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1. INTRODUCTION

The constraints of large linear programs can often be partitioned into independent subsets, exeept
for relatively few coupling rows and coupling columns. The individual subsets may. for example. arise
from constraints on the activity levels of subdivisions of a large corporation. Alternatively. such bloeks
may arise from activities in different time periods. The coupling rows may arise {from limitations on
shared resources or from combining the outputs of subdivisions to meet averall demands. The coupling
columns arise from activities which involve different time periods (e.g., storage), or which involve dif-
ferent subdivisions (e.g.. transportation or assembly), The case with only coupling rows or coupling
columns, but not both has received much attention (8], [9]. A smaller amount of work has been done
on the problem with both coupling rows and columns. Ritter has proposed a dual method 2], [7].
Except for the preliminary work of Webber and White [10] and Heesterman | 1. there is no primal
algorithm which exploits the structure of this problem. There is a need for such an algorithm, since
such problems oceur often in practice. A primal method is desirable since in large problems slow con-
vergence may force termination of the algorithm prior to optimality.

The algorithm proposed here is an esicnsion of the generalized upper bounding method for prob-
lems without coupling columns proposed in {3) and [6]. It produces the same sequence of extreme
point solutions as the primal simplex method. and henee has the desirable convergence properties of
that algorithm. However, the operations within each simplex iteration are organized to take maximal
advantage of problem structure. Because of this strueture it is possible 1o perform the computations
while maintaining a compact representation of the basis inverse. In particular it is sufficient to main-
tain and update at cach eyele a working basis inverse, inverses from each block, and possibly another
matrix. I in (4). The dimension of the working basis need never be more than the number of coupling
rows in the prablem plus the number of coupling columns in the current basis, Henee its dimension
may change from evele to evele. At most one of the block inverses need be updated at any interation.
Given these quantities, atl information needed to carry out a simplex iteration can easily he obnained.
Further. efficient relations are given for updating the working basis and block inverses and I for the
next cycle,

A significant amoum of computational work has been done on a special elass of production and

inventory problems. Problems as large as 362 rows by 3225 columns were solved. Computation times

411
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are encouraging, although no comparisons with other methods are available, The resulis indicate that
the aleorithim is <ensitive 1o the dimension of the working basis and that effective measures can be
taken to minimize this dimension,

When there are only coupling rows. the algorithm simplifies considerably and reduces 10 the
procedure deseribed in [3]. When cach diagonal block contains only a single row | it reduces further

to the zeneralized upper bounding method of Dantzig and Van Shke [1].

2. BASIS STRUCTURE
The problem considerved here is

minimize vy
~ubject 1o

Box, + ﬁ L= b,
i

Diva+ By, — b, i=l.. . .p.

where v is a vector with o, components, all of which must be nonnegative except for agr . the first com-
ponent of v,. The column corresponding to vy is all zero except for a 1in the first row. This first row of
the constraint matrin then defines the objective function. In matrix form the constraints can be
n'prvsl'nlwl:

N(’. ﬂf
Xy ¥ to LY ‘I‘ rows
T S — T
B. ‘ 1) l fj R I | A =b, m,
- = | = [ — L\ DS
| 1, B, = m
S T O
= —— =
D. | b = b ms
- | E—
N N—
B o
D, b B, by My
th — e —
D, v B, by, my,
S, — S
total =
N, M) b T R Sy M rows
So ol eolimns
n. " L Ny total = N columns

The problem has p diagonal blocks of dimension m, X n, and an L-shaped border consisting of m,,
coupling constraint~ and n, coupling variables The set S, denotes cither the variables in the vector
uoor the columns of (b associated with these sariables. The total constraint matrix has dimension
W< v, We assume throughout that this matrix has rank W so that any basis matnix for the system will

contain M columns and will be nonsingular.
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Consader the siructure of any basis. B for the system of consteaints oD, Nvcanging the columuns of
B in the same order as in (1, yields the basis matrixin Figure | where the shaded areas contain nonzero

entries. The column for vy is always in the hasis and will always be the fiest basie colinmn.

A, CA T R tp § .
ity s //’ R AT
by ."//f // i ./A-{//."A"j'z.'n;'f'}'}zj BETRE
0 A,
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Ly o

o
7 -
B
7 -

/;// :
o i;
% 2%

Cad
L _f'\.v-'\ i
Foel €5, €53 €54 €54 €5g €5;
COUPLING
COLUMNSG
€5,

Fretre |

In this example the problem has seven blocks. There are no columns trom bloek 3 in this particular
hasis, The basis matrix consists of ¢ rectangular blocks, ¢ < p. roughly along the diagonal with borders
from the coupling rows and coupling columns. The rectangular blocks may be either “tall.” “square.”
or “wide,”

The algorithm 10 be developed depends on having the lower right hand partition of B consist of
square nonsingular blocks along the diagonal. Qur strategy for handling the nonsquare blocks will be to
rearrange the rows and columns of the basis matrix as follows:

a) For blocks with a column excess. move the extra columns over beside the coupling columns
leaving a square block.

b) For blocks with a row excess. move the extra rows up with the coupling constraint rows leaving
a square block.

