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ABSTRACT 

This handbook contains analytical methods and stability 
data for determining the dynamic stability and control 
characteristics of generalized single-rotor compound helicop- 
ter configurations. The methods use calculation procedures 
which are considerably simplified through the extensive use 
of information presented in graphs and charts. These charts 
are applicable to articulated, teetering, and hingelea8 rotor 
system.«,' and cover a range of flight conditions from hover to 
high forward speeds. 

The charts for law  forward speeds (advance ratios,/* < 
0.2) were obtained from the rotor performance data based on 
classical rotor theory. However, the high-speed charts 
(fi  >0.3) exclude the major assumptions of classical theory 
and include blade compressibility, stall, reverse flow, large 
inflow ratios, etc. 

The information presented herein is suitable for extensive 
digital and analog computer studies as well as for rapid manual 
computations such as required for preliminary design applica- 
tions. 
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FOREWORD 

This handbook was prepared by the Dynasciences Corporation, 
Blue Bell,  Pennsylvania,  for the Eustis Directorate,   U.   S.   Army Air 
Mobility Research and Development Laboratory,   Fort Eustis,  Virginia, 
under Contract DAAJ02-69-C-0023,   Task 1F162204A14233,  during the 
period from April 1969 through June 1970. 

The work contained in this report incorporates recently available 
compound helicopter performance and stability information and repre- 
sents a modification and extension of the U.   S.   Army Stability and 
Control Handbook for Helicopters published as USAAVLABS Technical 
Report 67-63 in August 1967. 

The Army technical representatives were Mr.   R.   P.   Smith and 
Mr.   G.   W.   Fosdick,  who were assisted by Mr.  W.  D.  Vann and Major 
A.  Gilewicz,    The contributions of the Army personnel to this work are 
gratefully acknowledged.    The following Dynasciences Corporation 
personnel contributed to this work: 

Mr.   E.   Kisielowski 
Mr.  E.  K. Garay 
Miss L.   G.   Haskins 

Director of Aeronautical Research 
Sr.   Aeronautical Engineer 
Jr.   Engineer 
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Izz       aircraft moment of inertia about the body Z- 
axis, slug-ft 

IXY,IY2»^XZ  aircraft products of inertia pertaining to 
body X, Y, Z system of axis, slug-ft^ 

i geometric incidence of an aircraft component 
relative to the body X-axis, rad 

i,j,k       unit vectors along body X, Y, and Z axis respec- 
tively 

in        constants as defined in the text 

J advance ratio of a propeller =7rV0/(fiR)P 

JiiJg,    pilot authority ratios pertaining to stability 
augmentation system 

Kb        factor used in estimating the lift effectiveness 
of flaps and control surfaces at subsonic speeds 

Knikn      constants as defined in the text 

Kprfi.,Kpttjs,...  downwash interference factors pertaining to 
various aerodynamic components as defined by the 
subscripts 

Kv        fuselage download factor 

K*        flap span factor 

k aerodynamic surface roughness height, in. 

L aerodynamic lift force of an aircraft component, 
perpendicular to local wind vector, lb; also air- 
foil thickness location parameter 

o£        rolling moment of an aircraft component, positive 
down to the right, ft-lb 

iw.L,....  rolling moment total derivatives 

X position vector of an aircraft component, rela- 
tive to aircraft C. C, position, ft 

Ax        longitudinal moment arm, positive when the point 
of application of the force vector is forward 
from the C. G. position, ft 
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Ay lateral moment arm, positive when the point of 
application of the force vector is to the right 
from the C. G. position, ft 

Az        normal (vertical) moment arm, positive when the 
point of application of the force vector is below 
C. G, position, ft 

M        pitching moment of an aircraft component, positive 
nose-up, ft-lb; also Mach number 

M moment vector = £i + M j + N k , ft-lb 

MuiM$,—  pitching moment total derivatives 

Ms        first moment of blade mass about the flapping 
hinge, slug-ft 

MT        Mach number of advancing blade tip 

N yawing moment of an aircraft component, positive 
to the right, ft-lb 

Np        normal force of auxiliary propulsion unit, 
positive up, lb 

NyiNW/,....  yawing moment total stability derivatives 

n number of propellers 

P period of oscillation, sec 

p angular rolling velocity (<£), positive down to 
the right, rad/sec 

Q rotor/propeller toraue, ft-lb 

q angular pitching velocity (6), positive nose-up, 
rad/sec 

q0        dynamic pressure 
=2"pV0  , lb/ft* 

R rctor radius, ft; also leading-edge suction para- 
meter, ratio of actual to maximum theoretical 
value of the lifting surface leading-edge suction 

R *        Routh discriminant 

Rj        Reynolds number based on length, X. 
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s 

s 

T 

T.F. 

Tl/2 

t 

u 

V 

Vo 

w 

angular yawing velocity (*//), positive nose to 
the right, rad/sec; also leading-edge radius of 
aerodynamic surface; also radial distance corrected 
for jet deflection due to slipstream from the jet 
axis to the elevator hinge line 

radial distance from jet thrust axis to the 
elevator hinge line 

area of an aerodynamic surface, ft*; also pro- 
peller side force 

constant as defined in the text 

semi span of wing, bw/2 

rotor/propeller thrust, force acting along the 
shaft or contrcl axis, lb 

thrust factor = pirRZ[tiR)2,   lb 

time required for a disturbance to damp to one- 
half of its initial amplitude 

time required for a disturbance to double its 
initial amplitude 

time, sec; also airfoil thickness, ft 

longitudinal velocity component, along body X- 
axis, =u0+ü" positive forward, ft/sec 

ins_tantane_ous velocity vector 
8 u i +t/j +w k , ft/sec 

steady state, or trim value of the resultant 
velocity vector =->/u0 +v0+w0, ft/sec 

velocity of sound in standard atmospheric condi- 
tion, ft/sec 

lateral velocity component along body Y-axis 
= v0 + v , positive to the right, ft/sec 

rotor induced velocity, ft/sec 

aircraft gross weight, lb 

normal velocity component along body Z-axis, 
•w0+w, positive down, ft/sec 
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X Longitudinal force along body X-axis, positive 
forward, lb 

XUtX0    total stability derivatives of the longitudinal 
X-force 

x distance, parallel to the direction of airflow, 
between the wing quarter chord point at the root 
and the horizontal tail quarter chord point 

Xj axial distance upstream from a jet exit nozzle 
at which a jet, in accordance with the law of 
jet spreading that holds at large distances from 
the exit, would have zero cross section 

xt is the chordwise position of maximum thickness 

x, the axial distance along the jet thrust axis from 
the theoretical origin of the jet (xj) to a 
perpendicular to the elevator hinge line 

Y lateral force along the body Y-axis, positive to 
the right, lb 

YV,YA,   total stability derivatives of the lateral Y- 
force 

y aerodynamic control span ordinate from plane of 
symmetry, ft 

Z normal force along the body Z-axis, positive 
down, lb 

ZU,Z£,    total stability derivatives of the normal Z- 
force 

A amplitude of an oscillation 

a remote wind angle of attack relative to body 
X-axis , tan"'(w7u)  positive nose-up, rad 

ac        rotor angle of attack; angle between axis of no 
feathering and a plane perpendicular to flight 
path, positive when axis is inclined rearward, rad 

ß blade flapping angle = a0-a, cos^-^sin^  , rad; 
also Prandtl-Glauert compressibility correction 
factor Jl-M2 
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ßs aircraft sideslip angle = tan" (v/u)  , positive 
when wind vector is to the right of body X-axis, 
rad 

r        rotor dihedral angle = ip - IR , rad 

y Lock inertia number = pocR /I5 

y aircraft climb angle, rad 

A        discriminant, increment, or perturbation from 
trim 

8Q        aileron deflection angle, right aileron up is 
positive, rad 

Se        elevator deflection .ngle, positive down, rad 

Sr        rudder deflection angle, trailing edge left is 
positive, rad 

S0 ,S| ,S2   blade drag constants defining drag polar 

e downwash interference angle, rad 

£,77       constants as defined in the text 

77        dimensionless distance from plane of symmetry to 
edge of flap or control surface, y/(b/2) 

©        blade collective pitch =J#C + #S , rad 

Q pitch attitude, positive nose-up, rad 

dc blade collective pitch due to pilot control 
input, rad 

6S blade collective pitch due to stability augmen- 
tation system input, rad 

#75       blade section pitch angle at 0.75 rotor radius, 
rad 

60 collective pitch at blade root, rad 

$i        blade twist angle per unit spanwise distance, 
rad 

Kn       constants for solidity correction of local stab- 
ility derivatives 
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K ratio of actual to theoretical two-dimensional 
lift curve slope, Q0/ZTT 

A        operator = d( )/d? ; also aerodynamic surface 
sweepback angle, positive rearward, deg 

X rotor inflow ratio = (V0 sin ac-vj)/ßR , also 
lifting surface taper ratio cr|p/cR00T 

p. rotor tip speed ratio = V0cosac/,Q.R 

v constant as defined in the text 

rin        constants as defined in the 
4  -.xt 

-rr constant = 3.14 
3 

p air density, slug/ft 

2 summation 

o- rotor solidity -  bc/7rR 

<; constant as defined in the text 

T time constant; also airfoil section trailing- 
edge angle, deg 

T taper ratio correction factor 

$        phase angle, rad 

<f> aircraft roll attitude, positive to the right, 
rad 

X rotor wake angle = a, + tan" (-/x/X)  , rad 

X generalized body space angle, rad 

5f*        vectorial, angular displacement relative to 
body X, Y, Z axes = ^T+öf+i/A , rad 

T        blade azimuth position, rad 

i// aircraft yaw attitude, positive nose to the right, 
rad 

fi, rotor rotational speed, rad/sec 

IT        nondimensional rotor frequency parameter, u»|/X2 
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u, first natural flapping frequency of rotor, rad/sec 

ÜJ instantaneous angular velocity vector 
= pT+qj +rk , rad/sec 

X perpendicular to 

SUBSCRIPTS 

A aerodynamic 

c control 

CUT pertaining to Reynolds number cutoff limit 

exp exposed planform area of an aerodynamic surface 

F pertaining to front rotor 

FR.FFUS     effects of front rotor on rear rotor, front rotor 
on fuselage, etc 

f flap 

G pertaining to gravity 

HUB pertaining to rotor hub 

I pertaining to inertia 

i an integer 1, 2, 3 ..., or i  aircraft compo- 
nent; also pertaining to inboard edge of aero- 
dynamic control surface 

j pertaining to jet exit nozzle or orifice 

L pertaining to lift 

LER       pertaining to leading-edge radius of a lifting 
surface 

L.s. pertaining to lifting surface 

Z pertaining to rolling moment 

M pertaining to pitching moment 

m,n integers as defined in the text 

N pertaining to yawing moment 
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p 

R 

S 

T 

TOT 

TR 

VT 

W 

wet 

pertaining to initial condition or steady state; 
also to outboard edge of aerodynamic control 
surface 

propeller or auxiliary propulsive device 

rear rotor; also right 

stability augmentation system 

horizontal tailplene 

total 

tail rotor 

vertical tailplane 

wing 

pertaining to total wetted area of aerodynamic 
surface 

x longitudinal direction 

Y lateral direction 

z normal (vertical) direction 

Dots denote time rate of change of variables 

Bars denote perturbation values 
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SECTION I.  INTRODUCTION 

In recent years a considerable portion of the U. S. Army 
research activity in the rotary-wing field has been directed 
toward improving the high-speed performance of the helicopter. 
The design approach which emerged for alleviating the high- 
speed rotor blade stall and compressibility problems has been 
to unload the rotor by adding wings to generate lift and 
auxiliary thrust devices for additional propulsion.  Since the 
means for producing lift and propulsive thrust on the helicop- 
ter have now been compounded, this configuration is commonly 
referred to as a compound helicopter.  The compound helicopter 
is flown as a conventional helicopter in the low-speed range. 
However, as forward speed is increased, the lift requirement 
of the rotor is reduced as the load is transferred more to 
the wing, and also the forward propulsion requirement is 
shifted more from the rotor to the auxiliary propulsion system. 
Rotor stall problems are thus alleviated by the unloading of 
the rotor, and since the rotor can now be slowed down, the 
compressibility problems are avoided. 

Although the performance objectives of many of the compound 
helicopters now flying were attained, many new stability and 
control problems appeared that still require extensive investi- 
gation in order to achieve satisfactory flying qualities.  Some 
of the problems arose because the level of control moment 
available from the unloaded rotor was reduced, while the 
increased Inertia and air load damping of the wings increased 
the control moment requirements. A solution tc this problem 
was found by integrating conventional aircraft control surfaces 
into the control system to augment the control available from 
the rotor at high speeds.  However, many other stability and 
control problems associated with compound helicopters are 
still being investigated and have yet to be resolved. 

One of the most important considerations in the design of a 
compound helicopter is to provide the aircraft with adequate 
dynamic stability and control characteristics consistent with 
its performance and mission requirements.  Therefore, stability 
and control analyses have become an important part of the 
preliminary design of compound helicopters. 

The prime objective of this program is to summarize the 
existing state of the art of compound helicopter dynamic 
stability and control and to provide, under one volume, 
systematic engineering methods for predicting the dynamic 
stability and control characteristics of generalized compound 
helicopter configurations. 
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The stability methods, procedures, end data contained serein 
represent a revision and expansion of the work performed ander 
USAAVLABS Contract DA44-177-AMC-197CI), an I oublished as 
USAAVLABS Technical Report 67-63, August 1967. 

The present handbook incorporates recently published rotor 
performance data and stability charts covering the forward 
speed range from novering to advance ratio of fj.   - 1.0. 
The stability data for advance ratios to /z<0.3 was derived 
from classical rotor theory, whereas the data from /JL     =0.3 
to fi  = 1.0 include the effects of rotor blade compressibility, 
reverse flow, and blade stall.  The stability methods presented 
herein apply to fully articulated, teeteri.ig, and hingeless 
configurations and are suitable for prelir Lnary design purposes 
as well as for extensive digital and analog comput.T* studies. 

The compound helicopter equations of motion presented in this 
handbook are derived without resorting to simplifying small 
angle  ssumptions or any decoupling of the longitudinal from 
the lateral-directional degrees of freedom.  They include six 
degrees of freedom of aircraft motion, and three degrees of 
freedom of stability augmentation system.  The analyses apply 
to absolutely arbitrary (non-zero) aircraft attitudes and 
angular rates and as such they can be used for maneuvering 
flight conditions as well as for steady level flight. Although 
this handbook deals specifically with single rotor compound 
helicopters, provisions are made for analyses of tandem rotors 
or any otl-er types of compound helicopter configurations. 

The analytical methods presented herein have been verified 
against the recently available flight test data of typical 
compound helicopters.  Good correlations thus obtained indicate 
that the analytical stability methods presented in this hand- 
book are well within the required degree of accuracy, and as 
such they can be confidently used for predicting the dynamic 
stability and control characteristics of generalized compound 
helicopter configurations. 

Comments concerning this work are invited and should be directed to the 
Eusris Directorate, U. S. Army Air Mobility Research and Development 
Laboratory, Fort Eustis, Virginia 23604. 
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SECTION 2.  GUIDE TO THE HANDBOOK 

The main objective of this handbook is to provide, under one 
cover, a comprehensive summary of analytical methods for 
predicting stability and control characteristics of generalized 
compound helicopter configurations. 

The handbook is organized in such a way that it is self- 
sufficient. For a given flight condition and configuration, 
the complete set of stability derivatives can be calculated 
and the required compound helicopter stability and response 
characteristics can be determined.  The use of reliable test 
data, especially for the fuselage characteristics, is strongly 
recommended. 

The various sections of the handbook have been numbered with a 
decimal system which provides maximum flexibility for revising, 
deleting, or supplementing any of the material, with a minimum 
disturbance to the remainder of the volume. The following 
pattern was developed for the numbering system: 

Section: 

Subsection: 

Page: 

Figures: 

Tables: 

Equations: 

References: 

An orderly numbering system is used, with 
numbers having not more than two parts 
separated by a decimal point, e.g., 3.2 or 
10.1. 

Subsections have numbers with more than two 
parts, e.g., 3.1.2 or 10.2.1. 

The page number consists of the section 
number followed by a dash. 
Example: Page 3.1-20. 

Figure numbers follow a numerical sequence 
starting from 1 for each section. 

Table numbers follow a numerical sequence 
starting from I for each section. 

Equation numbers (where required) follow a 
numerical sequence starting from 1 for each 
section. 

References are located at the end of each 
section.  References are numbered in 
sequence starting from 1. 
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The overall organization of the handbook proceeds in a 
computational sequence from the general to the particular. 
Hence, the equations of motion are presented before the 
total derivatives, which in turn precede the local and iso- 
lated derivatives. 

For digital computer work, the general equations of motion, 
Section 4, can be used directly.  For analog computer work 
or hand calculations, the stability characteristics of a 
helicopter are obtained by proceeding as follows: 

Determine trim conditions     Section 5 

Determine the isolated 
derivatives 

Correct the isolated 
derivatives for rotor 
solidity 

Determine local 
derivatives 

Determine total 
derivatives 

Determine characteristic 
equation 

Determine roots of the 
characteristic equation 

Determine control 
derivatives 

Determine response 
to control input 

Section 7.5 

Section 7.4 

Section 7.3 

Section 7.1 

Section 8.1 

Section 8.5 

Section 7.2 

Section 10 

The effects of variations of the main design parameters on the 
dynamic stability and control characteristics of compound 
helicopters can be used directly for preliminary design 
applications. 
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SECTION 3.  DEFINITIONS 

3.1  DEFINITION CF AXIS SYSTEM 

Sketch 1 below shows a right-anftled coordinate avis 
system commonly used in stability work. 

X 

Sketch 1.  Definition of Axis System, 

In analyzing aircraft stability, a variety of reference 
axes can be used. Descriptions of various axes systems 
are presented in References 1 and 2. 

In general, the choice of the appropriate reference avis 
depends on the nature of the stability problem and the 
aircraft configuration to be analyzed. 

The most common systems of reference axes presently in 
use are: 

(a) Gravity Axes 
(b) Stability Axes 
(c) Wind Axes 
(d) Body Axes 

The following subsections contain brief descriptions of 
these axes systems. 
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3.1.1  Gravity Axes 

Gravity axes refer to a right-handed system of Cartesian 
coordinates with the origin either fixed at a point on the 
surface of the earth or fixed at the aircraft mass center 
(moving with the aircraft). 

In each case, the Z-axis is pointing to the center of the 
earth (positive downward), the X-axis is directed along the 
horizon (positive forward), and the Y-axis is oriented to 
form a right-handed orthogonal axes system (positive towards 
right). 

The gravity or earth fixed axes are primarily useful as a 
reference system for the gravity vector, aircraft altitude, 
horizontal distance, and orientation.  The use of these axes 
introduces certain simplifications in the stability analyses, 
in that the linear velocity components (u, v. w) along X, Y, 
Z axes are independent of aircraft rotation about the G.G. and 
are only functions of aircraft translation and the climb angle 
(yc).  It follows that in the derivation of the equations of 
motion, the aerodynamic force contribution is accounted for 
through the sine or cosine of climb angle (/c).  Further 
simplifications occur for level flight ( /c = 0).  However, 
the use of gravity axes introduces rather cumbersome corrections 
to aircraft inertia terms and products of inertia in accounting 
for aircraft rotation. 

3.1.2  Stability Axes 

The stability axes represent a right-handed system of Cartesian 
coordinates, with the origin located at the aircraft C.G. and 
with the axes chosen so that the positive X-axis points in the 
direction of motion of the airplane (into the relative, wind) 
in a reference condition of steady trimmed flight.  The Z-axis 
is perpendicular to the relative wind in the reference condi- 
tion and is positive downward; the Y-axis is oriented to form 
a right-handed orthogonal axis system (positive to the right). 
The stability axes remain fixed to the aircraft during the 
transient conditions or perturbed motion. 

The use of stability axes eliminates the terms w0 and v0 which 
are zero in steady symmetric flight and thus introduces sub- 
stantial simplifications into the aerodynamic terms.  In 
addition, the use of stability axes enables the aerodynamic 
forces and moments at the trimmed condition to the estimated 
directly from wind-tunnel results which are automatically 
resolved parallel and perpendicular to the wind when using a 
tunnel-fixed balance. 
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In this system, the only linear velocity component that re- 
mains is u, which is independent of aircraft rotation (as in 
the case of gravity axes) and represents perturbation of the 
forward velocity vector.  However, the moment and product of 
inertia terms will generally vary for each initial flight 
condition since the axes will be differently oriented in the 
aircraft for each trim condition.  In general, thesa terms 
are assumed to be constant in the equations of motion.  This 
limits the use of the stability axes system to small distur- 
bance motions. 

3.1.3 Wind Axes 

The wind axis system is a right-handed, orthogonal system of 
axes, with the origin located at the aircraft G.G. and with 
the axes chosen so that the positive X-axis always points 
into the relative wind. The Z-axis is perpendicular to the 
relative wind and is positive downward, and the Y-axis is 
oriented to form a right-handed orthogonal axis system 
(positive to the right). 

The wind axes are primarily useful as a reference system for 
wind-tunnel measurements taken with a tunnel-fixed balance. 
In flight whert the aircraft moves about the wind axes, the 
moments cf inertia and products of inertia are constantly 
varying. Thus the wind axis system can only be used to 
analyze aircraft motions when the changes in moments of 
inertia and products of inertia can be assumed to be 
negligible. 

3.1.4 Body Axes 

The body axis system refers to a right-handed, orthogonal 
system of axes fixed at aircraft C.G., rotating and translating 
with the aircraft. The X-axis is aligned along a reference 
line (datum line) fixed to the vehicle (positive pointing 
forward). The Z-axis is perpendicular to X-axis, positive 
toward the bottom of the vehicle. The Y-axis is mutually 
perpendicular to X and Z, positive when pointing to the right. 

The use of the axes fixed to the vehicle insures that the 
inertia terms in the equations of motion are constant 
(independent of flight conditions); furthermore, by coinciding 
one of the body axes with a principal axis of inertia, certain 
products of inertia terms can be eliminated.  In this axis 
system, the aerodynamic forces and moments depend on relative 
velocity orientation with respect to the body as defined by 
the angles a  and ßs    . 
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Body axes are particularly useful in the study of aircraft 
dynamics, since velocities and accelerations with respect tc 
these axes are the same as those that woxild be experienced by 
a pilot or would be measured by the instruments mounted in 
the aircraft. 

3.1.5  Choice of Axes 

Since it is more convenient to express the aerodynamic and 
gravitational forces and moments with respect to body axes 
than to express inertia forces and moments with respect to 
wind stability or gravity axes, a body axis coordinate system 
has been selected for the work in this handbook. 

For this axis system, the following definitions are made: 

(a)  Linear Velocities 

V = ü i + v j + w k 

In the above definition, the velocity components 
u, v, and w consist of the sum of initial (trim) 
values u , v , and w and of their perturbation 
values, respectively. 

(b) Angular Displacements 

X s (f> i + 9] + \f/k 

(c) Angular Velocities About G.G. 

jb   .>  .*.  J» 

u)  = p i + q j + r k 

(d) Forces 

F-X?+YT+Zk 
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(e^     Moments 

.*.        A       ^       .i. 

(f)    Moment Arms 

r=jex?+jLJ+i.k 
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3.2 STABILITY VARIABLES 

3»2.1 Independent Variables 

Following are the selected independent stability 
variables: 

(a) Linear Velocity Components (ft/sec) u, v and w - 
defined in Subsection 3.1.4(a) 

(b) The Angular Displacements (radians) cp  , Q, and \j/ 
defined in Subsection 3.1.4(b) 

3.2.2 Dependent Variables 

(a) Free-Stream Angle of Attack (radians) 

-"(£) 
a =tan vu' 

The perturbation angle of attack is given by: 

(b)    Sideslip Angle  (radians) 

rt Hi V_ 
ßsz tan K u 

The perturbation sideslip angle is given by 

ß  ~JL 

(c) Interference Angles (radians) 

Changes of local velocity due to aerodynamic inter- 
actions are accounted for by the interference angles 

€F>€R»*FUS »€W'eT >€TR «€VT e*Cl 
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3.3  ILLUSTRATION OF PARAMETERS AND SIGN CONVENTION 

A typical single-rotor compound helicopter configuration 
along with the definition of the parameters and sign 
conventions used herein, is presented in Figure 1. 
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SECTION 4.  EQUATIONS OF MOTION 

The generalized equations presented herein pertain to 6 degrees 
of freedom of coupled longitudinal and lateral aircraft motions 
about the body system of axes described in Subsection 3.1.4. 
A detailed derivation of the equations of motion is presented 
in Reference 1, 

The analysis is performed for a generalized aircraft configura- 
tion, which may consist of the following components: 

(a) Single Rut or 
(b) Two rotors in tandem rotor configuration 
(c) Fuselsge 
(d) Horizontal tailplane 
(e) Vertical tail 
(f) Tail rotor 
(g) Propellers or jet engines 
(h) Wings 
(i) Various stabilization devices 

The equations of motion presented in this section can be 
adapted to various types of compound helicopters, single 
rotor helicopters, and tandem rotor helicopters by selecting 
those aerodynamic and design components which pertain to the 
helicopter under consideration and by eliminating the compo- 
nents which do not apply. To insure the generality of the 
equations, all products of inertia are retained. 

