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ABSTRACT 

Previous classical path calculations of the impact-broad¬ 

ening operator (¢) for the Stark broadening of the hydrogen 

line H are reviewed. $ is then computed by solving numerically 

for the S-matrices using the straight-line-classical path 

approximation. All contributing multipoles in the perturber- 

atom interaction V(t) are included and time ordering of the 

operators in the S-matrices is retained. The resulting 0 matrix 

elements are compared with the previous approximations. The 

effects on the Ha line profile are considered. 
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INTRODUCTION 

The broadening of spectral lines due to the electric micro¬ 

fields in* plasma (Stark broadening) affords a potentially powerful 

non-interfering probe for the determination of the plasma electron 

density. In order to effectively utilize this broadening as a 

probe it is necessary to determine by means of a satisfactory 

theory, the effects of the microfields on the spectral lines 

emitted by the plasma. With the development of the generalized 

quantum mechanical impact theory by Baranger and Kolb and Griem 

a realistic theoretical formalism for the Stark broadening of 

spectral lines emitted by a plasma was established. Recently there 

o 
have been a number of theoretical papers devoted to the Stark 

broadening of spectral lines which utilize a variety of alternate 

and more sophisticated formalisms to that given in Reference 6 and 

29. However it appears that as far as practical calculations are 

concerned various approximations muet be made which result in 

expressions for the line profile that differ little from those 

of References 6 and 29. For this reason and since to date the 

majority of line profile calculations have been performed using the 

development of Baranger and Kolb and Griem we shall continue to use 

their basic framework in this report. We shall be concerned with 

various modifications to the theory within this framework (in 

particular modifications to the impact brpadening operator #) and 

will confine our attention to the Ha line of hydrogen. 
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The H line of hydrogen lies in the visible region of the 

spectrue (6563 X), is well isolated from neighboring lines and is 
subject to the large linear Stark effect characteristic of the 

hydrogen lines. H is the simplest hydrogen line in the visible 

region of the spectrum with an "unshifted" central component and 

a profile sensitively dependent on the effects of the free electrons 

in the plasma. It is therefore attractive as an easily accessible 

line for the study of these effects. Furthermore for electron 

densities between 101' e/cm and 10 e/cm , H becomes a prime 
Cl 

candidate for use in electron density determinations since at these 

densities the widely used line is appreciably distorted by 

overlap with the neighboring line. Until recently a major 

drawback in the study of the line and its usefulness as a 

diagnostic tool has been the rather pronounced self absorption. 

Recent experimental advances however have made it possible to 

extract reliable experimental Ha profiles from a pure hydrogen 

plasma exhibiting self absorption through an iterative series of 

integrations and "Abel inversions" . In addition• recent theor¬ 

etical and experimental advances make Ha extremely attractive for 

use as a diagnostic tool in "seeding" experiments provided due 

care is taken with regard to possible demixing phenomena. 

The first calculations of the Ha line profiles using the 

theory developed in references 6 and 29 were performed in 1959 by 

19 
Griem, Kolb and Shen (GKSI) (other lines of Lyman and Balmer 

series were calculated but these will not concern us here). 
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In most cases these GKSI profiles have 10 - 20% smaller half- 

widths than the experimentally determined profiles®*^* 

In 1968 Bacon and Edwards2»3, (BE) performed calculations of the 

22 
GKSII type for the Hq line which agree very well with the experi¬ 

mental results. At about the same time Kepple and Griem28 (KG) 

incorporating a number of modifications to the GKSI and GKSII forma- 

20 
lisms , also found improved agreement with experiment. An analysis 

of these calculations confirmed the consistency of the BE and KG 

calculations within their respective approximations, and also indic¬ 

ated that for the case of strong collisions and in general vari¬ 

ations of the electron broadening operator have a significant effect 

ai the line profile. This together with additional analysis (See 

Section III of this report) tends to make suspect the inconsistent 

and at times arbitrary treatment of the strong collisions made in 

References 2, 3, and 28. Furthermore, recent calculations pertaining 

to the Lyman-e line5 indicate that estimates of strong collision 

corrections and corrections due to higher order multipoles in the 

electron atom interaction used in the above mentioned calculations 

may well be in error and could significantly affect the line profile. 

In view of the above considerations the agreement between experiment 

and theory obtained heretofore could quite easily be accidental. 

The purpose of this report therefore is to eliminate the incon¬ 

sistencies in the previous classical path calculations by numerically 

calculating the S-matriceu used to calculate the impact broadening 

operator ♦, retaining the correct time ordering and including all 
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contributing multipoles in the free electron atom interaction in the 

same manner as was done for the Lyman-e5 line. The resulting • - 

matrix elements are compared with the previous calculations and the 

effects on the line profile considered. 

The previous calculations of the *- matrix have varied in a number 

of ways which makes comparison with the present calculations rather 

difficult. In particular the cut off at large impact parameters 

Cpmax^ and the treatment of lower state broadening has varied signif¬ 

icantly amongst the previous calculations. (These differences are 

described in some detail in Section III). Since the effects of the 

modifications to the theory presented in this report manifest them¬ 

selves through higher order terms in the iterative solution (Dyson 

expansion) for the S-matrices* or in physical terms arise from coll¬ 

isions with small impact parameters considerations of variations in the 

upper impact parameter cut off will not concern us here. It should be 

noted however that the upper cut offs used in the previous calculations 

have all been taken in the vicinity of the Debye radius (pD), and we 

shall consistently use * Pp Section IV when comparing *010 

various calculations. In addition the complete & matrix (Eq. 20) 

is used {some previous calculations have neglected various terms of 

see Section III). In making the comparison in Section IV, we 

have continued to characterize the previous calculations as GKSI f 

ÉPrevious calculations have considered only terms up to second order 

in the interaction V(t). 
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BE(GKSII)3, SC3*, and KS28 which is indicative of the particular 

treataent of dose collisions in each calculation rather than of the 

calculations themselves. The line profiles presented in Section 

IV are therefore of a relative nature. 