¢) Assure that the resulting square diagonal blocks are nonsingular,

Performing these operations on the basis B in Figure 1 will give the matrix in Figure 2. where we have

BN A
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Labieled the resulting nine submatrices for reference in Theorem 1 The submatris v contains square
nonsinzubtar hlock< and henee it is nonsingular. For this example block 5 was still singalar atter it was
mde suare, so extra row-column paivs were removed from it uutil the remaining bloek hecame non-
stnzular. This “atroduced more excess rows and columns and ercated nonzero elements in the sub-
matrin f3..

Far compuatational purposes the block diagonal section, y4 should be as farge as possible, but still
nonsingonlar. A lower hound onits size is now derived.

THEOREM 1: Let 8 be the dimension of the block diagonal section yy of Figure 2, and M the
dimension of the entire basis matriv. Suppose that the partitioning has been done so all diagonal
blocke are nonsingular, and that there is no alternate partitioning which would give larger nonsingular
blocks, Then S8 - W - /,, mg,.

PROOF: Let any basis matrin for th be partitioned as illustrated in Figure 2:

o By
B w: PBa y2 |,
oy ﬁ:‘ Y

The block diagonal submatrix v is nonsingular, and hencee has rank S, Consider the submatrix | 81, ya].
It also has rank S since it has S linearly independent columns (those of yy) and only S rows. Suppose
there is a row (8. ] of the submatrix [82. y: | which is not a linear combination of the rows of [8. 5]
and. sav. this row i an excess row trom block j. By the spectal structure of this row (yis zero except
B

[, y] vould net be independenn). Sinee the row [8. ] is independent of the rows in the jth block of

in block /) there must be at least one exeess column in l J from the same block j. (otherwise the row

[ Bi. yil . this row and one of the exeess columns can be adjoined to the jth block 1o give a larger square
nonsingular bloek than betore. But this contradiets the hypothesis of the theorem. Hence every row

of [B.. y:] is a linear combination of rows of [B4. ya]. This proves that the submatrix

il

. Ik : . 0 (&3] P 4
has rank 8. Adjoin the fiest £, © 1 columns to K giving the submatris £ - [ B v ] 1. has rank
[L4] ﬁ:« Vs

© S+, sinee only 1,4+ 1 columns were added and the first of these is all zero in these rows, Finally

adjoin the fiest m, rows to Logiving the entire basis matrix

a By
B jow B y|.
. By oW

Then B has vank = N« L, m sinee only my, rows have been added to 1 and henee there can be al mosl
m, more independent rows in B duam in L. Botrank B WVosothat W= S v Lvm,.oorS =W -1, —m,

completing the proot of Theorem 1,
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3. THE ALGORITHM

Our approach to the solution of doubly coupled problems will be 1o apphy the revised primal
simplex method to the problom. The special structure of the basis matris will he exploited 1o <implify
the computational and storage problems which oceur for Lirge problems, The revised <simplex method
involves the following steps at cach iteration:

i) Find the simplex multipliers #=¢,B !

by Price out the nonbasic columns /).

=y,

and choose a column Py with negative & to enter the basis if the curvent solution is not optimal,

¢) Transform the entering column in terms of the current basis,

V=B P

d) Determine the eolumn to leave the basis.,

g Xy XK,
a,, > () —=—
ey

where @i is component § of P

¢) Pivot to update B ' and the current solution to account for the basis change.

Steps a) and ¢} involve multiplication by the basis inverse matrin B ' To maintain B Y for Large
problems requires extensive storage and computation. since even though B has special struecture, B!
is essentially dense with nonzero elements, Instead of performing the computations in v and crdirectls,

we will solve the equations

(2) 7B =y (solve for 7).
and
(3) B/ = P (solve for )

by making a transformation of the basis matrinx B=R where R is bloch triangular. The resulting
equations in terms of R will make it possible to exploit the special structure of B,

Consider a nonsingular matrix T defined so that BF= R is upper blocek triangular,

B x T = R
ilal Tl ]

(4) '('§H4>< | ()J’ :,1”,”,.
i) el Lo s

where By is the block diagonal section yy. G, H, and J are the remaining partitions of B

(e[ 1))

md
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(H) P=-nRJ.

The matrin B i~ central to the procedure and will be called the working basis. From (4) and (5) we see
that

{0) B=G+H=G-HB,"].

