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I. INTRODUCTION 

Tllf cDiislraints <>( larjic linear pin^iains can (iltcn lie parlitinncd inln in<lt'|ii'ii(lfiil siiliscl.s. cxcciil 

("or relatively few cituplinp rows and eoiiplinn enluinns. The individual siilisel.- inav. (or example, arise 

Iroin eorisltainls on llie aetivily levels of siilidivisiniis of a larjie eorpnration. AllernaliveK. siicli Mocks 

may arise from activities in diU'erenl time periods«. The coupling rows may arise from limitations on 

shared resources or from corni)inin^ the outputs of snhdiv isions to meet overall demands. The coupling 

cohnnns arise from activities which involve dilferent time periods (e.ji.. slora^ei. or which involve dil- 

Icrent suhdivisions (e.g.. transportation or asseinldyl. The case with onh coupling rows or coupling 

columns, hut not both has received much attention |H|. |M|. A smaller ainoimt of work has been done 

on the problem with both coupling rows and cohnnns. Hitter has proposed a dual method |-'|. |7|. 

Except for the preliminary work of Webber and White | 10] and lleesterman ( 1|. there i> no primal 

algorithm which exploits the structure of this problem. There is a need for such an algorithm, since 

such problems occur often in practice. A primal method is desirable since in large problems slow con- 

vergence may force termination of the algorithm prior to optimality. 

The algirilhm proposed here is an exümsioii of the generalized upper bounding method for prob- 

lems without coupling columns proposed in [')J and |6j. It produces the same secjueuee of extreme 

point solutions as the primal simplex method, and hence has the desirable convergence properties of 

thai algorithm. However, the operations within each simplex iteration arc or^ani/cd to take maxim.il 

advantage of problem structure. Because of this structure il is (tossible in perform the computations 

while maintaining a compact representation of the basis inverse. In particular il is siilhcicnl to main- 

tain and update at each cycle a working basis inverse, inverses from each block, and possibly another 

matrix. / in (4). The dimension of the working basis need never be more than the nundier of coupling 

rows in the problem plus the number of coupling columns in the current basis. Hence its dimension 

may change from cycle to cycle. \t most one of the block inverses need be updated at any inleration. 

Given these quanlilies. all information needed In carry out a simplex iteration can easily be obtained. 

Further, efficient relations are given for updating the working basis and block inverses and / for the 

next cycle. 

A signiticanl amount ol computational work has been done on a special class of production and 

inventory problems. Problems as large as .,U)2 rows by '.',22't columns were solved. (Compulation !iiiic> 

411 
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.iir riiriiiii.i^in^. .ililiuii^li im ri>iii|MiiMiii> with nilin inclliiiils art' uvailalil«'. Th«' rrsiills iiuiicutc tlial 

llir .il^ntiiliiii i- -riwiiivr in llir iliincii>iiiii HI llii' Miirkiii}: l)asi> ami dial flTcctivt' nu-aMiiri's can lie 

lakrii l<> niiniMii/i' llii« ilinii'il-inii. 

\\ Inn llii'M' .in' UIIK riiii|iliii^ rows, till* alpirillim niitiplifics rmisiilcraliK anil rcdiKi-s in liic 

iniirciliiii' ili'-<( illii'il in | .'> {. \\ hrii carii iliajiiiiuil iiliick niiilains inily a siiijjii' row. il icdurcs tuitlici' 

in ill«' p-Mi'ialj/i'il u|i|ii'i imiinilin^ inclhinl nt l)aiit/i<: ami \ an Slykt" | I {. 

2. BASIS STHlCTl KK 

llii' |ilii|i|iiii riMisiilt'icil llrrc is 

-lllljlTl   In 

inunini/.r im 

iLx,, f f^lx,   - b,. 

/>,»„ + //,>, -/(,       /= 1 /), 

tt lii'ii' >, is a vi'ilur wilh /;, cimiponcnls. all ut which must lie iionnc^ativc cxccpl for Vm. the first cimi- 

pimcnl nl \„, The culiiinn currespimdiiif; In (tll is all zem i'X('«'pt lor a I in the tirsl row. This first row of 

ihe  cinisiiainl   nuilrix   then   iletines  the ohjeclive f'uiK'tion.   In   matrix tonn the constraints can he 

represent»'«!; 
No. of 

»i. ti >j >/,   i >;, rows 

H,, '< h 
fh H, 

Hi f>. 

,.! i. = !>„ m„ 

-Ai nil 

= hi nti 

III 

IK 

n„ ii i /(■_. 

ri /' i 

'p i 

a,. 

I>I> i mi, i 

nil, 

total= 
\1 rows 

"/,   i «;,        total— \ cnluiims 

The prohlein has p ilia^otial blocks nl dimension m, X n, and an l.-shaped horder consisting of mw 

ri>iipliii<i conslraiMls and n„ coupling: variahles The sei .S, denotes either the variables in the vector 

i, m the eoluinns of ill asso<'iated wilh these variables. The total constrainl matrix has dimension 

1/ x V. We assume thruii^hnut that this matrix has rank 1/ so that any basis matrix for the system will 

cnntain 1/ columns and will be iionsinsular. 

11'—11'i'■''■' ■'- 
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(liiiiKJiii'i ilic siiiHtiiri' II| uii) liiisjo. |{. Im the sitMcin ill ruiisiiaini- 111. Vrraiijjsiufi tlir inlnmiii« <il 

It in the Miinc onivr as in ill. yiclils ihr Im sis inulrix in l-'i^urc I wlint' (lie sliadnl areas < uniain ntinzern 

eiilries, Thr rulninn Icii \,u is alwavs in iln- husis and Mill always lie llie liisi hasie niliinin. 

rKtM. i 

In this exainple llie prtililem lias s<'veii lilncks. There are no enlumns Crnin liloek .{in lliis iiartieular 

liasis. Tin- basis matrix ('(insisls »f^ rwtangular Mucks. </ s /;. rmitilily alonj; the (uugmial with Imnlers 

rnini thf cmiplin}; rows and coupling oiliiiiins. The rectaiifiiiiar blocks may be either ■tall."" "»quare.'" 

or "wide." 