The ♦«matrix elements can be compared as succinctly as possible 

by specifying the "constant* K (Eq. 20) in the same manner as was 

done for Lyman-a • These constants are absolute and are independ¬ 

ent of variations in eMay. Detailed calculations of the Ha profiles 

as a function of electron density and temperature using the results 

of this report are presently underway. 

The following section contains an outline of the formalism 

and notation, followed in Section III by a review of previous cal¬ 

culations. Section IV contains the results of the present calcul¬ 

ations and a comparison with previous calculations. This is 

followed by a summary and discussion in Section V and finally by a 

list of references in Section VI. 

II. FORMALISM AMD NOTATION 

Using the generalised theory developed in References 6 and 

29 the H"« profile for a hydrogen line, in reduced units e (see 

for example Reference 21) may be written: 

Sgo* /w/n Íw/ndí (d 

s 



nn, and (('----- each represent a sat of quantum numbers 

characterizing an eigenstate (to 1st order) of a hydrogen atom in 

a static electric field (ion microfield f)« These eigenstates are 

the parabolic wave functions10 represented by a set of three quan- 
g 

turn numbers (n^njm»». The notation |(*!»>> ie due to Baranger 

and denotes a state of the "doubled atom" each stets of which cor¬ 

responds to two states of the original atom, one U> from the upper 

levels with principal quantum number n and the other (Ç) from 

the lower levels with principal quantum number n*. When refer¬ 

ring to a specific state of this system we shall uee the notation 

In^njm'm^m». Wr(f) ie the ion-field distribution function. 

The distribution functions of Hooper20will be used throughout this 

report, it ie the appropriately weighted6*29*38 scalar dipole 

moment operator and A. n, ie a normalisation factor such that 

js(a)da * 1 

i.«.. V • tl> 
*1 « 

0« (-WWíJ/kI/íitcF. -V (3) 

2 /2 
X is the unshifted wavelength and F * 2.61eN is the normal 

o w 
Holtzmark field strength in e.g.s. units. M is the electron 

density. H(f) is the Hamiltonian for a hydrogen atom in a static 

field f. The subscripts n, n* indicate that H(f) acts on the 

upper (n.n1-) or lower ((,ç*-) states, respectively. 
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Th« operator contains th« effects of the free electrons 

on the line profile and is of SMtjor importance as far as this report 

is concerned. Apart from differences in the ion-field distribution 

17 
function (ie., the ion-field distribution functions of Ecker , 

Moser and Baranger31, Hooper26), the calculated profiles to date 

have differed nainly in the treatsmnt of this operator which we shall 

now define. 

$»«• * - t £ jv fu)¿v j f [ $![ S* " 'i«* * (4) 

p i* the inpact parameter (distance of closest approach) of the 

perturbing electron and v is the electron speed, f(v) is the 

speed distribution function (assumed to be Maxwellian). Sn and 

are given by 

SB . un(.,..), 

S . ■ U.(-,-•), 
n n 

yfhere Un and Un, are the time development operators, in the 

interaction representation for states with principal quantum 

number n and n*, respectively. Ü satisfies the equations, 

« Vtv)U , 

U.C-co^rf))» I 

7 



Th« approximation inherent in the assumption( implied above, 

that we need concern ourselves with U acting only between 

states of the same principal quantum number is the usual no 

quenching approximation* In this approximation we assume that we 

may neglect transition between states with different principal 

quantum numbers caused by the perturbing electrons in comparison 

to transitions between states with the same principal quantum 

number. This should be a good approximation for transitions in« 

volving low lying atomic levels such as the levels involved in 

the H emission process but not for n and nf large • It should 
Cl 

be noted that in solving Eq. (6) for Un and Un, a sum over a 

complets set of states is implied on the R.H.S. even though we are 

only interested in elements of U between states of the same 

principal quantum number on the L.H.S* 

In the classical path approximation (see for example Ref. 35) 
% 

V(t) is given by 

<ufLi vct;«np[r * Wf'fcz+O . o> 

V(t) is the classioal interaction between the perburbing electron 

and the hydrogen atom. 

Equation (6) may be solved by iteration yielding( 

+(*/•0' StlUiCv«o)«l-W*} 
~«o 

8 



The presence of the exponentials in Eq. (7) which are functions 

of the ion field f make the evaluation of Eq. (8) exceedingly 

difficult without further approximation. This is because one has a 

preferred direction in space, due to f, and the average in Eq. (H) 

cannot easily be accomplished. For this reason it is usual to 

replace H(f) in Eq. (7) by the Hamiltonian of the unperturbed 

hydrogen atom. For convenience and because the transformation from 

27 
spherical wave functions to parabolic wave functions is well known 

(see also Appendix A) we shall work with spherical wave functions 

when detersdning #nn, and transform to the parabolic system when 

calculating the profile (S(a)). With this in mind w« may split the 

R.H.S. of both Eqs. (6) and (8) into terms involving a sum over 

states with the same principal quantum number and terms involving 

a sum over states with different principal quantum number. Since 
% 

the hydrogen atom is degenerate we may then replace V(t) by V(t) 

in the terms involving a sum over states with the same principal 

quantum number, while the terms involving a sum over states with 

different principal quantum numbers vanish because of the rapid 

oscillation of the exponentials over the times of interest in 

these terms. is certainly a cocci approximation for low 

temperatures and large impact parameters but is somewhat question¬ 

able for small impact parameters particularly at high temperatures. 

For a further discussion of this point the i-eader is referred to 

reference 35, page 415» «Ve may now write 2q. (6) in the form, 

- V(t)U (9) 
di 

9 



and Eq. (8), 

with the understandinp that the R.H.S. of (9) and (10) only in¬ 

volves a sum over states with the same principal quantum number. 

Because of this limited sum on the R.H.S., VCt^ does not commute 

with V(t2) and it is not permissible to write (10) in the form of 

an exponential. (This aporoximation was made in Refs 34,20). We 

note, however, that to second order in V(t) we may write (10) in 

the form of an exponential since the time integration makes the 

intejrel -¿he "reduced commutator" zero anyway. 