By Theovem 10B can always be partitioned so that the dimension of B is at most m, + {,.
THEOREM 2: The working basis B is nonsingular,
PROOF: R i~ nonsingular since both B and T are, Since all elements of R below B are zero,
B must be nonsingular.

To find the simplex multipliers, consider Eq. (2). Multiply through by T giving
17 aR =aBT=¢/T=(H 0. . . ..T=(1,0,....0).

The Tast equality holds since only v appears in the objective function, and by convention vo is always
the tirst basic variable. Sinee 'I' is nonsingular, this multiplication will not change the solution 7,
Now partition 7 as 7= (m,, m. . . .. 7). where

m, has V=N components and is the multiplier for rows in the working basis B.

, has 5, components and is the muliiplier for rows in the jih diagonal block Bj, which issj x s; and

nonsingular. ;1. . . .. ¢ From the structure of R in (b, Eq. (7) becomes
1 w100 L 0) {H-N components), and
1 A, B, O (s, components) T B

where /s the submatrin of # contaming the s, columns in the jth block. Solving (8) gives
i moo LU B Y hiestrow of B Y,

which can be substituted into (h o give

th 7, m.H B, [

Henee 1o obtain the <simples multiplicrs it suthees 1o know the inverse of the working basis and the
inverse of cach of the diagonal olocks,
Neat consider Faq. 23 tor transforming the entering column in terms of the current basis, Define a

nonsingular change of vartable < by
12y z T,
Then 200 Tz <o Fao 23 beeomes

(13 R: BT: B/ -P.

which 1= a block triangular sy<tem and hence easier to solve than (3). Partition z and Pyas (2,02, . . . ..

band oPocPoc o0 Pyl respectively. Then 1130 can be written as

(O ) Jalioaiane p
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() Bz, t 2 Hyz P
Jl
(15) I)’j|:j 'I‘,,-j T 7 A

Solving (15) gives
(16) 5= BjtPy.

which when substituted into (14) gives

[/
(17) W B '{lu,,— ﬁ//j;,}.
i
If Py is not a coupling column, these formulas simplify since than P =0torall butone j(=1. . . . .,
¢). Hence by (16)z;=0 for all but one j and the summation in (17) has only one term.
It is now a simple matter to obtain P, from z using P, = Tz With £ partitioned as (P, Py .

a

P,) the structure of T in (4) gives

(18) P ow=1za= 1z, and

(19) Po=Vz,+lz=Vz,+z, j=1.....4.

where F) s the submatrix of 17 containing the rows in the jth block. This completes the transformation

of the column entering the basis,

4, CHANGING THE BASIS

Pricing out columns to seleet the entering column and choosing the column to leave the basis are
done as in the ordinary revised simplex method. so it only remains to deseribe the updating proceduores,
Since the entire basis inverse B Uis not needed. the updating requirements will be somewhat different
from those of the ordinary revised simplex algorithm. In particular, reviewing the solution of Eqs. (2)
and (3) shows that it is sufficient to update B 'UB (=1, . . .. ¢). and T at cach iteration,

Before deseribing the various cases which can occur. we derive a general result for updating the
working hasis inverse,

THEOREM 3: Il a basis change can be described by *B '=EB ', where *B ' is the basis in-
verse after the change, and E is any transformation matrix. then the working basis inverse can be
updated by

(20) *B '=(E,+ENB .

where Fy and Es are pantitions of E to be deseribed in the proof,

PROOF: From the definition and nonsingularity of R and T, in (4). (5)
(21) *R '=*T "B '=*T 'EB '=*T 'ETR .

Here all *'ed symbols relate 1o the system after the hasis change is made. Writing 211 in partitioned

form and vsing partitioned inverse theorems gives
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W vHBy 10 E | k. ! 0 B'(—B HB,
(22 + ¥ 2 i - .
0 B = 1| B K § I 0\ B

To update the working basis inverse. note that it appears in the upper left hand partition of *R ', Hence

deleting all but that submateis gives the following specialization of (22):

E— ] |
BARES 1 1o E | E I | 0 B
. J !

=| K k. B | =(E.+ENB

VB!

Thus F; + E is atranstormation matrix for the working hasis inverse.
Let the columns from the bloek diagonal section of B be called “key™ columns, The remaining
cofumns of B are called “non-key.” There are several cases to consider in the updating procedure:
CASE 1: The eolumn leaving the basis is non-key, Then the entering column can be hrought into
the basis as a non-hey column, and the standard updating formula for B 'is ¥B '=EB . Here E
i~ an elementary matrix, equal to the identity except in the rth column which is given by [y, 92, . .

nv]’. where

_ai i=1 ..M
1 yps t#r,

W=
)
(recall that the rth basie column is leaving the basis). Since the leaving column is non-key, partitioning
E as in Theorem 3 gives E, 0, and E, is an M =S XM =S elementary matrix equal to the identity
except in the rth column which is (y. 0 0 oy o)
To update the working basis inverse for Case 1, substitute these into (20):

125 BU= (K A FEJB T=(E OV '=ERB .

Henee B Vis updated by asingle pivot operation.

