 

The required value oí the thrust of uncontrollable LRE is pro¬ 

vided by maintaining a constant working medium flow rate through the 

turbine. This is accomplished either by controlling the pressure 



reducers or by adjusting the diameters of the flow sections of the 

metering elements (injector diaphragms, and so on) which are installed 

in the lines which feed the propellants to the gas generator. The 

engine is trimmed to a given propellant component flow rate ratio by 

installing flow-control orifices in the oxidizer and fuel lines down¬ 

stream of the pumps. 

The trimming scheme is chosen with regard for the specific char¬ 

acteristics of the pneumatic and hydraulic systems, the mission, and 

the LRE operating and storage conditions. For example, if the LI£ is 

used as a booster its trimming does not offer any particular problem, 

since in this case severe requirements are not usually imposed on the 

specified values of the engine parameters. If the LRE is installed on 

a ballistic rocket which must provide high target impact accuracy, 

then severe requirements are imposed on the LRE trimming, which is ex¬ 

plained basically by two factors. 

First, a large scatter of the propellant ratio leads to an increase 

of the residual propellant quantities which can be guaranteed in the 

tanks and consequently to an increase of the rocket launch weight, 

which leads to a reduction of the maximal flight range. 

Second, if there is large scatter of the overall propellant flow 

rate and consequently of the thrust, control of the rocket is made 

difficult due to the appearance of additional disturbing factors act¬ 

ing on the rocket velocity control system. 

5 2. Trimming LRE For the Nominal and Required Values 
of TPA Shaft Angular Velocity (RPM) 

The LRE can be trimmed for the nominal and required angular vel¬ 

ocities (rpm) of the TPA shaft. Here, nominal TPA rpm means that rpm 

required to ensure the nominal engine operating regime in the case in 

which it is necessary to throttle both propellant lines to obtain the 

nominal value of the propellant mixture ratio k. However, if the 

nominal value of k is obtained by throttling only one of the propellant 

lines, then the nominal engine operating regime is obtained for a dif¬ 

ferent TPA shaft angular velocity, termed the required rpm. In this 
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case both techniques for engine trimming are required in order to en¬ 

sure that the specified value of k will be obtained. 

1* TrlrnmlnS the LRE for a Given Value of the Propellant Mixture Ratio 

In both cases the same basic data can be used when trimming the 

engine for a given value of the mixture ratio k: 

1) nominal pressures at the pump inlets pln o, p»n 

2) nominal values of the component flow rates through the pumps 

and through the combustion chamber GÜ. G*: 

3) nominal combustion chamber pressure Pu> 

4) head-flow rate characteristics of the pumps at nominal rpm, 

obtained experimentally 

Ph~Ph(G„)-, 

5) pressure losses in the oxidizer and fuel lines from the pump 

to the combustion chamber. The magnitude of these losses is 

determined from the results of cold flow tests (usually using 

water), with the liquid flow rate in the cold flow tests being 

specified to provide equality of the hydraulic resistance 

when using water and when using the propellant component, and 

is determined using the formula 

c-“c:/F. 

where Gw and GjJ are respectively the water and component flow rates; 

pw and pk are respectively the densities of the water and the 

component. 

Since to obtain a given k the deviations of the flow rates from 

the nominal values must equal zero, it is obvious that the following 

equalities must be satisfied when trimming the engine to the nominal 

value of the shaft rpm 

P.,.o I Ph.o (Gh„) -p[ -f 1/»,,, 

£.., ! mg;,) />;-! a/»:, i A.v„ 
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wh»re Apor are the preeeure losses In the flow-control orifices which 
■ust be Installed in the propellant lines during trimnlng. 

♦ 
; Hence the required pressure differential across the flow control 

orillees is 

-pi- 

The engine wist be trliMd as follows to obtain a given value of 
• at th* r^ulr*d ot TP A rpa. We first deternlne the required 
piap head for the noainal propellant co^onent flow rate 

#C+Mia,"" Km» 
! C.-K+àfLs-K'jr. 

Aa a result of the influence of various internal factors (see 
shove) on the puaps, these required heads will not coincide for the 

rates with the experlaental heads, corresponding to wf 
•nd 0», i.e., the quantities pj«o and pj«f will differ fro« p|J Q and 
P|f (see Figure 6.1). Thus, the required heads can be obtained for 
the noBlnal flow rates at different pu«p shaft rp« "7 and •£. 

Let us use the experlaental puap 
characteristics to deternlne ••• and 
•y fro« the value of the difference 
K—K * *tnow iae# Chapter 2) that 
for slnllar reginas we can write 

«.D 
K 

Figure 6.1. Dlagra« for de- 
teralnlng puap speed 
change¡ 

The required point B has its matching point on the line «*" const 
(point C). The slnllar regime line in Figure 6.1 is represented by the 
dashed curve CB. The pump head at the point C corresponds to some 
flow rate <>H, which is not equal to Gj. To move along the curve 
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(6.2) 

•*" const 

;ed by the 
some 

■ve 

’ con8t t0 the nominal regime point we can use a linear approxi¬ 
mation, which give« only a small error 

U w (6*3 Here we have assumed that 

■*-(■&)* 

l.e., the slope of the tangent to the curve « • const Is taken from the 
experimentally obtained pusqp characteristic at the nominal regime point. 

We substitute (6.3) into (6.1) with account for (6.2) 

(6.,> 

It Ir obvious that in the linear approximation we can write in 
the vicinity of the point A 

where 

8« »•—m**. 

The partial derivative àpjd» lg found trom (6#4) for thc n0Bllnal 
regime point, i.e., for 

(W-+[v.+(-t)v.]. 
where the ùerivative Op.JdG* is found from the graph in Figure 6.2. 

Thus, 
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Figure 6.2. Diagram for de¬ 
termining required turbo¬ 
pump shaft speed. 

It Is not difficult to cal¬ 
culate rpm and ujjt* using this 

formula. Obviously the larger of 
the values and mJIä must be 

used. The pump for which the re¬ 

quired value of the rpm is de¬ 

termined Is called the unthrottl- 
able pump, the other is called the 

throttlable pump. The head of the 

throttlable pump Is found from 
(6.4) for the value of , de¬ 

termined for the other pump. 

The excess pressure (throttling effect) which is absorbed by the 

flow-control orifice is obviously equal to the difference between the 
throttlable pump head obtained and the pressure pg, for example, if 

“?* * “*** then 
Ap.j-0; 

-d-c. 

In this case the orifice diameter of the unthrottlable pump is 
assumed to be equal to the diameter of the line in which the flow- 
control orifice is installed. 

The throttlable pump orifice diameter is found as a function of 
the required pressure loss across the orifice using the formula 

dm—2 ~ o. 
n*ii“ 17¾¾ 

where is a factor accounting for the thermal expansion of the 
orifice; 

M is the discharge coefficient; 
c is a factor accounting for the expansion of the flowing 

liquid; 

p is the density of the flowing component; 



Ap¿r is the pressure drop across the flow-control orifice, 

connected with the orifice losses by the hydraulic formula 

(6.5) 

D is the diameter of the line in which the orifice is 

installed. 

Formula (6.5) is usually used to plot a curve of the relationship 

between orifice diameter and pressure loss (Figure 6.3). After trim¬ 

ming to a given value of the propellant conçonent mass flow rates, the 

LRE 18 trimmed to a given value of the thrust (total propellant flow 
rate ). 

Figure 6.3. Pressure 
drop versus orifice 
diameter. 

2. Trimming the LRE to a Given Value 
of the Propellant Component Flow Rate 

We see from the discussion above 

that a given engine operating regime 

can be provided only for values of the 

TPA rpm which were determined in the 

calculation of the engine trimming to 

the specified propellant component mass 

flow rate ratio. 

The following basic data are necessary in trimming the engine to 

the nominal value of the propellant component flow rates: 

1) the values of the pressures at the points where the propel¬ 

lant components are tapped off for operation of the gas generator (if 

the power plant design includes a gas generator)j 

2) the power required by the pumps for the nominal values of the 
flow rate; 

3) nominal flow rate of the propellamt components through the gas 

generator; 

4) the resistance of the propellant lines from the tapoff point 

to the gas generator combustion chamber, corresponding to the nominal 

flow rate of the components through the gas generator. 
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One basic requirement must be met when trimming the engine for 

the nominal value of the propellant component flow rates — the powers 

required by the oxidizer and fuel pumps must be balanced by the turbine 

power, l.e.: 

The sequence for calculating engine trimming to the nominal value 

of the propellant component flow rates when using the scheme for timing 

to the nominal value of the TPA shaft rpm may be represented as follows. 

1* We Plot from the results of water flow tests (or using the¬ 
oretical computations) curves of the pump power as a function of the 

component flow rate for the nominal rpm 

We use these curves to find the values of the pump powers cor¬ 

responding to the nominal propellant component flow rates. 

2. We find the required turbine power from (6.6). 

3. We find the turbine power as a function of the working medium 

pressure. Since engine trimming is accomplished for the condition 

tt-M*-const $ the connection between the turbine power and the gas gen¬ 

erator pressure p¿ can be written in the form [57] 

where c is a constant coefficient which depends on the geometric di¬ 

mensions of the turbine flow passage, the energy losses in this part 

of the turbine, and the thermodynamic properties of the working medium. 

4. Let us claculate the propellant component flow rate through 

the gas generator required to provide the given turbine power. We 

have the usual gasdynamic relationship between the working medium 

pressure ahead of the turbine and the medium flow rate through the 

turbine for critical pressure drop [2] 
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where n'> R't, Tt are respectively the polytropic exponent, gas constant, 

and gas generator combustion product temperature; 

is the turbine nozzle critical section area; 

is the number of turbine nozzles. 

Por a given ratio k' of the component mass flow rates in the gas 

generator the oxidizer and fuel flow rates through the LRE are defined 

by the known formulas [124] 

5. Let us determine the required resistances of the gas generator 

lines from the tapoff point to the LRE firing chamber for and Q¿: 

^P*.r ^ Pr — P*‘ 

We reduce these resistances to the nominal component flow rates 

through the generator 

We find the required pressure differentials across the injectors 

from the equality 

where APinji0<f is the required differential pressure across the in¬ 

jectors for the nominal component flow rates through 

the gas generator; 

AP*!f *s overa-l resistance of the gas generator line 

for the nominal component flow rates. 
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Engine trimming to the nominal values of 

when using the scheme for trimming the engine to the^T ^ ^63 
the TPA rpm differs fundamentall, fron, the technlo 7 ^ ^ 
The differences acount to the foLll’g de30rlbea ab°"- 

^7TJlZn.l7nZl! of the component fl°"rates and tha 

control ormc. d;i".rj.:.^n: ::i:::atc:x:::ation of the fi°" 
ponent flow rates calculate the corresponding com- 

c-=c; 

. hC value of qH alcng with the pump characteristics for the 
nominal rpm can be used to find 00041 ., 
•then makes ,- , d aaSlly the PU"P hmclency „ ,hloh 

make. It possible to calculate the required pump peers 

Ar.—îfL. 
.. • «* ’ 

sum of thTflTT1 fl0" rate °H thr°Ugh tbe PUmp ls 'Ihhfl to the 
throôl r thr°Ugh tha "aln '“"“»»tlon chamber G and that through the gas generator G* j 

- the required turbine power Is found as the sum of these powers 

t zrz;:;;:turbiM pob- °n the ™— 

in th.?1' "<"ilred re,1“thnces of the metering orifices are then found 

pronen 7 "eqUI!n0' ““ trl""lnf! tP ^ nominal value of the propellant component flow rat-*» « . 01 

to the nominal value of the TPA shaft rp" f°r 

1. General Information 

The engines must be 
functioning and that the 
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specifications. After these tests the engine trim Is corrected. Re¬ 

trimming must be accomplished if the value of the overall component 

flow rate and the value of the mixture ratio k, reduced from the re¬ 

sults of test stand measurements to the nominal conditions, do not 

correspond to the specifications. 

It is obvious that in the first case the retrimming must involve 

a change of the magnitude of the hydraulic resistances of the LQQ 

metering injectors; in the second case it involves a change of the 

flow-control orifice diameters. 

The problem in retrimming lies in the fact that we must have suf¬ 

ficiently exact values of the relationship between the change of the 

overall propellant component flow rate and the change of the hydraulic 

resistances across the injectors (G - GUp^j) and on the variation of 

the coefficient k as a function of the throttling effects in the flow- 

control orifices (k ■ k(Apor). These relationships can be calculated 

easily theoretically and then refined by experiment. 

In deriving the relations 

G^G(Apm) and 

we must take account of the interrelationships between the LOG, TPA, 

and combustion chamber, all operating in a common loop, and also the 

disturbing factors which affect engine operation, i.e., the effect of 

both external and internal factors. 

The external factors include: 

a) the ambient temperature, which affects the change of the phys¬ 

ical properties of the components (viscosity, density, thermal capacity, 

and so on); 

b) the pressure at the inlets to the pumps. 

The internal factors include: 
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' 

'J .** varNation of the hydraulic resistances of the combustion 

chamber and gas generator lines, which leads to change of the flow 

rates and therefore to a change of the basic engine operating 
parameters: 

b) variation of the values of the combustion 

diameter, which leads to a change of the propellant 

rate through the chamber; 

chamber throat 

component flow 

L devlatlon or th« values of the turbine nozzle throat diam- 
*helr n0mlnal ValUe8* WhiCh affect8 the power Slivered by 

parts^which T^11^ °f thC flnl8h °f the en8lne components and detail 
P a, which determines the output parameters of the assemblies, for 

HZt'; Tf10" °f the flnl8h qUallty °f the rotor blad« and stato 
blades leads to a variation of turbine efficiency; 

•> errors in determining the parameters in the water flow testin 
of the components and assemblies; 

f) th. difference between the engine component and aeaembly op¬ 

erating condition during the firing stand teat, and th. «ater flow 

teating condition., and th. difference, between the., »alue. and th. 

l'e»t. of the “““ component, and aa.emblle. m production. 

-- J*11' Jnc0“plete listing of the Internal dl.turblng factor, which 

affect engine operation .how. that they cannot all be taken Into 

account in the trimming process. 

However, the variations of the geometric parameters and the errors 

made in the cold flow tests and production tests of the components and 

assemblies are small in practice in comparison with the absolute value 

o the parameters themselves, and therefore these deviations can be 

neglected. Therefore, we usually take into account only those dis¬ 

turbing factors which have the most significant influence on the engin 

operating regime and cannot be eliminated in the development process: 

variation 

and hÿdrai 

lines, anc 
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variation of the propellant component temperature, pump inlet pressure, 

and hydraulic resistances of the combustion chamber and gas generator 

lines, and so on. 

2. Calculation of the Influence of External and Internal Factors on 
Engine Parameters 

The basic data for calculating the influence of the external and 

internal factors are: 

1) the nominal overall propellant flow rate G* and the mixture 

ratio k*; 

2) the combustion chamber pressure pj*j 

3) the overall propellant flow rate G*' through the gas generator 

and the LOG mixture ratio k*'; 

*0 the gas generator pressure p^j 

5) the energy of the working medium at the inlet to the turbine 

stator R¿T£; 

6) the pressure dependence of the LOG propellant flow rate 

G'=»G'(ig; 

7) the densities p£ and pj of the components at the nominal fuel¬ 

ing temperature and their dependence on temperature T 

QT-Q*—dlO’—I’*), 

where p1 is a constant coefficient; 

8) the nominal pump inlet pressure pf ; 
\ m 

9) the hydraulic losses in the gas generator propellant lines 

•V.., (from the pumps to the entrance to the LOG firing chamber) and 

the same for the combustion chamber Apü,, ; 

10) the variation of the turbine specific power as a function of 

its rotor rpm (see Chapter 2) 

vkj: 
- «i*/;- 

(6.7) 

11) the pump head and power characteristics as a function of pump 

rpm and component flow rates (see Chapters 2 and 3) 



Ni-'Ajtf+B'JG,; (6.8) 

pt=Au9J+B,»Gu+^Gl. (6 

We shall write the basic equation of engine operation in terms of 
deviations 

Equations (6.7)-(6.9) become 

The di 

chamber on 

written In 

There! 

w'-% 

(6.10) 

(6.11) 

(6.12) 

The eq 

The equation of pressure balance in the propellant lines from the 

pumps to the combustion chamber is 

is written 

A+/>«=/>«+ AP1, 

hencs 
The gaî 

w. 11».-V.+«0 - 1,+14,. 
(6.13) 

The equation for the flow rate as a function of the combustion 

chamber pressure 

0 = 0* -**- 
h 

is written in varimtlonal form as 

P. 
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t 

i 

(6.8) 

(6.9) 

in terms of 

(6.10) 

(6.11) 

(6.12) 

es from the 

The dependence of the propellant flow rate into the combustion 

chamber on the component temperature for the nominal pressure is 

written in variational form as 

W-TASr. + AJT'. 

Therefore, in the general form we must obviously write 

8G -|. ajlT' _f. AJT'. 
Pw 

(6.14) 

The equation of pressure balance in the LOG propellant lines 

p.+p* i -j-+*pm 

is written as follows in variational form 

24/. 
G*' 

G' + 

The gas generator equation is 

(6.15) 

(6.13) 

mbustion hence 

8C' + (6.16) 

The equation of pump amd turbine power balance in variational form 

is 

ôjV, — Ô,V i, 0 -f 61V,, 
(6.17) 

The equation of propellant component flow rate balance through 

the pumps, combustion chamber, and gas generator in variational form is 
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éOB-fiO+ftO'. (6.18) 

i Solvln« the system of Equations (6.10) -(6.18) for the external 

land ; Internal factors, we can obtain the following relations 

t 

Í 

•G.=/i (lPn.WTMPmMpJ-, 

/i{tPn.tQ,WMpmMpmy, 

*C' *= /* pj; 

*P, “ ft^Pn’iQr^MpmMpA); 

***=/• ^Pn^T^p^pJ; 

^^/A^PnM.fTMp^isp,.): 

(6.19) 

The relationships thus obtained between the basic engine param¬ 

eters and the extei-nal and internal factors can be used to trim the 

first prototype engines which are destined for firing tests. The 

trimming relationships can be refined on the basis of the results of 

these and other special tests. 

3. 
îhîhîÎ2U?«.f0r/2?a}culatlng Plow Control Orifice Diameter Prom 
the Results of Firing Stand Tests 

coefficient 

rate throug 

This e 

the externa 

nectlon bet 

pressure di 

where M Is 

tests and r< 

Thus, : 

from the enj 

make It poss 

orifices as 

resistances 

chamber. 

We have mentioned previously that the diameters of vhe flow-con¬ 

trol orifices are recalculated on the basis of the results of test 

stand firings in case the propellant component flow rate ratio does not 

correspond to the specification requirements and also if the hydraulic 

resistances of the lines (from the pumps to the combustion chamber) 

after the firing tests differ from their values prior to firing (as a 

result of replacement of components or variation of their hydraulic 

characteristics) by an amount greater than that allowed in the 

specifications. 

In recalculating the orifice diameters, we must use the formulas 

which define the dependences of the basic engine operating parameters 

on the influence of the external and Internal factors. To this end we 

must first determine the variation of the pressure drop across the 

oxidizer and fuel orifices as a function of the variation of the 

These e 

where Ap 
Kor.o 

across the oj 

fore and aft« 

resistances c 

after testin* 

The resi 

pressure redu 

overall prope 

the basis of 

the nominal o 
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coefficient k while maintaining a constant overall propellant flow 

rate through the engine (i.e., for ôü«=o for : 

ÔApui.o=^ôApoj.r. 

This expression together with the relations giving the effect of 

the external and internal factors makes it possible to find the con¬ 

nection bet-een the change of the coefficient k and the change of the 

pressure differential across the orifices in the oxidizer and fuel lines 

fiApioo-ßW; 

where òk is the deviation of the mixture ratio, obtained in the firing 

tests and reduced to nominal conditions, from its nominal (trim) value. 

Thus, for the recalculation of the flow control orifice diameters 

from the engine test stand firing results, we can obtain equations which 

make it possible to determine the required jressure drops across the 

orifices as a function of the required variation of k and the hydraulic 

resistances of the propellant lines from the pumps to the combustion 

chamber. 

These equations have the form 

ârfl- C* + 4*, - A*m. 

where Apor o, ApQr f and Ap^0, 4p^|f are the pressure differentials 

across the oxidizer and fuel flow control orifices, respectively, be¬ 

fore and after testing; Apo, Apf and Ap^2^, Ap^2^ are the hydraulic 

resistances of the oxidizer and fuel lines respectively before and 

after testing. 

The resistances of the automatic control elements (injectors, 

pressure reducers, regulators) which determine the magnitude of the 

overall propellant flow rate through the engine are recalculated on 

the basis of the results of test stand firings if the deviation from 

the nominal overall flow rate is greater in magnitude than the value 
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allowed In the specifications or if there is a change of the orifice 

diameters or of the hydraulic resistances of the elements forming part 

oí the line which feeds the working gas to the turbine. 

The relationships for the variation of the basic engine operating 

parameters as a function of the influence of the external and internal 

factors can be used to determine the variation of the pressure differ, 

entlals Apel required across the regulating elements. 

Prom the system of equations written out above, we can find the 

relationships for the variation of the required resistances of the 

regulating elements as a function of the change of the pressure differ- 

ential across the flow-control orifices 

and the variation of the regulating element resistances as a function 

of the change of the overall flow rate if k! ■ const: 

iAlk»-a*0; tApir-'oAG. 

Thus the formulas for recalculating the required resistances of 

the regulating elemente on the baele of the engine test stand firing 
results have the form 

M2- + A*;"»; 
m2-*a,+«*m«,+«<»g,+ 

where *1 - ^ are numerical coefficients whose values are obtained as 

a result of solution of (6.19). 
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CHAPTER 7 

OSCILLATORY PROCESSES IN LRE PLUMBING LINES 

As a rule, the motion of a liquid (propellant component) or gas 

along the LRE lines is accompanied by periodic and aperiodic variations 

of the flow rate, velocity, and pressure. The sources of these varia¬ 

tions may be: oscillations of valves, membranes, automatic control 

sensing elements, vibratory burning in the combustion chamber, abrupt 

actuations of cutoff and starting valves, and so on. 

The tire variation of the flow rate is associated with variation 

of the pressure. Sharp variations of the flow rate cause pressure 

waves whose magnitude depends to a considerable degree on the geometry 

and elastic properties of the pneumatic and hydraulic system lines. 

Under certain conditions the pressure may exceed the allowable limits 

and lead to failure of the plumbing lines. 

In some cases the pressure oscillations in the lines may not nec¬ 

essarily lead to failure, but may have a significant effect on the 

engine dynamic properties. For example, if the frequency of the pro¬ 

pellant component pulsation at the outlet of the pump coincides with 

the frequency of free oscillations of the component in the propellant 

lines, resonance is unavoidable and will lead to a considerable in¬ 

crease of the pressure oscillation amplitude, which in turn causes 

severe pulsations of the pressure in the engine combustion chamber. 

A detailed theoretical study of the transient processes during 

engine startup cannot be performed without account for the wave 
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processes in the LRE propellant feed lines, i.e., in the general case 

it is not always possible to successfully identify the segments of the 

iPneuaatlc and hydraulic systems in which the liquid or gas has only 

inertial or deformational elastic properties. In other words, it is 

¡not alw*y® Possible to reduce the oscillations in a system with uni¬ 

formly distributed mass to a system with lumped parameters without 

distortion of the quantitative and qualitative picture of the process. 

The motion of the liquid (propellant) and gas in the plumbing lines 

of the LRE is unsteady during the period of both engine startup and 

engine shutdown. - Disruption of the steady-state process is also ob- 

¡served in the process of engine functioning. In this case the devia¬ 

tion of the parameters from the steady state regime depends on the 

'dynamic system properties, which are determined both by the dynamic 

characteristics of the automatic control elements and the feed system 

and also by the dynamic properties of the pneumatic and hydraulic 
¡systems. 

Therefore, a very important step in the engine design process is 

the rational selection of the pneumatic and hydraulic systems, the 

proper positioning of the automatic control elements and the devices 

for damping the wave processes, which requires a detailed theoretical 

analysis of the influence of these factors on the unsteady liquid and 

gas flew through the system lines. 

1 1* gallons of Unsteady Liquid and Qas ’aoz us in Lines 
• mmmmmm* «■hi »i 

Even in the case of a constant line cross section the system of 

equations describing unsteady liquid motion (see Chapter 3) is non¬ 

linear, therefore, its analytic solution is very difficult. Let us 

examine the linearisation technique proposed by Charnyy [145]. 

In the case P - const the Equations (0) of Chapter 3 are easily 

transformed to the form 

30 i ** 
Ar ” r G4 /OS'» a; 

ai dO 
* “ r * 

(7.1) 
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We denote 

(7.2) 

where dg is the equivalent line flow section diameter. 

In the general case the coefficient b is a variable quantity. 

Only in the laminar liquid flow regime does it remain constant, in 

view of the fact that 

I c Cv 
Re W, ' 

(7.3) 

where C is constant; 

V is the kinematic viscosity. 

Substituting (7.3) into (7.2), we obtain 

We know that C * 6¾ for a circular tube. Then 

Por turbulent liquid flow we must take an average value of the 

coefficient b, which is obtained by replacing the quadratic friction 

law by a linear law, which is equivalent to replacing a segment of the 

curve in some range of liquid motion velocity variation by a straight 

line (Figure 7.1). 

In this case the straight line AB' 

is drawn so that the areas ABwiv* and 

AB'wiCt will be equal. This may be ex¬ 

pressed mathematically as follows 

Figure 7.1. Diagram for 
deriving Equation (7.6). 
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Hence 

2b: . I »f-t-giWp —2w* 
3rf» *i — «g (7.6) 

^here w0 and wx are respectively the minimal and maximal value of the 
liquid motion velocity in the line. 

Por laminar gas flow 

{— 
•»a ' 

¡where n is the gas dynamic viscosity. 
I 

Since for a gas 

we obtain 

26«-£3*L 

where pav is the average gas pressure in the given unsteady flow. 

Por the quadratic resistance law we can also use (7.6). With 

account for the above analysis the system of Equations (7.1) takes 

-F%-%\-2bG+jQF tina; 

(7.7) 

Por a liquid p - const. Then, differentiating the first Equation 

(7.7) with respect to t, and the second ~ith respect to x, we obtain 



I 

— t'—L jÇ0 ' ni.'« 

(7.6) 

of the 

í)«H 

_ f *P 
òxix 

-(-26-- ; 
dii ' (H 

a* — , 
d.rl 

Hence 

ow. 

With 

akes 

(7.7) 

(7.8) 

For Isothermal gas flow 

a*. 
o 

Then the first Equation (7.7) Is written In the form 

dx dx a* (7.9) 

Differentiating (7*9) with respect to t and using the second 

Equation (7*7)» we obtain for isothermal gas flow 

ÇíL+26 ——a1 ——/sino—=0. 
dll T dt dj^ àx (7.10) 

Equations (7.8) and (7-9) are basic for studying unsteady liquid 

and gas flow in pipes. 

Let us examine a complex pneumatic-hydraulic system, consisting 

of lines, cavities, orifices, and so on. It is clear that any complex 

pneumatic-hydraulic system can be arbitrarily broken aown into seg¬ 

ments of simple lines, each of which has constant cross section geom¬ 

etry along its length, a constant elastic characteristic, and uniform 

liquid. 

Equation 

obtain 

Assume that in the general case 

• .*/%; 

AM/ • • . //,; 
«,/«,/ . . . /a„ 
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where n 

F and 

a 

1. the number of simple Unes making up the complex line 

sectl<>" ar'a and the length of the simple 

la the elastic wave propagation velocity (sound speed) 

...f ’""„T“*’11' llqUl<1 n°" ln 'ach ,lmdle Une 1. described by the 

. a em of Egu.tlon. (7.1,. However, the effect of friction It the 
J. va l7r Z b‘ n*8leCted f°r 11,1,1,1 fl°" 1» “h°nt lines (which 
,1» valid for IRE propellant linea). Por example, it 1. „„t,d m [i,5; 

that It 1. necessary that b2 be of the same order as 
flW.* 

to obtain a 

. marked difference between the hydraulic 
liquid. 

Impact of an Ideal and viscous 

Ut • According to (7.2) 6-^» , 

effect can be neglected If 

therefore, the friction 

* (7.1] 

It la not difficult to see that (7.11) Is usually satisfied in t 

propeliant feed lines. Therefore. In studying unsteady liquid flow 1 

“ :: z\r (:-7> (ïith b ■o)- -- ^ - p-- 

tlon. :: th 0"M ” Can negl*Ct the of accelera- 
tlon. on th. ..V. pro..... Than th. coaçut.tlon.l .,u.tlon. taka the 

— Í£a=_L . 

-ílamaiL« 

àt F áx ’ 
(7.12) 

We differentiate the 

second with respect to t. 
first equation with respect to x and the 

After simple transformation we obtain 
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iplex line; 

e simple 

i speed) 

id by the 

m the 

(which 

1 in [145] 

>btain a 

id viscous 

Prlction 

(7.13) 

(7.14) 

djri a* ’ 

dí*™a àjfl ' 

Equations (7.13) and (7.14) describe the pressure and flow rate 

change in a simple line. Obviously, we need n Equations (7.13) or 

(7.14) in order to analyze the wave process in a complex line consist¬ 

ing of n simple lines: 

7 ** * 

i 

•i ¿i« 

I «7, 

'7*- 

(7.15) 

(7.16) 

(7.11) 

I 2. Initial and Boundary Conditions. Methods for 
Integrating the öovernlng Equations ~ 

fled in LRE 

id flow in 

pressures 

accelera- 

take the 

In order to solve the system of Equations(7.15)—(7.16) we must 

know the limiting conditions, which Include the initial and boundary 

conditions. 

The initial conditions define the distribution of the liquid flow 

rate and pressure along the length of the line at the initial time. 

(7.12) 

,nd the 

tain 

Por our case the Initial conditions have the form 

Q)— 

pAx»> h) —/,(•*,)■. 

G|(jfj, 0)-(X|); 

0) (•*«)• 
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The flow rate and pressure distributions along the line at the 
Initial time may also be uniform, i.e., 

Pi (*1. 0) = ^,, = const; 

0) = /^ = const; 

0)=Cq, = const; 

Ca(xa, 0)=const. 

The initial conditions are frequently found from the parameter 
distributions along the length of the line in the steady-state regime. 

In view of the fact that, in the case of unsteady liquid flow along 
lines, the pressure and flow rate vary not only as a function of time 

but also as a function of the length, for the solution of the posed 

problem we must know the variation of the parameters at some certain 

sections of the system, which are determined by the boundary conditions. 

For a simple line it is sufficient to know the parameter (pressure, 
flow rate) variation laws at the ends of the line. In the case of 

complex lines we must also establish the compatability conditions at 
the Junctions of the simple lines. 

The determination of the boundary conditions is a very complex 
problem, which can be solved only in certain particular cases in the 

corresponding approximation and under definite simplifying hypotheses 
and assumptions. 

1. Boundary Conditions at the Junctions of Simple Lines 
(Compatability Conditions) 

Consider two adjacent simple lines, for example, the (m - l)st 

and the m (Figure 7.2). He assume that the pressures and flow rates 
are equal at the section where the lines Join ( and ^ -0), 
i.e., 
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be regime. 

flow along 

of time 

ï posed 

certain 

conditions. 

r (pressure, 

ise of 

tlons at 

complex 

5 In the 

rpotheses 

- l)st 

'low rates 

... 0), 

/ 

tV. (7.17) 

0.-,(/.-,. t)=cn(0.t). (7.18) 

Differentiating (7.17) with respect 

to i and using (7.12), we obtain 

Figure 7.2. Three- 
stage line. 

«?_,) a?«-, T) w.(n.t) . 
A._, dx._, F. Ar. 

0.-,(/.-,. 1)=0.(0. t): (7.19) 

C àPm—\ Um-\- T)_ «T (°. 1) . 
- ÍX. . • 

P.-1 (/^1. 1)=F»(0. 1)- 
(7.20) 

We will use the boundary conditions at the Junction of two simple 

lines In the following. 

If there are branched lines in the hydraulic system, the boundary 

conditions are found at the branching node on the basis of the sama 

assumptions we used previously, i.e., that the pressures are equal and 

that the individual flow rates add up to the overall flow rate. 

Let the Jt“ main line branch into r simple lines (Figure 7.3). 

Then we have at the branching node 

Gy(//. 1)=20.(0, ,h 
t-i 

Pj(h> i)=/h(0. i)=/>i(0, i)-=... = />,(0, i). 

(7.21) 

(7.22) 

Figure 7.3. Branched 
line. 

Using (7.12), the Equations 

(7.21) and (7.22) may be written in 

the form 
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I 
r 
2. 

G! Vl< t)-“2 C»lO, t); 
*-i 

.fi «¡lUt v _ ^ ao,(o,T)_ DJ’ ,y;, (0. T) 

,Jf/ /'i ¿«i d4, : 

/V(0. ') = Pi (0, î)=*...-=pf(0, t); 

WrjU/.V riL dPt (o,t) 

• ^ ¿I * djf* ' 

(7.23) 

(7.2¾) 

Boundary Condition, at the End Section, of a Hydraulic Sy.tem 

To .olve the boundary value problem, in addition to the initial 

condition, and the compatability condition, at the junction, of the 

a mpie linaa, we need to know the law of variation of the parameter, 

¡(flow rate and pre..ure in our caae) at definite point, of the hy- 

^aulic system. A. a rule, the value, of these parameter, are de¬ 

fined at the terminal section, of the hydraulic system. 

In the majority of case, it 1. not possible to define the bound¬ 

ary condition, exactly, however, this problem i. solvable under cer¬ 

tain restriction, and asaumptlons. We shall examine some particular 

case, of the determination of the form of the boundary condition.. 

In_.the hydraulic ayatem there are lines which are open at th« 

end section.. Assuming that the pressure at the end section of the 

line equals the ambient pressure, atmospheric for example, we obtain 

PjUj. t) const, 

where J is the number of the terminal line; 

Pq is the ambient pressure. 

(7.25) 

Using the second Equation (7.12), the Condition (7.13) can be 
written in the form 

Mjdf.t) n 
Ox, 

(7.26) 

In tl 

this case 

end sectic 

The_j2 

There 

of the gas 

where pj ii 

We ass 

where p* V9 

damper. 

Hence 

From (7.30) 

Using 

There 1 

Is not poss 
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(7.23) 

(7.24) 

System 

e Initial 

ï of the 

arameters 

;he hy- 

are de- 

the bound- 

ider cer- 

irtlcular 

tiens. 

i at the 

t of the 

e obtain 

(7.25) 

can be 

(7.26) 

In, the hydrauHc system there are dead-end (closed) lines. In 

this case we can assume that the liquid motion velocity at the line 

end section equals zero and 

TJ “U. 

The pressure and flow rate are time functions: 

(7.27) 

pMh *)=/(*); ) (7.28) 

Th_ere i8 an air damper at the line end section F 1^5]. The change 

of the gas volume in the damper will be 

* •' ’ (7.29) 

where pj is the density of the liquid entering the damper. 

We assume that the air compresses isothermally. Then 

PtVfPlVr-AVt), 

where V, are the average pressure and volume of the air in the 
damper. 

He ice 

p = 
V'.-âV'i 

Prom (7.30) we find 

(7.30) 

rft 
dJL 

P* à* (h. »). 

Using (7.7) and (7.29), we obtain 

P<fj àxj 
= 0. 

(7.31) 

There Is an elastic damper at the line end section. Sometimes it 

is not possible to install a gas damper in the hydraulic system for 
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one reaeon or another. Then a damper with elastic walls is used in 

lJrmthe Wal18 lnCrea8e the VOlU,ne occuPied by the liquid as they 

The damper volume increase due to elasticity is 

3. Intégrât 

The wav 

ematical phy 

devoted to t 

dtV 
* 

lwhere Ered 18 the Educed liquid bulk compression modulus, taking 

into account the elasticity of the damper wall; 

Vq is the liquid volume in the damper. 

On the other hand 

rfiV . OlUl.xt dp (/;. t) V, 

rt •/ *1 Emp 

(7.32) 

Using (7.7) and (7.32), we obtain 

In the 

operator met 

although som 

nique — the 

paratively s 

equations fn 

This conditli 

must be homoi 

slderably moxj 

eous. These 

techniques w^ 

?} ix/ * 

In the more g.n.r.1 c».e the boundary condition, at the and .., 
tions can be specified in the form 

One such 

aid of which 

homogeneous c 

tions the par 

(7.16) is Oft) 

(7.33 

»h.re th. coefficient A, 1. determined for each .peclflc ca... 

Sometimes the form of th. function. f,(t) l. not knoun and 1, de- 

IfrlneL ".!h‘ dlff'r'ntU; .duatIon. describing th. motlc 

line, t COntr°l ln,t*U,d “ th' •no .action, of the an., to regulate th. flo. rat. or th. prea.ure. In this cace th. 

^ r !T’ C0nsla"*,>l>' "O” aompucated, alnce ue must Integrate 
join 1, th. Equations (7.16) and th. equation, which define th. form 
°f /j(t). 

) 

where *(*), r(t) 

Substitut 

we obtain 
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Integrate 

ie form 

3. Integration of the Equations of Unsteady Liquid Motion In Lines 

The wave Equations (7.16) are among the linear equations of math¬ 

ematical physics, and a considerable number of studies have been 

devoted to their integration. 

In the solution of several problems some authors have used the 

operator method or the contour integration method [15]. Simplest, 

although somewhat cumbersome, is the separation of variables tech¬ 

nique the Fourier method. It permits obtaining the solutions com¬ 

paratively simply in those cases in which the system of fundamental 

equations from which the general solution is composed is orthogonal. 

This condition depends on the form of the boundary conditions, which 

must be homogeneous in this case. However, the solution becomes con¬ 

siderably more complicated if the boundary conditions are not homogen¬ 

eous. These complications can sometimes be avoided by using particular 

techniques which have been developed in mathematical physics. 

One such technique is the introduction of new variables with the 

aid of which the nonhomogeneous boundary conditions are reduced to 

homogeneous conditions. In the case of homogeneous boundary condi¬ 

tions the particular solution of a system of equations of the type 

(7.16) is often sought in the form 

c,(x|t Tj-Jf.wnt); 
. (7 -ill 

o.ta» t)~*.K)r(»)f j 

where X(x), T(t) are functions which depend respectively on x and t. 

Substituting (7.3^) into the basic system of Equations (7.16), 

we obtain 

(xiH *i(*i) 0; 

f(T).| .»»7(t)-0. 

(7.35) 
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.where M is the problem eigenvalue. 

Further, Integrating these equations we find 

(7.36) 

) 

.. lr* «"»‘»nt» which are determined 

eol't ^ rl“7 "4 lnltlSl 00n<lltl0r"' «"HT. the particular 
olutlone of the eyatem of Equation. (7.16) have the form 

0|(X, 
t 

G'(xm ,)*^.s,n(^-«*1i+t.)*<n(«t+t). 
(7.37) 

■ tt i* n0t l"10“11 t0 not* from these aolutlon. that . 1. the 

“r^rr"' °/ th* 11,U14 °,CU1*tl™ !" hydraulic .y,t.m 
°ne the "°“ Ptrametera characterising not 

Jtll itT 0‘C”1‘tl0n*' bUt al,° th* °th,r for"“ or “ñatead, liquid 
ao on). "“p1** ,'*t,r h““r. •‘••«y periodic oadllatlona. and 

tlon rr-T11*’ °f COn'trUCtlng "7 dependence by »up.rpo.l- 
Lêt, ó, ? tl0n‘ (7-3,) U "*1»- If in place of th. arbi^ 

t^ «wl ” C0“1<“r °nlï th'* fUnCtl0"* *hlch Ihhen together form 
. Cálete ayate.. Therefore, without lo.. of generality we can m- 

oeclultl" PU,"h0f <7-3*> th* '“1>“tUutlon corresponding to harmonic 
In n . V “Plltud. and phase which vary from point to point. 

dênIÎ2 VlrtU* °f th* P0Url,r the0rem “7 arbitrary .pace-time 
dependence c« be obtained by auperpoaltlon of oadllatlona of differ- 
•nt frequencies. r 

It Is convenient to describe the harmonl 
aid of complex functions of the form 
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(7.36) 

temined 
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(7.37) 

Is the 

! system 

;ing not 
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>ns( and 

luperposi- 

irbitrary 

¡ether form 

« can in¬ 

harmonic 

;o point, 

space-time 

>f differ- 

rlth the 

0,(^. *)-*,(.*,)"•'; 

G.M., V-X'W'. (7.38) 

where w is the oscillation frequency; 

X(x) is an initially unknown function of the x coordinate. 

Substituting (7.38) into (7.16), it is not difficult to see that 
the functions have the same form as (7.37). Then the 

particular solutions of (7.16) will be 

G,(*„ 

G.(^ t)=/.sln(^-x. +¾] e'«. (7 *39 

We obtain the general solutions in both the first and second 

methods by superposition of all the particular solutions found for the 

entire frequency spectrum ...i.e.. 

ee 

Gita. A»*ln (-^+ ; 

k-l 

*-=!, 2, 3,... 

(7.^0) 

In many cases the liquid flow rate in a hydraulic system 

is a quantity which pulsates about its mean value with the definite 

frequency wq. In this connection the periodic solutions of (7.16), 

which correspond to steady flow rate oscillations, are of definite 

interest. 

It is convenient to seek the periodic solutions of (7.16) in the 

Form (7.38). In this case the problem simplifies considerably, since 

the oscillation frequency is known and the problem reduces to 
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determining the oscillation amplitudes at the required points of the 
hydraulic system. 

The study of the simultaneous action of forced and free flow rate 

oscillations In hydraulic systems Is of considerable theoretical and 

practical Interest In the respect that under certain conditions these 
oscillations may be In resonance and thus may serve as the cause for 

severe vibrations of the liquid In these lines. These are undesirable 

from the viewpoint of strength and operational reliability of the sys¬ 
tem, Instruments, automatic control elements, and so on. 