In the following sections we shall be referring to a number 

of explicit expressions for {S *S -1} av. which we shall now 
n n 

briefly consider. Derivations for these expressions may be found 

elsewhere in the literature (see for example Reference 21). Keep¬ 

ing only the diñóle term in the multipole interaction for a free 

electron interacting with a hydrogen atom, V(t) may be written, 

or equivalently 

v(0* -e^P,(c#3$ Vitl 
(12) 

where ft *» p +vb 

10 



(TU« coordinate system is the same as that defined in Appendix 

B). (11) and (12) are strictly valid only for R'r. Substituting 

into Eq. (10), solving for S* and Sni and retaining only terms 

up to aiw* including 2nd order in V(t), may be 

written21, 

= a3) 

where r and r. are in atomic units and f is in units of 
n n 

tf/nv. 

When the lower state is unperturbed (one-state case) Sn,«I 

and 

-«} - >W. — (14) 

Substituting (IS) or (14) into Eq. (4) and performing the integ¬ 

rations over y and v one obtains, 

4- c £. » <1S> 

wh.r« C. 1. CvVV’r»'*IVrrf ^ or trn*P»3 r0p*etiV*ly- 

■nd E^y^) ■ •it-Sn(yBin)-£t-0 VvaVn /W.^* » 

^¡A.(^v*/3mXe^nV . 

(16) 

(17) 

(18) 

11 



In th« limit ymin small (<0.1) 

. (19) 

In performing the p integration we have used an upper cut off of 

PD and a lower cut off of (2/3)11 n2-*/mv in accordance with GKSI19. 

Analogous to Eq. ( 15 ), with ft. equal to Crn*rn+rni 

we may conveniently compare the ♦ matrix elements of the various 

calculations by specifying the constants X in the following 

equation; 

4* c[e.lw-iOk. (20) 

GKSI is rather a special case since for some ♦ matrix elements 

^rn*rn+xn,*“2rn*rn,*l was u#*d 11,14 for othtr8 ^rn'rn^ *••• th* fo1" 

lowing section). Similarly the BE calculations did not use the 

complete ft. matrix3. 

In concluding this Section we shall briefly consider the 

approximations one makes in arriving at some of the equations of 

this section. For an in depth study of these approximations the 

reader is referred to a number of reviews21»35*7. In arriving at 

Eq. (1) with defined by (4) we have made the quasi-static 

approximation for the treatment of the ions and the impact approx¬ 

imation for the treatment of the electrons. In addition we have 

made the no quenching assumption already mentioned. Obviously 

there will be some ions in the tail of the Maxwellian distribution 

which will be moving fast enough to be considered under the impact 

12 



approximation and conversely a number of electrons in the head of 

the distribution which are movinp slow enouph to be considered by 

the quasi-static approximation. The number of such ions and 

electrons, and their relative importance, will, of course, be 

dependent on the frequency separation from the line center. 

With these reservations we note that the usual validity criteria 

(see for example 19 and 37) for the above mentioned approximations, 

derived usinp nominal values for interaction times, etc., are 

well satisfied for that oortion of the line profile we shall 

consider in this report (i.e., the center and near winps). In 

arriving at Eq. (6) with V (t) defined bv (7), we have made the 

classical path approximation. A review of classical path methods, 

as applied to the problem of line broadening, has recently been 

given by Smith, et. al., and will not be discussed further. 

13 



Ill PREVIOUS CALCULATIONS 

(_a)_ GKSI Type: 

Until recently the only readily available K0 profile cal- 

culations for use in nlasma diagnostics «ere those of Griem, Kolb, 

and Shen19. In the follovinr we shall briefly outline the treat¬ 

ment of the electron impact operator *32 used by these authors, 

and present explicit expressions for the relevant elements of the 

operator part of »32 'VV^av.* As "’•ntioMd in the 

previous section, we will, for convenience, be evaluating this 

operator in terms of the basis states <lnlm>), since this allows 

us to compare as succinctly as possible the different calcula¬ 

tions. When necessary, however, we will also make use of the 

basis states Un^n»); and the reader should exercise due caution 

in this respect. 

In GKSI the matrix elements of were evaluated in the 

following manner: Onlv the dipole term in the free electron atom 

interaction (i.e., Eqs. 11 or 12) was considered. Lower state 

broadening was neglected except when considering the broadening 

of the central unshifted components of the Stark pattern. As far 

as the shifted components are concerned, we need consider only 

the one state case Ec. IS. Furthermore, Eq. IS of Ref. 34 shows 

us that the only non-iero terms are the diagonal components and 

that the value of (S3*-l)av. is independent of m for a given * 

(see also Baranger6). Hence, for the unshifted components, we 

need onlv consider the following three explicit expressions : 

14 



(21) 

Ooo\l5Î-l^.l»oo>c (i) , 

(ü) , 

Oimllsi** *}»u.l^w>s" ^7^1, (iü). 

These may be derived by using Eq. (14) of the previous Section or 

alternatively by applying the transformation given in Appendix A 

to the rj *13 matrix elements given for example in Ref. 3. 

In terms of the parabolic states. the elements of ¢32 corr¬ 

esponding to the unshifted components are, 

4cnOiOoî||i3a\ootl} 

and Coot 001 \ \ Í ^x\oot 

In the case of the former, we require the following elements of 

{So*S0-l} . in terms of the spherical wave functions: 

(ii> > m) 

and in the case of the latter wt. require only, 

V')<w.U*V?X . (23> 

15 



That (22) and (23) are the only elements of conseauence as far as 

the unshifted components are concerned may be established by con¬ 

sidering the tvo-state transformation of Appendix A applied to the 

Ir T +r .•r ,-2r *r ,] matrix of Ref. 3. The results may be 
L n n n' n* n n' 
checked by keeping only the first two terms of the cosines for 

the elements in rows 20, 21, 23, and 25 of Table Cl, Appendix C. 

All these elements above show the usual divergence as p-* o 

and as p . The divergence at large impact parameters is 

treated in the GKSI calculations by cutting off the o integ¬ 

ration at p s pn where pn is the Debye length. The 
max u u 

divergence at small impact parameters resulting from the neglect 

of higher order terms in the Dyson expansion for Sn and Sn' (Ea. 