None of the key columns in B change in Case 1, and henee none of the diagonal blocks B in B,
will change. Thus the block inverses. B 'L require no updating. To update P recall that *V'=—*f, 1%/,
Now “By =81 as shown above, and %/ is different from J only in the rth column which is replaced
by the Tast S components of the entering column (Po. .. .0 Py)'. Thus only the rth column of o will

change. and this will be replaced by

NN 4. S J e 7 RT
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{26) —BiUPa. . Py ==y

which has already been calculated in transforming the entering column, This completes the updating
caleulations for Case 1,

CASE 2: The column leaving the basis is a key eolumn tfram the block diagonal <ectiony.

CASE 2a: Both the leaving column and the entering column are from the same block B, Then
if the entering column will leave B,y nonsingular. a direct pivot can be performed and the basis change
can be described by *B '=EB '. where E is an elementary column matris, The E matris differs
from that in Case 1 only because the (91, . . .. my)’ column is now in the key section of the matris.
Thus E, =1y «.y s, and Es has only one nonzero column (3. . . .. yy ) owhichisthe r— (H=S)1h.

To update the working bhasis inverse apply formula (20):

B '=(K\+ kB !
- ”
=I+(): oVi|g
L L/ ATEY
[
(27) =|1+]: [v) |B
LY 8
f
=B '+|: vl Y,
Ny -~

where 1 is the r— (M=S)th row of I'.

In the block diagonal submatrix By, only the r— (M=-$)th column will change. Henee onby one diagonal

block inverse, say 8" will change. B;,' will be updated by a single pivot. or equivalently.
J it ) ] | A

(28, *Bj,lzl;‘Hﬂl

where F is an elementary column matrix formed from the elements of the new column. This change
will leave B; nonsingular if and only if the pivet element in this new column is nonzero, This condition
must be checked to see if Case 2a can be applied.

The J submatrix will not change, and only the jth block of By ' changes, soin }'=— B, 'J only the

Jth partition will change. The updated version is given by

(29) == (B i=—EB'\),=EV,.

so the same elementary matrix is used 1o update 1,

CASE 2b: The column leaving the basis is a key column from block Bjy. Case 2a cannot be used
either because the entering column is not from the same hlock it may he a coupling column) or because
the nonsingularity test in Case 2a failed. Then we can avoid making Bj, smaller only if there is an
excess column (see Figure 2) from block j which can be exchanged with the leaving column. 1 there is
such a column, say the Ath basic column, then after the exchange *B= BE. where E is a permutation
matrix. an identity matrix with the rth and Ath columns exchanged. Sinee E '=E. *B '=EB .
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Then 200 vields *B ' = (K + E B 'owhere Eyis an M =8 X M = 8 identity except for a zero in the

Ath diagonal position, and £y is zero except for a one in the Ath row and r— (M —=Sith column,

ll(‘ll('(‘
|
|
|
| | B
3t =K\ + LB ' = ————
i [ == row k.,
| l |
' |

where ¢is the r— (M=S)th row of P, This is a valid interchange it and only if £, 4+ E.V is nonsingular,
which is true it and only if the Ath element of the row ¢ is nonzero, If all elements of ¢ in the excess
columns are zero, then no interchange is possible and we proceed to Case 2¢.

If an exchange occurs, one column of the block Bj, will change. Hence the inverse can be updated

by a simple pivot
1311 *Ifj.'=1':'lij.'.

where £ is an clementary matrix. The elements needed to form the eta column in £ are found in the
kth column of 1,

To update }, note that by definition *F=—*8, **J_ Only the jth block of B, ' changes. and a
single column of J changes, but this column is zero outside the jth block J;. Hence only the submatrix

P, needs to be updated,

(32 'j=—*Rjn'*./j=—l::'3jl'*./j-

Now *J, =/, except in the Ath column which is replaced by the leaving column which we will suppose
to be the /th column in By, Thus B, '"*J;=—V; except in the Ath column which becomes the {th unit

vector, so that

33

except in the Ath column which is the negative of the eta column of E.

This completes the updating required for an exchange of key and non-key basic columns, After
the exchange the leaving column is non-key, so Case 1 can be used to bring the new column into the
basis. It should be noted that Case 1 uses the elements @, of the transformed entering column (see
120 and the vector (2, . . .0 z) (see 126). The interchange will affect these quantities. To update
them interchange . and ., and replace z, by I:,'z_,.