In solving the water hammer problem It Is sometimes convenient to 
represent the general solution of (7.12) In the form 

A - An1?, (*, - «,T)+f, (jr,-f alT). 
* ***••••••• 
i - Aw=[f. (X, - a.t) + (xm+aa\ ); <7*i*1) 

0,-0,,= - (jf, -a,i)-f- ¢, (X, + a,T); 

-v)+t,(^,+V); (7*42) 

where (P~to) and (0-0,) ^ the pressure and flow rate deviations from 

their Initial steady-state values¡ 

f(*-at) andt(*+«)are arbitrary functions of the arguments x and t . 

It Is not difficult to show that (7.41) and (7.42) are the Inte¬ 
grals of the differential Equations (7.12). To do this let us find 

the expressions for the corresponding partial derivatives (we drop the 
Indices denoting the number of the simple line In the complex line, 

since the same proof can be carried out for a system of lines as well) 

= i ílÍ£±fíL]. 
. I r ¿(jr + fl,) I* 

te—. dUx + aT)l 
*1 I rf(jr-«T) + rf(jr + ai) ]’ 

f 
** l if(x-at) r ¿(T + fli)"]' 

—= of a íí?-x-'r> i íiíliüLl 
Irf(x-at) ' rf (x f ax) J * 
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After substituting these expressions Into (7.12) we obtain ident¬ 
ities, which confirms the correctness of the solution obtained. 

Let us analyze (7.41) and (7.42). Let the pressure in the line 
be described by the equation 

p-po « Cofa (x-at) + (x+at) ). 

Let us examine the value of the function ç at the time ^ at the 

section x2 and at the time t2* Obviously, the coordinate x2 correspond¬ 
ing to the time t- will be ¿ 

*l~X,+a(Tt-T,). 

Then the value of the function <f(x—at) be 

<P (*i—atj) = sfU'i+a (tj—ti) —ar2] - qj (x,—ati ). 

This expression shows that the value of the function at the time 
t2 equals the value of the function at the time t. at the section x.. 
We can show similarly that * 

iÿ(x2+atj) ^(xi+ati). 

This shows that the values of the functions <f(x-at) and *(x+«,) 
propagate along the line with the velocity a: the first in the direc¬ 

tion of increasing values of x, the second in the direction of decreas¬ 
ing values . 

The functions vlx-ax) and *(*+<*) define only the connection between 
x and t, but not their concrete form, which is defined by the form of 

the boundary conditions. In this case the form of the boundary condi¬ 
tions may be considerably more general than in the case of the solution 
of the wave equations by separation of variables. 

We know that the solution of the water hammer problem also in¬ 

volves finding those functions which will satisfy completely the bound¬ 
ary conditions. Therefore, the solution of the wave equations in the 
form (7.41) and (7.42) makes it possible to solve several complex prob¬ 
lems of unsteady liquid flow in pipes. 
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j-. * Liquid Oscl^latlong In a Complex Tanden Lina 

, natural frequency of elaetlc system oscillations is an im¬ 

portant criterion characterising the system dynamics. We note that 

^oscillatory processes accompany the operation of any machine, beginning 

jmith the elastic oscillations of the very simplest mechanisms and term¬ 

inating with the oscillatory processes in the hydraulic systems and 

combustion chamber of rocket engines. While in certain cases excessive 

^oscillations can interfere with normal functioning, in other cases, 

particularly in the case of resonant phenomena, they can lead to struc¬ 

tural failure. Moreover, the natural frequency is not simply of in¬ 

terest by itself, it is at the same time the problem eigenvalue, l.e., 

.the parameter which is necessary in the solution of several other 

questions associated with unsteady liquid flow in LRE lines and test 
«tand lines. 

j The primary problem in examining oscillatory processes in elastic 

mechanical systems becomes that of determining the system natural os¬ 

cillation frequencies and this means clarification of the nature of the 

external and Internal perturbing forces and the periodic nature of 

their action. Therefore, a large part of the published studies on os¬ 

cillations, amounting to hundreds of titles [136], is devoted to the 

questions of the calculation of the natural frequencies of mechanical 

systems. As for the question of the calculation of the natural oscilla¬ 

tion frequencies of liquid and gas in complex pipe lines, as far as 

we know in only a few studies [191, [48], [62] has this problem been 
examined for very simple hydraulic systems, it is true that the prob¬ 

lem of determining the liquid natural oscillation frequencies has been 

solved in [11] in a somewhat more general formulation. 

Let us examine a complex penumatic-hydraulic system consisting of 

lines, cavities, orifices, and so on, all connected in series, it is 

obvious that any complex penumatic-hydraulic system can be broken 

down into segments of simple lines and represented schematically in 

the form of a multistage line (Figure 7.4). We have in the general 
case 
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We have noted previously that 

this problem reduces to the solution 

of the system of equations 

Figure 7.H. Computational 
diagram for multistage 
line. 

»OfrC.T) . . 

w °' ax* ’ 

W,(X„T) . <SO.(x..T) 
(7.43) 

The boundary conditions at the end sections and at the Junction 

of the simple lines have the form 

0.(/.. 1)-0,(0, t); 

0^,(/^,. t)---0,(0, i* 

•Î M|(/|.T)^«i *},(0.X). 
f. Ft dxt 

îL± <'-■•*> „il. <».(0.T). 
f«—. &xã—i Pa ^*a 

#. -f-P.C.(/„ 1)-0. 

(7.44) 

The initial conditions have the form 

isisting of 

»s. It is 

îroken 

cally in 

general 

i?, ( r,. 0) 

O.K. 0)-/=-,(^)-. at 

jao4(»5.j) 
bt 

We note that in determining the natural frequencies it is suffi¬ 

cient to know the form of the boundary conditions, since the frequency 
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is independent of the initial distribution of the flow rate 

in the line. 
or pressure from the boi 

the system 

We know that the particular solution of (7-^3) with the boundary 

Conditions (7.^4) has the form 

0.(¾ 

(7.45) 

Prom (7.45) we obtain 

(7.46) 

Prom the boundary conditions at the Junction of the simple lines 

we obtain the relations 

P| 0.«i,t)| P, Oi(O.t) . 

? ag|f/i. t) «* dQi(O.T)’ 

dx, 

P«—i d»—i i. *) ^jP« d» (^.T) 

•Ll t) »7,(0. T) ’ 
. àxa 

(7.47) 

After substituting (7.45) and (7.46) into (7.47) we obtain 

(7.48) 

This system of transcendental equations defines the problem eigen¬ 

values and our case the liquid natural oscillation frequencies in 

complex multistage lines. Since the phase angles 'h and are found 

It foi: 

of values o: 

Therefore, t 

(7.44) and W 
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from the boundary conditions at the end sections of the complex line, 

the system (7.48) is closed. 

It follows from (7-48) that there is an infinite set (spectrum) 

of values of mi, ..ou, which satisfy the solutions of the form (7.45). 

Therefore, the general solution of (7.43) with the boundary conditions 

(7.44) and with the previously indicated initial conditions consists 

of the sum of all the particular solutions and has the form (7.40), 

which we presented earlier without proof. 

For known <p, and <p» (7.48) defines the entire spectrum of natural 

frequencies. Let us show how the values of the phase angles 9i and 

*Tn are determined as a function of the boundary conditions. 

Pipe line open at both ends. Then in accordance with (7.26) we 

have 

MiT)_Q. (7.1*9) 
dXf ’ àxm . * 

Using (7.45) and (7.49), we obtain 

cos?, = 0; *=1, 2,3,...; 

cos(i'*+’-)"<h 

Pipe line open at both ends. Then the liquid flow rates at the 

end sections equal zero, i.e., 

0.(0. t)-0; 0.(/,. t) -0. 

In accordance with (7.46) we have 

sln^-^O; *«1,2,3,...; 

*ln(~/.+f.)~0, 9rt^(* -l).n —=- /,. 
Mu / «1« 

1, 2, 3,... 

The formulas which define the angles 7, and (j.„ when one end is 

closed and the other is open are determined with the aid of the ex¬ 

pressions presented in the two preceding cases. 



An elastic element at the end of i-h« n 
nr.^TTTTT^-■_»»> tne eng of the line. There is considerable 
practical interest in the on««» w , «“oj-ucz«uie 
»t «-K« * _ hich elastic elements are installed 

loaded and ° ' C0'"Pl,1‘ lln': bello»>. mentbranea, the disks of sprini- 

Itl P"* ïal,e8’ 0n- In «»' the elastic ale- 
n"!n°“ 8 rei,rM'ntM ln the for. of a piston with mass m and a 
•spring having the stiffness c (Figure 7.5). 

Figure 7.5. Typical elastic 
element scheme. 

In the steady-state regime the 

piston of the elastic element is in 

equilibrium under the action of the 

liquid pressure and the spring force. 

At the moment a disturbance is ap¬ 

plied, both the piston and the liquid 

in the line begin to perform an os¬ 

cillatory motion about their equil¬ 

ibrium position. 

will to* “,Uatl0n °f th' Pl8t0n “MOn Under th' «-turblng forces 

'nAf+cAx-dpf'o. 

^ « î: T d:ïiation of th* p”88u"-ad, „lu./7'50’ 
is the piston displacement} 

Fq is the piston working area. 

From (7.12) we have 

¿MI.*) •î»?« U.. P 
* rjx. * 

(7.51) 

After substituting in place of 0,(/,. T) its value from (7.H0) and 
integrating (7.51), we obtain 

-/>.(/..*) J AJ cos (f 
So x * • (7.52) 

pressure iTth.”» C°n‘tant Cl ^ "“«—de of the stead, 
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is the deviation of the pressure from Its steady value. 

Then 

Let i 

This is qt 

acceptable 

than the 1 

Then 

Since 

at the seci 

Using 

written in 

and 

As in t 

Then 

FTD-HC-23-I8-70 229 FTD-HC-23-18 



I 

nsiderable 

Installed 

of spring- 

stlc ele- 

and a 

regime the 

ment is In 

Ion of the 

prlng force, 

ce Is ap- 

d the liquid 

orm an os- 

eir equll- 

forces 

(7.50) 

lue; 

Then 

iP~K% V co. )e'V. 

Let us assume that the liquid uenslty changes only slightly. 

This is quite valid for a liquid. As for a gas, this assumption Is 

acceptable If the amplitude of the pressure oscillation Is much less 

than the mean pressure In the line. 

Then the fluid velocity at the piston will be 

«(/„, *) 
o. d,, t) 

i T?«* #'V. 
(7.53) 

Since the piston motion velocity equals the fluid motion velocity 

at the section , we have 

d\x 
...- ats 
dx 

•(/,. t). 
(7.5^) 

Using (7.53) and (7.5*0, the expressions for Ax and m can be 
written in the form 

(7.51) 

*40) and 

tiX ; 
dx 
— Si" (J/,-j-'-.V, 

and 

ja>(/<( t)</T-fC,. 

As in the case (7.52), C2 - 0. 

Then 

(7.52) 

1 the steady 

he series 

\x- 
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We substitute these expressions into (7.50). 

formations we obtain 
After simple trans- 

§[■=?: ""(î'■+?■■)si" (?.+*-) - 

Hence 

Thus the phase angle e for a line having elasticity at the end 

section is determined from the equations 

(7.55) 

Assuming that “ "/* (f is the circular frequency of the free 

oscillations of the elastic element), (7.55) can be written in the 
form 

tg 

(7.56) 

These relations have the same form for the case in which the 

elastic element mass is distributed uniformly along the length. Then 

(7.56) takes the form 

Qmfe/l 

(7.57) 

where fk is the kth frequency of the elastic element free oscillations. 
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Eürcper at the end section of the line. We know that the boundary 

condition for a damper can be written as 

(7.58) 

where for a gas-filled damper 

for an elastic damper 

'i e„ • 

Using (7.45) and (7.46), we obtain from (7.58) 

‘8 + (7.59) 

Grid Installed at the end of a simple line. We represent the 

grid (Figure 7.6) in the form of open simple lines, of which there 

are s. Let the length of these lines (grid thickness) be />+i, and the 

flow section area be ^j+i. 

The condition of equality of the 

pressures and flow rates is valid at the 

section xi’ati l.e.. 

n,(th vH 2 0.(0. 0--- *G;f,(o. ih 
i-i 

«) òO/ (//.t) ^ <«/+i da/.tto.T) ' 
FI dx¡ Fjn 

(7.60) 

Figure 7.6. Diagram 

for deriving 
Equation (7.63). 

Using (7.45), (7.46), (7.60), we 

obtain 

(7.61) 
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Since the ports J + 1 are open, in accordance with (7.49) we have 

__ 24 — I _ ^ . 
fU+U»*“—r-«-3-//. 

2 «/+i 

Considering that 

:«here Pg is the total port area, (7.61) may be written in the form 

' »trO+Ti)—J.-ü-cu-a-/,.,. 
Í W / r/ «/♦, ' «/♦,1+1 (7.62) 

In view of the fact that 

Finally, (7.62) can be written In the form 

'ft 
'rti+i (7.63) 

We note that (7.63) was obtained without account for the added 

»a, and therefore. It can be used only for calculations in the first 

approximation. 

1 Natural Oscillation Frequency of Fluid in Some 
very Simple Pneumatic-Hydraulic Lines- 

The system of Equation (7.48) defines the natural frequency of the 

fluid oscillations in a multistage line. In deriving (7.48) the com¬ 

plex system was broken down into segments of simple lines. This divi¬ 

sion simplifies the mathematical apparatus significantly and makes it 

possible to solve the problem In general form. 

We shall show that this simplification of the complex system does 

not in any way contradict the accuracy and broad generality of the 

computational relations obtained. Moreover, it is useful to use simple 

examples to show the qualitative influence of various factors on the 

frequency of the natural oscillations of the fluid in complex lines. 
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Cavity-open line. The fluid natural oscillation frequency in the 

system shown in Figure 7.7 is defined by the first Equation (7.48) 

+ (7.64) 

Figure 7.7. Diagram for 
deriving Equation 
(7.66) 

For the system in question 

?,=(*-1)*, 9, 

A= 1, 2, 3,.., 
(7.65) 

Then with account for (7.65), 

(7.64) takes the form 

If the elastic wave propagation velocity is the same in the sys¬ 

tem lines, i.e., a^a^a and /,>/,, then , ^ the la8t 
9 

expression takes the form 

/|* (7.66) 

Formula (7.66) was first obtained by Khailov [48] and also by 

Bodner [19] in studying the resonant supercharging of piston aircraft 

engines. 

Cavity-line-second-cavity. The frequency of this system (Figure 

7.8) is determined by two of the Equations (7.48) 

tg 7,.=0: 

'S?,- 0. (7.67) 

Since the cavities are closed, 



(7.68) 
?,~(*-l)n; 'P*—(*— l)n— 

*«1,2,3,... 

Figure 7.8. Diagram 
for deriving 
Equation (7.69). 

If li'Zl* and (ai = ai=ai-= a), then 
with account for (7.68) the Equations 
(7.67) take the form 

After excluding ,2 we obtain the familiar Schmidt formula [9] 

V 
.ÏZ. 

(7.69) 

Cavlty-llne-second cavity-second line. The frequency of free 
oscillations of gas in this system (Figure 7.9) was first determined 
by Charnyy [H15] in studying resonant supercharging of piston 

■ compressors. 

From the f, 

from the t 

i 

Let us ana] 
as lines of rela 
/.-0, /j—0, F.-ooj 

Figure 7.9. Diagram 
for deriving 
Squatidh (7.72). 

We shall show that Charnyy's solu- Then 
tio'n follows as a particular case from < 

the characteristic Equation (7.48) of 
the system. The free oscillation fre- j 
quency (for a,..a2=0|=a ) ls determined 

by three equations of the System (7.48). 
In this case ».-(*—I) , and (7.70) and (1 

2*-1 

and the computational equations take the form 

I 
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<8 ~ /,“ /'* tC ?i“0; 

F*,g (v ^ + ^)- 

f.'S^+ft)—5--0. 

*rl. 

Prom the first and second equations of the system we have 

fVe?»-—j 
fjttry fj+p, ig-j/, 

r% u u 
i _ -i- ti tg — 

f j a û 

from the third equation. 

fVg?»= 

r* _ • . 

it — /« 

1+---_! 

*-u 

(7.70) 

(7.71) 

Let us analyze (7.70) and (7.71). The cavities can be represent« 

as lines of relatively small length and large diameter. In this case 

^1-0, /,^0, f,-.oo. fa-cc. but I Fi-’VulSi-V,.' 

Then 

and (7.70) and (7.71) can be written in the form 

^‘8—•*» + 
iV* 

, V,- . . 

/1 «•» 
•8*7 I* 

a 

(7.72) 
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Equating Equations (7.72), after simple transformations we obtain 

an equation analogous to the equation derived by Charnyy [lil5] 

cos — /, sin — /4-f sin — —/4—sin — sin — = 

«= cos — /, cos—»In — ¿j sin —— /,—cos— /,sln —/,. 
« a F* a a aFt a a 

I 

Cavity plus a line with an elastic element at the end section. 

Let the reduced mass of the moving parts of the elastic element be m, 

;the stiffness c (Figure 7.10). The fluid free oscillation frequency 

in the system Is defined by the first Equation (7.48) 

where 

Prom (7.56) we find 

(7.73) 

*=1,2,3,... 

(7.74) 

Figure 7.10. Diagram for 
deriving Equation 
(7.75). 

Excluding Vg from (7.73) and 

(7.74), we obtain 

rja, a, *| 

- 

-(S-)' 
If the fluid in the system is 

homogeneous and li<h, , this formula 

can be transformed to the form 

■f-ti—h Fja a 

(7.75) 
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% 

I 
we obtain 

3 

ction. 

mt be m, 

■equency 

(7.73) 

(7.7^) 

73) and 

It follows from (7*75) that for /**(o the frequencies of the free 

oscillations of the fluid and the elastic element coincide and the 

frequency is defined by the formula 

Fja 

which is identical to (7.66). 

(7.76) 

If the stiffness i.e., the line is closed, then /-°o and 

the system frequency is defined by the relation 

• ,=£r- (7‘77) 

It is not difficult to show with the aid of (7.48) that (7.77) 

defines the fluid oscillation frequency in the "cavity-closed line" 

system. It follows from (7.77) that the presence of the cavity at the 

end of the line reduces the free oscillation frequency. To determine 

the degree to which the elasticity affects the frequency of the system 

in question we must analyze (7.76) and (7.77). 

Assume V'i-O. . Then from (7.66) we obtain the relation defining 

the fluid frequency in the line for which one end is open and the 

other is closed 

yatem is 

s formula 

form 

(7.75) 

Equation (7.77) for defines the fluid-free oscillation 

frequency in a line of constant section with closed ends 

„Wn-i, * = o, 1,2,3,... 
h 

After analyzing these equations we conclude that the presence of 

elastic elements in th° pneumatic-hydraulic system reduces the fluid- 

free oscillation frequency. The minimal value of the frequency will 

occur in the case in which the frequencies of the fluid-free oscilla¬ 

tions and elastic element frequencies coincide. 
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Cävity-llne with throttling orifice at the end section (Figure 

1A1L. The fluid-free oscillation frequency in this system is defined 

by the system of equations 

oscillation f 

theoretical c 

where 

n--ï-/,. 
2 at 

Figure 7.11. Diagram for 
deriving Equation 
(7.78). 

Assuming that (in 

view of the short throttle length 

**), it is not difficult to trans¬ 

form the system of equations to the 

form 

^-tf ~-/i+r ig —/i 
«I 

If /*>/». we can assume that tK^and then 

. mv\ «1 1 — ~~ , tg 
rt «1 (Í-) 

ï*1 £'•) 
With the aid of (7.^8) we can obtain the theoretical 

(7.78) 

relations 

which define the fluid-free oscillation frequency for other very simple 

pneumatic-hydraulic systems. But there is no advantage in doing this, 

•ince in the final analysis we obtain transcendental equations in terms 

of u, whoa# aolution la, not much simpler than that of the system of 

equations In the form (7.48). 

From the theoretical and practical viewpoint the examples analyzed 

above are quite sufficient. With their aid we have been able to ex¬ 

plain the influence of the various elements in the system on the free 

The actu 

connections, 

and line elem 

Suppose i 

branched llnei 

into segments 

in a branch Ji 

the nomenclat( 

be arbitrary l 

For example, t 

noted by 22. J 

Flgurq 

As for th 

this problem 

that the end o 

xn axis of the 

The methO' 

that we have u¡ 

boundary Condi 
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’’Igure 

defined 

/> (in 

length 

i trans¬ 

is to the 

■) 

(7.78) 

tlons 

ry simple 

ng this, 

in terms 

em of 

analyzed 

to ex¬ 

ile free 

oscillation frequency and to show the quite broad generality of the 

theoretical computational equations obtained. 

S 5. Branched Multinode Lines 

The actual pneumatic-hydraulic systems include branchings, parallel 

connections, return lines, which in the general case consist of fitting 

and line elements connected in series. 

Suppose we have a multinode hydraulic system which includes 

branched lines (Figure 7.12). We break the system in question down 

into segments consisting of simple lines. We shall number the lines 

in a branch Just as in the case of series-connected lines, adding to 

the nomenclature the branch number. The branch numbering sequence may 

be arbitrary but such that the number of a branch is not repeated. 

For example, the second simple line in the second branch will be de¬ 

noted by 22. 

Figure 7.12. Schematic of complex hydraulic system. 

As for the question of the choice of the origin of the x-axls, 

this problem must be approached very carefully. It is necessary 

that the end of the (n - l)st simple line xn..^in.[be the origin for the 

Xn ax^3 simple line, and so on. 

The method for solving this problem is practically the same as 

that we have used previously. In the present case, we must add to the 

boundary Conditions (7.^) the condition (7.23) at the branching nodes. 
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However, even at thle atage we can write the equations describing 1„ 

general form the frequency of each branch, considered as a multistage 

Por example, we can 

.tern In question. 
use (7.48) to find the following for the sys 

First branch 

Second branch 

+^)-¾ *«*»-«. 

Third branch 

Fourth and fifth branchgA 

(7.79) 

(7.80) 

(7.81) 

(7.82) 

(7.83) 

We can also write in a similar fashion the equations for the lines 

eadlng to and from the second branching node. It is not difficult to 

see that there are more unknowns in the system (7.79)-(7.83) than there 
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are equations. To close the system we must use additional conditions 

which establish the connection between the parameters at the branching 

node. These additional conditions are the boundary conditions at the 

line branching nodes . 

The boundary conditions (7.25) obtained for systems with branch¬ 

ings may be written in the form 

F{ r,i T> r, 0,(0. t) 
•' *°1 (O.t) > ^ 40,(0' T)- 

àxi immt dx. 
' *-l * 

Substituting in place of Q and ~ their values from (7.45) and 

(7.46), we obtain 

(7.84) 

Equation (7-84) closes the system of equations of the type 

(7.79)—(7.83). Therefore, we must write equations of the type (7.84) 

for each branching node. 

In solving certain practical problems it may be found that Jn pipe 

main lines come to a branching node, where they branch out into r 

branches (Figure 7.13). In this case (7.84) has the form 

(7.85) 

Equation (7.85) is presented without proof in view of the fact 

that the methods for obtaining it and (7*84) are analogous. 

Thus the fluid natural oscillation frequency in complex branched 

lines is defined by a system of transcendental equations which are 

formulated with the aid of (7.48) and (7.85). Here the number of 

Equations (7.85) equals the number of branching nodes. 



Figure 7.13. Diagram for 
illustrating Equation 
(7.8H). 

Of considerable practical and 

theoretical interest is the question 

of the study of the fluid natural 

oscillation frequency in pneumatic- 

hydraulic systems which have paral¬ 

lel connection of lines. The gen¬ 

eral solution of this problem es¬ 

sentially closes the question of 

determining the fluid-free oscilla¬ 

tion frequency in complex piping 

systems. 

Let us examine a complex 

branched system with lines connected in parallel (Figure 7.14). As 

before, we break the complex system djwn into segments with simple 

lines. The numbering of the simple lines will be accomplished in the 

same order used in the series and branched piping systems. 

Figure 7.14. Schematic of complex hydraulic system 
with parallel connection of lines. 

The branches and the parallel connections (return lines) consist 

of multistage lines. Using (7.48) and (7.85), we can write the sys¬ 
tem of equations defining the frequency of the system in question. 

In this case the number of computational equations will be less than 

the number of unknowns. Therefore, an additional equation must be 

written for each parallel connection. 



ctical and 

the question 

d natural 

pneumatic- 

fiave paral- 

The gen- 

oblem es- 

stion of 

?e oscilla- 

X piping 

nplex 

U). As 

simple 

led in the 

Let us examine a system consisting of a single parallel connec¬ 

tion. Each branch is a multistage line (Figure 7.15). The number of 

simple lines in the parallel branch I is u, the number in branch II 

is V. 

Figure 7.I5. Diagram for 
deriving Equation (7.6). 

The condition of equality of 

the pressures at the entrance to 

each simple line at the branching 

nodes is valid, i.e., the condition 

(7.3). Using this condition, we 

obtain 

At node I 

Jhj _f!j 'Y/. 1 (fl, T) . 
^11 ^11 Fu àxu '• (7.86) 

at node II 

^1,. f7, ~¿.r¿ • 
(7.87) 

n 

1) consist 
the sys- 

istion. 

ess than 

lust be 

We express ^ in terms of , , and • in terms of . We 
» " ,,r*. <>r,, 

know that the pressure equality condition holds at the Junction of the 

simple lines; this condition has the form 

"m (/,1,0 "*1 .0,.(0,0 

^11 '»'ll /'it '»fit * 

’ "li-O, ,(/,,. 0 "n >v;, ,(0. 0 
/’•» ,,rn , .)r,, 

"H- I) 1.//1,:. ,,. ') .1/,,(0. T) 

'■«i* I) '"i,;. / ,, i'r,A 

(7.88) 
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From (7.88) we find 

J'n j'O f/ii. 0 
?n At,, 

:rf «o. t) 

i¿ ~ »-i 

D- 
T) 

Similarly, we can show that 

«Î. 

íjf|i ^1. 

â» » 

(7.89) 

(7.90) 

We divide (7.86) by (7.87) and substitute the value of - from 

(7.46) ** 

r^ucotf,, 
-LÜ_ 

-11 À,, coi n, 
_L*i_ 

** A*'n (i^+f^) ir'**“* 's-+ T*-) (7.91) 

We substitute the value of from (7.46) into (7.89) and (7.90) 
0X 

II cos ft 

\«n ! r\* T1 /« \ (7.92) 

II cost. 

nrfr.+«) 

(7.93) 

Excluding the coefficients An, Au, A,,. in (7.91) with the aid 

of (7.92) and (7.93), we obtain 

In t 

branching 

It f 

lines we i 

sufficien 

(7.48) an 

may be wr 

or 

Thus, 

any branch 

transcendei 

of (7.48), 
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(7.89) 

H C0S (¿,|H ) H eu*(~ •» h fir) 

r-t 
n 
r>l 

r-**" 
n cosfj, 
r-l 

(7.9^) 

in tne general axxcrx 
branching nodes, (7.94) takes the form 

(7.90) 

da . 
— from 

Ox 

Î1f0* ( -u |) ' ,) J] CO* (~ + 

~J 
n «o*t(1_1)f n «o* f„ 

f-i 

(7.95) 

(7.91) 

ïnd (7.90) 

(7.92) 

(7.93) 

the aid 

It follows from (7.95) that for a two-node parallel branching of 

. mein °Tn <S_I) eI1Uatl0n“• ,,hlCh are the "-‘o- n««...ry ana 
(7a T, l 8,”te" °f 'I“*10"« «°"PO,ea .1th th. aid of 
(7.W and (7.85). After .l»pie trigonometric tran.formation. (7 ,5) 
»ay be «ritten In the form 5) 

H [cos ~T~-(u-0 y — *ß ?(J-I>y S1'! —— /= 
B(*-i>c ■u-ijy J 

f — » 

“ n|cos -,g sin ¿ttr] • 

[1 - '8 i«~o-'ii^-'.-o.] ■ 
f •• » 

, .1 " ( "tr ; 

or 

(7.96) 

,nv "e COnClUde that the "aturai oeclllatlon frequency In 

trila , ^eU"atlc-hl,draullt ay.tem Is defined by a system of 

of (7 m—1? eqUatl0na “hlch ara formuiated with the aid of (7.48), (7.85), and (7.96). 
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In calculating the fluid natural oscillation frequencies in com¬ 

plex lines, we encounter several serious difficulties associated with 

the fact that the equations which define the natural frequencies are 

transcendental. Therefore, it is not always possible to determine the 

entire frequency spectrum or even the laws governing the frequency 

distribution. 

In most cases (7.^8), (7.^9) and (7.96) can be reduced to alge¬ 

braic equations. To this end we must break the hydraulic system in 

question down into segments of simple lines so that the following re¬ 

lations are satisfied 

— = it=r. *"-» 
«i «a ’' ' ' 

(7.97) 

It is obvious that such a division will sometimes be Inexact; 

however, further breakdown into smaller segments leads to an increase 

of the number of simple lines and this means an increase of the number 

of computational equations. 

Assume that it has been possible to break a multistage line down 

into n simple lines such that the satisfaction of the indicated con¬ 

ditions is possible. Then it follows from (7-^8) that the natural 

frequencies in such a line will be defined by the following system of 

equations 

te?;; ai \ «i / a* 

•—‘s(-— 
«,-1 / /1, 

Since = after denoting „ and expanding the 
«I «2 «2 «.-I «I * 

tangent of the sum of two angles into the tangents of these angles, 

we obtain 



! 

i 

es in com¬ 

eted with 

ncies are 

termine the 

equenoy 

to alge- 

ystem in 

lowing re- 

(7.97) 

lexact ; 

i increase 
the number 

line down 
ited con- 

tatural 
system of 

anding the 

angles, 

ÜL JS£±Jî1l__^l 
«I » - «8 * tg 7i «, tgrj; 

JVl JjryngT.-. . 
•«-I I - «Z * lg 7,-., a, 'S7l,‘ 

Then, denoting tgtg7.-=y,.I??, -y, « ' y*- , we obtain 

£l jl±jïl=£l 
«I *—»81 «I y,: 

^<i-i JLtlsrJ—1=,¢5. 
•«-! *-»»«-1 •« y.- 

(7.98) 

If there are branchings in the system, then the equations which 
close the system (7.98) will have the form 

»■ / • r 
V»r*. A „ 
4 I • *' 1/a!/ /j <»» * > 

(7.99) 

If there is a return line in the system we must use (7.96) after 

first expressing ln term3 of tg - / . 

'-|A 

iD / / ((f j-/u--i».1' 

“ II [' -'îï-'s /«] =-=-, 

or, taking (7.97) into account, we obtain 

Ví i 

/•I /-1 
(7.100) 
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Thus, after breaking the hydraulic system down into segments of 

simple lines, for which the Condition (7.97) is met, we can reduce the 

transcendental Equations (7.48), (7.05) and (7.96) to algebraic equa¬ 

tions. Then, knowing the roots of these equations, it is not difficult 

to define the frequency spectrum using the formula 

•»—j- Arctgy. 

In conclusion we no'* thet Equations (7.98)--(7.100) differ 

favorably from (7.48), (7.85), (7.96) and make it possible in certain 

cases to calculate quite quickly the natural frequencies. To this 

end we must first break the complex line down roughly into two simple 

lines and find the first root, and then find the exact solution by 

gradually increasing the number of segments. 
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CHAPTER 8 

DYNAMICS OP LRE HYDRAULIC SYSTEM AND TEST STAND SYSTEMS 

• 1* Water Hammer In LRE Propellant LAnea 

Several studies [69] based on different techniques for Integrating 
the wave equations have been devoted to the theory of water hammers in 

simple and complex pipe lines. We have noted previously that the Integra¬ 

tion of the wave equations in the case of complex lines Involves several 

definite difficulties of a conçutational nature. Therefore, in the 

analysis of water hammer in complex lines recourse is made to certain 

simplifications [59], based primarily on reducing the complex line to 

an equivalent s.mple line. The latter permits the use of comparatively 

simple formulas to calculate the magnitude of the hydraulic impact and 

analyze its effect on the geometrical dimensions and elastic character¬ 

istics of the hydraulic system. 

1. Wave Processes in a Simple Line with Instantaneous 
Valve Opening 

Let us consider a segment of a LRE hydraulic system (Figure 8.1). 

The line is open at the section x ■ 0 and the pressure is held constant 

At the time the fluid flows at the section x I with 
the constant flow rate Qg. 

The fluid equation of motion and boundary conditions have the form 
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with the boundar 

Figure 8.1. Diagram for 
calculating hydraulic 
shock with Instantaneous 
valve closure. 

<*■*). 
dxl ' 

/»(0. t)=/>0; 
G (/, t)-- G0. 

We have noted previously that 

the Condition (8.2) can be written 

as 

(8.1) 

(8.2) 

(8.3) 

ac(O.T)_0 
ix (8.Ü) 

At the time t - 0 at any section of the line the fluid flow rate 

and its time derivative equal zero, i.e., 

G(jr, 0)™0; <8-5) 

£(*. 0)=0. (8.6) 

Thus, to determine the fluid parameters,we must Integrate (8.1) 

with the initial Conditions (8.5)—(8.6) and the boundary Conditions 

(8.3)-(8.¾). 

The Fourier method cannot be used in this case, since the bound¬ 

ary Condition (8.3) is not homogetteous. 

We introduce the change of variables 

G(x. t)-G,(x, -0+0*. (8.7) 

Then the problem in question reduces to integration of the equation 

^-(r’T.L-a» n (8.9)» 
â7* 

■Translator's note: Équation (8.8) omitted in original document. 

and the initial 

In view of 

the particular s 

where *(■*). Ht) a 

We substltu 

where u are the 

After integ 

tion of (8.9) in 

where <1. <f, if are 

itial and bounda 

It follows 
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(8.1) 

(8.2) 

(8.3) 

f that 

ritten 

(8.4) 

rate 

(8.5) 

(8.6) 

3.1) 

Lons 

jound- 

(8.7) 

equation 

(8.9)» 

with the boundary conditions 

C,((. 1)=°. 
<)<7| (0, t)_q 

dx 

and the initial conditions 

(8.10) 

C,(x, 0)= —G®< 

dx 

In view of the homogeneity of the boundary conditions, 

the particular solution of (8.9) in the form 

Gy(x,i)-X(x)T(x). 

where X(x),T(x) are as yet unknown functions of x and t. 

(8.11) 

we seek 

(8.12) 

We substitute (8.12) into (8.9) 

where u are the problem eigenvalues. 

(8.13) 

(8.14) 

After integrating (8.13) and (8.14) we find the particular solu 

tion of (8.9) in the form 

C,(a, i)-.( in.r+çjsln(.,î(8.15) 

where 0. s>, ij- are arbitrary constants which are determined from the in¬ 

itial and boundary conditions. 

It follows from the boundary conditions that 

COS?—0; 

c'-(v‘)°; 

•»* -1 
-i; ' 

2* a a 
l 

k -1. 3,... 

, *-1.2,3,... 
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Then the general solution of (8.9) will be 

¢,(,. f)s„jL,^y 

We find the arbitrary conatanta /1, and .,. from the Initial 
conditions 

- 1,'M.CO, (^1,. 

(8.16) 

(8.17) 

(8.18) 

equalities 
W. multiply (8.17) and (8.18) by ccfci, A) „d Integrate the 
Itles fron 0 to I \ i i / 

Hence 

I 

cos*p-^i a yj sin^x- 

C«S V 0; % -- n. 

At‘ «Jo 
<<(2*— I) 

Then 

Finally, converting to the old variables, we find 

(8.19) 

0(,. .0. .) (8.20) 
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I 

' 

(8.16) 

ial 

Equation (8.20) describes the variation of the fluid flow rate 

in the line at the time Oo. • Knowing G, we can find the pressure 

P{*. t) 

p(x, t)--T(“TA''*+/»..(T) F ) àx 
(8.21) 

(8.17) 

(8.18) 

ate the 

(8.19) 

Por jf--0, p(0, r)=Po, 

tin ix. T) 

Substituting (8.21) into (8.22), we obtain 

(8.22) 

/>(*. T)-A>= 

Thus, according to (8.20) 

p^hp.^ je- ir'äji-, » f) X 

(8.23) 

Equation (8.23) describes the pressure variation at any arbitrary 

section of the line at thç time t^O . it follows from this equation 

that at the time i>0 the pressure at section x™l will be 

?7)5>r-r *;-•)- 
¿-i ' 

(8.2i|) 

Assuming that the infinite series in the right side of the equa¬ 

tion is the Fourier series expansion of the function in the 

(8.20) 
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Interval 0<T< and that />”-• tr'-o in the Interval 2*- <T<, we 

obtain the familiar Zhukovskiy formula for water hammer 

A/Vi-cnwo. (8.25) 

2. Water Hammer in a Simple Line With Linear Valve Closure Law 

Although the valve closure time in the LRE is comparatively short, 

the formula obtained may not be suitable for calculating the magnitude 

of the water hammer. This is explained by the fact that (8.25) Is 

valid only for direct impact, when 

where is the valve closure time; 

I is the line length from the valve to the tank; 

a is the speed of sound in the line. 

Therefore, in calculating water hammer in a LRE, we frequently 

must take into account the valve closure time. In the general case 

we need to know the equation of valve motion, which in turn depends 

on the fluid pressure in the line during valve closure. Joint solu¬ 

tion of the wave equation and the valve equation of motion without re¬ 

course to numerical methods is very difficult and Is only possible in 

certain particular cases. Therefore, in calculating water hammer, we 

assume the valve closure law to be linear, supposing the closure time 

known. 

We assume a main line (see Figure 8.1) which is connected to the 

tank at the section x ■ 0 and to the valve at the section x » £. At 

the time ti?0 the fluid motion is steady with the flow rate Gg. At 

the time t^O the valve is closed so that the fluid flow rate at the 

section x * Z varies linearly 

a M'-y,)- 

where Gq is th 

regin 

Thus, to 

tegrate the ec 

with the bound 

and the initia 

It is wel 

We introd 

Then (8.2i 

By virtue 

we obtain the 
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(8.25) 

y short, 

ignltude 

Is 

itly 

case 

jends 

solu- 

lout re- 

Lble In 

ner, we 

re time 

to the 

I • At 

. At 

at the 

where Gq is the fluid flow rate through the line in the iteady-state 

regime. 

Thus, to determine the magnitude of the water hammer we must in¬ 

tegrate the equation 

JCPll’M_a* -°0 ( 8.26 ) ,)t1 ÕX* 

with the boundary conditions 

//(0, 

G(l, ) 

and the initial conditions 

0(0. x) — O0, - .0. 
OX 

It is well known that (8 27) can be represented in the form 

<>0(0. T) n — U. 
dx 

We introduce the change of variables 

0,(x, i)—G(jf, 

Then (8.26), the boundary and initial conditions take the form 

nt ,rY7'<y. o n 

¿O. (O.T) n 

dx ’ 

0,(/. t) —0; 

<~0| (r, 0) On . 
‘ t, ’ 

o,(x.0)«0. , 

By virtue of the homogeneity of the boundary Conditions (8.32), 

we obtain the function Gu(x, () in the form 

(8.31) 

(8.32) 

(8.33) 

(8.29) 

(8.30) 

(8.27) 

(8.28) 
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(8.34) 
Glí*. T)~ jjjj s,l, í~ * T ?») sin ('V + 'l'*). 

where >1». «r», t* are arbitrary constants which are determined from the 

initial and boundary conditions; 

Uk are the problem eigenvalues. 

We have previously discussed the techniques for determining the 

arbitrary constants and the natural frequencies u* . Therefore, 

we shall find the arbitrary constants .1* and f*., which are determined 

from the initial Conditions (8.33)« Taking (8.34) into account, we 

have 

We know from mathematical physics that the eigenfunctions are 

orthogonal on the segment 0-/, i.e.. 

Therefore, multiplying (8.35) and (8.36) by s»'and in¬ 

tegrating the left and right sides of the equalities from 0 to I, 

we obtain 

It foil 

Thus, t 

(8.37)-(8.3 

viously, (8. 

Equatloi 

latlon at an 

in practical 

magnitude of 

Using t) 

or with acco» 

After s 

(8.37) 
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(8.3¾) 

rom the 

(8.38) 

Lnlng the 

ïrefore, 

letermlned 

junt, we 

(8.35) 

(8.36) 

ons are 

and in¬ 

to I, 

(8.37) 

It follows from (8.37) and (8.38) that 

** = (*-1)n. (,8.39) 

Thus, the arbitrary constants 'U and 'f* are determined from 

(8.37)—(8.39). With account for the replacement introduced pre¬ 

viously, (8.30) may be given the form 

t) ,Gg(lX-1-¾)sin(..,1-1¾). (8<i,0) 
A* I 

Equation (8.40) makes it possible to determine the flow rate var¬ 

iation at an arbitrary section of the line at the time . However, 

in practical calculations the need arises most often to calculate the 

magnitude of the pressure increase during valve closure. 

Using the equation of motion in the Form (7.12), we obtain 

or with account for (8.^0) 

AAV-'y [ ^ rt ''*[ros (y +?*) - cos r,|cos ( -J 
L A »I 

(S.iil) 

After simple transformations (8.^1) can be written in the form 

V»,. •.. 
OrJ 

»I 
|.y,) sí«:¿ COS (...,T ^-¾) 

4-1 

(8.K2) 

FTD-HC-23-I8-7O 258 



Thus, the magnitude of the pressure rise at the valve for a linear 

valve closure law is defined by (8.Ü2), in which the arbitrary con¬ 

stants ,1* and * are found from (8.37)-(8.39), and the eigenvalues 

w* and are found from the boundary Conditions (8.32). 

Let us find o* and . Using (8.3*0 and (8.32), we obtain 

s,n (-7 *+?.)«<>; 

cos94=*0. 

Hence 

?»=-rn; *=1,2,3,... 

We substitute T* and o* into (8.37)-(8.39) 

Finally, with account for (8.39) we find 

Oo 
u*Y| COS I, 

I' 

(8.43) 

(8.44) 

(8.45) 

(8.46) 

We substitute (8.43)-(8.46) into (8.42). After suitable trans¬ 

formations we obtain 

" ) “¡'f1 • j] T.'.J iw ('2“s",1 - ; ■) (8.47) 

In the case of direct impact, i.e., when t r,- 2/ , we obtain in 
a 

place of (8.47) the Zhukovskiy formula 
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pr a linear 

try con- 

nvalues 

ain 

In fact, the sum of the series /j 12*—1^.12 " g and Co (w« is the 
»-i u 

fluid motion velocity in the line at the time T<0). 