The algorithm to he developed depends on having the lower right hand jiartitioii oi B consist of 

square nonsingular blocks along the diagonal. Our strategy lor handling the nonsqiiare blocks will be to 

rearrange the rows and columns of the basis matrix as follows: 

a) For blocks with a column excess, move the extra columns over beside the coupling columns 

leaving a square block. 

h) For blocks with a row excess, move the extra rows up with the coupling eonstrainl rows leaving 

a square block. 

c) Assure that the resulting square diagonal blocks are nonsingular. 

Performing these operations on the hasis B in Figure 1 will give the matrix in Figure 2. where we have 

m^mmt'mM} m 

.of ß* 

M 
V7/ W/ 

777 

VIA 

_ m0 COUPLING 
ROWS 

EXCESS HOWS 
FROM BLOCKS 
3, 4, AND 5 

S ROWS   IN 
>     BLOCK 

DIAGONAL 
SECTION 

lo ♦ ' EXCESS S COLUMNS   IN 
COUPLING COLUMNS       BLOCK  DIAGONAL 
COLUMNS FROM  Si S», SECTION 

rSo AND 

I 11,1 ill 
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l.ilnliil llic icsiilliiiji iiini' >tiliiiiiilnr)'s Im iflfirticc in Tliciirciii I. The siiliinatiix yn cnnlaiiis SIIIKUC 

iiniisiii^tilai liliifk> .IIKI lirnci' ii i> iicnisjiiMulai. h'ui this cxainiilr liluck 7i was still singular alter it was 

in.nlr s(|iiarc. -n rxtra mw-CIIIIIIIIII pails were rt'iiiint-d Inmi it until tlic i'('iiiaiiiiii<: lilock liccainc iimi- 

«ill^lllai'. I In- itiuiliK cd nniif cvi's.s rows and culiiiiins and created nim/.eru elements in the suh- 

llMlli\ ß-. 

I'iil ( i>in|iiitatiiinai |>Ul|in»es the hluek diagonal sertion. y.i sliinild he as laifie as possible, hill still 

noiMiijiiilar.   \ lower hound mi its si/.e is now deriveil. 

THKOKK.M I: lei ,S' he the dimension ot the hloek diafional section y:i o( Kigure 2. and ,1/ the 

diincnsioii o| the entire hasis matrix. Suppose that the partitioning; has heeii done so all diagonal 

hlocks arc notisingitlur. and that there is no alternate partitioning which would give larger nonsingular 

hloeks. Then S   "  1/     /„"'„. 

I'|{( K)l-':   I.el aii> hasis matrix lor I I I he partitioned as illustrated in Kigure 2: 

It 
«i ßi Vi 
a, ß.. y, 

":i    ß:i     y:\ 

The hloik diagonal siihmatrix yi is nonsingular. and he nee has rank S. (ionsider the sultmalrix \ß:\. yi |. 

It also has rank >' since it has N linearly independent columns (those oi'y:i) and only .S rows. Suppose 

there is a row \ß. yj olthe suhinatrix \ß;. y»] which is not a linear combination of'tbe rows of [#;,, >;,] 

and. sav. this row i- an excess row from block /'. Hy the special structure of this row ( y is zero except 

block /)  there lillM be at least one excess column in 
M 

from the same block /'. (otherwise the row 

\ß. y\ could not be independcnll. Since the row [ß. y\ is independent of the rows in the /th block ol 

| ß-.i. y.i I. lili^ row and one of the excess columns can be adjoined to tliej'th block lo give a larger square 

iioiisitigular block than before. Hut ilii> contradicts the hypothesis of the theorem. Hence every row 

of l/j... y.. | is a linear combination of rows of [ß.t. y.i].  This proves that the subnmtrix 

&   y*. 
ßn   y.J 

has rank S.   \djoin the first /„ •  1  columns to K giving the submatrix /. ■ /. has rank 
a,    ß.     yj 

. «i    ß:s     y.t. 

■   S + l.. since only /„ 4 I columns were added and the lirst of these is all zero in these rows. Finally 

ail(oiii the lirst w„ row- to /. giving the entire basis matrix 

(*\ ß} yi 
a, ß-. y, 
(t.,   ß.!    y.t 

I'lien It has rank " > • /„ • in,, since onlv in,, rows have been added to /, and hence there can be at most 

in,, more iiidcpciidcni rows in It ihan in /,. Mut rank it I/, so that 1/? N t /„ f m„.i>rS 3 M - l„ in,, 

compleling the prool nl Theorem I, 

MMMiÜU ■   ■ 



not isn coi nil) i I\I:\H I'IKX.H \MS 415 

3. THE AI.<;()KITIIIV1 

Our apiitiiacli In ll«' vilutiun ul ditiiliK cuiijilcil luoltlciii.s will hi' In apph IIK- icvi^rd |iiiiiiiil 

siin|iii'\ IIICIIIIKI UI llic jiroMt tu. I'lli' !-|ii'cial slrucluic ol llir liasis niatrix will lie ij\|iliiil('il In siiti|«lif> 

llic ('(ini|Miialiiiiial and sltiragi' piohlcin^ uliicli nccur fur lai^c iniildciii». i'lic rcvJM'd siiu|iicx incilind 

invulvcs llic lollowiiif: steps al cadi ilcralinn: 

a)  Kind lilt-simplex iiiiilti|ilieis ?r=r/iB   ' 

ill   I'riee mil llie niinliasie enliiinns /',. 

and eliocise a eoliiiiin /■•, with ne^alive f, l<i eitler llic hasis if llic ciirrciil solution is not ojiiimal. 

c) Translorin llic entemi^ coluinii in terms of llic cimciil liasis. 

d) Determine the column to leave llic liasis. 

< It,      XH,. 

«i.    > 0 
Ulf <lls 

where ä,s is c<im|ioiieni i off,. 

c) Pivot to update B ' and the current solution to account lor llic liasis change. 