10) is handled by defining a minimum impact parameter c>min 

with the help of the condition: 

I *1 <2,) 
corresponding to practically complete destruction of the correl¬ 

ation between states of the system before and after collisions 

The strict application of condition (24) to the expressions 

(21), (22), (23) results in a omin ranging from 10-7 - 5*2 in 

units of ft/mv . In the GKSI calculations a nominal value of 

p . was chosen, given by, 
min 

21,6 

0 . = li/i)'1* r? 0*A*w) 
Jmm 

s “7 IS (AMv) 
(25) 

16 
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In Fjp. 1 we have plotted the ooerator nart of 

unshifted components (in terms of parabolic wave functions), as a 

function of p in units of 'K/mv. We have indicated the p 

cut-off for the strict application of condition (25) by the solid 

line. We note that usinp the GKSI cut-off we underestimate the 

value of component (a) and sli*»htlv overestimate the value of 

component (b). There is no valid reason for choosinp defined

by (25) over defined by the strict application of (24) or

vice versa since (24) is in the first place approximate, except 

perhaps that the strict application of (24) is more consistent.

The futility of trying to improve the reliability of the theoret­

ical calculations of any theory that employs condition (24) in 

lieu of taking higher order terms in the Dyson expansion is 

illustrated in Tip. 2. Curve (a) shows the profile S(a) for

N = 10^^ e/cm^ and T = 2 x 1o'*“k with the strict application of 

the condition (24), while curve (b) is the GKSI curve usint? the

nominal p . (Eo. 25). Curve (a) is seen to be some 10% broader 
min

than curve (b). Since (24) serves only as a puide to a choice of 

Pmin, one must conclude that curves (a) and (b) are eoually 

valid. In fact, one is faced with the possibility of fitting 

all the experim.ental data merely by a "proper” choice of p^^j^ 

somewhere between 5 and 10. V/e shall see that the recent calcul­

ations of the profile by Bacon and Edwards and Kepple and 

Griem suffer from the same drawback and therefore that the apree- 

ment obtained between theory and experiment must necessarily be 

fortitious.
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Fig. 2. Comparison of the Ha profile (a) using 

p . (weak collisions) * p. (strong collisions) 
Mmin mm 
and (b) using Eq. 25 for the weak collisions and 

condition (2k) for the strong collisions. 
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(b) GKSII Type: 

Recently Bacon and Edwards 2»3 performed calculations similar 

to those performed by Griem, Kolb, and Shen for the Hg line. 

Formally, these calculations considered lower state broadening 

of all components of the line, keeping only the dipole term in the 

free electron atom interaction and including a strong collision 

term for those collisions with impact parameter 0 < p < p . 
mm, 

where o min was defined by Eq. (2M. The p integration in 

Eq. (4) was split into two parts. I{53*82-!}|av. was set equal 

to 1 for 0 < p < 0 , (strong collisions) and eoual to Eq. 13 for 
min 

^rniri* ? ^ 1,12 P» {weak collisions). An upper cut-off at 

1.12 Pq suggested by Griem, et. al.21*, was used. In practice, 

these formal considerations were applied in a somewhat inconsistent 

manner, in order to facilitate a savings in computer time, on the 

assumption that these inconsistencies would have little effect. 

In view of the sensitive effect of ♦ on the profile, these 

approximations must necessarily be viewed with suspicion (see 

Ref. 4). First: Certain elements of 

were neglected3. These elements can have a significant effect on 

the half width, as pointed out in Ref. 4. In fact, in certain 

instances, the inclusion of lower state broadening, without other 

modifications to the GKSI calculations (i.e., neglecting strong 

collisions and taking pjnax to be pd )» results in a narrowing 

of the line (in this respect see Mineva30 and Baranger7, page 525) 
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Fír. 3. Comparison of the Ha profile (a) including 

lower state broadening of only the central unshifted 

components (GKSI) and <h) including complete lower 

state broadening. 
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This is demonstrated in Fi*. 3 for an electron density of 

N = 1017 e/cm3 and a temperature of T = 2 x 10t*°K. Curve (a) is 

the GKSI curve and curve (b) is the curve with the inclusion of 

all lower state broadening, including all the cross terms. Second : 

Pmin was chosen consistently when treating the strong col¬ 

lision; but the nominal value of Eq. (25) was used when treating 

the weak collision. The effect of this has already been demon¬ 

strated in the previous section. It is apparent that there again 

exists the possibility of choosing from a number of equally valid 

°min,s and fitting the experimental data. Apparently 

the inconsistent, and at the sane time, valid (valid in the sense 

that any o min between 5 - 10 is permissible using the 

approximate condition (24)) choice made in the BE calculations 

fits the available data very well. Other choices of pmin 

are permissible which could, however, cause quite substantial 

disagreement. 

(jc) KG Calculations: 

In 1968 Kepple and Griem28 performed calculations for a number 

of hydrogen lines. We will be concerned only with their treatment 

of Ha; and much of the specifics of what follows may not apply to 

to the other lines they considered. 

In the KG calculations Ea. (13) was used for the operator 

part of ¢. Complete lower state broadening was included and, 

using condition (19) as a guide, o . was chosen to be: 
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(26) ÍW* «ía'-yCM 

= 5.Cf/TAV) 

All other things being equal, the lowering of the minimum impact 

parameters to 5 results in an increase in the halfwidth of ^ 10% 

(see reference 15, page 320 ). As already demonstrated in the 

subsection on the GKSI calculations, changes in the halfwidth of 

this order due to changes of °min are *° exPecte^ (see 

Fig. (2)). This again demonstrates the unsatisfactory nature of 

the arbitrary cut-off procedure used at small impact parameters. 

With pmin defined as above, KG add a strong collision 

term of-0.4. This term was carried over directly from the work 

of Griem20 who, by assuming that the free electron interaction 

commutes with itself at different times, was able to sum the first 

10 terms of the Dyson expansion for the Lyman-a line . This 

term, together with the reduction of °min’ effec‘ti'/eiy pro¬ 

duces a strong collision term of-0*7P^. It is difficult to 

justify the application of the Lyman-a results to Ha; and there 

seems to be little to recommend this procedure over that used in 

the BE calculations. In addition, it is worth noting at this point 

*In the case of L-a the term-0.4 was added to the GKSI results 

with p min defined by Eq. (25). 