In case of indirect impact the magnitude of the pressure rise at 

the valve is calculated using (8.117). 

3. Approximate Technique for Calculating Water Hammer 
in Complex Lines 

(8.113) 

(8.1»H) 

(8.115) 

(8.46) 

le trans¬ 

ís.1*7) 

tain in 

I 

As a rule, LRE propellant lines consist of a complex network of 

branched or tandem-connected simple lines. Therefore, the solution 

presented above for water hammer can be used only for certain particular 

cases . 

The problem of hydrodynamic impact in a complex line is a very 

complex problem,and its analytic solution is extremely difficult, since 

in this case we must integrate a system of differential equations of 

the type (8.1), which describe the unsteady fluid motion in each simple 

line . 

For this purpose we can use, for example, the previously discussed 

separation of variables technique, which may be used to obtain the so¬ 

lution in the form of sums of Infinite series without any particular 

difficulty. However, serious difficulties do arise in determining 

the arbitrary constants. Moreover, the practical value of such a 

solution is very questionable, since in complex lines the magnitude of 

the impact depends on many factors, and therefore it is difficult to 

use finite relations for qualitative and quantitative analysis of the 

process . 

Therefore, in order to simplify the calculations the water hammer 

problem in a series-connected complex line is replaced by the water 

hammer problem in a simple line which is equivalent to the complex one. 

The length of the equivalent line Is assumed to be 
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where ie the length of the simple line. 

The elastic wave propagation velocity is computed from the 
formula 

where »j 1» the elastic wave propagation velocity in the simple line. 

The fluid motion velocity Í m the steady-atate regime 

In the equivalent line is found from the equality 

where i are the fluid masses enclosed in the equivalent and the 

i* simple lines; 

««i is the fluid motion velocity in the steady-state regime 

in the ith simple line. 

Considering that 

m^Qir 
’ 

we obtain 

After determining l, a, and wQ for the equivalent line, it is not 

difficult to use (8.i»7), for example, to calculate approximately the 
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magnitude of the hydrodynamic Impact in a complex tandem-connected 

line with linear valve closure law. 

1 2- Steady Periodic Propellant Plow in The Lines 
of LRE and Test Stands 

Several studies have been made of the propagation of periodic 

pressure and flow rate oscillations in hydraulic systems [50, 145, 69], 

the most fundamental being those of Qrizodub, based on the analogy be¬ 

tween wave processes in electric lines and hydraulic lines. This 

problem was solved in the same formulation in [12] by the traveling 

wave method, which we shall examine in the following. 

1. Wave Process in a Simple Hydraulic Line 

We consider a line of constant cross section (Figure 8.2). Assume 

a piston is Installed at the section x * 0, which changes the flow 

rate harmonically with the frequency wq. The amplitude of the flow 

rate oscillation at the section x ■ 0 is Aq. We shall determine the 

amplitude at an arbitrary section of the line. 

* 

Figure 8.2. Diagram for 
calculating wave pro¬ 
cess in simple line. 

It is well known that the 

wave process in a hydraulic line 

is described by the equation 

ÜPJ5-J)_*0(r.T) 

01* Ox* ' 

2b—x— —0. 
(8.48) 

Since we are considering the fluid motion at a time when the free 

oscillations have decayed as a result of the action of the damping 

forces, the initial flow rate distribution in the line has no effect 

on the nature of the process. Therefore, the solution of (8.48) will 

be a function which satisfies only the boundary conditions, which in 

the present case may have the form 



We writ G(0, 

0(/..)+?±°2!n_0 
Ox (8.K9) 

We seek the solution of (8.il8), 

in the form 
satisfying the Conditions (8.49), 

G(x, r)^A(x)e'm'\ 

(8.50) 

where A(x) is an unknown function of the coordinate, which describes 

the variation of the flow rate oscillation amplitude along 

the line. 

He substitute !8.50) Into (8.48), after first defining 

We obtain 

dx ‘/«V'-MW; 

gOfjt.T) 
dtJ 

Ò-Q (x, T) 
dxt 

(¿y. 

aiAl,{x) -(- A (x) (*J — 2^V) - 0. ^ g ^ ^ ^ 

Thus, the function A(x) must satisfy the second-order ordinary 

differential Equation (8.51). We seek the particular solution of 

(8.51) in the form 

A (x)=C'e**, 

where C is an arbitrary constant. 

(8.52) 

After substituting (8.52) Into (8.51), we obtain the oharaoterls- 

tic eqmtion for determining k 

Hence 

«***+••-H/«* _.0 

(8.53) 

After s 

Then it 

where C and <f 

It foll< 

plltude alonj 

damping forci 

process. 

Using th 

It is no 

Thus, af 

cult to find 

any section o 

In certa; 

oscillations . 

flow rate to 
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.^9) 

.^9), 

.50) 

bes 

long 

.51) 

ry 

.52) 

erls- 

.SB) 

We write (8.53) In the form 

|ß|±i|D|. 

After simple transformations we obtain 

Then it follows from (8.52) that 

A(x)-Ce~B*i\n (Ox -j-?), ( 8.5^ ) 

where C and? are arbitrary constants. 

It follows from (8.5^) that the magnitude of the oscillation am¬ 

plitude along the line depends on the magnitude of the frictional 

damping forces, and also on the frequency which excites the oscillatory 

process. 

Using the boundary Conditions (8.49), we find 

Cstn 9 

It is not difficult to obtain from (8.55) 

sin {0/4-ç)J-3/¾1 + ^ s'" (0/4-9-Ardg 
(8.55) 

? Ardg(-'^-8)-0/. 

Thus, after determining the arbitrary constant <f. it is not diffi¬ 

cult to find the magnitude of the flow rate oscillation amplitude at 

any section of the simple hydraulic line. 

In certain cases we need to know the amplitude of the pressure 

oscillations. It is obvious that (8.36) may be used to convert from 
flow rate to pressure. 
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2. Wave Process in Series-Connected Hydraulic Lines 

Let us consider a multistage hydraulic line consisting of n simple 

lines. We note that Just as in the case which we studied in examining 

free oscillations, the cavities, restricting orifices, and so on can 

be represented in the. form of simple hydraulic lines (Figure 8.3). 

t. t, ta., t. In the general case 

1 

ai£at£ • . . 

. ./4. 

r. 

Figure 8.3. Diagram for 
calculating wave pro¬ 
cesses in series- 
connected lines. 

Assume that the fluid flow 

rate at the section x^ ■ 0 of the 

first line varies according to the 

law 

We wish to determine the amplitude of the flow rate oscillations 

at any intermediate section of the considered complex hydraulic line. 

As is known, this problem reduces to integration of the system of 

equations 

_„t *<?/(*<■*) , oi „ *1 “l -——«O; 

(8.57) 

*>•(**. 1) 

with the boundary conditions 

0,(0, l)~A0lg,m*T; 

C>('l. T)~C|(0, t); 

ci-i(4-i. i); 

-?L _ «Î 'X7,J0l 
à* i 

Hi *51 (M) 
Ar', : 

(8.58) 

Equation continued on next page 
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Equation continued 

(8.58) 

Just as in the case of the simple line, we seek the solution of 

(8.57) with the boundary Conditions (8.58) in the form 

Substituting (8.58) into (8.57), we obtain 

(8.59) 

A, si"(0(^1-Hi). (8.60) 
where 

In (8.60) the values of the arbitrary constants and are 

not known. Por their determination we use the boundary conditions at 

the Junction of the simple lines. It is not difficult to determine 

the constant ^ from the boundary condition at the section ■ 0. 
In fact, at section ■ 0 we have 

C, sla .loi****’. 

hence 

(8.61) 

Let us express in terms of Cj. We can use the equality of the 

pressures at the Junction of the simple lines for this purpose. 

However, it is preferable to use the last condition, since it has the 

same form as in the case of branched lines, i.e.. 



(3.62) 

"(-l «î ùn, (O.T) 

? l-l à*l-l fl àx, 

where /-i and i are two adjacent simple lines. 

The Condition (8.62) is valid regardless of whether the lines 

are connected in series or emanate from a branch node. 

It follows from (8.59) and (8.60) that 

X li» (0,,.,-1-Y,-a* lí 4-) i'-'. 

It is obvious that the Condition (8.62) is valid at the Junction 

of simple lines. Then we can use (8.63) to write 

Æî-J-OÎ sin |d,/, -f 7,—ardg^-j-* 

“ 7¾ C| + *,n (ft - ofctg ; 

» ... . 

■— €,-,*-*1-1 '1-1 y sin (o,f - 

- *rc‘K Vßl+D* si" (?, - arctg ^. 

(8.64) 

Excluding Ct.C(-„, we obtain from (8.64) 

»-i-i 

fl »'■('VH ïr-ircts^) -¾'#,1, t —- 
»-I ' BJ ,»-« 5 f, y 

' ‘“3 I T“ -ï KÃffÕJ 
rí *'"(»* 
•-t ' 

irclg - 
(8.65) 

Taking account of (8.59), (8.60), (8.61), and (8.65), we obtain 

the equation for determining the flow rate at an arbitrary section of 

the 1th line 

It follow! 

amplitude at aj 

At the sec 

In certain 

oscillation amp 

section *1 0 , i 
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8.62) 

íes 

j-i-i 
-V 

g,,,,. „.^014 f £.5-:4./.-,'*'* 
"l Fi V D'j + ûj * 

*-/-l 

i| »In ¡|fr|¡T \ 
»-I ' 

TPT 
sin Ti fj slnfTn-aftlg^1-) 

»•> ' ' 

8.63) 

>ction 

8.64) 

1,8.65) 

>*:ain 

Ion of 

It follows from this expression that the flow rate oscillation 

amplitude at any section of the 1th line Is defined by the relation 

»•i-i 

.¿F 1/ n> , /,1 “ü *»'» 
i ,1 * «1+0, r?i „ 

/lai Art ~rr e X 
a/i VflJ+oj 

* /-1 

1' 

i 
, »"I 

I—I 

] »I» (íV»+?»-afcig 

tf-V/s|„(o<Jf< |.?|). 
(8.66) 

»¡«T. 

At the section ¿W/ we have 

»-/ 

. . ,V, Vij+o* 
7;-- -yj| = ¿r X 

Í-/-I 

n »'»(oA+Ts ardí 

-*i»(ö//H*?,). 

•+17, ; j »In^Vi—arct« --J 

(8.67) 

In certain cases we need to know the magnitude of the pressure 

oscillation amplitude. Assume the pressure variation is given at the 

section V, o , i .e., 
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where Pat 

Pt(0, 
(8.68) 

la the pressure oscillation amplitude at the section x,®0 . 

Let us determine the amplitude of the oscillations at an arbitrary 

section of the 1 simple line. To do this we find the relationship 

between Aw and Au . 

As is known 

— ."i dOfU/, T) 

Aj dxt 

Hence 

Ai(*i.')-~f*+0(^). 

The function C(xí) characterises the variation of the average value 

of the pressure along the line. The deviation of the pressure from 

the average value yields the amplitude of the oscillations. Since 

t) represents the deviation of the pressure from its average value, 

the arbitrary function C(x() may be dropped from consideration by 

equating it to zero, i.e., 

A,(*„ i)- - ^ j rfT. ( 8.69 ) 

He Integrate (8.69), substituting in place of dG,/Jx, its value 
taken from (8.63) 

A, (-1/. 1)= y tf + Dl ¢-V/ S|U + ?i_ ardg 

Using (8.70) we find at the section x,-0 of the first line 

(8.70) 
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« 

l 

(8.68) 

tion jci-»0 . 

an arbitrary 
latlonship 

average value 
iure from 

Since 
/erage value, 
on by 

(8.69) 

ts value 

(8.70) 

ine 

/>,(0, t)= ,X^ OÎsin^, - arctg jLj 

Equating (8.71) and (8.68), we obtain 

(8.71) 

(8.72) 

We substitute into (8.70) in place of its value from (8.65). 

Then we express in terms of poi using (8.72). Finally, after 

simple transformations we obtain the formula which defines the pres¬ 
sure variation at an arbitrary section of the ith simple line 

t-i-i 

“2 V* Il »'niiVi+^-arrlß 

°L X sin V, — arclg 

irr 
O --«ti* J-) 
»-i ' *' (8.73) 

It follows from (8.73) that the flow rate oscillation amplitude 
at an arbitrary section of the ith line will be 

t-i-i 

4¿“a,», n 

Poi *" - Pot* *'1 —gzt---- e-'^X 

(8.7¾) 
»-i *' 

X sin ^Ojjr, -f 9, - ardg ^ j. 

The amplitude at the section tt»/( will be 

»-i 

.. j a«clß ~ ) 
» :i * ' 

i j »ln(vv-m‘K 
(8.75) 
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Thus, (6.66) and (8.75) define the flow rate and pressure oscilla¬ 

tion amplitudes at an arbitrary section of the ith simple line which 

forms a part of a complex multistage hydraulic line. However, in this 

form they do not permit the calculation of the oscillation amplitude, 

since the arbitrary constants ?* appearing in these expressions are 

not known a priori. To determine these constants we use the compata- 

bility conditions at the Junction of the simple lines. As is known, 

these conditions have the following form for the (i - l)st and ith 

simple lines 

Gi-i (/«-«. -0=0,(0. tV. 
(8.76) fldL Mi-iUi-t.V _a* Ml (0. T) 

f'l Oxi 
(8.77) 

Substituting the values of 0 and OG/dx, taken from (8.60) and 

(8.63) into (8.76) and (8.77)» we obtain 

Cj_|* sin(Oj_|/|_|-J" ?j-i)~Oj sto?,; 
(8.78) 

-J¡C, VßUÖisill - arclg . 
(8.79) 

We exclude from (8.78) and (8.79) the quantities and Cm:: 

Considering that 

we obtain 

sin (Dl I-9 —nrctg DA = ± ;L-0co^i.r> 
\ h B) /0!+B~! 



oscilla- 

1 which 

in this 

litude, 

s are 

ompata- 

known, 
j^th 

(8.76) 

(8.77) 

and 

(8.78) 

(8.79) 

(fWi-i Iß; - OiCtg ?1|. (8.80) 

Since the Condition (8.80) is valid for any two adjacent lines, 

it can be expanded into the following system of equations 

;r dg (D,/, -f ?,)1 - (Ä, - D, ctg ?1i»0; 

«J i 
J— l»,-i - ö,-, ctg (D,^.,)] _ 

--^(3,-0,^9,)=0: 

^ S*~l ~D"~I c,K(°.-i/,-i -f 9(,-,)1 - 

«* 
“ÍT (3,-0, dg 9.)-0. 

(8.81) 

In this system of equations the quantities a, P, D, B, I are un¬ 
knowns. The quantity <rn can be found from the boundary conditions at 

the section of the ith simple line. Then the process of determ¬ 

ining <p,-..vi does not present any particular difficulties. In fact, 

from the last Equation (8.8l) we find T,-i from the next-to-last v«-j * 

and so on. 

We shall examine the methods for determining <pn later, but we see 

already that they do not differ essentially from the methods which we 

have used in studying the free oscillations of fluid in complex hy¬ 

draulic lines. In fact, if we neglect the effect of friction on the 

wave process, i.e., if we set 6,-, then (8.8l) degen¬ 

erates into (7.48), which was obtained in the study of free oscillations 

L ï.) 0; 
i \'i, / at 

(8.82) 
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Equation continued 

îca 
«»-I tg(¿r -.7 (8.82) 

The only difference Is that In the case of free oscillations the 

quantities ?i and u are known and *»o is to be determined. 

Here, however, and uo. are known and we must determine 

fit?«••••. e*-i. f*-i. 

We note that (8.81) can be used to determine the natural fre¬ 

quencies of fluid oscillation In complex lines under conditions with 

friction. However, the magnitude of the natural frequency depends 

very weakly on the friction; therefore, (7.48) may be used for its 

approximate determination. 

Tn certain cases the effect of friction on the amplitude of the 

fl id oscillations can be neglected. Then (8.66) and (8.74) take the 
form 

t-i-i 

Î1 e°*(jl*+*) 

»•■fi !lco*f» 
»-I 

I-l-l 
(8.83) 

l-l 
i-T 
n co«t, 
i-i 

cos (J^+?,). 

3- Branched Hydraulic Lines 

In view of the fact that the Condition (8.62) is valid both at 

the Junction of series-connected hydraulic lines and at a branch node. 
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Formulas (8.66) and (8.74) may be used to calculate the amplitudes of 

the forced oscillations In branched hydraulic lines. In practice the 

problem reduces to finding the arbitrary constants t* , which appear in 

these equations. Therefore, in the present section we shall examine 

primarily the techniques for determining T* . 

Before turning to the determination of the arbitrary constants 

V»., let us examine the specific peculiarities of the calculation of 

forced oscillation amplitudes in branched lines. Assume a line with 

two branches (Figure 8.4). The amplitude and frequency of the harmonic 

pressure oscillations are given at the section of line 1. We are 

required to determine the pressure oscillation amplitude in line 12. 

Figure 8.4. Branched hydraulic circuit. 

Using (8.74), we find for the line 12 

Pxï** Pu* 
if| •) X 

(8.84) 
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The amplitudes of the pressure oscillations in the second branch 
can be determined similarly. However, the constants are the unknowns 
in the resulting equations. Por example, in (8.8JO*ri.<r.\n.i.'fii are 
the unknowns. Therefore, these equations must be closed by using the 
boundary conditions at the branch node. 

o 

It 1« obvious that the Conditions (7.Í1) and (7.22) hold at the 
branch node. We substitute Into these conditions the values of 1 and 
àO 
Tx » taken fro® (8-59) and (8.64) 

. C/C -{-ipyjaa V C,*ln^ (8.85) 
»-I 

Cljtj* 11 Jl^Äy Oy sill ^Oy/y ^y _ arctg j *=• 

■r c, )//¾ + B) sin (9, - sidg Sí.). (8.86) 

We exclude the quantities Cj and Cr from (8.85) and (8.86). 

After elementary transformations, we finally obtain 

-,-ÍL_L—T1 r, 
«y (5/- Oy Clg (Oy/y+ fy,| jja) y f»,_ O, ilg /,) ' (8.87) 

It is not difficult to see that for 6,-6,-0 the Equation (8.87) 
takes the form 

1 
•i 

(8.88) 

Thus, in a branched hydraulic system the amplitudes of the flow 
rate and pressure oscillations are determined by (8.66) and (8.74), 
in which the arbitrary constants ‘f* are calculated from equations ob¬ 
tained with the aid of (8.81) and (8.87). 
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We shall obtain the formulas for determining the arbitrary con¬ 

stants «P as a function of the boundary conditions at the end sections 

of the terminal lines of the hydraulic system. We note that the se¬ 

quence in which these constants are determined is analogous to the 

ca;e of free oscillations. The only difference is that in the case 

of forced oscillations the frequency is given,and the fluid friction 

on the line wall is taken into account. 

We shall examine three cases. 

(8.85) 

(8.86) 

A. In the hydraulic system there are lines which are open at the 

sections x, 0 and x^tñ . 

A*! **• 

Using (8.63), we find 

(8.89) 

86). 

(8.87) 

(?| -arclg jM. O, 

h- Arc Ig ; 
"i 

Hn (/),/,+7,-arc tgJ-J- O; 

?r Arc tg - 
"i 

>n (8.87) 

(8.88) 

the flow 

(8.74), 

cions ob- 

B. The lines are closed at the sections Xi--“0 and x»”/«. 

CtiO, t)~0, GH(tm,i)-o. 

Using (8.60), we find 

ç,"(A—l)n, *-1.2.3,..., 

T«"(*- O.i-DX, *-l, 2, 3,... 

C. The terminal lines of the system have dampers at the sections 

x. O, V,-/, . Then in accordance with (7.33) the boundary conditions have 
the form 
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«here the coefficient 6 characterizes the damper type. 

Using (8.60) and (8.63), we obtain 

Let us examine as an example the sequence for calculating the 

amplitude of the pressure oscillation in a two-node branched system 

(Figure 8.5). Assume the amplitude of the pressure Pt» oscillation 

at the section is known. We determine the amplitude of the pres¬ 

sure oscillations at the section jW, using (8.75) 

(8.90) 

Since there are no multistage 

lines in this system, then Ti Is 

determined with the aid of (8.87) 

for ;ach branch node, i.e.. 

_r_ 

_r*_. 
— Ojilg J,) 

«5(0» »»flRr»)’ 

Figure 8.5. Sinodal branch¬ 
ing of hydraulic system. 

(8.91) 
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where ff» are determined by the boundary conditions at the sec¬ 

tions V, = /,.. 

ng the 

system 

dilation 

the pres- 

(8.90) 

multistage 

en Vi Is 

of (8.87) 

e« » 

(8.91) 

It Is not difficult to find f* , from the second equation (8.91) 

and from the first equation. Substituting V» and V* Into (8.90), 

we obtain the magnitude of the pressure oscillation at the section 

*i-/i . In the particular case in which F,-#y 6,» 

"V O. «o, H,-« and the branches /,. /j, /, are closed at the end 

sections, we obtain from (8.90) and (8.91) 

-(1 - •« 7 '■ « 7 - to -jj- M? -j-1, )x 
X [ita /, (m ^ /.+,,, l([ 

-U f /.it f /,¾ f/.-tt-i/.it 7 /.¾ f/,)- 

-™f'-C17^+^7^+^7^ 7,--1)F"’^ 

f 3. Some Questions of Test Stand Hydraulic System Dynamics 

The design and production of LRE involve tremendous difficulties, 

whose solution Is unthinkable without the use of specialized experi¬ 

mental studies. Test stand developmental work plays an Important role 

In LRE design. 

In the process of LRE testing the correctness of the geometric 

and layout decisions which form the basis of the LRE design Is verified; 

the static and dynamic characteristics of the individual components, 

assemblies, and the engine as a whole are determined; a careful study 

is made of the reliability and functioning of the engine and its com¬ 

ponents under operational conditions. At the same time studies are 

made to refine and improve the test techniques. 

These questions can be resolved most completely in the course of 

flight tests. However, flight tests can be only the culmination of 

the entire experimental development which is performed earlier during 

stand testing. The test stand results are verified during the flight 

tests . 
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At the preoent time definite success has been achieved in test 

stand simulation of altitude, transport, and climatic LRE operating 

conditions. Less well advanced is the question concerning the simu¬ 

lation under test stand conditions of the dynamic phenomena which take 

Place in the engine hydraulic system during its functioning. This is 

explained by the fact that the hydraulic system of the test stand to 

which the engine is connected has an influence on the p-opellant dy¬ 

namics in the LRE lines. Therefore, the stand pneumatic-hydraulic 

system (PH3) must be designed to minimize its Influence. 

On the other hand, the pneumatic-hydraulic automatic control com¬ 

ponents and the individual engine assemblies are subjected to tests on 

stands whose hydraulic system geometry, as a rule, differs from the 

corresponding components of the engine PHS. Therefore, it is necessary 

that the stand PHS be equivalent in the dynamic sense to the engine PHS. 

All these questions can be resolved to some degree if we know the 

influence of hydraulic system geometry on the dynamics of the component 

being tested, which in turn requires a study of the wave processes in 

complex hydraulic plumbing systems. 

Consider the following problem. Assume that assenfclles of the 

same type are connected to PHS which differ in geometry and elastic 

characteristics (Figure 8.6). Th< ?HS (a) corresponds to the engine. 

(b) corresponds to the test stand, to* are required to determine under 

what criteria the dynamic load on the components in question will be 

the same in both cases. 

Figure 8.6. Diagram for deriving the 
conditions for dynamic similarity 
of test stand and engine pneumo- 
hydraullc systems. 
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Assume that for T^u the fluid flow in the PHS is steady with the 

mass flow rate Qq. Por OO the flow rate at the section varies 

as follows under the influence of the component 

c(°. t)=/(t). 
(8.92) 

We must determine the pressure variation at the section where the 

component is connected to the line, i.e., at the section *.~0, To 

solve this problem we must integrate the system of Equations (8.57). 

In this case the boundary condition at the section *i-=0 will have 

the form (8.92). The boundary conditions at the line Junction and at 

the line branch nodes, and also at the end sections of the hydraulic 

system, will have the form obtained previously in Chapter 7 (see (7.19), 

(7.23), (7.25)-(7.33)). In (8.57) the coefficients bx,ba... do not 

take into account the local resistances at the Junction and within the 

simple line. Therefore, if there are local resistances along the 

simple line their effect can be accounted for approximately by re¬ 

placing 2b from (7.2) by the following formula [1^5] 

20=, 

(8.93) 

where is the length which is hydraulically equivalent to all the 

local resistances; 

l is the line length. 

Then the posed problem is formulated as follows. 

Find the solution of the system of equations 

T) 
dll 

.£OLi^JrL+24iJOli^rLra0; 
d*! àt 

dll • d.rj T * dt 

with the initial conditions 

(8.9¾) 
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G, ^,,0)=0, =0; 

O.K. 0)-0, 
Vf 

the bovmdary conditions 

ci(°. i)-/(t); (8.95) 

the boundary conditions at the Junction and branch nodes 

O=-Gw(0, t), 

a«i—I ^-1 T) _ àGm (O r) 

^«-1 Fm àxm ’ 

gm, t)» y 0,10,1), 
»-i 

àGiUl-i) «[ «'Oi (0. i) 

fl ix¡ f, dx, 

<*7,(0,T) 

"f, •*, 

(8.96) 

and the boundary conditions at the end sections of the hydraulic line 

(8.97) 

Since the boundary Condition'(8.95) is nonhomogeneous, w* seek 

the solution of (8.94) in the form 

G»(*.. 0-01(^,1)-1 GJ'(.r„t); 

0 0-01,(^,1)4 01,'K.t), 
(8.98) 

where 0 T> is the s lution of (8.94) for the boundary conditions 

(8.96), (8.97) and g;(0. t)-0. . 

Then the Initial conditions take the form 

G"(*, 0 is t) 

conditions (( 

particular sc 

(8.96), (8.97 

the form 

where A(x) is 

In study 
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the system we: 
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(8.8l) ar.d (8, 
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Therefore, the 
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(8.95) 

(8.96) 

lulic line 

(8.97) 

we seek 

(8.98) 

Itions 

OK*,, oh-o}'(*,.(>) 

CL(-v1.0)L‘-G''h‘ 0). 

¿(7|(.T|.0) .X/J'i^.O) 

dt 5Í ’ 

= _ <Q,n,n) 

«H «h 

(8.99) 

(8.100) 

G"(x. r) is the solution of (8.94) which satisfies only the boundary 

conditions (8.95), (8.96) and (8.97). We showed previously that the 

particular solution of (8.94) with the boundary conditions (8.95), 

(8.96), (8.97) and the initial conditions (8.100) may be sought in 
the form 

where A(x) is defined by (8.60). 

In studying steady periodic fluid oscillations in the hydraulic 

system,the oscillation frequency u and amplitude at the entrance to 

the system were specified. In the present case the frequency a, must 

be selected so that the boundary conditions are satisfied. 

To do this we must use the Condition (8.100) and the boundary 

conditions at the end sections of the hydraulic system to find from 

(8.81) and (8.87) the values of u and V . Since (8.8l) and (8.87) 

are transcendental, an infinite set of values of w and .,. satisfy them. 

Therefore, tne general solution of (8.94) with the boundary and initial 

Conditions (8.96), (8.97) and (8.99) will have the form 

* t 

*• I 
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With account for (8.60), after simple transformations we can write 

(8.101) in the form 

G! (*i *)= sln(Dlrv, H-?u)sln(.v -f ^,,); 

m 

G'Jx~ 1)= VC,.«.sin 
»-i 

(8.102) 

where C* and are arbitrary constants which are determined from the 

Initial conditions. 

It follows from (8.100) that the Initial conditions can be found 

by determining the form of the function 0"(x..). since In our case we 

are making a purely qualitative analysis of the wave processes In the 

system It will be shown later that there Is no need to find the func- 

tlon Gi (x,t). 

Using the continuity Equation (7.12) and also taking (8.102) and 

(8.98) Into consideration, we obtain for the line connected to the 

component 

?Pl (*|.T) 

àt sl"(Ou-f| + 

*f ?i»)s*n(«v i?g)l-f ——r|,T).. 
J àx, 

(8.103) 

On the basis, of analogous arguments the same question can be ob¬ 

tained for the line connected to the component In the stand hydraulic 

system (b). 

In (8.103) the arbitrary constants C,» and are determined from 

the Initial conditions, which are the same in both hydraulic systems. 

The arbitrary constant Tu is determined from the boundary conditions 

at the section 'l0 , which are also the same In both the stand PHS and 

the engine cases. The function depends on the form of the func¬ 

tion /(0 and also In part on the dynamic properties of the hydraulic 

system. If the pressures in both hyd-aulic systems at the section 
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1 ( change in accordance with the same law, then the equation of 

motion of the component regulating organs will have the same form, 

and this means that the fluid flow rates through the components will 

change in accordance with the same law. 

After differentiation with respect to x, (8.103) takes the form 

(*!*) VI/- to n . » 
Or F, ^CuiOuC0Sl/?,*r' + ?'*)“ 

~ 0.» *»" sin.j. .>t) + , 

Hence,the pressure at the section xx - 0 varies as 

°Jl£— ^ - t;' S C'» cos ?u - Äi»sin ?ií IX 

«w'Wt) 

»-i 

XsliUivHWI- 

(8.101») 

0*\ 

Based on the arguments presented above, we can with the aid of 

(8.10H) determine under what conditions the action of the hydraulic 

system on the component will be the same on the stand and in flight. 

This requires that 

(■) 

f" y — f" leu (1,) 

(c) 

^ur- y) 

where the subscript "st" denotes the parameters characterizing the 

stand PHS. It follows from (8.60) that 



Therefore, the conditiona (a), (b), (c), and (d) can be 

aented aa followa 
repre- 

h - h 
m m rl "k» 

Hum, in order that the atand hydraulic ayatem be dynamically 

equivalent to the engine hydraulic ayatem it la neceaaary that 

~ •í. -ílSL . 
'l fkr * 

(8.105) 

The condition of equality of the natural frequenciea over their 

entire apeotrum la seldom realieable. and therefore, it la desirable 

that this condition be satisfied at least approximately for the first 

few spectral frequencies. The satisfaction of this condition involves 

several difficulties associated with the calculation of or with the 

experimental determination of u* by recording the amplitude and fre¬ 

quency characteristics of the hydraulic systems. 

In the particular case in which 6,-6,-...-6 ^ the tiydr^uUc sya 

terns have similar geometry and consist of an equal number of simple 

hydraulic lines, the Conditiona (8.105) are formulated somewhat more 

•inply. Thie is explained by the fact that in this particular case 

the Equations (8.8I) and (8.87), which define the natural frequency, 
will have a similar form, and the-nuatoer of equations will be the same 

for both systems. Therefore, it followa from these equations that the 

condition ^ - *8t »m be satisfied if 

*i— «la . JL — Jitl . 
f'Kt * «I «I«, * 

fa At*» ’ *• ««ci 
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CHAPTER 9 

INSTABILITY OF LRE OPERATION 

f 1. General Information on LRE Operational Instability 

Instability of the LRE working process Is characterised by un¬ 

controlled pressure oscillations In the combustion chamber and In the 

feed system with Increasing amplitude. We can also speak of the anal¬ 

ogous oscillations of the thrust, propellant flow rate, mixture ratio, 

combustion product temperature, and other system parameters. 

Observations show that if an engine is unstable pulffitions of 
these parameters arise and develop either immediately after startup or 

under certain operating regimes. These pulsations usually lead to des- 

tructlon of the chamber or components of the feed system, or to local 

burnout or melting of the combustion chamber, nozzle, and injector 

head. Even If the pressure oscillations In the chamber do not cause 

immediate failure, their appearance disrupts the normal engine operat¬ 

ing process, degrades Its basic parameters, and In particular reduces 

the specific thrust and service life. 

Engine operation in the unstable regimes is accompanied by noise 

phenomena whose tone and timbre depend on the nature of the oscilla¬ 

tions. It Is obvious that Instability of the LRE operating regime 
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is a very haraful phenomenon which must be combatted with all possible 
techniques. 

Oscillographic recordings of the chamber pressure [78] have shown 
that even in a stably operating engine there may be some nonuniformity 
of the working process caused by various random factors. In this case 
the combustion chamber pressure and therefore the other parameters 
oscillate about some mean value, but the amplitudes of these oscilla¬ 
tions are small and are not dangerous, since In a stable propulsive 
system they do not Increase in the course of time. 

Consequently, operating regime instability is (me of the most im¬ 
portant problems of rocket engineering. In this connection the design¬ 
ers and scientists have attempted to study the causes for the occur¬ 
rence of instability in the LP2 and to find ways to eliminate this in¬ 
stability. Systematic investigations of LRE stability began early in 
the fifties. Many studies have appeared since that time [3]» [7], [38], 
[*0], [78], [102], [120], [133], UW], [151], both in the Soviet 
Union and abroad, and these studies have made possible further devel¬ 
opment of the theoretical investigations in this field. 

Most experimental studies have been devoted to the study of the 
influence of individual geometric and operating condition parameters 
on power plant stability. In the theoretical studies attempts have 
been made to explain the instability phenomenon from the viewpoint of 
some particular model of the working process, which was then used as 
the basis for proposing various computational methods and constructing 
the stability bounds. 

We note that the achievements in applied LRE stability theory 
have baen to a considerable degree the outgrowth of the fundamental 
studies of the outstanding Soviet Russian scientist A.M. Lyapunov on 
tha stability of motion of dynamic systems [55]« 

1. Classification of unstable regimes. 

The unstable LRE operating regimes are usually classified in terms 
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of the magnitude of the observed pressure oscillation frequencies in 

the combustion chamber. This criterion is used to identify three 

basic types of instability. 

(1) Low-frequency instability is characterized by a comparatively 

low oscillation frequency (roughly less than 300 Hz); the oscillations 

of this type have been studied in considerable detail and they can be 

avoided or suppressed without any particular difficulty; 

(2) Medium-frequency instability is characterized by an inter¬ 

mediate frequency band (on the order of 300-500 Hz). This instability 

is encountered most infrequently and has received very little study be¬ 

cause of the absence of systematic experimental data. It has simply 

been remarked that medium-frequency instability is encountered in 

high-thrust engines and in gas generators [79]. 

(3) High-frequency instability is characterized by so-called 

acoustic oscillations of the pressure in the combustion chamber of 

comparatively high frequency (above 500 Hz). The oscillations of this 

type are most dangerous for the engine and it is very difficult to com¬ 

bat them, since they have not received adequate study because of the 

complexity of the problem. 

This classification can not be considered entirely valid, since 

for a more precise Identification of the unstable regimes of LRE oper¬ 

ation the classsfication would have to be based on the mechanism which 

leads to self-excited oscillations of a particular type. However, the 

specific mechanisms or factors which give rise to the various forms of 

instability have not yet been definitely established. The inadequacy 

of this classification shows up in the fact that for certain power 

plant parameters the high-frequency oscillations can shift into the 

region of relatively low frequencies and vice versa. Therefore, the 

indicated frequency boundaries separating the different forms of LRE 

instability must be considered to be very approximate. 

However, in spite of its drawbacks this classification is useful 

in that in most cases it identifies the LRE unstable operating regimes 
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correctly from the viewpoint of correspondence between the oscillation 

frequency and the nature of the unstable regime. 

Theory and experience show that high-frequency pressure oscilla¬ 

tions (pressure waves) can propagate in both the longitudinal and 

transverse directions in the combustion chamber. In this connection 

they are usually divided correspondingly into longitudinal and trans¬ 

verse acoustic oscillations. In turn, the transverse acoustic oscil¬ 

lations are subdivided into radial and tangential forms, depending on 

whether the pressure waves propagate along the radius or along a 

traveling" tangent to an imaginary cylindrical surface located inside 

the combustion chamber. 

Study of LRE instability in practice is complicated by the fact 

that several forms of pressure oscillations in the chamber are often 

realised, rather than one specific oscillation mode. However, the 

Instability mode encountered most commonly in the development of the 

modern LRE is the transverse high-frequency vibration mode [81]. 

2. Qualitative picture of instability onset. 

Analysis and correlation of experimental data on LRE instability 

Cm]. Cl75]» CWO]. C172], [80], [79], [81], [9] make it possible to 

describe the most typical qualitative picture of the onset of insta¬ 

bility of the working process in LRE. In a very rough approximation 

this picture can be described as follows. The kinetic process of pro¬ 

pellant combustion can be characterised schematically by the time de¬ 

lay in the transformation of the liquid propellants into gaseous pro¬ 

ducts after the propellants enter the combustion chamber. This tem¬ 

poral parameter, which plays such an important role in LRE stability 

theory, is encountered in the related technical literature under a 

briefer term: gasification delay time or transformation time. 

This time obviously depends on the combustion process conditions 

therefore varies with transition from one regime to another. Thus, 

it is natural to suppose that the vaporization rate increases monotoni- 

cally with transition from the low engine operating regimes (for which 

low chamber pressures, low pressure drops across the injectors, and 



coarse atomization are characteristic) to the high regimes (higher 

chamber pressures, high pressure drops across the injectors, and fine 

atomization), while the transformation time is reduced correspondingly. 

This also leads to a corresponding change of the bumup curve and t" 

the onset of conditions which are favorable for the deflilopment o:' 

oscillations of increasingly higher frequency. 

The low LRE operating regimes are usually accompanied by low- 

frequency pressure oscillations in the combustion chamber with fre¬ 

quencies not exceeding a few tens of Hertz. As the operating regime 

is intensified to a given degree these oscillations disappear, but at 

some operating regime oscillations start up which have a higher fre¬ 

quency, close to the natural frequency of one of the propellant lines. « 

The frequency of these oscillations depends on the geometric dimensions 

of the lines and the speed of sound in the propellants, and lies in 

the range of about 100-300 Hertz. 

Finally, further intensification of the engine operating regime, 

accompanied by increase of the chamber pressure, increase of the 

pressure drop across the injectors, and improvement of the efficiency 

of the atomization and mixing of the propellants, leads to stable 

operation in some range of variation of the operating regime parameters. 

The magnitude of this range varies over wide limits for different en¬ 

gines depending on their geometry, the nature of the propellants used, 

the arrangement and construction of the mixture formation organs, and 

other factors. The lower limit of this range is termed the lower LRE 

stable operation "threshold" while the upper limit is termed the upper 

stability "threshold." 

Acoustic oscillations arise during engine operation at sufficiently 

forced operating regimes which lie above the upper stability threshold. 

As a rule, longitudinal acoustic oscillations develop first, and they 

then transition into transverse acoutic oscillations, which are ex- 

tn-mely hazardous for the LRE as the engine operation is intensified 

still further or as the longitudinal modes continue to grow. 



In accordance with the described picture of the phenomena which 

are observed In experimental Investigations, the current Ideas on the 

factors which lead to unstable LRE operating regimes are connected with 

certain specific factors. 

The low-frequency instability develops either as a result of the 

vaporization lag factor or as a result of factors which are defined by 

the characteristics of the propellant feed system. The first low- 

frequency oscillation mode is Independent of the feed system and there¬ 

fore has been termed "intrachamber" instability [78]. The second low- 

frequency oscillation mode, conversely, is independent of the phenomena 

in the chamber and is therefore termed "line" instability. 

The high-frequency oscillations arise as a result of nonuniformity 

of the physicochemical conditions in different regions of the combus¬ 

tion chamber, which leads to different local burning velocities. The 

latter then obviously lead to local oscillations of the combustion 

chamber pressure. As a result, pressure waves are formed and propagate 

in all directions in the intrachamber space in a fashion analogous to 

conventional sound (acoustic) waves. In the case of the stable chamber 

operating regime, these waves will decay as they are reflected from 

the walls and return to the region where they originated. Conversely, 

If the engine is prone to self-excited acoustic oscillations, the dis¬ 

turbances will be in phase with the reflected waves and there will be 

a rapid development of resonant local oscillations of the gas filling 

the chamber volume. 

Let us examine the characteristic features of the low-frequency 

and high-frequency pressure oscillations in the combustion chamber. 

In the case of low-frequency oscillations the pressure is practically 

the same at all points inside the combustion chamber at every instant 

of time, since the pressure wavelength is much greater than the 

chamber geometric dimensions. In other words, in the low-frequency 

instability case the gas inside the chamber oscillates simultaneously 

throughout the entire volume. In the high-frequency instability case 

the wavelength is comparable with the chamber geometrical dimensions 

and therefore the pressure is not the same at different points of the 
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combustion chamber at every instant of time. Consequently, in the 

high-frequency oscillation case the pressure waves propagate through 

the combustion chamber volume. 

While for low-frequency oscillations we can neglect the pressure 

wave propagation time, in the case of high-frequency oscillations the 

propagation time for this wave becomes commensurate with the oscillation 

period and it can not be neglected. 

The most favorable conditions for excitation of the system are 

created in the case in which the pressure wave propagation frequency 

is close in magnitude to one of the natural frequencies of the gas 

oscillations in the combustion chamber. The principal characteristic 

of this oscillation mode is that as the combustion process is concen¬ 

trated near the wave crests (i.e., at the points of maximal pressure) 

we would expect considerable deviations of the combustion velocities 

from their average values and the greatest probability of the unstable 

LRE operating regime. 

In spite of the fact that this qualitative picture of the onset 

of instability may seem quite valid, in reality the nature and mecha¬ 

nism of the development of the oscillatory regimes in LRE are far 

more complex. Cases which are very difficult to explain may be en¬ 

countered in the practice of experimental engine development work. 

This remark is particularly applicable with relation to the high-fre- 

qurency instability of the LRE working process. 

S 2. Results of Low-Frequency Instability 

Experimental Studies 

1. Experimental observations. 

A description of the phenomena observed in the low-frequency LRE 

instability region has been given in [174], [175], [190], [9], which 

present oscillographic recordings of the various engine parameters: 

pressure, temperature, and propellant component flow rates. 
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»e noted Previously that lo«-frequency Instability arises In the 

lo« .„gin. operating regimes, l.e., «Ith lo« combustion chamber pres¬ 

sures and low pressure drops across the Injectors. Just as all other 

periodic process,., the low-frequ.nc, oscillations are characterised 

by their amplitude, frequency, and form. Let us see how these charac 

terlatlc. vary a. a function of the engine operating regime, 1.,., as 

a function of the chamber pressure. 