From the theoretical derivations presented in Reference 1, 
the equations of motion for a generalized aircraft configura- 
tion are: 
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(a) The X-Force Equation 

X = (X)F-f(X)R+(X)FUS+(X)WT{X)T+(X)VT+(X)TR+X(X)p.+W sin <f> sin i// 
i = l        ' 

-W cos <f> sir. d cos ^--~(u + qw-rv) = 0 

where 

(X)F = XFcos A, -Yjs sin A, ) sin la-€F)-DF cos (a-€F)   cos ß. 

-(LFsin A, +YF cos A.) sin ßs 

(X)R=[^(LRcos A,R+YRsin A,R) sin (a-«R)-DRcos (a-€R)J cos ß< 

(LRsin A,  -YR cos A, ) sin ßs 

(XVUS= [LFussin (a-c^ -CVusCos (a-c^J cos ßs -YFü5sin ß, 

(X)w= Lwsin (a-cw) -Dwcos (a-€w)   cos ßs 

(X)T = LT sin (a-cT) -DTcos (a-€T) cos /& 

(X)VT=--DVTcos (a-€VT)cos ßs + LyTsin /3 yjl  VWO   /-Tg     I    I.yj9lfl    J^g 

(X) TR = [YTR sin in (a-£Tft) -DTH cos (a-€TR) :TR'     ^T« cos /3S-TTR sin /3S 

(X)p.= Tp, cos ip. -Np. sin ip. p,     p, p,      p, p, 
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0>)  The Y-Force Equation 

n 
Y = (Y)F +(Y)R +(Y)FUS +(Y)W +(Y)T f (Y)VT +(Y)TR + 2,(Y)Pj -fWsin <£cos \j/ 

•f W cos <£ sin 9 sin V~"q" (v + ru-pw) =0 

where 

(Y)F = (LF cos A,   -YF sin A,  ) sin (a-eF) -DF cos (a-*F)   sin ßs 

+(LFsinA, +YF cos A, ) cos ßs 

(Y)R = (LR cos A|p + YR sin A, ) sin (a-€R) - DR cos (a-«R)   sin ß* 

+ (LRsin A, -YR cos A, ) cos ß$ R R 

••[ (Y)FÜS=  LFUSsin(a-€FUS)~DFuscos(a-eFv.s)   sin/3s+YFU£ cos ßs 

(Y) w = [Lwsin (a-cJ-D^cos ( w   ^w a-€w)| sin ß< 

(Y) T = LT sin (a-€T)-DT cos (a-*T)   sin ß< 

(Y)    =-Dvrcos (a-€UT)sin /S^-LUTcos ß 'VT      -'VT VT, „,,, ^s    .-VT-v^ ^s 

(Y) TR YTRsin (a-€TR)-DTR cos (o-«TR)   sin /5S + TTR cos ß TR'J *"'  ^S X  'TR 

(Y)p.=Yp. 
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(c)  The  Z-Force  Equation 

n 
Z = (Z)F + (Z)R+(Z)FUS +(Z)W+(Z)T+(Z)VT+(Z)TR +I(Z)p. + W cos 4>cos9 

i = l       ' 

w 
--~~(w+pv-qu)sO 

where 

(Z)F =-[DF sin (a-€F) + {LFcos Alc-YF sin A, )cos(a-€F) 

(Z)R =- IDR sin (a-€R) + (LRcos A,   +YR sin A.) cos la-eR) | 

(Z)FUS - ~[DFUSsin (a-€FUS) + LFuscos (a-€FUS)J 

(Z)w - -1 Dwsin (a-€w) + Lw cos (a-€w) 

(Z)T =— DT sin (a-€T) + LT cos(a-€T) 

(Z)VT=~DVTsin(a-€VT) 

ß>TR = ~[DTR Sin ^ _€TR) + YTR COS (a-€TR)J 

(Z)p. =- i Tp. sin ip. + NP. cos ip. 
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(d) The Rolling Moment Equation (X) 

oL .ieC),-z[(z),< v-(Yj,i 2.+tc0).] +^i 
i=!    i=l L    '     ' 

X-(Z)FiYr(Y)F^F+(Z)RlYR-iY)^ZR 

+ (Z)wV(YUzw+(Z)T^T-(V)JzT 

+(Z) JV.._-{Y)..J7...+(ZLJYTO -(Y)TJZ VT"
Y
VT 

V,
'VT"

Z
VT ' "TR"'TH   'TR 'TR 

r;z)o.^p.-(Y'p.^P  . + 1 f(Z). iYp " (Y)p. ^Zp +Qp.1 +Z FUS +^ HUBF-^ 
j=j L   !   I    I   I   I 

HUB, 

-p Ixx+Ixz (r + pq) + rq(IYY-Izz) + IXY(q- 
rP) 

+ IYZ(q
2-r2) =0 

where i refers to the i^ aircraft component and 
is evaluated by letting i - 1, 2, 3, etc., or the 
appropriate component designation. 

Also sub I  refers to inertia terms.  Similar notation is 
used in the pitching and yawing moment equations given 
below. 

(e) The Pitching Moment Equation (M) 

n r 

M -I(M). »I (X)JZ. -(Z)JX. + (M0). 
i=l  ' i=l i "\ i *i 

+ M 

M
S
(X)Fä2F-(Z)F;XF+(X)RA2R-(Z)R^XR 
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+ vX) u —;z:   (v   +00 i2  -(Z) J- 
W  *W W    *W T    <-T T    *T 

(X)     u    -iZ)    /-    -KX)    Ä7   -(Z)    (v 
V     ZVT VT      *VT 'TR     2TR    V*-'TR     x 

TR 

n  r 

+ 1   Wp.i2p.-(ZV^p.+ MP-J + M^s+MHUBF   +MHUBR   + QTR 
I      i       i     i       i 

-qIYY + Ix2(r -p  )-rp(IXx~Jzz) 

+ IXY^P +rQ) + Iyz^-pq) =C 

(f)    The  Yawing Moment  Equation  (N) 

n r 

N =I(N).   =1 (Y).Jlx.-(XUY.+(N0). + N 

N =(Y)F;XF-(X)F;Yr+(v)RiXp-(X)pXY) 

+ (Y)   ?x    -(X)   \    *-(YL <«„. "(XU'YT W   *W WW T     *T IT 

+(Y)   .;*    -(x;   xY     +(Y)   <x   -(x)  X« 
VT    XV" VT   TVT TR    XT* TP     TTR 

y    ,YV,   r    -{X)   L   ! xNFuc + Qc -Qi 
*-'  L o      *p 3      Yp.j Fu5 

-r  I22 + Ixz(p-qr)-pq (IYY-IXX) 

-f IXY(p2-qz) +IY2(q + pr) =0 
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SECTION 5.  EVALUATION OF TRIM CONDITIONS 

The trim, or steady state, equilibrium conditions for a com- 
pound helicopter can be obtained by simultaneously solving the 
equations of motion given in Section k  with all the accelera- 
tion and inertia terms set equal to zero.  The procedure used 
ia this section is to obtain the longitudinal trim conditions 
first, and then ise these conditions in the three lateral 
equations c£ motion to obtain the complete equilibrium condi- 
tions for the aircraft. 

In order to evaluate the trim conditions for a generalized 
compound helicopter configuration, the following design 
parameters must be determined: 

(a) 
(b) 

(c) 
(d) 

(e) 
(f) 
(g) 

(h) 
(i) 
(j) 

(k) 
(1) 
(m) 
(n) 

(o) 

(p) 

(q) 

(r) 

(s) 
V 't) 

(u) 

The aircraft gross weight W, lb 
The fuselage projected areas; frontal AXFUS , 
side    A 

YFUS 
ft^ ,   and planform   AZFUS 

The fuselage  overall  length XFUS    ,   ft 
The  locations of the  rotor hub  (or hubs)  and tail 
rotor hub relative to the aircraft C.G.  position,   ft 

^xF. ^YF .^zF ;   ^xR ,^YR , A2R ;  AXTR ,AYTR ,*zTR 

and   R TR ,   ft 
TR 

,     CflR   )R 

•  and  XTR 

and 

and Ms R » 

The rotor radii RF   ,   RR 
The rotor solidities   (7F    ,   o~R    ,   cr 
The  rotor rotational  speeds  ( SIR )F 

( &R )TR ,  rad/sec 
The blade Lock inertia numbers  yF ,   /R 
The blade twists   9\F ,  0iR    ,   and^ 8iTR   . 
The blade mass moments of  inertia MgF 

slugs-ft 
The flapping hinge offsets eF  and eR 
The number of blades b  per rotor 
The tip loss factor, BT = 0.97 
The geometric, fixed incider es relative to the 
fuselage of the wing iw , horizontal tail iT , 
vertical tail iVT , auxiliary propulsion thrust 
vectors \?l    , and the rotor shaft inclinations 
iF  , iR   f and iTR 
The lift curve slopes of the rotor blades, wing, 
horizontal tail, vertical tail, etc. 
The area of the wing Sw , horizontal tailplane ST , 
and vertical tail SVT , ft2 

The moment arms Ax » ^Y t and X2 of the wing, 
horizontal tail, vertical tail, etc. 
The geometry such as the chord, span, etc., of each 
conventional aircraft control surface. 
The geometry of the auxiliary propulsion unit(s) 
The geometry of external appendages such as fuel tanks, 
cargo pods, etc. 
The first natural flapping frequency w, ,  rad/sec, 
if hingeless elastic rotors are used. 
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5•1 TRIM CONDITIONS FOR SINGLE ROTOR COMPOUND HELICOPTERS 

5.1.1 Hovering 

The procedure given below for calculating the rotor trim 
conditions while hovering uses the expressions for rotor 
thrust, constant inflow, and coning angle presented in 
Reference 1.  Also, the effect of thrust of the auxiliary 
propulsion units is included in ths computations. 

The simplifying assumptions made in Reference 1, such as 
constant induced velocity, no radial flow, and tip loss 
factor BT = 0.97 are incorporated in this procedure. 

The vertical trim condition for hovering can be calculated 
as follows: 

T KvW 
F "   c 

where 

- £TPisin(0 + iP|) 

Kv = fuselage download factor (approximately 1.05) 

CTFM^)F 

where 

(T. F. )F = p ir R2(I2R)' 

XF = - 
CT, 

e 75 
(^--0.4704\)F 

0.3042 

-U °oF   :| (0.2213 675 +0.3042A) 
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5.1.2 Forward Speed 

For calculating the forward speed trim conditions for 
compound helicopters, rotor performance charts are used. 
Such charts for rotors operating at high forvard speeds, 
corresponding to advance ratios from /i. -  0.25 to fi   -  1.4, 
are presented in Reference 2.  The charts presented in Ref- 
erence 2 incorporate the effects of blade stall, compressible 
flow, and large inflow angles.  For extreme operating cond- 
itions, the tabulated data in Reference 3 can be used to ex- 
tend the charts presented in Reference 2.  For low forward 
speeds the performance charts presented in Section 5.2 of 
this report can be used for speeds corresponding to advance 
ratios of /x <0.2. These charts were obtained from the results 
of Reference k. 

The trim procedur for forward flight is  performed as follows: 

(a) Determine the required design parameters for a single 
rotor compound helicopter as specified on page 5-1. 
Include the design parameters for any additional lifting 
surfaces such as large support pylons for the auxiliary 
engines ar.d also external appendagfcs such as fuel tanks. 

(b) Establish the compound helicopter operating conditions 
su'jh as V0 , p 

Then compute 

CQR)F , (ftR)TR , CQR )p.TPj. 

H-F 

(MT)F = 

(£R)F 

V0+(&R) F 
Vc 

MTR 
Vr 

(ftR) TR 

(MT>Tff - 
VcfH&R)• 

V< 

[TfJFz[pwRZ{aRf]f (T.F.)TR= pTrRZ{£lW2 
TR 

q0 = 4-/»v( 

Also for auxiliary propulsion units using propellers, 
calculate the advance ratio Jj =7rV0/(IlR) and propeller 
activity factor ( A.F. )(  as defined in the particular 
propeller test data to be used. 

5.1-2 



(c) Choose a fuselage angle of attack c.FUs  for which the 
first estimates of trim will be obtained.  If no know- 
ledge of the flight conditions is available, the first 
iteration can be performed at aFUs = 0 .  If some know- 
ledge of the flight conditions is available, use the 
best estimate of the trimmed fuselage flight attitude 
that can be obtained in order to reduce the number of 
iterations required for convergence to trim. 

For the selected value ofaFus .obtain fuselage lift and 
drag coefficients CLRJS and CDfr(JS, then calculate 

DFUS = coFusq0 AXFUS LFUS = CLRjSq0AZRJS 

Include the effect of all nonlifting surface comp- 
nents or appendages in the above computations. 

(d) From Section 5.4, obtain the wing and horizontal tail 
lift curve slopes, aw and oT .  Then calculate first 
approximations of the wing and tail lift and drag forces 
at the selected value of aFUS , thus: 

<*w =(aFUS + eFUS) + (iw-*w) aT =(aFUS->-<:Fus) + (iT-<rT 

CLw =aw(aw-aow) CL- = aT(aT-a0T) 

q2 CL
2 

C°w =(CD« + ^R)
W °0T  =(CDe + ^)T 

where the section profile drag coefficients ( CDo )w and 
(CDo)T can be estimated from Section 5.4 or assumed as 

«Wws(C0o)T M 0.01 

Compute wing and tail lift and drag forces, thus 

Lw =CLw q0 Sw LT = CLT q0 ST 
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D* • Cowq0 
s w DT  " CDT %   ST 

Note that for the first iteration, the interference 
angles *FUS« *W • aTK* *T above are set equal to zero. 

(e) Calculate the first approximation for the main rotor 
lift and drag forces, thus: 

LF = W-LFUS-LW -LT - £ Tpj sirvtipj +a) 

DF =-DPJS-DW-DT  + ZTPj cos(iPl + a 
i=i 

Also compute the corresponding rotor lift and drag 
coefficients 

r • 

\ 
L, 

or 'F ~  [|T.F.)cr]F 

&     -   DF 
<r]f ~ RT.F.)o-]p. 

(f) Using (CL'/(r) from step (e), obtain the values fcr the 
required interference angles.  For the first approx- 
imation use XF- 0 , thus: 

€FUS = KFFUS 

r  i 

W = K FW 

*T  = ^FT +^WT^ 

*TR r KFTR 

r'  g       r(B,) 

57.3 

57.3 

2uV£?T\2 Ncr M57.3 :Mv/x 

cr 
2M^7T5?^ 

c' 
H57.3 

deg 

deg 

deg 

deg 

(g) Repeat steps (d) through (f), incorporating the inter- 
ference angles from step (f) until the values converge 
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(h) Calculate the chart values of rotor lift and drag co- 
efficients corresponding to rotor solidity of crF = 0.1, 
using the methods in Reference 2, thus: 

C ' 
Zk] 

-F 

a, 
' o- 'O.I 

—) a-r 

Sä. 
er 

A  C'2 

W 

where 

(Acr)F = crF -0. 

(i) Using the values of [(CL'/0-)o,]F and [ (CD'/o-)0(]F from 
step (h) and 8\F , MfF , an^. tuf  from steps (a) and (b), 
enter the appropriate trim charts, presented in 
Section 5.2.1 or References 2 and 3, and obtain the 
first approximations for the following rotor trim par- 
ameters corresponding to a -  0.1: 

t^ac^o.iJF' 
aip' *V °OF' ^75F. ^

F
 ' (CQ/crV 

Note that btF , oOF » and 075F have to be obtained only- 
after final trim has been established. 

(j) Calculate main rotor angle of attack ac and rotor torque 
QF as  follows: 

c: 
*F'[M»

+
$&£>J 

QF = (T.F.)Ro-l 
er -F 

(k)  Using the trim parameters obtained in the steps above, 
assume two values of CMp _ and calculate aFUS from the 
following equation: 
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n -   NUM c Fus " DEKT "€f:us 

where 

NUM = (^XpLF - Lf0F) + (*XwLw - XZwDw ) + ( XXTLT -AZrD   ) 

+ |[(TP|-Np.ip|)XZpi+(Tp.ipj+Np.)XXp. + MPj] 

[ 
ebß M« 

(a, -B() +Mc„c + Q- 2    VU|  u,/i  -r mFUS -r WTR 

DEN =-(XZFLF + XXFDF)-(XZWLW+XXWDW)~(^ZTLT+4TDT) 

MFUS = CMpus q0 AXpus XFUS 

BIF -(CKFUS + ^Fus)-aCK
+'F 

QTR = 0 for the first iteration 

and Npj and Mp. are obtained from Section 5.7. 

The straight line obtained by connecting the two points 
thus calculated is superimposed on the experimental 
fuselage pitching moment curve of (CM?{J$   versus aFUS ). 
The point of intersection will yield trie new fuselage 
trim angle of attack, aFUS , to be used in the next 
iteration. 

If no point of intersection is obtained because the 
calculated fuselage pitching moment curve lies above or 
below the experimental curve, then the new estimate of 
aFUS to be used in the next iteration is estimated as 
follows: 

(a)  If the calculated fuselage pitching moment curve 
lies below the experimental curve at the assumed 
value of aFüS then this indicates that the estimat- 
ed value of aFUS is too low since not enough fuse- 
lage pitching moment was calculated to agree with 
the experimentally determined fuselage pitching 
moment.  A larger value of aFUS should thus be 
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assumed for the next  iteration. 

(b)    If the calculated fuselage pitching moment  lies 
above the experimental curve at  the assumed value 
of  aFUS ,   then a  similar argument  to that above 
will indicate that the magnitude of  aFUS    should be 
reduced for the next  iteration. 

If multiple points of intersection are obtained,   then 
the magnitude of  aFUS   for the next  iteration should be 
increased or reduced as explained above until the ex- 
perimental and calculated fuselage pitching moment 
curves intersect at the  same  aFüs   for which  the  calcu- 
lations were performed. 

(1)    Using apus   from step (k),   enter fuselage   ;harts and 
obtain 

CL
FUS     • CD

FUS    ' CY
FUS    • C

*FUS    ' CM
FUS    ' and CN

FUS    • 

Then calculate  the  following fuselage trim values: 

LFUS   =CLFusq0AZFUS DFUS   = CDfriJS qQ AXpus 

YFUS SCYFUSQOAVFUS ^US = c*FusqoAxFus^
cus 

MFUS   =CMFUS
qoAXFUS^FlJo NFUS    = CNFUS ^ AXFUS ^FUS 

(m) Using the values of NFUS from step (1) and QF from step 
(j), determine the following tail-rotor parameters: 

T  . "M + QF. 
'TR     p 

~*XTR 

&L „r T .,] 
1
O-'TR .(TF.)CT.TR 

(n) Knowing the tail-rotor parameters /xTR , (MT)TR , and 0, R 
from step (b), and using the value of (CL'/o-i-rpfrom step 
(m) and aCTR=0, enter the appropriate performance 
charts and obtain the following tail-rotor trim values 
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'Ä ' V (T '0.1 TR 

0 D 
.fo-U.fci*. ?75TR, QoTR, a,TR , b,TR 

then compute 

TR 

and 

Q TR T.FJO-RÄ1 

TR 

(o)  Using values of eFUS from step (f) and aFUS from step 
(k), calculate 

a    = aFUS  +   €FUS 

and then using the values of  aw  and   aT obtained in  step 
(c),   obtain 

aw   = a + la, - e w w     cw 

C
LW 

= °w(aw -ae w 

Lw  =cLWq0 s w 

2   , 

Cn. + 'Dw   -   I^Do   '    Tr/Re w 

Dw      = ^Dw %   ^w 
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If no elevator control or incidence control is used on 
the horizontal tail, then the tail lift and drag are 
calculated using the same equations as above but reading 
subscript T for subscript W in each equation. 

If an elevator control is used, the control derivative 
Ci.5e must be obtained from Section 5.6.  Using the value 
of B|F from step (k), the corresponding elevator angle 
Se is then read from the aircraft control rigging curve 
( B|F and Se versus control position) 

Then calculate: 

aT = a + iT - €T 

CLT = aT (aT -a0f) +C|_S Se 

LT = CLT q0 ST 

'0T 
CL 

CD0 +-=^5 '© ir/Re .1 

DT = CDT q0 ST 

Deflected flaps on the wing can be accounted for in a 
similar manner. 

(p) Using the trim parameters obtained above and assuming 
A,F = <f>  = YTR = yc  s ßs  = 0f the X and Z equations from 
Section 4 are solved simultaneously, making the usual 
small-angle assumptions, to obtain a better approxima- 
tion for the main rotor drag and lift, thus: 

K,q-K2 
'F = l + a2 

DF = LF a -H 
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where 

K,   = Wa - LFUS(a -€FUS)-Lw(a + iw - €W ) - LT (a + iT - *T ) 

+ DFUS + DW + DT  + DTR -I(TPi -NPiipi 
I-I i       -n   • i 

and 

K2   = DFUS(a -eFUS) +Dw(a + iw  -€W ) + D, (a + iT - eT ) 

+ DTR(a-€TR)+LFUS + LW+LT +I(Tp.iPi + NP. ) - W i n   n 

Then obtain 

=H c,1 " L 
F .(TF)O-JF 

2-) cr 'F 
D 

(T.F.)a- 

and compute 

••c 

cr;0 
C Ao- ,

C
L\

2
' 

(q) Repeat steps (f) through (p) with new values of [(CL/CT)0|]F 
and [(Co'/o-^Jp until convergence is achieved, yielding 
the final trim values. 

In gei.eral, for a<5 , the above iteration procedure is 
very rapidly convergent, and therefore one or two iter- 
ations are sufficient to obtain the final trim condi- 
tions . 
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(r) Calculate main rotor side force, thus: 

+ 6 a0a,-|-^Xa0-/i
2Goa, + ^Q, b,+^/±Xb,JF 

(s)  Equations must now be obtained for the forces and moments 
due to lateral and directional aerodynamic (conventional 
aircraft) controls, if they are employed, or due to flow 
asymmetries, if such effects are evident in the test 
data.  It is usually possible to relate the movement of 
the convertional aircraft type controls to the helicopter 
control movements by means of the experimental control 
rigging curves fcr the compound helicopter being invest- 
igated.  Those relationships are usually linear or of 
some simple nonlinear form such that the following func- 
tion can be obtained: 

BQ   = function I A,FJ 

8r = function [(#75)TRJ 

Using the control de*?ign parameters from page 5-1 and 
the methods in Section 5.6, obtain the control derivatives 

_ <?(2w/q0Swbw 
Cz« rr      per aileron 

a COQ 

r d(LVT/q0 SVT 

Then calculate 

= function  (A, ) 

LVT   = (aVT/3s 
+CLSrSr)q0 SVT 

= function     [ßs) 
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Test data for the aircraft being analyzed might indicate 
additional moments that could be included in the analysis, 
such as a rolling moment due to asymmetric horizontal 
tail lift. 

(t)  From the curves of the experimental lateral fuselage 
characteristics, obtain slopes dCyFUS/dßs>    ^C.tFus/cl/3s , 
and den    /dßs.     Using the coefficients CYfus , CxFUS , 
and CNpus obtained in step (1) at ßs s 0, oDtain ex- 
pressions for the fuselage lateral characteristics, thus: 

C YFUS 

c£ FUS 

CN FUS 

dc 
= Cv        + YFUS 

A'-Q 

YFUS 

Ms 

^FUS Aß 
4*0        °Ps 

'' CNFUS + 

4*0 

dcN FUS 

d& 

& 

Ä 

Ä 

(u)    Using the trim conditions calculated above,   obtain the 
main rotor lateral cyclic  ( A,F )  and sideslip angle  (ß$) 
from a simultaneous  solution of the rolling and yawing 
moment equations,   thus: 

A 

>'F 

K5K7     ^4^-8 

K4K6-K3Kr 

K3/3s+*5 
K4 

rad 

rad 

where 

K3   MLFaF  -DF )/?xF + YFAF + (Lwaw -Dw)Xxw + (LTaT-DT)/(XT 

- QVT q0 SVT AXy/J - DTR 4TR + TTR ^YTR +   ^Fu? q0 AXpus ^Fus 

K4  = LF /?xK •>" YF aF^yF + 2q0 SwbwC£fic <3V aw 
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Ki = YF^xF-(LFaF -DF Uy.+ Zq  SwbwC-8 Sa     aw-LT^yTaT 

~ cLSr Sr q0 SVT XXvT + TTR XXjp + DTf, XYTR + CNFUS % AxFüS4us 

+ QF +|fYPj^Xpi-(TPj -Np,iP: ) APi] 

K6 =-(LFaF-DF)/?2(r -(Lwaw -Dw ) X2w - (LT *T -DT )^ZT 

+ °VTq0 SVT ^ZUT  + °TR ^ZTO +    ^/DFUS % AXFllc^FJS 

0 » „      d$a      rebß2Msl 
K7 »-YFAp-LFXzp+Zq^wbwCx^^^1 

K8 = -(DFaF -LF)^YF-YF ^zF 
+ 2q0SwbwCi8aSQ _   - LT AT 

+ CL8r ^ %  SVT ^Z VT " °TR ^YTR <*TR " TTR 4^ + Q*FyS % AXFuS^FUS 

-|f(T,ip,+NPi)^i+0P,J+[^^]F 

and the slope (38o/dAf- is obtained from the appropriate 
aileron control rigging curves for the aircraft being 
examined. 