Steps a) and c) involve iiiulti|ilicalion liy llic liasis inverse nialrix B '. To niainlain B ' lor iarjie 

prolilcms re(piircs extensive storage and cointiulalion. since even llioii^li B lias special striiciurc. B ' 

is essentially dense with non/cro elements. Instead of pciionnin^ llie eomjmialioiis in al and el dirccilv. 

we will solve llic cmialions 

(2) 
and 

7rB = o, (solve for n). 

B/'.,= /',(s.ilvefor/',) 

liy  makiiifi a transliirinatioii of the liasis nialrix B—>B where H is Idock triun^ular, The icsultin^ 

e(|ualioiis in terms nf B will make it possilile to exploit the special slrucluic of B. 

(ionsider a nonsinimlar matrix T defined so that BT=B is upper block trianjmlar. 

B 

(4) (V // 

«, 

T 
1 

1    » 
1 \o 

M 1 

B 

H \H 

0 \lh 

where //, is the hlock diagonal section y,!. (i. //. and ./ arc the remaining partitions of B 

(.... 6 = 

md 
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I.M /=-//,'./. 

The nuilrix // i> ci-nlial In llu- prucctlurf and will lie called ilic working basis. Krutn (4) and (5) wt* sec 

lluil 

Id I W = 6'+///=(,-////,'./• 

Ii\ Tlituicni  I. It can alwavs lie luirtitioiicil su thai the diincnsidn oj/y is al most m0+/,,. 

TIIKOKKM 2: Th«' w.>rkm}{ basis « is m.nsinfjular. 

I'HOOF: R is niinsiii^iilar since Imlh B and T are. Since all elements of R below B are /.ero. 

H rnnsl be nonsingular. 

To find tbe simplex nmllipliers. consider V.q. (2). Multiply tbrough by T pving 

ITI n-R = n-BT = (>T=(l.() ())T=(I.() 0). 

The last equality holds since only »m appears in the objective tunction. and by convention Xm is always 

the first basic variable. Since 'I' is noiiHingular. this multiplication will not change the solution TT. 

\ow partition n as n= in,,, TH 7r,v). where 

TT„ has  1/-.S' components arid is the multiplier for rows in the working basis H. 

77, has Sj eompoiienls and is the nmliiplier for rows in the/'th diagonal block lij[ which iusjXsj and 

noiisingulur. /     I </. h'roin the slrucliire of R in ill. K(|. |7| becomes 

IKI njt    ll.0 0) ( W  .S components), ami 

i'h njl, • njt,,    0 (s, componenlsl        /     1 (/. 

where //, i- ibt- «iibmalrix of // eoiituining the \, cohmins in the /th block. Solving (Hi gives 

illli TT,.     i I. (I (»)/<   '     lir-l n.vs .if «  '. 

which can be «ulxtilulrd into I'II to give 

i III n,        TT.,H,H^        i     I </. 

Hence to obtain the simplex multiplier» it »ufiices to know the inversi' of the working basis and the 

imer-e of each of the diagonal blocks. 

Next consider Ki|. I.JI for Iraiisf'oriniiig the entering eoliiimi in ti'rms of the current basis. Define a 

noiisingular «'hange of variable^ h> 

il2l ;     T   '/V 

Then /',     'I".-, MI K(|. l.'il becomes 

lii R.     BTc    H/'     /'.. 

w Inch i- a block triangular system and hence easier to solve than l.il. Partition ; and /', as (z„. 

;,,) and i/'.,,. /',i /'„,!. respectively.   Then 113) can he written as 

 ■^■'    ■ ,^^.v;;..-.; ■.  , ^— ^g^gi 
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(14) 

Hai 

Solviiifi (15) {iivi-s 

(16) 

vvliicli wlicn Kuhslilulcd into (14) fjiv» 

(17) 

Hz,, ( J //,:,    /',„ 
j  i 

j i r 
If Pg is not a couplinji cnlumn, llicsc formulas Kiniptify since than Psj — 0 ior all hui (iii('7'( = 1. 

</). Hence hy (16)ij = () for all hut oneyand the summation in (17) has only one term. 

It is now a simple matter to ohtain /', from : using /'„ = Tc. With l's partitioned as (I'M. f'sl 

/'»,,) the structure of T in (4) tfives 

(18) 

(iy) 

/'<„ = /i„ = ;„. and 

f,,j = yjza+hj=yjz„+Zj    /=i. 

where I'j is the suhniatrix of /  contaiiiin^ the rows in ihe/tli block. This com|ileles the transforniation 

of the column enlcrinii the hasis. 

4. <;IIAN<;IN(; THE BASIS 

I'rieing out columns to select the entering column anil clioosiii<: the column to leave the hasis are 

done as in the ordinary revised simplex method, so it only remains to describe the updating proccdiircs. 

Since the entire hasis inverse B ' is not needed, the updating requirements will he somewhat different 

from those of the ordinary revised simplex alfiorithm. bi particular, reviewing the solution of Ki|s. |2) 

and (3) shows that it is suHicient to update H ', Hj,' (7= 1 </). and /  at each iteration. 

Before descrihint; the various cases which can occur, we derive u general result for updating the 

working basis inverse. 

TIIKOKKM .'i: If a basis change can he described hy *B ' = Kli '. where *B ' is the hasis in- 

verse after the change, and E is any transformation matrix, then the working hasis inverse can be 

updated hy 

(20) *B ' = (/■;, +A',/)« '. 

where H, and E* are partitions of E to he described in the proof. 

I'KOOF: From the definition and nonsingularity of R and T. in (4). (S) 

(21) R    =*'!  1 U   =*T   EB   =  T   ETR 

Here all *Vd symbols relate to the system after the basis change is made. Writing (21) in partitioned 

form and using partitioned inverse theorems gives 
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1 o 

-*r / 

/ o 

/ / 

« ' -li 'HBA 

r> «,' 

To ii|iil,iii' llic uiiikiii^ basis iiiM'isc. null- thai il apprars in thf upper let! hand partition ul ' K '. liciuc 

ili'li'iin^ all Inn thai sultmatrix j;ivfs the lullnwin^ six-cializatiuti of (22): 

n o / r> 

r / 

li 

0 

(2;i) 

A, A,. « 

FÄ 

(Ei + EJMi 

Tims A'; + /•,'-/  is a irunslVinnation matrix for the workinfi basis inverse. 