Oscillations with large amplitude are realized In the very low 

operating regimes (Figure 9.1a). In this case the pressure first rises 

sharply m the course of about one millisecond, and decreases exponen- 

ially (on th* oscillogram the process proceeds In time from right to 

left). This abrupt and quite large pressure rise essentially blocks 

the entry of new batches of propellant and the combustion Is terminated. 

Then as the combustion chamber Is emptied of the combustion products 

the pressure falls off and propellent entry is renewed. However, 

the new Ignition of the fresh batches of propellant does not take* 

place immediately but rather after the end of the transformation time. 

When the propellants ignite a new pressure peak develops, and so on. 

The oscillogram of this instability mode is similar to that of the so- 

called relaxation oscillations, for which the defining parameter is 

the relaxation time, l.e., the time in the course of which the dis¬ 

turbance diminishes by a factor of e (e is the base of the natural 

Upon Intensification of the operating regime as a result of In¬ 

creasing the supply pressure up to some definite value, the chamber 

pressure oscillation frequency increases, the amplitude decreases, and 

the oscillation approaches the sinusoidal form (see Figure 9.1b). 

In addition to these typical low-frequency oscillations, in prac¬ 

tice we sometimes observe more complex oscillation modes at the high 

chamber pressures, which are more difficult to define (see Figure 9.lc). 

It appears that in this case there is a superpositioning of various 

frequencies. More detailed analysis requires a study of the frequency 

spectrum to Identify the principal harmonics. 
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Finally, Figure 9.Id shows still another low-frequency oscilla¬ 

tion mode. Here oscillations develop after engine startup, which have 

an amplitude which builds up to some constant value and then the os¬ 

cillations suddenly disappear. A possible cause of this phenomenon 

may be a random increase of the vaporization lag time, which leads to 
excitation of the low-frequency oscillations. 

A similar pattern is also observed in analyzing the recordings 

of the temperature in the combustion chamber and at the nozzle exit. 

Oscillations with a large amplitude develop in the region of low 

chamber pressure (Figure 9>2a); with Increase of the pressure the 

oscillation amplitude decreases while the frequency increase (see 
Figures 9.2b,c). 

The same phenomena can be observed in the analysis of the pro- 
pellant flow rate recordings. 

Figure 9.3 shows a simultaneous recording of the pressure ahead 
of the oxidizer (nitric acid) and fuel injectors and th> pressure in 

the combustion chamber at two different points. We see that small 

changes of the chamber pressure have no marked effect on the pressure 

variations ahead of the injectors (see Figure 9.3a): the pressures 
ahead of the injectors are constant and the pressure oscillations in 

the chamber are in phase. The variations of the chamber pressure with 

constant propellant flow rate are explained by the intrachamber insta¬ 
bility, which is associated solely with the burning process. 

In certain cases the pressure variations in the chamber are pre¬ 
ceded by variations of the pressure ahead of the injectors of one or 

both components (see Figure 9.3b). These variations are obviously 

caused by the propagation of waves in the propellant system lines and 
gradually damp out. 

2. Effect of various parameters on low-frequency oscillations. 

The influence of certain operating conditions and geometric para¬ 
meters on the nature of the engine working process behavior has been 



Figure 9.1. Low-frequency Insta¬ 
bility pressure oscillations 
(timing marks 100 Hz) [9]. 

established in the course of exper¬ 

imental studies of low-frequency 

Instability . Such parameters in¬ 

clude: combustion chamber pressure, 

pressure drop across the injectors 

and throttling orifices, type of 

propellant and its mixture ratio, 

the specific flow rate and resi¬ 

dence time of the gases in the 

combustion chamber, the equivalent 

(or characteristic) chamber length, 

the length of the propellant lines, 

and the presence of elastic ele¬ 

ments in the lines . 

Effect of combustion chamber 

pressure pK. With Increase of pK 

the system stability region becomes 

This is explained by the reduction of the vaporization delay 

time tk in the case of high chamber pressures. Following Crocco [78], 
the variation of tk with pK is expressed by the formula 

larger. 

where n 
a 

is the interaction index; 
is a constant. 

According to the experimental data [173], the interaction index 

has values n > 1 and Increases with increase of p„. 
A 

tte Me fron, Figure 9.-1 that the oscillation frequency Increases 

with Increase of pK. At the same time the oscillation amplitude de- 
creases. 

Effgct of pressure drop across ln.1ectors and throttling orifices. 

Increase of the pressure drop AplnJ across the injectors and the 

presence in the propellant lines of orifices with high differential 

Figur 
ose 

Figure 
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dlze 
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•) 

!>) 

c) 

Figure 9*2. Low-frequency Instability temperature 
oscillations [9]. 

»>) 

Figure 9.3. Simultaneous recording of pressure at 
two points of chamber and pressures ahead of oxi¬ 
dizer and fuel injectors. 



/*« 

Figure 9.¾. Frequency as a func- Figure 9.5. Oscillation frequency 
tion of chamber pressure and versus pressure differential across 
characteristic length (fuel: oxidizer injectors [9]. 
nitric acid and furfuryl alcohol) 
C9]. 

pressures lead to a broadening of the engine stable operating regime 

region. This technique is frequently used in practice to combat low- 

frequency instability. 

We see from Figure 9.5 that the oscillation frequency Increases 

as the pressure drop across the injectors increases. 

Effect of propellant type and mixture ratio. The propellant type 

and ratio of the component mass flow rates play an important role in 

the development of low-frequency instability. This is explained by 

the fact that the transformation time tk depends significantly on the 

physical and chemical properties Of the propellant. The more active 

components have a smaller value of and, consequently, are less prone 

to low-frequency instability. In most cases higher frequencies and 

lower oscillation amplitudes have been obtained for the hypergolic pro¬ 

pellants. 

As for the propellant mixture ratio k, a different effect for 

different propellants is observed in different ranges of variation of 

this parameter. 

Effect of specific flow rate and residence time of the gases in 

the combustion chamber. The gas residence tine 9» in the combustion 
K 
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chamber la determined by the geometric dimensions of the combustion 

chamber and the nature of the propellants used 
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is the volume of the intrachamber space from the head 
to the throat; 

is the critical section area: 

are the gas constant and temperature of the combustion 
products in the chamber; 

is the combustion chamber pressure specific impulse. 

Consequently, for a given propellant 0K is larger,the larger VK 

and the smaller Fcr. It has been noted that with increase of eK the 

engine becomes more stable with relation to the low-frequency oscilla¬ 

tions. Conversely, increase of the specific mass flow rate tr~ jr- 

(Fk is the combustion chamber cross section area), which leads to "a 

reduction of 0K, is accompanied by a narrowing of the LRE stability 
region. 

Effect of chamber equivalent length. The chamber characteristic 

(equivalent) length L» is defined by the relations 

L*=-Ü 

More stable engine operation is observed with increase of the 

quantity L*. Figure 9.4 shows experimental data for three engine ver¬ 

sions which differ in the characteristic chamber length L*. We see 

that the oscillation frequency decreases with Increase of L*. Other 

conditions remaining the same, in particular for a constant chamber 

pressure and constant pressure drop across the injectors, the oscil¬ 

lation amplitude decreases somewhat with increase of the parameter L§. 

The effect of the parameters eK and L* on engine operating sta¬ 

bility is identical. This is understandable, since in accordance with 

(9.1) there is a direct proportionality between • „ and L» for a given 
propellant R 

where 

cr 

RK*TK 
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(9.2) 

where the complex depends only on the propellant type and mixture 

ratio and Is practically Independent of the combustion chamber pressure. 

Effect of propellant line length. An increase of the line length 
leads to some stabilization of the engine operating regime along with 

a marked reduction of the oscillation frequency. Por long lines there 

is an increase of the pressure drop in the feed system, which acts like 
an increase of the pressure drop across the injectors . 

Effect of elastic elements. The presence of elastic elements in 
the propellant lines narrows the engine stability region. The presence 

of an elastic element immediately ahead of the engine injector head 
is particularly unfavorable with regard to stability. 

I 3- Analysis of Very Simple Low-Frequency 

Instability Model 

Oscillations may develop in a LRE without any periodic external 
input. To understand the reason for the excitation of these oscilla¬ 

tions we must make a detailed study of the dynamics of the transforma¬ 

tion of the liquid fuel into the gaseous combustion products. However, 
at the present time such an analysis is not possible because of the 
complexity of the transformation process and the absence of suffi¬ 
ciently detailed information on the process. 

In order to explain the instability of the engine operating pro¬ 

cess we represent the engine in simplified form (Figure 9.6). Several 

models of the instability phenomenon which explain the experimental 

data, at least qualitatively, can be established, depending on the de¬ 

gree of simplification or the source of the excitation for the pressure 
oscillations in the chamber [7], [78]. 

1. Basic assumptions. Oscillation excitation mechanism. 

Figure 9.( 
of monoi 
line: 
bottle; 

The t 

frequency 

(1) 

(2) 

("burnup c 
of liquid 

into the g 
formed ins 

The a 

terized by 

lationshlp 

FTD-HC-23-18-70 299 FTD-HC-23- 



1 

(9.2) 

id mixture 

>er pressure. 

Ine length 
ilong with 

ines there 

:h acts like 

ements in 

'he presence 

;or head 

external 

oscilla- 

ransforma- 
. However, 
of the 

suffi- 

ting pro- 

. Several 
imental 
on the de- 

he pressure 

s in • 

Figure 9.6. Simple arrangement 
of monopropellant LRE with short 
line: 1) high pressure gas 
bottle; 2) reducer 

Figure 9.7. Schematic representa¬ 
tion of bumup curve: 1) poorly 
mixed bipropellant; 2) monopro¬ 
pellant or well-mixed blpropel- 
lant; 3) step curve for instan¬ 
taneous combustion process 

The following assumptions form the basis for the very simple low- 
frequency instability model. 

(1) Simplifications of the power plant arrangement (see Figure 
y • O J 2 

a. compressed gas feed system which provides constant pro¬ 
pellant feed pressure and is not sensitive to pressure 
variations in the chamber; 

b. engine operates on monopropellant; 

c. propellant line is very short ("zero" length), therefore, 
we can assume that the injector inlet pressure equals the 
tank pressure plnj « pt . 

(2) The actual time dependence of the propellant burnt fraction 
("burnup curve") is replaced by a step process, in which each portion 

of liquid propellant entering the chamber does not bum but transforms 
into the gaseous phase in the course of the time tk, then it is trans¬ 

formed instantaneously into the final combustion products (Figure 9.7). 

The actual <f(t) curves (curves 1 and 2 in Figure 9.7) are charac¬ 
terized by a complex and gradual propellant bumup process, whose re¬ 

lationship is difficult to describe analytically with account for all 
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the details of the physical and chemical processes which take place In 

the preparatory period. Prom the moment of Injection into the combus¬ 

tion chamber until complete transformation Into the gaseous combustion 

products, the propellant goes through a complex sequence of transfor¬ 

mations, Including processes such as atomization of the liquid Jets, 

warmup and vaporization of the droplets, diffusion and turbulent mixing 

of the vapors, thermochemical reactions, and so on. With the aid of 

the approximate replacement mentioned above, the unsolvable problem of 

describing the combustion process in terms of the quantitative charac¬ 

teristics of Its intermediate stages is simplified considerably, since 

the only quantity which is necessary for the description of the pro¬ 

cess as a function of time is now only the time tr from the moment of 

propellant injection to the moment it Is converted into the hot gases. 

This time Is usually termed the transformation time or the gasifica¬ 

tion lag. 

The existence of the transformation time means that the processes 

in the combustion chamber lag in comparison with the propellant feed 

processes. Por example, if there is a change of the propellant flow 

rate the combustion chamber pressure does not take the value correspond¬ 

ing to the changed flow rate immediately, but only after the time xr. 

(3) The propellant burns in the oscillatory process Just as it 

does in the steady state regime. Consequently, oscillations of the 

operating regime parameters (pK, Q, AplnJ) about their average values 

do not lead to any change of the transformation time. 

(*•) The pressure is practically the same throughout the entire 

combustion chamber at every moment of time, and the mass of the gases 

in the chamber oscillates as a whole about the average value. 

(5) The temperature of the combustion products in the chamber is 

constant and independent of the pressure variations. 

(6) The liquid is incompressible. 

(7) There are no elastic elements in the lines. 
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We shall examine the mechanism of the development of self-excited 

oscillations In the engine under these assumptions. In the steady en¬ 

gine operating regime the working medium flow rates are the same at all 

sections of the chamber. 

Now let us assume that the pressure in the combustion chamber 

suddenly increases as a result of some random disturbance, which cor¬ 

responds to the creation in the chamber of an excess of gas in compari¬ 

son with the gas content in the stable regime. This leads to an im¬ 

mediate increase of the gas flow rate through the nozzle and a re¬ 

duction of the propellent flow rate Q^n through the injectors because 

of the reduction of the pressure drop APlnj across the injectors. The 

reduction of the propellant inlet flow rate Q^n leads to a correspond¬ 

ing reduction of the gasification rate only after the end of the trans¬ 

formation time Tjç, which is required for the preparatory processes to 

take place, rather than immediately. At each moment the propellant 

portion burns which entered the chamber sec previously. Therefore, 

after a random increase of pR the gas formation rate remains at its 

previous value for the time period tk. 

Since the gas flow rate through the nozzle increased while the 

rate of gas formation remained at the previous level, pK begins to 

decrease and after some time returns to its original value in the 

steady state regime. At this moment the gas influx and efflux equalize 

and the time has come for burnup of that propellant portion which en¬ 

tered the chamber at the time when the chamber pressure was high. 

Therefore, the gas influx rate decreases (in comparison with the steady 

state value), which leads to further reduction of the pressure in the 

combustion chamber. But reduction of pK to values lower than the steady 

state value obviously leads to a corresponding reduction of the gas 

discharge rate from the chamber and an increase of the propellant 

inflow rate through the injectors Gln because of the increase of the 

pressure drop AP¿nj• As a result the pressure in the chamber, after 

reaching some minimal magnitude, again begins to increase as a result 

of the arrival of the moment for combustion of the increased propellant 

portion which entered the chamber in the period of reduced p^, and so 

on. This sequence of processes will obviously be repeated thereafter. 



Figure 9.8. Relative poaitioning 
of curvea of variation of dif¬ 
ferent parametera as a function 
of time for onaet of low- 
frequency inatability. 

Thus the random disturbance, 

once initiated, creates the neces¬ 

sary conditions for the oscillatory 

working process in the combustion 

chamber. The relative positioning 

of the curves for the variations 

of the different parameters in 

accordance with the aelf-excited 

oacillation mechaniam Juat described 

is shown schematically in Figure 

9.8. The very simple model of 

the phenomenon considered here was 

first formulated and studied by 

Natanzon in 1950 [7]. The described 

mechaniam is not only of practical 

importance, it is also of histori¬ 

cal value, since it was the first 

model used as the basis for a 

systematic study of LRE Instability. 

A refinement of the described approximate model of the working process 

was made by Crocco in 1951. A further development and generalization 

of more complex theoretical models of the working process can be founc 

in Crocco's monograph [78]. 

Analytic study and construction of the stability boundary. 

The stability analysis can be conducted either for the purpose of 

determining the stability of a specific engine, all the parameters of 

which are known, or for the purpose of determining all possible values 

of tha parameters for which the LRE dynamic system is stable. Such 

analyses are made with the aid of stability criteria, which define the 

necessary and sufficient conditions for all the roots of the charac¬ 

teristic equations of the system to have a negative real part. The 

D-partition, Satche, and other methods which also make it possible to 

construct the stability boundaries, have been widely used. We shall 

study the stability of the differential equation of combustion chamber 
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dynamics, which after linearization and reduction to dimensionless 
form is written as 

V“- Wt)-»Gf(T-Tj,-0, (9.3) 

where the overbar denotes dimensionless small deviations of the para¬ 

meters from their steady state values, which have the superscript • 

Pt 
iC,(T - ; 

(9.4) 

(9.5) 

(9.6) 

where 9K is the mean working medium particle residence time in the 
combustion. 

The notations such as and ôCT. are sometimes termed the dimen¬ 
sionless variations of the corresponding parameters. 

The absence of a feed line in the very simple model makes it pos¬ 

sible to neglect the inertia of the liquid column and,therefore, to 

assume that the formula for the steady state liquid discharge from the 
injector is valid for the variable regime 
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where x la a coefficient which depends on the hydraulic characteris¬ 
tic of the system and the liquid density. 

Substituting this expression into (9.5), we obtain 

SG,(t-0 
-pAf 

/»» />« r* —p\ 

O -1. 

Bearing in mind small deviations of the raraneters from their 

steady state values, we replace the square root by its linear approxi¬ 
mation 
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K 

Introducing the notations (assuming that p.. ■ o, ) 
t Kln.r 

we obtain 

¿H (t-t )— ff««--T.) 

(9.7) 

(9.8) 

(9.9) 

With account for (9.9) the combustion chamber equation (9.3) takes 
the form 

(9.10) 

The stability condition may be found by seeking the solution of 
(9.10) in the form of the sum of functions of the type 

, (9.11) 

where C 

B 

is the constant of integration (in the general case a 
complex quantity) 

in the general case is also a complex quantity. 

Substituting (9.11) into the differential equation (9.10), we ob¬ 
tain its characteristic equation 

(9.12) 

We see that this equation is transcendental in the complex variable 
s and has an infinite set of roots. This implies that the parameters 

defining the stability of the system in question are the parameters 
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(9.7) 

(9.8) 

(9.9) 

(9.3) takes 

(9.10) 

ution of 

0K and tK* on the values which the numerical values of the 
roots s of the characteristic equation depend. 

Equation (9.11) shows that the disturbances <5/7,. will decrease in 
the course of time and consequently the system will be stable if the 

real part of all the roots s is negative, and vice versa. The purely 

imaginary values *»i« (the real part of all the roots equals zero) 

correspond to the state of the system at the stability boundary, i.e., 

the condition of neutral equilibrium, in which the amplitude of the 

oscillations of p^ does not change with time. Consequently, substitut¬ 

ing the value *•»« into the characteristic Equation (9.12), we obtain 
the equation of the system stability boundary 

(9.13) 

which is transformed as follows for convenience of calculation. We 
replace the exponential function using the Euler formula 

— COS wt, — / sin wT,. 

Then we obtain the equation 

(9.11) 
A/i j I cos <•>: t -¡ A/Jyi — sin fit,) ri 0, 

¡ase a 

0), we ob- 

(9.12) 

lex variable 
arameters 

'ámete rs 

which breaks down into the two following equations 

cos wt, =^0; 

A/j^-iO, —sluft, —0. 

We write them in final form as 

I (9.14) 
Sg«t, -3 - f'\. ) 

Here only the plus sign on the square root is retained, since the 

relative pressure drop across the injectors is an essentially positive 
quantity. 
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We can use (9.14) to calculate and plot the stability boundary 

in the plane of any two parameters with the value of the third para¬ 

meter fixed. If an analysis of the operating stability of a given en¬ 

gine is required in different regimes (for example, when regulating 

the thrust by throttling) it is better to plot the stability boundary 

in the plane of the parameters xK - since these parameters 

undergo the largest variations in the regulation process. As for the 

residence time 0K, in accordance with (9.5) its magnitude is practi¬ 

cally independent of the operating regime (since the ratio /»..’/G’^const 

for a given engine), while variation of the quantity 0K means either 

a change of the chamber volume VK or replacement of the propellant in 

terms of a change of the product RKTK. 

Por computational convenience we write (9.14) in the form 

t,——<*.T-arc I2«\), 
« 

(9.15) 

(9.16) 

where k is an Infinite sequence of positive integers(k ■ 1, 2, 3»...) 

The zero value of k is eliminated from consideration, since it yields 

negative values of the obviously positive quantities and 0K> 

Each value of k corresponds to a particular curve on the plane 

Ap^nj “ tk ^or * c°nst. Consequently, the infinite sequence of 

values of k yields an infinite number of curves, each of which repre¬ 

sents the corresponding stability boundary. Bearing in mind the quali¬ 

tative nature of the stability theory presented here, we limit ourselves 

to examination of the simplest case with k * 1. In this case the 

Formulas (9.15) and (9.16) indicate that with variation of u from 0 

to • the relative pressure drop A plnj can change correspondingly in 

the limits from 1 to 0 and the product »t« can change from n to .i/2. 

Giving the circular frequency various values from w«0 to ««oo, we 

can use (9.15) and (9.16) to calculate the parameters and tk 

for a constant (variational) value of 0K and plot the corresponding 

curves (Figure 9-9). Each of these curves divides the ^P^pj “ tk 

t, Vcm 

is — 

"T. 

10- 

5 

ir 

0' 0. 
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V 
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d the quali- 

mit ourselves 

se the 

u from 0 

dingly in 

n to n/2. 

to ü» = oo, we 

j and ’k 
spending 

nj " tK 

T, 
plane into two parts: on one side 

of the curve there lie those combi¬ 

nations of the parameters AP^nj 

and tK which yield negative real 

parts of the roots of the charac¬ 

teristic equation in question — 

this is the region of stability; 

on the other side lie the combina¬ 

tions of APlnj and tk correspond¬ 

ing to real values of the roots— 

this is the region of instability. 

Such curves are termed the stability 

boundaries, in the present case the 

boundaries in the plane of the two 

parameters AP^nj and Tjç. In our 

example the region of stable regimes 

is located to the right and below 

the curve, while the instability 

region is to the left and above the curve. This is easily seen, for 

Figure 9.9. Stability boundaries 
in the plane of parameters r, 
and for 

example, by taking some point on the APlnj axis, for which *«-0 

and solving (9.12) for s. We obtain a negative value of the root 

$=rt — _ * V» 
"kV* 

<0. 

which confirms what we have said relative to the location of the 

stability region. 

We see from Figure 9*9 that stable engine operating regimes cor¬ 

respond to combinations of large values of Aplnj and small values 

of tk. The stability region expands with increase of the parameter 

0K. For an engine with small values of Aplnj and tk a change of eK 

has a more marked influence on its stability than for an engine with 

large values of these parameters. We also see from the figure that 

the engine will be stable for any values of tk and 0K if the relative 

pressure drop across the injectors ^1^-1 is doubled. In other 

words, the condition for absolute engine stability can be written as 
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V *>l 

^ "InJ This condition is well known in the literature of 

LRE stability. 

• Thus, if we have a graph of the stability boundaries we can 

follow the behavior of the engine as we alter its operating conditions 

and geometric parameters. For example, in complete accord with the 

experimental data, on the basis of the theoretical analysis Just made 

we can state that increase of t\/7lnj (for example, by installing 

throttling orifices or different injectors), reduction of f^(by 

using more active propellants), increase of the residence time 

(for example, by increasing the combustion chamber volume) all stabilize 

engine operation. Consequently, if an engine being studied is found 

to be unstable after a check, then by a suitable change of its para¬ 

meters we can easily suppress the low-frequency oscillations. In 

conclusion we note once again that this theory, which yields a basically 

correct qualitative picture of the effect of the various parameters 

on the stability of the LRE operating regime, does not yield quantl- 

agreement with experimental data. This is quite understandable 

if we recall the major simplifications which are characteristic for 

the very simple model of the pnenomenon. 

I *». Theory of Low-Frequency Stability of Monopropeliant 

LRE Operation With Account for Feedline Length 

The properties of the LRE feed system, in particular the pro¬ 

pellant feed lines, have a major influence on engine operational sta¬ 

bility, In actual LRE, which have feed lines of varying lengths, un¬ 

stable operating regimes are due not only to the gasification lag but 

also to the wave processes in the propellant lines. Since the oscilla¬ 

tion wave lengths are comparable with the line lengths, we must study 

the latter as a system with distributed parameters . 

The time lag and the wave processes define several specific char¬ 

acteristics of LRE dynamics, which are examined in the following using 

the example of a monopropellant power plant with pressure feed, con¬ 

sisting of a propellant tank, a single uniform line, and an inelastic 

injector head (Figure 9.10). It is assumed that the inertia forces 
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which arise during rocket acceler¬ 

ation have no effect on the liquid 

flow. The problem has been solved 

by Artamonov in this formulation 

in [7]. 

The effect of feed lines on 

LRE stability has also been ana¬ 

lyzed in studies of American authors 

[i91], [120], [40], but their re¬ 

sults are obtained as a particular 

case from the more general solution 

of Artamonov. Therefore, the 

presentation of this section 

follows [?]. 

1. Basic equations of LRE 
dynamics. Determining the initial 
and boundary conditions of the 
problem. 

To derive the stability conditions we write the differential 

equations of the dynamics of the elements of the considered power 

plant arrangement (see Figure 9.10). The dynamic elements of this 

system are the combustion chamber and the propellant feed system in 

the form of a single line which terminates with the injector head. As 

usual, in studying stability in the small we shall use the linearized 

equations. As before, the chamber equation is taken for the case of 

a step nature of the fuel bumup process (see curve 3 in Figure 9.7) 

0. f »F. (ï) = W, i* - V /). ( 9.17 ) 

where I is the feed line length. 

For long feed lines it would be incorrect to express the pro¬ 

pellant flow rate through the injectors using the formula ('i~l VpT^pu 
since this formula is valid only for the steady state process in the 

propellant lines, when the liquid motion velocity follows the variations 
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of the pressure drop without any time lag. In the case in question 

this condition is not satisfied with account for the liquid compressi¬ 

bility, inertia of the motion, and finite propagation velocity of the 

pressure wave through the lines. Therefore, in order to express the 

propellant flow rate through the injectors with account for the length 
and elasticity of the line walls, we must make use of the equation of 
motion of the liquid in the line. 

Liquid motion in a cylindrical straight line is defined by the 
Zhukovskiy equations (without account for the distributed friction) 

_ dpij. x), i»_(Lj[). 
dx 9 dx ' 

V(*. *) 
dx ^ ’ Ac 

where p is the constant liquid density; 

a is the speed of sound in the liquid without account for the 
elasticity of the line walls. 

Excluding the pressure p from these equations, we obtain the 
wave equation for the velocity 

Mw(x.x) „■jVwlx.x) Q 
òx1 Ac* 

or for the mass flow rate GT ( Gj^Fqh', where P is the line flow section 
area) 

^Qi(r. x) ,AY?t(T..r) 
Ai* dx* ~ 

We introduce the notation for the relative deviation of the mass 
flow rate, i.e., its dimensionless variation 

(7, (t, Jr) —O* 

ÕÍ 

Then we obtain 

x) B,dH7î,(x. x) 0 
dx* ¿x* 

(9.18) 

(9.19) 

For tl 
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i question 

d compressi- 
icity of the 

xpress the 
•r the length 

quation of 

ed by the 

friction) 

t for the 

aln the 

flow section 

of the mass 

(9.18) 

(9.19) 

For the complete problem formulation, in addition to the basic 

Equations (9.17) and (9.18) of the system dynamics, we must determine 

the initial and boundary conditions. The initial conditions are those 
of no flow rate or pressure variations in the system for t-=0. ÔÙT ==0 and 

ó/> = 0 (the engine operating regime is steady state at the initial 
moment ). 

We obtain the boundary conditions from arguments concerning the 
entry of the liquid into the line and the discharge from the line. 

(1) As a result of the comparatively large volume of the pro¬ 

pellant tank and the presence of a gas "cushion" in the tank, we can 
assume that the pressure at the tank end (x - 0) of the line, and also 

the pressure in the tank itself, is constant in the oscillatory regimes 
IWt. 0)-0]. Consequently, for x ■ 0 

dx (9.20) 

Neglecting the inertia of the liquid in the injector head cavity, 
we can assume that at any instant of time the propellant flow rate 

through the terminal section of a feed line of length l equals the 
flow rate through the injectors, i.e., for * =( 

G.i'.O G,(t) -/ 

Neglect of the inertia in the limits of the injector head simpli¬ 
fies the problem, since the propellant flow rate through the injectors 
can be expressed by the same formula as for a short feed line. 

Linearization of the quadratic dependence of the flow rate on 
the pressure differential, performed using the same technique used in 
the preceding section, transforms this boundary condition to the 
following form: 

for V=/, i.e., at the inlet to the injector head cavity, 

WT(r, 0 . r.c,(<)--. ( 9.21 ) 
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Here, 
across the 

as before S¡i[n^ denotes twice the relative pressure drop 
injectors in the steady state regime 

2^1 2|y*<o—¿1 
K p ' 

(9.22) 

where the overbar denotes the dimensionless variations of the corres¬ 
ponding parameters. The pressure variation is 

W'.O- ^T'0TV(/) (9.23) 

where p*(/) is the value of the pressure at the end of the feed line 
attached to the injection head cavity, equal to the pro¬ 
pellant pressure ahead of the injectors (p»(/)-pV ). 

Por the subsequent transformations it is better to differentiate 
the boundary Condition (9.21) with respect to time 

After this we make the change 

* Pi <br * 

Thus we have obtained the second boundary condition for *-/ in the 
final form 

*?'<*•') i ju«. , (r) 

* dx 1 ’ (9.24) 

where 

7^-—.- r. 
2. Derivation of stability boundary equation. 

(9.25) 

The combination of Equations (9.17), (9.19) and their boundary 
conditions (9.20), (9.24) constitutes a system of linear differential 
equations containing a time-lag term 

We shal 
tween the de: 
the System (< 

Thus the 
tial differen 
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which is easl 

Differen 
boundary Cond 
integration 

Then 
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WM*'»'- 

jure drop 

(9.22) 

le correá¬ 

is.23) 

feed line 
> the pro- 
.nj ^ • 

“e rent! ate 

in the 

(9.2¾) 

(9.25) 

(t. X, _ . _ 0- 
dii Oxt ’ 

Ox * 

O' fii li.lt j 7ç« 1^-(7, (r,/) j |)'V. (T) q 

Ox ' A/>^ d.t ' ip‘^x 

(9.26) 

We shall use the operator method to obtain the relationship be¬ 
tween the defining parameters at the system stability boundary. Then 
the System (9.26) is written in transforms as 

(9k* + IK l®/\ (4)1 ~ L (Ä0't (5, /)j f-"«; 

sl¿ 18(7,(5, jr)l =o 
äxi 

^(^.(*■0)1 o 
// ». v* 

si /)1 
dx -4-/.1^(5)1^0. 

r'> 

(9.27) 

(9.28) 

(9.29) 

(9.30) 
Thus the Laplace transform has converted the original basic par¬ 

tial differential equations into ordinary differential equations. The 
solution of (9.28) is obtained in the form 

i* at 

/.1^,(5,01-/lev ; /le~ • 

which is easily verified by simple substitution. 

Differentiating this equation with respect to x and using the 
boundary Condition (9.29), we obtain equality of the constants of 
integration 

/l-fl. 

>undary 

‘rentlal 

Then 

/ !'•<'>. v)| •Mi 
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Excluding the variable ' from the chamber Equation (9.27) t0 write (c 
and the second boundary Condition (9.30), we obtain 

Equatl 
we obtain ti 

We use (9.31) to find the values of the function £(ACtJ and its 
derivative for *-1’ 

si 1«;, (s, /)| + + 
i/.t 

T 
St . .«77 'L\W.U.I)\ . 0 

(9.32) 

»,* +1 

£(^(5, /'J«2i4ch Ü; 

Substituting these expressions into (9.32), we obtain 

4+’•¿T+Sh- * vl'^ 

For the existence of a nontrivial solution (A W 0) it is necessary 
that the bracketed expression equal zero. We can finally write 

r*’« 
+1 

=0. (9.33) 

This is the characteristic equation of the system. We obtain the 

equations for constructing the LRE* stability boundary and for calculat¬ 

ing the oscillation frequency u on this boundary by substituting the 
value s-iw into (9.33) 

/•/ 

4| ▼ ß (9.34) 

After 

These 
for the cas 

write these 
time scale 

length of t 

d 

d 

d 

Then we use the known relations Then (< 

and Hi 

e r\- ros «.f, / ill'.l,. 

(9.35) 
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(9.32) 
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ie obtain the 
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(9.3¾) 

(9.35) 

*/>;-/> A' I •••/ 
•til -• <1 • cos cir. i-t (/»«.iß y ¡ap; 0,--1111 «O-o. (9.36) 

Equating the real and imaginary parts of this equation to zero, 
we obtain the system of two equations 

co^V -PA-tg —-- Apt; 
ä “ 

sin i»r„ = pu tg dL -I- A^„«. 

(9.37) 

(9.38) 

After elementary transfo mat ions this system reduces to the fom 

tg-T,: 
(g 

~ 0¾ + pu-9u |j 

(9.39) 

(9.40) 

These formulas express the equations of the stability boundary 
for the case of a step-function propellant bumup law. In order to 

write these equations in dimensionless parameters, we select as the 
time scale the quantity Ua — the time for a sound wave to travel the 
length of the line. We introduce the following notations 

dimensionless circular frequency 

dimensionless transfomation time 

r*. jVc ® 
dimensionless residence time 1 

(9.41) 

(9.42) 

(9.43) 

Then (9*39) and (9.40) may be written in the form 

'V.j,-'“* i r 

I-• t* i;; » 

(9.44) 

(9.45) 
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I. Analysis and plotting of the stability boundary. 

In accordance with (9.4^) and (9.45), the stability of the oper¬ 

ation of a LRE with feed lines is defined by the following four para- 
""X • 

meters: and £«. The dimensionless parameter Z5** which is 
expressed by (9.25), is the ratio of the impact pressure which occurs 

with instantaneous retardation of the liquid to the pressure in the 
chamber. 

For the same reasons discussed in the preceding section, it is 

advisable here again to plot the stability boundaries in the plane of 

the parameters <1/»^ 7«. leaving the other two parameters (t7 and p as 
variable constants. Before turning to the construction of the stabi¬ 

lity boundary, we shall note some peculiarities of the system in ques¬ 
tion which result from an analysis of the derived equations. First 

*11» It can be shown that Just as in the case of propulsive systems 
with short feed lines oscillations are impossible if 

(9.46) 

In fact, we have from (9.44) 

Since the quantity x* by definition can have only a real and posi¬ 
tive value, the following inequality must be satisfied 

which after obvious transformations takes the form 

(l 

This implies that for satisfaction of the inequality it is nece¬ 
ssary that and then oscillations are possible. Otherwise, 

1 *• * * ^or the quantity t* will be imaginary, which in 
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is nece- 

srwise , 

In 

accordance with the Condi Ion (9-46) for absolute engine stability 

means that oscillations are impossible for any values of the operating 

regime and geometric parameters. 

We note that the limitations on the frequency of the excited os¬ 

cillations can be derived from the same Equation (9.44). Since 

is a real and positive quantity, frequencies either near w^O, 
or near «“•«.■» (n * 1, 2, 3,....) are possible. This is explained by 

the fact that lg« is a periodic function, and for the indicated fre¬ 
quencies the reactance/»ytcw of the liquid column is close to zero. 

The value "¿«--«.i corresponds to the natural frequencies of acoustic os¬ 

cillations of the liquid column in the line, i.e., to the frequencies 

/---/10/2^. The value n - 1 corresponds to the fundamental tone, the 

values n ■ 2, 3,. •• correspond to its second, third, and so on harmonics. 

Thus the integer n indicates the order of the harmonic of the free 

oscillations of the liquid in the line. As a rule, in practice we can 

restrict ourselves to the calculation of the first three harmonics, 

since as a result of the influence of friction the higher-ord ir har¬ 
monics damp out quite rapidly. 

Ir the case of a complex line, the natural frequencies of the 
liquid column oscillations are calculated using the formulas presented 

in Chapter 7. 

For small values of an angle, not exceeding -VG its tangent may 

be replaced by the angle Itself. Then we obtain the approximate 
equality 

Pm tg U/W pmUt. 

Replacing herein p* and 7» by their expressions from (9*25) and 
(9.41), we obtain 
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where ¢,- is a quantity which is proportional to the 
line length and has the dimension of time. 

«!*•/ Ç-J* i 

The product Pmlga written in this form is defined by the single 
time dependent constant #i. We note that the same relation is obtained 

if we ignore liquid compressibility ( a-oc for an Incompressible liquid) 

!Lm.[ 
—Hin 

Pi • 

t* 
-t 

QW'l _ 

zL 
ã 

i'iOi 

since 1. 

^ Consequently, liquid compressibility can be ignored up to values 

* ^ 5 or up to frequencies Hz. As an example, we take the 

propellant line length/-2 m and the speed of sound as about a» 1200 

m/sec. Then the limiting frequency up to which compressibility may 

be neglected is f ■ l»0 Hz. Since the frequencies observed in practice 
usually exceed this value, in the majority of cases liquid compressi¬ 
bility may be neglected. 

The stability boundaries in the plane of the parameters 

(Ta-Vinj) are calculated using (9-^4) and (9.45) in the following 
sequence. 

^(1) We designate specific, constant values of the parameters 
fir. t* and the harmonic order n. 

(2) We take a series of values of the dimensionless frequencies 
oi and for each of them we calculate the corresponding values of 

&p[ni using (9.44). 

(3) For the same values of b> and the correspondingly calculated 
values of Af>'in¡ we find the quantities ¿¡ri,. using (9.45). 

We note here that the quantity õ.tk Is defined to within 2/a 
(k • 1, 2, 3,...). The value k * 0 drops out, since in this case we 

obtain negative values of the obviously positive quantity «rã. In order 
to see this we transform (9.45) as follows. 
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We introduce the notations 

With account for these notations (9.^5) takes the form 

tg - - -Ü! ?Í-iLn- „ ... (g(r, 
I — lg ? Ig a i,v ‘ ' 

which implies that 

tg (a ;i) = —?ln.^ T» ?» Q 
coi w t, rot (a +1) 

In order that this equality be satisfied,we must set 

Consequently, 

*u ^ 
M 

Hence we see that the case k - 0 yields „¿,.<0 For k 0 oscil¬ 
lations are possible with the same dimensionless frequency 2 but for 

several values of rK, differing from one another by the magnitude ^ . 

(^) The computed points (A/>inj. tK) are use(j p^ot the stability 

boundary curve in the plane of these parameters. 

Figure 9.11 shows the complete stability boundary in the plane 
of «he parameters V’inj and Tk for constant parameters /»,“2, and 

for values n ■ 1, 2 and k ■ 1, 2. The stability region is located to 

the right of the curves. Just as in the case of the very simple LRE 

scheme without feed lines. This region is bounded by the smooth upper 

curve, corresponding to the low frequencies, and the tooth-like curve 
for which the oscillation frequencies are close to the line natural 
frequencies . 
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Figure 9-11. Complete stability boundary for mono¬ 
propellant LRE with long line. Fig 

8 

In this particular case, we see from the figure that the "teeth" 

corresponding to the values n » 1, k > 1, and n * 2, k > 2, do not 

alter the stability region. 

As before, for the computational case being considered Lhe operat¬ 

ing point tu) moves to the left and upward as shown by the arrow 

in Figure 9-11 with reduction of the engine thrust by means of reduc¬ 

tion of the pressure in the-^propeliant tank. In this case the stable 

and unstable regimes may alternate. Here it Is interesting, and at 

first glance unexpected, that in the figure there are regions within 

the limits of which stable operating regimes are possible even for 

I-«-» for zero pressure drop across the injectors. This is 

a result of the favorable influence of the feed lines on engine low- 

frequency stability: for certain frequencies the lines play the role 

of such effective stabilizing elements that any oscillations which are 

excited are damped, even in the absence of a pressure differential 

across the injectors. 
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Figure 9.12. Effect of parameter i. (or h ) on 
stability of operation of LRE with long line. 
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The influence of the parameters r* and p* on the position of the 

stability boundary can be traced in Figures 9.11 and 9.12. Increase 

of pw leads to narrowing of the teeth without altering their location 

and length, and also shifts the upper boundary markedly, thereby in¬ 

creasing the number of teeth (the value of k). In order to analyze 

the effect of the parameter t/a (the dimensional time for a sound wave 

to traverse the feed line) we turn to Figure 9.13. The Influence of 

this parameter on LRE operating stability may be quite varied. On 

the one hand, increase of //a leads to contraction of the stability 

region due to lengthening and broadening of the teeth; on the other 

hand,this increase leads to a considerable expansion of the stability 

region (movement of the upper boundary). In this process the tips of 

the teeth move upward; however,for large values of t/a we must take 

into account the location of the teeth corresponding to the harmonics 

of the fundamental. It is interesting to note that with a change of 

l/u in the case n « 1 the tips of the teeth move along the dashed 
curve (/- 0) 
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Figure 9.13. Effect of dimensional time i/a on sta¬ 
bility of operation of LRE with long line. 

In conclusion we note that the Equations (9.14), which express 
the analogous relation for the case of no feed line, are obtained as 

a particular case from Equations (9.44) and (9.45), which relate the 

parameters on the stability boundary of the power plant in question. 
In order to see this we must set /=0 and consider the notations for 
the dimensionless parameters (9.41), (9.42) and (9.43). 

In spite of the fact that in comparison with the very simple LRE 
model in this case we have taken into consideration many favorable 

factors (feed line length, inertia of the motion, and liquid compres- 

sibility), which have a significant influence on LRE operating stabil¬ 
ity. Here again we must admit that the calculated results are very 

approximate and are not always in quantitative agreement with experi¬ 

mental data. However, this theory yields a correct qualitative pic¬ 
ture of the influence of the basic operating condition and geometric 
parameters on LRE operating stability. 

We have restricted ourselves to examination of the monopropellant 

LRE with pressure feed. The bipropellant LRE has two propellant lines 

operating in parallel. The introduction of the second line leads to 

new dynamic 
problem in 

in this cas 
system. 
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new dynamic qualities of the system. However, the examination of the 

problem in general form and the construction of the stability boundary 

in this case run into major difficulties even for the pressure feed 

system. 

The pressure feed system with long feed lines is used primarily 

only for test stand LRE operations. The turbopump feed system with 

short lines has found extensive application in actual LRE [6], [70], 

[12H], [9]. 

S 5. "Intrachamber" Instability 

It follows from the Crocco Equation [78] 

K — I 0 ) «7, (* - *<) I- « (' ) - */>« (T -1 i)l 

that low-frequency oscillations can arise even in the absence of de¬ 

pendence of the feed system operation on the combustion chamber pres¬ 

sure, i.e., without feedback between p^ and the propellant mass flow 

rate Q,p through the injectors. 