(v)  Substitute the values of A|F and /3g from step (u) and 
solve for the aircraft roll attitude, $  . using the side 
force equation, thus 

$ 
K9ffs+LFA,p+K,0 

W 
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where 

dCY[ FUS 
K9    = LFaF ~DF+LFUS aFUS    - DFUS +-Tg—Q0 AYRjS + Lw aw 

-Dw + LTaT -DT - aVTo   SyT - D 'TR 

K,o = YF + CYFUSqcAY  -CLs 8rq0SvT + TTR 

(w) Knowing the value of /5S from step (u), obtain better 
approximations for v- us , <£ Fus, and NFUS from step (1) 
using values of CYFUS , CxFUS , and CNFUS from step (t) 
and compute new values for l_VT and DVT from step (s). 
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5.2 ROTOR CHARACTERISTICS 

This section contains rotor performance data presented in 
the form of charts which can be used to evaluate the trim 
condition of compound helicopter configurations.  Although 
these charts have been specifically developed for fully 
articulated rotor systems having rotor solidity of 

cr    =0.1, they are equally applicable for analyses of 
teetering and hingeless rotor systems. 

The correlation of the analytical results for fully 
articulated rotors having zero hinge offsets with the 
teetering lotor wind-tunnel test data of Reference 1 has 
shown that the performance charts presented herein apply 
to a variety of teetering rotor configurations with small 
to moderate teetering angles. 

The performance data for a hingeless system can be obtained 
from the results of a fully articulated rotor system 
through the use of a virtual hinge-offset concept. This 
concept is based on the fact that hingeless rotor systems, 
because of their elasticity, are subjected to a "flapping 
motion" similar to that associated with articulated rotors. 
The fundamental parameter governing this motion is the 
frequency of the first harmonic flapwise bending mode. 
Therefore, the basic problem is to represent a hingeless 
rotor system with a virtual hinge offset, by an equivalent 
articulated rotor. A comprehensive discussion of the 
subject matter is presented in References 2 and 3, from 
which the following relationship is obtained for the 
virtual hinge-offset for hingeless rotors: 

eV . fi2- ' 
R    nz+j 

where 

£2   is the nondimensional rotor frequency parameter 
( w, /a  ) 

o>|   is the natural frequency of the rotor first 
flapping mode when the blade is rotating, rad/ 
sec 

XI   is the rotor rotational speed, rad/sec 

The natural frequency o>, is a function of the rotor blade's 
mass and stiffness distribution and the rotor speed. 
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This parameter can be obtained using the methods of Reference 
4.  Thus, by using the concept of an equivalent articulated 
rotor applied to the hingeless rotor, the rotor trim and 
stability derivatives can now be evaluated by the conventional 
helicopter methods presented in the following sections. 
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5.2.1 Trim Charts for Rotor Solidity,a =  0.1 

Classical rotor aerodynamic theories, such as those presented 
in References 5 and 6, use several simplifying assumptions 
which limit the applicability of the resulting equations to 
low forward speeds.  To increase the range of applicability, 
some of these assumptions have been eliminated in Reference 7, 
which presents charts of pertinent aerodynamic rotor parameters 
for the tip speed ratios ranging from/j.= 0.3 to/x= 1.4.  These 
charts include the effects of blade compressibility and 
retreating blade stall and do not rely upon small-angle 
assumptions of the classical theory.  However, the charts are 
prepared for only one value of rotor solidity, o-= 0.1, and do 
not include the rotor Y-force data. 

In applying the above performance charts for rotor solidity 
different from a  = 0.1, appropriate solidity correction factors 
were used as presented in Reference 7. The required Y-force 
data were generated by using the equation of Reference 6. 
together with the pertinent performance results obtainable from 
Reference 8. The charts for rotor inflow ratio X and the 
blade flapping parameters a0 and b, , which were not included 
in Reference 7, were derived from the results of Reference 8 
and are presented in this section. 

All low-speed performance charts for u= 0.1 and 0.2 were 
derived from the classical rotor performance results of 
Reference 9 and are presented in Figures 1 and 2. The high- 
speed charts which are not included in Reference 7 are presented 
in Figures 3 through 13. 

The performance charts of Reference 7 and those presented here 
are derived for constant values of JJ. , MT, and#|.  The relation- 
ships between the basic rotor performance parameters, such as 
CL'/ar,  CD7cr, CQ/cr , a, , ac , and 9,75    , are presented in the form of 
carpet plots.  The parameters such as X , o0f and b, for all 
values ofpare presented as a function of rotor angle of attack, 
crc , for constant values of CL/o-,  Using the above parameters, 
the rotor side force coefficient can be computed from the 
following equation: 

5.2-3 



-^ • y (- TM 075oo-f T 075b, -r -|V 075b, + i X b, 

+ ~6~aoQ« " Y^^00'^   a°Q|+ ~2j~^aibi -*" -i-A«-2X b,) 

The use of  the above-mentioned performance charts with the 
analytical expressions wherever necessary constitutes an 
integral part  of the  stability method presented in this 
Handbook. 
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Figure 1.  Calculated Characteristics of a Rotor 
With 0 Twist for ^ = 0.1 and MT = 0.8, 
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Figure   1.     Continued. 
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Figure 2. Calculated Gharacteiistics of a Rotor 
With 0° Twist for /i = 0.2 and MT = 0.8. 

5.2-9 



U 

Z 
UJ 

o 
u. 
LJ 
o 
u 
o 
< 
or. 
a 

9 
_J 
o 
CO 

0.030 

0.025 

0 020 

0.015 

0.010 

0.005 

0 

-0.005 

-O.OlO 

-0.015 

-0.020 

-0.025 

-0.030 

-0.035 

-0.040 L 

1 1 

/ 
/ 
/ 

/\ 
/ \ 
/ 

/ / \ 
o   <x\< 

•> X 

/ Vo 
Aj 

\           ^/ 
\o 
V LL—* -8 - 

\ ^ 

<8L 4s 
i£j 

^J \6\ 

"1 
-1  \ 

-4—- _T"V< 

t<2? \ 
"A Ol Sc^ > 

/i   =0.2 

MT = 0.8 
0,=< 
a-   =C .1 

«>\ 

(b)    ac and   075 

Figure  2.    Continued. 

5.2-10 



o 
a 

o 

T3 

1 
•H 
•P 
c 
o 
ü 

CM 

2 

En 

o m o m o m o 10 O if- 

N (D 03 m m *• tf rO ro (Si 
", I 

C\J 

S33d93Q-°D '319NV 9NIN00 

5.2-11 



X  'OIJLVU   MO'ldNI 
<fr CD 

CD <* O O 
O O O O 
O o o i 1 

Ö 
I 

ID 

d 
i 

o 
CJ C\l 
o 

1 
o 

1 

CO 

Ö 
I 

LÜ 
cr 
o 
o 

Ö 

o 
<c 

5 
£!   o 

UJ 
_J o 
2: 
<c 
cr 
o 
I- o 

c 

T3 

CD 
•d 

O 
C 
o 
ü 

CN 

CJ 
U 
0 
bO 

•H 

o lO o m O in O 
in + •tf ro ro 00 CvJ 

S33U93Q-   'q   '319NV ÖNIddVld  1Va3iV~l 

5.2-12 



Ifi 
UJ 
UJ 
(T 
O 
UJ o 

I 
o 
O 

o 

< 
LL 
O 

LÜ 

o 
< 

O 
h- 
O 
or 

o 
o 

cß 

U 
o 

<w 

w 
-H 

,a 
Ü 
o 

4J 

O 
4J 
0 
frl 

1? 

<W 
0 

o 
•H 
-P 
CD • 

«H 00 
*<    • 
ajo 
•p 
o il 
2 - 

(U 
•PCO 
CO    • 
HO 

Ü II 

£ 
bO 

•H 

o m o •n o in O uO O 
(0 in IT) «* <f ro ro IN C\J 

S33d93a-°D '319NV 9NIN03 

5.2-13 



Y   'Ol.i.VH   AAOldNI 

u 
w 
cr 
o 
UJ 
Q 

I 
ü 

O 
1 

* 'O o 

< <a 

b - ~ < .o «^ 

o 
ÜJ 
-J 

z 
< 

QC 
O 
h- 
O 
cr 

3 
•H 

S33d93Q-   'q   '319NV  ONIddVld  1W31V1 

5.2-14 



m o UO O lO o 
* 4 ro ro CO N 

o 
d 

o 

(7) u 
UJ a 
e? 
UJ 
Q 

I 
o 

0 

(0 

UJ 

< 

m i 
d 

i 

a: 
O 

O 

II 

u 
o 

tp 

P 
m 

0 
o 
,c 
p 
•H 

M 
o 
P 
O 

CO 

<p 
o 
W 
Ü 

•H 
P 
CO 

•H 

p 
ü 
CO 
u 
cd   • 

J2 CO 
Ü  • o 

QJ   II 
p 

5 »- 
o 
cö £ 

2! 

•H 

S33d93a-°D '319NV 9NIN00 

5.2-15 



V   'OIJ.VH   MOldNl 

C\J O 
c 

<* 00 
o Ü 
o 

1 
o 

1 

C\J 

d 
i 

o 
d 

i 

CVJ 

d 
i 

o ID O lO O 
«• 

ro fO CM C\J 

o 
in i 
d 

i 

T3 

(0 

0.) 

r-l 
Ü 
c 
o 
o 

S33U93Q-   'Q   '3~!9NV ONiddVId  lVa31Vl 

5.2-16 



o 
CM 

ID 
• 

o 
Sfi li 

4. 

k 
OJ 0 

4-1 

-p 
w 

CD 

in O IO o in O 
^ tf K> ro CM CVi 

lO O in 
o 

O 

C/) o 
«fr UJ o 

UJ 
x ,c 
o 

o UJ 
a 
i 

s 
p. 

L) 0 

<fr a p 
o 

- Pi 
* 
(j on 

CD Ü ° tp 

h- O 

< ^ 
CO 

w 
OJ 

i O 
o 

•H 

•P 
CO 

UJ •H 

(0 
_l P. 
o CJ 
2 -P 

< Ü 
CO 

O cr 
o 
h- 
O 

p.   • 
(VJ 

i 
cc co 

OO 
<fr cr TJ  II 
CM 

i 
CD 

H 2 
CD P 
CM 

1 
O 

«J   C 
O cfl 

o 
in i 
o 

i 

in 

co 

I 

S33ö93a~°D '319NV  9NIN0D 

5.2-17 



X   kO!iVa   MOIdNi 

m O m O m o 
«• * ro m Cd CM 

LO O in 
O 

o 
o 
<*• 

in • 
d 

i 

0) 
•a 
3 
U 
c 
o 
a 

•H 

S33U93G-   jQ  '319NV  ONiddVld   "IVdjiV"! 

5.2-1 



o in o ID o 
«• fO to 04 CM d 

S33d93Q-°D,310NV 0NINO0 

5.2-19 

I  



X   'OllVd  MOldNI 
OD 
o 
d 

o 
d o 

o 
CD 
O 

o 
! 

o 
1 

d 
i 

d 
o 
CO 

d 
i 

CM 

d 

GO CM 
CM ro 
d       d 

CM 

<p     (DI 
O 
d 
o 

o 
II 

— " -'Ik 
0|D 

 1  

O 
d 

If) 
o 
d 

o 
d 

ro 
O 
d 

OJ 
O 
d 

7 / / 
/ 
( 

/ 
/ 

/ 
/ 

1 / 
/ 

/ 
/ 

/ 
/ / 

/ 

¥ 

1 
1 

t 
1 
i 

/ 
/ 
/ 

/ 
/ 

1                    A 

/ 
1 
t     o 

Ks 
/ 

/ / 
1 

1 

t        i 
/ 
/ / 

J 

/ 
/ 

/ 

JC 

<         Jt 

r 
/ 

9 

1 
/ 

i 
1 

1 
/ 
/ 

/ 
/ 

/ 

/ 
/ 
t 

S 
> 
A i 

/ 

' i / / 

X / 
/ 
/ 

/ i 
1 

1 
/ 
/ 

S 
f 

/ 
^^ 

I 
i i 

/ 

s / 

/ 
/ / 

/ 7s 
i 
i 

<<  £ 

s / 
/ 

/ 
> 
/ f\ r\ 

1 
1 
I « 

/ 
/ 
/ 

/ 
/ 

/ 

/ 
/ / 

f 

f 
2 ffi b d® 
ii M 1    II   II 

5" b s 
- 

f 
/ 

t 
/ 

/ 

CM 

CO 

CO 

CM 

IP 

OJ 

CO 
ÜJ 
LÜ 
(T 
O 
LU a 

i 
o 
a 

*f 
o 
< 

< 
L'_ 
O 
LU 
_l 
iD 

< 

or 
o 
\- 
o 
tr 

in o iT) O m CD 
<r <r to ro OJ CM 

m o 
d 

o -.n 
d 

i 

C 
cfl 

& 

OJ 

r-t 
O 

o 
o 

VD 

OJ 
H 

a 
•H 

S33d93Q-  'q '319NV  9NlddV~!d HVd31V"l 

5.2-20 



M 
CD o 

cw 

•P 
CO 

OJ •H 

c 
PO o 

CO .c 

<t 
LU 

4-> 
•H 

O u 
uJ o 
Q +J 

o 1 0 
o C* 
a 

cd 

tf ^ cw 
1 CJ o 

< o 
h- 3         00 
f- o   • 
<    ^    Tj« 
li_       «      wo 
O       W       -H 

OJ 
LJ 

h li 

_l ti H 

CD 

1 

z U 

Ä C Q£ O  «Ö o 
O h- T) rv 
OJ O cj   * 

1 Q: •PO 

l-< II 
^ 3 

1 
0 

CV 

bp 
•r-i 
Eh 

S33d93Q-°D '319NV  9NIN00 

5.2-21 



X 'üliVH  MOldNi 

CD V? 
O o 
o o o 

<* CD 
ü C 
o o 

CM 

d 
i 

to 

d 
! 

o 
CM 

d 
i 

00 
CJ 

d 

CJD 
O 
d 
i: 

i 

uib 
/ 
/ 

O 
d O 

d 
ro 
O 
Ö 

CVJ 
q         _ 

ii    ^ 

"<5^ 

• 

/ / 
/ 

/ 
/ 

1 
1 

/ 
/ • 

d 
/ 

1/ 

o 
/ 

* / 
S 

s 
/ 
/ 

r 
/ 

/ 
'    f 

1 
> 

/ 

r      1 
/ 
/ 

f 

X 
* 

,                   4 

/ 
/ 

/ 

1 
/ 
/ 

/ 
/ 

/ 
/ 

f 

•" 
-' 

S 
• 
/^\ w         / 

/ 
/ / 

i 

* 

• 

I 

/ 
/ 

f 
/ 

4 

* 

IT 

y 
• / 

/ / 
/ 

•' 
s 

s i / 
> / 

\ 

x   JQ" 

,' 
4 

r ^ 
• 

r 
/ 

/ \ 
1 
1 
1 
 LJ 

I  
S   CD   »    -   - 
-5   -J OH® 
tl    11 

^2Q 

i   II   n 

J b K 
• 

CM 
ro 
d 
'o 

(M 

(0 

CM 

CO 

CO 
UJ 
UJ 

<fr 
O 
Lü 
Q 

o 
o o 0) 

X) 

<* * X 3 
i-l 

1 CJ 'S ü 
C 
0 
Ü 

< d 
r- a 

CÜ 
1 < X) • 

Li. r-. 

CM 
O 

.0 cu 
UJ U 
J 3 
<0 bJJ 

lO 
2 •H 

I 

O 
O H 
CM     O 

1    (T 

o in O iO O 

«* ro rO CM CM 
in O in 

d 
o 

d 
o 

S33H93Q- Q '319NV   ONlddVld  ~!Vcd3iV~) 

5.2-22 



CM CO 

o 

rH 
CD O 

p 
00 

<D •H 

5 
CO o 

t ÜJ o 
LÜ 
Q: 
o p 

•H 
CM LÜ 

Q 
1 

S 
h 

ü 0 
a p 

O 
w o 

pi ti 
* 
(J at 

CM < o 
1 h-      o      «H 

h- o 
^     y-s         00 

•? u.    <8      o 
1 O   w     Jj 

LU 
w 

•H 
CD 

1 

_J 
(1) 

z P 
< 0 

at 
CD 

1 o 
h- 
o 

u  • 
a) oo 

x:   • 
uo 

O o: •o tl 
i a) 

p 
<Ö    H 
-j5 

CM 3 
i 

C
al

c 
an

d 

1 • 
CO 

CJD 

I 

CO 

8 
ä 

•H 

S33U93Q~°D '319NV  SNINO0 

5.2.23 



X  'OllVd  MOIJNI 

O 
d 

N 

6 
i 

CD 

O 
I 

o 
CO 

<* 
CO 

CD 
CO fO 

o 
1 

o 
1 

O 
1 

o 
1 

CD 

ID 

<M 

OJ 

CO 

o~ 

CO 
Ld 
UJ 
cr 
o 
UJ o 

or 
o 
O 
cr 

eg 
o 

Ö x: p 

CO * •Ö 
o 

() £ 0 

< (0 o 
\- 

1 < -O • 
co 

ÜL 
CO 
u 

•H 

1 

o 
UJ 
_J 

.0 

O fc 
CO 

1 < 

S33H93Q- 'q '319NV ONIddVId "1VU31VH 

5.2-24 



o 
a 

=t 

u 
o 

CM 

4-' 
CO 

•H 

EH 

o 
o 

4- 

0 

a' 

CM 
O 

DO 
Ü 

•H 
-M 
CO 

•H 
N 
as 
4-i 
O 
CD 
M     • 
Cfl 00 
x:   • uo 
TJ II 
a) 
4J 
CO    H 

32 
Ü 

CO  C 
ü  CO 

cu 
M 
M 

•H 
lu 

uo O 
o 

1 1 

S33dE)3Q-°D '319NV 9NINO0 

5.2-25 



X   '0I1VU   MOlJfM! 
00 <t 03 CD 
O c O o 
O o o o 

o CV 2 
o 

CO 
u 
UJ 
cr 
UJ 
o 

I 
o 

Ö 

*f 
o 
< 

< 

O      .£. 

UJ 

o 

o 
I- o 
ir 

0) 
-a 
i-i 
ü c o 
o 

ON 

C. 

bß 
•H 
fa 

S33ä93Q-  !f3 '319NV ONIddVld  1VH31V1 

5.2-26 



<n 
to • 

o 
1! 

00 
5L 

u 
0 

CO 

P 
CO 

•H 
vt 5 

o 
o 

o 
£ 

ÜJ p tr •H 
o £ vt u 
Q 

1 
IM 
0 
p 

ü o 
CO 

1 
Ö ai 

* cC 
a 

cvj 
1 ? ? 

tp. 
O 

H    ° CO 
o 

•H 
P 
CO 

to 
1 

< 

U-    <c 
O   w 

o 
OÜ 

UJ 

•z. 

P. 

P 
Ü 

< cd 

<t cc CC    • 
CVJ o si rs 

1 \- u   • 
o O 
cc T) 

.r> CÜ   II 
CVl 

i 
P 

3* 
r\f O 
ro 

1 cd 0 
ü cd 

(0 
ro 

1 o 
H 

O P 
i 

{4 

bO 
•H 

o If) o m o m O m O 
to in m t * ro rO OJ 00 

m o : i 

S33«93Q-°D '319NV 9NIN0D 

5.2-27 



X  'OllVti   MOHdNI 

q m p in o in o 
to * <r Ki ro C\j oj 

</) 
LÜ 
LiJ 

o 
ÜJ 
o 

I 
o 

< 
h- 

< 
U- 
c 
LJ 
_J 
o 
< 

or 
o 
\- 
o 
<r 

c 
CO 

T3 
0) 
•O 
=3 
H 
Ü 
C o 
u 

o 
H 

u 
bO 
•H 

S33d930-  ;Q '319NV  ONiddVld  IVfcGlVl 

5.2-28 



o in o lO o if) o if) O 

(0 in 10 * <r m ro CO CO 

IX? 

C\J 

O , 

<n 

3. 

h 
00 o 

4-1 

4-1 
w 

tf •H 

0 

O 
LÜ 

o 

ÜJ x; 
cr +J 

*• (S> 
i UJ 

Q 
1 IM 

o 
o 4J 

CD Ö 0 
1 „ PC 

X. 
O to 

CO 

1 2    c 3     cu 
O 

< 
/••> 

(0 LL.     tc Z 
T O   w •H 

o 
CO 

i 

ÜJ 

CD 

09 
•H 

U 
Qi 

4-J 
< 0 

<* tr u 
O.I o CC 

1 h- ,C 
o o o> 

<T) 
0Z »d O 

CvJ 
1 

0) 
4J   II 

5H 
CvJ P5 

i 

C
al

c 
an

d 

ID 
ro 
i • 

H 
r-l 

o 
<f «D 
i U 

P 
bo 

<t 
•H 

S33d93a-°D '319NV  9NIN0D 

5.2-29 



x 'oiiva MoidN 
«fr CO 
o LJ 

o 
1 

o 
1 

00 
UJ 
Lu 
cc 
O 
UJ 
Q 

I 
o 

-0 
01 

CD * •J 
1 

U r-i 
< X 0 
H £ 

OJ h- •d o 
1 < U 

LL 

C0 
O -Q 

• 

1 

o 

UJ 
_1 
o 
-z. 

H 
0) 
U a 

0J 
1 

< 
•H 

IX fe 
O 

* h- 
CM 

1 
o 
or 

o m O in O \0 O 
a") <t f ro ro OJ C\J 

S33B93Q- 'q '319NV ONlddVld  1Vd31V1 

5.2-30 



o m o m o ifi O <T> O 
iß in m * «• ro ro CM OJ 

o 
o 

aj 

0 

•H 

°* 
•P 

u 
o 
P 
o 
Pi 

o 
CO 
Ü 

•H • 
•P 00 
09    • 

a) ii 
•p 

U * 
«J 

°s 
QXO 
•P • 
«JO 
l-l 
p II 

« 2t 
O 

CN 

0) 

00 
•H 

S33d93a-°D '319NV 9NINO0 

5.2-31 



X   4OIJLVU   M01JNI 
V oc 
o o 
o 

1 
O 
i 

CO U> o 
CO 

CD 
CM 

o 
1 

O 
1 

O 

CO 
LU 
LÜ 

e? 
LÜ 
Q 

l 
o 

O 

o < 

^   O 
ÜJ 

< 
cc 
o 
l~ o a: 

•d 

1 
r-i 
Ü 
c o 
u 

cs 

U 

o m o in O IT) O 
m «* * ro ro CJ OJ 

S33d93Q-'q '319NV  ONIddVld  "!Va31Vl 

5.2-32 



If) q in O m q O Ü 
in in tf <* ro ro 01 CM 

m o 

S33d93a-°o  '319NV 9NINO0 

5.2-33 

o a: 
:\l O 

1 h- 
o 
cr 

ST 
cv. 

1 

CD 
CM 

in 
6 

o 
D 

cü 

0 

*J 
w 

•H 

o 
00 

I 

c 
+-» 
•H 

u 
o 

4-1 

o 

4-1 
O 

CO     • 
o oo 

•H • 
•PO 
03 

•H   II 

0) 

8s 

CC T3 

a «a 

•Ü CO 
<y   • 

CO 
.-I II 

CJ 

Ü 

en 

& 
DO 

•H 



X 'OIJ.VH   MOIJNI 

•0 c 

a) 
9 
H 
Ü 

o 
o 

CO 

0) 

•r-l 

o m o If) o in O 
m * T fO ro CM (NJ 

533d93Q- 'Q '319NV DNIddVld  1VH31V1 

5.2-34 



LITERATURE CITED 

1. Charles, Bruce D., and Tanner, Watson H., WIND TUNNEL 
INVESTIGATION OF SEMIRIGID FULL-SCALE ROTORS OPERATING 
AT HIGH ADVANCE RATIOS, Bell Helicopter Company; 
USAAVLABS Technical Report 69-2, U. S. Army Aviation 
Materiel Laboratories, Ft. Eustis, Virginia, January 
1969, AD684396. 

2. Reichert, G., and Oelker, F., HANDLING QUALITIES WITH THE 
BOLKOW RIGID ROTOR SYSTEM, Bolkow GmbH, Germany; paper 
presented at the 24th Annual National Forum of the 
American Helicopter Society, May 1968. 

3. Reichert, G., FLUGMECHANISCHE BESONDERHEITEN DES 
GELENKLOSEN HUBSCHRAVBERROTORS, Wissenschaftl. 
Gesellschaft fur Luftund Raumfahrt (WGLR), Jahrbuch 1965 
(translated by NASA - Langley Research Center). 

4. Yntema, Robert T., SIMPLIFIED PROCEDURES AND CHARTS FOR 
THE RAPID ESTIMATION OF BENDING FREQUENCIES OF ROTATING 
BEAMS, Langley Aeronautical Laboratory; NACA Technical 
Note 3^59, National Advisory Committee for Aeronautics, 
Langley Field, Virginia, June 1955. 

5. Bailey, F. E., Jr., A SIMPLIFIED THEORETICAL METHOD OF 
DETERMINING CHARACTERISTICS OF A LIFTING Rl OR IN FORWARD 
FLIGHT, NACA Report No. 716, National Advisory Committee 
for Aeronautics (presently, National Aeronautics and 
Space Administration), Washington, D. C, 1941. 

6. Gessow, A., and Crim, A. D., AN EXTENSION OF LIFTING ROTOR 
THEORY TO COVER OPERATIONS AT LARGE ANGLES OF ATTACK AND 
HIGH INFLOW CONDITIONS, NACA Technical Note TN-2665, 
National Advisory Committee, for Aeronautics (presently, 
National Aeronautics and Space Administration), 
Washington, D. C.  1952. 