CASE 2¢: The column leaving the basis is a key column from block Bji. and neither Case 2a nor
2b apply. When the column leaves, the new *By, will have one less column, and henee to remain square
and nonsingular it must also lose a row. The process is most easily deseribed by a repartitioning step
followed by an application of Case 1. In the repartitioning step, the leaving column is shifted to the
exeess column partition, and some row of By, is made an excess row.,

Without loss of generality assume that the pair being shifted is the first column and row of By,.

’
Al e e “-‘d__-ﬂ—d

i s
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The hasis matrix before and after the change are given below, All elements of the matrices are identical.

only the partitioning changes,

: - .
. 5
(34 & E H This is the original partitioning. The row and
i column indicated by dashed lines will be added
B={ 1. N to the non-hey section resulting in the new parti-
L B tioning scheme given helow,
;
d | B,
5
i
*( “H In this new partitioning of the basis. *6G has be-
) r
(35) come larger by one row and one column, *B); has
B = become smaller, and the other partitions change
*Bl in corresponding ways.
*/ B,

Now *B=B. but because of the changes in partition sizes. ¥*T'#T and *R # R. Hence we must
compute *B, V¥R 1 and *F.

*BiVis computed via standard formulas, If

/4
(36) B,'=
Y VA
L |

where 7 contains all but the first row and column, then

] ! , YX

37 *B,,'=[—TV—'

This is possible only if B %0 which provides a criterion for choosing the row to he shifted.*
To obtain *B ! recall that B=*B so

(38) R '=*T *B '=*T 'B '=*T 'TR "

tln general, if the Ath column of B, is being shifted. then the /th vow can be <hifted it the Zth element o row A B2 non
sero. There must always be at least one nonzero element in row A since 8, s nonsingular.
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In partitioned form this is

=B UHER, 0 1 0

B!

~B 'HB, !

B
1340 r +

0 = 1 V 1

1
|
o |

i

0

B!

To isolate *8 ' delete all but the upper left hand corner of this expression giving:

T L*If = ! ! 0 i ) l o) B h
S

I 1 0 ¥

[ 0

where fiis the fiest column of =8 VHB, Y and [F, Y] is the tirst column of B!

T 1
/ 0 [ﬁ l I h
= o 0
t | | | u
S B 1 J
() Y
! ()
where vois the tirst row of |,
B h
0 rh+ W

The vector hois ('nlnplllml s

h = tirst colunm of B 'HB,

i
=8 'H ihest column ol B, 1)
B HUH Y 0
BHAOH Yy

where Hyas the fiest partition of H,

W e note that the repartitioming: here changes gl partitions of B, Henee in the expression 8

-, - HB Y

for the workmg basis. all tour tactors change. Nevertheless, we need only add g “horder™ 1o B Ve

.:'v |

et B starting trom the cquation

s obtaimed

‘R ORT ' and arguing as above, a Tormula for updating
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g

42)

where s the first row of B, ) is the rest of the first block of 12 and 1 is all other blocks of I Note
that *1" has one less row and one more column than 17 and that the only nontrivial change oceurs in
the first block.,

Performing these operations repartitions the basis matrin o that the leaving column becomes
non-hey. Applying Case I will then complete the basis change for Case 2¢,

CASE 3: Using the above cases the simplex method can be performed. but the working hasis
will increase in dimension by one each time Case 2¢ oceurs, Hence it may he desirable to periodically
repartition the basis by moving excess rows and columns into the block diagonal section, essentially
the reverse of Case 2¢.

Suppose we have an excess row and an excess column from block j. Consider the following

)
«a [ T EXCUSS TOW

[ J L i

subinatrices

43

1 [

I B, jth diagonal block in B,.

]

y
N
excess column

Bringing the row and column into the key section would mean adding them to B, resulting in o barger

Jth diagenal block,

« . g
th T ey it
Y B,

—_— —

We already know B and we want to compute the inverse of the new block. 1 this inverse exists sup-

pose that it is partitioned as

[ S
(43) B, =, . %
) 7

Then {3] the blocks ate given by
W =1/ta pgR 'y
-4 \ Wph
} Byl
=K B y\,

aned the inverse exists ot and onlds

o v BBy 20




424 LR TEARTMAN AND LS LASDON

-

For computational purposes. note that — 8"y is just the jth partition of the column in b corresponding
to the column being moved. Henee o test for pessible pairs 1o be moved requires computation of an
inner product of @ with a column of P

For convenience in expression, and without loss of generality, we again assume that the last row
and colnmn of the non-key section will become the first row and column of the key section. The ele-
ments of "B owill be exactly the same as the elements of B=only the partitions will change. The new

working basis *8 will become smalier. To find an expression for its inverse consider the expression
4 ‘R '=*T “*B '=*T "B '=*T '"TR

