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A noise phenomenon which is often dominant at low frequencies
is comprised of those processes which are called 1/{ noise, flicker
effect, and sporadic processes. These processes are characterized
by a power spectral density which varies as 1/|f|% where 0sas2,
They have been observed over a wide range of frequencies in such
diverse situations as vacuum tube ani semiconductor noise, the spec-
trum of sea waves, and ultra-precise time standards, Some of these
procesges are not admissable in the usual Wizner-Khinchin theory of
random processes. On the other hand, their extensive occurrence
suggecsts that some accommodation must be made for them in the
organized theory.

., It is vsually assumed that noise processes are sample functions
of Wiener-Kninchin (i.e., stationary second-order) random processes.
Since such processes are well categorized (in a mean square sense)
by their power spectral density, or, equivalently, by their autocor-
relation function, it is of interest to see what this assumption
implies about 1/f processes,
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For the process x(t) the autocorrelation function will be writ-
ten as

R (t, t+7) = Efx{t)x(t+1)] (1)

In the case where x(t) is at least wide~sense stationary, the auto-
correlation function depends only on the time difference and will
be written as R,(T). 1In this case the Fourier transform of R_(7)
will be called the power spectral density of the process and will

R be denoted by ¢ (w).

The 1/f processes to be investigated will be assumed to have a
power spectral density

o (W) = k|w}™® (2)

at least for small |w| and may be divided into three classes of
interest by the parameter €. Since both high and low f£raquency
problems will be encountered if it is assumed that Eq. (2) holés
for all w and since low frequency problems are of primary interest
here, it will be agsumed that mx(w) decceases sufficiently rapidly
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as a function of lwl that the high frequency behavior of x(t) is
not pathological (e.g., it will typically ke assumed that

[ aw < 3
Nolob %, (W) dw (3)

for all b>0). The three regions of interest are G=0, 0<a<l, and
&1.

.

If a0, we have

1im Qx(w) = X
w=0

Now assuming that @.(w) has no singularities, R, (T) is an integrable
function of 7. Under the agsumgtion that @yx(w) is integrable, Rx{T)
is finite and therefore E{x<(t) }<® OFf course, in the case where
oe(w)=kw’=k for all w, the autocorrelation function is R,(T)=kb({%)
and one encounters the high frequency difficulties asscciated with
the white noise idealization of random processes even though there
are no low frequency difficulties.

In the case where 0<a<l, the power spectral density o,(w) given
by Eq. (2) has a Fourier transform

0~1
R (1) = 1 L1 el (4)

2r(a)cos%?

This function is unbounded at the origin, implying that E{x2(t) }=e.
This dii{ficulty, however, is generated by the high frequency behavior
of o,.(w) and may be eliminated by an assumption such as Eq. (3).
Processes of interest with (0<a<l have power spectral density given
by .

o (@) = klo|™® glw) (5)

where g(w) is &}gwly varying for small lw} and decreases at least
as fast as |w] for large |w|. It can be seen that Eq. (4)
approaches kd{7) as o~0 but is degenerate as a-=1l. The case 0<a<l

is thus consistent with Wiener~-Khinchin theory although some special

results of the theory (i.e., those which depend on ¢,(C) being finite)
cannot necessarily be applied..

The last region of interest is where 021, = (his case, gince

b -
J xlo|™Maw = =, a1l b>0 (6)
0
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the function
w
Flo) = [ o, (A)ar (7)
. 0

is unbounded. The Fourier transform of mx(w) is not positive defin-
ite [1] and thus cannot be the autocorrelation function of a Wiener-
Khinchin random process. Power spectral densities, then, which are
proportional to Twl' , where o2l for all |w|<b, are not admissible.
in order to accommodate such processes in the Wiener-Khinchin theory,
it rmust be assumed that there is a non-zero frequency W below which

o ) < ko™, ea (8)

It is this third class which presents the greatest difficulty. The
unbounded amount of low frequency energy is analogous to the unbounded
high frequency energy of white nouise processes.

2. OBSERVATIONS OF 1/f PROCESSES

The sample power spectral density of a wide class of processes
has demonstrated a 1/f type behavior over a wide range of frequencies.
Some areas in which these prccesses have been observed are noise
in golid state devices [2], fluctuations of precise freqguency stan-
dards [3], and the spectrum of ocean waves [4]. In some cases the
behavior has been observed over many decades of frequency.