7. Tanner, W. H., CHARTS FOR ESTIMATING ROTARY WING PER- 
FORMANCE IN HOVER AND AT HIGH FORWARD SPEEDS, NASA 
Contractor Report CR-114, National Aeronautics and 
Space Administration, Washington, D. C, November 1964. 

8. Tanner, W. H#, TABLES FOR ESTIMATING ROTARY WING PER- 
FORMANCE AT HIGH FORWARD SPEEDS, NASA Contractor Report 
CR-115, National Aeronautics and Space Administration, 
Washington, D. C, November 1964. 

5.2-35 



STABILITY AND CONTROL HANDBOOK FOR HELICOPTERS, TRECOM 
Report 60-43, U. S. Army Transportation Research Command 
(presently, U, S. Army Aviation Materiel Laboratories), 
Fort Eustis, Virginia, August 1960. 

5.2-36 



5.3  FUSELAGE CHARACTERISTICS 

Typical compound helicopter fuselages are of shapes which 
do not lend themselves easily to theoretical aerodynamic 
analysis.  It is necessary, therefore, to rely on 
experimental data for accurate determination of fuselage 
characteristics.  As an aid for preliminary stability 
calculations, some of the published helicopter fuselage 
experimental data are summarized in this section.  The 
data have been rearranged to be. consistent with the 
nomenclature of this handbook. 

The following characteristics must be determined: 

Fuselage Drag Coefficient 

DFUS 
C DFUS   q0A 

0  XpuS 

Fuselage Lift Coefficient 

r -   i-FUS 
FUS <*0 AZFU: 

Fuselage Side Force Coefficient 

r - _ TfUS Ypus  q0 A YFUS 

Fuselage Pitching Moment Coefficient 

r . M
FUS 

Mf"s " q0AXFUSiFu. 

Fuselage  Yawing Moment  Coefficient 

r . NFUS x 
NFUS       1O AXFUS<FUS 
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Fuselage Rolling Moment Coefficient 

*FUS= % A»Fuslfus 

Test data for several fuselages of small helicopters are 
presented in References 1 and 2.  Reference 1 presents 
model data for all three force and three moment coeffi- 
cients for a range of angles of attack and sideslip. 
Reference 2 presents the lift, drag, and pitching moment 
coefficients for two full-scale helicopters.  The 
geometric characteristics of these fuselages are shown 
in Figures 1 and 2. 

For fuselage shapes differing greatly from those described 
in this section, the methods in either Reference 3 or 
Reference k  can be used to obtain the required characteris- 
tics. 

5 . 3.1 Drag Coefficient 

The variation of the drag coefficient with angle of attack 
at   ß$    = 0 is shown in Figure 3.  It is noted from 
Figure 3 that CDFUS is relatively constant with aFUS for 
the model fuselages, Models A through D.  It is also seen 
that the small-scale fuselages are aerodynamically 
substantially cleaner than the full-scale fuselages, 
Model E and F. 

The relationship between drag coefficient and equivalent 
flat plate drag area is as follows: 

2 
SFUS  = CDpUS

AXFuS     ft 

5.3.2  Lift Coefficient 

The variation of lift coefficient with angle of attack at 
ßs   = 0 is shown in Figure k.     The fuselage download factor, 
Kv , is related to the lift coefficient as follows: 

Kv W 

5.3-2 



10 o 
z 
lil UJ <r z 
ÜJ|=- 
u. -> A UJ 

( 
i 

oc 

1 
1 
\ 

oJ 

u 
p 
to 

•H 

5.3-3 



CNJ 

UJ 
X 
Ü 
Z 

Ö 

OJ 

.J 

! 

CO 

-J 
UJ 
Q 
O 
2 

4) 

c 
•H 
•P 
C o 
u 

a) 

3 
be 

•H 

5.3-4 



o 

3-- 



(V 

U. E
A

R
 

OJ cs 
o> to 
(M z 
C\J a 
< 
111 

2 < 
nr _J 

< 
O 

_J 2 < Q h- D 
-2 .j o u 
tr 2 u. 

0) 
r-l 
be 
c 

•H 
CO 

01 
r-4 •"N 

CO <N 
CJ 

GO a» 
i   o 

CO r-l   <y 
in P u 
iß fe  a) 
OJ 4-J 

o a 
frg ***»• 

H E-i^ 

UJ 
UJ 
u. 

(4-1 

0    • 
CO 

2 co a) 
ü bC 

c/> z 
o is

ti
 

se
la

 

C/) fc P 2 
UJ 
2 

0) fc 

a CO   0) 

co a 
j= o 
o ü 

•H 
Ü  r-l 

•H   CJ 

•P 
CD    fc 
e o 
O -P 
0)  o 
Ü OS 

CJ 
u 
3 
bC 

•H 

S.3-6 



•o 
\a 4) 

s 
z l-l 

O 
</> c 
V o o o 
V) 
z 
ÜJ • 

•H 

U 
fit 
< 

< 
z o a: 

-W9 

5.3-7 



5.3.3 Y-Force  Coefficient 

The variation of Y-Force Coefficient with angle of attack at 
/5S = 0 is shown in Figure 5.  No CYFUS data were available 
for the full-scale helicopter fuselages of Reference 2. 
Figure 6 though 9 present CYFUS data for Models A through Df 
respectively, as a function or ßs       for several values of 
Q
FUS- 

5.3.4 Pitching Moment Coefficient 

The variation of pitching moment coefficient with angle of 
attack at ßs   =0 is shown in Figure 10 for all six models. 

5.3.5 Rolling Moment Coefficient 

The variation of rolling moment coefficient with angle of 
attack at ß$ =  0 for the four fuselage models is shown in 
Figure 11.  The variation of rolling moment coefficient 
CJCFUS with sideslip is shown in Figures 12 through 15. 

5.3.6 Yawing Moment Coefficient 

The variation of yawing moment coefficient, with angle of 
attack at ß$  = 0 for the four fuselage models is shown in 
Figure 16.  The variation of yawing moment coefficient 
CNpus with sideslip is shown in Figures 17 through 20. 
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5.4 LIFTING SURFACE CHARACTERISTICS 

The aerodynamic characteristics of lifting surfaces are 
documented in numerous NACA and NASA publications.  As 
described in References I and 2, the aerodynamic coeffi- 
cients and their derivatives with respect to pertinent 
stability parameters depend on the specific geometric 
configuration of the lifting surface.  The following 
methods extracted from Reference 1 give reliable estimates 
for a straight tapered lifting surface such as a wing or 
tail operating in the typical compound helicopter Mach 
number range, M < 0.6. 

The wing lift coefficient is given by: 

C|-w = 4.flV
2 S  = °w (Qw~ a°w) 

where 

a,, = a + iw - €W 

and 

^R  =   Wing aspect ratio. 

ß     r   Prandtl-Gleuert compressibility correction factor, 

M  =   Free-stream Mach number. 

Ac/« =   Wing midchord sweep angle. 

2TT 
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w =   Wing section (defined parallel to free stream) 
lift curve slope (per radian). 

»w Wing zero lift angle 

The three-dimensional lift curve slope of the wing is 
obtained using Figure 1. 

Also, the wing drag coefficient is given by: 

Du, C2 
C, 

w 
DW */>V0«Sw 

•Do 

The wing section profile drag coefficient is given by: 

CDow = Cf[l + L(i) + IOO(-f)
4]RL.s.[|^][|^] 

The turbulent flat plate skin-friction coefficient Cf is 
obtained as a function of Mach number M and the Reynolds 
number Re based on the mean aerodynamic chord c . This 
is accomplished as follows: 

First, the wing surface roughness height  k  is obtained 
from Table If and the admissible roughness parameter c7k 
is computed.  This roughness parameter, together with the 
computed Mach number, is used in Figure 2 to obtain the 
cutoff, Reynolds number, Rcu« .  Figure 3 is then entered 
and the value of Cf  is obtained corresponding to either 
the computed or the cutoff Reynolds number, whichever is 
lower. 

The airfoil thickness location parameter L is taken as 
L = 1.2 for ( t/c )max  located at xt > 0.30c and 
L =2.0 for ( t/c )max  located at xf < 0.30c .  Using 
the appropriate value of L , the bracketed term 
[l + L(t/c) + IOO(t/c)4] in the equation for CDow can be 
obtained directly from Figure k. 

The lifting surface correlation factor 
obtained from Figure 5. 

'LS. can be 

Finally, the ratio of Swei /Seip can be determined from 
Figure 6 in terms of airfoil average section thickness 
ratio.  The ratio of SexD /Sw  is a function of a given 
wing geometry. 
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The span efficiency factor (e) appearing in the induced 
drag portion of the total wing drag is given by 

-    M(ow/ft) 
R(aw//R) + (I-R)7T 

where R is the leading edge suction parameter defined 
as the ratio of the actual to the maximum theoretical 
value of the leading edge suction. This parameter is 
presented in Figure 7 as a function of leading-edge 
radius Reynolds number R/LER , aspect ratio JR    , wing 
sweepback XLE , and Mach number M  for the values of 
Rj?LERCOl XLEyi-M*cosZ KE    smaller than 1.3 x 105, the 
parameter R can be obtained from Figure 7(a) ; for 
the values larger than 1.3 x 105, Figure 7(b) is used. 

The leading-edge radius Reynolds number R*LER> is based 
on the leading-edge radius r /c of the airfoil at the 
mean aerodynamic chord.  The value of r /c for a 
variety of airfoil families can be determined using 
Figure 8. For the family of airfoils not shown in 
Figure 8, the leading-edge radius should be obtained 
from existing airfoil data. 

To account for wing twist or complicated wing planforms, 
the methods of Reference 1 should be used. 

The methods outlined above, although specifically 
developed for wings, can be directly applied to 
horizontal tailplanes. 
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5.5 VERTICAL TAIL CHARACTERISTICS 

The aerodynamic characteristics of vertical tail surfaces 
are influenced by the geometry of the body, wing, hor- 
izontal tail, main rotor, and tail rotor, and by the 
location of the vertical tail relative to these compo- 
nents.  The effects of main and tail, rotors on the 
vertical tail are generally small and can be neglected. 
The effects of the body, wing, and horizontal tail on 
lift and drag characteristics of vertical fins can be 
obtained from the comprehensive compilation of test 
data of Reference 1.  This document provides data for 
estimating the lift curve slope aVTfor various vertical 
tail configurations such as: 

(a) body merging into the vertical tail 
(b) twin vertical tails 
(c) vertical tail mounted on a body of circular cross 

section 

The vertical tail lift and drag characteristics can be 
calculated in terms of the appropriate lift curve slope 
and the tail geometry as follows: 

= QVT Ä 'LvT ' UVT Ps 

L
VT    

= Q_VTq0SVT 

CDVT 

C 2 " 
cd0 

+r7i 7o      TT/R VT 

Dvr    = CDVT QO S\ VT ^0 °VT 

where tho vertical tail profile drag coefficient, C<JOVT • 
can be obtained a .sing methods presented for wings in 
Section 5,4. 

The procedures for determining aVT for various vertical 
tail configurations are presented in the following sub- 
sections. 
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5.5.1 Body Merging into Single Vertical Tail 

The calculation procedure for this configuration is as 
follows: 

(a) Obtain the required geometric parameters SVT , h , 
h, , d , and c as defined in Figure 1(a), aid find 
the trailing-edge angle of the vertical tail air- 
foil section, r . 

(b) Compute the ratio of h(/h and calculate the aspect 
ratio /Ryj based on SVT , thus: 

/R VT " c" 
0\/ 

2 

VT 

(c) Using the value of h,/h , obtain (^Re/>RW from Figure 
Kb), where £?eVT *s the aspect ratio allowing for 
the end plate effect of the horizontal tailplane. 
Then, compute the effective aspect ratio from 

** e,rr = ( 
*?, 

«VT - ^ R  Vt /R VT 

(d) Knowing the values of 4ReVT and r , obtain O'VT , the 
lift curve slope of the vertical tail considered as 
an airfoil of rectangular planform, from Figure 1(c) 

(e) Using the ratio of d/h , determine aVT/a'vT from Figure 
1(d), where aVT is the reauired lift curve slope of 
the vertical tail allowing for wing, body, and hor- 
izontal tail effects. 
Compute oVT thus: 

/QVT. , 
QVT * (Fv7/ aw 

5.5.2 Twin Vertical Tails 

The calculation procedure for this configuration is as 
follows: 

(a) Obtain the required geometric parameters h , h, , b-r , 
d, and the area of each vertical tail SVT, as defined 
in Figure 2(a). Also obtain the fuselage lengthipus 1 
and the trailing-edge a igle of the vertical tail air- 
foil section r, in degrees. 
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(b) Compute aspect ratio of each vertical tail using 

*VT ' sVT 

(c) Compute the ratio h,/h and obtain (#?e /R)yj     from 
Figure 2(b), where #?evT ^s tne equivalent aspect ratio 
of each vertical tail, allowing for the end-plate 
effect of the horizontal tail.  Then calculate 

(d) Knowing the values of /ReVT 
an<^ T • obtain a'VT » the 

lift curve slope of the vertical tail considered as an 
airfoil of rectangular pnunform, from Figure 2(c). 

(e) Using the ratios d/h and if/^us, determine aVT/o'VT 
from Figure 2(d).  Then calcv *te avTthus: 

a VT 
°VT "(^»OVT 

where 

avx is the required mean lift-curve slope of the twin 
vertical tails allowing for body and additional hor- 
izontal tail-plane effects. 

5.5.3 Single Vertical Tail on Body of Circular Cross Section 

The calculation procedure for this configuration is as 
follows: 

(a) Obtain the required geometric parameters h , h, , D , Ac/4VT 
and SVT as defined in Figure 3(a), and find the taper 
ratio cf the vertical tail, XVT . 

(b) Compute the aspect ratio of the vertical tail using 

'VT 

(c) Obtain the aspect ratio correction factor, k , from 
Figure *+(a) or by using the formula 
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k = 
7T/P VT   . 

JR VT {</£&>}] 

(d)    Calculate  the effective  sweep angle  of the vertical 
tail, AeVT ,   from 

r Al 
tan AeVT • [ton Ac/4- 45Ä(£X, 

VT 

(e) From either Reference  1 or Reference 2,   obtain the 
two-dimensional  or section lift-curve  slope, o0vT. 

(f) From Figure k(b)  or k(c)  obtain the  taper ratio 
correction factor T ,   as a function of  XVT and 
£Wa0vTcos AeVT- 

(g) Then calculate the  isolated vertical  tail lift-curve 
slope  O'VT from 

o'vr ~ OoVT cos AeVT 

+ (l + r)k 

(h) The lift-curve slope of the vertical tail in the 
presence of the body (oVT)F(,s  i? then obtained from 

(i) 

Figure 3(b), which gives KTVUS^VT in terms of D/h 

The effect of the addition of a horizontal tail is 
expressed as a change in vertical tail aspect ratio; 
that is, #?evT *s s0 chosen that (OVTVUS.T ^ GevT   *s 

the same function of D/h as (aVT)FUS / a\y     *    The aspect 
ratio ^ReVT is found from either Figure 3(c) or 3(d). 

Recalculate k from step (c), AeVT from step (d), andr 
from step (f), using the appropriate value of #?evT 
in every case. Then obtain (QVT)FUS,T ,   the vertical 
tail lift-curve slope, allowing for the body and hor- 
izontal tail effects from Figure 3(b), thus: 

<0VT< FUS.T 
- >VT)ruS.T)   , 
- v     , /QevT 

Q'e VT 

(j) A factor based on good engineering judgement must be 
applied to account for the effect of wing position on 
the lift-curve slope of the vertical tail.  For a wing 
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mounted low on the fuselage, the vertical tail lift- 
curve slope may be increased by a factor of as much 
as 1.*+, whereas the decreased sidewash with the wing 
at the top of the body may reduce the vertical tail 
lift-curve slope by a factor of as much as 0.7. 
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5.6  CONVENTIONAL AIRCRAFT CONTROL CHARACTERISTICS 

Presented ir this section are practical engineering 
methods for estimating the primary effects of fully or 
partially deflected conventional aircraft control surfaces. 
More rigorous treatment of the subject is presented in 
References 1 and 2. 

5.6.1 Longitudinal Control 

Longitudinal control is achieved by means of an elevator 
on the horizontal tail or by means of a movable horizon- 
tal tailplane.  The effect of the elevator on tail- 
plane lift can be determined simply by calculating the 
control effectiveness derivative CL$e using the nomogram 
in Figure 1.  The increment of tailplane lift due to 
elevator deflection can then be obtained as AC|_T = Ci.SeSe • 
The calculation procedures for determining Ci8e as shown 
in Figure 1 are self-explanatory and do not require any 
further discussion. 

5.6.2 Lateral Control 

Lateral control is achieved using ailerons, flaperons. or 
differential spoilers.  There are many varieties of 
spoilers that can be used for lateral control, therefore 
the reader is referred to Reference 1 for methods of 
estimating their effect.  The primary effect of ailerons 
and flaperons is to induce a rolling moment about the 
X-axis of the wing.  The magnitude of the rolling 
moment can be determined by obtaining the control effect- 
iveness derivative Cj:8a per aileron from the nomogram 
in Figure 2 and by summing the effects of both port and 
starboard wings.  A secondary effect of aileron de- 
flection is to produce a yawing moment due to asymmetric 
wing drag.  This effect, if required, can be calculated 
using Reference 1. 

5.6.3 Directional Control 

Directional control is achieved by means of a rudder 
located on the vertical tail.  The primary effect on the 
lift of the vertical tail can be estimated by deter- 
mining the rudder control effectiveness derivative. CLSr . 
This derivative can be obtained from Figure 1 in the same, 
manner as Ci.se by replacing Se with Sr .  Then the in- 
crement of lift on the vertical tail due to rudder de- 
flection can be obtained from 
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5.6.4 Wing Lift Controls 

Wing lift can be controlled through the use of trailing- 
edge flaps, leacing-edge flaps, spoilers, slots, slats, 
etc.  Since the most common form of wing lift control 
device used on compound helicopters is the plain trail- 
ing-edge flap, the following methods for estimating the 
effect of flap deflection on wing lift, drag, and pitch- 
ing moment are confined to plain trailing-edge flaps. 
For information on the effects of spoilers, slats, etc., 
the reader is referred to Reference 1. 

5.6.4.1 Lift Due to Flap Deflection 

The change in wing lift caused bv deflecting a plain 
trailing-edge flap by an amount Of is given byACL = CL$f Sf. 
The derivative Ci_$f can be obtained from Figure 1 in the 
same manner as CLSe by replacing §e by Sf and using the 
appropriate wing geometric parameters. 

5.6.4.2 Drag Due to Flap Deflection 

Deflection of a plain trailing-edge flap causes an in- 
crease in both wing profile drag and wing induced drag. 
The change in overall wing drag is given by 

ACD=(Kbo-Kbi)ACdf +K'T^J 

where Kbo or Kbl, AC<jf, and K' are obtained using Figures 3. 
4, and 5 respectively, and CL$f is obtained under 5.6.4.1 
above, 

5.6.4.3 Pitching; Moment Due to Flap Deflection 

Large changes in pitching moment can result from de- 
flection of a trailing-edge flap.  The magnitude of the 
pitching moment change is given by 

AC, = CMSfSf 

where the derivative CMSf    is obtained from the nomogram 
presented in Figure 6.  A value of C«$f , the rolling 
moment derivative due to one flap being deflected, is 
required to use this nomogram.  This is easily obtained 
from Figure 2 in the same manner as required to obtain 
the derivative C^s  described under 5.6.2 above. 
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The procedures presented in Subsections 5.6.4.2 and 
5.6.4.3 for estimating the increments of drag and 
pitching moment, respectively, due to deflected wing 
flap, can be used if required to estimate these incremerts 
for deflected ailerons and elevators. 
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5.7 AUXILIARY PROPULSION CHARACTERISTICS 

Compound helicopters can employ propellers, duct&d pro- 
pellers, turbojets, and fanjets to unload their rotors 
propulsively and thus increase their speed capability. 
Most research compound helicopters to date have employed 
jet engines for this purpose even though these engines 
are relatively inefficient in the compound helicopter 
speed range. 

This section presents some basic performance data for the 
three propulsive systems which may be used in the design 
of compound helicopters.  These systems include open 
propellers, ducted propellers, and jet engines.  Because 
of the large variations of performance parameters and the 
specific geometry of each propulsive system, it is not 
expedient to present the required performance information 
for each propulsive system in the handbook format.  For 
this reason it is recommended that the appropriate test 
data be used wherever possible. However, if such data 
are not available, the reference material cited in this 
section should be adequate for determining the required 
performance parameters for the specific propulsive systems 
under consideration. 

5.7.1 Propellers 

The characteristics of a propeller operating in a flow 
field parallel to the shaft axis are completely defined 
once thrust T and shaft torque Q are known at the trim 
condition.  However, when a propgller operates in an 
unsymmetrical flow field ( aP # 0 and/or ßs  *0°), then 
oscillating airloads are generated on the propeller 
blades which result in propeller shaft in-plane forces 
and out-of-plane moments.  The positive directions of 
these propeller forces and moments are shown in the 
sketch below. 4 r. 

n of 

Directions of Propeller Forces and Moments 

5.7-1 



The standard NASA propeller coefficients shown in the 
sketch are defined as: 

Cy = —5—4"  1 thrust coefficient 
pn  D 

CN 
= —5—T     » normal-force coefficient 

c 
Cs =—g—j-  , side-force coefficient 

/5n D 

C0 =—25-  » torque coefficient 
/Dn D 

CM = —0—r  » pitching moment coefficient 
pr?Db 

Y CY =—0—T » yawing moment coefficient 
pnzD5 

CP = 27TC0  , power coefficient 

where  n = propeller rotational speed, rps 

D = propeller diameter, ft 

In addition, the following parameters are required to 
define the propeller and its operating condition: 

B = number of blades 

ß   - propeller blade angle measured at 0.75R, deg 

j = ~^fi-, advance ratio 
n D 

„ . V0cosaP 
nD advance ratio based on velocity component 

normal to propeller disc 
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Ac  10,000 f   ,bwri
3,,r,     . . U1 . 

Ap =—L  /  l^-n-p) d(-p) , activity factor per blade 

where.  b= blade chord at radius r, ft 

Rrpropeller radius, ft 

The activity factor, AF, is a measure of the blade's 
ability to absorb power: as such, it would be a better 
parameter for comparing different propellers than the 
solidity factor a   , which does not account for variations 
in blade width along the blade span.  Any two propellers 
may have the same solidity, but if one has most of its 
blade area at the root while the other has most of its 
area at the tip, their capacities for absorbing power 
will be widely different. 

It should be noted that the nomenclature and definition 
of propeller parameters vary greatly in the literature, 
and caution should be exercised when comparing the results 
of one report against another. 

Many theoretical and semiempirical methods for estimating 
propeller forces and moments are available in the lit- 
erature, such as those given in References 1 through 9- 
Although these methods are useful for calculating trim 
conditions, most of them do not provide any direct methods 
for calculating all the required propeller stability der- 
ivatives.  If theoretical methods must be used to deter- 
mine the propeller characteristics, References 1 and 2 
are recommended because they do provide means for esti- 
mating most of the stability derivatives.  However, even 
these methods require some empirical data in order to 
obtain accurate estimates. 

If the propeller shaft horsepower is known, the charts in 
Reference 10 provide a simple means for accurately deter- 
mining the thrust and torque for 2-, 3-, and U-bladed 
propellers. 

This report recommends the use of propeller test data to 
obtain the propeller characteristics and stability deriv- 
atives.  A good compilation of such propeller test data 
is contained in References 11 through Ik.     By using test 
data for a propeller similar to the one under investiga- 
tion, the required parameters can be quickly obtained for 
design purposes. 
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The propeller coefficients CT , Cp , C^ , CM , and CY are 
normally presented in any of the following formats: 

Coefficients versus J( J1) for Various ß   at constant 
values of ap 

Coefficients versus J(J1) for various aP at constant 
values of ß 

Coefficients versus  aP  for various J(J')at constant 
values of ß 

Any of the above presentations can be cross plotted to 
obtain the required data.  T^e coefficient Cc is normally 
assumed to be negligible for angle-of-attack variations. 
The propeller characteristics are obtained by reading 

Cp = 2-rrG 'M and CY at the trim conditions. 
The stability derivatives of the coefficients versus J 
or J1 and dp are also obtained by graphically taking 
slopes at the trim conditions. 

In sideslip (/5S), the symmetry in the propeller disc plane 
allows the propeller parameters to be determined by assum- 
ing dp to be similar to ß$  so that: 

CT = CT 

CM ~-CY 

CN = 0 

Cy ~ CM 
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5.7.2 Ducted Propellers 

Ducted propellers are attractive for use on compound 
helicopters mainly because they reduce the size of the 
propeller required to produce a given thrust.  This 
increase in propulsive thrust if generated by the 
negative pressure distributions over the leading edge 
of the duct shroud and by the increase in flow rate 
through the propeller, which increases its efficiency. 
Also, at an angle of attack the shroud acts as an 
aerodynamic lifting surface, thus generating lift 
which may be used for control purposes. 

Because of the many design and operating parameters 
that can vary for a ducted propeller, it is recommended 
that test data be used to accurately determine the 
characteristics of a given system.  The test data pre- 
sented in Reference 15 are particularly useful for 
this purpose. 

References 16 through 18 can be used to estimate the 
characteristics of a ducted propeller if test data are 
not available.  References 18 through 21 can be used 
to estimate the stability derivatives for these sys- 
tems. 

