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ON THE INTERACTION OF SHOCK WAVES IN WATER-SATURATED
EARTH AND IN WATER

G. M. Lyakhov

(Moscow)

On the basis of an appr,6ximation of the dependence p(V) by

a piecewise linear functionlwe give an approximate solution to the

problem of the interaction of a two-dimensional nonstationary

shock wave with the boundary of media, a shifted boundary, and
with a boundary of a region of given pressure./

1. The Interaction of a shock wave with a boundary of media

or a shifted boundary. In water, petroleum, water with air bubbles,
water-saturated ground, and certain other media during shock

compression, as is known [1-4], the pressure may be viewed only as

a function of the specific volume V

P-p(V) (1.)

As

Fig. 1.
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The relationship p(V) is nonlinear, but it is identical with

a rise oi fall in pressure. Thus p' < 0, and p" > 0. In such

media, called nonlinearly elastic, the basic equations of gas

dynamics, expressing the laws of conservation of mass and quantity

of motion, and also the relationships on the shock wave front,

conforming to these same laws, together with (1.1) form a closed

system and allow us to view the propagation and interaction of

shock waves without using a thermodynamic relatijaship. A

thermodynamic relationship remains in force. Using it, we may

iete;'miiie the entropy losses on the wave front.

The propagation of a stationary wave an a medium with variable

sign p" was examined by G. I. Barenblatt [5] on the basis of [6].

The propagation of a nonstationary wave was examined in [7].

In the segment h = 0 when t = 0, let the pressure from the

e shock increase from p0 = 0 to pmax and fall according to a certain

law

p-f (a) (1.2)

At distance h* from the initial segment the medium borders on

the second medium. On the border there may be a barrier made of

.es, incompressible macerial, the mass of which is equal to m for a

unit of area.

In a system of LaGrange coordinates (mass h, time t) a solution

of the equations of gas dynamics (cf., for example, [7])

au + ap .. , Lu..V .0

in the case of a linear dependence between the volume and the

pressure has the form

P - F, (h- At) + F, (is +'A8)
(A - p. p. J / V) (1.3)

= if, (h - At)- ?a I, + AI)]

A
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Fig. 2.

Here and further u is the velocity or particles, A Is the
accubtic resistance of the medium, and c is the velocity of sound.
Functions F ndP are determined by the initial and boundary
conditions.

Let us approximate the curve p -p(V) in the first medium by
the two straight lines (Fig. 1):

pm-AsW+D when O<P<pa MAYl)
p-u-AsW+Dg when p)'Opiel

SThe nibzer of approximating links may be increased depending

on the re~uired Accura~cy of the calculation. PFrom-sepgmnt h - 0
the front, dtf the shock wave will spread (Pig. 2).' The solution in.

aroi 1 (elagtic wave) we will' obtain' in ~the form

The form of function f(t) here and henceforth is determined by

equation (1.2).

At moment t a ht/A 1 ,the front of the wave reaches t ,he media

Utbndaries. Let in the second medium the acoustic resistance A*

MS WBHOIRA it Al h t' i In the reflection of the wave the
~j~esur inrea~l~ ihe acoustic resistance of the first medium

Vesoomes equal to 1A2. When t ah*/A1 the velocity of the front of

the reflected wave h* n -A2

42
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Fig. 3. Pig. 4.

In dense media the velocity of the front changes,-l it'tle with

the change in pressure. For examples In water with the fall in

pressure on the front from 250 to 1 kg/cm2 the velocity of the

front D according to data [2J is reduced from 1530 to 1500 M/s.

In a water-saturated ground [4], if before the wave front p0 a

- 25 kg/cm2, a fall in pressure on the front from 75 to 50 kg/cm
2 .

is accompanied by a fall in the velocity of the front by 0.08 of

the initial value of D with a content of entrapped air equal to

0.01 of the total volume of ground, and less than by 0.001 D in

ground:M,_ntainng air. Therefore, we may assume that h" - -A2

in the entire segment from h - .h to h - 0.

The solution in region 2 (see Fig. 1) is determined from the -':
'

relationship on the front of the reflected wave

.e , ,j p+sAIA,..Aj+A A + A I A -A,

and from the condition on the media boundary. The velocity of the

medium particles touching the boundary on both sides is equal to

the velocity of the boundary *(t).

Taking into account the relationship on the front of the

reflected wave and (1.3), we find the equation of motion of the

boundary

A, A+ As I [AsL+-As (All -W)J-(As + A*) 9(9)(16

and the solution in region 2 in the form

PTD-HT-23-872-70 4



8) ,Al + All.[ A, + As (h "AO) + A,*- AP h"1

Er,-am~ Mj[Aa+2A-,1 As
.4 + Atr ( + As At) Alt W k -ho + At
+ -F,',I',',',,','4(4 + A) . j , A, J-

A * t A + A(& AI~sk7 As ) (17)
(.A A@#--) + A ll - Al h-

, z' , Aj A .(,r, + , A.. (A& + Ah- , A, ( - he ,+ AO,,)

The solution in region 1' is

p h )-Av y.Z..4. ), m u,,, - y( A" '2 (1.8)

The form of function 4(t) is determined from equation (1.6).

If on the boundary of the media there is no barrier, the velocity
of the boundary and the pressure on the boundary are determined by
equation

The ratio of the pressure acting on the barrier to the pressure

in the incident wave (the reflection coefficient) in a nonlinearly

elastic medium in q a (A1 + A)/A 1 > 2; and in a linearly elastic
medium when A1 m A2 we obtain n m 2.

If the barrier is absent, then n a n1 in a nonlinearly elastic

medium and n * n2 in a linearly elastic medium; here for each

medium we will get

D e +" A S4/) A * > T , 2 - A *, >

respectively.