I.el the ciilumns iVmn the block (liajional section of B be called "key" coluinns. The remaining: 

coliiniiis ul It are called "non-key."  There are several cases to consider in the updating procedure: 

(\ \SK I: The column leaving: the basis is non-key. Then the enleriiifi eoluinn can be brought into 

the basis as a non-key column, and the standard updating formula for B   ' is *B   ' = EB   '. Here K 

is an elemenlarv matrix, equal to the identity except in the rth column which is given by [T/I, T;-J  

T;I, |'. where 

T;,= 

ILH) 

(tix /   =   1 , 

(trs        i ^ r. 

M 

(recall that the rth basic column is leaving the basis). Since the leaving column is non-key. partitioning 

E as in Theorem .'i gives K<     0. and K\  is an M — SX.M — S elementary matrix e(|ual to the identity 

except in the/lb column which is (T;I T/U   V)'. 

in update the winking basis inverse for (!ase I. substitute these into (20): 

l2.r) 7/ ' = (t:^ K.DH * = [Ei + <)V)ii ' = /•;,« '. 

Hence li   ' is updated IIN a single pivot operation. 

None ul the keN columns in \\ change in (!ase I. and hence none of the diagonal blocks //,, in /^ 

will change. Thus the block inverses. //;,'. reipiire no updating. To update V recall that *V = — '''li, '*,/• 

Now   'li, ' - li, ' as shown above, and *./ i> different from,/ only in the rth column which is replaced 

|p\ the la-il N componenN ol the entering column (/', /%)'. Thus only the rth column of T will 

change, anil this will be replaced by 

. .• ^i..  , .       :•.■.■'-■:  -. ■-■fl^Mt—M» 
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(26) -ÄiM/^, /J.«J' = -(.', 

which lias already liccii calculated in Irausfimninji the cntcriii^ cnltiinn. This complclcs llic N|iilatin^ 

calculations lor Cast- 1. 

CASK 2: The coliunn leaving the liasis is a key cnliurin llrntii the Muck iliajiunal section I. 

CASE 2a: Both the leavinji cnliiiiin and the entering cnhimn are IIDIII the saitie Muck Hß. Then 

if the entering column will leave Bj[ iionsin^nlar. a direct |)ivol can lie iiciioinicd and the husis change 

can he described by *B   ' = EB   '. where E is an elementary column inalrix. The K matrix differs 

from that in Case 1 only because the (T)i TJI/)' column is now in the key section ot the matrix. 

Thus/si = /,w  s. i/   s, and A;; has only one non/.cid column (T/I r;i/  s)'. which is the r—(.W-.S')tb. 

To update the working basis inverse apply formula (20): 

r \n 

(27) 

*H ' = (t:, + W}H 1 

1 
= /+ 

T/l 

0    •           0 
\ T/W    s 

/ 
= /+ 

r'1 \ 

[v] 
\ T/W    .s_ / 

= H ' + 
T'1 

vH 
.TlM-S 

where v is the r~ (M~S)\h row of I . 

in the block diagonal submulrix Hx. only the r— {M-S)\\\ column will change. Hence only one diagonal 

block inverse, say tf/,1, will change. B/ will be updated by a single pivot, or equivalently. 

(2«) */V = £«./.' 

where K is an elementary column matrix formed from the element» of the new column. This change 

will leave Bj\ nonsingular if and only if the pivot element in this new column is nonzero, '{"bis condition 

must be checked to see if Case 2a can he applied. 

The,/ suhinalrix will not change, and only the /lb block of Äi ' changes, so in I = — Hi ',/ only the 

/'tli partition will change. The updated version is given by 

(24) ^=-(*/V).//=-^.'./- = £'■,• 

so the same elementary matrix is used to update / . 

CASK 2b: The column leaving: the basis is a key column from block BJI. Case 2a cannot be used 

either because the entering column is not from the same block (it may be a coupling column) or because 

the nonsingularity test in Case 2a failed. Then we can avoid making BJI smaller only if there is an 

excess column (see Figure 2) from block /' which can be exchanged with the leaving column. If there is 

such a column, say the /tb basic column, then after the exchange *B= BE. where E is a permutation 

matrix, an identity matrix  with the rth and ^lh columns exchanged. Since E   '=E. ^B   ' = EB   '. 
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Ihcn (201 yield- 'H  ' = (/■;, +h:j)li   '. WIKT«- E, is an M-SxM - S identity except for a zero in the 

/.th dianmial ixtsitinit, and /■,:■ is zero except fur a one in the /th row and i — ( I/ —.S)th column. 

Hence 

CWI *H ' = (/•;,+ A',r)« ' = 
row k. 

where r is the r— ( l/-.S')tli row of I . This is a valid interchange if and only U E, + KjV is nonsin^ular, 

which is true it and only il the /th elemetit of the row r is nonzero. II'all elements of r in the excess 

columns are zero, then no interchange is possihle and we proceed to (iase 2(,. 

If an exchange occurs, one column of the block ßji will change. Hence the inverse can he updated 

hy a simple pivot 

CM) *Bj,i = Eliji 

where E is an elementary matrix.  The elements needed to form the eta column in E are found in the 

/.th column of l'j. 

To update I . note that by definition *V=—*H1 '*./. Only the yth block of ß, ' changes, and a 

sinjile column of./ changes, but this column is zero outside the /'th block/;. Hence ordy the submatrix 

/ , in-eds to be updated. 

(.{21 *yj = -*BjS*Ji = -EBjl'*Jj, 

Now t'1// 
= .// except in the /th column which is replaced by the leaving column which we will suppose 

to be the /th column in Hj\. Thus HJ\X*JJ = —VJ except in the /th column which becomes the /th unit 

vector, so that 

CVM n'^EV, 

except in the /th column which is the negative of the eta column of £. 

This completes the updating required for an exchange of key and non-key basic cohnnns. After 

the exchange the leaving column is non-key. so Tasc 1 can be used to bring the new column into the 

basis. Ii should be noted that Case I  uses the elements «^ of the transformed entering column (see 

\2\-)) and the vector (; z,,) (s< c l2f))). The interchange will affect these (piantities. To update 

them interchange </,< and //;,,, and replace z, by Ez,. 