5.7.3 Jet Engines 

Turbojet and fanjet characteristics are best obtained 
from test data or engine manufacturers' curves for the 
specific engines being used.  Generally, only the 
thrust ( TPj ), the engine torque (.Qpt),   and the normal 
force at the inlet ( Npf) are required to define trim. 
Of these parameters, the thrust is usually known 
either by measurement or by assuming a value.  However, 
unless engine test data are available, the effect of 
engine torque (QPJ ) is usually neglected since it is 
generally small.  Reference 22 may be employed if 
more detailed estimates of jet engine characteristics 
are required. 

If the static thrust is known, the decrease in thrust 
with forward speed can be estimated using Figure 1, 
which was obtained from Reference 23.  This graph can 
be used to obtain typical values of the forward speed 
derivative dTp./du  by graphically taking slopes at 
the trimmed airspeed. 

For preliminary design purposes, the. normal force act- 
ing at the intake of a jet engine can be found from 
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momentum considerations.  The air passing through a 
propulsive duct experiences, in general, a change in 
magnitude and direction.  The change in magnitude 
is the principal source of thrust, and the change in 
direction produces the normal force which acts normal 
to the thrust vector at the inlet.  The magnitude of 
the normal force can be estimated with the aid of the 
sketch below. 

Jet Engine Force and Velocity Vectors. 

Let the mass flow through the duct ne m* slugs per 
second and the velocity vectors at the inlet and ex- 
haust be Vj and Vj respectively.  The magnit. 'e of 
Vj can be expressed in terms of the mass flow m' and 
inlet area Aj ; thus 

Vj »m'/Aj/t», 

Application of ^he momentum principle then shows that 
the normal force or component of the momentum change 
can be expressed as 

NP = m' VjSin aP 

• />r Vj Ajsinap 

If we now assume  free-stream conditions  at  the  inlet 
such  that   Vj » V0   and  p>t «p0    ,   then 
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NP = /°nV02AiSin  aP 

= 2q Aj s?n(a-€p +iP 

This expression is plotted in Figure 2 in a form 
suitable for graphical evaluation of the derivative 
dNp/dctp   . 
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5.8  DOWNWASH INTERFERENCE EFFECTS 

Interference effects between aerodynamic components can 
be expressed in terms of changes of local velocity and 
local angle of attack.  Changes in the effective velocity 
due to aerodynamic interference are generally small and 
are herein neglected.  Changes in local angle of attack, 
however, can be appreciable.  In general, the local angle 
of attack of an aerodynamic component can be expressed 
in terms of the remote stream angle of attack and inter- 
ference angles as follows: 

C uOCAL  =  u + i - « 

where 

a -  remote wind angle of attack relative to the Y-avis 

i = the geometric inclination of the specific aero- 
dynamic component considered with respect to the 
X-axis 

€ = aerodynamic interference angle 

For the compound helicopter configurations considered here, 
the aerodynamic interference is generated mainly by the 
downwash velocities of the rotors, the downwash velocity 
behind the wing, and the jet-induced downwash behind the 
auxiliary jet engines. 

5.8.1  Rotor Interference Effects 

The rotor downwash can affect any other rotor, the fuse- 
lage, and any lifting surface attached to the fuselage. 
The downwash velocity of a rotor varies with time as well 
as with location.  The determination of the effect of 
such varying velocity distribution on the lift and drag 
of a rotor, fuselage, or lifting surface is an exceed- 
ingly complicated task; in fact, to be consistent with 
other assumptions made, it is not required in the stabil- 
ity and control analysis.  It is adequate to assume that 
the effective change of angle of attack of an aerodynamic 
component due to rotor downwash is equal to the average 
downwash velocity of the rotor, divided by the free-stream 
velocity, and multiplied by an appropriate downwash inter- 
ference factor.  Hence, the angle due to downwash inter- 
ference of the front rotor on the rear rotor of a tandem 
helicopter is given by 
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Vf. 
€R--KFR (--£•) 

v0 

where KFR is the interference factor of the front rotor 
on the rear rotor, as identified by the subscripts FR ; 
Vjp is the average induced velocity at the front rotor 
plane.  The term VjF is obtained by use of the momentum 
equation as follows: 

Vi 

5-*tanaCF-{~)F = 
C '" 

.2fJL-/fLZ+\2     or  ,F 

The downwash interference angles of the front rotor on the 
rear of a tandem-rotor helicopter or front and rear rotors 
on other aerodynamic components can therefore be written 
as follows: 

(a)  Front Rotor on Rear Rotor 

*R 
s KFR[ tonac -(-£-). 

(b)    Fuselage 

€FUS   = KFFUS tan ac -(-£-) + KRFUSjtan ac -(•£-) 

(c)    Wing 

€W=KFW  tan ac -(^-)J + K RW ta.i ac -(—(J 

(d)    Horizontal Tail  Surface 

€T =KFT tan ac -(£•) + K RT [ton ac -(£}] 

(e)     Vertical Tail   Surface 

^vT=KFVT[tan ac -(^-)Jp +KRvT^ton  ac -(^-)] 

5.8-2 



(f)     Rear Rotor on  Front  Rotor 

€? - KRF   tor. ac - 
M'_ 

(g)    Tail Rotor 

fTR = KFTR|^ton  ac  -^)JF 
+ KRTR[ F  RTR| tan ac -(—) 

On the basis of data on the downwash behind a single 
rotor, such as Reference 1, it has been concluded by other 
investigators that a presentation of the downwash factor 
as a function of wake angle will yield more accurate 
results.  The wake angle is defined by 

X = a,. + tan" 
H-'J 

The variation of the interference factor KFR as a func- 
tion of X,(presented in Figure 1) neglecting rotor overlap 
and differential rotor height, may be taken as that sug- 
gested in Reference 2. 

This factor is obtained from the theory of Reference 3 
and represents the value of the ratio of the downwash 
at the location of the center of the rear rotor to the 
downwash at the center of the front rotor.  The theory- 
is based on the downwash due to one isolated rotor and. 
hence, neglects the effect of the presence of the rear 
rotor on the resultant flow of the front rotor.  Cor- 
relation with test data, similar to those obtained in 
Reference 4, is required to check the validity of ne- 
glecting the effect of the rear rotor on the forward 
rotor.  It is recommended that until better information 
becomes available, the value of KFR , as presented in 
Figure 1, should be used.  It is also recommended that 
KFT be taken equal to KFR . Very little information is 
available on the effects of the rear rotor on the front 
rotor, therefore some investigators recommend the use 
of KRF = -0.08 to indicate the existence of a slight 
upwash.  Until more reliable data becomes available, it 
is recommended that KRF = 0 be used. 

Measurements of fuselage lift and drap reported in Ref- 
erence 5 indicate that for a single rotor helicopter, 
KFFUS is approximately 1.0.  Also, test data presented in 
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Reference 5 on the horizontal tail interference factor 
are reproduced here a3 Figure 2.  These data were ob- 
tained for the horizontal tail, located approximately 
one rotor radius behind the rotor center.  Based on 
these data, i+" is recommended that KFT = 1.0 be used. 

In summary, the following values for the downwash inter- 
ference factors are recommended: 

KFR - see Figure 1 

KFT 
= KFVT = KFTR = KFR =Kfpus -  1.0 

*RT 
=
 
K
RVT 

=
 ^RTR 

=
 
K
RFUS 

=
 '-0 

KRF= 0 

The interference factor of the front rotor or the rear 
rotor, if any, on the wing can be obtained rrom the exper- 
imental results of Reference 6 reproduced herein in Fig- 
ure 3.  This figure shows the variation of the rotor- 
wing interference factor KFW as a function of wing vertical 
location relative to the rotor U^-AO/ZRp and the wing 
size. 

5.8.2  Wing Tnterference Effects 

The primary interference effect of a wing is to induce a 
downwash angle (€T) at the tail.  This effect can be esti- 
mated from Figures 4 and 5, which have be.cn reproduced 
froM Reference 7.  The results shown in these figures are 
presented as a function of location of the tailplane 
relative to the wing for a series of values of aspect 
ratio ( /Rw = 6, 9, and 12) and taper ratios ( Xw = 1, 2, 
3 and 5).  For interpolation, values of €T/CL^ should be 
cross plotted against I //Rw .  The charts apply to subsonic 
flow only, fend to wings with sweep less than 15 degrees. 

The calculation procedure for obtaining «T is as follows: 

(a)  From the aircraft geometry, obtain bw , #?w , Xw , and 
x, which is the distance measured parallel to the 
direction of airflow between the quarter chord point 
of the wing root chord and the quarter chord point 
of the horizontal tail.  Also obtain CL  from Sec- 
tion 5,4, 
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(b) Calculate 

c - iLw 
' 2 

(c) Using the values of Xw and /Rw from step (a) and the 
ratio x/s, obtain i/( sCLw ) from Figure k.     The par- 
ameter d is the distance of the vortex sheet median 
plane below the wing trailing edge, measured normal 
to the direction of airflow. 

(d) From aircraft geometry, obtain h the distance to the 
q\iarter chord point of the horizontal tail (up or 
down), from the vortex sheet median plane, measured 
normal to  the airflow (i.e., from the position 
defined by x and d). 

(e.)  For the wing parameters /Rw , Xw obtained in step (a) 
and the ratios x/s and ±h/s, determine eT/CLw from 
Figure 5.  Finally, obtain the downwash angle at the 
tail due to the wing, thus: 

€ =(T^)CL W 

For more detailed estimates of wing downwash angles or 
for configurations not covered by the above method, the 
wing downwash charts in Reference 8 can be used. 

5.8.3 Jet Induced Downwash 

The downwash angle induced on the horizontal tail by one 
or more jets may be estimated by using the results pre- 
sented in Figures 6, and 7, reproduced 'j'rom Reference 9. 
The calculation procedure is as follows: 

(a) Calculate the theoretical origin of the jet x to 
be 2.3 jet exit diameters ( Dj ) upstream of the jet 
exit, thus 

x, =2.3DJ 

(b)  From the aircraft geometry obtain: 

(i)  the axial distance ( x, ) along the jet thrust 
axis from the theoretical origin of the jet to a 
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perpendicular to the elevator hinge line 

(ii)  the radial distance r, from the jet thrust 
axis to the elevator hinge line 

(c) Using the value of Xj from step (b), compute TP/q x, 
and obtain the value, of re/x, from Figure 6- 

(d) From Figure 7 obtain values of ( I - 6/qe ) for 
appropriate values of 0.24x|./q0 / Tp~  and at 0.2*+ 
XjVlj^/Tp where 

Q    is the local inclination of the jet axis to the 
general flow 

ae is the angle of attack of the thrust axis relative 
to the average flow between the jet and tail 

(e) Sum the two values of ( I - 9'/ae   ) obtained in step 
(d) and divide the result by 2 to obtain ( I - 0'/ae )aVg. 

(f) Obtain the downwash angle at the horizontal tail 
due to the wing, €T , from Section 5.8.2 and use 
this to obtain 

tp - cT degrees 

(g)  Find the actual location of the jet center line 
relative to the tail (r), thus: 

r = r, + Ar 

where the change due to jet deflection in the radial 
distance r, is given by 

Ar --- 573VA| (x,-xj)(l-0'/aa) e'ovg. 

(h)  Using the value of r from step (g) and x, from step 
(b), obtain the jet-induced flow inclination (c ) 
from the value of r€/x( obtained in step (c), thus 

rg x xi 
xi ;~r 
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(i)  From Figure 8 obtain the ratio ( <?T/e ) as a function 
of 2d/t>T and r/bT.  Using the value of t- from step 
(h), obtain the estimate of the mean induced down- 
wash angle over the horizontal tail, thus: 

?>< 
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SECTION 6.  PERTURBATION EQUATIONS OF MOTION 

In accordance with the commonly used stability 
analysis procedure, only small perturbations about the trim 
conditions are considered.  This is accomplished by linear- 
izing the equations of motion presented in Section 4.  The 
variables 9,  Ö, etc., denote changes from trim conditions 
of aircraft pitch attitude, pitch rate, etc.  The parameters 
Ajc , B|c , 6V , and 6\R denote pilot control inputs in 
lateral and longitudinal cyclic pitch, main rotor collective 
pitch, and tail rotor collective pitch, respectively. J, 
and J2 are the pilot's authority ratios in the longitudinal 
and lateral control, respectively.  The terms Xß,  X$ , etc.,, 
are the total or composite aircraft stability derivatives and 
denote the rate of change of forces or moments with respect 
to the subscript variable evaluated at the trim conditions. 
The composite or total stability derivatives are presented 
in Section 7. 

Th<» perturbation equations of motion can be expressed 
as iuilowfl! 

(fl) Thf X"F' rpf Squat ion 

Xuu + Xuii + Xvv 4X^ + Xfl-vr + Xö 0 +X0 0 + X«^ + X^\// 

4J,(XB  B.   +Xi   B,   ) + XH   B.  +Xi  B 1       Blc    'C Blc    !C Bls    'S B!s 

+ J2(XA|cA.c+XÄlcÄlc) + XA|sÄls + XA|sAls 

+ J3<xs 8r +xs  Sr) + X*   8r  + X*  8, 3     örc 
rc     örc 

rc        örs  
rs      örs 

rs 

+ vJ4(Xöcö
r
c.+ Xöc6

r
c) + Xös 9s+xes0's--o 
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(b)     The Y-Force Equation 

Yud + Yvv+Y^ + Y^w^+Y^+Y^^+Y^f + Y^+Y^ 

+ J,(YB    B,   +YB   ST )+YB   B.  +YB   B. 
1      Blr     X        Blr    !C Blc     'S       Blc    '! 

+*VVYA,A,+VVYi,A 

(c)    The Z-Force Equation 

zuü+zvv+Zw«p+Zw-»+Zöe+zä^+z^+z^ 

+J.«Z..B;C+Z>A>+ZB B;8+Zi ft 

+J*(Z*A+Z\. Ä-,e)+ZA   Ais+Zi   ft 

+J3(Z8rcSrc+Z8rcSrc)+Z8rfrs+Z8rsSrs 

+j4 (ze£ +zäe£c)+ze 5"s 
+zeÄ• o 
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(d) The Rolling Moment Equation (£) 

X u u +2 v v \X^vr +2 ^* +2$ £+2 ftf 

(e) The Pitching Moment Equation (M) 

+ J«(MBIC
B'C + %&'C) + MB.S

B'S+M%S''S 

+ JflM.    A, +M;    SiJ+MA   A,   +MA    A 
ic    c       'c     ° s s 

!>      w ir     ^ 's      » 's s      o 's 
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^4^ör?c + M0rÖc)+M0as+M0Ös = O 

(f) The Yawing Moment  Equation  (N) 

+J4lNec5c+
N0c^^Nes

9s4-Nes5s = o 

(g) The Stabilization Equations 

Generalized stability augmentation system equations  are 
as follows: 

B,   =~B,  (D, + D2B,   ) + ki#+k2S"+k3u + k4w- 
«9 -^ J 

A,s
s-Als(D,+D2Als) + k5<<)-k6«/)-k7v 

Srs = ~k8Srs-
k9v"kio^ 
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The simplified "lagged rate" stabilization system can 
be represented by 

EV-D,B,s4k2? 

A>S=-"D'A's"k6* 

Srs=-k8Srs-kl0^ 

where 

D| and D2 are damping constants 

k 1 T k2 ••••etc.  are the linkage ratios 
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SECTION 7.  STABILITY DERIVATIVES 

7.1 TOTAL STABILITY DERIVATIVES 

The total aircraft stability derivatives are obtained by 
differentiating the equations of motion (presented in 
Section 4) with respect to the appropriate stability 
variables.  The derivatives presented herein are not 
limited to small-angle assumptions for initial trim 
conditions as used in Reference 1.  These derivatives 
apply to completely arbitrary (non-zero) angular atti- 
tudes and angular rates.  As such they can be used for 
stability analyses of compound helicopters in maneuv- 
ering flight conditions as well as in steady, level 
flight. 

7.1.1 The X-Force Derivatives 

7.1.1.1 X u 

Xu = (Xu)F+(Xu)R+(Xu)Fus4-(Xu)w-f(Xu)T+(Xu)VT+(Xu)TR+I(Xu)p. 

where 

(XJJ) 
=  ~    s XII_+ Xr»_  * 

V 

du       '^     *F du 

rd(x)F dLF      A  dYF    t    % dDF owF   . OLF orF v       0DF 1 
-3 = (-3—cos A, -——sin A.) sin(a-€F)--r—cos(a-cF) cos/3« -0uF OuF 

F duF 
F        duF J 

^LF    .    C3YF . r> 
smA|F+- cosA|F)sin ps 

duF       duF 

d{x)F r dLF      A       dYF x dDF Xaps"T~"T"3—cos AiP—I—sm AiP) sin(a-€F)--—cos(a-eF) F   aaF   L oaF 
F     daF        

F daF 

+ (LFcos A,F-YF sin A,p) cos(a-«rF) + DF sin (a-«r) cos ß< 

(--— sin A,P f -r—F—cos A,F )sin ßs 
OaF 

r      0aF 
r 
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daF Ö€f KRF . X    _p]±\ 
du du V0   /i.     d/x R 

d(X)R daR 
(*u'P 

=   A..    = xup•a '«      du * au 

Vir18^60^!B
+4^sin A, )sin(a-€R)-i^c«a-€R)lcos/3{ R     duo     L dup R     OUR R ÖUD J 

dLR dYf _(^R_ Sin A.   - —*- cos Alfr)sin /3S 
duR 

d(x)R   . du 

da, 

<3YR  . .    JPR 
R   daR        daR 

R    daR 
R da, 

cos(a-€R) 

+ (LRcos A, + YR sin A, ) COS (a-€R) + DR sin (a-€R)   cos ß< 
R R j * 

dL 
daR 

dYR 
sin A,B--r—cos A, J sin ß, 

da 

da* s __   dcR s _   KFR  _X_ _   dX} 

du du v0   fx      dfj. F 

(xu 
d(X) FUS  _ 4" X 

'FUS       aFUS 

da FJi 

FUS <JU 

<3(x)FUS rdLFUS . dDFUS 
XUFI= —— "k-• sin (a-€FUS)- — cos (a-£FUS) 

us  duFUS    i-du 'FUS du FUS 

cos ßt 

dYpus-siniS. 
du FUS 

d(X)FUS     dLFUS   .   ,         N     dDFUS  ^ sin (a-€FUS)  
QFUS   daFus       doFU 

da 
cos(a-€FUS) 

FUS 

+LFuScos(a-€FUS) + DFl;Ssin (a-^J cos /5, 
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ix 
da 

FUS 

FUS 
sin ß. 

^qFUS .     _^£FUS- KF FUS / X <^* KRRJS,X aX 

(X)  = ^- (Xu,w  au 

au fJL        dy.  f        V0 U        0/1    q 

v/      faw 
BXüw+x«w au 

a(x)w r aLw   ,    s   aDw 
X,,...= —•: = —:— sin (a-*w) — cos (a-€w) w   auw    - duw auw 

cos ß 

v     d(x)w rau . .     .    aow xa*s1 = ~3—sm (a-€W)-—3—cos (a-€W) 

+ Lwcos (a-cw) + DW sin (a-cw)   cos ß. 

da, w KFW x  ax K RW ax 
au au /i  dfiF   v0 /x   a^ 

(X)   ,*5l5X      +X     -iHl (XU,T   au    Xur+xaT  au 

X„_= —— - -r-— sin (a-€T) — cos (a-cT) T auT   .auT auT 
cos/S« 

v   a(x)T raL düj    . 
Xa =-r = —r— sin (a-eT) 5—cos (a-€T) T   daT     . daT daT 

+ LTcos(a-€T) + DT sin (a-€T)  cos ßs 

dar ,      ^T s     KFT(X      ax       KRT( X      ax 
au       au      v0 ft    a/x F   v0 /it   a/i R 

(Xu) _ = 4^ = X„     + X, aa VT 

vT   au      
UVT    avT  au 
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X„    «J-Ä«- —-JLL cos(a-€VT)cosiSs+-r—sin ps 
UVT    ^.. ^,.    _ V1 S       0UVT 

dOO 

+ 

duVT 

:VT 

da 

vi =L |Sa cos (a-€vT) + DvTsin (a-cVT) 

sin 0S 

cos ß 

ÖOvT .       (?€VT .       *FVT, X        (?X.        Kft VT i X   _ _dX 

(Xu) 

du du 

dM-a.v     + X, 

V0     ft      d/i  F     V0       fi 

(3aTR 

d/x 

•"   du•       UTR      ""    Öu 

aog• rdYTB , 
'""   duT: Id. 

sin (a-*TR) - 
dDTR : ,Kcos(a-€TR) 

*      •• v UTR du TR 

COS /Ö. 

dTTR   . 
sin p. 

du TR 

^TR 

d(x)TR   rdY 
da TR 

TR    • do TR 

LdaT, 
sin (O-«TR) —5 cos (0"<TR) da TR 

4- YTR cos (a -€TR) + DTRsin (a-€TR) cos /3. 

d TTR    .    Q sin p. 
daTI 

FTR,X aX,        KWTR(X dX} daTR . _    dcTR = __K  

du du V0    V      <V'F    VO   V      dH- 
•)- 

IXU). 
d(x)p; 1 =x„.  + x 

dap; 
up. ^~aP.      i p Ki      du 

d(X)Pi      dTp. dNP: 
'     = _ L = -_ cos ip. - — sin ip. 
Upi   dup.      duP. '     duP; 
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3(x)p.    <3TP. dUp.. 

pi    dap.       daP. 
cos iP. 

<3aP. 
sin i p. 

<3 a p. >€p 
i _ 

du d u 

KFP.   X       dX        KRPj    X 

V0    a        da F      V0     a 

ÖX 

'/*   R 

7.1.1.2    X,-, 

AU g 

/.1.1.3     *v 

xv = (xv)F +(xv)R+(xv)FUS +(xv)w+(xv)T +(xv)vT+(xv)TR + Z (Xv)p. 
i = l ' 

where 

<3(X)F       I        (J(X)F     -I n      | 
(Xy)'= 17"= v~ 1£7= vö (LF sin A'F +YF COS A,F)008&-~o 

-YF sin A, )sin(a-€F)-Dp cos(a-€F) 

( LF COS AIF 

sin /5S 

<3(X)R       I     d(X5, 
ix«). = -^ = — R    dv      v0   dßs 

(LRsin A,   -YR   cos A,R)COS/3S-TT- LRCOSA, 

+ YR sin A,  )sin(a-€R)-DR cos(a-«R) sin ßi 

Mus _ i dWfus. ' r <3LFUS aoFUJ1 
v'pus av "v0  a/3s "v0L-^7s,n{a'^s)^s 

(XJ   = [ -3^sin(a-€FUS)--3-^cos(a-€FUS)-YFUSJ cosÄ 

V.. o   - 
LFussin(a-6FUS)-DFuscos(a-€FUS)-i- dYFus~ sinß< 
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_d(x)w    i  a(x)w.-i 
av "" vo dßs' v 

doch    i   d(X)T   -i 

^xv)w
=,1|^ = ^-^ = -^ L-wsin(a-cw)-Dwcos(a-€w)J sin ßs 

(Xv)T=X" = ^äßT^-LTS,n(a-T)-DTcos(a-cT)Js,n ß 

d(x)VT     i    a(x)VT (xv). 
VT av     v0  a/3s   v0-

VT   a/3 
LWT- ^r^1 cos(a-€VT)J cos ß-6 

+ ^-!0,/Tcos(a-cWT)+4^LI«inßs V,   I "VT VT' 
a/3< 

(XJ 
a(x)TR   i  aix)TR   i raYjp. apTR   .    vTLrte/9 

i r <3TTRI 
—^r~ LYTRs,n<a-€TR)-DTRcos(cr-€TR)-»--3——jsin /5 

d{x)P-    i   a(x)Pi    !   aTPi 

*i    av    v0  a/5s   v0  dßs 

aNp: 
COS Ip. —- 

1      dj8, 
I   . sin iP.) 

7.1.1.4   Aw 

i = l ' 

W 

where 

a(x)F        a a 
(XJ   =-T—L=X w*. F      aw       wp     da 

<3(X)F       I     <?(X)F      I   „ 
VWr 

aw>    v0 aaF    V0    
F 

aa c dc« 
1     ! =I-KRF 

a aa 

i , ax- 
M     aac"R 
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oy, 
d(x)f = x 

w~ 
w 

, _ a<x)R _ i 
^R   a^n    V, 

R    da 

<3(X)R _ 

3a, V, 

da 
da ='-5?-'-4-^], 

(XJ 
d(X) 

FUS 
£us=x 

da FUS 

'W 
m FUS 

d(x) FUS   . <3(X)FUS      I 
= —X 

>W"FUS~ dv^pus  " V0    aaFUS ' V 
a FUS 

da 
1 A.. '     *FFUS^ jr~'~KRFUS^"~~ 

ax 

og 

aa 

_ d(x)w 

5a 3a, /i. aac 'R 

w 
= X 

da* 

w; 
<3(X)W      I      d(X)w 

w" a «r. w V0   aaw 
-^Xa 

da YV (3c yy 

da 

T      d w 

= I-KFW( 
/* aa 

ax       t    i  ax 

aaT 

T    o a 

:   - d(x)T s   i    d(x)T    j_ 
WWT" dwT   v0 aaT " v0 

aaT 

k<*T 

(X«r)   = 

aa 

d(x) 

a€T i  ax 
— = |-KFT(I- —— 
0 a ^ oac 

-K RT 

VT 

VT 
= — X 

aa VT 

W" 
w: 

VT aa 

i ax 
•) 

H- Oac da. 
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V, VT 

d(x)VT _   i     d(x)VT 
va VT 

VT 

(XJ 
TR 

da 

da 

<3(X)TR 

VT l    d\ 
= I-KFVT(I —) -KRVT(|- — 

i     d\ 
H- dac F M dac   R 

da TR 
'WV Vrt    "TR a a 

dix) 
kwTD- 

TR <J(x) TR 
TR   dw. TR v0  ^aTR v*a• 

da TR 

da 

d(X)p. 