Actually, for a constant propellant flow rate GT « const or 

=0) low-frequency oscillations can appear as a result of the effect 

of variations of the physical parameters (pressure and temperature) on 

the burning velocity rate. This mechanism for the self-excitation of 

the oscillations, arising regardless of the feed system characteristics, 

was studied by Crocco [78] and termed "intrachamber” instability. The 

characteristic feature of this model of the working process in the LRE 

combustion chamber is that Crocco limits the overall transformation 

time to two components: the atmoization and mixing time, which is 

considered to be independent of the pressure and temperature variations 

in the chamber, and the time for heating-up, vaporization, and burning 

itself, which depends on the variations of these parameters of the 

combustion products. 

We recall that in the Crocco equation T'¿ is the total transforma¬ 

tion time, T< is the variable part of the total transformation time, 



n Is the interaction index. The presence in this equation of time- 
delay functions with two different transformation times complicates 
markedly the theoretical study of the question. Therefore, and also 
because of the absence of reliable information on the magnitudes of 
these times, we take them to be equal to one another ti-t,. and dependent 
only on the combustion chamber pressure. Por the case of small pertur¬ 
bations the change of the combustion temperature, and consequently the 
effect of this factor on the magnitude of T« , can be neglected. Then 
the chamber equation takes the form 

rfe first study this equation for the case of constant propellant 
flow rate through the injectors, i.e., for In this case 

(9.^7) 

The characteristic equation for (9.47) will be 

M+1 — «-f/ie-VôO (9.48) 

Substituting j-ÍM into (9.48) and separating the real and imagin¬ 
ary parts, we obtain two equations 

// COS «iT,: . /| -l; 

/1 (9.49) 

which after obvious transformations can be written as 
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Figure 9.14. Dependence of uo, 
and wT, on interaction exponent n. 

Curves of the dependences of 
l"0i. and or..- on the magnitude of 

the Interaction index n, calculated 

using (9.51)» are shown in Figure 
9.14 for the fundamental harmonic 

(k ■ 1). Analysis shows that for 

n < 1/2 the system is always in¬ 

trinsically stable, regardless of 

the magnitude of the variable 

transformation time. Increase of 

n leads to destabilization of the 
combustion chamber process. 

Now let us examine another 
case, in which the propellant flow rate depends on the pressure oscil¬ 
lations in the chamber (017,^0). We restrict this study to examination 

of the very simple LRE model without account for the feed lines. In 
accordance with (9.9) we have for this case 

V 

Then (9.4?) transforms to the form 

Í, i~pK (t) 4--=- (T - O - /1 (t) - 

-^(T-OI 0. 

Its characteristic equation will be 

Mil-« 

(9.52) 

(9.53) 

Setting, as usual, í-»o» and equating the real and imaginary parts 
to zero, we obtain two equations defining the stability boundary 

(I ") '7+ ^ r_r 
" V* H y 

fr i (9.54) 
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We note that for n - 0 these equations become the equations 

(9. HO, derived for the very simple model with a constant transforma¬ 
tion time. In order to give these equations the form of the Equations 

(9.14), which were analyzed previously, we introduce the notations 

Applying these notations in (9.54), we obtain 

(9.55) 

In studying the simplified LRE model — the Natanzon model — a 

criterion for unconditional stability was obtained, i.e., stability 

for any values of the transformation time constant tB. This criterion 

has the form of the inequality ¿^>1. In the present case we can 

write formally the analogous inequality but it will represent 

stability only for n < 1/2. This means that for n > 1/2 it is not 

possible to achieve unconditional stability of the LRE even for very 

large pressure drops across the injectors. Consequently, for n > 1/2 

the stable engine operating regimes will be found in a definite range 

of values of the transformation time r* 

The results of this theoretical analysis are shown graphically 

in Figure 9.15, where the stability boundaries calculated using (9.54) 

are plotted in the plane of the parameters A;'lnj and ^for several 

values of n. Also shown are the stability boundaries for the very 

simple model (n » 0), plotted using Equations (9.14). We see that the 

stability region contracts with increase of the interaction index n. 

Generalizing the results of this analysis of the Crocco equation, 

we can draw the following conclusion. For a constant propellant flow 

rate (GT - const) or a constant pressure drop across the nozzle injec¬ 

tors ( VlnJ-const)f iow frequency oscillations may exist which are due to 
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Figure 9.15. Effect of interaction 
exponent n on location of stabil¬ 
ity boundary of simple LRE model 
(for o. ~5 io-» sec) 

the interaction index n ^ 0 (intra¬ 

chamber Instability). Account for 

the dependence of or A/’lnj on 

the pressure oscillations in the 

chamber leads to still greater de- 

stabilization of the engine (see 

Figure 9.15). 

s 6* Low-Frequency Instability of Bipropellant LRE 

Simplifying assumptions, basic equations, and characteristic 
equation of the system. 

The bipropellant LRE has two feed lines connected in parallel. 
The introduction of the second line leads to the situation in which 

the system acquires new dynamic properties as a result of the mutual 
influence of the flow of the propellants in these lines. 

In explaining the basic dynamic properties of the bipropellant 
engine, we shall limit ourselves to the examination of the pressure- 
fed engine arrangement (Figure 9.16). In addition, we introduce 
several simplifying assumptions. 

icco equation, 
pellant flow 

nozzle injec- 
ch are due to 

(1) The burnup curve Is a step function and the transformation 
time is constant, l.e., r'. const. 

(2) The temperature of the gas in the chamber and its physical 
constants are constant, i.e., the combustion chamber is considered a 

large capacitance without account for the variation of the thermal and 
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Figure 9.16. Bipropellant LRE with 
bottled gas feed system: 

1) bottle; 2) reducer; 3 and 4) 
tanks; 5 and 6) valves; 7) com¬ 
bustion chamber 

The problem was studied 

shall analyze a system (with 

dynamic elements: 

element, namely the combustion chamber 

energetic properties of the gaseous 

stream due to variation of the pro¬ 

pellant mixture ratio. If we have 

In mind the study of stability In 

the small, then for small deviations 

of the mixture ratio from Its nom¬ 

inal value the gas temperature and 

composition vary only slightly, and 

In the first, although rough, ap¬ 

proximation these variations can 

be neglected. 

(3) The feed lines are In¬ 

elastic, with lumped parameters, 

i.e., wave phenomena In the lines 

are not considered. 

(4) The liquid propellants 

are Incompressible. 

(5) The Inertia forces of 

the liquid In the Injector head 

cavity are neglected. 

We 

of three 

One 

lag. 

In a similar formulation In [148]. 

lumped parameters) consisting 

the combustion chamber and two feed lines. 

is an element with time 

To study the combustion chamber stability, we write the system of 

linearized equations. Including the equations of the dynamics of the 

indicated elements (see [9.10] and [5.83]) 

9 L X~Z it'. 

ix 
'r ipt : - ?/;„ (T - 4- îO,(t -Tj; 

(9.56) 

The subscript "o" denotes oxidizer parameters, and "f" denotes fuel 

parameters. 
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?tes fuel 

Parameters which have a definite physical meaning appear in these 
differential equations . The parameters O*. Im.o and j have the dimen¬ 

sion of time and characterize the inertia of the corresponding elements 
of the dynamic system. They are termed time constants and are defined 
by the following formulas 

0, 
(9.57) 

The dimensionless coefficients KM q and Km f 
gains of the corresponding lines and are defined as 

are termed the 

follows 

K..,— 

• • 

(9.58) 

2]f®, 8ee that the gains are inversely proportional to the parameter 
A/i«. —_ _ twlce the relatlve pre8Sure drop ln the llne> In contrast 

with the parameter ■'I*, which was considered above, the para- 

meter A/5 is defined here in terms of the pressure drop in the corre¬ 

sponding lines from the tank up to and including the injectors. The 

parameter r,. retains its previous meaning — the transformation time 
constant for a step function propellant bumup law. 

The objective of the further analysis is to study the effect of 

the individual parameters in determining the conditions which are ne¬ 

cessary and sufficient for the considered dynamic system, described by 
(9.56), to be stable. We write these equations in operator form with 
the aid of the Laplace transformation 

M’ÄUM i D-il'.öjc'1'« (.:(7,1 f-'V-O; 
f l)-0; (9.59) 

I ¿twrliour, M) 0. 'J 

To obtain the characteristic equation of this system we must ex¬ 
clude all the variables other than But we can solve the problem 
more simply if we use the Cramer theorem, in accordance with which a 

system of homogeneous equations has a nonzero solution if the system 
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determinate equals zero 

0ks i 1 

Ku.n 
Kut 

e ' « -c * 
O-.oH-t 0 

0 0,,.rs-H 
(9.60) 

Expanding the determinant, we obtain 

(9.61) 
1-0, 

where 
— 0k0M. o0M r! /| — #k0m,# 1' 0M,„0M-r; /* —0« vO«.« i- ®«.n 

Ku.'t + ^n.r 
Kt=>Ku.' + Kmy, 0M (9.62) 

or after tr 

sides of th 

Squari 

Equation (9.61) is the characteristic equation for the basic sys¬ 

tem with lumped parameters. It is transcendental, which is usually 

the case in systems with time lag. It may be simplified by expanding 

the exponential factor into a series and retaining the first two terms. 

Such a simplification was made in the studies [120] [78] of the 

American authors. It is quite approximate in the case in which the 

stability boundaries are being determined. It is better to use the 

D-partition method. 

2. Analysis and construction of the stability boundary. 

The characteristic equation ghows that the parameters which define 

the stability of the bipropellant LRE system in question with lumped 

parameters are: A’s the effective gain of the propellant lines; 

the time for transformation of the liquid propellant into the gaseous 
combustion products; the mean residence time of a gaseous particle 

in the combustion chamber; 0K the effective value of the propellant 

line time constant; 0U . , 0M - the propellant line time constants. 

We shall derive the computational equations for contructing the 

stability boundary in the plane of the two parameters: rlt, /(.. Substi¬ 

tuting the vllue into the characteristic Equation (9.61) and 

separating the real and imaginary parts, we obtain the two equations 

After 

transformat 

We wri 

in the form 

Giving 

to calculât 

I* and a s 

then with v 

the gain K 

from it to it 

Figure 

considered 

for •>.. * 0. 
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(9.60) 

—/|"-5¡ A't cuswr, sin «T I ^-0- 

~,01"3 ! -! /fjOj.wCOSwT,, —/Ci 

(9.61) 

(9.62) 

the basic sys- 

is usually 

by expanding 

Irst two terms. 

J of the 

n which the 

to use the 

or after transferring the nontrlgonometric functions Into the right 

sides of the equations 

K s cos »r, -| - K r-iO,, s in c.tK /,...1 _ ¡. 

/< 10,1),, cos o.T, -: Ki sill wTk - -. /U..,J _ 

Squaring both equalities and combining them, we obtain 

. . (A>-* • - it ')' -i (ti -- — I )• 
* + i " ' • 

After dividing one equality by the other and performing some 

transformations, we find 

Ig hit =-• — *° — Mr-3 + n,« 
/(«--I ^ .- 

We write the final equation for calculating the stability boundary 
in the form 

idary. 

rs which define 

with lumped 

; lines; Tk 

3 the gaseous 

(ous particle 

i propellant 

( constants. 

ructing the 

t. /Cj. Substi- 

i.6l) and 

io equations 

y--. A'o 1 -W + Vi"’-!? (9.63) 
V 0,101+1 • 

(,. i f.V.T -arc• Vît?-* <VrJ*K] 
"•l (h WJ»11 1 j‘ (9.64) 

Giving u various values from 0 to », we can use (9.63) and (9.64) 

to calculate the values of K¡ and TKfor constant values of 0M 0.M.O, 0M#ft 

^ and a selected harmonic number k « 1, 2, 3,... If we take k - 1, 

then with variation of the circular frequency in the indicated limits 

the gain varies in the range from 1 to », and the product varies 

from ïï to n/2. 

Figure 9.17 shows the stability boundary for the operation of the 

considered bipropellant LRE in the plane of the parameters K<. and 

for - 0.003 sec, IK, = 0.00222 sec, ««.o - 0.00166 sec, 0.0025 

. 
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determinate equals zero 

(9.60) 

Expanding the determinant, we obtain 

(9.61) 
41»+-¡- /,J+Kt (0,,$ T1 ) M “ 0, 

where 

(9.62) 

Equation (9.61) is the characteristic equation for the basic sys¬ 

tem with lumped parameters. It is transcendental, which is usually 

the case in systems with time lag. It may be simplified by expanding 

the exponential factor into a series and retaining the first two terms. 

Such a simplification was made in the studies [120] [78] of the 

American authors. It is quite approximate in the case in which the 

stability boundaries are being determined. It is better to use the 

D-partition method. 

2. Analysis and construction of the stability boundary. 

The characteristic equation shows that the parameters which define 

the stability of the bipropellant LRE system in question with lumped 

parameters are: Ä’s the effective gain of the propellant lines; ** 

the time for transformation of the liquid propellant into the gaseous 

conbustion products; tK the mean residence time of a gaseous particle 

in the combustion chamber; the effective value of the propellant 

lina time constant; 0M , 0M r the propellant line time constants. 

We shall derive the computational equations for contructing the 

stability boundary in the plane of the two parameters: r,.., Kt. Substi¬ 

tuting the vllue $ = ('<,• into the characteristic Equation (9.61) and 

separating the real and imaginary parts, we obtain the two equations 



(9.60) 

(9.61) 

(9.62) 

e basic sys- 

s usually 
y expanding 
st two terms. 

of the 

which the 

o use the 

ary. 

which define 
ith lumped 

lines; 
the gaseous 
us particle 

propellant 
constants. 

•ucting the 

A't. Sub st i- 
61) and 

> equations 
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or after transferring the nontrigonometric functions into the right 

sides of the equations 
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Squaring both equalities and combining them, we obtain 

.., |(^1-1). 
1 --«i + i 

After dividing one equality by the other and performing some 

transformations, we find 

\g»T%~ tV 
/ (1.- — I ^ — Syij." 

We write the final equation for calculating the stability boundary 
in the form 

V, -, /(ÍslL-MI+IíZ 
''‘“J/ «io* +1 

EH. 

.1 (i| 

(9.63) 

(9.64) 

Giving u various values from 0 to •, we can use (9.63) and (9-64) 
to calculate the values of Kt and tKfor constant values of 0«. lM.o. '»M.f. 

••i» and a selected harmonic number k ■ 1, 2, 3»... If we take k ■ 1, 
then with variation of the circular frequency in the indicated limits 

the gain Ks varies in the range from 1 to ■>, and the product WT* varies 
from it to it/2. 

Figure 9.17 shows the stability boundary for the operation of the 

considered bipropellant LRE in the plane of the parameters Ks and 

for '>i. - 0.003 sec, ^ * 0.00222 sec, ■ 0.00166 sec, 0.0025 
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sec, and for the value K ■ l, 

corresponding to the fundamental 

frequency. The zone lying below 
the curve Is the region of stable 

engine operation, while the zone 
above the curve Is the region of 
unstable operation. 

The stability boundaries in 
the plane of the other parameters 
can be constructed similarly. 

Analysis shows that with increase 
of the pressure drop In the propellant lines the system stability 

Increases, other conditions remaining the same. The lag time is not 

a physcochemical constant, but depends on the geometric and operating 
condition parameters of the engine. The stability also improves with 
reduction of this time. 

Therefore, if a projected engine is found to be unstable, the 

l°w“^r®Qu®ncy oscillations can be suppressed in any frequency range by 
suitable alteration of its parameters. 

A more detailed qualitative examination of the dynamic stability 
of the bipropellant power plant has been carried out in specialized 
studies (for example, [3], [184]). 

* 7. Experimental Data on Hlgh-Freauencv 
Axial Oscillations 

1. Analysis of oscillograms. 

To clarify the nature of the high-frequency oscillations in LRE 
we shall examine several types of oscillographic recordings of the com¬ 
bustion chamber pressure [9]> 

Figure 9.18a shows an example of the ^uperpositioning of hlgh-fre- 

Pigure 9.17. Bipropellant LRE 
stability boundary. 
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Figure 9.18. Oscillograms of pressure In com¬ 
bustion chamber during high-frequency instability: 

1) chamber pressure; 2) pressure ahead of oxidizer 
injector 

quency pressure oscillations on low-frequency oscillations, which 

usually occurs with low chamber pressures. Here the high-frequency 
instability corresponds primarily to the pressure peaks which develop 

in the low-frequency oscillations, i.e., amplification of the oscilla¬ 
tions is observed for the high pressures. Figure 9.18b shows super- 
positioning of high-and low-frequency oscillations and their propaga¬ 

tion through the chamber. We see that the superpositioning results in 

gradual amplification of the oscillations with subsequent rapid decay. 

The high-frequency oscillations can sometimes have very large 
amplitudes, reaching +50 - 100Ï of the magnitude of the average com¬ 
bustion chamber pressure (see Figure 9.l8d). 
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frequency oscillations. Simultaneous recordings of the pressure ahead 

of the oxidizer and fuel injectors and at two points of the chamber 

show that high-frequency oscillations are usually observed in the com¬ 

bustion chamber but occur only rarely in the liquid feed lines (see 

Figure 9.18c). The oscillograms shown in Figure 9.18c were obtained 

using four sensors of identical sensitivity. Consequently, the high 

frequency oscillations have practically no significant effect on the 

propellant feed pressures. This is explained, in particular, by the 

high inertia of liquid propellants in the lines in comparison with 

the inertia of the gaseous combustion products. 
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11 amplitudes, 

are obtained 
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complicated 

ort duration 

under certain 
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most hazar- 

propagates 
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Figure 9.20a and b show oscillograms of simultaneous recording 

of the pressures and temperatures at the nozzle exit at two points of 

the chamber. We note that while the two pressure sensors in the cham¬ 

ber Indicate the same pK oscillation frequency, the nozzle exit temp¬ 

ere ;ure varies in accordance with an entirely different law. Thus, 

th. temperature oscillations at the nozzle exit and the pressure os¬ 

cillations in the combustion chamber are not correlated. This means 

that the frequencies recorded in the combustion chamber have disappeared 

completely and have been replaced by different frequencies at the 

nozzle exit section, in spite of the very short gas residence time in 

the nozzle. The pressure waves which come from the combustion chamber 

and reach the throat are completely absorbed in the supersonic part of 

the nozzle. This implies a significant role of the convergent part of 

the nozzle in the propagation of the high frequency oscillations. 

Measurements of the pressure distribution along the chamber show 

that in the case of high frequency instability the pressure waves 

which propagate both downstream and upstream are important. The nozzle 

cone angle has a strong influence on the system stability. Variations 

of this angle can lead to the high frequency oscillations either dis¬ 

appearing or developing. 

Observations also show that the high frequency oscillations cause 

a marked increase of the thermal loading on the combustion chamber wall, 

nozzle, and engine head (greater by a factor of 1.5 - 2.5 times than 

for normal operation). 
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Plgure 9.20. OscillogramB of Bimultaneous records 
of pr980UM8 ftt two points of combustion chamber 
and temperature at noazle exit (timing marks 10-3 8ec). 

2. Experimental data on the effect of certain parameters on 
high-frequency axial oscillations. 
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We shall examine the influence of certain operating «regime and 

geometric parameters on high-frequency stability on the basis of ex¬ 

perimental data published in [9], [175], [16]. 

Effect of injector pressure drop. The higher the pressure drop 

across the oxidizer and fuel injectors, the lower the chamber pressure 

at which axial high-frequency oscillations develop. Consequently, in 

contrast with the situation noted above for the low frequency oscilla¬ 

tion case, and increase of d/>lnj leads to the opposite effect — a de¬ 

stabilization of the operating process, i.e., to the occurrence of 

LRE high-frequency operating instability. 
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Effect of propellant type and mixture ratio. The fuel type and 

mixture ratio affect the stability of the engine operating process as 

a result of the change of the chemical composition and temperature of 

the combustion products, which determine the local values of the speed 

of sound. However, this effect is small and the frequencies measured 
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for identical operating regimes differ very little with a change of 
propellant. The propellant type has a large influence on the amplitude 

of the oscillations. It has been noted that axial oscillations occur 
for a lower chamber pressure with reduction of the mixture ratio. 

Effect of combustion chamber length. The geometric dimensions of 

the combustion chamber have a strong influence on the high-frequency 

instability. Specifically, not only the frequency and amplitude, but 

also the form of the axial high-frequency oscillations depend on the 

combustion chamber length. Figure 9*21 shows the axial oscillation 

frequency as a function of combustion chamber length from the data of 

[9], In short chambers (for the amplitude of the high-frequency 

oscillations is low and the oscillations usually have a sinusoidal form. 
With increase of the chamber length the amplitude increases progressively 

while the oscillations take on a form with a steep pressure rise front 
[9]. However, Crocco shows that increase of the chamber length beyond 
some definite limit leads to elimination of the axial instability phen¬ 

omena. Thus there is a range of engine axial instability which is 

bounded by the two critical chamber lengths. 

Effect of convergent part of nozzle. In many cases the intensity 

of the high frequency axial oscillations is determined by the dimen¬ 

sions of the converging part of the nozzle. According to [93* other 
conditions being the same, a longer converging section of the nozzle 
(i.e., with smaller cone angle) reduces the oscillation amplitude and, 

therefore, has a stabilizing action. Conversely, in chambers with a 
short convergent part, the axial oscillations arise from smaller chamber 
pressures. The short convergent part reflects practically all the pres¬ 
sure waves with a steep front. If the convergent part is long, it damps 
out the waves as they appear so that they will no longer be amplified. 
This is associated with distortion of the plane pressure wave front as 

it is reflected from the converging part of the nozzle. 

In addition to the cone angle of the converging part of the nozzle, 
the form of the profile in the segment where the conical part of the 
nozzle Joins the cylindrical combustion chamber has a significant in¬ 

fluence on the high-frequency oscillations. A smoother junction favors 

stabilization of the operating process. 
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Effect of combustion chamber 

diameter. The magnitude of the 

combustion chamber diameter has 

very little Influence on the chamber 

pressure for which the axial os¬ 

cillations are excited. Other con¬ 

ditions being the same, an Increase 

of the combustion chamber diameter 

leads to an Increase of the axial 

high-frequency stability. 

This Is associated with the 

fact that for a constant length of 

the cylindrical part of the chamber 
Figure 9.21. Oscillation fre- . , ^ _ 

quency versus combustion chamber an lncrease the diameter is 

length [9]. associated with elongation of the 

converging part of the nozzle 

(for a given cone angle). In this 

case the wave reflected from the 

nozzle convergent cone will not be plane and, consequently, the inten¬ 

sity of the reinforcement of the oscillations at the head is reduced. 

Effect of injection head construction. The role of the injector 

head and the technique for organizing the mixture formation process 

in the development of high-frequency oscillations in the LRE chamber 

is very important. First of all,*the Injector head play* the same 

role as the convergent part of the nozzle, since the pressure waves 

which are generated Inside the combustion chamber are reflected from 

the head as well. The reflected waves can be weakened by nonuniform 

arrangement of the Injectors in the head. Spherical and conical heads 

will be more effective and flat heads will be less effective from the 

viewpoint of damping of the pressure waves. Coarse and nonuniform 

atoadzation of the propellants also leads to damping of the pressure 

waves because of the fact they encounter the head zones which differ 

markedly in physical properties and velocity. 
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In the general case, elongation of the combustion burning zone 

along the length of the chamber by any technique (use of Jet injectors 

or centrifugal injectors with small cone angles, the use of nonplanar 

injector heads, and so on) leads to improvement of the LRE stability 

characteristics with respect to the axial high-frequency oscillations. 

These examples do not exhaust the entire list of factors which 

affect the development of axial high-frequency oscillations. In parti¬ 

cular, an influence of the combustion chamber shape on the operating 

process stability has been noted. Combustion chambers of noncyllndrl- 

cal form (spherical, oval, conical) are more stable with regard to 

axial oscillations than are the cylindrical chambers. 

$ 8* Theory of Axial High Frequency Instability 

Since the high-frequency pressure oscillations in the chamber 

have a frequency which is close in magnitude to the natural frequency 

of gas oscillations in a closed pipe, they are termed acoustic oscil¬ 

lations . 

We have emphasized above the importance of the geometric dimen¬ 

sions and shape of the individual chamber components. This is not 

simply accidental, since the geometric dimensions also play an impor¬ 

tant role in the acoustic theory of the gas-filled tube. Por example, 

the natural frequency of gas oscillations in a closed tube depends 

directly on the tube length L [97] 

where *ac is the complete oscillation period, equal to the time for 
a sound wave to travel twice the length of the tube; 

a is the propagation velocity of sound in the gas filling 
the tube. 

Therefore, before making the theoretical analysis of the high- 

frequency axial LRE instability we shall examine the qualitative 

picture of the development of acoustic oscillations in a closed cylin¬ 

drical tube. 



1* Qualitative picture. 

The cylindrical LRE combustion chamber can be considered as a 

completely closed cylindrical tube: at one end it is closed by the 

injector head, at the other end by the converging part of the nozzle 

and by the Imaginary surface where the gas stream transitions through 

the speed of sound at the throat. 

Considering the gas flow to be one-dimensional, we assume that at 

some section of the combustion chamber at some instant of time there 

is a random disturbance, i.e., a deviation of the pressure from its 

steady state value. In the case of a pressure increase this pertur¬ 

bation has the nature of a compression wave, and in the case of pres¬ 

sure decrease it has the nature of an expansion wave. 

The disturbance will propagate from the section in question in 

both directions with the speed of sound. The pressure waves (compres¬ 

sion or expansion) are reflected after reaching the closed ends of the 

tube and begin to propagate in the opposite directions. As is known, 

after reflection the pressure waves reverse their nature; namely, the 

co* “»’on wave becomes an expansion wave, and the expansion wave be¬ 

come a -impression wave. The combination of direct and reflected 

waves forms standing waves in the closed tube. 

This pattern of the phenomenon is illustrated in Figure 9.22, 

which shows the variation of the pressure along the combustion chamber 

at sequential moments of time. It has been noted previously and is 

easily seen from Figure 9.22 that fora sufficiently high frequency of 

the gas oscillations in the combustion chamber the wavelength is com¬ 

mensurate with the chamber length, and the pressure at each given 

instant of time becomes different along the chamber length (see Figure 

9.22b and c). The number of nodes, i.e., chamber sections at which 

there are no pressure oscillations, and the number of antinodes, i.e., 

sections at which the oscillation amplitude is maximal, depends on 

the order of the harmonic excited. The higher the order of the harmonic 

the higher the oscillation frequency: for example, in the case of 



Figure 9.22. Standing wave 
formation during acoustic vibra¬ 
tions : 

A) pressure variation in the plane 
of the head versus time; B) pres¬ 
sure distribution along combustion 
chamber 

excitation of the second and third 

harmonics the frequency is two or 

three times higher than when the 

first harmonic is excited. 

Thus, a random disturbance 

arising at any section of the com¬ 

bustion chamber gives rise to axial 

pressure oscillations with a defi¬ 

nite frequency which depends on 

the engine geometric and other 

parameters. However, if these os- 

cillations damp out in the course 

of time the engine operating re¬ 

gime will be stable with relation 

to axial acoustic oscillations. 

Otherwise, for unfavorable condi¬ 

tions or certain combinations of 

influencing factors, they do not 

damp ">ut, rather they grow in 

time with progressively increasing 

amplitude, which indicates unstable 

engine operation. 

For the development of randomly occurring oeclll.tlone, any eye- 

tem »ist rave a aufflclentl, effective mechanism for the amplification 

of these oscillations. Under LRE condition, such a mechanism may be 

the resonance phenomenon. I.,., coincidence of the oscillations of 

the gas filling the Intrachamber space, having the order 1/T with 

the frequency of the propellant combustion oscillation, having the 

order 1/,K. This mechanism vas examined In detail In the study of 

the low-frequency oscillations. 

We note that the existence of the pressure wave nodes and anti- 

nodes (see Figure 9.J2) Introduces vell-knovn difficulties Into the 

experimental methods for detecting acoustic oscillations In the com- 

bustión chamber. In fact, vhlle the locations of the sensors are not 



of fundamental Importance In the recording of the low-frequency os¬ 

cillations, in the case of acoustic oscillations they must be located 

so that they are not at the sections where the nodes are located. If 

the sensors are located at the nodal sections they will not indicate 

any oscillations at all. Sometimes a chamber with longitudinal and 

transverse slits and high-speed movie photography (2^,000 frames per 

second) are used in research work in order to determine the nature of 

the high-frequency oscillations [194]. In the case of axial oscilla¬ 

tions photography through a longitudinal slit yields a graphic picture 

of the longitudinal pressure waves, while photography through a trans¬ 

verse slit yields records with only dark and light zones but the trans¬ 

verse waves are not shown (Figure 9.23). 

2. Theory of longitudinal acoustic oscillations. 

The actual picture of the origin of high-frequency oscillations 

in LRE is far more complex than that described above. In fact. Just 

as in the case of the low-frequency oscillations, here there is a re¬ 

verse influence of the gas pressure pulsations on the propellant flow 

rate through the injectors. This leads to corresponding oscillations 

of the gas Influx rate, which in turn affects the pressure waves. 

We must also bear in mind that the burning rate depends on the 

chamber pressure, so that the magnitude of this presure has a definite 

influence on the preparatory processes (atomization, heatup, vaporiza¬ 

tion of droplets). Consequently,.oscillations of pK near the head 

lead to corresponding oscillations of the basic characteristic of the 

combustion process — the transformation time. Thus, oscillations of 

the burning rate and pressure will affect one another. 

Finally, we should not forget that the actual combustion products 

have properties which are quite nonuniform through the chamber volume. 

Inside the chamber there is always a definite fraction of liquid pro¬ 

pellant and the presence of a protective, fuel-rich layer near the 

wall delays the propellant burnup process at the wall over the entire 

length of the chamber. 
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Figure 9.23. Luminous trails observed during high- 
frequency longitudinal Instability [194]: 

a) longitudinal slit (f ■ 990 Hz) b) transverse slit 
(f - 1140 Hz) 

The theory of axial acoustic oscillations has been developed by 

Ackerman, Crooco, and others and Is presented In the corresponding 

studies [78], [79], [80], [8l] and others quite fully. 

on the 

i definite 

vaporiza- 

e head 

Lc of the 

atlons of 

In view of the complexity of the actual picture of the phenomenon 

It Is not possible to examine high-frequency Instability within the 

scope of the present book. Therefore, we shall limit ourselves to a 

discussion of the elementary theory of acoustic axial oscillations, 

which is based or. several significant simplifications, the main ones 

being listed In the following. 

i products 

sr volume, 

juid pro- 

ar the 

le entire 

(1) As the object of the study we take a monopropellant LRE with 

gas-tank pressure feed which provides a constant pressure in the pro¬ 

pellant tank. 

(2) The compressibility and inertia of the liquid in the head 

cavity are ignored. The pressure losses in the propellant feed line 

are also Ignored, and the entire pressure drop from the tank to the 

combustion chamber Is ascribed to the injectors (Vlnj). 

(3) Uniform gas flow In the cylindrical combustion chamber Is 
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Assumed. 

(*') Energy losses to friction and heat transfer are neglected; 

the gas flow Is assumed to be isentroplc. 

(5) The transformation of the liquid propellant into the gaseous 

products takes place in a narrow zone adjacent to the head. Neglecting 

the extent of this zone, we assume that the burning combustion front 

coincides with the plane of the head, from which the longitudinal co¬ 

ordinate X Is measured. The transformation law is assumed to be a 

step function. 

(6) The converging part of the nozzle is assumed short in com¬ 

parison with the wave length. Therefore, the gas motion In this region 

during oscillations can be assumed to be the same as for the steady 

state process at eacn given moment. This assumption permits the use 

of all the known gas dynamic relations for steady gas flow in a nozzle. 

In studying high-frequency instability, the equation for the com¬ 

bustion chamber cannot be obtained from the mass balance, as was done 

in the case of low-frequency instability. Here, the phenomena asso¬ 

ciated with propagation of the pressure waves must be examined together 

with the burning process. Therefore, in the present case we use the 

following equations of gas dynamics for the unsteady one-dimensional 

motion of an ideal compressible gas: 

equation of motion 

**, ' 

equation of continuity 

adiabatic equation 

0; 

WÇ*«ccs*t. 

(9.65) 

(9.66) 

(9.67) 

Here w^, p^, are respectively the velocity, pressure, and 

density of the gas in the combustion changer: xK is the longitudinal 
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neglected; 

the gaseous 

i. Neglecting 

itIon front 

.tudlnal co— 

1 to be a 

chaunber coordinate. 

The flow of the inviscid liquid In the propellant feed line is 

described by the equations 

to to 
0l~ «Lr ’ 

to dr 

(9.68) 

(9.69) 

>rt in com- 

n this region 

he steady 

ts the use 

r in a nozzle. 

* 1® the line longitudinal coordinate. 

The boundary conditions for (9.65) - (9.67) are the conditions 

in the injection plane ■ 0 and in the chamber exit plane x^ ■ L 

*Lcyl 18 the len8th of the cylindrical part of the chamber) V 

for the com¬ 

as was done 

»mena asso- 

tlned together 

we use the 

limenslonal 

(9.65) 

(9.66) 

•*.=0; C.=rt(T-T„/); (9.70) 

— M*Ar=const, 

(9.71) 

i.e., in accordance with the assunçtions made above (item 6) we can 

consider that at the end of the combustion chamber and at the entrance 

to the nozzle the Mach number, determined for the steady state process 

only by the dimensionless area of the combustion chamber PK/P , will 

be constant and equal to the Mach number in the steady state regime. 

In other words, the gas flow in the short entrance part of the nozzle 

is assumed to be quasi-steady. 

Plnally, we determine the boundary conditions for (9.68) and 

(9.69) as follows: 

condition for the tank end of the feed line (see item 1) 

(9.67) 

ire, and 

mgitudlnal 

a~0; p-pi- wM, (9.72) 

i.e., the pressure pt in the propellant tank is considered to be con¬ 

stant during the pressure oscillations in the feed line; 
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condition for the end of the line adjacent to the head (see 

item 2) 

*=/; G,=zV'/»♦- /»,. 
(9.73) 

where is the liquid mass flow rate through the injectors; 

is the liquid pressure ahead of the injectors. 

As before, we write these equations and their boundary conditions 

in terms of dimensionless parameters. We retain the previously intro¬ 

duced notations, using an overbar to Indicate dimensionless quantities, 

l.e. 

’ P* (l T •/»«); e„~e\l 

0 r*».); p ~ p*(1 

<»«(l-r^(t**?„)= 

since we have neglected a quantity of second order of smallness 

-f —-f-fc»). 

Substituting these relations into (9.65) - (9.69) and the boundary 

conditions (9.70) - (9.73)» and also taking account of the relations 

between the parameters in the steady state regime and neglecting terms 

of higher orders of smallness ( ô®*; ¢¢¢5 and so on), we obtain the 

following expressions: 

for the gas in the combustion chamber 

1 il * ix, • ix. 

Cf * ix, * d.r. 

V'», •* -a 

(9.74) 

(9.75) 

(9.76) 

where j 

for t 

4 

i 
for t, 

i 
i 

' The R< 

of sound il 

meters of j 

since Tqh<\ 

Bearli 

{ 

I 
or with acc 

Then the Ma 
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(9.73) 

ectors ; 

s . 

y conditions 

ously intro- 

s quantities. 

Iness (¿'».¿¿’„«O). 

i the boundary 

; relations 

Lecting terms 

obtain the 

(9.74) 

(9.75) 

(9.76) 

where is the 
in the 

speed of sound in the 
steady state regime; 

combustion chamber 

for the liquid in the feed line 

• cWw ----- : 
dt 

úx 

Ox ' 

■* 
P H 

for the combustion chamber boundary conditions 

(9.77) 

(9.78) 

1<V )• *», (t - T,); 

■**f«; **,*-»“-<5. 

(9.79) 

(9.80) 

The Relation (9.80) is obtained as follows. We express the speed 

of sound in the combustion chamber in terms of the dimensionless para¬ 

meters of the gas 

«*==* —=k '•l1*1'*) _ >0» 
•» + * i +¾ 

since Afcci. 

Bearing in mind the smallness of the difference!^—¿è*) w® obtain 

*.*«:[ i+7-(^.-¾)] 

or with account for (9.76) 

Then the Mach number in the combustion chamber can be represented as 
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He obtain (9.80) from this relation with account for (9.71). 

Finally, the boundary conditions for the feed line take the 
following for* after linearisation 

x-Oi ¢-0, • 

*-b, = 
(9-81) 

(9.82) 
wliara the previously Introduced notations remain valid, namely 

Then we uae the Laplace transformation to solve the equations 

and satisfy the boundary conditions. As a result we obtain the charac- 

equation relating the geometric and operating condition para- 
••fc*** of the engine with the complex frequency. 

Applying the Laplace transformation to the chamber Equations 
(9.7*) - (9.76), we find 

Mg Mg 

aXfg Mg 

After the Laplace transformation the Equations 
for the liquid In the feed line take the form 

(9.83) 

(9.8U) 

(9.85) 
(9.77) and (9.78) 

_.._. 
8 —Tic— 

.JM'■£(»,_r>|. 
P á, ' 

=■ -p'iL 

For the boundary Conditions (9.79) - (9.82) we obtain 

(9.86) 

(9.87) 

Subst: 
L[bw(s, x)| ; 

line adjac< 

Hence 

since 

Substl 
tain the tz 

between the 

Before 
boundary Co 

nectlon bet 
liquid In t 

and (9.87), 

3^9 FTD-HC-23-18-70 FTD-HC-23-1 



I 

9.71). 

e the 

(9.81) 

(9.82) 

lely 

nations 

i the charac- 

lition para- 

lations 

(9.83) 

(9.84) 

(9.85) 

and (9.78) 

(9.86) 

(9.87) 

■v« •--- 0; L i'£, (*)| = L [tj, (i. 0)J-f- ( 9.8 8 ) 

-I /-153,(1, 

WM*. ¿.'1 M. . . 

Jf—0; ilVT(J,0)|«0. . . 

*,W; L(Îüt(î)l-¿(î^(i)I- ~7£[ÎA>(,)|- 

-4.-^(^(5,0)1. 
J/’« _ 

(9.89) 

(9.90) 

(9.91) 

Substituting these expressions for the functions WpU, x),1 and 

£(001(5,5)1 into the boundary Condition (9.91) for the end of the feed 

line adjacent to the head, we find 

» ¿(»7«(«.0)1 fl c«*q^ a 

*?♦ ti*í>wi “ r; h « ' 

Hence 

since 

£ l»to4(5)1=£(¢0,(5)1- - 

P* th ~ 

£(tw (5,/)H £1^(()1: p’ -= p^, 

(9.92) 

Substituting (9.92) into (9.88) with account for (9.85), we ob¬ 

tain the transformed boundary condition which expresses the connection 

between the parameters at the combustion chamber head: for x,, » 0 
1% 

£ (Íp. (5,0)H £ l&. (5, (•>( = - . ( 9.9 3 ) 

V*+7.01-7 

Before solving the combustion chamber equations we transform the 

boundary Condition (9.88) with the objective of replacing the function 

£(¢¢,(5)1= £(0(, (5, 5)1 by the function £(¢/(JJ, 0)]. We find the necessary con¬ 

nection between these functions if we solve the equations for the 

liquid in the feed line. Excluding the function £(¢/7(5, 5)), from (9.86) 

and (9.87), we obtain 
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d-L I* 

dx* V 

The solution of this equation has the form 

-rC,e • 
■ *5— ' 

Using the boundary Condition (9.90) for the end of the line adja¬ 

cent to the tank, we obtain C1 - -C2 and, consequently, 

-f)mrCth T" 

where C ■ 2C^. 

Differentiating this expression with respect to x and substitut¬ 

ing the result into (9.86), we find 

L (to(*,jr)| *-Cch 
tp*d « 

The second boundary condition for the combustion chamber is 

rewritten without change 

L |Íi-, (*.4)1 = !_i ¿ I*¿; (,£^1 
(9.9M) 

Now we solve the system of Equations (9.83) and (9.8¾) for the 

gas with the boundary Conditions <9-93) and (9.9¾). Excluding the 

variable Uòâ*(s..«)!, from this system, we reduce it to a single equation 

with a single unknown 

(1 —M*) 
££J»0«| 

‘4 
-2M 

dx, .» ¿[«0.1=0. (9.95) 

This is a second-order ordinary differential equation whose solu¬ 

tion may be written In the form 

L[Z}k(*,x)\ B +Bit''"'" 

where and B2 are constants of integration. 

(9.96) 
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î line adja- 

substitut- 

>er ia 

(9.91») 

I for the 

ling the 

Le equation 

(9.95) 

whose solu- 

(9.96) 

To solve the system for the function we differentiate (9.96) 

with respect to x 

^ _A Dtt ~ .‘tuM) 
. *• *' —■ 1 it * 

it X •MI-.M) ««(I + M) 

Using this expression, and also (9.96), we exclude the quantity 

£[%] from (9.84) and divide it by a» 

äx -M) -lO + M) 

<£_ 

CUH) 

This equation has the following solution 

Ê I»“ 1 XI Bi «tu-*) . B. "«•(I+*) ¿1*®.(í.x)|-—jJ- /« +-3. e • (9.97) 

The constants of integration and Bg are found fro* th« boundary 

conditions. Setting x ■ 0 in the solutions (9.96) and (9.97) and sub¬ 

stituting them into the boundary Condition (9.93), we obtain 

A j - - A X _?i _ _ _»í®l±ã>í_JL 
1 M ' M a 

or after obvious transformations 

(9.98) 
X B*—0. 

Using the second boundary Condition (9.94), after substituting 

into it the same solutions for ■ 1^^ we obtain 

(.:■*+« 

(9.99) 

The resulting system of two homogeneous Equations (9.98) and 

(9.99) for determining the constants of Integration Bj and B2 can have 
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a nonzero solution if its determinant equals zero 

M-l . 
M +- 

I+ Pv ~~ ■ a 

•M + l 
M 

P* th —■ 

(t+if-'M) S-"-"; -(l-*-=ÍM) 
ll. 19.100) 

Then the sought values of B1 and B2 will be 

4' 
4 ’ 

Btz 

•here A., and A», are the corresponding alnors of the determinant. 