(i \SK 2c: The column leaving the basis is a key column from block B^, and neither Case 2a nor 

2b apply. \\ hen the column leaves, the new *Bj\ will have one less column, and hence to remain square 

and noiisingular it must also lose a row. The process is most easily described by a repartitioning step 

followed by an application of Case 1. In the repartitioning step, the leaving column is shifted to the 

exec-- column partition, and some row iti' Bji is made an excess row. 

Williniil  IIP-> of generality assume that the pair being shifted is the first column and row of An. 

i miii'yii' 
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The husis maliix Itcldic und aller till' cliunwc an- jiivcn IM-IIIW, All cliMiicnts of the rnatiict^ an- idcnlicai. 

(inly tlit- partilionin^ changes. 

m 
B 

G H 

J 

Bu 

ß, 

(35) 

^B 

Tins is the orijiinal |mrliliiniiii>i. The row and 

(■(ilnnm indicalrd In dashed lines will lie added 

In llie non-key section resulting in the new parti- 

tionin" scheme jiivcn helow. 

*<; *// 

*./ 

*liu 

' */y, 

In this new partitioning of the hasi>. *(V has lie- 

come larjier by one row and one colnmn. *Hti nas 

liecoine smaller, and the other partitions cliaiifie 

in eorrespondinfi ways. 

Now  *B = B. hut  because of the ehannes in  partition sizes. *T ^ T and *R ^ R.  Hence we must 

compute *#,,', *H  '.and *>'. 

*fii"1
l is computed via standard formulas. If 

(36) Bu'' 
w X 

) z 

where Z contains all but the first row and column, then 

(37) "11        A        ^7 

This is possihle only if W ^ i)   which provides a criterion for choosiiifi the row to he shitted. 

To obtain *B  ' recall that B=*B so 

(38) iK l = *T ,*!! i = *'p m i = *'p .in i 

tin (Si-ncrill. il thf /till riiiurnn of U,, is licint; shillrit. llirn llie /tli m» rsin lie -hilli-d il ihr /ill ilciiiinl ul rnw /, HI /( ,' I- rmn 

/.ft». Thcic niiisi always In- at IcaM imc nini/cni i-tcmi-iil in nm A sinn' /(,,' i» rnin>.ln>;iilai. 
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In [lartitiniit'd IIIIIII ihis i- 

.W) 
-*li   '*//*«, i 

() *fi< ' 

/ 0 

_*r 1 

1 0 

V I 

H ' -B '//«, ' 

0 «,' 

In isdlatc 'li  ' (Icicle all Itul the upper It'll hand coiner of this cxprcssinn pving: 

ill» */;   i / 0 1 () 

i 1 

H  ' h 

0 

H 

) 

() 

where h \> the tirsl ruhinm it\ - li   'IIH, ' and [W. )]' is ihe tirsl column of A, 

/ O 
() '"  " 

0 

u 
) 

() 

w here i  is the tirsl row ol / 

li 

ill   ■      rh + » 

Tile  veclui   //  is enlilpllleil  a« 

I Ml h= hist  rnhllim oj//   '////,  ' 

= H  'H ihist coliiinn of H, ') 

a *ih» v ())■ 

H '//.itf »c. 

wlu'ie //i is ihe hr»t parlilion ol //. 

\\ e Hole lll.ll the lep.iltilioinll^ her«' ( h.lll^e« .ill parllliolis o| B. Mem e i'l ihe expressinii H = U - Hli\ 'J 

{in the wmkiii^ h.isis. ,||| loin l.n tors ( h.in^e. \e\erlheless. vte need itill> add a "liordet" to // ' to 

iirl  'li   '. Mailing Irmn the ei|iiation "I'   '       K    H'l'   ' and arKuini! as aliove. a lorniula lor ii|idaiin^ 

i    I« iilit.iiiiiil 
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(42) 
,:r= H      «^ 

r   K> 

WIIITC / is the first row of T. T, is llu- rcsl id the lirsi Idock ol' / . mill / is all oilici Idocks of T. Note 

thai I lias one less row and one iiiort- coluinn than / and that llic oidv nonliivial clian^c orcnrs in 

the first idock. 

IVrl'orimiijj llicsc oiicrations rciiarlitions the Ua.sis matrix so that tlic l«-avtn^ columti liccoincs 

iion-kf\.  \|i|ilvin^ ('.use I will tlicn cotniilHi* tin- liasis cliaii^c for (."use 2<-. 

('ASF'. .'{; ( sin;: tlic altov*' cases llic simplex nielhod can lie iiciioiined. lint the working liasis 

will increase in dimension li\ one each time Oase 2c occurs. Hence it ina\ lie desiralde to |ieriodicall\ 

ie|iartitioii the liasis li\ inovin^ excess rows and cohnniis into (he Idock diagonal section. essenlialK 

the reverse of (.'ase 2c. 

Sii|i(iosi' we have an excess row and an excess cohinin troin liluck ,/. (Consider the lollowin^; 

snlmialrices 

excess row 

UM 

Hu    K-/lh diagonal Idock in H,. 