- In ( Pm^n defined by (26) divided by o mjn defined 

by (25)). 
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that extending the Shen-Cooper^1* formalism* to the two-state case 

(see Appendix C) results in stronp collision corrections ranping 

20 34 
from-0•724 to 0*983 (table Cl) - quite different from Lyman-o » * 

KG also add a ouarupole term»8kT/3F^ which is apain carried 

over directly from the Lyman-a work of Griem^®. Combining this 

with the-0*78 above, we find a "strong collision correction" of 

-0*95 at 104°K and-1.46 at 4 x 104°K - at low temperatures remark¬ 

ably close to the strong collision correction used by BE. 

In addition, KG introduce modifications which account, in an 

approximate way, for the effect of ion-field splitting and the 

finite duration of the collisions. To do this they choose a 

pmax t0 be v/wc or Pß where wc = max ^w0» 

Awg). Awq corresponds to the Lewis cut-off and Awg is of the order 

of the ion field splitting. In the center and near wings Aws is 

generally the larger of the two and is estimated to be, 

AW42: ~ W«- (27) 

P « is then chosen to be the minimum of, 
max 

VW,/tM.A*NV») «• & 

*The procedure of Griem20 is exactly equivalent to that of Shen 

and Cooper. The procedure of Shen and Cooper, however, is applic¬ 

able to any line and relatively easy to extend to the two-state 

case (lower state broadening). 
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An averaging process was then adopted (see KG, Eq. ( 13 )) to trv 

and minimize errors in (27). The error involved in this choice of 

p max, is, according to Eq. ( 14 ) of KG (see also Ref. 4), es¬ 

timated to be much smaller than the errors involved in the "strong 

collision correction”. 

It is difficult to judge what effect the cut-off due to the 

ion field splitting has on the line profile since Eq. (27) is at 

best approximate. However, assuming (27) is valid, and taking a 

nominal perturber velocity v = (2KT/m)^^, we find that 

v/w„ < p for N > 10*9 e/cm3 
c md 

In other words, p * v/Aw should be used instead of p __v = 
max s 

PD only for N > 1019 e/cm3. Obviously, for a given density and 

temperature, there will be some electrons with v small enough so 

that p = v/Aw should be used instead of p^ and, of course, 

the uncertainty in Eq. (27) further weakens the condition on N 

obtained above. It is, however, probably safe to say that the ion 

field splitting is not very significant in the case of below 

N * 1018 e/cm3. 

(d) Conclusion: 

The purpose of the proceeding three subsections has been to 

present a brief outline of the treatment of the impact broadening 

operator used in previous calculations in such a manner as to 

illustrate the inconsistent and, at times, arbitrary treatment of 

the electron broadening in an attempt to estaK.ish the motivation 
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for the present calculations. The agreement obtained heretofore 

with experiment, in view of the proceeding analysis, is probably 

accidental; and the theoretical situation is at best un¬ 

satisfactory. The calculations presented in the following section, 

we believe, remove much of the uncertainty associated with close 

collisions and improve the consistency of the classical path Stark 

broadening theory, as applied to Ha. 
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IV PRESENT CALCULATIONS 

In this section we present calculations of the electron impact 

broadening operator ¢, using the straight line classical path 

approximation and compare these with previous calculations based 

on the same approximation; i.e., GKSI, BE (GKSII), SC, and KG. 

All contributing multipoles in the perturber (electron) atom 

interaction (V(t)) are considered; and the S-Matrices (Ea. 10) 

are determined numerically by solving for the time development 

operator in the interaction representation (Eq. 9) preserving the 

correct time ordering. 

The relevant V(t) matrix elements are given in Appendix B 

for the n = 3 and n' = 2 levels. The set of coupled equations 

I'm" 

for n * 2 has already been solved for the case of L-a considered 

in reference 5. A similar set of equations for the n s 3 levels, 

using the matrix elements given in Table BI1 and Bill, were 

integrated numerically from t * to t * » with the initial 

condition 

u( -•»,-») = I (29) 

* 
for various values of electron speed v and impact parameter p . 

The average {S^Sj-D av. over perturber parameters (angular 

*The coordinate system, the so-called collision axes, is defined 

in Appendix B. 
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averape) was then calculated as a function of p and v, usinp 

equation Cl of Appendix C. 

Four elements of the {83*82-1} av. matrix are shown plotted in 

Figs. 4-7 as a function of p for the perturber speed v = 0.35 (a.u.). 

The first three are the elements of interest as far as the weaker 

of the two "unshifted" components of Ha is concerned, while Fig. 7 

is the relevant element for the strongest "unshifted" component. 

Shown for comparison are the curves used by BE (GKSII) and KG, 

34 
and the curve calculated using the formalism of Shen and Cooper 

(SC). In addition, we also show the "dipole only" curve. For the 

case of the BE (GKSII) curves, we show the weak and strong col¬ 

lision cut-offs*. The BE (GKSII), SC, and "dipole only" curves 

are independent of v, while the present curves depend on v. The 

"dipole only" curve, as in the case of Lyman-a5, is obtained by 

setting all the multipole terms in the free electron atom inter¬ 

action equal to zero except for the dipole terms. In addition, 

*The weak cut-off is the minimum impact parameter cut-off for the 

weak collisions - the nominal value for which |{S2 S2“l}av.| = 1; 

i.e., p min = (2/3)1/2n2. The strong collision cut-off is the 

maximum impact parameter for the "strong collisions" which varies 

from element to element and is given by p min = |2/3Ã|^2. 
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the perturber is assumed to be always farther away from the origin 

than the bound electron, i.e., R > r. This is the same approx¬ 

imation made in performing the SC type calculations. The diff¬ 

erence between the "dipole only" and the SC calculations is that 

the former does not assume that 7(^) commutes with V(t2) while 

the latter does. In other words, comparison of these two curves 

shows the effects of time ordering. For p < 3 "K/mv, the various 

curves show a good deal of structure and criss-cross at numerous 

points, making the simultaneous display of the curves in this 

region impractical. For this reason only the curves for the 

present calculation art shown for#< 34vMv, For the 

various curves effectively merge into the GKSII curve, indicating 

that the second order (in V(t)) term of the Dyson expansion is 

sufficient for treating collisions with large impact parameters as 

one would expect. 