With account for the determined values of the constants of inte- 

gration, the Solutions (9.96) and (9.97) take the form 

*.-m> 

¿ IK (^)1= 
_ • M ^ M * 

A 
# M # A, J 

To return to the originals of the functions fa and o*,, we must 

solve the following integral equations 

¿ 1*0« (m)!= 

£ l*»« («.*)b = jV’K 

To solve these equations we write the originals òqh and A*« in the 

form of the sum of the following functions 

« 
*C.(V)-2cweVt.: 

I 
_ . * 

*ív\(t,.«)«b V c ¿•¡'.m r w w •'I* • t 
(9.101) 
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where are the roots of the denominator of the left side 
of the integral equations, i.e., the roots of the 
determinant A; 

m is the index which accounts for the multiplicity 
of the roots s^j 

Cp and Cw are quantities which are Independent of time. 

The nature of the engine operating regime (stable or unstable) 

obviously depends on the sign of the real part of all the roots Sj^ of 

(9.100), which after expanding the determinant takes the form 

The stability boundary is found if we set s ■ iw in the last 

equation. However, in view of the complexity of (9.102) it is better 

to simplify it somewhat. Introducing the notation for simplifying the 

form of the equation 

F(s) H~n* 

*7*+ 7« i* 
(9.103) 

Equation (9.102) may be written in the form 

[M-l + M/r(i)-^M* + “M--^.MI/'(s)j e -f 

+[ M-hH-MZ-'W-J M + M*/'(s)]x 

X# =o. 

Limiting ourselves to the consideration of isobaric combustion 

chambers, for which M«l,we neglect the terms containing M2. Then we 

obtain 
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which after cancelling out the factor may be written as 

^ --½. 

**• % +[m+~1 M+MF(«)](« '« + e *« )-0. 

Considering that 

and also replacing F(a) using (9.103), we obtain 

th2is.+l±iM+ ■0. 

Recalling the known relation thz-—/tg/* setting s » 
write the last equation as 

=0. 

As a result of separating the real and iaaginary parts, 
tion obviously breaks down into two equations 

tg —fg * k\\ ros U.T,; 

*±IAl-w tg ' AMslnwtk. 

Transforming the previously introduced Notations (9.41) 
and (9.43), we obtain 

(9.104) 

iw, we re- 

(9.105) 

this equa- 

(9.106) 

(9.107) 

, (9.42), 
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where 

i as 

(9.10¾) 

lu, we re- 

(9.105) 

this equa- 

(9.106) 

(9.107) 

, (9.42), 

-I» ■•I jrs ^ ■ • 

Hence we have the final equation for the stability boundary for 

the axial acoustic oscillations 

A?,- \[-(*±ll- 

[(7^5'«'F 

(Th)M -^tzZ 

-5,+ 
2-.-- 

(9.108) 

(9.109) 

<*+l)M 

Conparlng these equations with the Conditions (9.44) and (9.45) 

on the stability boundary, obtained in the study of low-frequency os- 

c^l*fclon®» w® note that they are analogous in form. It is easy to 

show that (9.44) and (9.45) follow from the equations obtained above 

as a particular case. In fact, for the low-frequency oscillations we 

can replace the value of the tangent by the corresponding angle. Then 

_ten r- L ** 

<*+l»M • * <*+l)M (*+l> », 

But the ratio is the gas particle residence time in the 

combustion chamber. If we also further assume that for the low-fre¬ 

quency oscillations the process of pressure wave propagation within 

the combustion chamber is isothermal (k ■ 1) then 

-• - • ••i. : i*l' 

and Equations (9*108) and (9.109) become the Expressions (9.44) and 

(9.45). Consequently, the theory of acoustic oscillations generalizes 

the previously examined low-frequency oscillations, and, therefore, is 

a more general stability theory. 
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3« Analysis of stability boundary construction. 

In accordance with (9.108) and (9.109) LRE operating stability 
Is defined by the following parameters 

Ap*, Pr, M. 

The stability boundary can be constructed In the plane of any 
two parameters, leaving all the other parameters constant, but for 
reasons discussed In the second section of the present chapter here 
again It Is better to construct the stability boundary In the plane 
of the parameters -t* 

It Is convenient to begin the construction of the stability 
boundary with the construction of the relation ^ («) defined 
by (9.108), which may be written In the form 

AM«)- V /,(-)-AH, 

where 

<*+iE AH 
[mu-M) 

/*<«)*“ «y. 

In the ease In which there Is no feed line effect (system with 
short feed lines), the function/t(u)~0 and the relation 
A#|ãj-A^¡j(i*) Is defined by the single function ft(ü) 

In this case will be a periodic function of Ug 
because of the periodicity of the term tgü« and will vary periodically 
free the maximal value 

PTD-HC-23-18-70 357 



obtained at the moment of equality 

to zero, obtained for the equality 

where k-1,2, (k»0 corresponds to the low-frequency oscil¬ 
lations) 

A plot of the relation fa,) i* shown by curve 1 in 

Figure 9.24. The line effect is accounted for by the function /ifa 
and amounts to the fact that of all the frequencies only the narrow 

band of possible frequencies for which the values of the quantities 
•^’Inj are positive are excited. These bands lie near the frequency of 

the harmonics of the free oscillations of the liquid in the lines, 
which are defined by the relation which is satisfied if 

n - 1, 2, 3,.... 

The plot of the relation A/J^j -Apjjj (7») with account for the 

natural oscillations of the liquid in the lines is represented by the 
series of curves 2 in Figure 9.24. 

After the limits of variation of A/»jny have been found, wè must cal¬ 
culate the corresponding values of the quantities tk. To this end we 
transform (9-109) to a somewhat more convenient form, dividing the 
numerator and denominator by - V £nj 

,-. im’dV'7'*',;’:'"1' 
t.7 «t4 - --- — -IT*_ 

, * .. - 
I . - - — - I r fa u 
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Of all th 

Ing to the stî 

Figure 9.24. Dependence of Vinj on* 

1) without account for the line effect; 2) with 
account for the line effect 

We Introduce the notations 

•«—¡rfW^ 
tgass-fS—tg«; ?=»irclg I -fs-tg** I. 

L J 

In these Notations (9.109) will have the form 

-W+rt- 

Further 

igN^-f-tcte-ff)»—-*- * + ?j—=o. 
. cot-t, to* fa + ?) 

This last equality is satisfied if 

^.+0+9-2/^1.1, m-l, 2, 3.... 

(m ■ 0 cannot be used, since in this case (urnCO). 
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Of all the remaining values of m we must take m ■ 1, correspond¬ 

ing to the stability condition 

Then 

- 2*-(« + Tl 
— 

With change of the frequency the quantity a periodically alters 

its sign. Thus, for example, with variation of In the limita 

2 

a has a negative value, while with variation of ^ in the limits 

a takes a positive value. 

The quantity falso changes sign periodically; it is positive 

for 

n.i -f~>w > nn 

and negative for 

a* >">««-— 
2 

Thus, substituting the absolute values of the angles .<> and f 

into the expression for tk , we finally obtain 

-_ 2»—(*I«I M?I) 
•a — 

Por short feed lines, when pw ■ 0, the angle V also equals zero. 

Then the formula for determining the quantity rK takes the simpler 

form 

r, 
?*~t I aj) 

H 

PTD-HC-23-18-70 360 



V 
' 

The foraulM obtained for determining the dimensionless trans- 

formation time are convenient for calculating the stability boundaries, 

since In calculating the values of the angles a and v there Is no need 

to account for the signs of the angles themselves, which are easily 

found with the aid of the relations presented above. 

Now let us construct the engine stability boundary. The basic 

data for construction of the curves Is as follows. 

The mean combustion chamber temperature Is TR ■ 3000° K. The 

gas constant R • 36 kgf*m/kgf °C. The combustion chamber pressure 

^ kgf/cm^. The adiabatic Index k ■ I.I8. The gas velocity at 

. the end of the cylindrical part of the combustion chamber w^ ■ 120 

m/sec. The combustion charter time constant 1,,-3.10-* sec. With 

account for the nossle entrance section, the length of the cylindrical 

part of the combustion charter Is Lcyl » 600 mm. The feed line length 

f-5jr. The propellant specific weight y ■ l.H g/cm3. The propellant 

flow velocity in the lines w ■ 5 m/sec. The speed of sound in the 

liquid *«MC0 m/sec. 

P 

Figure 

parameters t 

k • 2. The 

To construct the engine stability boundary without account for 

the feed lines, we use the previously constructed plot of the relation 

(see Figure 9-21»). Since for an engine with short 

lines ¿¿¿¿J varies from zero to a maximum and then back to zero, the 

stability boundary will have the form of a closed region. 

• 

This curve has the following characteristic points (in order of 

Increasing frequency) 

1. **, —fc« — 

s 
- * 

* -I 
2. ».(.-“fci; 

— Ik — 9* 
=»-• 0,-=.()- T. —i-- 

3. *s, An -f-—; 

I 
- « - "7* 

0, - — ; t,,--—3—. 

Let us 

the feed Hr 

the fact thi 

bands lying 

In the llnet 

of the gas 1 

group of in« 

(n ■ 1, 2, • 

We see 

to a maxlmun 

effect. Cor 

again have t 

points. Just 

The fir 
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Figure 9.25 shows the stability boundary for an engine with the 

parameters noted above, constructed for the two harmonics k * 1 and 

k ■ 2. The stability region is to the right of the curves. 

Let us construct the engine stability boundary with account for 

the feed line effect. As noted previously, the line effect amounts to 

the fact that of all the possible frequencies only the narrow frequency 

bands lying near the harmonics of the natural oscillations of the liquid 

in the lines are excited. Thus, each harmonic of the free oscillations 

of the gas in the combustion chamber (k - 1, 2, 3,...) has a whole 

group of instability regions, corresponding to the harmonics 

(n ■ 1, 2, 3»...) of liquid free oscillations in the lines. 

We see from Figure 9.24 that the quantity V1¿j varies from zero 

to a maximum and then back to zero, even with account for the line 

effect. Consequently, the stability boundaries in this case will 

again have the form of closed regions which have three characteristic 

points. Just as before. 

The first point is characterized by the relation t;;,T =0 which Is 

satisfied if •.-m.t. where 1* is the frequency of liquid free oscillations 

in the line. 
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Hence, we see clearly that for the frequencies corresponding to 

the natural frequencies of the liquid oscillations In the lines 

(different n) the line effect has no Influence. It is convenient to 

determine the quantity t. as follows: on the plot of the relation 

Inj -A/Unj we note the dimensionless frequencies corresponding 

to the values w-w for the given harmonic k, and find from them the 

values of Then with the aid of the instability boundary in the 

absence of the feed line effect we find 7, drawing the straight lines 

i„j const t0 their intersection with the line bounding the instability 
region. 

The other two points are characterised by the relation dp lnv~o, 

which is possible near the frequency 7-/« . Thus, for each instability 

region related with the harmonic k there are the following character¬ 

istic points (in order of increasing frequency) 

1. —A«*i; 

_ _ 
A/»o-0; T.,-—-=- 

• MS 

2. «i—ax; 

bP* — 

»-O. 7.,l-i'». 

3. »»,=AX-fAwj; 
_ _ YX-Ula,!) 
AjP* = 0{ t„ =-z- 

* M« 
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Calculations show that T1.i>rl.*>trij consequently the form of the 

stability boundary is the same as for the low-frequency oscillations. 

Figure 9.26 shows the instability regions for the engine with 

th parameters noted above, corresponding to the harmonic of the free 

oscillations of the gas in the combustion chamber with k ■ 1. Here 

the possible frequencies are determined by the harmonics n ■ 5; 6; 7; 8 

of the liquid free oscillations in the lines. The hatched curve shows 

the stability boundary in the absence of the feed Une effect. 

* Calculation of the Natural Frequencies of the Acoustic 

Oscillations of the Qas in a Combustion nhamhai» 

We have previously emphasized the Importance of the confcuetlon 

chaimber geometric dimensions in the development of high-frequency os¬ 

cillations. Therefore, there is definite practical and theoretical 

interest in the method for calculating the natural acoustic oscillations 

of the gas in the combustion chamber. 

Usually several assumptions and limitations which simplify the 

mathematical model of the oscillatory processes are used in the exam¬ 

ination of this question. These simplifications Include, first of all, 

the assumption that the gas mixture is uniform through the combustion 

chamber volume, low motion velocity, and small amplitudes of the os¬ 

cillations of the gas in the chamber. 

Under these assumptions the equation for the propagation of small 

pressure disturbances has the form 

-gg_-■ <>> , \ 

¿T* \ 0.\'- ‘ T t*i ) (9.110) 

where t is time; 

X, y, z are the rectangular coordinate axes; 

a is the speed of sound. 

In cylindrical Coordinates (9.110) transforms to 
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where <->. i. « , 

boundary con 

Figure 9>26. LRE'stability boundary with account 
for the feed lines. 

^±JL. J_ ±l\ 
r* M ) (9.111) 

The notations used In (9.111) are shown In Figure 9.27. The 

particular solution of (9.111) can be sought in the form 

p(r,9,x,T)-/l (r) »(•)*(*) r(x) (9.112) 

We substitute (9.112) into (9.111) 

, nr) ■ i *•(«•). i r(*n 
r(tj I X(x) T R(r) T r Ä(rj T ri (9.113) 

Hence 

r'(T)+-*r(t)=0; 

A'W+(-7)^(^)-¾ 

r*«"(r)+ r#'(r)+(^-)V- «7-(0 C> 

•"(»)+^10=0. 

(9.114) 

(9.115) 

(9.116) 

(9.117) 

It is 0' 

where At, A\ 

The seci 

meaning of tl 

finite at al 

for r ■ 0, t^ 

Thus th< 

It foll^ 

which deflnej 

transverse aj 

from the conj 

ends of the 

I 

I 
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tn*~*-*- U* -» _ I U 9 

(9.111) 

The 

(9.112) 

(9.113) 

(9.11¾) 

(9.115) 

(9.116) 

(9.117) 

(9.118) 

where <»,«. « are characteristic parameters, which are found from the 

boundary conditions. 

It Is obvious that the solution of (9.11¾) - (9.117) has the form 

7^).-4,1111(^1+7,): (9.119) 

): (9120) 

6(ll)=»4a5ln(n»+%); 

RM-V. (S'ln> 

(9.122) 

where are arbitrary constants, defined by the 
initial and boundary conditions 

/■, Ya are Bessel functions of the first and second 
kind. 

The second solution rj becomes Infinite for r - 0. Since ïKë 

meaning of the problem Is such that the sought solution must remain 

finite at all points of the chamber, including the centerline, i.e., 

for r ■ 0, then we must set ■ 0 in (9.122). 

Thus the particular solution of (9.111) has the form 

p(r.M.t)»4$ln^-i- X+9,)lin(«I9,)/. /-)1(11(^+9,). (9.123) 

It follows from these relations that a and Ç are the parameters 

which define the circular frequencies of the gas oscillations in the 

transverse and longitudinal directions. In particular, if we start 

from the condition that the gas velocity equals tero at the walls and 

ends of the cylinder (chamber), i.e. 

ÉL\ 
ÒX r-0 

r0; ~l 
dr |f-« 

=0, 
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then 

(9.124) 

4-1,2,3,4,... 

/;(f«)-o. <9-125> 

Equation (9.125) has an Infinite set of positive roots* In addi¬ 

tion, the values of the roots depend on the order of the Bessel func¬ 

tion. We denote 

(9.126) 

Table 3 presents the values of the roots P""* for several oscilla¬ 

tion aodes. 

Figure 9.2 
coordina 

TABLE 3. ROOTS OF THE EQUATION /,1(1,.)-0 

Values of roof for various a 

a 0 1 . 2 3 

0 
1 
2 
3 

0,000 
0.5M 
0.972 
1.337 

1.220 
1.097 
2.133 
2.331 

2,233 
2,714 
3.173 
3.611 

3.23S 
3,728 
4,192 
4.693 

It fo 

the first 

For t 

Substituting (9.124) and (9.126) into (9.118), we obtain the form¬ 

ula for determining the natural frequencies of the acoustic oscilla¬ 

tions of the gas in the chaaber 

. '-f/tfjW- 

Thus 

verse oscl 

first radi 

The f 

combustion 

The indices m, «, ft correspond to all possible oscillation modes: 

m^=0, /1—0. A™0 
m=0, «y-0, ft—0 
m-0, n-0, AtéO 

radial oscillations; 

tangential oscillations; 

longitudinal oscillations. 

Obvloi 

it was obt. 

more exact 
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Figure 9.27. Cylindrical 
coordinate system. 

Figure 9.28. Acoustic wave forms 
for radial vibrations: 

a) for 
b) for »«=1. 

It follows from Table 3» in particular, that the frequency of 

the first radial oscillation mode (n ■ 0, k - 0, m ■ 1) will be .-- 

For the first tangential oscillation mode (m ■ 0, k • 0, n • 1) 

/„ 01588 

Thus a low oscillation frequency corresponds to tangential trans¬ 

verse oscillations with a single nodal diameter (Figure 9.238a). The 

first radial oscillation mode is shown in Figure 9.28b. 

The frequency of the longitudinal oscillations of the gas in the 

combustion chamber is described by (9.127) for n - 0, m ■ 0: 

Obviously, this formula yields very approximate results, since 

it was obtained with many simplifying assumptions and premises. A 

more exact method for calculating the natural frequencies of the 
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longitudinal oscillations of gas in lines of collez ge one try is pre¬ 
sentad In Chapter 7. 

10 * Trensverse High-Frequency Oscillations 

The purely transverse nodes refer to a large nunber of different 

regular high-frequency pressure oscillations which take place in the 
plane perpendicular to the coebustión chanter axis. The transverse 

oscinations include tangential (standing and rotating), radial, and 

nixed nodes (Figure 9.29). They represent one of the natural oscilla¬ 
tion nodes of the coahustlon chanter as a cylindrical resonator. It 

in well known that both radial and tangential oscillations can develop 

in the cylindrical resonator, along with the longitudinal oscillations. 

Tangential oscillations of the first and second nodes are observed 
nost frequently in LRE coahustlon chanters. Radial oscillations are 

encountered less frequently. In the case of transverse oscillations, 

photography through a longitudinal window discloses dark and light 
nooee (Figure 9.30). Radial waves are noted which reflect fron the 
side walla of the coahustlon eh saber; in this case oscillations are 

observed in the dianetral plane. Ve can also observe rotation of the 
lualnous traces as the Incandescent particles travel toward the nossle. 
The intensity of the pressure waves is such that erosion traces of 
spiral fom any reaaln on the chanber walls. 

At the present tins instability in the forn of the transverse 

hlÿ>-frequency pressure oscillation nodes Is nost frequently encountered 
during the ezperlasntal developaent of engines [80], [8l]. After 

operating for a few seconds with these oscillations of large solitude, 
the engine will be danaged beyond repair. In this case, on the firing 
surface of the head there are observed indentations as a result of 

detonation of the suspended propellant nizture or traces of fusion and 
burning, and also daaage resulting fro« rotation of the Incandescent 
gases in one direction. 

The high frequency oscillations lead to heavy engine vibration, 
which nay result in failure of welded Joints and heavy conponents. 
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Figure 9>29. Nature of high-frequency transverse 
vibrations ln LRB combustion chamber: 

a,b,c,d) purely tangential modes; 
purely radial nodes 

Figure 9.30. Luminous traces observed during 
high-frequency transverse instability [194] 

a) longitudinal slit (f ■ 6200 Hs); 
b) transverse slit (f ■ 5860 Hz) 
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and propellant lines, welded to the chamber, are frequently torn loose 

together with pieces of the outer shell or at the very least cracks 

will develop In these areas. 

It Is clear that experimental Investigation of the high-frequency 

transverse Instability of the LRE operating process Involves tremen¬ 

dous difficulties. In addition to the failures which are unavoidable 

In nearly every experiment Involving the unstable engine operating 

««tensive material coats are Involved because of the frequent 

nonreprodudbl 11 ty of the phenomenon If an attempt Is made to obtain 

reliable experimental data. 

It has been found that the transverse Instability phenomenon, 

obtained at a definite pressure in the combustion chamber, may not be 

reproduced during the next test under the same operating conditions. 

The same engine with the same Pg and even in some range of variation 

of this pressure will operate stably, without pressure pulsations in 

the combustion chamber. Therefore, it appears that reliable experi¬ 

mental data on transverse oscillations can be obtained only by multiple 

repetition of the testa of several identical engines, which involves 

high coots. It appears that this factor, along with the multitude of 

types of transverse oscillations, la one of the reasons why these modes 

have received less study than the longitudinal modes. 

Very few experimental data on transverse acoustic oscillations 

in LRE have been published to dot« [80], [8l], [9]. These data indicate 

that the majority of the factors leading to the development of longi¬ 

tudinal oscillations are favorable for the development of transverse 

oscillations. It is probable that the mechanism for the onset and 

also the nature of the effect on the engine is the same for the trans¬ 

verse and longitudinal oscillations. 

• 

It has been established that Increase of the combustion chamber 

leads to the onset and development of transverse acoustic 

oscillations. As for the effect of charter length, it is not possible 

at the present time to draw any firm conclusions. It is also known 

that the transverse acoustic oscillations are excited when the LRE is 

boosted by in< 
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boosted by increasing the conLustión chamber pressure. 

All the measures which lead to elongation of the burning zone in 

the core of the combustible mixture stream and to intensification of 

the combustion of the layer near the wall broaden the region of engine 

stability with respect to the high-frequency transverse oscillations. 

It has been noted that coarser atomization of the propellant has a 

favorable effect on this particular type of engine stability. 

However, these few experimental data are far from adequate for 

combatting successfully the high-frequency transverse oscillations. 

Further accumulation of experimental data on the integrated study of 

the transverse acoustic oscillations in LRE is required. The primary 

factor in the problem of LRE stability is the explanation of the. 

nature of the onset of the transverse acoustic oscillations, the reasons 

for the nonreproduclblllty of the phenomenon, and the development of 

effective measures or recomsiendations to prevent unstable operation 

of a new engine design. 

To date we do not have a sufficiently complete physical picture 

of the onset of the transverse acoustic oscillations, and the existing 

theories based on simple models of the phenomenon with step-function 

or continuous burnup curve are not capable of even a qualitative ex¬ 

planation of the experimentally observed facts, nor are they capable 

of suggesting effective and reliable techniques for eliminating the 

high-frequency transverse instability of LRE operation. 

A large number of Investigations have been made to study the pro¬ 

cesses taking place in the burning zone and the stability of these 

processes when subjected to perturbations. Thus, as early as 1944 

Landau showed that the plane flame front is unstable and that this 

instability depends on the acting accelerations. Attempts have been 

made to apply Landau's argument to explain the onset of turbulent 

burning, the mechanism of the transition from normal burning to detona¬ 

tion, and other phenomena. In view of the great complexity of the 

physical and chemical processes taking place in the burning zone, 

many questions associated with the stability of the working process 
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h*v« not y*t received adequate atudy. A review of the studies on 

LRE combustion can be found in the book [1H8] by Shaulov and Lerner. 
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CHAPTER 10 

LRE SHUTDOWN 

. In connection with the Increasing range and flight velocity of 

the ballistic rockets there has been an Increasing Influence of var¬ 

ious disturbing factors on their motion, and this means an Influence 

on nose cone Impact accuracy. These factors are determined by the 

errors In the operation of the engines and the guidance system, and 

also by the errors In fixing the target location [182]. 

The first group of errors leads to deviation of the velocity 

modulus and direction and variation of the rocket coordinates at the 

end of the powered portion of the trajectory from the calculated values. 

The downrange scatter Is determined by the relationships between the 

parameters of the unpowered portion of the trajectory and the engine 

thrust after the shutdown command, whose impulse Is called the thrust 

tailoff impulse (TTI). Moreover, the engine thrust decay law must be 

known for reliable separation of the stages and in order to prevent 

collision between the rocket body and the separated nose cone. 

Several launches of the American Vanguard rocket were unsuccessful 

because of the fact that after separation the last stage of the rocket 

was again accelerated by the thrust tailoff impulse and collided with 

the satellite [W]. Analysis of flight tests [HÜ] shows that combus¬ 

tion can continue in the LRE combustion chamber for several minutes 

and the resulting tailoff impulse is not so small that it can be 

neglected. 



The operation of the rocket control system terminates simultan¬ 

eously with the transmission of the command for engine shutdown, i.e., 

the further flight of the rocket becomes uncontrolled. As the com¬ 

mand for nose cone separation is transmitted after the main command 

for engine shutdown,the tailoff process is very undesirable, since the 

existence of arbitrary and uncontrolled thrust leads to a significant 

increase of the downrange scatter. This scatter is determined by the 

deviation of the magnitude of the TTI from its nominal value, i.e., 

TTI variance. 

* !• Concept of LRE Thrust Tailoff Impulse 

We have already mentioned that the engine thrust does not dis¬ 

appear immediately upon transmission of the command for engine shut¬ 

down, rather the thrust continues to act in the course of some time. 

(Figure 10.1), The impulse of this thrust — the tailoff Impulse — 

is expressed by the Integral 

I 

I 

/=][ P(l)itX, 

*tjt • 
(10.1) 

where Tm c is the time when the main command for engine shutdown is 

transmitted; 

Tq . is the time at which the pressure in the combustion chamber 

becomes practically zero; 

P(t) Is the engine thrust during shutdown. 

Denoting the tailoff impulse 

for any altitude by IH and re¬ 

placing the thrust at altitude PH 

using the formula 

^(0=^-(1)0(1)-/^(1). 
(10.2) 

we obtain 

Figure 10.1. Typical 
curve of thrust var¬ 
iation versus time 
during LRE shutdown. 

f// -*Î ^1-(00(1)(/1-] Ftpn(i)(lx 

(10.3) 
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Prom this we see that when the engine is shut down the magnitude 

of the TII in the general case is determined by the variation with 

time of the vacuum specific thrust and the propellant flow rate, and 

also by the ambient pressure. 

Let us examine the first integral of the vacuum thrust 

/--J /V-WG^/t. 
(10.il) 

Since under flight conditions the engine Is usually shut down at 

high altitudes, where the atmospheric pressure is low (for example, 

at an altitude óf 25 km the atmospheric pressure does not exceed 2t 
of the sea level pressure), it is the quantity which is of practical 

importance. We see from (10.i*) that the vacuum TTI depends on the 

specific thrust P^, propellant flow rate G, and tçiloff time The 

parameters and Q may change significantly in the engine shutdown 

process. 

The variation of the specific thrust is occasioned by the marked 

. deviation of the oxidizer excess ratio a (the mixture ratio k) from 

its optimal value and deterioration of the process efficiency. The 

first factor is a result of uncontrolled variation of the propellant 

component flow rates in the tailoff period; the second is a result of 

the sharp dropoff of the pressure in the combustion chamber. The 

quality dropoff of the pressure in the combustion chamber. The quality 

of the working process in the LRE is usually evaluated by the specific 

thrust efficiency ^ , which depends on the operating regime and is de¬ 

termined experimentally. 

Thus, in the general case the vacuum specific thrust for a given 

engine can be represented as a function of two parameters 

<p). 

The change of ^ e propellant flow rate is connected with the change 

change of the valve flow section area Fv and the discharge coefficient 

uv, and also depends on the possible change of the liquid pressure 

Pin y, of the valve 
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The operation of the rocket control system terminates simultan¬ 

eously with the transmission of the command for engine shutdown, i.e., 

the further flight of the rocket becomes uncontrolled. As the com¬ 

mand for nose cone separation is transmitted after the main command 

for engine shutdown,the tailoff process is very undesirable, since the 

existence of arbitrary and uncontrolled thrust leads to a significant 

Increase of the downrange scatter. This scatter is determined by the 

deviation of the magnitude of the TTI from its nominal value, i.e., 

TTI variance. 

I 1. Concept of LRE Thrust Tailoff Impulse 

We have already mentioned that the engine thrust does not dis¬ 

appear immediately upon transmission of the command for engine shut¬ 

down, rather the thrust continues to act in the course of some time. 

(Figure 10.1). The Impulse of this thrust — the tailoff impulse — 

is expressed by the integral 

/=] P(I)«/T, (10.1) 

where t_ „ is the time when the main command for engine shutdown is 

transmitted; 

Tq Is the time at which the pressure in the combustion chamber 

becomes practically zero; 

P(t) is the engine thrust during shutdown. 

Denoting the tailoff impulse 

for any altitude by IH and re¬ 

placing the thrust at altitude PH 

using the formula 

(0*= Pi-0)G(t)-P,Pn(*). 

we obtain 

Figure 10.1. Typical 
curve of thrust var¬ 
iation versus time 
during LRE shutdown. 

(10.3) 
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.Prom this we see that when the engine is shut down the magnitude 

of the Til in the general case is determined by the variation with 

time of the vacuum specific thrust and the propellant flow rate, and 

also by the ambient pressure. 

Let us examine the first integral of the vacuum thrust 

!» 
/«“J 

(10.H) 

Since under flight condltlone the engine le ueually shut down at 

high altltudee, where the atmospheric pressure Is low (for example, 

at an altitude òf 25 km the atmospheric pressure does not exceed 2| 

of the sea level pressure). It 1. the ,uantlt, I. which Is of practical 

Importance. We see from (10.«) that the vacuum TTI depends on the 

specific thrust Pj.. propellant flow rate 0, and tglloff time ,,. The 

parameters Pj. and 0 may change significantly In the engine shutdown 
process. 

The variation of the specific thrust is occasioned by the marked 

deviation of the oxidizer excess ratio a (the mixture ratio k) from 

its optimal value and deterioration of the process efficiency. The 

first factor is a result of uncontrolled variation of the propellant 

component flow rates in the tailoff period; the second is a result of 

the sharp dropoff of the pressure in the combustion chamber. The 

quality dropoff of the pressure in the combustion chamber. The quality 

of the working process in the LRE is usually evaluated by the specific 

thrust efficiency * , which depends on the operating regime and is de¬ 

termined experimentally. 

Thus, in the general case the vacuum specific thrust for a given 

engine can be represented as a function of two parameters 

ç). 

The Change of the propellant flow rate is connected with the change 

change of the valve flow section area Py and the discharge coefficient 

wv, and also depends on the possible change of the liquid pressure 

Pin,y. °f the valve 
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The pressure ahead of the valve may change as a result of reduc¬ 

tion of TPA rmp after transmission of the engine shutdown command, 

change of the flight load factor, and as a result of the occurrence 

of water hauner as the valve is closed. 

Entry of the propellants into the combustion chamber does not 

terminate after complete closure of the valves, since some definite 

amount of fuel and oxidizer remains in the lines from the valves to 

the Injectors. Thus the qualitative picture of the phenomenon may 

be described as follows. After the propellant supply is cut off there 

. is afterburning of the residual propellants and rapid emptying of the 

costo ustión products from the chamber. As a result the pressure in the 

combustion chamber reduces to tenths of a bar if the engine is oper¬ 

ating in space or to normal atmospheric pressure if the engine is 

operating at sea level (on a test stand). 

When the pressure of the liquid propellants decreases to the mag¬ 

nitude of their saturated vapor pressure, they begin to boil and 

evaporate; the result is the creation of a definite head which forces 

the propellants into the combustion chamber. Thus, the combustion 

process continues after the valves are closed until the supply of one 

of the components is completely exhausted. Prom that moment on only 

one of the propellants enters the combustion chamber — the propellant 

which is in excess — and the engine thrust is determined by the re¬ 

action of the exhausting Jet of the vapors of this component or the 

products of thermal decomposition. The transient process from the 

moment the propellant feed supply is cut off to the initiation of the 

vaporization process sometimes leads to a dip in the chamber pressure 

curve (see Figure 10.1). 

In certain cases pressure pulsations are observed after cut off 

of the propellant supply; these pulsations are most probably due to 

the intermittent nature of the component combustion process. We note 

that the intensity of the process of vaporization of the coolant com¬ 

ponent depends significantly on the heat influx from the hot chamber 

walls. 
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Finally, if the va1/es are located at a sufficient height above 

the injector head it may be necessary to take into account the Increase 

of the liquid propellant head due to the effect of flight load factors. 

The magnitude of this part of the head is 

Ar-O/'/ (10.5) 

where h is the height of the liquid column above the injector plane; 

J is the rocket acceleration. 

As for the second Integral in (10.3), its magnitude depends only 

on the ambient pressure and therefore, shows up only during test stand 

LRE operation and provided the truss-like shock does not enter the 

nozzle. Otherwise the LRE thrust Formula (10.2) becomes invalid. 

. In any case, backpressure reduces the thrust talloff Impulse. 

On the basis of this analysis we can say that the LRE working process 

during the talloff period depends on the conditions under which the 

engine is shut down — whether this is done on a test stand or in 

flight. This leads to a very Important practical conclusion — the 

talloff impulse measured on the test stand differs markedly in mag¬ 

nitude from its flight value. 

Having analyzed the general expression for the TTI, let us list 

all the factors affecting its magnitude. 

Gasification lag. This phenomenon is associated with the presence 

of liquid (or vapor) propellant components in the combustion chamber 

at any instant of time, in particular at the time when the main com¬ 

mand is transmitted for engine shutdown. We shall denote the gasif¬ 

ication lag by the time which Includes the time required for vapor¬ 

ization and mixing of the components, and the chemical induction time. 

During this time the engine does not react to the command; therefore, 

the entire process is essentially shifted to the right along the time 

axis (Figure 10.2). The lag time depends on the organization of the 

mixture formation process, the construction of the atomizing devices, 

and the nature of the propellant. This time is a quantity of the 

order of 0.001—0.01 sec. 
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P Propellant tuíoXI valve 

triggering lag. A definite time 

passes from the Instant of trans¬ 

mission of the command for valve 

closure until the closure process 

beginsi this time Is called the 

triggering time t2. The valve 

Plgure 10.2. Primary 
components of LRE 
thrust talloff im¬ 
pulse (time of each 
talloff Impulse 
segment measured 
from sero). 

triggering lag Is a result of the 

Inertia of the valve automatic 

control system. Por pneumatic 

valves T,^0,0.5-0.15 sec> for pyro_ 

valves T*«0,001-0.015 8ec, During 

the time tg the propellants will 

enter the combustion chamber in 

the same quantities as they did prior to the main cutoff command if 

the TPA rpm has not changed. In the general case the lag time t2 is 

different for the ozldlser and fuel valves. 

Cutoff valve closure (actuation) process. We consider the valve 

closure time to be the time from the Initiation of motion of the 

valve disk until the disk Is fully closed. The valve flow section 

area varies In time following some law which depends on the valve type 

and construction, and also on the law governing the control pressure 

rise in the pneumohydraulic valves (PHV) (for a system using pneumo- 

hydraullc valves). It is obvious that the cutoff valve closure law 

also affects the variation in time of the flow rates of the correspond¬ 

ing propellant components. Por PHV Ti-o.l-o^ 8ec> for pyrovalves this 

lime is negligibly short (<0.001 sec). Since the pressure gradients 

in the chamber reach large values during valve iîlosure, this segment 

of the process is termed the chamber pressure sharp talloff segment. 

ifttry of propellants into the combustion chamber after complete 

valve closure. The reasons for this phenomenon have been mentioned 

previously. The vaporization process has the longest duration of all 

the factors which determine the talloff period. The vaporization time 

may vary over wide limits, depending on the nature and amount of the 
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propellants In the lines between the valve and the Injectors; this 

time varies from a few seconds to a few minutes^. We denote this 

time by 

Between the segment of sharp pressure drop in the chamber and 

the propellant vaporization segment, there is an Intermediate segment 

which is defined by the transition time t^j,. In addition to these 

factors, the thrust decay law after transmission of the main shutdown 

command may also be affected somewhat by the transient processes in 

the components of the propellant supply system — the liquid-propellant 

gas generator (LOO) and the TPA. 

The TPA does not shut down Immediately after transmission of the 

command for engine shutdown, since there is a lag in the triggering of 

the valves which control the propellant flow to the LOO. The actua¬ 

tion of these valves is also not Instantaneous. Therefore, the work¬ 

ing fluid flow rate, and this means the shaft torque, diminishes 

gradually,i.e., the TPA rpm also changes gradually. The latter i», 

also explained to a considerable degree by the inertia of the TPA ro¬ 

tating masses. 

During the control valve triggering lag time the rpm remains con¬ 

stant; the rpm is also nearly constant in the course of the so-called 

transient lag time, which is inherent in dynamic systems with two or 

more elements connected in series. In the case in which the cutoff 

valves close before the TPA rpm begins to decay, this factor has no 

effect on the magnitude of the TTI. Otherwise the problem is com¬ 

plicated considerably by the necessity for taking into account the 

variation of the propellant pressures downstream of the TPA pumps, 

which determine the flow rates and therefore, the chamber pressure 

and the thrust. 

Thus, the total tailoff time is represented by the sum 

i^ti+Ti + tj+Tn + r«., (10.6) 

Footnote (1), see page ^53 

FTD-HC-23-18-70 380 



Therefor», the total LRE vacuum talloff Impulse can be represented In 

the form of the sum of the following basic components (see Figure 10.2) 

(10.7) 
We take as the zero point for measuring the duration of the pro 

cess in a given segment the termination of the preceding segment. 

Then each component can be determined independently by the following 

expressions: 

is the TTI component due to gas formation lag in the com¬ 

bustion chamber. Here P. is the engine thrust at the moment of cutoff. 

/i*=7 P.-CWt 18 the TTI component due to valve triggering lag. If 

the TPA rpm does not change during the lag time t2, then the propellant 

flow rate remains constant. In this case/i^P.n. 

l8 the COBponent due t0 varlatlon of the englne 

parameters in the valve closure period and the reduction of the fuel 

and oxidizer volumes in the lines as a result of the marked reduction 

of the pressure of the propellant components in these lines. 

*-4 J imJt/r rjwpj component which shows up during the trans¬ 

ition from the sharp chamber pressure decay to propellant vaporization. 

¡t j P1-GJ1 ¿8 TTI component due to discharge into the com¬ 

bustion chamber of the fuel and oxidizer which boll in their lines; 

in the general case this segment may in turn be broken down into 

periods of discharge of the fuel alone. Joint discharge of the pro¬ 

pellants, and discharge of the oxidizer alone. 
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While the I1 and I2 components can, as a rule, be calculated quite 

accurately, the determination of the other components involves serious 

difficulties as a result of the complexity of the physical processes 

taking place. We shall examine in greater detail the calculation of 

the components I1, 1^, 1^. 

* transient Processes During Abrupt Combustion Chamber 
Pressure Decay After Transmission of Engine 
Shutdown Signal --—"- 

1. Basic Equations 

Depending on the arrangement of the projected LRE, propellant 

cutoff after the engine shutdown command Is transmitted can be ac¬ 

complished by pneumatic valves, pyrovalves, or with the use of a 

pneumatic valve in one line and a pyrovalve in the other. 

We shall first write the complete system of differential equations 

which describe the transient process during engine shutdown for the 

general case (Figure ID.3). We first examine the process without con¬ 

sidering the specific type of valve, and then present the solutions 

for individual particular cases. 

We simplify somewhat the combustion chamber equation obtained in 

Chapter 3 by neglecting the lag. Then (3.13) may be written as follows 

j//y 

i/f 
(c.-¡- At« 

(10.8) 

We use the equation of motion (3.50) of the propellants in the line 

from the valve to the combustion chamber in simplified form: 

for the oxidizer line 

! V.CM -F..# (10.9) 
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Figure 10.3. Typical 
LRE hydraulic flow 
diagram. 

for the oxldlser valve 

where p2 le the pressure after the 

valve; 

Pz is the pressure due to 

the difference of the 

height of the sections 

being considered (this 

quantity can usually be 

neglected); 

0 is the propellant flow 

rate into the combustion 

chamber. 

The Bernoulli equation can 

be written in the form (4.18): 

—!pr . 
' «• t 20ofW. » (10.11) 

for the fuel valve 

(10.12) 

The equations of mption of the propellants in the line from the 

pump to the valve ara written analogously to (10.9) and (10.10): 

for the oxidizer line 

P» • - PÚ + K> »Gl.a+■ 
itn*. 

dt 
’ Pont (10.13) 

Since tl 

short, we shj 

time functloi 

and 

where P** is 

dov 

0» iBl 

We shal] 

simultaneous] 

favorable frc 

the tailoff l 

to close befe 

plained by th 

the valve mus 

the Instant ti 

the pump exit 

undesirable ¿ 

of the TTI sq 

Now we w 

masses In acc 

for the oxldl 

383 FTD-HC-23-18- FTD-HC-23-18-70 



for the fuel line 

'»*• (10.10) 
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(10.11) 

(10.12) 

from the 

.10): 

(10.13) 

Pu.t~'Pu»- 

Since the time during which we must consider the TPA operation Is 

short, we shall consider the pump exit pressure to be an exponential 

time function, i.e., 

and 
f 

Pu^P*'* • • 

(10.15) 

(10.16) 

where />*« la the pump outlet pressure at the Instant the engine shut¬ 

down signal Is transmitted; 

•• Is the TPA time constant. 

We shall also assume that the pump exit pressure decay begins 

simultaneously with Ine movement of the disks, since this case Is most 

favorable from the viewpoint of reducing the magnitude and scatter of 

the tailoff impulse. In fact, the TTI increases if the valves begin 

to close before the pump exit pressure begins to decay. This is ex¬ 

plained by the fact that the cutoff valve closure time increases, since 

the valve must overcome a constant pressure equal to the pressure at 

the instant the engine shutdown command is transmitted. However, if 

the pump exit pressure begins to decay before the valves begin to close 

undesirable pressure pulsations may develop, which leads to Increase 

of the TTI scatter. 

Now we write the equation of motion of the cutoff valve disk 

masses In accordance with (4.17): 

for the oxidizer valve 

K*» Pifio- P:.[>Ft- * P(9¿ (10.17) 
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for the fuel valve 

mr Pjx — PfSj.r- PlJm.r)+ 

F.,)-(P,-Ph)F,,±P^ (10.18) 

If the cutoff valves block the lines rapidly, then in calculating 

the segnent covering the rapid decay of the combustion chamber pressure 
we oust take into account the elastic deformation forces which accom¬ 
pany the displacement of the propellants into the chamber from the 
volume between the valves and the injectors. Then, averaging the 

fluid pressure over the entire volume, we can write approximately: 

. for the oxldlser line 

(10.19) 

for the fuel line 

Jin 
¢1 

(10.20) 

where V Is the volume of the line between the valve and the combustion 
chamber; 

a is the speed of sound in the propellant; 

Qve the propellant flow rate to the vent line (if the pro¬ 
pellant flow system has this provision). 