W riting this in partitioned form will give the following matrix equation:

| I ]
B —tBOCHER O 10 ]‘n' —BHB," |
e B
}
0 B, e [ A S I R 7' B,
d | L
Taking anly the first rosws and columns of this equation sives:
I' ]
‘' = ! () I ' 0 - l,——{= i
[
o) i ) ' iy { |
I ! 0

where Basust B 0 waith the last row and column deleted. Thus to get the new working basis inverse,
merely delete the Last tow and the Last column in the current working basis inverse,

Foccaleulate *F use the equation
i T "R "B="R 'B- "R 'RI' "

Fhen woting thas o partioned form and proceeding as abose sields the - 0h

where b the st partitin ot b leas the List oodumu, and b oas the remamnng: partitions of 3 less the
List v olumn For thes tocbe connpuated we must tind o whie bois the bottom tow o the worhing basis bess

s Last coanpeorient O The workinge basis s not caroed along exphiotv . <o we must compuite o,

BoG - HE teom i,
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where G and M are partitions of the basis matrix B and 17 is updated at cach iteration of the process,

(53) [t £} = last row ot B w
= last row of G+ (last row of H)-} i
=g+h-V (g=last row of |

h=last row of #) ;
=g+ 8.0}V }
=u+p6-1,
§
and dropping the last element of this gives . ;

In the above caleulations the most complicated formulas were thase for apdating I in the twe
repartitioning procedures, Egs. (42) and (52). An alternative procedure in these cases is to compute

Ffrom its definition F'=—B8,"'J. In cach case, only one partition of I changes, <ay partition },, given by
(54 =807,

with B, of dimension s,. To compute this requires si maltiplications for each nonzero column of %/,
a total of at most (M —258) Xs3 multiplications. The updating caleulations require on the order of
(M—=S5) xs multiplications, Hence they are computationally superior, b require more extensive
program logic,

After performing the appropriate updating procedure, we are ready 1o start the next simplex

iteration. Thus the deseription of the basic algorithm is complete,

3. SPECIALIZATION TO PROBLEMS WITH ONLY COUPLING ROWS

For prablems which have no coupling columns, the algorithm simplifies constderably, The major
sitaplification is that no repartiioning will ever be necessary and there will never by any eacess rows,
Heree Cases 2¢ and 3 of the updating procedure, which are the most complicated. are never needed.
The warking basis B in (6) will always have exacth as many rows as there are coupling constraints,
and cach of the blocks B,y has dimension m, (see (b Relations (10y, (LD for the simples multipliers
remain the same as do relations (160019 tor the transformed entering column. In updating, only Cases
1. 2a. and 2b can occur, These remain essentially the same. The computations involving 1 simplify
hecanse cach column of Boexcept the first has only one nonzero partition. This <pecialization of the

algorithm is very simibar to the method proposed by Kaul 5] and i< deseribed by Lasdon in [6).

6. APPLICATIONS TO PRODUCTION AND INVENTORY PROBLEMS

Consider a corporation which wishes to schedule the production of A products ac 1oplants for T
time periods into the futare, At cach plant, and for cach period the demand tor cach product is con-
sidered known and must be et in hat period, The operation of the th plant i the o time peried s
henee limited by these A demand constraints and also by 1 constraints on locally available resourees
tee . plant capacity, Labon giving gise to a constraint block with A < 7 rows There wre 87 cuch diagonal
blocks. These blocks are conpled by constraints on scarce corporate resources which are allocated

actoss the various plants and budgeted over time e corporate cagntal, scarce taw matenals, highly
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skilled Tabor). In addition to producing for immediate demand, any plant may
) Produce a product and place it in inventory for future use,

b} Produce a product and ship it to some other plant which has a shortage of that produet,

Each of the inventors and transportation activities gives rise to a column which couples two of

the diagonal blocks, Thus we have a doubly coupled linear program to solve. The number of rows is
an the order of (Kt rYLT, so traly large problems may result. There are KLT(2L 4 T — 3)/2 coupling
columns arising from the inventory and transportation activities, but these have very special struetare,
Fach column has only a cost coetlicient, a single -+ 1 in the Ath demand equation for one block, and a
single — 1 in the Ath demand equation for another block, Hence they may be stored implicitly and
priced out with minimal effort. Since these coupling activities incur a cost in addition to the production
cost. we anticipate that even though there are many such activities, relatively few will be profitable.
tHenee inany basis there should be relatively few coupling eolumns so that the algorithm deseribed
can be applied.