In order to obtain the i-matrix elements, the integration 

over p and v (Iq. 4) was performed numerically for p, ranging 

from X to pD (for o > 40 “K/mv, {S^S^-l} av. was set eoual to 

-Í2/3)Sl/ p^) and v from 0 to . The lower limit of zero for the 

velocity should be a good approximation for, 

( Hi /mpD) (m^kT)1^2 << 1 (30) 

(i.e., min. velocity << mean velocity). The resulting 4> matrix 

elements are conveniently expressed by specifying the K's in Eq. 

20 for the various matrix elements. The K's are independent of 
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electron density and are shown as a function of temperature in 

Table I. Shown for comparison are the KG values which are the same 

for all elements but depend on temperature. In addition, we show 

the BE (GKSII) and SC values which are independent of temperature. 

Not shown are the values based on the "dipole only" calculations 

since these are identical to the K's given for T = lO^K; i.e., 

the present calculations approach the "dipole only" calculation 

as T becomes small (This behavior is similar to that for the case 

of Lyman-a^). The K's shown are seen to be quite different from 

those based on previous calculations, but the effect on the Ha 

line profile is difficult to gauge without performing detailed 

profile calculations. 

In order to compute the Ha line profile, the ♦ matrix elements 

(Eq. 20), with the K's given in Table I, were first transformed 

to the parabolic system using the transformation given in Appendix 

A. The profile S (a) (Ea. 1) was then calculated in the usual 

way. In order to compare this with previous calculations, the ♦ 

matrix elements, with the K's based on previous approximations 

(see Table I), were comouted in similar fashion. The resulting 

profiles for an electron density of 10^ e/cm^ and a temperature 

of 2 X 10 K are shown in Fig. 8 (renormalized to a peak intensity 

of 1). The SC curve lies almost exactly on top of the KG curve 
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Fig. I. Comparison of various H# profilas. Ths 

SC and SE curvas ara not shewn. Tho SC curva 

lias almost axaetly on top of tha KG curva and tha 

BE(CKSII) is slightly narrower than tho KG curvo. 
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and therefore is not shown. The BE (GKSID* curve is sliphtly 

nirrower than the KG curve but not sufficiently so as to be 

distinruishable on the scale used. 

In general, nrofiles based on the present values of K are 

broader than those based on the K's of the orevious approximations. 

From Fie;. 8, the present profile is seen to be 'v* 5% broader than 

the KG profile. This relative comparison is, however, a function 

of temperature for a given density. This is illustrated in Fig. 9, 

where we have plotted as a function of temperature the ratio of 

the halfwidth, using the K’s calculated in the present paper to 

17 
the halfwidth using the K’s of K6, for an electron density of 10 

e/cm3. From Fig. 9 we see that the oresent calculations are ^ 11% 

broader at 104°K and ^5% narrower at 6 x 104°K for the particular 

electron density shown. We note at this point that since KG use 

the complete (fi matrix in their calculations and since the K’s 

determined here are independent of fi max* Pr*8en^ calculations 

should, for a given N and T, show the same relative behavior 

exhibited in Figs. 8 and 9 if one were to use the upper cut-off 

procedure of KG. The same cannot be said for the BE calculations 

of references 2 and 3 since some of the terms of the Ã* matrix 

were neglected (see section III) and similarly also for the 

GKSI calculations. 

*The sense in which the curves are characterized has already been 

mentioned in the introduction. 
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Up to this point, we have considered only the real part of 

the matrix elements. In addition to the real part, the ♦ matrix 

elements have an imaginary part which tends to zero as the real 

part approaches the GKSII curves <Fi*s. 4-7); i.e., P * 40 * /mv. 

The integration over o and v of the imaginary part of {S3 S^-l) av. 

was performed in much the same way as the integration of the real 

part. In Table II we have tabulated the quantity 1 for the 

relevant matrix elements as a function of temperature where, 

Im i = c 4 (31> 
C is given by Eq. 16. Including the imaginary part of the i 

matrix elements in the Ha profile calculations results in a shift 

to the red with no apparent assymetry about the peak intensity. 

At 2 X 104°K and a density of 1017 e/cnT, the red shift * 0.3A 

18 3 
while at the same temperature; but at a density of 10 e/cm , 

the shift is ^ 1.9%. 
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V DISCUSSION AND CONCLUSION 

Usinp the straight line classical path model, we have cal¬ 

culated the impact broadening operator ♦ for the hydrogen line H 
o ‘ a 

(6563A). By performing the calculations numerically, we have 

preserved the correct time ordering and included all contributing 

orders in the multipole interaction; i.e., we have included multi¬ 

poles up to and including 2(n-l) for n = 2 and n = 3. A comparison 

between the present and previous ♦ matrix elements is made in 

terms of the constants K in analogy to the Lyman-o case considered 

in reference 5. The numerical values of the K's are estimated to 

be accurate to ♦ 0.05. The K's are found to differ auite apprec¬ 

iably from previous estimates and to exhibit a behavior similar 

to that of the K's obtained in the case of Lvman-a; i.e., both 

positive and negative K's are found (note the difference in the 

sign convention used here and that used for the Lyman-a case). 

The negative K's decrease in absolute magnitude as the temperature 

increases, while the positive K's increase. Previous estimates 

of K are independent of temperature except the K's of KG which 

vary in the opposite sense with temperature compared to the 

present K's. 

In order to demonstrate the effect of the K's on the H line 
a 

profile, typical profiles were calculated using the present K's. 