€TR=I-K      (I-——)     K       (i     '    a\ 1       VTR^1 r^)"KRTRVi ^ ) da ,,     Ar.      ' "«TR  »' ^ 

'OD. 

WWP      A pi   da 

d(X)Pj      l   d(X)p.      i 
XwV a^P.  

= V0 da^'^N 
5 a f.j ax dePi i ax 

= I-KFP  (I ^ ) -KRP (I-- 
1        M dac F        »        ft aac 

aa 

7.1.1.5   x*r 

xr(xr)R+(VVf(VVT+(V TR 

where 

(X iri aw- 

<3ttR 

aa 

i   aix)R 

v0   aa 
i 

= —x, 
V0 

a«» Je R 

aa       a a 

d<*R a« aa 

A Xp~AxR 

= -K FR 
J_ jX   ixp-ix, 
M daCp   V0 
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,Y,   öMT J_ a<x)T _ _^_ 
1 ^'   a*- " V0    da 

daT 

V0   "aT   da 

daT        dcT        d<T JxF-lxT>    L.I d\ 
—r = T":— 7        \ 1 -—|l\p«r \ I T"~"/ 
da da da V0 L /X daCp 

+ K RT 
1 ^1 ( jxF"V 

(XJ   -'^-i^U-i-x       dayT 

*VT~  aw   ~Vrt  dd    " V„   Q
VT   da 

da 
ad 

HR= 
d(x) TR 

dd 

<**)TR . 

^(l-i-^HiWl-^ 

aw-   v« ad 

M aaCp 

r      dqTR 
TR da 

H- 0ac 9 

ixFJ XvT' 

da TR d, I  dx. I, ^XF4XTR 

da 
-=-[KFTR„-1A)+KRTR(1.1Ü)]( 
a       L a oar - u dar „J /i cac /ioac 

7.1.1.6 *0 

X^ = -W cos 0 cos <£ cos\// 

7.1.1.7   X0 

Xö-(Xö)F+(xe;R+(X0)w+(xö)T+(x^vT+(xö)TR+I(X0)p 

i=! ' 

W 
" "g" V0 sin   a 

where 

a(x)F 

^'ir^V^^'^y 
ax    aa,F    ax    at>,F 

+(-—) 
aai  F    aq db,        aq 

7.1-9 



, dx        dLF dYF dDF 
l~3 ) =(T—cos A, -— sin A, )sin(a-€F)--r—^cos(a-€F) 

oo, F   delF       F  aQ|F       
F dalF 

,   dx .        (3LF        A       dYF (3DP 
(T~"j   =(IT~'cosA>r"'l sinA, )sin(a-€F)-—-£-cos(a-€F) SDi   F     dblp F   dblp F ablp 

dx     do,B       dx     db,„ 
R    R       R   ^     do, Rdq db,R dq 

dX«     . dLR_ A      ,   dYR dDR i     + -«in   A.   1 cm (r»-rJ " 
R    do 

(-—) =(4^cos AlD+-^R-sin A,Jsin(a-€R)--^
R-cos(a-€R) 

"U'   R        VU«R ^ulR ""lR 

, dx^    , di_R       A       dYR 
(T—)   «(T-^COSA,, + -7-

R-sin A,J sin (a-€R)---^cos(cr-€R) 
db»'n   ^blR^

J"'R ' db, 

(x*}" ~~ dd  = Xuw ^Zw ~Xw* ^xw 

(X6)T="ddLS:XuT   'lT~X*T  X*T 

09  Ä.x Aw-     A* 

db. 

VT     (Jo        "UVT * ZVT     "«VT^VT 

*A6'TD"     *;.    " AUTO  *ZTD     AWVD*X TR        ^0 UTR      ZTR "TR    XTR 

(*<?> 
d(X)p. 

ri = X. A».,-      A, 

Fj    dö    "upj Azpj    "^Pj VxPj 

7.1.1.8    X* 

X<£ = Wsin \\i cos$ + W sin <f> sin 0 cos \f/ 

7.1.1.9 

x^ - (x^ +(X^)R +ix^)w+(X^)T +(X^)VT+(X^)TR + l ixfi 
i = i i 
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where 

(X*V a*   x^iYF Xvp izF+{aQl
)

FaP 
+,ab,,FaP 

*R    hi "*    YR       VR      ZR        W   '   dn        Kdb'dn d<j> 

fyo   -   d(X)w ö     _y      0 

(X*)vT=~~ä^I=Xw"VT   ^YVT"XVVT^VT 

^loS     3  ;     =XWTD ^YTn"XVTo   * 

(Xi 

TR       dd>       "WTR"YTR   "VTR   "ZTR 

d(X)p; 
Ri   a*   SN   Vpi S 

7.1,1.10 xj, 

X^MX^)F+(X^)R+(X^)W + (X^)T+(X^)    +(X^)    +Z(X^)p.+—V0 sin ^9, 
i = 

where 

a(x)F X       dalr dx       db 

aix) 

) 
ip 

b, F a 

c)x      dou        <3x       db 
R *R "R        'R *   £ '        (3~ (X^)R=7^5XVO ix° "XU°IYD +(^"L) "^5+(*^:i)   " * .,   R ur (3b,        ar 
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*T"  <H T        T       UT'V 

d(x)- 
'TR   a* (X^TR=      ^/""HR^TR     ^TR^TR 

<3(X)p. 
txV~77UxvS~S/S 

7.1.2 The Y-Force Derivatives 

7.1.2.1    Yu 

W 
Yu 

s<H+(H+(HuS +(Yu)w+(Yu)T+(Yu)VT+(Yü)TR + Z(Yu)p.-yr 
i=l ' 

where 

(v)A,Y..   +Y.      d" 

d(Y)F r dLr 
Y, 

avF 
sin A,   +—: cos A, 

F     <3uF     -(3uF 
F       duf 

cos ,5- + 
r^Lp 

s    dui 
cos A IF 

-r-^ sin A,F)sin(a-€F)- — ~cos(a-€F)   sin Qc 
OUF duF J 
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(J(Y)F   [dLf   .   A dvf 0(Y)F   [ÖLf dYF 1 
Ya =- «K— sin A,   + ——cos A,    cos ß< f   0aF    LdaF 

F       daF 
FJ 

dL*_A       dvF .. 
+ t-—-cos A|F--r-^sin A|P + DF) sin(a-€F) 

LdaF daF 
F 

dDF 
LF cos AiF -YF sin Aip + -—)cos(a-€F 

uaF 

sin /3 

w.).J?^.v...+x da, 
"  au     

UR   a« du 

Uo     LdUp 

aY 
Y„  =-r1-^- = -T-^sinAl  --i—-cos A, 

R   LduR 
R     duR 

COSj0s  +    -r—-COS A 
L   OUR 

»R 

aYc 

du. 
sin A|D )sin(a-€D)--7-^-cos(a-€R) 

R'     du, 
ll sin ß 

Y, 
dm R . ^LR . .    aYR       i s,nAiD--^ cos AIRJ cos j8. a*   aa."Lda   •mM|«     da, 

+ 'T-S-COS A,+ ——sin A|R+DR) sin(a-€R) 
ao!R 

R     da* K      * K 

i. ^DR + (LR cosA,R + YR sin A,---—-costa-«-) 
daR 

sin ß 

(Y)      - ^Y)FUS = y        +Y aaFUS 
U/FUS      du ,pus      dFus     du 

a(Y)FUS   aYFUS__ ß 
Fus auFUS   auFUs 

aDFus 

cos T sm(a-«FUS) 
OU FUS 

A       cos  a-« 
duFUS 

Fus sin ß< 

7.1-13 



_d(Y)FUS  dYFU; Y - ' '' 'ms   ~ • FUS n        r^^-Fii«; 
CfFus"! =: cosps + (—^Ub- + n      \     , FUS   daF[JS    daFus l!daFUS        Fus )sm(a^Fus) 

+ (L FUS"^r-?)cos{a-€Fus) 
FUS 

FUS 
sin/9, 

d(Y), 
CY„L.^SL.YUlll + Yf     

da" "   du w 
iw •  >aw du 

Yu   . 
d(Y)w -f^l-w dOw i w  aUw •Ld^"s,n(a-«w)-^cos(«-«w)]siniss 

Y . <3(Y)W       rÖLw An 
aw"^7U(äZ-+Dw's,n(a-£w)+(Lw--r^)cos(a-ew) 

W C/Qy/ j 
sin/?, 

. d(Y)T <3aT 

a(Y)T raLT dDT , 
T "ä^rM^sm(a-€T)~^7C0S(a-Hsln^ 

Yar'äirrs[li^+DT)8in<a-«T)+(LT a°T 
3—4cos(a-€T) 
0aT 

sin /3, 

(Y„)     = -^(Y)^ . Y       4Y davr 

f   . d(Y)VT       <3LVT      0     dDVT 
UVT' X       '" 1 cos #s -3 cos(a-€VT)sin£s 

_amVT_ aLVT rdD VT"^      "   1 cosßs ^-^cosla-e 
>a VT' 

VT 

(Y  )     - *Y>TW     v .v 

~DVTsin (a-€VT) 

5a TR 

sin /0, 

TR «TR   d[J 
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.ÄYJrg.iTTR ravTR 
YUTR"1 ^        cos#s+ TR   duTR       du TR UUTR 

TR 

-5u Tl 
sin (Q-€ TR' 

aTR   daTft      3aTR 

-  r  •  cos (a-€TR)   sin 0, 
OU TR J 

L daTR 
+ DTo)sin(a-€TR) 

/     Ig.. YTR)cos(a-€TR)   sin/ßs 
da TR -I 

d(Y)P: 

TR 

daD. 
(Yu)p.=^-^ = YUp. +Yc v au   " Upi   api du 

d(Y)P!        dYp. 
I _ 

pi    duP. dup. 

d(Y)Pj      dYp. 
Y      = L = L 
aPj    daP.        dip. 

7.1.2.2   Yv 

Yv = (YV)F+(YV)R+(YV)FUS+(YV)W+(YV)T+(YV)VT+(YV)TR+I (Yv)p 

i = l ' 

where 

(YJ_ = 
d(Y)F     i    d(Y)F     I 

F      dv      v0  d/3s    v 
(LF cos A, -YF sin A, )sin(a-€p)-DpCos(a-*F) cos/3< 

LF sin A,F + YF cos A, sin ß 

IY. 
d(Y)R     I     d(Y)R     l 

dv      v0   d/3s    v, 
(LRcos A, +YR sin A, )sin (a-€R)-DRcos(a-€p) C0SiSs 

- R R , 
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Vo I LR sin A,R-YRcosAlR sin ß< 

(Y, 
^Y)FUS      I     d(Y)FUc      | FUS m ar 

na TT'- ^ Jp—'- ^(.W"(«-*•«,)-DFus«*(a-*F^ + -^ 
FUS 

S 

+^Lä^-s,n{a-€^-ä^s 
•sin (a-€FUS)- j-^-cos(a-€FUS)-Y, FUS'    'FUS 

cos/0s 

sm£s 

,v i   dmw   i d(Y)w   i r (v)w="^7" = ^l^=^LLwsin(a-€w)-DwCos(a-6w: 

vT " ~!7~' ~^ 1/37= v" LTsm (a"€T)~DT COS {a'€j)Jcos^s 

(Y)    - d(Y)vT -    !    *Y)VT.    I   T   n i i    aLvrl 0 

Vr 
(JDVT 1 jg—cos(a-cVT)+LVTj sin /3S 

(Y, 
ÄYU      I   d{Y)TR      I 

TR    dv      v0   dßs     v, 

4 

a-r 
TR" d/3sJ 

YTRsin (a-eTO) -DTRcos (a-€TJ + - ' TR 

vo ldßs 

3(Y)Pi       I   (J(Y)pi        I        dYP| 

do. 
sin(a-€TR)———cos(a-6TR)~TT :TR'    'TR 

cos/3s 

sin/3s 

i . i _ 
pi     dv       V0 a^s      V0      dß. 

7.1.2.3      v 

Y-.-JSL 
v     g 

7,1.2*4    Tw 

n 
V <VF+(VR +(VFUS+(Y*}w + (YwJT +(YW)VT + (Y^)TR+ I (Y^-Ä-p 

| = j I 
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where 

. <?(Y)F ,v       daF 

dw 
<H=Trr=V F  aa 

Y -iilk   !   a(Y)F __LY 
* a*> "v0 aaF "v0 

Yc 

IV.- 
d(Y), 

= y R    dw       **    da 

(Yyr). 

= a(Y)* s _L Jl!k  _L 
< 

ao)FUS 

***  dwR  " V0    da*  = VOYQR 

aa. 
FUS      d 

= Y 
w w 

FUS 
FUS     da 

a(Y)FUS      I     atYL.      I FUS. Y, ^^w vc a«PIIft   Vn 'a^s FUS 

(YJ   = w' 
_*Y)W 5aw 

w     d 
= Y, 

w w, w (3, 

Y    .iffk-J    <*(Y)W       | 
Vw    ^w    V0   aaw    "v/'w 

(V -$2E-Y ^   a*- 
aaT 

Y     =   d(Y)T , J_ J(Y)T . J_ Y 

aa, 
V0     °T 

(V>...=^   Y, VT 

VT a W 
w. VT
 a a 

Y   - d(Y)vT j a(Y)VT j_ 
^VT aVvT-v0 aaVT 

=v0
Ya 

rv i     A^R.y        aaTR IV
TH dr "vm-aT 

VT 
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<J(Y) TR dWr, 
W- Y, 

TR    (3wTR ~ V0    aaTR   V0    a TR 

aiY)Pj        a a Pj 

(Y|Vd7"*v'ii[r 
d(Y)P:     i   d(Y)P!     I 

i _ i. 

*>!    dwPl  ' V0  aaP.   " V0   
api 

7.1.2.5 Yfl 

Yn = W cos <f> cos Ö sin »// 

7.1.2.6 Y0 

Yö=(Y6)F+(YöM(Yö)w-f(Yö)T+(Yö)vT + (Y6)TR+I(Yö)p 
i = l ' 

where 

' )   • T; sin A,   + — cos A,, 
3a,    F     da]f ^  a. 

ab,   " ab. 
aYF 

(- )   «-^ sin A,   t~7—^-cos A, 
Ob, ' 

dYL      ,. .      aY   aQ|R     aY   ablR 

OR ae    UR ZR   ** XR   da, B aq     ab, . aq 
R " 

3Y       <*LR <3Y„ 
( )  = s;r A,   -—  
ao, R aQ|R      » a0lR 

aY     aLR aYR 
/ ,   r sin A,  - —  

'* ab,_ 

cos A, 

db,   .    ab, 
cos A 
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(Yi 
ÄY)W = Y„  1   -Yu/.   1 

* w    do        uw zw     ^w   xw 

(Y-)   = ^(Y)TZY     i    -Y      t 

_C?(Y)VT o     __        | 

0VT      do VT  ZvT     WVTAxVT 

(YO      :^:Y        i       -Y       I 1  *TH       dB UTR   ZTR    YWTR*XTR 

(3(Y)Pi 

7.1.2.7      t 

YJ, = W cos 0 cos \p -W sin<£ sin 5 sin \j/ 

7.1.2.8 Y* 

Y*-(Y^)F+(Y^+(Y^+(Y^+(Y^+(Y^+I(Y^ + -^V0 sin a 
i = l ' 

where 

d(YL n § dY     dolp        <3Y     db,F 

am dY    aa,R      dY   aD|R (%:TT = VR AR -YVR *2R +(T-)Tf+(7T-) 
a<£ 

(Y+V   a^»   = Yw*w   "?Yw     Yvw^Zw 

^T'T^'V   /YT "YVT^T 

da,      dp        db, _ dp 
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IV \     -^TR . v 0 Y p 
••"    a^, ^T"      YTR   "   VTRAZTR 

,Ri ^ 

7a.2.9_J^ 

• i     i 

Y^ = W sin 0 cos <£ cos i// -Wsin<£ sin \// 

7.1.2.10 *• 
n 

W 

i = l ' 

R '     R 

where 

d(Y).       . .        dy   aa,,     <?Y    ab,F 

a(YL aY   ao,R    aY   ab,R 

^R   a*     R    R   R   R     da, . dr     ab, B a 

(Y)   r ^(Y)T - V       t     -Y     1 

(VVT
: ~a7"= YVVT    Xv-TVr Vr 

{Y^TR="äT" = YVTR    XTR"YUTRNR 
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1=1 P' 
where 

z -i@F   raoF j. 
UF" fin        L~3—sin (a-*.) + (Jit£. dYF T 

duF      I duF Fi+( ^ cos \----£sin Vcos(a-eF,] 

z -^k   raoF Al aF"f3aF
=~["ärsinfa-fF)+(4t£cosA _dvF . , 

-[D^os(a-eF)„(LFCOsVYFsin^)sjn(a^ 

au     «R ^R-77- 

zu ,-i<2s. r öDR        *. 

doR     S\ + ^S,nA'R
,cosfc[-«R>| 

2   -J(Z)R     r  ^DR *, 

R öaR '"     daR
ain\,CMfa-^l 

R>   IL„CM V YR s"> A|R) sin (a-eR,J 
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(Z^-^=Z,,__+Z, da FUS 
'FUS      au        ""Fus    <-aFUS    du 

d(Z) FUS . 
UFüS duFUS 

,     _ <3(Z)FUS 

r doF{JS öLFUS sin(a-€FUS)-f   .,    U3cos( Ldu FUS du FUS 

a"Wj 

4 do FUS_:. ,_ .     > .   dl_FUS 

,RJS da„«     ^d 
sin (a-€FUS)+-- cos 

FUS FUS da FUS 
(a-€FUS)J 

DFuscos (a-€FUS)-LFussin (a-c^)] 

<Z„)   = 
d(Z)w_ 

= Z„ ...+ Z, 
da w 

d(Z)w      r dDw   . d(Z)w      [ dDw dLw I 
Z„ = -5 = - —r— sin (a-€j + —r cos [a-€j uw   duw      L duw *       duw ^J 

d(Z)w       I" dDw dLw 1 
za«f "5     ~ ~~^— s,n (a"*w' + ""5 cos W-cJ a* daw       L 5aw daw 

w J 

- Dwcos (a-cw) -Lw sin (a-€w) 

(z) ,i®i.z +z i^L 
VMJ'T      ^ ^UT T*-aT  jx 

d(Z)T     r  dDT   . 
JT  duT       L duT 

<3LT 
sin (a-€T)+ —-—- cos 

0uT 

[a-€T)j 

'aT~ daT 

DT    ,   ,        . ,     dLT ] 
— sin (a-€T) + —3 cos (a-«T) 
aT ÖaT J 

dDT 

d 

[ DT cos (a-€T) -LT sin (a-€T) 
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d{Z) da (7 \      -   Zl   'Vl - 7 .7 uu\ (ZU)VT-    au    -ZuVT + ZaVT-^ 

d(Z)VT ÖD 
'VT 

'VT 

^UVT (3uVT 

d(Z)VT     3DVT 

VT    .     , . 
sin (a-€VT) 

ä^:="äz;sin(a"fvT,"D^C0S(a-^» VT ^«VT 

(z) .iSzs-z   +7 'OTR 
TR      au       ^TR '-aTR   au 

d(Z)TR     (do 

TR 

7        . Pl^TR.     |£DJR dYTR , 1 

duTR       LduTR duTR 
mJ 

,d(z)TR_ rdoTR . avTR    ,     1 
Za"-d«TR '"te

,,nfa-€^+ a^fC0S(a-TR)J 

-[» 

(Zu)p. = 
d(Z)P: 

= z„. +z 

TR 

TRcos (a-€TR)-YTR sin (a-€TR) 

da p. 

.   du    ^i aPj  au 

a(Z)Pl r   dip: 

P. L aUp 

<J(Z)p. 

d(Z)Pj      r ai 
Zup.=-r        = -   -T- 

I     0Up. L   dui 
-sin ip. + 

dNP: 

,— cos 
1      dup. '1 

daP.       L aaP. 

aTPj dUP. 
sin ip. + — cos 

CaP. •4 

.1.3.2     ^v 

ZV = (ZV)F+(ZV)R+(ZV)FUS +(Zv)w4(Zv)T4.Uv)vT4(Zv)TR4l(Zv)pi -ÄL, 
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wnere 

ttvV« 

(ZV)R - 0 

d(Z)FUS    i   d(Z)FUS     i T dDm_t_,_ .   y, ^Lfus     , J 17.)        = LSSs - = —r— SinvCl-CpiiJT-r-r     COSifI-€pUSJ 
^Vus   dv       v0 dßs      v0L dßs 

w   d/3s J 

(Zv)w=0 

(ZVL • 0 

UV'VT   av v0 a/3s v0 L a/3s       
VT-i 

d(Z)JR i 3(Z)TR       I  riDiB  . ,       . ,   dvTR .  ,1 
UVTR     dv V0 dßs V0L   dßs dßs J 

a(z)P: i a(z)Pi i r aTPj aNPi       i 
UvS   av v0 a/3. v0 L dßs 

pi    a/3s      |J 

7.1.3.3   Zw 

Zw= (Zrf, +(Z^„ +(Z»r)FUS +(Zw)w + (Z^T +(Zw.)vT+(Zw)TR+I (Z») 

where 

ajZ)p_ JOj: 
(z^" a*-   ZvrF a a 
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7      d(Z)F     i   dizh     i   , 
F    <3«rF       V0   aaF       V0 "

afr 

(Z J. = 
<J(Z), 

"    d 
= z 

da 
w w-, da 

d{2) R  _ diZ)« 
W R   dwR      V0   da Vr

ZaR o 

(Z«r) 
d(Z)FUS    , daFUS = ^ 

FUS       dw "FUS    a a 

, a(z)FUS _ i  d(z) 
w-, 

FUS   . 
FUS   dwniQ    Vo   da FUS FUS       VQ 

•a FUS 

*w      aw        *w   aa 

_ a(z)w _ i  a(z)w _ i 
rw" aww" v0 aaw " v0 

Qw 

(7 ) =-i£!i-z   -Jfx 
T      d w '    oa 

a(Z)T 
•wT 

i   a(z)T _ i 
avrT     V0   aaT    * V0 "aT 

(7 \   -i®VT _7      aaVT 
'VT       d w 'VT da 

7 d(Z)vT       I     (J(Z)vT        l_ 

^T"a^VT"v0aaVT V
avT 

(Zw) 
<3(Z)TR 

TR = z 
da TR 

a w 

<3(Z)T« 

w- 

AZ)TR 
-w: 

(Z 

TR   ^wTR    V0  aaTR    V0   
aTR 

dm* 
Vf> d W" 

L=Zw. 
aaPi 

Pj  aa 
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d(Z)P:      i   d(Z)P. 
_L _ 

Wpi " dw>:   ' v0    daP:    " v   "ap- 0 I 

7.1.3.4    Zw- 

w 
z*= (ZwJR +(Zw>T 

+(zw)VT+(z^TR""g 

where 

(z*-)0 " 
d(Z)R . I d(Z)R ,  1   T      daR 

R     dw-   "v0 da    "v0 ^
QR da 

(Z.)   - d(Z)T __  ' d(Z)T s   I daT 

**T "  dw-   "v0 da   "v0   
Q

T da 

(70    - d(Z)VT_   !   (3(Z)VT.   I   7       da VT 
VT    dw-     V0    da      V0 ~UvT   da 

(ZW    Ä = ±^ = -Z 
da TR 

•" dw- " V0 "da   "v0"
aTR    da 

7.1.3.5 

ZQ = -W sin Q cos0 

7.1.3.6    ZB 
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Z^(^+<^ + ^+(Zö)+,Z,,T+(Z.)TR+I(2.1+^V 
n 

whe 
i-|       Pi       9     ° 

re 

(Z 
ö!Z), 

a°' F dq    '&, •   d, 

<3(Z). 
<3b

lF
cosAiF~äbr$inA'F)cos(a-€F)] 

^•^•Zu.^-2, i. MJ*_, **.. *z   ab de     üR%"S^.f(5—) R ** ^ ; ar^ÄT'l ) ~z 

• R    °% a0|R     IR aaiD
smVcos(a-^)J 

(3b, 
•) =- R   . 

eT   de    S%zvrT\T 

,      sin(a-€R) + (-£L5.C0S *   4.yL5   .   A   v 1 
ab, "    **     COS\+^rsinVcos(a-eR)J ab, 

'R 

avR . 

(Z e 

IZA) 

VT a« ^uvT%rzwv/xVT 

a(z) TR 

TR 

«V   -&-z    jj     7    . 