Since the mininmum frequency at which the power spectral density
of a physical process can be estimated is limited by the necessarily
finite observation time, & common approach toward accommodating 1/f¢
type processes into the sccond order theory is to impose a non-zerxo
low frequency limit on the 1/f behavior of the process and to assume
that the power spectral density approaches a limit as £ approaches
zero. As was seen in the previous section, this .ssumption is un~
necessary where o<l and even in cases where G2l the assumption is
rot completely satisfactory. The assumed low frequency limit has
never been observed and measurement of extremely precise crystal
oscillators have indicated that there are procasses for which any
low~frequency limit would have to be less than 3X16-8 Hz. An addi~
tional difficulty associated with the low-freguency limit W is that
the process variance

oh= ElxP(0)) = 5 [ o lw)dw (9)

ig strongly deperdent on the value of W,

Estimation of sample powey spectral densities of continuous
receords at very low frequencies requires very narrow-band frejuency
estimates and therefore very long lag windows or averaging times [S5].
In practical cases the assumption of stationarity of either the
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measurement or the measured process is often questionable for the
time interval required. For intervals of more acceptable length the
variance of the estimate of the power spectral density is so high

as to make ite value worthless,

Digital processing of sampled data relieves many of the con~
straints on the measurement process but relies on exact knowledge of
the mean of the process or on techniques tc remove the unknown mean.
Unlike the continuous time case in which the inherent high pass
nature of the measurement apparatus removes the d-c value of the
process x(t), digitally processed samples of x(t) will assign all
of the energy due to the average value of %¥(t) to the lowest frequen-
cy values, thus artificially biasing the low frecuency estimates
of the power spectral density. Techniques have been developed [5]
tu reduce the etfect of E{x(t)} on the spectral estimates. However
determination of such parameters as G from low frequency sample
spectra has been only moderately successful.

One approach to the estimation of 1/f tvpe power spectral den-
sit es relies on the fact that the expected value of the variance
of the process with a power spectral density of the form of Eq. (2)
for low frequencies is a function of N, the number of samples, and
of a. The folilowing relationships can be shown to hold [6]:

1 -1
{x(t)) = 5 z x(t0+n'r) (10)
no
and
T
w7y = 2NITIE 1y g (11)

where p=t~1, {+) indicates time average, and a(u) is a ccnstant
depending on the value of y. If the quantity

2
S(N,u) = Jg%fighzll (12)
{a“{2,T))

is known for several values of N, the values of y (and therefore a)
can be approximated for the process. Using this procedure, Allan [6]
found that, for "flicker" noise in cesium beam frequency standards,
H=-2/3. 1In other words, for low frequencies,

1/3

o, (0) = Ljw|” (13)

The function S{N,y) is an increasing function of N and, as p—-) (G-1},
we have

M4nN

SN0 = ey ne




 aprd

ZFiesiie

Pyt

>
E2,

8-

and as N-», the quantity S(N,0} is unbounded .

Thus, with proper consideration of the variance of finite length

samples, processes have been found which correspond to the second
case Q<o<l.

3. PHYSICALLY MOTIVATED MODELS FOR SHOT PROCESSES

Shot process models have been proposed as physically motivated
models for many noise processes, in particular, for noise generated

in vacuum tubes and in solid-state devices [7]. The shot process F(t)

is given hy

F(t) = z fi(t - ti) (14)
i
where f; (t) are the basic events of the process und the t; are the
occurrence times. The tj will be considered to constitute a Poisson
process. The f; (t) may be deterministic time functions or may them-
selves depend on a random parameter. In the particular case to be
considered £; (t) will be given by £(t,T;) where the Tj are independ-
ent identically distributed random variables which will be related

to the "duration” of the event f;(t). The shet process to be con-
sidered is thus given by

F(t) = E f(t-—ti, Ti) (15)

It is shown in {7] that the power spectral density mF(w) of F(t)
is given by

2
op(w) = vEflmf(w:T)I } (16)
where v is the average rate of the Poisson process and @f(W,T) is
the Fourier transform of f(t,T).

et us assume that
m2(T) p(T) = c a <r<a (17)
1 p ¢ 3 2

where p(T) is the common probability density function of the Ti and
my (T) is given by

m.(r) = [ £(t,7)at (18)

=00

Then it is shown in [7] that, for (1/a2‘<<w<<(1/a1),

op (o) ~ K/w (19)
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Thus there is a shot process model which approximates a 1/f process
over an arbitrary large frequency interval (depending on the con-

stants a) and aj). It is instructive to consider an example of
such a process. TIet

e t/T , £20
£ee,1) = { ) (20)
0 y t<

and assume that the random variable T has probability density

r

a,a
192
az-g, ;%' ' a1575a2
p(T) =/ T (21)
0 s elsewhere

Then the power spectral density o _.(w,T) becomes
£

T

Pelw,7) = THer (22)
and wF(w) becomes
a
op =82 [0 o
2 ‘1 al 149 T
(23)
vasa -
=2 L. ~1 T |
= -3, @ [tan = (wa,)~tan (way)]

For (i/a,)<<w<<{1/a,), this last expressicn becomes
2 1

va,a, 1

P (0) ~ ':_-T(W " (24)
It should be noted that, as w~0, mF(w)<K/w as reaquired in Section 1.

The exact form of WF(w)' given by Eg. {23), is alsc of interest.
In a consideration of oxide traps as a source of fiicker noise in
solid state devices, van der Ziel has shown that oxide traps give
rise to a noise process with a power spectral density given by

¢ = -—.._.._.“.‘:. -3'. -1 o - ~1 \
mN\w) Ln(Tl/?ET ” {tan™ " (w 1) -~ tan (sz;] (25)
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where K, T} and 73 are physical parameters depending upon the
material and surface involved. This power spectral density is
precisely that given for the Poisson shot process just discussed,
An indication of the behavior of f(t,7) is shown in Fig. 2 and a
typical density p(7) is given in Fig. 1. A comparison of . ()

for the process with this p(7) and a K/w spectrum is shown 1n
Pig. 3.