\ 
excess coluinn 

jirin^in^ the row and coluinn into the ke\ seelion would mean adding them to //,, resulting in a larger 

/lh diagonal Idock. 

t\U *"„ = 
(t ß 

y HJI 

\\ e alread> know //,,' and we want to com|Mile the inverse of the new Idock. If llu- inver-e exists sup- 

pose ihal it is partitioned as 

11.') I 

Then |.i| llle Idock« .tu- (jivi'll liv 

Ikll 

.mil the inverse e\i«l> il .iiiij oiilv il 

'*.,' = \ 
IT V 

) / 

\        UfiH,' 

J        H„'y» 

(»71 .    /i/< ,'> '(» 
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leu < iiiii|)ulaliiiruil |IIII IUPMS. nciir lliul — H^'y is jusl (lie /ill [turtitioii of llic oiliuun in I ntnvspoiHiinji 

to llic ciilumn tiring iniivi'il. Ili'iicc In Irsi for iinssililc pairs In lie moved miuircs roinputution ot an 

imuT IHIMIIIII II\ ß u ilh a mluinn iif /,. 

hm ciPiiNciiifiicc in (AiiK'ssiuii. ami willmiil loss ot fji'iieralUy. wc afiain assume llial llic lasl row 

ami I'liliiinn ol llic iniiikcv scclion will liccmnc the tirsl row and column of the key seclion. The etc- 

ments ut 11 will he exaclh the same as llic clemenls of B —only the |iai'tilions will change. The new 

working liasi> 'H will liecoine smaller. To linil an exjircssion tor ils inverse consider the expression 

IK I K    =  T   *»    =  T  '♦B    =1    TR  ' 

Writing this in partitioned lorin will iiive the lollowin^ matrix c(|uation: 

'//   ' 'li   '*//*//, 
P'I ' 

() «i1 

- 

/ (> 1 () H ' 
= - 

-*i 1 v 1 0 

-H  'Hit, ' 

Taking niiK the tir>i rows and cohimns ol'tliis eipiulion iives: 

'«i    = 

i .'ill i 

r; /   I  ^ 

i       i 

h 

o 

n 

whcic li i« |ii»l It   ' with the l.i«i row and cnliiinn deleted. Thu- ti> ^et the new wntkin^ lu»]«« inverse 

ineieK delete the last tuw and the la>l eoliitiiii in Hie current working l>a<>i« inverse. 

I n ■ ali ulatc '/   u«c the ci|uali<in 

l.-,|l T '      KB      KB      R    KI 

I Inn wnlllit! thi> in |iaitiliniieil tniiii .uid |I|II< ceding a« altnve Ueld> lh<   n - ill 

i ■ >_ i 

wlirn / i- the (ll»t jMililKiii ül / le«« tin- l.i-l ■ ••IIIIIIII. .Hid ' I« the lein.lining |iailitmli* nl 1 je«« ill 

l.l-l i nllHIHI Yiil till« I" lie i i.MI|illleil We lllll-l lllnl l/i wlm ll I- till liiiltiilll low III the Wnlklll,: lid«!» !«•» 

II•   l.i-l  ■ Mill|H•lienI  L     I lie will km^ I>.i>I- I« II<a i .ill led ahm^ e\|i|ii illv . »I we iiiii>t ■ millmIe I/I. 

/;    '. • H\  Iroiii I'O. 
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where (> aiul // aiv partitions of the basis matrix B and /  is updated at each iteration ol the process. 

(5.'l) (i//. (| = last row ol // 

= last row of 6 +(last row ol //) • V 

= fi + h ■ V (,!,' = last row tif 6' 

/) = last row ol'//) 

and dr<»pj»ing the last element of this jjives iji. 

In the above calculations the most complicated lotrnnlas were those lot updating / in the two 

repartilionin^ procedures. K(|s. (42) and (W). An alternative iiroccdntc in these ease» is to coinpule 

[  Irom its definition l'= — //, './. In each case. onl\ one partition of / changes. >a\ partition / ,. fiiven h> 

(54) 'yj=-%rjj 

with //,, of dimension sj. To compute this re«}uires sj multiplications lor each mm/.ero colnnin of *Jj, 

a total of at most (,!/ —.S')X.\j multiplications. The updating calculations rei|uire on the order of 

(M — S) X s multiplications. Hence they are coinputalionall> superior, hut require more extensive 

program Injjie. 

After performing the appropriate updating procedure, we are read) to start the next simplex 

iteration. Thus the description of the hasic algorithm is complete. 

5. SPECIALIZATION TO PROBLEMS WITH ONI i COUPLING ROWS 

For prohlenis which have no coupling columns, the algorithm simplifies considerahK. The major 

sii iplificalion is that no repartilionin^ will ever he necessan and there will never h> ain excess rows. 

Iiei.ee (iases 2c and H of the updating procedure, which are the most complicated, are never needed. 

The working hasis H in (()) will alwa\s have exactlv as nianv rows as there are coupling constraints, 

and each of the hlocks //,, has dimension m, (see (III. Keialions (Mil. (Ill tor the simplex multipliers 

remain the same as do relations (Ki|-( \'h for the transformed entering eoluiun. In updating. onl\ (laws 

I. 2a. und 2h can occur. These remain essenlially the same. The computations involving: I simplify 

hecause each column of / except the lirsl has only otic non/eio partition, 'i'his s|ieeiuli/.atioii of the 

algorithm i* vet) ximilai to the iniiliud proposed |i\ Kaul l">| and is deserilied hv l.asdiMi in (()|. 

6. APPLICATIONS TO PROIII LTION AM» INVENTORY PROBLEMS 

('oii»i(ier .i (orpiiralion which wishes to selieiinle the ptodm tion of K products at / plant» for 7 

time period- into the future. \i each plant, and tor each period the demand for each product i- con 

«idered known and mil-' he met in thai period. The operatinii of the /ill plant in the Mil time period i* 

hence limited li\ these K demand eonslrainls and also h\ i < oii>ii.iiiit> on localK availalde resoiirc«'s 

(e.ji.. plant eapaeily. I.ihot i ^i\in^ ii«e in a con-tr.iinl hloi k u ith A * r row». I here are /.7 '•IK li diagonal 

him kv   I heoe  hliM k«  ate ciiilpled  l>\   i otl-t t .littt- ott  -i.itie lotpntate reMiurce»  which ate allocaltil 

across the vattoii« plants anil Imilp'led over time ic^.. < nipot.iie i apital. »can e tau tnaietial«. highly 
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skillfd hilmrl. In uiiditimi In iirixliirin^ lor iinmcdialc ili-inuiiii. aii\ iilanl imi> 

a)  I'liiiliict' a iirciiliiil and [ilacc il in iiivcntnrx lor I'ulUlT use. 

hi I'roducc a [initiucl and slilj) it in some otln-r plant which has a shortage of that product. 