1.1.3.7 Z<*> 
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Z* • (Z^)F+(Z^)R+(Z^W+(2^)T+(Z^)VT+(Z^)TR+ I (Z^)p 
i = l ' 

where 

^-^•^V^^^a..'.«. -ab,', a 
dZ     <3a,F      <3z     dbi. 

a,       op , F "P 

Ä0. 
d<j)   -wn-iR -vR ^R*a  . aP    db, „ aP 

(z  v       <3(Z)W I    -7       I 
+ w     3^     Z*"w *Yw ^VW AZW 

(Zi)   .^tt.z^.   ^Y   -zv   Jfz ^VT       (J <£ "VT   YVT       VVT    ZVT 

dZ    dau       <3z    <3b, 
•)   -T-2 +(T—) 

d(Z)i 
(Z^)TR="ä^I5=Z^TR^TR-

ZVTR^2 

( 

TR 

d<j> Wp'     p:        Vp-    Zp = II 'I      r I 

7.1.3.8  Z* 

z^ = o 

7.1.3.9 
Zi 

Z* •(Z^)F+(Z^+(Z^)w+(Z^+(Z^+(Z^m+I (Z^)p 

i*l ' 

where 

dill 0 r dZ     do, dZ     db,_ 
(Zf'F

sTTsZvF  *x  -Zu-  ^v  +<T—> -T~+(IT-)-rI F     0 0/ F        F        F        F     do,        Or        Ob,    .  Or 
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to.       0 0       az   aQlR    az   at>lR 

**     du, v*     XR      u*     Y«      da, dr db,    B   Or T '      R '     R 

,7M _ d(Z)w - « 

(Z^T="af"=ZvT   /?XT"ZUT   **T 

ÄZ)I 

a^ 
(7-\    - g!fiIB-7 J? 7 f 
U*'TR'   AJ.   ~£VTR AXTR~^TRAYTR 

7.1.4    The Rolling Moment  (X) Derivatives 

The rolling moment  (about body X-axis) can be 
written in its abbreviated form as 

n n p -| 

i=l i=! 

where 

(Y)j and (Z)j are forces in the Y and Z directions of bodv 
axes, respectively, due to i'h aircraft components, and ^y. 
and l7-   are resoective moment arms. 

(X0)j is the steady aerodynamic rolling moment about air- 
craft CG. due to i *" aircraft components, andXjis the 
inertia rolling m>ment. 
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7.1.4.1    iu 

^o = (Zu)FiYF--(Yu)FiZF+(ZuUY   -(Yu)i R-TR       'U'R-ZR 

+(ZU)VT^VT -<Vu)VTi2vT +(Zu)TRiYTR -(Yu)TRiZTR 

+1 [«^v^«^.*-^11-—JIHUBF 
I   'I      rl   nl du   -1 '    du du du 

HUB, 

where 

d«Z FUS        d^Fus        5c2_Fll«.     da FUS        VUFUS 

du 

dX 
^UFUS ^«FU 

HUB. 

IS 

HUB dZmttk- dX 

du 

^HUB, 

S 

HUBF 

duF d aF 

d°^HUBR ^HUBR + 

au 
daf 

du 

*'» 

daR du 

7,1.4,2    ^v 

^vs«Z^F-(Yv^     +(ZV)JY   -(Yv)J R'^R    V,VR^ZR 

+«v>wVlYv^w+(Zvlr^T-(H^T 

H-(ZvlT^VT-(Yv)VT^(Zv)TR^T-(Yv)TRi 
TR V'TR     *TR 

+il(zv>t-(YV) J?Z +±.*2ni 
Pi    Pi pi   Zpi     V0  dßs 
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-L — I FUS ^HUBp Ä2THUBR 

v0    dßs *~dß~s        ~Jß~   ] 

7.1.4.3   ^vr 

CA** uf~   \t-yrl    Xy     "• '    W"'     " 7 '     W^ Y W* 2 

^VT     YVT "VT    ZVT        ^TR   YTR        * TR    ZTR 

.^wy^. wp.  zp " v0 aa 

i  rdXpus +—   _ 4 
V0 

L   da 
^KUBp 

da 
^°^ HUBR" 

da    J 

where 

oZ Fus        doTpus da FUS 

da             daFUS da 

^«^HU8F        dZ HUBp d«F 

(3a             (3aF da 

d*C-HUBR        d«^HUBR <K 
da             (3aR aa 

7.1.4.4  ^ w- 
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XvfHZw-)HAR + <Z*)T*yT +(Zvf)VT^YVT+(Z«r)TR^ TR 

7.1.4.5  J~e 

i*-a«VV(Y*V^F+<z*,ii^ii"tY*,^*p 

+ (Zä) .L -(VA) JL +(Zo) L -(Yn) L 

+ (Zä)   iw    -(Yö)    I,    +(Zn)    i       -(YA)    I 
O   WT      4UT W   TO       'TO w    TD       4. VT   YVT VT   fcVT v TR    'TR w TR    *"TR 

+tUie)l-«e)!z+-^] + 
HUB aZi HUB, 

+ IX2 P + r(IYY-Izz) + 2IYZq 

aq 

where 

dZ HUBF 

aq 

a ^ HUBF '        aX 

au   izF_v0 ~ 
HUB               ebü   M        5b, 
 L o     + L / L 
aa    /(*F      2       aq 

OC^UIIB-. U«C HUB HUB. 

d du vf 
dX HUB, eb&2?vt       3b. 

ZR     V0      da 
(-^-J1) 

V 

7.1.4,6    "^0 

£0=1 XY 

7.1.4.7    ^ 
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+(z^w-(Vw
lz/^)Ti¥T-(VT^T 

+ (zj   L  -(Yi)  L   +(z^)   L   -(Yi)  L 
«PvT   YVT        •VT   ZVT •TR   YTR • TR    ZTR 

n[ ö - ^Qp;l      ä^HUBp        5oTHUB 

i=|L    rpi    pi        *pi     pi        <?p     J op dp 

+ IXZ q-IXYr 

where 

HUB d^Hua-       I   r dX 

da 

d£ HUB^      I   r dXf 

ar HUB 

ÖP v0 

= _i_r — HUBR 

y_ L 

A*F dß%      *ZfJ H, 
ebtt2M„     <3b 

+ 5 l-T^J dp 

vn 
L    da •/. - 

a/ HUB. 

dft -/ ZB. 

2 

ebft2M„      db 
(—r^) 

7.1.4.8        * 

X Ä — I ^-""^xx 

7 - 
7.1.4.9    * * 

~r  . 
l*Btt*)A"(Y*V^F+(Z+,R^H   -(Y^R^ 

+«*)W'YW-(Y»)W«IW+(Z^;YT-(Y^TI1T 
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+ (Z^VTirVT-(VvT^VT + (Z^TRfYTR-(YVVR'
f 

TR    ZTR 

n   - 

\'\ 
+ 1   (Zi)p7YPr(Y^)p.l70+ 

dQp.i     d<ZHuB.    dl\ 

i     i i <Ki      dr 
+ HUBi 

+(IyY-l2z) q -IxYp-2IYzr 

where 

a^ HUB, 
1    <^HUBF ^O^HUBC ebß2M        db 

dr 

dl HUB R    _ 

v0   äßs 
1      djT„uBR 

JL    + 
du        YF 2 

3    (-T-Ä) 
Or 

L - 0«cHuf 

v0    dßc      XR        du 
+ 

ebü2Me      db. 

7.1.4.10^* 

cL ^= I xz 

7.1.5    The  Pitching Moment   (M) Derivatives 

The pitching moment  (about body Y-axis) can be 
written in its abbreviated form as 

n   r 

M=I(M). =1  (X)|iz.-(Z)|'x. + (M0)i + M 
IS = 1 

where 

(X);  and (Z); are forces in the X and Z directions of 
body axes, respectively, due to i   aircraft components, 
and AX- and iz\  are their respective moment arms. 
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(M0)j is the steady aerodynamic pitching moment about 
aircraft C. G. due to ith aircraft components, and Mj 
is the inertia pitchin2 mompnr. 

7.1.5.1    Mu 

M U=<HV(HV{HV(ZUU R   ZR    ^U,RAXR 

+ (X^zw-(Zu)wV(Xun2T-(Zu)TiXT 

+(XUW*VT-«^VT + «XUU««-(2UU' TR   'TR U'TR     *TR 

i=r       '     ' '     »       ^u   - du du 

+ ^MHUBR ^QTR 

du 
+ 

au 

where 

dM FUS 

au 

aM HUBi 

au 

aM HUB« 

du 

dQTR 

<?MFUS       dMPUS    aaFUS 

C?UFHC       dapuS     au 'FUS 

aM HUB, aM 
+ 

HUBi 

auF        aaF 

^MHueR       aMHIJB 
~ -f aUi 

da 
F 

daR      au 

doTRt  aoTR   aa 
+ TR 

au      auTR    aa TR au 

7.1.5.2 Mv 
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Mv  = (Xv)FfZF-(Zv)F^F + (Xv)Ri2R-(Zv)RtXR 

+(xv)wiZw-(zv)wiXw+(xv)T4r(zv)T^T 

+(xj L   -(zv) ix  +(xv)   lz -(zv)  ix VVT   *VT VVT    *VT V TR    *TR v TR    *TR 

+ —( 
<3MFUS     (3MHUBF       (3MHUBB     (3QTR 

+ 
dMHUBR 

+ •—r-=—5 + 
v0      dßs        dßs dßs dß 

7.1.5.3    Mw 

+(xj L -(z^) L  +(xj L   -(zj JL 
W*W   £W        WW   *W WT   *T WTXT 

+(xj  t    -(zj   L   + (xj   JL -(ZJ   L *rVT zVT       WPVT xVT       wTR zTR     WPJR xTR 

n r 

+1   (xw)D^zp-(^p.^p+ — 
i = l 

(3MP:I 

4- —(- 
v0   da 

pi 'pi      Wpi  Xpi    V0     da   J 

(3MFUS        dMHUBF       ^MHUBR   .  dQTR 4- + 4- 
da da da 

where 

dMFUS  _    dMFUS     (3aFUS 

da daFUS       da 
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d^HUBp d MHU8F daf 

da daf da 

d^HUBp ^MHUBR **n 

da dctR da 

dQTR      dQ TR    dajn 

da        daTR      da 

7.1.5.4   Mw- 

Myr=(H^R "(Z^R^R +OVT^T"(Z^T,XT 

^VT   *VT        ^VT   XVT "TR  ZTR       *TR TR 

7.1.5.5    M9 

+ (X$)   ^     -&&    4    +^ö)    ^z    ~^zö)    J« *\/T    *V/T CVT    XVT ö TR   ZTR ÖTR    XTR VT    «"VT 

n r aMpji 
+ 1  (X0)   JL     -(Z$)   L     + 

I.|-     pi Zpi      öpi   Xpi       da 

(3MHUB       (3MHUB 

dq 0 q 

+ IXYr - IYZ p 
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where 

dM HUB, dM HUBF 

^MHUB, 

q 

du '*,- 

dM HUBpr 

HUB 

du •L- 

vn       da       "'^ 

HUBR 

ebü   Me       d Qir 

/„   + —1(~~) 

I      dMui». ebßzNL       da 

V0        da 'xR + dq 

7.1.1,.6   jj| 

Mgf = -IYY 

7.1.5.7    M* 

M^(X^fZF-(Z^FfXF+(X^)R;ZR-(Z^)Rf 
XR 

+ (Vvr4VT-(Z,PVT4VT+(X^T()i2TR-(Z^R4T( 

+INpA:(ZVv+J3r-] 
i = l 

dMPi -]      dMHUßF        dMHUBR 

dp    J        dp 
+ 

-2Ixzp-(Ixx-Izz)r~IYZq 

where 

dM HUB« r^MHUBF    . ^MHUBF 

dp V0 •   da       YF      dß. /.. F • 
+ 

ebti M        da. 
 L(-_L) 
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öMHUBD    1 |- aMHUBR 

dp v. da 
dMHüBRo —1 
aps •RJ 

+ 
ebSTlvl       da, 

S     / 'R 

7.1.5.8   Mft 

M£ = IXY 

7.1.5.9   M* 

M * MX^-(2+l  J       + (X^)L    -(Z+)I 
R   AR 

+(Xä) L  -(ZA) JL +(xif) L -izj,) L 

+(x^)vT^ZvT-(z^TlXvT-f(x^TRiZTR-(z^)TDi 
vT     '*'TR'ZJR V*-*"TR  *TR 

+ ^i.(X*»P.V(Z^Ap.  + 
(3MP.T     (3M 

I = 
P. *Pj 

+ HUBp ^MHUBR + 

+ 2IxZr-p (IXX-IZZ^+IXYQ 

where 

<3M HUB, 1       aMHUBp (3MHUBC ebft2 Me       d 
1   " dr v0       dßs      **F        du Xv    + - 

dMHUB0        I       <3M HUB 

dr V0      dß •L — 
3 MHO», 

^     + ÖU TR 

2 V   dr    ' 
2 ebfl, Me       da 

r1'-^ 
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7.1.5.10 M* 

M^; = IYZ 

7.1.6 The Yawing Moment (N) Derivatives 

The yawing moment (about body Z-axis) can be 
written in its abbreviated form as 

n r 

N=Z(N)i=Z|(Y)ilx.-(X)iIY. + (N0),|+N 
i=l    i=l ' 

where 

(X);  and (Y)i are forces in the X and Y directions of the X and Y directi( 
to i   aircraft conn body axes, respectively, due to i'" aircraft components, 

and AXj and AYJ are their respective moment arms. 

(N0)j is the steady aerodynamic yawing moment about 
aircraft C.G. due to i*h aircraft components, and Nj 
is the inertia yawing moment. 

7.1.6.1 N" 

NU*(YU)FV
(
VF^F

+
<VR*XR-<

X
U)R*Y, 

+ (Yu)w<xw-Wu)wivw+(Yu)T^T-(XulT^T 

+ (Yu)VTlxVT-(Xu)VT«YvT +(Yu)JxTR -(Xu)TRiYTp 

+ L    (yu)p.*xP.-(
xu)p.AYp. +—i  +—ä T- 

IVI 
L  i  i   i i-  du   du  du 
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where 

dNFUS _   <3NFUS      <3NFUS    dqFUS 

du duFUS       daFUS      du 

dQF ÖQf düF     daF 

du duF daF     du 

(3QP (3QB        dQa     d< R i/wR i/wR ^aR 

du duR (3aR      du 

7.1.6.2   Nv 

Nva(YvVxF-Wv)F^YF +(VR*xR -<XV»R*YR 

+ (^v)VT^VTHXv)vTiYvT+(Yv)TRJXTR-(Xv)TRSYTR 

.    . L     V P:   *P; V Pi  YP;J      V-        /3 #. ^ß_ r)fl_ I       I v0    dßs      dßs     dß. 

7.1.6.3    Nw 

N*=(VF*XF -(X^I^   +(YW}R*XR -(X^RA'YR 
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+<v>VTV(v>vAT+(v>TA„-(xv)TRivTR 

:-i -      pi    pi       pi   piJ  V«     da       da     da 

where 

<3N FUS 

da 

dQf 

da 

<3QR 

dNFUS daFUS 

^aFUS da 

dQF da F 

daf da 

dQ* daR 

da daR      da 

7.1.6.4   Nw 

N^- ~(XW^R^YR -(XW-)TXYT -(X^)VTAYVT -(X^TR/YTR 

7.1.6.5 Hß 

Nös«Ye)FiXF-(X6)F;YF   + (Y*)R JXR -<X<MYR 

•f(Yfl)   JL    -(Xp)   L    +(YA)   L   -(Xo)   L 
" VT    XVT * VT    YVT y   TR    *TR ° TR    Y TR 
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j.|L        P,     P, P,    P,J        öq tfc 

~Ixz r- p ( IYY -IXX)~2IXY q 

where 

ÖQF      <3QF I    dQF dQf     do,-        dQF     db,F 

dq 

is. 
aq 

du ^ZF  v0 a<* ^F,vaa db,_       dq 

dQ. do. dQRwa°«R 

'>F 

dQ„     db 
vU r-^-iv +(T-2-)(-T-^)+(T—-) 

IR 

du     ZR    V0    da     XR    da,R dq db,R       dq 

7.1.6.6    N« 

Nö=Iy2 

7.1.6.7    N<P 

N^(Y^)FIXF -(X^YF +(Y^)R#XR -(X^)RS 
YR 

+ ^W,XW-
(X*,W'VW+(Y*,TIXT-,X*)T,VT 

+(Y2)    jL      -(XI)     JL     +(YJJ     L     -(XI)     f. 
9'vT    XVT r'vT    YVT 9 TR    XTR 9 TR TR 

n  r 

i = lL   ^pi    pi     rpi   pt J     Op        dp 

-q(rYY-Ixx) + 2pIXY+IYZr 
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where 

do, 

dp 

dp 

v0   oa    YF     d/3s 
ZF     aQ|F      dp       db,F      3 

dQ, ao (3Q„    a< 

V0   da    YR     dp$   2R      daio      dp        db,_      dp 

7,1.6.8    N* 

7.1.6.9    N* 

N^=(Y^)FiXp  -(X^)F1YF +(VR^XR-(VR^R 

+ <Vjx     -<Xi)    ^Y     + <V   ^X       ~(X*>    ^Y • W   *W ^WYW ^ T    XT TT    YT 

+oa)  t    -(Xä)  L   +(YVL)  L  -(XJ,) L 
• VT   XVT •VT   YVT •  TR   XTR • TR   YT! 

n   r 

+1   (Y#)  *x   -«#   L 
i = l 

-q Ix2 + pIYZ 

P.      *P. Tp       Tp 3 
+ 

doF    ao 

where 

(3QC        I     dQc 

= — ^* 
dr       V0   a/3s   XF     du     YF    da,        d 

do        aoF   do      doF   ab,F 

ab, 
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dQft      I    dQR dQR dQR     da, R        dQR     db, 

dr       V0   dj8s    x"      du   *Y*     do.       dr db.        dr 

7.1.6.1Q   Nfr 

N* = -IZ2 
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7.2  CONTROL DERIVATIVES 

In response calculations, particularly when stability aug- 
mentation devices are used, it is necessary to determine 
the control derivatives. 

For some high-p 
system may cons 
and fixed-wing 
automatically o 
the helicopter 
work together i 
cedures given h 
controls can be 
control variati 
terms. 

erformance compound helicopters, the control 
ist of a mixture of conventional helicopter 
aircraft controls.  These controls may be 
r manually switched to operate either in 
or aircraft: control modes, or integrated to 
n a cooled svstem.  The mathematical pro- 
elow for generalized compound helicopter 
readily ncdified to suit any of the above 

ons by excluding the nonapplicable control 

The generalized compound helicopter controls consist of: 

(a) Pilot Longitudinal Cyclic Control ( B,c) 

The longitudinal control, Bic , is applied through a 
forward or aft control stick motion.  This control 
gives rise to a pitch moment about the aircraft center 
of gravity.  For single-rotor helicopters, the stick 
motion actuates the longitudinal cyclic pitch. B|F . 
For tandem-rotor helicopters, this control, which in 
some cases may also activate the cyclic controls of 
both rotors ( B|F and B,R ). always applies differen- 
tial collective pitch.  Differential collective 
pitch is achieved by reducing the collective pitch 
on one rotor head and increasing it on the other. 
With fixed-wing aircraft controls, the stick motion 
actuates the elevator angle, Se , or the horizontal 
tail incidence, iT . 

Mathematically, the longitudinal control cf a gener- 
alized compound helicopter can be expressed as 

B,c = d,B(F+e,BlR -f,AÖoF + g A0OR + h|$e + i,iT 

where d, . e, . f, . g, , h, . and i, are the appropriate 
linkage ratios between the stick motion and the 
actual control motion.  In the case of single-rotor 
pure helicopters, the linkage ratios e( , f| . gi , h, , 
and i| are zero.  For tandem-rotor helicopters, gen- 
erally dj = C| (or both d| and ei may be zero for som- 
modern tandem helicopters) and f| = g, .  Thus, the 
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longitudinal control for tandem-rotor helicopters 
without fixed-wing controls becomes 

B,c =d1(3lF+B!R)-f((A0OF-A£OR) 

For a single-rotor compound helicopter, the linkage 
ratios et , ft , and gi are zero.  Thus, the longitud- 
inal control for such an aircraft can be expressed as 

B,„ = dlB1. +h,Se + I,IT 

(b)  Pilot Lateral Cyclic Control (A,c) 

The lateral control is applied through a lateral 
stick motion (right or left) which activates lateral 
cyclic pitch control at the front and rear rotor 
( A,F and AiR ) in the same direction as the stick 
motion and/or deflects the ailerons antisymetrically 
to produce a rolling motion in the same sense as the 
stick motion. 

The lateral control for a generalized compound heli- 
copter can be expressed as: 

A|C =d2AlF +e2AlR + f28a 

where  d2 , e2 ,   and   f2   are  the control  linkage ratios 

For single-rotor helicopters,   e2  =   f2  =  0,   and for 
tandem-rotor helicopters,    d2 =  e2   and   f2  =  0,   thus 

A,c =d2(A,F +A|R ) 

For a conventional compound helicopter configuration, 
the lateral control can be expressed as 

ic 
= d2AiF 

+ f2^a 

7.2-2 



(c)  Pilot Directional Control ( Src) 

Directional control is applied through a pedal move- 
ment.  For a tandem-rotor helicopter, the right pedal 
forward applies the lateral cyclic to the right on 
the front rotor head ( A,F ) and to the left on the 
rear rotor ( Aif? ),     In the case of a single-rotor heli 
copter, the right pedal forward increases the thrust 
of the tail rotor to the left, through a change of 
tail rotor collective pitch ( A#0TR ).  With fixed- 
wing controls, the right pedal forward defects the 
rudder to the right through an angle Se about the 
rudder hinge. 

In general, the directional control can be expressed 
as: 

Src = d3AlF -e3AlR-f3A0OTR-g3Sr 

For a single-rotor configuration, the linkage ratios 
^3 = e3 = 93 = 0«  F°r a tandem-rotor configuration, 
^3 = 93 = 0 a^d d3 = e3 .  Hence, for tandem-rotor 
helicopters, 

Src=d3(A,F-A,B) 

For a single-rotor compound helicopter,   d3  =• e3 = 0 
Hence,   the direction control  is  given by 

Src =-f3A#0TR - g3Sr 

(d)  Pilot Vertical Control (Qc) 

Vertical control which is achieved through a change 
in rotor thrust is applied through a collective pitch 
lever, which activates the collective pitch of the 
front and rear rotor in the same direction. In addi- 
tion, the wing incidence ( iw ) can be coupled to the 
collective control to maintain a more constant rotor- 
wing loading ratio in order to reduce the problems 
with rotor speed and roll control in autorotation, 
caused by high wing loadings.  Thus, 
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9C   = d4AÖ0F + e4A0OR + f4iw 

For a single-rotor helicopter, the linkage ratios 
f4 = e4 = 0, and in the case of a tandem configura- 
tion, d4 = e4 and f4 = 0.  Thus 

0c =d4(AÖ0F+AÖ0R) 

For a single-rotor compound helicopter, e4 = 0, there.' 
fore the vertical control can be expressed as 

9C  = d4A$oF + U'w 

(e)  Stabiliry Augmentation Systems 

Stability augmentation systems are used to introduce 
corrective control inputs automatically into the 
helicopter control system.  These inputs are gener- 
ally mixed with pilot control inputs.  The total con- 
trol motion can be written as a superposition of in- 
puts from the pilot control and from the stability 
augmentation system as follows: 

Longitudinal Control 

B|    = J, B,c + B|s 

Lateral Control 

A,   =J2A,C +A,S 

Directional Control 
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Vertical Control 

® = J4#c + 0S 

In the abo\'e expressions, J( to J4 are the pilot 
authority ratios for longitudinal, lateral, direc 
tional, and vertical controls, respectively. 