A number of computational simplifications  appear. In computing the transformed entering
column. at most two of the 2, in (16) will be nonzero, so (17) simplifies considerably, The special form
of the coupling columns implies that in J any coupling column has only 2 nonzero elements + 1 and

1. while an excess column has only one partition nonzero. Henee in B=—8,1} a coupling column
has at most two nonzero partitions and these are columns of the block inverses Bt An excess column
has one nonzero partition in 1. Henee it is probably best to compute T at each iteration instead of

updating it. This is desivable since the most complicated update formulas arve those involving I,

7. COMPUTATIONAL RESULTS

The algorithm deseribed above has been coded and used 1o solve a number of test problems of
the type deseribed in section 6. The program was written in FORTRAN V for the Univae 1108 com-
puter at Case Western Reserve University, The special structure of these problems made it possible
to ~olve reasonably large programs all in core. A problems were solved in single precision arithmetice,
W henever a bloek inverse or the working basis inverse had been updated 50 times, it was re-inverted
using o stundard Gaussian elimination routine, Good numerical accuraey was obtained in that different
tuns on the same problem sielded solutions which were the same to seven significant figures, The
code wis not written to be competitive with commereial routines, but rather to investigate the effects
of various pricing and repartitioning strategies, Nevertheless the solution times recorded are encouraging.

Data deseribing the test problems is given in Table 1. The notation used is as in section 6. For each
problem <ize, two problems were formulated. The lower numbered problem of each pair was constructed
to he relatively cass i that few coupling colimns appear in an optimal basis. The second problem in
cach pairis derived from the fiest by adjusting the right hand side demand and resource availability
vector so that more coupling activities are required. Henee it is more difficuli. For all problems, phase
I was initiated with a basis consisting of <lack variables for all resource constraints and artificial vari-
abites tor demand constraints,

Table 2 deseribes the effect of three different pricing strategies. Pricing strategy one allowed
coupling columns to enter the basis at any iteration, It led o long running times and large working
buases since many coupling columns tended 1o enter the basis in phase 1. even in problems for which
there were none in the optimal basis, Pricing strategy two did not allow coupling columns to enter the

ba~i~ e the fiest Woaterations unless all other columns priced out optimally. It produced a substantial

teduction i rmnming time, Strategy three, which was the most suceessfui, allowed no coupling columns
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TaBLE 1.

Test Problem Deseriptions

Problemi | Number of | Number of | Number of | Number of Block Number of - Numiber Total
numbers products plants time periods | hlochs ‘ ~ize coupling coupling | problem size |
(K) . (T .’ columns S
. | | | |
[ ‘
1.2 5 3 1 12 TN22 210 0 IV [ RN 0 |
S | O | ———t —uf S e s —
3.4 5 3 [ 18 N2 105 ! 8 I 13N 801
e |
1
5.6 5 3 8 24 Ty 060 10 1781 1188
e e A — -1l
7.8 5 3 10 30 a2 9Y7H 12 2225 1635
I S + - e
9, 10 5 5 6 30 Tx22 975 | 8 2182 1635
— _ +_ -
11,12 5 5 8 40 T2 1500 J 10 1 200 % 2380
| _
13. 14 5 5 10 50 Tx22 2125 1 12 ‘ 30223225
S _ - i L ]
Tapre 2. Effect of Pricing Strategies
_ |
| Masimum Masimum
Prablem I"ricing Total Total lerations | ~ize of number of
number strategy iterations time tper sec) working coupling
Isee) basis calumns
in basis
|
| 320 1852 O Y n o
1 = I
3 178 205 35.2 9 3 |
—- —— = SO S = {
| 110 36.88 1LY A7 31
3 2 326 12.99 25010 22 15 ]
3 271 9.39 29,2 T 10 ! 1
I I O Dt {
| Excecded 60 second time limit
5 3 | 5] 2533 17.8 R 20 1|
3 321 1h13 ) 15 6 ]
1 Not attempted |
0 2 357 AR.07 L6 g T 2
3 138 28102 18.2 21 11