Kacii of the iM\cntur\ and tiansportatioii activities gives rise to a column which couples two o| 

the diagonal hlock>. Thus uc have a doulilv coupled linear prognun to solve. The iiiiiiii)er of rows is 

on the older of I/v f ;)/,/'. so truK large piohlems ma\ result. There arc KI.T(2l- + T~'.\)j2 coupling 

columns arising from the itivenlorv and transportation activities, hut these have ver> special structure. 

Mach column has only a cost cocflicieni. a single + I in the /,lh demand cipiation for one Mock, and a 

single I in the /.ih demand cipiation lor another block. Hence they may he stored implicitly and 

priced mit with minimal effort. Since these coupling activities incur a cost in addition to (he production 

cost, we anticipate that even though there arc many such activity s. relatively lew will he prolitahlc. 

Hence in any basis there should he relatively lew coupling columns so that the algorithm described 

can he applied, 

A number of computational simplifications appear. In computing the transformed entering 

column, at most two of the :, in I U)l will he non/.cro. so 117) simplifies considerably. The special form 

o| the coupling columns implies thai in ./ any coupling column has only 2 nonzero elements + I and 

I. while an excess column has only one partition nonzero. Hence in V~ — B\ 'J a coupling column 

has at most two non/.cro partitions and these are columns of the block inverses fij^. An excess column 

has one non/ero partition in I . Hence it is probably best to compute V at each iteration instead of 

updating it. This is desirable since the most complicated update formulas are those involving I . 

7. COMI'lTATIONAL KKSILTS 

The algorithm described above has been coded and used to solve a number of test problems of 

the type described in section (). The program was written in KOKTKAN V for the Iriivac 1108 com- 

puter at (!ase Western Reserve I niversily. The special structure of these problems made it possible 

to solve reasonably large programs all in core. Ml problems were solved in single precision arithmetic. 

\\ henever a block inverse or the working basis inverse had been updated 50 times, it was re-inverted 

usin>; .i standard (•aussian elimination routine, (iood numerical accuracy was obtained in that different 

runs on the same problem yielded solutions which were the same to seven significant figure«. The 

code was not written to be competitive with commercial routines, but rather to investigate the effects 

ol various pricing and repartilioningstrategies. Nevertheless the solution times recorded are encouraging. 

Dal.i describing the lest problems is jiiven in Table I. The notation used is as in section 6. h'or each 

problem si/e, two problems were formulated. The lower numbered problem of each pair was constructed 

lo be relatively easy, in that lew coupling columns appear in an optimal basis. The second problem in 

each pair is derived from the first by adjusting the right hand side demand and resource availability 

vector so that more coupling activities arc required. Hence it is more difficuL For all problems, phase 

I »a- initiated with a basis consisting of slack variables for all resource constraints and artificial vari- 

able^ lor demand < ciMraint«. 

Table 2 describes the effect of three different pricing strategies*. Pricing strategy one allowed 

i oiiplniM columns in enter the basis at any iteration. It led to long running limes and large working 

base« since many coupling columns tended to enter the basis in phase 1. even in problems for which 

there were none in the optimal basis. I'ricinti strategy two did not allow coupling columns to enter the 

ba-i- in the first 1/ iterations unless all other columns priced out optimally, it produced a substantial 

i cd in lion in running lime. Stralejiy three, which was ibe most successfui. allowed no coupling columns 

___ 
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IAKI.K 1.    Test Pmhlem DcscriiPlions 

■ ■ 1 
I'n.MciM Nmnlici ill Numlicr nl Numlicr uf Nuinliri nt Hlmk Nunilirr nl Nijiulirr nl    |           Tnlal 

nuinlirrs lirixliiils 
(Kl 

plunt» 
ll.1 

limi' |ii'ilii<ls 

(Tl 
Mink* 
(I.'l'l 

H/.r t<)ll|p|iu(! 

iiilmnns 

i iiu|iliij^           |irn|ilrni >ur 

n ■« « 
. _       ...  _ 

1.2 5 3 4 12 7 \ 22 210 (>           |        '«1x474 
j 

3. 4 5 3 6 18 7x22 40', 8           i      134x801 
.1. 

5. 6 .r> 3 8 24 7 x 22 <<<>{) 10 178x 1188 

222x 1635 7.8 5 3 10 30 7x22 975 12 

M. 10 5 5 6 30 7x22 •>::, 8 218x 1635 

II. 12 5 5 8 •10 7x22 l,r>(K) 10 2'>0x2380 

13. 14 5 5 10 50 7x22 2125 12 362 x 3225 

J 

TAHI.K 2.    Klfcci nl I'ririnu Slratcui«' 

I'mlilcin 
nuinliri 

1 

I'ricinii 
slralcjiy 

1 

Tnlal 
itrialimis 

32'' 

Tnlal 
llnir 
(scrl 

18.52 

llnatinii* 
Iper MM) 

17,8 

Maxiniuni 

^i/^ 111' 

wnrkillj! 

31 

MaxinMiiu 

iiumlirr nl 

i'iiU(illllji 
i nliiirins 
in  lliihis 

28 

3 178 5,05 35,2 ') 3 

3 

1 440 36,88 11.'* 37 34 

■> 326 I2,W 25,1 •)■) 15 

3 274 '):.V> 

_ 
2'J.2 10 1 

5 

1 K\i rnlril 60 MTiiml limr llniil 

2 151                   25,33                17.8                   25 20 

6 3 321                  14.43              22.2                   15 

; 

1 Nnl altcitijilfil 

21 

11 

2 557                  38.07                1 1.6 27 

21 3 138 21,12 18,2 

I All nin> in.nlr »ilh vii*v 3 ii'ii.irlillniilrij; atti'mptrd r\i-r\  III ill ratinii«! 
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\{,VM 

n.l Inn tilinll 

mi lirl ill;: 

-ll.ll 

11 

11 

T\ m.K i.    F HfClS  < 1 K.-| iirtilioiiinji Stra».'!. Jcs 

\UIII1M ruC«. ■urrcni r> nf \ aiiuus Kinal Kinal Maxi- Maxi- 

Total Total t\isv> in lli.ilalilljj. size Ni>. iiiinn ninni 

ilna- lllllr llcl.lliiilO work- ri.ll- si/.f minilii'r 

lillllN I.VI') l|irr sci-J 

1 2.1 21. 2c :i 

ing 

l.asis 

(dintj 

col- 

umn« 

vvnlk- 

ins: 
l.asis 

(■iHi(ilin(! 