We obtain the equation defining the variation of the control gas 
pressure from the following considerations. In the simplest case we 
assume each cutoff valve has its own individual pneumatic line (Fig¬ 
ure 10.4). Then we start from the following arguments to determine 

the relation P> “MO . In the general case the control gas flow rate 
into the cavity above the cutoff valve piston is a variable quantity. 
The gas which is in the line between the pressure reducer and the 

electropneumatic valve (EPV) begins to flow into the cutoff valve gas 
line after the EPV is opened. The pressure reducer valve which lets 
gas flow from the high pressure line opens simultaneously. 
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o 
Figure 10.Block dia¬ 

gram of pneumatic 
line with a single 
main valve: 1) gas 
bottle; 2) reducer; 
3) EPV; pneu- hydraulic 
valve. 

1 

Making use of the fact 

that the line volume is small 

while the flow cross sections 

are comparatively large, we 

simplify the process scheme 

and represent it as follows. 

We assume that the EPV opens 

instantaneously after passage 

of the lag time Tepv* After 

the EPV valve opens, the pres¬ 

sures in the lines and in the 

lines and in the gas cavity 

of the cutoff valve equalize 

rapidly. Then the pressure reducer valve opens and gas flows from the 

high-pressure lines into the low-pressure chamber. By low-pressure 

chamber we mean the entire segment after the pressure reducer valve, 

including the gas cavity. Neglecting heat transfer and gas leakage 

and assuming the low-pressure line volume small in comparison with the 

cutoff valve gas cavity volume, and assuming the pressure drop from 

the reducer valve small in comparison with the pressure in the low- 

pressure chamber, we write the equation for the pneumatic line in the 

form 

where V„ is the volume of the line from the pressure reducer to the m 
cutoff valve; 

Vy is the cutoff valve gas cavity volume; 

Gred is the gas flow rate through the reducer; 

Tb is the gas temperature in the bottle. 

Neglecting the losses in the high-pressure line (from the high- 

pressure bottle to the reducer valve), since they usually constitute 

less than 5% of the bottle pressure, we assume that the pressure ahead 
of the reducer valve equals the pressure in the tank. Then the gas 

flow rate through the reducer is 



where q(x .) ^ red7 is the gasdynamic function of the velocity coefficient 

Xred* 8lnce the reducer setting pressure is practically 
always less than the critical value, then qUred) ■ 1; 
is the discharge coefficientj 

is the minimal area for gas flow (in the reducer valve); 

it is determined by the reducer valve travel, which de¬ 
pends on the valve exit pressure pred; usually in the 

process of cutoff valve closure p^ is such that the 
valve is fully open, i.e., P . - F . 

* red red max 

In determining 0red we shall assume that the gas parameters in 
the bottle remain unchanged during the cutoff valve closure time. 

These assumptions facilitate considerably the determination of the 
relation Pi^pyix) and are fully Justified by the good agreement of cal¬ 
culation and experiment. 

So far we have considered the case in which the gas flows from 
the pneumatic line to only a single cutoff valve. If there are two 

valves connected in parallel, the basic equation remains as before, 

since in the actual LRE pneumatic lines the pressure drops in the seg¬ 
ments from the point where the main lines branch up to the main valve 

can be neglected, and therefore, the calculation of the relation 
Pir-Mt) for the actual case differs only in that we take the volume 

Vv to mean the sum of the volumes of the low-pressure lines and the 
gas cavities of the oxidizer and fuel cutoff valves. 

We finally write the pneumatic line equation in the form 

iPr— » 
«•» V.-M^+V 

-[■VAM'/VW.jV rf.r# , 

t«77t 
(10.21) 

The equations defining the relationship between the propellant 

flow Gve t0 the vent (if venting is provided in the design) and the 
flow rate G to the combustion chamber will be 
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(10.22) 

(10.23) 

The quantity x can be determined as follows. If pH is the am¬ 

bient pressure into which the propellant is vented in order to reduce 

its flow rate into the chamber, then the connection between the pres¬ 

sure differential drop and the flow rate may be written as 

where the coefficient 

2 o 

and Fve is the vent port area; 

pve 18 the flow rate trough the vent. 

(10.24) 

(10.25) 

(10.26) 

In deriving this formula we have neglected any possible boiling 

of the propellant in the vent port. The coefficient b1 vewill be found 

somewhat later for the exact calculations (with account for boiling). 

Now we write the expression for x with the aid of (10.24) and (10.25) 

(10.27) 

For the vacuum case we can take in this formula. We see 

that x depends on the pressure ratios PJp arid p,i!p , which vary over 

only a small range and, moreover, appear under the radical. This per 

mits determining x from the parameters of the basic operating regime 

with adequate accuracy. 

Since the combustion product work capacity RJK is a function of 

the mixture ratio k » Q0/Gf, we must supplement the equations written 
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above by the dependence of Rkt* on k, l.e., (2) 

or approximately 

i 
#.r. 

(10.28) 

(10.29) 

where aj, a2 and a^ are coefficients which depend on p^. 

The resulting system of 18 equations (10.8)-(10.23), (10.27), 

(10.28) contains 18 time-dependent quantities: x0* xf, Plo, Plf, P2o, 

p2f* ®H.o* °H.f* °o* °f* °o.ve* Qf.ve* PK* py* pH.o’ pH.f* RK* TK‘ 

This system makes it possible in principle to find the time vari¬ 

ation of these parameters. However, this is a system of nonlinear 

differential equations with variable coefficients, whose solution pre¬ 

sents serious difficulties. These difficulties, which are associated 

with the numerical solution of the system, can be overcome with the 

aid of computers. 

In application to specific LRE pneumohydraullc systems, this sys¬ 

tem can always be simplified without any loss of computational accuracy. 

In this connection it is advisable to solve the system which is sim¬ 

plified in accordance with the data of the particular case rather than 

the complete system of equations.• 

We shall examine possible combinations of cutoff valves in the 

main propellant feed lines. 

Version I: pyrovalves installed in the oxidizer and fuel lines; 

Version II; a pyrovalve in the oxidizer line and a pneumatic 

valve in the fuel line. 

Footnote (2), see page 453 
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We shall study these two versions analytically. 

2. Analysis of the Transient Process of Shutdown of LRE 
With Cutoff Pyrovalves (Version I) 

We shall assume that the pyrovalves close instantaneously and 

simultaneously^^ (we neglect wave processes). Moreover, we make the 

following simplifying assumptions, which are Justified in certain 

cases: a) the mixture ratio does not change during the time of the 

abrupt combustion chamber pressure decay; b) the quadratic dependence 

of the propellant flow rate on the pressure differential is linearized 

as follows 

¿,G*=p-f.£(í 

where p-p-p*¡ 

(10.30) 

c) the piezometric head of the propellants in the lines is negligibly 

small. 

Using these assumptions, the system of equations describing the 

transient processes in the engine after valve closure can be trans¬ 

formed to the form 

where 
kn,t Sf 

— *2r 

(10.31) 

Calculations show that usually -u->0 . Therefore, the 

solution of the second-order differential equation with constant 

coefficients (10.31) will be 

('r *• ''•'(f'lOOSl«’ J C’i .iHM) 

Footnote (3), see page 453 
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where the constants and C2 are found from the initial conditions^ 

Since we are examining the case of constant k, there is no dif¬ 

ficulty in finding the oxidizer flow rate variation law as a function 

of time. Solving (10.8), we determine the curve of the abrupt com¬ 

bustion chamber pressure decay (provided that for y-0 the value of 

*-*> . . 

+(■*« - O VI »!■ -HH« - «i) - ^.1 (Wit-1) 

(10.32) where 

Let us find the TTI component due to the abrupt pressure decay 

after valve closure (until evaporation of the propellants begins). 

As is known, the absolute vacuum thrust ?m can be expressed with 

account for the losses in the chamber and in the nozzle in terms of 

the pressure pK by the formula 

upKmP», (10.33) 

where m Is the number of power plant chambers; 
V« !• the combustion chamber pressure efficiency; 

*f« Is the nozzle coefficient; 
is the vacuum thrust coefficient. 

Footnote (4), see page 453 
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conditions Now (H) 

is no dif- 

s a function 

brupt com- 

e value of 

*1 ( ij H- *•) 

'ü'1'J'LJ 

where 
ôii- (/1|¡- 

(10.32) 

jure decay 

begins). 

sed with 

i terms of 

(10.33) 

Linearization by means of (10.30) can be used for the calculations 

when the integration is made over time intervals At. But sometimes we 

can take, with a precision which is adequate for engineering calcula¬ 

tions, over the entire abrupt pressure decay segment 

biG*-BG, (10.34) 

where the coefficient B is determined from the parameters in some 

known engine operating regime. In this case the computational equa¬ 

tions do not differ in any way from those presented above. 

The length of the sharp decay segment may be found from the 

following considerations. When the combustion chamber pressure falls 

below the saturated vapor pressure of one of the propellants (usually 

the fuel) the latter boils (after the boiling delay time tdel and begins 

to flow into the chamber. In practice, during the time the crit¬ 

ical pressure drop will be established across the injectors, and we 

have seen previously that this pressure drop can be found from the 

propellant temperature ahead of the injectors. Prom this pressure 

drop we can find the propellant flow rate and therefore, the cor¬ 

responding pressure in the combustion chamber, which defines t3 — the 

end of the sharp decay segment. 

If we first assume the mixture ratio to be constant, then take 

MÏ-0 and linearize the quadratic dependence of the flow rate on the 
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WÊÊÊËBIDê 

P'^-A'Pr+AtP,; 

P* ~ A *..a P* *;• Autpt — ,1^ 

wher« a% and Af ar® constant coefficients 

(10.35) 

^ RiTu a ! P Y* 2 

iT-PT1 A"=x if: 

Solving this system, we obtain 

where 
p^C^'+C^+W, (10.36) 

c¡!cl'c, "* the r00t* of th* ch"'«t«rl.tlc equation! 
«re arbitrar, con.tant. .hlch are determined from the 

initial condition, for ,-0; 

c, - ('* - **',,‘*) t*,- - *..) !~ (+- ., .:)(¾.. -...) 
(®.I ~ «o,) -i- («r, — «,rl)(a#2 — uul) 

C, 
Pt~ar,PK -r C\ (ori -or|) 

• 0-« —“rt 

~P*~Ci—C-.’, 
± \ _ Ar 

I.1J 

the eueulatlon. eho. that th. e.cond root 1, of th. character!.- 
tic equation 

/.*+ {A +/1r+-1o)?.*+[/l,(/1r+/l„.i.,Ili) +.1,(,1,+,1,,.,)11 + 

+/l<*1f/l*=0. 

is of decisive importance in the final 
results. 

Footnote (5), see page 453 
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tem of equa- 

(10.35) 

(10.36) 

'from the 

fe. 

Therefore, we can use the following approximate formula to cal¬ 

culate pK with some loss of precision, obtaining a result which is 
somewhat low 

Hence 

i __- - í.' n ( — I ) 
fp ft" kpK- 

#1 

(10.37) 

(10.38) 

For preliminary calculations we can use the following formula. 

obtained for k ■ const and b2 Q - 0: 

.7, Xc-V ; ^ • ( I _ f-'’.’) -- J j _ i j 
(10.39) 

Formula (10.39) yields a result which is significantly too low, 

but with considerable simplification of the calculations. 

In this case the magnitude of the TTI will be 

(10.ÍI0) 

where 'Ki -(I ¡-A) 

characteris- 
B = + 
‘ V. 

nt~.- 
± 
K 

3. Analysis of LRE Shutdown Transient Process (Version II) 

For this version we make the following assumptions. 

FTD-HC-23-18-70 
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Por the fuel line with pneumatic cutoff valve: l) _ 

on the basis of the smallness of the inertia forces of the moving parts 

of the pneumatic valve in comparison with the pressure forces and the 

spring force; 

2) on the basis of the relative smallness of the velocities of 

the propellants and the lengths of the lines from the pump to the valve, 

for today's pneumatic valve closure rates we shall assume that 

*''-G,=0; t+'—r—O; Pjr„. ‘0; 

if this assumption is equivalent to equality of the flow 

rates through the valve and the Injectors, i.e., 0H>fi . Qf , in other 

words, we neglect the accumulation of liquid in the‘fuel line due to 

its yielding and we also assume an arrangement without venting; 

4) since the valve disk movement velocity changes over a very 

small range, we can neglect the dependence of the friction coefficient 

on velocity 

pi-±l(PyS1+piSm+PlK-.pt) 

For the oxidizer line with pyro cutoff valve: 1) since the pyro- 

valve actuation time is negligibly short [(1—3) • 10“3 sec], we can 

assume that the pyrovavle closes instantaneously and the hydraulic 

circuit can be examined directly. * Consequently we can eliminate from 

the general system the equation of motion of the oxidizer pyrovalve 

disk and set 

FTD-HC-23-18-70 395 



as a result of the smallness of the coefficient f-0 — 

I 

moving parts 

es and the 

2) 
<ff 

¢2.,,, which accounts for the mass of the fluid in the line downstream 
of the pyrovalve. 

Ities of 

0 the valve, 

lat 

of the flow 

, in other 

ie due to 

ng; 

a very 

¡©efficient 

i the pyro- 

, we can 

raulic 

nate from 

rovalve 

With account for these assumptions the basic system of equations 

is simplified and after some transformations takes the form 

dx 

/¿r*“1—+ UV)GJ; 
dX x 

dx 
-v2>l0,Gu g jL. 
t 1 A dx V, 

\ dx 

1^.- 

- 7y-~/S-- Fm, ± fSJ(p< -h ftIr,G*+ 

4 K, ~j;~) - -r P, F,.' + P,±/(P/li - P4)] - 

' rff r 

(10.41) 

(10.42) 

(10.43) 

(10.44) 

where 

The Equations (10.41)—(10.44) must be solved numerically. To 

do this we break the entire transient process down into quite short 

time Intervals and calculate the curve /v-Mtj f0r these intervals. 

Let us begin with the examination of the first time interval, lying 

between 0 and the time Within each interval certain variable 

quantities are replaced by constants (averages for the given interval). 

We introduce the following notations for these quantities 
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- /Vr,- n} 

Additionally, within each interval we linearize the quadratic de¬ 

pendence of the flow rate on the different pressure 

where 

îrWGî-BA+a;, 
P — (Vr)/ l-(Vr^ 

S*Pr)l \-iAPrh c . 

ur(/+i)~Gr/ 

*P, = P,.,-P: 

Por later convenience we denote 

Am* * — B¡~ Bt. 

Then (10.Ill)—(10.43) can be reduced to a single nonhomogeneous 

third-order differential equation with constant coefficients 

P*+ai Ai "f siP* -f siP*=*4' (10.45) 

The coefficients of (10.45) are defined by the following formulas 

where 

sa - I —(^Pr)l 

To solve (10.45) we take the initial conditions in the form 
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I 

for 1 o;: 

quadratic de- 

/Vs_ /jí-V-í.V 5r- Víi_®i_r* 
,/tJ \ >n'-) ~ hir.H K ut\r9 ^ 

Here, and hereafter, the parametera with an asterisk (•) relate 

to the regime from which the shutdown begins. The expression for the 

second derivative of the pressure In the combustion chamber 1. easily 

obtained from the system written above fori^l'-O. 

homogeneous 

nts 

(10.45) 

formulas 

The solution of (10.«5) Is obtained In the form 

p*——ii- 
h 

where i. .-,'a are the roots of the characteristic equation 
(10.46) 

X1 j-Sj=0; 

C‘,Cs,C* are the constants of integration and are defined by the 

expressions 

Ci~- 

C^- 

Ci=x- 

(>j 

Mi /> 

Mj|j 

Si \ :, 

*1 .. 
-,,)+ ^ 

(>l -).-) 

e form 

Here the parameters with (••) denote their average values within 

the time interval in question. 

The dependence Mi) makes it possible to determine the time var¬ 

iation of the other parameters of the transient process. 
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To find the valve disk displacement during the period from 0 to 

T we must integrate (10.44). This is not difficult to do if we neglect 

the friction forces and average the spring force and the volume of the 

pneumatic valve air chamber. 

The basic system of equations remains valid for any ith time in¬ 

terval, but the initial conditions will be different: for the 

(i ♦ Dst time interval we must take as the initial conditions the 

parameters at the end of the ith interval. For example, the initial 

conditions for the pressure in the combustion chamber are written as 

F.=/»'-: à-fMgí-I-gí-A,/,!) %r«-; 

-[£ 

The general solution of (10.45) for the time interval r*<r<TK+i 

has the form 

4- -£l. 

where C^, Cg, are the constants of integration 

(10.47) 

hy'(pl - -(*» + >*) p'K 4- p[ 

(X| ——k|) 

——(^1 +U #i+ >i 
(^1 — — Xj) 

O-i+^fÍ + F* 
— .... ■ —. i . ... - .... ..... . ■ 

(\|—1,) (X,—ij) 

Then we ol 

the variation < 

terval in quest 

where x1 and x. 

A 

The calcul 

less accurate, 

erable length n 

Therefore, gene 

preliminary cal 

I 3. 

1. Physical Pi 

For a quick calculation of the transient LRE shutdown process in 

order to obtain preliminary information on the variation of the main 

parameters of the working process, we must make one more assumption — 

we must neglect the inertial head in the fuel line, i.e., we assume 

that 

Let us exa 

takes place in 

during the prop 
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(10.47) 

cess In 

e main 

ptlon - 

ssume 

•V. - r- -- 0. 
Jt 

Then we obtain for the (i + l)st time interval with account for 

the variation of the pressure downstream of the pump during the in¬ 

terval in question 

do.48) 

where and Xg are the roots of the characteristic equation 

1|.»“—Y ± 

ra-*&<!-(A.-A); R, 
' V« Bjfl, \ r. I /• 

i,(fi-/?)->!—¡¡- 

X.-X, 

-K—J- 
X| —1, 

The calculation using this formula is considerably simpler but 

less accurate, since in certain hydraulic systems which have consid¬ 

erable le- 'ith neglect of the inertial head leads to significant errors. 

Therefore, generally speaking, (10.48) is suitable only for rough 

preliminary calculations. 

1 3. Transient Processes in LRE During Evaporation 
ot Propellants From Cooling Slot and 
Combustion Chamber Head 

1. Physical Picture of Propellant Evaporation Process 

Let us examine briefly the essence of the physical process which 

takes place in the cooling passage and in the combustion chamber head 

during the propellant evaporation period, where for the sake of 
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simplicity we shall consider the LKE scheme in which the chamber is 

cooled by the fuel.^ 

The physical essence of the evaporation process involves trans¬ 

formation of part of the liquid into vapor. This process begins at 

the moment when the pressure in the combustion chamber after actua¬ 

tion of the cutoff valves in the rapid decay period becomes equal to 

the saturated vapor pressure of the preheated fuel/7) which leads to 

Intense boiling of the fuel. The vapors which are formed maintain 

there a pressure equal to the saturated vapor pressure at the corres¬ 

ponding temperature. 

Under the Influence of this head the fuel flows through the in¬ 

jectors into the chamber. 

As a result of the definite pressure differential across the in¬ 

jectors, the vapor content of the discharging emulsion^Increases 

still further. Since the fuel temperature varies along the length of 

the cooling passage (Figure 10.5), the fuel layers which have not 

boiled will flow under the Influence of the pressure of the vapors 

toward the vent channel and will discharge into the surrounding at¬ 

mosphere. During the process of flow through the cooling slot the 

unboiled layers are warmed by the heat taken from the inner wall of 

the combustion chamber to the boiling point. 

In the course of time the emqlslon temperature decreases because 

of expansion and ejection of part of the emulsion into the chamber. 

This temperature reduction is compensated somewhat by the Input of 

heat to the emulsion from the hot inner wall. The temperature decrease 

leads to boiling of new fuel layers. This increases the emulsion weight. 

After some time all the liquid in the cooling passage has boiled. 

Prom this moment all the heat from the wall goes into the emulsion and 

the work of expansion of the emulsion is expended on ejecting the 

liquid which is present in the lines. 

Footnotes (6), (7), (8), see page 453 
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When the entire cavity from the head 

up to the vent valve is filled, emptying 

of the fuel cavity begins as a result of 

discharge of the emulsion into the combus¬ 

tion chamber and into the* surrounding 

atmosphere. 

Figure 10.5. Typical 
curve of propellant 
temperature versus 
cooling slot volume, 
measured from the 
combustion chamber 
injector head. 

The oxidizer in the line from the cut¬ 

off valve to the injectors has the same 

temperature throughout the entire volume; 

this temperature is determined by the fuel¬ 

ing temperature, since studies [2¾] have 

shown that preheating of the propellants in the pumps may be ignored. 

The oxidizer boils at the moment when the pressure in the 

chamber becomes equal to the saturated vapor pressure (or the vapor 

pressure of the light fraction if there la one). We shall assume thgt ' 

the oxidizer boils throughout the entire volume, since the pressure 

variation along the height of the oxidizer column as a result of the 

small rocket accelerations during the period of propellant evaporation 

will be slight. Under the influence of the vapors the resulting 

emulsion is ejected into the combustion chamber. 

The entry of the propellants into the combustion chamber in the 

form of a finely dispersed vapor-liquid mixture leads to an improve¬ 

ment in the efficiency of the mixture formation. If we also consider 

the fact that the fuel and oxidizer flow into the hot combustion 

chamber, then we obviously have all the conditions necessary for 

burning during the evaporation period, l.e., after cutting off the 

propellant flow in the supply lines. The combustion process continues 

until the supply of one of the propellants is exhausted. From that 

moment on the engine thrust is determined by the reaction of the dis¬ 

charging Jet of vapor alone or the products of thermal decomposition 

of whichever component is present in excess. 



2. Basic System of Equations 

We shall first use the equation of material balance for the 

variable quantity of fuel emulsion present in the cooling passage. 

Considering that the emulsion mass changes as a result of efflux 

through the injectors and influx due to boiling^, we can write 

-ce + cw (10.H9) 

Since the emulsion volume increases as a result of discharge of 

part of the propellant into the vent line and its boiling/10^ 

(10.50) 

where mf is the mass of the fuel emulsion; 

Ginj is the emulsion flow rate through the injectors; 

°boll 18 the emul8lon Influx rate due to boiling of the liquid; 

Vf is the volume occupied by the emulsion; 

Vboil Is the boiled liquid volumetric Influx rate; 

V„. is the fluid efflux rate into the vent line. 
VC 

The increase of the internal energy of the emulsion is due to 

the addition of the heat Q and the energy input with the boiled liquid. 

On the other hand, the Internal energy will be decreased as a result 

of emulsion efflux into the combustion chamber and because of the 

work expended in ejecting part of the fluid into the vent line 

it* 
10 

I- CGmK-p,\>u (10.51) 

where uf and if are the Internal energy and enthalpy of the emulsion; 

l'f is the enthalpy of the liquid fuel at the boiling temper¬ 

ature; 
pf is the fuel saturated vapor pressure; 
V* is the specific volume of the fluid on the saturation line; 

G„. is the mass flowrate into the vent line. 

Footnotes (9) and (10) appear on page **53 
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(10.49) 

Ischargs of 
(10) 

(10.50) 

» 
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The magnitude of the flow rates G^nj and Gve and also the amount 

of heat Q added to the emulsion and the boiling liquid influx rate 

Qboil (°r Vboil^ are det,‘r,-'lined later [see (10.62), (10.65), (10.80), 

(10.85)]. At the moment tie shall write out the equations describing 

the process of emptying of the oxidizer head. 

The material balance equation has the form 

(10.52) 

where m0 is the mass of the oxidizer emulsion; 

C, is the oxidizer flow rate into the combustion chamber^ ^. 

. In the present case the energy equation can be written in a 

considerably simpler form 

./ (UqIH,) 

Ux ■w. (10.53) 

Since the oxidizer boils simultaneously throught the entire 

space, the emulsion volume VQ ■ const. We shall examine the method 

for calculating the oxidizer flow rate G„ later. 

To the equations (10.49 - 10.53) we car* add the equation of the 

combustion chamber 

(10.54) 

where 

=>'iïZL 

Footnote (11) appears on page 453 
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3. 
Deïîfh1ïhï8i?th? Bollln8 Rate at the Interface 

with the Emulsion 

Assuming a considerable time lag of the Inner wall of the com¬ 

bustion chamber, we shall consider that the amount of heat flowing 

Into the emulsion and the cooling liquid Is determined only by the 

heat removal from the surface of the wall; Moreover, since In our 

case the heat transfer Is unsteady, generally speaking the formulas 

for calculating heat transfer in the steady regime are not suitable. 

However, Sidorov [123] has shown that the coefficient accounting for 

the unsteady nature of the process is << 1, and therefore for engineer¬ 

ing calculations we can use the steady state heat transfer formulas. 

Let us find the amount of liquid which boils per unit time. In 

so doing we must bear in mind that the liquid boiling is defined, on 

the one hand, by heating as a result of heat transfer from the com¬ 

bustion chamber wall and, on the other hand, by the reduction of the 

emulsion temperature and pressure of the saturated vapors. 

Let ua first find the liquid temperature rise. Assume that over 

an elementary segment dP8 of the cooling passage the difference be¬ 

tween the temperatures of the side wall surface and the liquid is 

AT and the coefficient of heat transfer from the wall as a result of 

propellant flow to the vent channel is equal to a. Then the quantity 

of heat taken from the given wall segment will be 

g~aiTdFK. 

On the other hand 

where c is the liquid specific heat; 

.r. liquid temperature rise in the given segment. 

Then 

At a 

by the coo 

We dl 

Negle< 

the heat c{ 

find the vi 

(10.57) 
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At a known engine operating regime the amount of heat removed 

by the cooling liquid will be 

^--a'ôT'dFl-c'G’sfK.t. (10.56) 

We divide (10.55) by (10.56) 

-L (10.57) 

Neglecting the variation of the temperature differential and 

the heat capacity in the regime from which the deviation begins, we 

find the value of the liquid temperature rise from the Expression 

(10.57) 

“õf i*1'"'- (10.58) 

As is known [6], the heat transfer coefficient a can be calcu¬ 

lated from the formula 

The complex Z1 
Pr 

0.25 
llq. 

'iiq Prw 

liquid temperature. Therefore we can write 

a /0, \M 
—— —. I -- 1 

is a weak function of the cooling 

- T?) 
Substituting this expression into (10.58), we obtain 

dT~ (10.59) 

Analysis of the cooling liquid temperature distribution as a 

function of the cooling cavity volume shows that with an adequate 

degree of accuracy we can write 
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where kT is an angular coefficient which is determined from the 

results of analysis of engine cooling in the shutdown 

regime ^12 

V is the running volume of the cooling cavity, measured from 

the head 

Thead the C00llnS liquid temperature at the injector head 

in the shutdown regime; 

VinJ *8 the inJ*ctor head volume. 

Por engines in which the coolant is not supplied to the nozzle 

exit, the cooling liquid temperature distribution obeys the following 

relation 

P-W+ArP. 

where 

—krV ’• r' k«j> 

T*on i» the cooling liquid*tençerature at its entry point (in 

the collector); 

Vcon is the volume of the cavity from the head to the collector 
kT is a coefficient which differs numerically from the coeffi¬ 

cient k^ in (10.60). 

We shall see later that this variation of and k,p is easily taken 

into account. Now, differentiating (10.60) we find 

Footnote (12) appears on page 453 

FTD-HC-23-18-70 407 



and substitute this value into (10.59) 

r 

Considering that 

dV-tfQjx, 

we finally obtain the expression for determining the magnitude of the 

liquid temperature rise 

_ . f»/5T 
dTt„x =•= kr v’C,í/t. 

, Since the temperature at any section also changes as a result of 

the arrival of preheated liquid layers, the overall temperature change 

will be 

(■TmtcfT^+dr»* 

or 

fT'=k 

After integrating this expression we find the cooling liquid 

temperature variation law at any section with the volume V for any t 

r~r;-:-*,rv*r v'Gxilt. 

Now we can determine the volume of the fuel which boils as a 

result of heat input from the wall 

V*. 

During the time dt the emulsion temperature changes by the magnitude 

dT, which leads to additional boiling of an amount of liquid equal 

to dT/k.p. The overall change of the emulsion volume as a result of 
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boiling Is defined by the expression 

Dividing both sides by dt, we obtain 

0L 
*r rff * (10.61) 

where 

Since calculations show that the quantity Qye varies in a small 

range (0^ changes at most by a factor of two by the time of complete 
boiling of the liquid in the cooling passage), this yields a change 

of c < ♦ 51. Therefore, in the following the value of c can be deter¬ 

mined for some average tenperatue and we consider it to be independent 
of tima. If the integration is performed over time segments, then the 
variation of c is easily taken into account from the results of the 

preceding time interval. Knowing VboU, it is easy to find the amount 
oJ liquid boiling per unit time 

G. •o.+f ■£. 
(10.62) 

We note that the values of the density p* and specific volume v* in 
(10.61) and (10.62) are defined by the emulsion temperature. 

M. Determining the Amount of Heat Entering the 
Emulsion 

The liquid boiling in the cooling passage takes heat intensively 
from the wall. The vapor content in the evaporation period is small 

(it increases markedly only toward the end of cavity emptying). There¬ 
fore we can assume that the heat transfer process takes place as a 

result of nucleate boiling. It has been shown in [5] that the vapor 
content has practically no effect on the heat transfer. It is true 
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that results were obtained In [131] which show a definite Influence 

of the vapor content on the heat transfer, beginning with a value of 

the order of 0.3. However, neglect of this effect on does not 

lead to significant errors, since the portion of the process with a 

vapor content ♦> 0.3 1» of very short duration In comparison with 
s 

the entire vaporization time. 

The process of heat transfer In the cooling passage Is described 

most completely by Tolublnskly's formula [132], which for the case of 

slots whose dimensions are comparable with the bubble size (0.003 m) 

was Improved by Chernobyl'skiy and Tananayko [147] 

Nn Ho, i (10.63) 

where 

X', o', v'.a'are respectively the thermal conductivity, density. 

kinematic viscosity, and thermal dlffuslvlty of the 

liquid; 

r Is the heat of vaporization; 

o is the liquid surface tension; 

p" Is the vapor density; 

p Is the variable pressure; 

Wq is the frequency of vapor bubble formation; 

dQ Is the breakaway diameter of the bubbles; 

h is a correction for the slot width, equal to the ratio 

of the wetted perimeter to the equivalent diameter — 

In (10.63) 

where p* Is the vapor density at a pressure of 1 bar. 



Tolubinskly refined this quantity, suggesting that It be taken 

equal too,|56^¿Y4. Then (10.63) will have the form 

Substituting in place of Nu, K, Pr their values, we obtain the 

formula for determining the heat transfer coefficient 

(^'vryw« „ 
(5*; ■ i(v'),, V'>w* 

Generally speaking, this formula Is valid only for low circula¬ 

tion velocities. NacAdams obtained a graph of the dependence of the 

heat transfer coefficient on the fluid velocity [72]. In the velocity 

range *1-10 m/sec we can consider that to within 81 

a,%0,52wfM 

Then the formula for determining the coefficient of heat trans¬ 

fer to the emulsion will finally have the form 

a.-^wy4. 

aV - 20 8 -T £ >3.*' AV/!^_ . 
(v\)®'4 (»' Ã1 (c' ‘ 

(10.64) 

The heat flus q in some segment of the coolir.j passage is defined 
by the formula 

where AT is the temperature difference between the wall and the 

liquid. 

Substituting in place of a#q its value from (10.64), we find the 

formula for the specific thermal fluxes on this segment 

f-AjVW’1 K±m-t 

where A? has the dimensions of kJ/deg2‘5m^. 
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Averaging the value of the temperature difference aT, we can 

find the heat input to the entire emulsion per unit time 

,IQ 

where P8 is the lateral surface area of the combustion chamber wetted 
by the emulsion. 

The emulsion velocity can be found approximately with the aid 
ha n r>w a fl _. Of the flow rate QlnJ through the injectors 

Wa 
~V' r 

liq'cr averaged flow area of the cooling passage up to 
the section with the volume V. 

Considering the relations presented above* we can finally write 

the expression for determining the heat input to the emulsion in the 
engine cooling passage 

where 

^ - XçAtvG^ 
(10.65) 

— ¿pad'1. 
• ».Cf 

5. Determining the Propellant Physical Parameters on the 
Saturation Une 

Equations (10.49) - (10.53), which describe the state of the 

emulsion, contain the values of the various physical parameters of 

the liquid and the vapor on the saturation curve. Since the experi¬ 

mental determination of these parameters involves serious difficultlei 

we shall use an approximate technique for calculating them [109], 

LUO], [23]. This technique, based on thermodynamic similarity 

theory, yields an accuracy which is quite satisfactory for engineer¬ 
ing calculations. 
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The idea of the method is that any physical parameter can be 

found by multiplying the coefficient A, characterizing the given 

liquid and the given property, by a function of the reduced tempera- 
_ m 

ture T ■ (or the reduced pressure p *• P/Pcr) which is universal 

for all thermodynamically similar substances, where T and p are 
cr cr 

the critical temperature and pressure ox the given propellant, T and 

p are the instantaneous values of the temperature and pressure. The 

coefficient A depends on the critical parameters pcr, Tcr, vcr, 

molecular weight u* and critical compressibility factor Z . All the 
C C 

quantities required for determining the physical parameters of 25 

propellants are presented in Table 4, calculated from the most reliable 

data available. 

Preliminary calculations have shown that the possible r»nge of 

variation of the dimensionless temperature T of the LRE propellants 
lies in the range 0.58 - 0.80. In this range we can with quite 

satisfactory accuracy approximate by formulas the universal functions 

obtained by Povarnln as a function of T and those obtained by 

Borlshanskiy as a function of p. The density of the liquid pro¬ 

pellant on the saturation line can be determined to within IX using 

the formula 

O'-A, (16.17-97). 
(10.66) 

The vapor density is expressed to within 3f by the formula 

tf \.77Ajn. (10.67) 

To within < IS the liquid specific volume is 

V' - A, (o.o:»ai |. 0.031117). (10.68) 

To within < 3S the vapor specific volume is 

v* n/MAj- V<3M (10.69) 
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TABLE 4. QUANTITIES FOR APPROXIMATE CALCULATION OF PROPELLANT PARAMETERS ON THE SATURATION Lift 
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TABU 4. QUANTITIES FOB APPROXIMATE CALCULATION OF PROPELLANT PARAMETERS ON THE SATURATION I 
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Nuacrator Is valus for liquid; denominator Is valus for vapor. 
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The function ¿■"'«/'—y is very often encountered in calculations. 

Its dependence on T to within 1.5Ï is expressed by the formula 

The specific heat of the liquid at constant pressure is deter¬ 

mined to within < 1.5* by the relation 

(10.70) 

This formula makes it possible to find the enthalpy of the 

liquid at the boiling tenqjerature. In fact, in the general case the 

enthalpy is defined by the formula 

r.j'ïr+fa+L 

where 1q is the enthalpy at the temperature Tq. 

We take Tg ■ 0 and ig ■ 0. The magnitude of the second Integral 

is very small, for example, for kerosene it amounts to only 0.38* 

of the entire enthalpy. Therefore we can take 

Substituting (10.70) into this expression and converting to 

dimensionless temperature, we obtain 

r-Aiïtf+ijMf1). (10.71) 

The heat of vaporization r can be found from the formula 

r~¿r (4,85—3,27 F)- (10.72) 

As is known, the equation of state for the saturation line has 

the form 

FTD-HC-2 3-18-70 H16 



This equation in our range of variation of T can be expressed 

by the formula 

p-a+bTm> 
(10.73) 

where a, b, m2 are constants for a given propellant (Table 5). 

TABLE 5. VALUES OP THE CONSTANTS o, b, mlf b^ m2 POR 

CERTAIN COMPONENTS 

Coaponent « * ■l *» ■* 

96Z etbylslcohol 
ADM . ..i 

°2 

B2°4 

• 

O.0M 
• 

».TB 
i.mus 

I^B 
I,sr75j 

IS ,55 
I0.M25 

S.S2 
11,12 

m.n 
1,7432 

1,2331 
1.57755 

11,55 
2.82 

7,14 
.13,12 

Knowing the enthalpy i’, the specific volume v1, and the pressure 

p as functions of the temperature T, we can use the known thermodynamic 

relation 

• • 

to find the temperature dependence of the internal energy 

+1,85^)- 
. / --W (10.74) 

- A,Pt, (« + M ) (0,03908 + 0,08'! 15f ). 

Thus the formulas presented above make possible an analytic calcula¬ 

tion of the required physical parameters of the liquid and vapor on 

the saturation line. 
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expressed 

(10.73) 

e 5). 

OR 

the pressure 

thermodynamic 

(10.7¾) 

.c calcula- 

I vapor on 

6‘ Deînjeîto?f Fl0W Ratesof the B°llln6 Propellants from the 

The discharge of boiling liquids from centrifugal injectors was 

examined for the first time in [91], but the results obtained are 

approximate, since they are based on the assumption that the diameter 

of the gaseous vortex does not change along the length of the centri¬ 

fugal injector and the axial component of the liquid velocity in the 

nozzle is independent of the radius. We shall examine the solution 

without these assumptions and obtain a more exact result. 

Stratification of the light and heavy fractions takes place in 

the flow of a two-phase fluid in a centrifugal injector. Therefore 

the vapor and liquid discharge separately from the nozzle (Figure 

10.é>). The vapor flow rate may be determined from the gasdynamic 

formulas 

where q(Xc) is a gasdynamic function which is found from graphs or 

tables using the value of the ratio ^ (for the critical pressure 

drop q(Ac) • 1. 

Figure 10.6, Flow pattern for 
boiling fluid discharge from 
a centrifugal injector. 

Let us find the liquid flow rate. 

If the vapor content in the nozzle 

is such that for vapor flow an open¬ 

ing is required which is of larger 

diameter than the diameter of the 

vortex which is formed in the case 

of cold liquid discharge, then the 

flow rate 0' in this case is found 

using the formula 

G' 
(10.75) 

where the axial velocity at the exit section is 

FTD-HC-23-18-70 
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V is the cold liquid discharge coefficient for the given centrif¬ 

ugal injector, having the geometric characteristic A and the 

nozzle radius r : 
c * 

r is the instantaneous radius; 

ApinJ " ps ” pc 18 the Pre80ur* drop across the injector. 

*** '‘'een *8 discharge coefficient for two-phase 

mixture flow, then 

(10.77) 

Equating (10.75) and (10.77) with account for (10.76), after 

integration we obtain the following equation for finding u* 

t.ÿsi-^A'- 

where 

r, 

In this equation, in addition to vcen» the value of Sp is also 

unknown; it may be found from the-obvious relation 

where tc is the vapor content of the emulsion in the injector nozzle. 

We denote 

(10.78) 
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where Ki1 is a quantity which depends only on 

the saturated vapor pressure p. (or, equivalently, the boiling temper- 
s 

ature Tg). The value of C can be found from precomputed graphs 

(Figure 10.7). 

be 

Then the additional equation for determining the value of s 
P 

will 

(10.79) 

The desired value of the fluid discharge coefficient ti*_is 
cen 

determined by Joint solution of the transcendental Equation (10.78) 

and the quadratic Equation (10.79). The results of this solution 

are shown in Figure 10.8. We see from this figure that the curves 

for w'cen for different B Intersect at certain points of the curve 
of u versus A, calculated for the Ideal fluid by Abramovich. If the 

centrifugal Injector has a large value of the geometric characteristic 

A and the flow discharge conditions lead to a small value of the 

complex B, then u'c#n ■ w. This Is explained by the fact that the 

vapor vortex which Is formed In this case Is sufficiently large to 

pass all the vapor. Therefore the vapors do not occupy the liquid 

flow section. The diameter of the flow section for the light phase 

will be equal to the diameter of the vortex which Is formed with 

discharge of the cold liquid. 

However, If the injector geometric characteristic A Is quite 

small while the complex B is large, then the vortex section obtained 

in the case of cold liquid flow will not be adequate for passage of 

the vapor. Therefore, the vapor occupies part of the liquid flow 

section, thereby reducing the value of the discharge coefficient 

p* _ < w. The value of the discharge coefficient p' „ determined 

from Figure 10.8 for the geometric characteristic A and the complex 

B makes it possible to calculate the liquid flow rate using (10.77) 

and therefore the entire flow rate of the two-phase mixture 

C,S' nr 
(14,) l V -’-vv-'i (10.80) 
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Figure 10.7. Variation of C with boiling point 
for several fuels: 1 - ammonia; 2 - nitrogen 
textroxlde 5; 3 - UDNH; 4 - ethyl alcohol; 
5 - liquid hydrogen» 6 - hydraxine; 7 - liquid 
fluorine; 8 - liquid oxygen (upper scale T° 
K and right scale C for curves 5, 7, 8). 

Figure 10.8. Variation of n'cen with injector 

geometric characteristic A and the complex B. 

The centrifugal injector can be constructed so that the entrance 

port has somewhat smaller dimensions than the nozzle. In this case 

the emulsion flow rate through the injector may be determined by the 

entrance port. Let us find the condition under which this case holds. 

To do this we assume that the entire pressure drop is developed in 

the entrance channel. In order that the flow rate of the boiling 

liquid be determined by the injector nozzle, it is necessary that the 

maximal po 

given cond 

the nozzle 

The q 

orifices [ 

where 

v'c and 

the o: 

w' and w" 
c c 

mined 

Squat: 

for (10.82 

The er 

where ii 

we can writ 

Thus, 

then in det 

otherwise t 

Por sc 

different 1 
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he entrance 

this case 

ed by the 

case holds, 

loped In 

oiling 

ry that the 

naxlmal possible flow rate tnrough the entrance channel under the 

given conditions be greater than (or equal to) the flow rate through 

the nozzle, i.e., Q. .-, ■ G„Ä_. 
* * boil cen 

The quantity Gboll can be found using the formulas derived for 

orifices [126] (and suitable for Jet injectors) 

F"]/ • (10.81) 

where 

i + 
N Cc », 

(• — re) 
(10.82) 

KJ, and are the liquid and vapor discharge coefficients through 

the orifice (or Jet injector) (according to Soldatov ; 

w' and w" are the liquid and vapor velocities respectively (deter- 
c c 

mined by the known formulas of hydromechanics). 