In the absence of a barrier the media boundary moves slowly,

and (t) decreases monotonically. In the reflected wave the

PTD-HT-23-872-70 5



pressure has a minimum value on the front, and a maximum value when
h - hi. In the second medium maximum pressure is attained on the
wave front, while minimum pressure occurs on the media boundary.

In the presence of a barrier of finite mass for a certain time
after t - t*/A 1 the barrier moves quickly, and #(t) increases with
the increase in the argument. The pressure has its greatest
value on the front of the reflected wave, and its minimum value
when h - h*. This time interval is shown by Fig. 3. Figure 4
corresponds to the moment t2, when 4(t) achieves a maximum. From
here on the minimum value of pressure will be found at the point
which approaches the wave front with the passage of time (Fig. 5).

Moments t1 0 t2 , and t3 to which Figs. 3, 4, and 5 correspond,

are represented in Fig. 2.

Fig. 5.

2. The Interaction of a shock wave with a boundary of an area
of fixed pressure. The solution in area 2 will be valid for the

arrival of a front of a reflected wave to the segment h - 0.

Let us examine the case of large 0 and small h4 and let us
assume that in the reflected wave the acoustic resistance remains

equal to A2. In the plane h a 0 p < pmax* In the reflection of

the wave from segment h * 0 a change In the acoustic resistance

takes place and regions 3 and 4 are formed (see Fig. 2). In

region 3 on the boundary with region 2 the pressure falls abruptly

to pmax" In region 4 a further decrease in pressure occurs with

the growth in time. On the boundary of regions 2 and 3

0 +0a.,. 0'Os-- As (2.1)

where F2 corresponds to region 2, and 01 and 02 correspond to region 3.

FTD- HT-23-872-70 6



Prom here in region 3

,L At At 4 As+ Asr(.-A)(-Ad A+ h4 As - All) U.ri(~I . 1 A.1 l + As) (h- All) +(A, +AI
Sn dIL At (As - At) + AaAs (As -A) +

+ A p (4-Alt + 2AsS +Al'At+As' .]1

1 + jA+A sAx+A 
(2.2)_ . As--A, . s+ A?,r + ALI A .+ As

'A+9-, ,'A- Aol
A1. 112(k +4 Ate) As - 2AI .

The solution in region 3 is

pmE- +N

In segment h n 0 p - f(t), and on the boundary of regions 3
and 4 the condition P4 - AIu4 - P3 - AIu 3 - 202 is fulfilled. From
here it follows that in region 4 the function 02 is the same as
in region 3, and

,*& ,)/tA-7 pPzh -A, A+A,,-l- _A,+A. +
SiA- ZA AA 1A, J'

A r2fAte-A) *'As-A, (2,3)

The solution in region 4 is

.'- h +f U,, M- (4%-O (2.4)

The shock wave is reflected from the boundary of the area of
fixed pressure in the form of a vacuum wave.

3. The interaction of a vacuum wave with a media boundary.
At the moment when the vacuum wave front reaches the media boundaryI' onp 5 an at . t et *l and 02 determine the flow in

. n §, ika4 tit V "A 0 40termine the flow in region 20. Prom

th condition on bPO40aries 1*, 2', and 3, 5 we obtain F2 * 0,
while. I is the same function as in region 3. In region 5 we

have P5 + Alu 5 a 241, and in region 2' we have p2* - A'u2 * - 0.

PTD-HT-23-872-70 7



The equation of motion of the barrier is

m(t) +(t+ A)- -lt). (3.1)

The pressure agains thne barrier from the side of region 5 is

p - 2 (Wa - Al)- Ag(8), (3.2)

the pressure from the side of region 2 is

.., - A'g(9) (3.3)

If the barrier is fixed, and when h - 0 the pressure is fixed
in the form

P -- (' -*), (3.4)

then the pressure against the barrier in region 5 is

M (A,+Ajp (3XA& As (As,- 2,) 0 k ,A' - ) 3

At the moment t, w h*(2A2 + A1 )/A1 A2 region 7 is formed. In
this region the function 01 is the same as in region 4. If in the
segment h - 0 the pressure is fixed in the form (3.4). then when

h - hi in region 7

52 A ( 3 .6 )
+A T 12AII + A I4st - $AA iM o j

+AI r , l. AA(,+ AQ J

If the mass of the barrier is finite here, then when t t m
the velocity of the barrier may not change abruptly, and therefore

it is determined by equation (3.3). By using (3.6) and taking

into account that *(h'/A) - 0, we will obtain the pressure .aainst

the barrier with t w tm

p -201 (W" - Al,) - Ag (1m) 2 (A + As) -- Ag (is) <0.
TA,+-XT- 3-8<2 37)

PTD-HT-23-872-70 8



The pressure is negative. The medium attains a velocity

directed from the barrier to the side of the segment h - 0, and

breaks away from the barrier. Further on the pressure from the

side of the second medium causes a reduction in the velocity of the

barier and the formation of contact with the first medium. The

pressure arising here is less than in the examined regions.

The author expresses his thanks to S. S. Grigoryan and

N. I: Polyakova for their discussion of the article.

Received 11 January 1960
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actonofa shock wave with the boundary of the medium or with
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region where the second derivative of the pressure with respect
to the volume Is variable In sign has been discussed by G, 1,
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In an earlier paper of the present author, At a given section
there Is a Jump discontinuity in the pressure and at the section
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there can be a barrier of aff Incompressible material, 'Choosing
h and the t as Lagrangian coordinates the equations of gas dynam-
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the pressure and velocity are given in each case. The second
problem is the interaction of a shock wave with the boundary of
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