ccliiinns 

,i 1 .> (l 7 K '» 10 II 12 1.1 14 

I7H VK .«1.0 K2 '«. 25 5 d 11 0 11 ;i 

I7H MK :i:>.2 HI '»7 26 . 17 6 (1 d ;i 

I7H t.W) :i«.7 HI '»7 26 i :i5 6 0 d ,i 

I7H I.K2 .{«.:> »1 "»7 25 y 5.1 6 0 d ,i 

_)!)() 7.71 iK.H 15,i 111 15 '» d 15 5 15 7 

ill :.(>(> H).(> lf..l UK 5d 17 31 10 5 11 8 

Ml 7.()<) Ht.7 l'.2 15(1 IK l<» 62 d 5 11 K 

.ill 7.72 KU l(.2 1-W 1'» 20 61 10 5 1-2 K 

Ml If.. 17 !'>.'> ll.i •zm .IK d (1 1'» 0 Id 6 

:\21 l-l.U 22.2 IdK 21.! .18 <» M 10 0 15 6 

:ü\ l.i.W 2.!.« IdH 21,1 .IH d 64 10 0 15 6 

.i.'l 1.1. K. 

r..'»7 

2.1.8 IdH 21.1 .iK d 174 10 0 15 6 

711 I."..:. ,lf.l .150 HI 26 0 .16 IK .{6 2.1 

7,!:i .i'>.KI IB.l .i7d .151 K2 6.1 7.1 22 16 25 20 

:ii(p .iH.U> IH..". :w :i57 76 5d 111 24 18 26 22 

()7.'> .i(i..i:i IH.(. .122 ;i5;i 6'» 7K 126 2.1 17 2H 25 

121 2l,W |f..K l'ö 22'» 62 l.i (1 21 4 21 12 

Ufi 21.% IH.'* IHK 22H 55 54 41 12 6 17 1.1 

m 21 .W) I(*.2 IKH 22K 55 ,'U H.1 10 6 17 1.1 

l\(, 21 .:w IM..J IKK 22K 55 .12 1.12 10 6 18 l.i 

KL'.i 62.1 i K..:. f>,lK .iK5 200 25 0 .l.i 15 .l.l 26 

lit.!! :> 1.1 i I'M 656 :i7H 175 1  < 10.1 21 15 2d 26 

uc. .■|4.7K 18.7 616 .17'» 177 i i 205 21 15 26 2.1 

KL'i .'i.Ull I'U 651) :i. .1 171 K5 705 21 15 27 22 

.')70 Ki.r. I2..1 277 2<n 84 15 0 25 .7 25 14 

r.d,') iH. J.i 11.7 26.5 .102 K6 .id 56 12 5 21 16 

.VCi iH. 12 11.7 26,1 :m K6 .Id 11.1 12 .) 21 16 

-»77 :iK.7H 

(*2.f)H 

IW 2K:) 2'»2 86 10 214 II 5 21 16 

im 12.'» 71H ik. 2.i;i 2K d .IK 17 IK 25 

I.MI'I Jill 1 11.1 761 145 217 76 121 2.1 16 .10 26 

l.'Oti K<*. i'l i.t.:. 766 112 225 81 211 25 17 :i.i 27 

l-.ll K7.i)2 

'Mi.Ill 

ill 

7.'' 

7KI 

.i'»d 

447 220 <»K '»0(1 25 IK :i.i 26 

::.j .161 IdK 26 (I .IK t .IK 1'» 

:r (.'».n KI.H .172 .175 1(12 55 71 14 '» 26 Id 

7:.i IM. 11 ll.ll .i77 .171 '»<» 61 150 14 d 26 Id 

7<i1' 7.i.02 HI,:. .i'»7 .172 101 72 .172 17 d .10 22 

i.i<>t l,i7..lH ';.'> 7H7 .. < i 25K Kl (1 4.1 20 1.1 26 

i i'di 12.1.2'* 11.1 7'»d 600 2.18 7d l.id 2K 20 .1.1 26 

\MI IIK.H1 11.7 K(I7 :.K2 217 H2 27K 27 20 11 28 

i.r,i ll'<.71 ll.i :.■.( i 601 2.17 K'» 1,151 2'» 21 .15 27 

11:1) I2'i.OK Id.') 7H'» :.'»d 2 IK 7'» 111 .id 21 .17 27 

ii.-.i 1 lifill ii.'»        7:.d 6dl 217 Kd |(K.6 2d 2i .15 "'7 
1 —- 

■,--- 

■^ 
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to cuter the basis (unless necessary) until all artificial variables have left the basis, Priciiif; strategy 

three was used for all of the remaining runs. All prublems in Table 2 were solved with the re)iartitiomnf£ 

procedure of Case 3 attempted every 10 iterations (sec section 4). 

Table 3 shows the effects of various repartitiotiinp strategies, i.e. stratejiies for employing (.'asc 3. 

The strategies tested are to attempt Case 3: 

1. never 

2. every 10 iterations 

3. every five iterations 

4. every iteration 

5. whenever there are at least 10 excess columns 

6. whenever there are at least five excess columns. 

The different stratefiies often t:ave rise to slightly different numbers of iteration*, probably because 

different strategies result in different orderings of the rows in the problem. Hence if the basis is de- 

generate, ties may be broken in different ways, and different columns will leave the basis. 

I sing the strategy of never employing Case 3 involves a tradeoff. The conipulatjons of Case 3 

never have to be performed, and Case 2c is performed less often. This is because excess columns 

accumulate in the non-key section so the interchange of Case 2b is more likeis to succeed. However 

if Case 3 is not performed, then the dimesion of the working basis increases whenever Case 2c is 

performed, and never decreases. The overall result is that the number of iterations per second is lowest 

among all strategics tested. Hence it is desirable to repartition the working basis periodically. Among 

the other strategies tested, no consistent differences emeiged. 
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