The existsnce of processes consisting of events having widely
distributed duration time has been described by several authors.
In a report on 1/f noise in thin evaporated films, for example,
Osman [8] has determined the pulse duration due to election tunnel-
ing to be given approximately by

T o= 10”138

seconds (26)
where s is_the barrier thickness in Angstrom units (1 angstrom

unit = 107 meter), A variation in barrier thickness of 5-20
angstroms is sufficient to account for pulse durations ranging over
fifteen orders of magnitude (10~10 to i3 secouds). Thus reasonable
physical mechanisms have been described which can lead to 1/f type
behavior of a shot process over a very large freguency range.

shot models, then, can provide reascnable physically motivated
models for some 1/f type processes. These models are particularly
attractive for modeling noise in solid state devices where appropri-
ate physical mechanisms for generation of these orocesses have been
described, The particular model discussed is appropriate for 1/f

processes in the third class (a2 1) and has the low frrqguency limit
W irherent in the model.

4. SPORADIC RANDOM PROCESSES

The term "flicker processes" was ascribed to processes with
1/£% type power spectral densities because of the apparernt nonsta-
tionarity of these processes when observed over finite time inter-
vals. This behavior is Gue to the dominance of low freguency
energy in these processes but is not typical of the behavior
expected for statiovnary second order random process=2s. The previous
discussions have been ceoncerned primarily with accomodating these
processes to the familiar framework. From a finite sample of a
process xit), however, it is impossible to determine if the process
is a stationarw, second order process and even the practical value
of specifvinc the behavicr of the process over all time may be
guestioned. Thus a process which is staticnary over an interval
which is long compared with the sampling interval may for all
practical purpcses be considered tc be a stationary precess. The
concept of a sporadic random process was introduced by Mandelbrot
[2] to characterize processes whose behavior can be divided into
periods of zctivity and periods of inactivity. These processes
cannot alwayvs be accomedated in the Wiener-Kninchin thecry. For
example, a randce orocess of the tvve described below is not a

stationary second order random process:

:

s
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1) x(t) is almost surely constant in every finite interval
(t'lo t2)
2) x(t) almost surely varies for some t, —wo<t<s,

Sporadic random processes dc¢ not necessarily possess a
Wiener-~kKhinchin power spectral density but do possess a conditional
spectral density {(conditioned on the periods of activity of the
process) which may vary as w GL(w) for small ¢ where 0s¢<2 and
L{w) is a function which varies slowly at the crigin*. 3ome
sporadic random processes have been shown [10] to possess the
erratic sampling behavior associated with 1/f processes. B8 basic
sporadic random process is the process which is constant with a
single discontinuity at the point t=T. This pcint is uniformly
distributed over all t (the random variable T is a generalized
random variable in the sense of Mandelbrot [9]). This process can
be represented by

x(t) = { X, , t>T

where X; and X3 are independent identically distributed random
variables. This process does not posscess a Wiener-¥hinchin spectral
density but has a conditional spectral density which is proportional
to |w|-2 for small w. Sporadic random processes therefore offer a
generalization of Wiener-kKhinchin random processes and the condition-
al spectral density of these prccesses may provide an interpretation

of measurements intended to measure the Wier.er-Khinchin spectrail
densi v,

5. CONCLUSION

Several different approaches have been followed in an investi.~
gation of 1/f processes. While each of thesz appear particularly
suited to one type of process (i.e. one particular range cf ¢} the
approaches are not mutually exclusive and provide among them an
interpretation for the majority of the low freguency noise problems
observed to date.

These models are physical in the sense that the primary
rationaie behind the modellinyg is to explain observed phenomena.
However, the universality of the 1/f% phenomena would argue
against the applicability of a single mcdel closely associated
with the physics of a parcicular =ituation.

*L{w) varies slowly at the origin in the sense of Karamata
if, for every n>0

lim L(he)/L(w) = 1
w0
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-» A noise phencmenon which is often dominant at low frequencies is
comprised of those processes which are called 1/f noise, flicker
effect, and sporadic processes. These processes are characterized by
a power spectral density which varies as'l/if[“ where ;0<0<2.They
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have been observed over a wide range of fréquencies in-~such diverse
situations as vacuum tube and semiconductor noise, the spectrum of sea
waves, and ultra-precise time standards. Some of these processes are
not admissable in the usual Wiener-~kKhinchin theory of random processes.
On the other hand, their extensive occurrence suggests that some
accomodation must be made for them in the organized theory.

It is the purpose of this paper to consider several apprcaches to
the modeling of such 1/f processes. It will be shown that models do
exist which satisfactorily explain observed phenomena while retaining
adequate connection with the underlying physics of the model.
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