These were then compared with the H profile using the K's based 
a 

on previous approximations. In order to do this, the maximum 

impact parameter was set equal to the Debye length and the 

complete A, matrix was retained. By this procedure, a relative 
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comparison was made which reflects the treatment of collisions 

with small impact parameters used in the various calculations 

rather than the calculations themselves. However, since Kfi use 

the comnlete ft, matrix and the K's are independent of p , the 
max 

relative comparison of the halfwidths indicated in Fip. 9 should 

also remain valid in an absolute sense; i.e., the ratio of the 

nresent halfwidths to those characterized as KP should remain 

the same if one were to use the cut-off procedure of KP rather 

than the = p_ used here. We note that this does not applv 
max D 

to the calculations characterized as PKSI and BE(PKSII) in this 

report. 

It is interesting to note that the present halfwidths deviate 

üO n O 
from those of KP for T between 10 K and 2 x 10 K by approximately 

the same amount as the RE(PKSII) halfwidths deviate from the KP 

halfwidths and would perhaps indicate why the BE(PKSII) results 

appear to apree "better" than those of KP with some of the 

25 il lu 
experimental results. * * However, it may be that in the 

final analysis, deviation from the KG values usinm the present 

values of K may be quite different if a p of O.B8?p , as 

16 
supmested by Chappell, et.al. , is used for the upper cut-off 

instead of the p^ used here. 

Inclusion of the imapinarv part of the ♦ matrix elements 

results in a slipht shift to the red with no discernible assymetry 

about the peak. The shift depends primarily on electron density 

and to a lesser decree on temperature. For the two examples 
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chosen in vhls report, the shift is 0.3Â and I.9I for T » 

2 X 10 *K and N = 10 e/crn* , and T * 2 x 104°K and N » io'* e/cm5 
I 

respectively. 

In conclusion it should be pointed out that even though the 

use of the classical path approximation below the out offs 

of previous calculations is somewhat questionable and quantum 

effects are possibly significant the present calculations should 

be a definite improvement over the almost arbitrary treatment of 

strong collisions used in previous calculations.. 

Apart from possible quantum effects for small p there remain, 

questions regarding (1) correlations which determine the 

upper cut off the significance of the breakdown of the 

quasi static treatment for the ions at the line center.In addition 

causes of assymetry should be included In the computations.Hemaining 

discrepancies could then be ascribed to (l)breakdewn of the Classical 

path approximation (2) the neglect of terms involving a sum over 

states with different principal number on the R.H.S. of Eq. 6, 

for collisions with small p, and not to arbitrary variations in 

p^ and arbitrary strong collision corrections as would be 

possible heretofore. 
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APPENDIX A 

-?^nsfgrmation ^roin__Sj?herical to Parabolic 

In the one state case we require the transformation 

n^mlnlm >. This transformation has been determined by Hughes27 

in terms of the angular momentum Clebsch-Gordon coefficients as 

ined bv Rose 3. in this report we use the notation of Edmonds18 

in terms of which the transformation may be written: 

. . iil+(1*U»»04 b 
&**•(-!) Lii+ty* /üCrv-0 » 

IK (wun*,- rv.), n%)} 

4 

-m ) 
The transformation in the two state case is simply a product of 2 

such terms. We shall use a notation consistent with the "doubled 

atom" notation of Baran*.r6. The "doubled transformation" is then 

given bv, 

X/W-.) ,V,’í*-.) i \/fcW-.) AIk-<) 

In the case of the line space and therefore the "doubled 

transformation" has dimension (22 * 32) . 36. Due to the 

symmetry® we need consider only the reduced line space (see 

reference 3) which has dimension 16. The reduced doubled 

transformation relevant to the Ha line is shown in Fi*. (AD. 

In Table AI and All we Fiv. for completeness the single trans- 
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Tip Al. The reduced doubled transformation 
<S. ) e!,W% eO \ n fi. »»v i n ¢. ie. ^ 

for the H « line of Hydrogen. 
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Table AI 

Transformation from Spherical to Parabolic Wave Functions 

for the n - 2 levels 

n. m 

0 

0 

0 

1 

1 

0 

0 

1 

1 

0 

0 

0 

1 

0 

0 

0 

0 

1 

2 1 

2 0 

2 1 

2 0 

2 1 

2 1 

1 

0 

0 

0 

0 

-1 

<nin2m|n!m> 

1 

-1//Î 

-1//Î 

-1//? 

1//Î 

-1 
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Table ATI 

Transformation from Spherical to Parabolic Wave Functions 

for the n = 3 Levels 

n. n. m n m <n1n m| ní,m> 

0 0 2 3 2 2 

011 311 

011 321 

10 1 3 11 

10 1 3 2 1 

0 2 0 3 0 0 

0 2 0 3 1 0 

0 2 0 3 2 0 

1 1 0 3 0 0 

1 1 0 3 2 0 

2 0 0 3 0 0 

2 0 

2 0 

0 1 

0 1 

1 0 

0 3 

0 3 

-1 3 

-1 3 

-1 3 

1 0 

2 0 

1 -1 

2 -1 

1 -1 

10-1 3 2-1 

0 0 -2 3 2 -2 

1 

-1//2 

-1//2 

-1//2 

1//2 

1//3 

1//2 

1//6 

1//3 

-1/2/3- 

1//3 

-1//2 

1//S 

1//2 

1//2 

1//2 

-1//2 

1 
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formation for the n = 2 and n = 3 levels respectively. The 

reduced doubled transformation of FiP. AI may be derived from 

these transformation elements. 
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APPENDIX B 

The firíit cart of this appendix, including the V ( t ) matrix 

elements for the n = 2 levels, is essentially the same as the 

appendix of Bef. 5 and is included here for completeness. 

The coordinate s/stem in which the straipht-line-classical 

oath interaction (V( t )) of a free electron and radiating atom is 

to be evaluated is shown in Fig. Bl. This set of axes is what 

Anderson1 has called the collision axes and are chosen as a matter 

of convenience. The z-axis is chosen to lie along the direction 

of S and the x-axis to lie along the direction v . The zero 

of time is taken to be the time of closest approach. The origin 

of the coordinate system is located at the center of mass of the 

atomic system, which, for all practical purposes, is at the nucleus. 

The atomic electron is located at ( r,©', 01 ) and the free 

electron at ( R, 0, C ). Denoting the angle between R and 

~v bv ß' we may write the interaction energy as, 

(Bl) 

The first term in the upper expression is the monopole contribution; 

and the index i in the summation specifies the 21- pole 

contribution. 