LA runs made

with case 3 repattitioning attempted esers 10 itcrationsy




Number of oceurrences of various Final Final | Maxi- Mani-
Il!«-p.n I Total Total ciases in updating. ~ize No. num Mo
Problem | li.liun- | itera- line lterations work- cou- size nmimber
I‘ number ing linhs e {per sec) ing pling work- i
~trat 1 2a 2h e 3 basis cul- ing S
rey umns | hasis | Columns
1 2 | 3 I K 6 A 4 9 10 11 12 13 it
| -
[ T 193 3600 w2 | we | 2| 5 0 1 0 " 3
2 178 505 13.2 81 uy b 7 17 6 ¢ ] 3
3 I Lol 387 81 97 26 7 35 0O (} Y 3
0 178 1.62 A8.5 #1 97 25 Yy 53 [} 0 9 3
b - — L= -
s | | 209 | 388 150 [R3) ) 9 1] 15 5 15 {
4 I K11 T.606 1.6 163 118 a0 17 31 10 5 11 8
3 312 T.00 .7 1H2 150 8 19 02 9 5 11 8
6 311 Y 0.3 102 119 19 20 i} 10 5 12 !
K | SO 16,17 199 13 200 38 9 0 19 0 19 6
i 321 (R X RIS 108 213 38 9 31 10 0 15 6
3 A2 13.49 24.8 108 213 348 9 04 10 0 15 6
0O 321 13.40 RAR 108 213 38 Y 174 10 0 15 6
O 1 1 1597 15.5 W 301 350 81 20 0} 36 18 36 23
2 X 39481 18. 4 379 A5t 82 63 i) 22 16 25 20
3 T06 RERI 18.5 319 357 76 59 141 24 18 26 22
O H7o 36.33 18.6 322 353 64 78 426 23 17 28 23
U] 1 121 2199 16.8 12 229 62 13 0 21 1 21 12
) to 21.96 18.9 188 228 55 3 H 12 6 17 13
I 3 i 21.66 19.2 188 228 EY) 34 83 10 6 17 13
6 to 21.38 19.5 188 228 35 32 132 10 6 18 13
| - . 4 | | =
| U | 1023 6211 16.5 (1%1: 385 | 200 25 0 33 15 33 26
4 1034 A3 19.1 660 378 195 s 103 2 15 29 26
' 3 1025 SLTR 18.7 046 379 | 17T i 205 21 15 26 23
' 6 | 1023 53010 9.3 %] RYRE N | 85 705 21 15 27 22
' " I | 370 10.35 | 123 277 [2o3 ) 81 |15 0 25 o 25 i
2 KN A8, 147 203 302 86 39 56 12 5 21 16
l 3 D A8 147 2603 302 86 39 13 12 K 21 16
i [ ATT ] 3878 10 285 2092 86 10 2H 11 5 21 16
! . 4 =
12 | 1191 92.08 12,9 18 o | 233 28 0 38 17 38 23
‘ 2 200 | BLI It b w2 fe | | 2 I 30 26
| 3 1208 ], 10 14.5 TH6 b2 225 81 24 25 17 33 27
0 1231 ®o.02 RN 781 447 | 220 98 900 25 18 33 20
| _ B R = I e i 4
l 13 ! Tt U6H.01 TN 300 364 | 108 | 26 0 38 7 38 19
2 P IO X A2 AT e | 55 4 T 9 26 19
B 0| 6B .o 7T Lane | om | e 30|14 9 20 19
[ 0| TR 105 TP B e IR 1 B - TP I B 9 30 22
" | L : § FESEIE S, P S G —
It | 1363 137.38 94 K 57T | 258 81 0 43 20 13 20
2 IR 123,29 1.3 0 O | 238 | Ty 139 28 20 33 26
3 1489 1188 I 1.7 807 AR2 T 82 278 27 20 K} 28
3 1351 11071 1.3 | il o0l | 237 8o 1351 29 i 35 27
o 1379 [ 2008 0.9 | 789 S 218 9 3R} kit 21 37 27
6 1451 RERN 1.4 | sit] (311 l 247 89 1066 29 21 35 27
1 o
MI—IL g =2 Jmas Delg

TABLE 3.

1R HARTMAN AND L S0 ASDON

Ettects of Repartitioning Strategies
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to enter the basis (unless necessary) until all artificial variables have left the basis. Priving strategy
three was used for all of the remaining runs, All problems in Table 2 were solved with the repartitioning
procedure of Case 3 attempted every 10 iterations (see section 4),

Table 3 shows the effects of various repartitioning strategies, i.e. strategies for employing Case 3.
The strategies tested are to attempt Case 3:

1. never

N

every 10 iterations

G5

every five iterations

-

every iteration

@

whenever there are at least 10 excess columns

6. whenever there are at least five excess columns,
The different strategies often gave rise to slightly different numbers of iterations. probably because
different strategies result in different orderings of the rows in the problem. Hence if the basis is de-
generate, ties may be broken in different ways, and different columns will leave the basis,

Using the strategy of never employing Case 3 involves a tradeoff. The computations of Case 3
never have to be performed, and Case 2¢ is performed less often. This is because excess columns
accumulate in the non-key section so the interchange of Case 2b is more likely 10 succeed. However
if Case 3 is not performed. then the dimersion of the working basis increases whenever Case 2¢ is
performed, and never decreases. The overall result is that the number of iterations per second is lowest
among all strategies tested. Henee it is desirable to repartition the working basis periodically. Among

the other strategies tested. no consistent differences emerged.
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