EquatingQbolland Gcen from (10.80) and (10.81) with account 

for (10.82), we obtain 

» _____ * __________ 

xFn W. > ~~ /21^0. . 
P2 

P 1 K 1 
The entrance channel area Pboll ■ 1,r boil* 4,1,1 rc " *R- 

where RK is the Jet swirl radius. Therefore, after transformations 

we can write 

. 
'-t » f,. (10.83) 

Thus, if the inequality (10.83) is satisfied for a given injector, 

then in determining the boiling liquid flow rate we must use (10.80), 

otherwise the flow rate must be calculated using (10.81). 

For spiral injectors the inequality (10.83) has a somewhat 

different form 
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where Pj. Is the spiral flow section; 

u’sp 18 the liquid discharge coefficient through the spiral. 

The magnitude of the vapor content at the injector nozzle exit 

appears in the formulas obtained above. This vapor content can be 

found from the formulas presented in [126], neglecting the kinetic 

energy of the vapor and liquid ahead of the injector: 

^-0 +V« 

(10.84) 

where » rg *nd rc are the enthalpy and heat of vaporization 

. of the liquid ahead of the injector and in the nozzle; 

is the vapor content ahead of the injector; 

gx is the mass fraction of the light fraction in the propellant 

(for a uniform substance g1 - 1). 

In conclusion let us examine the propellant discharge through 

the vent channels, which serve to remove the propellants downstream 

of the cutoff valves. Because of the fact that the power planteare 

shut down in what is practically a vacuum, the propellant bolls in 

the vent port. The discharge of the fuel in this case has several 

characteristic singularities. Expulsion takes place under the 

Influence of the saturated vapors of the propellant which bolls in 

the head and in part of the cooling passage. Therefore we must take 

into account the losses from the section with the pressure pg up to 

the vent port exit, where the pressure is approximately 

Hsre pg fu is the propellant saturated vapor pressure ahead of the 

vent port. Usually this pressure is found from the fueling tempera¬ 

ture (if cold propellant is vented) or from the results of the cooling 

calculation (if preheated fuel is vented). 
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The magnitude of the velocity at the exit is determined by the 

formula 

where the losses are 

The formula 

form 

for calculating the boiling propellant flow rate has the 

ISO«.»»«.! 
k 

V rt-Ptx - 
r 
4 (10.85) 

. h, I*« » *«■» 

where '(!-*<> ^ ^ ' 

This equation is solved by successive approximations. 

In certain cases the discharge process Is completely or partially 

nonequilibrium. In the case of the completely nonequilibrium dis¬ 

charge process the time during which the fluid with the velocity 

2 ~ - 
¢,, [i + 2*i j*,* ¢,,^.1 

travels the distance from the section with the static pressure ps 

(corresponding to the fueling temperature) to the valve exit must 

be no greater than the vapor formation delay time tdel, i.e.. 

In the case of a linear pressure distribution along the line, 

the condition for the nonequilibrium process has the form 

rtiJVL—* 
I V ¢-1 + 

Pt — Pt.y 

¢0(1 + 2»l «!*>.'/]!] 

where L is the passage length from the section with the pressure p 
8 

to the valve. 

1*21* 
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In this case the flow rate Is found from the formula 

2 VQ-r* rti* 

7. Solution of the Equations for the Oxidizer Line 

The parameters In the oxidizer head (emulsion mass, vapor content, 

specific volume) depend only on the temperature which. In turn. Is 

a function of time. This function Is determined by the emulsion flow 

rate Into the combustion chamber. Therefore we first find the connec¬ 

tion between the vapor content (specific volume, mass) and the oxi- 

dlser temperature TB 0. To this end we examine the basic equations 

(10.49 - 10.51) for the oxidizer line 

The magnitude of the emulsion mass mo and Internal energy u0 

depends only on the temperature. Therefore, dropping the subscripts 

for slapllclty, we write 

sf* A * *7* 

Since » dividing by we obtain 

(10.86) 

It Is known from thermodynamics that 

i-u+pv 

and. In addition, o-— . Therefore, (10.86) can be reduced to the 

We denote vm^vm-v'. Since /--/'-¡ y and v o' ¡-•fc»'*, it Is easy to 
transform the resulting equation to the form 

(10.87) 
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where 

fapor content, 

turn, is 
nulsion flow 

i the connec- 

1 the oxl- 

equatlons 

lergy uQ 

subscripts 

(10.86) 

ed to the 

Is easy to 

(10.87) 

Ou1=3JL Lie_v~ JP \„ _6,84/<,f + 0.53/».,/t.*m,y"--|| ,i?s 

r \<iT rtf ) -4,(4.85 - 3,27fi) 

a 1 /-« Wl' \ 
r \ wT /r ) 

^»V-ltO.O^gCS t 0.0^11.57)- H.77~)/(; 

A, (4,85 - 3,277^) ■ ' 

Curves of these functions for N20j| are shown In Pigure 10.9. 
The solution of (10.8?) has the form 

*«exp(-Jl.jrfí)(JI C,). (10.88) 

. In the possible range of variation of T the function 4«i(f) can 

be approximated with good accuracy (error < If) by the relation 

001^01-1 s.«*/14 «oj'/1*, 

where > j are coefficients which depend on the nature of the 
oxidizer (for NgOjj the coefficients '«t ■- ;*,903; s..2 I'.M; *„i * I!)..»<). 

The product •»..jcxp ( j’80,./f) can also be replaced (with an error 

< If) by the relation 

l).,3 exp (J O.p/f)--- I sj’ + 

Here the values of the coefficients «di. *«*. *>* also depend only 
on the nature of the oxidizer (for the coefficients *»* - 

voj-’ -3,1 Jl; 2,083), 

With the aid of these formulas the Solution (10.88) Is trans¬ 
formed to the form 

¡ j' 7* i r, 

1-../.) 

(10.89) 
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The constant is found from 

i.,./*"* the initial conditions; for 

The value of the second integra¬ 

tion limit can be determined 

V V V r 

from (10.89), taking ♦ - 1 in the 

limiting case. If the resulting 

value of the temperature is less 

than the freezing point of the given 

Figure 10.9. Curves of propellant Tf then the 8econd 
and * and 

fe «i* vertus F for N^. integration limit must be taken equal 

to Tj,r. Knowing the temperature 

dependence of the vapor content * in 
the head, it is easy to find the connection between T and the oxidizer 

emulsion weight m; 

The flow rate through the injwctors for the critical pressure 

drop depends only on the vapor content ÿ and the temperature ahead 

of the injectors (see Section 3, paragraph 6). If the pressure drop 

is less than the critical value the pressure in the combustion chamber 

also affects the flow rate. Therefore in the general case we can write 

hence 

(10.90) 
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Integrating (10.90), we obtain the dependence between the time 

and temperature 

F 

..., f 
J O'' KO-G 
r. 

dT. 

Using the formulas of Section 3, paragraph 5, we represent the 

integrand as a function of the temperature 

7 
x~V 

S o'*- (10.91) 

where 

5 lo.yi.,,y-3.óii:(i + n.o9o-w..,r) -•n.o<ii.i/ll'>-’;lf'l°n 
* (o.oscgsT'100'1 4 -i 0.«;)»' 

In the case of critical oxidizer pressure drop across the 

injectors, the overall flow rate into the chamber can be expressed with 

high accuracy by the following formula, obtained from the results of 

calculation of the discharge of the boiling propellant through the 

head 

g - +- i*.., -V *..,r • u of'. 
(10.92) 

where *»»• v«i, vuj are constant coefficients which depend on 

the injector parameters. 

Approximating the integrand by the formula 

o “* * (10.93) 

we Integrate (10.91) 

r t/. (7 .., ' -. T'»V ') 
" (vrt+l)V 

where vQ^ are constants for a given engine, 
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Hence we find the temperature as a function of time 

?= F c,--* T. 
(10.9^) 

where c*—1; 1 JL 
V 

Substituting (10.94) into (10.92), we obtain easily the time 
dependence of the flow rate, and substituting (10.94) into (10.89), 
we can also determine : 

(10.95) 

***[*•' Ÿr'J' +T *• ><c*+*..o^ + ^*<c,+*„»>’*■ ] 

These formulas make it possible to find the time dependence of 
the combustion chamber pressure for discharge of oxidizer only, since 
In this case these is usually the critical pressure drop across the 

injectors. To this end we use the combustion chamber equation in 
the form 

-^+Aa-0,0, 

(10.96) 

where -'¿•r' ; Bx^Ml 
Wm 1 K« * 

The coefficients and B1 will be practically constant because 
of the weak temperature variation of the discharging oxidizer. 

The solution of (10.96) has the form(13) 

'/V «' v[ô,ÎG(f)/'\/r IC,]. (10.97) 

In the case of subcritical pressure drop across the injectors, 
the oxidizer flow rate can be approximated by the formula 

Footnote (13) appears on page i»5^ 
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(10.94) 

the time 

» (10.89), 

(10.95) 

endence of 

only, since 

across the 

at Ion In 

(10.96) 

ant because 

Izer. 

(10.97) 

Injectors , 

•¿--'VI ¿ ¡K-M"-M?:”' )r, ! ':'(*„î ! ^„(<1 

-f i»7",)|’"s), (10.98) 

where 407, *us. froto. v„i and voi are constant coefficients which depend on 

the parauneters of the combustion chamber head. 

In this case the combustion chamber pressure Is found by Joint 

solution of (10.97) and (10.98). To this end we must specify some 

time Interval At and magnitude of the pressure p^ (or the pressure 

drop Aplnj0). Substituting the value of pK Into (10.98), we can 

find the flowrate Q through the Injectors. Considering this value to 

be constant over the time segment Ar, It Is easy to find from (10.97) 

the value of pR jIn the first approximation. The constant la 

found from the Initial conditions. Determining from pKI the flow rate 

Q and again solving (10.97). we find pK IX, and so on. 

We note that at normal fueling temperatures the oxidizers 

customarily used do not create a chamber pressure such that the 

pressure drop across the injectors becomes subcritlcal. 

Using (10.33) for the engine thrust and considering that 

/ P-Wt, 

we can find the TTI component due to discharge of oxidizer alone 

(for one combustion chamber) 

7 Gc4«’ d\ dt. 

Here zero time Is taken when the oxidizer alone begins to dis¬ 

charge. 

8. Solution of the Equations for the Fuel Line 

The system of equations describing the process of fuel evapora¬ 

tion from the cooling passage can be written In the following form 
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(see Section 3, paragraphs 2-6) [111, 112]: 

ilmT 

d~ 
dVr 

dx 

l-c. 

iizx^HiL—jS.—/ g*-i-/;g — n • 
¿X rfT * * ' «K Prv it 

Om^tOKdL9> 1st. jL. 
tif dt ’ 

-*L; 
4 1 *r rft ’ 

— ATg^ffG^; 

^=tF'G,; 

Cg-OgW/,^); 

M.; 

if=<;+K; 

Wr*<+K- 

(10.99) 

(10.100) 

(10.101) 

(10.102) 

(10.103) 

(10.104) 

(10.105) 

(10.106) 

(10.107) 

The temperature dependence of the physical parameters i'f rf, 
Y ®f i* presented in Section 3, paragraph 5. 

We shall make sosie transformations, dropping the subscript ’’f"; 

(1) we substitute the values of Vboll and Vve into (10.50) 

-,--0 hKG, ! (10.108) 
^ 4 1 *f dx • 
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(2) we substitute the value of G, 
boil into (10.49) 

(10.109) 

(3) in (10.51) we replace Gboll using (10.99), ~ using 

(10.101), and V using (10.102): 
V“ 

(10.110) 

We examine the solution of this system of equations up until the 

moment all the fuel has boiled. To this end we use the numerical 

Integration method. We shall first make some transformations. Con¬ 

sidering that c-tf'+o'"* and - , we find 
m 

Substituting in place of dV/dt and dm/dT their values using 

(10.108) and (10.109), after transformations we obtain the equation 

m ^=( r'<f - «',) Gx+1-) G* - [tf*+(■ 
if 

(10.111) 

Using the known thermodynamic relations, (10.105), (10.107) and 

(10.109), (10.110) can be written in the form 

dX If 

(10.112) 

where 

Equating (10.111) and (10.112), we obtain with account for the 

relations for the physical parameters the expression for determining 
■it . 

V^-ViW» H_d,) - 

« Cu+(-J, i) ~ îrkf (« + ♦l1*' •) 

rf7 
dt (10.113) 



where 

1,,=4/^(0.3503 + 0,745lf -0,23627-’ - 0.5026773) 

(« ^ )(0,03908 O.OWISF); 

I,,- 4i (3-f3,7r) - (0,03908 ; 0,08415f ) - 

~0,15374/**» (4,80 - 3,»7fí>, 

(•r«=3 - 6,514/ -0,554 , 4, ^ - 32.95/5 j 
0«=/fQ4r4, (0,03968 -p 0,08445? - 0,55/- »**) 

r=4f(4,85-3^7f^ 

Curves of the relations s^, 8^^, 8^ ani r ior unsymmetrlcal 

dimethyl hydraslne are shown in Figures 10.10 »und 10.11. 

Writing the derivative dT/dt in terms of finite differences and 

specifying the_aagnltude of the Interval we can find the temper¬ 

ature change ATj. In so doing we assume that all the parameters In 

the right side of (10.113) remain constant for the time At. and equal 

to their values in the preceding (J - l)8t interval. 

Equations (10.108) and (10.109) make it possible to determine 

the incremental emulsion volume AV and mass Am 

• “ 0 T «/) 'I (0.039-.8 -1 0,0311.#/) ntl\T, + WTr. 

Am,=(^,-0^)1^ + 4,(16,47-97^)5 

With the aid of these expressions we can find the magnitude 

of the emulsion specific volume after the time At. 
J 

*•" aiTïï, I"™” 

Hence we can find the emulsion vapor content after the time At.: 
J 

Iv+I -1.824,, (f, I A V y)’# WI l-Vj -+-íV:L .. 
l >"l ( Am/ (10.114) 

- 4, ((),03968 ; 0,08115(// | A//)(I. 



Figure 10.10. Variation of 
• r*. «n. b"* with T. 

Figure 10.11. Variation of 

• rs. Un. B'. 0*. t T. 

Now we shall determine the combustion chamber pressure, first 

for the discharge of fuel only. Solving (10.96)» we obtain 

(10.115) 

The values of the specific Impulse 0 and the product 

this formula must be taken from the parameters of the J time 

interval. 

The value of pR calculated from (10.115) makes it possible to 

determine the injector pressure drop Apln>j, which in turn makes it 

possible to find the flow rate of the boiling component into the 

combustion chamber in the next time interval. Usually the injector 

pressure drop is supercritical for the discharge of fuel only. 

Therefore, to simplify the calculations we can first plot a curve 

of the variation of the flow rates Glnj as a function of the tempera' 

ture T for different * for the critical pressure drop and then use 

these curves. 

After the cooling passage is filled with emulsion the temperature 

rise of the fluid terminates; therefore, from this moment on, we must 
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set c ■ 0 in all the computational formulas. 

After the fuel is forced out of the lines connecting the 

collector and the vent channel, the preheated propellant begins to 

discharge. In this case, to determine the flow rate Gve we must know 

the propellant temperature ahead of the vent port. Therefore, we 

must find the amount of fuel which flows into the vent by the time 

* 

M 

This quantity makes it possible to find the temperature Ts ye from 

graphs of the variation of the liquid mass and its temperature as 

a function of the emulsion volume. 

Since the length of the path along which the preheated propellant 

la forced out is not extensive, the flow rateOve into the vent system 

is approximately 

where 

Now we can also determine the Increment of the thrust talloff 

impulse during the time AtjS 

• i 

After boiling of all the fuel in the cooling passage, the basic 

system of equations has the form 

(10.116) 
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This system reduces to the differential equation 

(10.117) 

where «' -JL. is a 

. -* * ^ « 
r~Kq*rf 

1.277-') 0,y>XQAr\f-'*Mi 

lip 
y» -- -- 

III' , it»' 

* r-KqAj»' 

Atp^bm$m'-X (0.av?(W + 0.004137) --^(1-)-1.77)+0.081^1^1, 

A, (4,83 - -1.277-') ~ 0 .SSKo-lrl.T-'"0'* 

• Curves of the quantities efç and e^g for Kq ■ 0 for UDMH are 

shown in Figure 10.12. 

The solution of (10.117) has the form 

$»exp( —^«1 • 

In the range of possible variation of T the function is 

approximated by the polynomial 

’t'Srjf SrlT* « 

where Sj.^, s^» *f3 are constant coefficients (for UDMH with Kq • Oj 

sfl • 0.19* ef2 - -4.7^21 sf3 - -0.0029). 

The product efgexp (J®^^) can also be approximated by the 

quadratic polynomial 

•rfC*P (J*,» +*,»7-1- sftP . 

The coefficients sf4, sf5* and sf6 depend (if we neglect heat 

input to the emulsion^^ on the nature of the propellant (for UDMH 

sf4 - -1.67i ef5 - 0.9897; sf6 - -0.00459). 

Footnote (14) appears on page 454 
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4 # 

How the solution of (10.117) Is written In the form 

*./ + yir»^-J 1,,T* + C, 
fs.-_Z___, 

•*P (*r/+ -J «./>•!• J 
(10.118) 

The constant Cjj Is determined from the following condition: for 

the temperature T ■ Tj, corresponding to the Instant the entire fuel 

cavity Is filled with emulsion, the vapor content equals 

Knowing 4 ■ f(T), It Is easy to find the dependence of the 

emulsion mass on T: 

where Vpa Is the volume of the fuel cavity up to the vent valve. 

From (10.116) after transformations we obtain (measuring time from 

eero for simplicity) 

t-V - f 
n I fle+Oa 

'1 

(10.119) 

where the function 

SSSiii 

depends only on the fuel temperature. Calculating the Integrand for 

different T and approximating tha resulting relation by a power 

function of the form 

ä^57-‘«r" (10.120) 

we can Integrate (10.119) and find the temperature as a function of 

time: 

T-yçïx-;. 
(10.121) 

where 

V-**-r1í 

^37 

) 
•II 

~3 

-l 
ns 
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If the relation Sf/Qlnj + Gve 

is difficult to approximate with 

adequate precision by a formula of 

the type (10.120), then the 

integral (10.119) must be calcu¬ 

lated graphically or numerically. 

Figure 10.12. Variation of 0f5 and 
6f6 with T for UDMH. Let us determine the combustion 

* chamber pressure for the discharge 

of fuel alone and for the critical pressure drop across the injectors. 

To do this we must first substitute into the flow rate equation, 

analogous to (10.92) 

g**=1*,i (*rt+ .^r^r' ( 10.122) 

in place of T its value in terms of t from (10.121). Integrating the 

combustion chamber equation, we obtain the formula for determining p^: 

/»ll--cxp(--J/\j/T)[Jfl,G4(c) ! C,;] (10.123) 

where the coefficients AR and also depend on the time as a result 

of the variation of B and 

The magnitude of the thrust tailoff impulse is easily found from 

the value of the pressure pK> 

In conclusion let us examine the Joint discharge of fuel and 

oxidizer. Since the temperature of the emulsion in the cooling 

passage decreases in the course of time, the saturated vapor pressure 

decreases and this in turn reduces the emulsion flow rate into the 

combustion chamber. Moreover, Glnj is reduced as a result of Increase 

of the vapor content ahead of the injectors. Therefore, at some time 

the combustion chamber pressure becomes less than the oxidizer 

saturated vapor pressure, the oxidizer then bolls and,under the 

influence of the resulting pressure differential,begins to flow into 

the chamber. This leads to more intense burning in the chamber. 
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The pressure specific Impulse Increases, since the propellant 

ratio becomes nonzero. During this TTI interval the parameters of 

the emulsion must be calculated both in the oxidizer head and in the 

cooling slot. If the cooling passage and the supply lines are 

completely filled with emulsion at the moment oxidizer discharge 

begins, then the determination of the chamber combustion pressure 

at any instant (for critical px’essure drop across the injectors) 

reduces to calculation of the Integrals in an expression analogous 

to (10.123): 

Ajtx) [J r Gjel^dxrC,]. 

The quantities R^Tj^ and 0 can be approximated in a definite 

range of variation of k by the following formulas 

RJ, 

where ßi. fk. Cm, C*. vi, n, r* v« are constants for a given pair of propellants. 

The magnitudes of the oxidizer 0Q and fue] Glnj f flow rates are 

determined from Formulas (10.95) for the oxidizer and (10.122) with 

account for (10.121) for the fuel. 

In practice it is more convenient to calculate pR by numerical 

Integration. If the injector pressure drop is subcritical or the 

cooling passage is not filled with emulsion, then pR is found as 

follows. We select some time Interval Atj and combustion chamber 

pressure PK j. If the fuel in the cooling passage has not all boiled, 

than we use (10.113) to find ATj and (10.11¾) to find the magnitude 

of the vapor content 

If the entire passage is filled with emulsion, then ATj is 

calculated using (10.119) or (10.121) and the vapor content ♦j+i 

is calculated using (10.118). These values make it possible to find 

the fuel flow rate into the combustion chamber. The temperature drop 
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in the oxidizer line during the time ATj is found using (10.91) or 

(10.9*0. The oxidizer flow rateis computed either using the formulas 

presented in Section 3, paragraph 6 or using (10.95) in the case of 

critical injector pressure drop and (10.98) for subcrltical pressure 

drop. 

The flow rate values make it possible to find the mixture ratio, 

which can then be used to find 6 and from graphs of the thermo¬ 

dynamic calculations. The combustion chamber pressure is found from 

the formula 

The resulting value is compared with the assumed value. If 

the discrepancy is large we make a second approximation, and so on 

until the required accuracy is obtained. In practice, in the Joint 

discharge period the temperature and vapor content of the two pro¬ 

pellants change over only a small range. Therefore, the sequential 

approximations must be made only at the initial moment. Thereafter 

the combustion chamber pressure remains nearly constant, and there¬ 

fore, the calculations are simplified considerably. 

The combustion chamber pressure found in this way makes it 

possible to determine the magnitude of the TTI during this Interval. 

The end of Joint discharge is determined by complete emptying of the 

fuel passage or the oxidizer head. Therefore, we must estimate the 

amount of remaining liquid. In the oxidizer line this quantity is 

determined by the formula 

n 
where V o. is the initial oxidizer mass. 
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To determine the fuel mass In the cooling passage we must first 

determine the liquid flow rate Into the vent system. Then the amount 

of remaining liquid at any moment of time Is found from the formula 

"~».r-2<ce/+cw)AT,, 
M 

where the amount of fuel In the cavity from the head to the 

vent valve at the moment when oxidizer discharge begins. 

• 4* Calculation of the Transition Period Between 
Rapid Pressure Decay in the Combustion Chamber 
and Evaporation of the Propellants fro* the 
Coding Passage " 

After closure of the cutoff valves, the combustion chamber 

pressure begins to decrease rapidly and at some Instant of time 

becomes equal to the saturated fuel vapor pressure^*^ p8 ^ corres¬ 

ponding to the temperature of the liquid in the head. Prom*this 

Instant all the conditions for boiling of the propellants are created 

In the charter head. 

As Is known, a definite time interval Is necessary for the 

formation of vapor bubbles. Therefore, the fuel under the influence 

of the saturated vapors begins to be forced Into the chamber only 

after the time tdel, equal to the vaporization delay time. During this 

time the pressure pK can decrease^ to some value which is easily 

determined from (10.32) If in place of t we substitute Tdel and In 

place of p* we substitute P8>f>* Here we take as the zero reference 

time the instant corresponding to the equality pi * p - . If 

Pi" 

where k Is the adiabatic index of the fuel vapors; 

pK.del 1,8 the combustion chamber pressure after 

Footnote (15) appears on page 454 
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then the pressure drop across the fuel Injectors will be essentially 

subcritical. Otherwise, the discharge from the injectors will be 

critical. 

The flow rate through the injectors can be found from the follow¬ 

ing considerations. Since the transient interval in question is 

short, the temperature T of the boiling fuel will be constant and the 

vapor content will be practically zero. Therefore, for the critical 

pressure drop,we can approximate with adequate accuracy the previously 

calculated curve of Qinj versus APinjtf * PB,f. " pk ^or conatant 

tençerature and vapor content by the following formula 

We shall examine, as being more general, the case of subcritical 

pressure drop across the injectors. To determine the pressure decay 

curve we must solve the following system of equations 

Po=Pt+buGi+bi ,Uu 

Po*- - G0 
d. 

P^Go^G 

r F 
G,« —/>„. 

The quadratic flow rate relation can be linearized as follows 

b\fio— P» + Bi,Gu • 

In addition, we make the replacement of variables 

P»^P„- pl 

Now the relations above are easily transformed into a system of 

three linear differential equations 
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where 

"here 0lnj.ci 
drop. 

^, = Ä.CB-+ //, 

The solution of this system of equations has the form 

pm=C,f*'T+Cj/r1-' f Cx¿>' 
(11.124) 

where 

-msÎ'Xrt +^!l3f ; r^— »—*i-*i i r, 
«II «it • «ti«i i—«n«i t * 

/•,=— «I I fOj jSt I — Oj !<>! j) 

(«!■«! »-*««11) («II—«I l)—(«H-«| |) («||«| I—«J |a| t) ! 

».8. ’ «»<=1; 

• *K are the roots of the characteristic equation 

. 

The arbitrary constants are determined from the following con¬ 

dition: at the Initial moment the pressures In the chamber and In 

the oxidizer line and the oxidizer flow rate are defined by the formulas 

presented In Section 2, Chapter 10 for t ■ 

When the chamber pressure becomes equal to (i+Tï)*-1 P8 f » the 

orltlcal pressure drop Is established across the Injectors and the 
now rate will be practically constant. In this case our basic 

system of equations Is not altered externally, but some of the co¬ 

efficients are replaced by the values 

The soli 
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where _is the value of the fuel flow rate for critical pressure 
inj.cr 

drop. 

The solution is also found using (10.12M). The arbitrary con¬ 

stants are determined by the closing conditions of the preceding 

period. The end of the transient segment from the rapid decay to the 

initiation of evaporation is determined by the Instant when the chamber 

pressure becomes close to the value pK ■ &°inj/pcr* 

Thus, the formulas presented above make it possible to calculate 

the combustion chamber pressure in the period of transition from the 

rapid decay to the evaporation of the propellants. 

I 5. Conversion of TTI from Sea Level to Vacuum Conditions 

It is desirable that the mean theoretical value of the engine 

TTI in vacuo, obtained in the design calculations, be corrected using 

the results of test stand results. To this end we can compute the 

area under the curve of the combustion chamber pressure decay and 

multiply the resulting value by the coefficient x' of proportionality 

between thrust and pressure, obtained from the nominal regime para¬ 

meters 

7/ 

• t 
where Pm and pR are, respectively, the vacuum thrust and the combustion 

chamber pressure at the nominal engine operating condition. 

In certain cases this determination of 1^ may lead to signifi¬ 

cant errors, since the engine shutdown transient process on the test 

stand differs markedly from shutdown under actual flight conditions. 

The difference amounts to the following. 
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1. In the case of a low fueling temperature the high-boiling 

oxidisers may not boil at all in the head (if the saturation vapor 

pressure for this temperature is less than 1 bar). Therefore, under 

test stand conditions there may not be any Joint discharge of oxidizer 

and fuel at all. 

2. Owing to the backpressure, the fuel flow rate into the vent 

system at sea level is less than that in space. Therefore, on the 

one hand, the work expended by the emulsion in the cooling passage 

on ejecting fuel into the vent system will be less under sea level 

conditions. This leads to an additional increase of the pressure in 

the combustion chamber. In addition, the amount of liquid discharged 

into the vent system during engine testing is less than under flight 

conditions. Therefore, the amount of the emulsion entering the com¬ 

bustion chamber on the stand is greater, which also leads to an 

increase of the pressure. 

3. Under sea level conditions the pressure in the chamber, after 

values equal to 2 bar, decays more smoothly because of transition of 

chamber operation into the subcrltlcal regime (under flight conditions 

there la always a critical section). 

4. Discharge of the propellants and the products of their de¬ 

composition and combustion terminates undersea level conditions after 

values of pK ■ 1 bar, while in vacuo this process may continue for 
a long time. 

5. During the discharge of the products of decomposition of 

either propellant alone,under test stand conditions,the occurrence 

of condensation shocks is possible. The condition of the discharge 

of the products through the nozzle in this case also differs from 

vacuum conditions. 

If in view of the peculiarities of the LRE design. Joint dis¬ 

charge of the propellants does not occur (or is slight as a function 

of time) or if the oxidizer saturated vapor pressure is significantly 
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greater than 1 bar, then the results of the conversion of test stand 

results to full-scale conditions will exceed the true values for the 

following reasons. 

First, the quantity x* * fc^cr^» depends on the vacuum thrust 

coefficient, which in the shutdown period on the stand is less than 

the nominal value. This is the result of the considerable difference 

between the nozzle expansion process at sea level and the expansion 

process in space. In addition, the value of for large area ratios 

Fc^Fcr dePend8 to a marked degree on the variation of the polytropic 

index n. For discharge of the products of decomposition of a single 

propellant or for a mixture ratio which differs markedly from the 

nominal value, the average polytropic index Increases along the nozzle 

length. Therefore, converting the TTI on the basis of x' may over¬ 

estimate considerably, particularly for engines with large F /F . 
c er 

Second, as a result of the reduction of the fuel flow rate into 

the vent system the amount of propellant entering the combustion 

chamber is greater under sea level conditions and the propellant tem¬ 

perature is higher, which also Increases pK and lengthens the TTI 

time. 

their do¬ 

tions after 

inue for 

tion of 

currence 

discharge 

rs from 

tint dis- 

a function 

gnifleant ly 

Third, for combustion chamber pressures less than 2 bar, as a 

result of chamber operation in the subcritical regime the pressure 

is lower than that obtained in space. 

The TTI obtained on the test stand can be converted to flight 

conditions as follows. First we determine the chamber pressure 

created by the fuel alone. To do this we use the formula 

where Qinj>cr is the fuel flow rate at the initial moment for critical 

injector pressure drop. 
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Using the value of this pressure, we determine from the decay 

curve the area up to the moment when pR - pK . During this interval 

the parasieters differ very little from the nominal values and there¬ 

fore we can take x' ■ x '• This makes it possible to compute the 

magnitude of the TTI during the time of pressure decay to the value 

pK.cr* 

Now we examine the next segment, due to discharge of the fuel 

alone. If the saturated vapor pressure p_ of the oxidizer in the 

head is less than 2 bar, then this interval is terminated for p^ » 2 

bar. However, if P- > 2 bar, then the end will occur for p„ - p. 

To calculate the magnitude of the TTI we must know the change of 

the vacuum thrust coefficient K. due to the dependence of the poly¬ 

tropic index on the fuel temperature ahead of the injectors. There¬ 

fore, we must use the calculated data obtained during design: we 

break the Interval in question down into time intervals, find the 

corresponding temperatures T and the values of the index n, then 

calculate or find from a graph the value of (Figure 10.13). The 

value of Ks then makes it possible to calculate x' and the vacuum 

thrust for each time interval. Multiplying by the length of the 

Interval and summing these products, it is easy to obtain the TTI 

for discharge of fuel alone. 

If P8 0 > 2 bar then for the segment with the pressure decay 

from the value p8 Q to 2 bar the TTI is found Just as for the segment 

discussed above. But in this case the index n is taken from the 

results of the thermodynamic calculation of combustion for the 

corresponding mixture ratio and pressure. 

He now need to find the difference between the amount of fuel 

dUofcarting into the vént system in space and on the stand. To do 

this we first find from the results of the TTI calculation the quan¬ 
tities ve “K* T and the corresponding flow rateQveti at any moment 

of time. Prom these values of T and b., „.we calculate 0 on the 

stand using the formula 
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Figure 10.13. Variation of 
vacuum thrust coefficient 
K» with pg/Pc for different 
values of the expansion 
isentrope n. 

Then we determine at each 

moment of time the difference be¬ 

tween Gve- and Gve0 and multiply 

this difference by the quantity 

'fc^pjçK^BT. After summing the 

resulting values for all the time 

segments from the moment when the 

pressure equals pR cr to pK ■ 2 

bar, we find that Increase of TTI which is obtained under stand con¬ 

ditions as a result of the reduction of the flow rate to the vont 

system. The rest of the TTI from the moment when PK ■ 2 bar until 

the end of the evaporation period can be found only from the results 

of the engine analysis in the preliminary design stage. 

The entire TTI is obviously found by simple summation over all 

the segments examined, with subsequent subtraction of that part which 

is obtained as a result of the difference of the fuel flow rates into 

the vent system on the stand and in space. 

If the propellant fueling temperature differs from the value 

used in the design by the magnitude ST, then this difference must be 

accounted for in making the conversion. 

In conclusion, we note that for engines in which the vent valve 

is far from the collector, the fuel temperature changes very little 

during the evaporation period. Therefore, n may be averaged and we 

can consider that » const. Then the determination of the TTI 

from the results of stand tests is simplified somewhat. 

I 6. Effect of TTI and its Scatter on the Impact Point 
Dispersion of Ballistic Rocket hiiosecones 

Let us relate the TTI and its scatter with the variation of the 

velocity at the end of the powered part of the trajectory [182]. 
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To this end we examine the known equation 

where awK la the velocity change In the direction of the thrust 

vector In the engine shutdown process; 

y la the pitch angle (y ■ const); 

la the specific thrust, averaged over the shutdown time; 

the subscript "0" corresponds to the Initiation of engine 

shutdown, while the Index subscript "K" corresponds to the 

end of the shutdown process; 

Tm.c. ” T0 ** th# duration ot the shutdown period. 
Since 

and since Aar -«lr-*iCaH , then 

The time variation In this formula for a change of the TTI by 

an amount «I has second order of smallness In comparison with 

Therefore, we can take t^, which makes It possible to determine the 

velocity variation when varying I: 

Denoting the relative change of TTI by «1, we obtain 

UwV-i-l?. 

where A/-«/// . 

Let us turn from the velocity variation In the thrust direction 

to the variation In the direction which Is nominal for the velocity 

vector 
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Figure 10.14. Diagram for 
detemining ballistic rocket 
nosecone impat scatter. 

The corresponding variation of 

the range L will be 

- ;<ä\ 
ftlQ d&ù 

cos Yio- 

Assuming that *®o«wo andtgiv^iy«, we determine the change of 

the velocity vector direction ;,Vio with the variation Aw„: 
ft 

4Yj< 
»0 

The corresponding variation of the range L will be 

,. •’"‘'io -- 7— cosyjoí/. 
f« á'jo m0v0 V>Yjo/ 

The products Ol./rteo and dLIJ\î0 are functions of the parameters 

of the end of the powered segment, which can be considered to be the 

nominal values. 

We find the total range variation due to variation of the magni¬ 

tude of the TTI 

m0 V 
ÍÍ"2vn 

2--0 

Present-day radio-inertial and inertial guidance systems react 

to variation of the acceleration but not to variation of the thrust. 

Therefore, it is not possible to establish the variation of the final 

rocket mass, since it is not possible to determine the instantaneous 

value of the rocket mass. 

The range deviation from the nominal value due to change of the 

final mass will be 
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where 

'■Ly 
a 

I_ 
’Mj) r'o 

*ln2V|o 
2vg 

llll0 

Now let us find the partial derivatives dL/dwt and dLldyit , assuming 

a spherical, nonrotating earth and neglecting atmospheric drag In 

the unpowered part of the trajectory. Since In accordance with 

elliptic theory the range from the point corresponding to the end of 

the powered part of the trajectory, measured along the arc of a great 

circle, will be 

Al «6,371 • 108 Í3 arc _ 
[ V «Jt- A*» 

- arc cos , 
V **+jij 

where 

V 
- 

ä,+ H * + H ’ 

H Is height above the spherical earth, then 

l,2T421(V a f*’' (** w*)| 

? *$ 

rt (**+ —2/^v¿) 4- X, fa -f. g-7) 

/ S+t'’ 
».2wiy 

** Vi« 

(^H-2/,/3) /, 4- ,j,4 

The nominal values of the quantities appearing in these formulas 

are known; therefore calculation of and Alj does not present any 

difficulty. 
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Assuming that M-i and ò/., 

are Independent random quantities, 

subject to the normal distribution 

law, we obtain the mean square 

variation 

~JL " 
Pigjpe 10.15. Variation of ~m0 

:T with am, for various X. 

ñL sin2Vio 
à\to 2»o 

The curves of 1:=.1(87, 8wi#) , where 1 

Figure 10.15. 
are shown in 

We see that the range dispersion is symmetric relative to if , 

but is not symmetric relative to , since for negative òm. the * 

dispersion is greater than for positive values. 

In conclusion, we note that with absolutely no scatter of the 

TTI the range dispersion is only reduced by one half. This 

same result may be obtained if we reduce I by one half (for fi -.ed 

of and ó/«# ). Thus, the most effective technique for reducing the 

range dispersion of rocket nosecone impact points due to engine shut¬ 

down is to reduce the value of I and not the value of à!. 
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FOOTNOTES 

1. on page 38O 

2. on page 389 

3. on page 390 

4. on page 391 

5. on page 393 

6. on pa^e 401 

7. on page 401 

8. on page 401 

9. on page 403 

10. on page 403 

11. on page 404 

12. on page 407 

The redidual thrust of the Vanguard rocket after 
engine shutdown continued for 2 minutes [44]. 

We neglect the variation of A . 
n 

The case of nonuniform closure of pyrovalves 
differs very.little from the case examined. 

Here the parameters with asterisk relate to the 
last stage engine operating regime, or to the 
main stage operating regime if there is no last 
stage. 

Here we also assume that , 

In the case of mixed cooling of the combustion 
chamber or when the oxidizer is used as the 
coolant, the basic system of equations is not 
■ignlfleantly more complicated. 

Por the known propellant pairs and for the usual 
engine schemes the saturated vapor pressure of 
the fuel preheated in the cooling passage is 
several times greater than the saturated vapor 
pressure of the oxidizer at the fueling temper¬ 
ature. 

We assume the emulsion to be uniformly dispersed 
with vapor content which is constant throughout 
its volume. 

After filling the entire cavity with the emulsion, 
the flow rate will be determined by the sum of the 
flow rates into the combustion chamber and the 
vent system, and Qboll ■ 0. 

After filling* the entire cavity the volume will 
not change, i.e., WP». . . 

ét 
If a vent valve is installed in the oxidizer 
line, then in the right side of (10.52) we must 
add the value of the oxidizer flowrate into the 
vent system, which does not complicate the problem 
to speak of. 

If the coefficient kT changes along the length of 
the combustion chamber, this variation is easily 
accounted for. 
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13. on page 429 

14. on page 436 

15. on page 441 

to approximate the integrand 
wlth ^fncient accuracy by the Relation 

(10.93), then the Integral (10.91) must be found 
graphically or numerically. To simplify the 
calculation we can first use these results to 
construct a plot of the dependence of T on t and 
use this plot in calculating the flow rates, 
combustion chamber pressure, and impulse. 

As a result of the low emulsion motion velocity 
through the cooling passage and the small temper- 
ature differential, the magnitude of the heat 
added to the emulsion can nearly always be neg¬ 
lected without any loss of computational accuracy 
but with considerable simplification in the 
calculations. 

Since in most cases the saturated vapor pressure 
of the preheated fuel is higher than the oxidizer 
vapor pressure. 

bhe emulsion, 
ï sum of the 
and the 

}lume will 

(idlzer 
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le length of 
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I*. HOTWBUTIOH OTATBMOMT 

Distribution of this document is unlimited. It may be released to 
the Clearinghouse, Department of Commerce, for sale to the 
general public. 

II. lOOMMttlNO MILITARY ACTIVITY 

Foreign Technology Division 
Wright-Patterson AFB, Ohio 

TMs .book discusses questions of the theory and calculation of certain 
dynamic processes which take place with variable parameters in liquid 
rocket engines and their major components. Primary attention is 
devoted to the description of the dynamic processes and the study of 
methods for the engineering calculation of these processes. The 
differential equations of motion of the working^iiedium and of the 
moving parts of the Individual components are used to describe the 
dynamic processes of liquid rocket engines (LRE). Theoretical LRE 
fKra?fpinentB their static characteristics are examined. Assuming 
the LRE to be potentially a dynamic system, the authors derive the 
equations of the dynamics of the powerplant primary components. The 
dynamics of the LRE automation elements are analyzed and the questions 
or automatic', regulation, trimming, and retrimming of engines using the 
results of firing test? are studied. The oscillatory processes in the 
tubing lines are examined in detail; the influence of oscillations in 
the pneumatic and hydraulic lines on the stability of the LRE working 
process is determined. An analysis is given of the LRE startup 
processes and the effect of the thrust tailoff impulse (TTI) on the 
scatter of ballistic rockets. Original material used in the analysis 
of several engine elements and their control systems is presented. The 
book will be of interest for a wide range of specialists in rocket t 
and aircraft engineering. 

DD tom * MOV •• 1473 UNCLASSIFIED 
Sfruntv Claitifiration 

unclass: 
- SRCUritT? 

IA. 

Liquid roo 
Dynamic sy 



on lo elooolHoé) 
L A»*iric A TION 

ED 

of m *• 

195 

>n tun mar M oooí0tot 

.eased to 

rision 
Ohio 

>n of certain 
■s in liquid 
;ion is 
le study of 
i. The 
1 of the 
:ribe the 
;ical LRE 
1. Assuming 
¡rive the 
»ents. The 
-he questions 
»es using the 
esses in the 
illations in 
LRE working 
artup 
'1) on the 
he analysis 
esented. The 
n rocket v 

> 
) \ 

UNCLASSIFIED 
StcuWty CUnlheaHon 

14. 
k«v wonot 

LtNK A LINK I LINK C 

MOLI WT MOLI WT MOLI WT 

Liquid rocket engines 
Dynamic system 

UNCLASSIFIED 
I« «tinin 

Security CUttification 