Using the addition theorem for spherical harmonics (the 

definitions given bv Edmonds1® are used throughout), the i^th 
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r >R 
( B2 ) 

term in the interaction enerpy (i ^ 0) may be written, 

\Ar} = <P)Y¿kU4) 
M*—*■ 

The i = 0 term remains as in Eq. Bl. The anpular averape can best 

be performed when the |ntm> wave functions are used as bases 

(see Cooper1^). For this reason we chose to evaluate Eq, (9), 

Section II in terms of the |n£m> states. In evaluating Eq. 

(9) we require the matrix elements <nAm|V^jn^’m'> . Using 

Eq. (B2) we obtain, _ » 

*4*M' 

Jp Jp 

The angular part of this expression consists of a sum of terms of 

the form, ^ ^ 

L * ° _Vi/l • i,\/o ¢., \ CB4) >(*• *; *')(-) 
multiplied by (-l)m*+ni * 

From the properties of the 3-j symbols (last 2 terms in Eq. (B4) 

the I's and m's must satisfy the conditions 

X * Î» , 

OmA. i iL% ^ ^ Ä.W >\VWI3I A J 
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in order tor non zero terms to exist. These conditions limit 

the number of non-zero terms in the interaction energy to a finite 

number. For a particular set of levels with principal quantum 

number n, i<2(n-l). 

For the n' = 2 level only terms up to and including the 

quadrupole terms contribute. The V(t) matrix is symmetric and 

the relevant non-zero terms for the n 3 2 level using Eq. B3 

are given in Table Bl. 

In the case of the n = 3 levels we require terms up to and 

including the 24-pole term. The angular part of the V(t) 

matrix elements are given in Table BII, while in Table Bill 

are piven the asymtotic values of the radial integrals. For R 

small the radial integrals were commuted numerically using an 

algorithm supplied by Mr. Raymond of the computer center. The 

V(t) matrix is again symmetric and hence only the diagonal 

and half off diagonal elements are listed in Tables BII and 

Bill. 
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APPENDIX C 

CALCULATIONS BASED ON THE SHEN-COOPER FORMALISM 

We consider here the calculation of the impact broadening 

operator * based on the development by Shen and Cooper34. This 

formalism, in effect replaces Eq. <10), which can be written 

as a time ordered exponential, by the exponential} the assump¬ 

tion being that V(t1) commutes with V(t2>. When applied to the 

n « 2 levels one obtains results essentially equivalent to those 

of Qriem . The formalism is easily applied to levais other 

than those with n' f 2 and effectively sums the complete series 

(Eq. 10) with the assumption mentioned above. The development 

by Griem though formally equivalent is less adaptable to other 

levels. Also the formalism of Shen and Cooper is readily ex¬ 

tendable to the two state case (i.e., upper and lower state 

broadening). These calculations are relatively easy to perform 

and provide useful cross checks amongst the various calculations. 

In addition compared with the "dipole only" calculations of 

Section III indicates the effects of correct time ordering in 

the higher order terms of the Dyson expansion. 

Two State Case 

Expressing the S-matrices in the collision axes (S ), one 
nc 

may transform the fixed atomic axes into the collision axes by a 

rotation through the Euler Angles. The final angular average is 

then obtained by averaging over all the Euler angles since the 

collisions occur at random directions. The resulting average 
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mii'j Ik writtenCsee also reitrence o), 
Mh-Wh^k,-W 

The «etrix elements of <1imilS3Cl *nd <42,l2^2c^ 44®4> 1 1* 3c1 33 

have forms similar to Eq* (13) of Reference 39* Inspection 

indicates thc.t the average in the two state case mill consist 

of a sum of cosines involving sums and differences of the 

arguments of the "n * 3 cosines" and the "n « 2 cosines" (see 

Shen and Cooper311). In fact me may conveniently express the 

matrix elements in the following form 

<& tv Lrt, -, ñ IV* tS\ 3* *V a 

^ iVtLtostti/f)-0\+*vrfc*<w?)-q (C2) 

where p is in units of -R/mv. In Table Cl we have tabulated 

to the format Eqs. (C2). These were obtained using the IBM 7094 

computer to evaluate Eq. (Cl) using Eq. (13) of Reference 34 for 

is symmetric and hence only the diagonal elements and half the 

off diagonal elements are given. Furthermore elements with 

negative m*9 are not shown since they are equal to those with 

positive m. Keeping the 1st two terms of the cosines in Eq. (C2) 
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.34 one obtains' 

/3$a s 

Column 12 shows the values of 2/3 ft thus obtained. These may be 

checked by applying the doubled transformation of Appendix A to 

the [^•rg+r^rj^r^rj] matrix elements given in Reference 3. 

In column 5, Table I of Section IV are listed the values of the 

constant K which appears in Eq. (20) of Section II. The con¬ 

stant K may be shown to be given by, 

»3¿VtlH)a£z.K»(30 - V Gm, 1**11 

+3V/7 [l VUJL4) - l- »4-W + ^/2& 
(C3) 

where the V 's are given in Table Cl and 

K,U) = + i/í.»-C¿C¿) 
C^i) is the usual cosine integral. This form for the constant 

K is valid provided 

(C4) 

and may be derived with the help of Eq. (21) of Reference 34. 

The condition (C4) is the condition Eq. (20) of Reference 34 and 

provides a limiting condition on electron density N and temper¬ 

ature T for which K is given by (C3). Table CII lists additional 

elements which are sero in the limit p large (i.e.t in the limit 

that it is sufficient to retain only the 1st two terms of the 

cosines). 
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Th« matrix elementa from rows 20, 21, 23 and 25 plotted es 

a function of p (in units of di/mv) are shown in Figs. (4), (5), 

(6), and (7) of Section IV. The first three of these elements 

apply to the weaker of the two unshifted components of the 

Stark pattern (see Eq. 22 of Sectionlll) while the latter 

applies to the strongest unshifted components. Similar curves 

for the other {SjSj-D^. slements may be plotted using the 

Vs of Table CII and Eq. (Cl). 
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