7.2.1 The Longitudinal Control  (Bic) Derivatives 

7.2.1.1   XBIC 

ax   3B,F     OX     d90p       d)^   dB^ 
Xß'c=äB^ ai^+äe^ 31^ +äi^ dB,c 

ax dd0R   jdx_ ase_   _ax a^ 
aö0R aB,c   ase aB,c   aiT <?B,C 

d. 3B 
ax + ax 

dB,, 
ax    ax 

L^oF  aa0R 
+ ax 

-asP- + ax 
i,   -diT- 

where 

ax   aDF aLF avF 
TT— = "z cos(a-€F)-(-r—cos A. --r—sin A, ) sin(a-6F) 
dB,F    daF aaF 

F    daF 
F 

dx     d°r     i     ixi ^LF      .     ayF     A .     . 
cos(a-€F) + (-^-cos A,c ~^7T~sm Ai ) sm ^a"€F^ ^oF   ae0h. 

a<   aD aL 

OF 

,F aa 

avR _ =_—co5 (a.€ )_(_—cos A,  -f ——-sin A, )sin(a-cJ 
dB,.     dan daH '"    aaR '" 

ax      do« aL dY, 
^B"d^cwla"e",+(^MS^+dörsinvslnla"€") 

'OR OR 
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dx    (3LT (3DT 

ax   dLT aoT 
-— = (—-+DT)sin(a-€T) + (LT- T—)cos(a -€T) 
Oh      octi octj 

7.2.1.2 2*L 

B|c    d, ldBlF      dBtH i 
1 " dv    av + i rav 

h, -ase- 
+ rar 

•aiT 

where 

av     aw    A ,^F 
r  -~(-r Sin A,_ + — COS A,_ 
aB,r     aaF     

F aaF      
,F 

dY    aLF    A  , avF     . 
-— = TT1, sin A,, 4 r-r  r  COS A 

aa,    de 

av 
3Ble 

F de 
OF 

'•F 

<3LR avR sinA. cos A, 
ÖaR 

R      dctH 

a^0R don.     ,R  de 

av 

cos A, 
OR 

av 
OR 

dSe      5ij 
-• 0 

7.2.1.3   ^Bic 

'c    d. 
JZ. + J1 + i r dz _ azi, _i_razi 

f. i de.    de..    h. .aSoJ .aBlF   aBlRJ   f, ideQf  de0R.   h 
dz]    i raz] 
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where 

-^- = -—^sin {a-fcJ-M-r-^cos A,--r—-sin A, )cos(a-€F) 
dB,       dcLf daF 

F    daf 
F 

dl    r dO? 

dB OF 
.-ytrt.ta-*l+(j^ecV^«,"V«»te-*>J 

OF Of 

sin (a-€B) + (-r—-^cos A, +-—sin A, )cos(a-eR) 
d8,R    daR '     '    ~K'    'daR *'"""'"    0aR 

r <^DR = - —-sin(a-€R)+' 
lä6oR 

dl 
de0o    i de 

^icosAiR^£sinAiR,cos(a.€R, 

dz      r dDr dLT I _-=^^sin(a-,T) + _cos(a-,T,j 

dz      r dDr dlr I 
7— s"T"3i LT)sipia-eT) + (-j—+DT)cos(a-^T) 

7.2.1.4 ^B lc 

V d, LdB,.      dB,   J" f. In 'I 

<?X   dl 
»*+  t%- 

+ 4g]t i iggj 

where 

Ü.|      „ilf      I^HUBF 
dB,f

Xyff <JB,F*ZF   <JB,F 

^AYF d0OF
zF' ad0r 
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dX      dz 
-I 

*Y      a^„UBl 
X,+-T d\     dB,/*R   38|RAZR    ^ 

^oR   3e0R *  ae0/
z*   ae0R 

dZ      dz 
"SWT= "517 ^YT 

—   dz 

and 

a£ HUBF 

dB, 
= -( 

ebft2 Ms 

F 

HUBR 

) ab'F 

F  daF 

<3B = -( 
ebü Ms        (3b 

|R aa 

7.2.1.5   MBic 

M8 
. i r du 

•c'd, LdBr. 
+ <3M 

(3B 
|R 

i [   du     du]. \ 
f. Laö0F   as0RJ  h, 

<3M] i ["<3M1 
i. -<3'T- 

where 

(3M 

(3B, 
F 

<3M 

dft 

<3x dz _dM HUBp 

dB,_  "ZF     dBlp   A* 
'»F 

ax 
de0  ^r 

9 dZ   ff      ,   aMhuBF 
*'     <>0fl  **F     <30ft_ 
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dM      dx 
I 

dB,.    dB.    ZR     dB 
dl dMHuBR 

dB,, 

du      dx _d Z_ JMHUBR 

de0n
sde0RX**~de0n **R+   deGR 

dM   _dx_ -       az . 
ase = ase 

AZT  dSe XT 

aM   ax        az 
aiT   aiT aiT 

and 

dMHUBF     ,  eb^ Ms 
aB,F 

aMHUBR 

dB. 

ebft Ms 

aQ|F 

a«F 

daiP 

da. 

7.2.1.6    NB
'C 

M   - i i dN . aN >   i . dN     dN n i raN 
V d, aB,F    dBlR'   t, {de0F   de0H

}  h.Lase 
+ 

i. LdiT 

where 

dN       dY   .    „JLLo     +   <?QF 

dB,.   aBlc 
XF aB,F 

AYF  aslF if "-'F 

aN    dY 
L_-^JL + 

dQ< de0f de0/^ dSo,**'   de0f 
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du ar 
ae,R aB|R 

dN av 
ae0„ ae0R' 

dN ax 
ase ase 

dH ax 

ax 
'•» as IR 

<v." 

x« ae0„N 

i. 

ao 
aBlR 

aQf 

ae 
OR 

diT diT   ^YT 

and 

aoF 

aelF 

ao 
as. 

r «)^- 

11- J Ada 
— (T.F.)crR 

C0, 

c 

7.2.1.7 Stability Augmentation System ^s's* Derivatives 

All required (Bis) derivatives for stability augmentation 
systens are identical to the contx-ol derivatives (B|r) 
presented above. Thus, 

XB,S
=XB|C 

<***> a.    "   <^-> B>s    ~B'c 

3|s      8,c 
MH      = Mo 

ZB'S = ZB'C 
NBl     = NBl 
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NOTE: In order to obtain the longitudinal control 
derivative (B,J or (B|S )  for a single-rotor 
helicopter, all derivatives with respect to 
Q0, B,R , and 60  are eliminated. 

7.2.1,8 Rate Derivatives ^Bic and  3's) 

The rate derivatives, B|C and Bjs , are considered to be 
small and are herein neglected. 

7.2.2 The Lateral Control (Aic) Derivatives 

7.2.2.1 x*ic 

x   -   dx    <?AiF +  ax      dA« f Jx_  d^ 
VdA,f    dA,c       <M,R    d\        d$o   d\ 

d2    C?A,F      (JA,R f2  dBa 

where 

—— = -(LF$in A. + Ye cos A. ) sin (a-*r) 
3A,r 

F F 

fix 
—— =~(LR sin A,R~YRcos A,R) sin (a~€R) 

ax    diw . ,     ,  apw — = ^Sm(a-*w)-^cos(a-ew) 
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7._   2,.   YA'C 

v     i . 3Y . <?Y., i   av 
A|c d2 dA,F   aAlR    f2 asQ 

where 

= LF cos A,F - v> sin A,F 

= LRcos AIR +YR sin A,R 

(3Sa 

dY 
d^f 

ÖY 
<3A1R 

C3Y 

7.2.2.3        (c 

»c    d2   <3A,F ÖA,R       f2 aSa 

where 

dz 

dz 

dz 

= (LF sin A|F + YF cos A^cos (a-eF) 

= (LR sin A,  - Yp cos A, ) cos (a-«R) 

— sin (a - €w)-f-3^=-cos (a -€w 
asQ     -asa 
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2^2^2.4 "°Aic 

c   CJ2 (JA,-      dA, #  ST" aMiR f2 dÖQ 

where 

ax     az        av ar, 
^Vp J.        /?,.- 

a2 
HUBR 

R    (3A, 

HUBF ebß M 
dA 'F 

dZ      dz_ 

7.2.2.S  MA|. 

'« * aA,F   aAlR
,+ f2äs7 

where 

*A,F    aA,F V  aA,F **F 
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3M       3X   n dz  g 
asa =asa 

Zw" asa 
xw 

7.2.2.6   NAIC 

N     a±{M-+M 
\ d2 aA,F   dA,F f2 asa 

where 

aN   _   dY   n    .JJLQ 
C?A,F   aA,F 

AXF aAiF 
AYF 

aN    ay f     ax ,, 
aAlR   aA,R 

x* 3A(R 
Y* 

aN    ax 

aso "asa^ 

7.2.2.7 Stability Augmentation System tA's* Derivatives 

All required IA|. ) derivatives for stability augmentation 
systems are identical to the control derivatives (A|c) 
presented above. Thus, 

XA       ~   XA. A's      A'c ^AI     = °^ Ai MIS             Al( 

YAIS 
= YA*C %'%, 

ZA'S=ZA'C %"%, 
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NOTE:  In order to obtain the lateral control derivatives 
(A|c) or(A|s)  for a single-rotor helicopter, all 
derivatives with respect to A|R are eliminated. 

7.2,2.8 Rate Derivatives (A'c and A's^ 

The rate derivatives (A|c and £ 
small and are herein neglected. 
The rate derivatives (Ajr and A| ) are considered to be 

7.2.3 The Directional Control [jjrg) Derivatives 

7.2.3.1  X§rc 

ax   <3A,F     ax   aAlR     ax    deQTR   ax   asr 
rc d\  d\   aAlR  asrc     de0jR   asrc    asr asrc 

.j_,_ax_ _ ax >_ j_ ax _j_ j)x_ 
"d3 aAlF    aA(R " "t0 aa^/" g3 asr 

where 

ax    avTR . ,     .   aoTR 

a^"5^i,n(MT",""55^C0,(a-€T") 
CTR     üOTR 'TR 

aX dDVT _.s_Cos{Q.€vT 
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7.2.3,2 YSfC 

\ cj3 aA,F  aAlR 

JL   <?Y I    <3Y 
s aöoTR   g3 asr 

where 

av  _ a-rTR 

**cTR' ae0TR 

ar    _ An 
asr  "  asr 

cos(a-€VT; 

7.2.3.3   Z*rc 

Z*   = -M-r: az      az dz az 
rc d3 aAlF    aAlR    t3 aö0TR   g3 asr 

where 

JZ 
aso,«    -do OTR 

az 

av TR a DJR 
— cos (a-€TR) -!• —— sin (a-€TR) 

OTR 

aoVT 

a a OTR 

asr       asr 
siruo» -e VT 

7.« .i.4 g Src 

«f       i, aX 
x^c 

= d3
(aAlF 

a*£ » _ j_ aX L d& 
aAlR     t3 aöoTR   g3 asr 
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where 

dX dl     n     _    ÖY      n 

^R"*OTR~*OTR 

ax     az        dY 
AV,,T -v ^        A- 

dSr d8r      YVT      aSr       Z^T 

7.2.3.5  MSrc 

M     -J_(_dM     (3M x     I    dM        i     dM 
Src"d3 aA,F    aAlR       f3 ÖQorn      ^   dhr 

where 

du    ax „     az „   . aoTR Jf,--~r-L + ae0TR doom ZTR ö0OTR
XTR aö0TR 

aM     ax az 
A7WT       T7T- A) asr " asr   ZvT  asr   

XvT 

7.2.3.6   Nsrc 

N    _ i ( aN     aN .    i   du     i  aN 
s'c "d3 dAlr    dA.     f3 de0ro  g3 asr 'TR 

where 

aN  . ay n  _  ax . 

°oTR' ae0T> *OTR 
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d8r  "dBr^VT'as/^T 

7.2.3.7 Stability Augmentation System [j*r$j Derivatives 

All required (8rs) derivatives for stability augmentation 
systems are identical to the control derivatives ($r ) 
presented above. Thus, 

-^i      ö'c **• drc 

Y*   »Y* M*     = M* 
Or,      Orc örg orc 

V^C %   =N8rc 

NOTE:  In order to obtain the directional control 
derivatives (8fc) or(5r ) for a tandem-rotor 
helicopter, eliminate all derivatives with 
respect to (0oTf?). In the case of a single- 
rotor helicopter, eliminate all derivatives 
with respect to (A.) . 

n 

7.2.3.8 Rate Derivatives ^rc an(j §rs) 

The rate derivatives Src and Sr8 are considered to 
be small and are herein neglected. 
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7.2.4    The Vertical Control    ^c^ Derivatives 

7.2.4.1 X0c 

ax     d90f      dx     d60R     dx   aiw 

öc* de0F Je^   Iw^TeT  ^7^ö~ 

l     dx       dx         i   dx 
= — ( f. ) +  

d4  dd0f    dd0n      f4 diw 

where 

__ . . _cos (a.6p) + ,_ cos V _„ v sin (a.€p) 

dx        dOR dLo (jYo 
cos (a-*R) + ( ——cos A. + -rrr—sin A|D)sin(a-€R) 

dx      (3LW ^DW 
-T =(-T-JÖL+Dw)sin(a-€W) + (Lw~-r—)cos(a-*w) 

7.2.4.2  Yflc 

öc d4 deQF   30OR   f4 a«w 

where 

ay    dLF     .  ,  avF 
sin A,r + -—— cos A, 

de0f    de0f      
,F   a^oF        

F 
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<3iw 
•   0 

7.2.4.3 ze, 

<^oF 
= "Uö0F S'n (a^) + (^-cos A,F - —8in AlF)cos(a-eF)j 

~£-[_sin(a.€(i)+(__cosA|R+_^sinAiR)cos(a_eR)j 

7.2.4.4^ 

ec  d4 ae0F   de0„    f4 aiw 

where 
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.a£siL.     dY .    aZ 
'OR   <3VYR a^o/ZR   a^0R 

1*— = "7 f -Q ^^HUBR 
Ö&0R      dOr*

y*    ^*    '*-—~— 

_j<£     dz 
din       "ai^Yw 

1,1,4^5^00 

c d« *«oF   o«0R    f4a,w 

where 

^-Ä     -JL.   +  <^uaF 

R 

7.2.4.6 N^ 

where 

to0f   <V*F «j^V^ 
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<3N     ay g      ax „      aoR 
' *_        3 »•%       AV_ aa0R    aa0R 
A*R   ae0R 

AYR   de{ 

du       ax „ 
aiw      aiw   

w 

7.2.4.7 Stability Augmentation System  ^s Derivatives 

All required ($s) derivatives for a stability augmentation 
system are identical to the vertical control derivatives 
(0C) given above. Thus, 

\ -• \ ^e$ =Ze 

% - X Mes 
=Mec 

zes -zec 
Ne8 

sNee 

NOTE:  In order to obtain vertical control derivatives 
for a single-rotor helicopter, it is necessary 
to eliminate all the derivatives with respect 
to (e0R) 

7.2.4.8 The Rate Derivatives ^c and As) 

The rate derivatives [Qc)    and (#s) are considered tc be 
small and are herein neglected. 
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7.3 LOCAL DERIVATIVES 

The local stability derivatives contained in this sec- 
tion are presented as partial differentials of local 
forces and moments of aerodynamic components with re- 
spect to local wind conditions.  These derivatives are 
expressed in a suitable nondimensional form and are 
obtained for the following aircraft components: 

(a) Main Rotor (or Rotors) 
(b) Fuselage 
(c) Wing 
(d) Horizontal and Vertical Tailplanes 
(e) Tail Rotor 
(f) Propulsion System 

7.3.1 Single Rotor (or Front Rotor of a Tandem Rotor 
""Helicopter) ~~  "        '      ~     •  . - 

The rotor local stability derivatives must be evaluated 
at the required rotor solidity (<r).  These derivatives 
are obtained by using the values corresponding to rotor 
solidity of er = 0.1 and by applying the appropriate 
solidity correction factors presented in Section l.k. 
The rotor derivatives for cr a 0.1 were obtained from the 
theoretical results of Reference 1 and are presented in 
the form of nondimensionalized charts in Section 7.5 

Some of the rotor derivatives, such a Y-force and 
coning angle (a0), for which the numerical data were 
not available, were determined analytically using the 
classical rotor theory.  Wherever possible, these der- 
ivatives are expressed in terms of rotor parameters 
for which the performance data of Reference 1 could be 
used. 
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Z^id^__The__Longitudinal Sp»Q*    (uF) Derivati lves 

dX 

ab, 

HUB, eb^2M db 
duF 

^MHUB 

duF 
=   ( 

ebfl, M. 

F <^UF 

da, 

F        0UF 

F~) 

7.3.1.2    The Angle of Attack   <aF) Derivatives 

<*LF =  [(T.F.)o-] 

doF     r i 
~ *     (T.F.)cr 

111 
daF 

(T.F. 
da 

r 

3$i 
dac - 

L    dac - 

r d&] 
C   JF 
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fSH•»"],[- 
d_QF 

d 

da 

d c0,. 

daF 

<3aF 

j.MHUBp 

daF 

ill 

'a C   F 

eb,a2M. ab 

ebft2M 

F    Oaf 

F    0aF 

lUJ^-gie Side Slip   (gs) DesivatiHi 

aQ|F 

db, 

dßs 
= -0i 

aor 
+ <^—- 

HUB 
= -M HUB 

^MHUBF 
— ~ = y 

<3/3s °^   HUBF 

(3b,c 

a/5s 
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7.3.1.4 The Angular Pitching Velocity (Q) Derivatives 

•F . aQ 

ab 

aq 

I dq    p 

iF    ab, 

aq 

-[ 

-[ 

34 

yfl(l.883-/*2HF 

1.883        1 

ß (l.883+/i.2)JF 

7.3.1.5 The Angular Rolling Velocity (p) DerlvaMvPs 

do, 

<Jb,F 

dot 
•(-T— ) 

dp  F 

OP    F 

[ 
1.883 1 fl(l.883-/t2) J

F 

-f 2S 1 
Lrß(l.883+/i2) JF 

7.3.1.6 The Angular Yawing Velocity (r) Derivatives 

ao,r        (3QI 
'•* • (~) - dr      dr F      an 

db|r        db| u 
-T"1 = (-—)   (•£) 
dr d,u   F   u  F 

do,        fi 

dfj. F n F 

7.3.1.7 The Longitudinal Flapping Angle (qiP) Derivatives 

aLF 
«-D, 
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VU|F 

JlL = o 

7_*3.1>8 The Lateral Flapping Angle (blp) Derivatives 

ab, ̂ "'r 

dDF 

ab,F 

ill 
db,_ 

= 0 

= L, 

it- [—n#]. 

7.3.1,9    Rotor Collective Pitch   (ftp) Derivatives 

<LLJL (T.F.)cr 
do .75     F 
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(T.F.)er 
d&) 

dftF 

doF     1 
di. 

d£ HUBF 

d^ 

dMHUBF 

d0#78 

de T5 -F 

= ( 
ebft Ms 

2 

eb£TNL 

de- 

) ( 

.75 ~F 

db, 

F d0.75 F 

(3a. 

a^F 
= V •) ( do ) 

.75 F 

7.3.2 Rear Rotor of a Tandem Rotor Configuration 

The local derivatives for the rear rotor of a tandem 
rotor helicopter can be obtained in exactly the same 
manner as those for the single rotor presented in 
Subsection 7.3.1. However, to avoid duplication, the 
majority of the rear rotor derivatives can be formulated 
by changing suffix (F) to suffix (R) in the equations of 
Subsection 7.3.1 with the exception of the following: 

db .883 

dq L  &(l.883+/x2) 

db,R - 1'            34 
dp L/fMI.883+/x2) 

da,R 

dr 

d0|            LL 
= -(•—-) (£) 

Oil    R    &    R 

dblR 

dr 

db|             LL 

d/i. R   ii R 
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dßs 

<Jb, R 

dßs 

OCLHUB 

-\ 

= % 

"*M, 
dß.    "HU8R 

s 

dM HUBR «r dßs ^HU8R 

3.3 Fuselage Derivatives 

The required local fuselage derivatives are obtained by 
taking slopes of the appropriate fuselage data.  It is 
recommended that actual test data such as presented in 
Section 5.3 for various fuselage shapes be used for this 
purpose. 

7.3.3.1 The Forward Speed (U
FUS^ Derivatives 

dl-Fus , 2 

duFUS V0 

<3DFUS  2 

L FUS 

f 77" DFUS 
tfupus     V0 

dYrns       2 

(3uFUS   v0 

OeL pus 2 

YFUS 

X A.. v    ^ FUS auFUS        V0 

^MFUS       2 
-    - — MFUS 
vUrn«       Vv 

NFUS 

FUS        v0 

c)NFUs _2__ 

duFUS      V0 
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7,3.3.2    The Angle of Attack   ^Fusj   Derivatives 

aafus vWaaFus> 

C7aFUS C'OtFUS 

<?aFUS VWrust-ä^) 

daFUS ^^w-^ 

daFUS "» X• W daFUS ' 

7.3.3.3    The  Sideslip Angle   [ffsj Derivatives 

a/3s   
q° XFUS( a/3 s 

^ = q AY        ("'"») a/3s      V-rus •   dßs 

^aa ., A      o    ,acxFus. 

dßs 
M°   XFUS     FUSV     <3/3s   ' 

7.3-, 



ÜÜEUS ,|A  jf ,_££l!s5, 

NOTE: The remaining fuselage derivatives can 
be neglected 

7.3.4 Wing Derivatives 

7.3.4.1 The Forward Speed (uw) Derivatives 

-* =—Lw 
duw  V( 

- —— u yy 
0 u w  V0 

For deflected ailerons also calculate 

3£w       4 
<?uw   =VC^   °q°Swbw 

7.3.4.2 The Angle of Attack (qw) Derivatives 

3  - S,awsw 

c5Dw 2LW 
a 

daw        7r( fl)w 

The remaining wing derivatives may be neglected. How- 
ever, if required, the additional wing derivatives can 
be obtained from Reference 2. 
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7.3.5 Horizontal Tail Derivatives 

The horizontal taiiplane derivatives can be obtained 
in exactly the same way as for the wing by changing 
suffix (W) to suffix (T). 

7.3.6 Vertical Tail (Fin) Derivatives 

7.3.6.1 The Forward Speed ^
U
VT) Derivatives 

dLVT 

duVT 

2 
=  LVT 

Vo 

dDYT 2 
~  DVT 

duVT    
V 

7.3.6.2 The Angle of Attack tq VT) Derivatives 

daVT   ^
aVT 

7.3.6.3 The Sideslip Angle (ffs) Derivatives 

dtVT 

d£s    -p <TaVTSVT 
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dß, 
vr 2L VT 

iriJR] 
'VT 

VT 

7.3.7    Tail Rotor Derivat ives 

Z-3.7.1    The Forward Speed    (uT,) Deriv«M„.. 

ÖD 

d 

L  AR   V  aM  /TU 

DTR    r(T.E)«r1   r ajjgji 
uTR *l AR JTRl  aM  ' 

av TR 

d"TR 

d 

7*    JTR 

ßR      JTRL      aM      JTR 

(T.F.) 

QJJR . r (T.F. 
"TR      L      ß 

)<T 

TR 

d 

cQ 

a H-       JTR 

7.3.7.2    The Angle of Attack    (aTR)per 
iyatives 

^TTR = apTR   ay 

^QTR     a<2TR      da 
TR ao TR 

TR da 
-- 0 

TR 

ivatives 
L^7.3    The Sideslip A^l»   (fl.l Derivati 

Jim •- (T.F.) 
TR 

3<* 
da C    'TR 
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a/3s     L      JTRL aac-JTR 

<*£$ L Tft      d«C   TR 

W   d*C  JTR 
^5_[(T.F.)<rR] r*§fin 
d/3,      L LI da, J- 

7.3.7.4    The Tall Rotor Collective        (&TR)    Derivative» 

.75 

dDTR r.__. i ratSh 

ila-[(TiF.)a]  [iüÖ] 
<^R      L JTRL^.76JTR 

•"4lffl 
<HTR     L JTRL^.75-TR 

<?QTR  r.__. _i rac-^7- 
• [(T.F.)<TR]    [• 

<^TR      L    " JTRL   aß .75    TR 

The remaining tail rotor derivatives,  if any,  can be 
neglected. 
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7.3.8 Auxiliary Propulsion Derivatives 

7.3.8.1 Propeller Derivatives 

The required propeller derivatives are evaluated by ob- 
taining appropriate slopes from the performance data pre- 
sented in References 1 through Ik  of Section 5.7. or from 
specific test data. 

7.3.8.1.1 The Longitudinal Speed ^   Derivatives 

dTPj 

dNp, 

duPi 

dYPl 

<3uP( 

dQPi 

duPi 

ÖMp; 

dup. 

p. 

pnO3 
dcsl 

4acPi 
2TrpnDHijj-) 

.•••*& 
7.3.8.1.2    The Angle of Attack   (ap)   Derivatives 

dTPi r aCTi 
dap 

dHp 

daP 

dtp 

daP 

dQP 

dat 

(3M, 

pr\D* 

0 

dcH 

a   Jf 

dc. 
2irPnD ^ 

Pi 

P"0*(jrr) 
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7.3.8.1.3 The Sideslip [ßs) Derivatives 

drPi 

TßJ   -° 

p^D" 

dMp 

2Trpn2D5 

acs 

dß'sjp, 

dCpi 

Ws'. P\ 

.2n5 •)1 

7.3.8.1.4 The Angular Pitching Velocity (q) Derivatives 

P;     Xf 

daPi    V0 

7.3.8.1.5 The Angular Rolling Velocity (p) Derivatives 

7.3.8.1.6 The Angular Yawing Velocity (r) Derivatives 

dQPi dQf 

or n  <7uP| 

The remaining propeller derivatives can he neglected. 

7.3.8.2  Ducted Propeller Derivatives 

The required ducted propeller derivatives are evaluated 
in a similar manner to the propeller derivatives above 
by using appropriate performance data cited in Section 
5.7.2. 
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7.3.8.3 Jet Engine Derivatives 

7.3.8.3.1 The Longitudinal Speed (uP) Derivatives 

The jet engine derivative [dl/duPl)    can be obtained 
graphically from the performance data presented in 
Figure 1 of Section 5.7.3. 

gj- =-^ 2s,naPl -KFPi(~-^-jFcosaPij 

7.3.8.3.2 The Angle of Attack (ap) Derivatives 

dip, 
'-  0 aDj 

dNPj /d(N/A,K 
__   =57.3 An (-3 -) 
dap, • \ da     /Pj 

The jet engine derivative (d(N/Aij)/da)Pj can be obtained 
graphically from the performance data presented in 
Figure 2 of Section 5.7.3. 
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7.4 CORRECTIONS OF ISOLATED ROTOR DERIVATIVES FOR VARIATION 
OF ROTOR SOLIDITY (cr) 

The isolated rotor stability derivatives presented as 
charts in Section 7.5 apply only for a rotor solidity 
of cr' O.I .  In order to evaluate the required stability 
derivatives for rotors having solidity o-* 0.1, the 
following solidity corrections must be applied: 

7.4,1 Solidity Corrections for {fi}    Derivatives 

JIT» - ,r —3  &, 
11 «V  0.1 

Ao- d(: 

. da c o.i 

where 

A <r = a - 0. 

K, = 
rd( 

CL' 

• d C 

( )Q j  - denotes stability derivatives for rotor 
solidity o-=0.l.  These values can be 
directly obtained from the charts of 
Section 7.5, 

a$r 
• d H-   J 

+K2[ 
d 

0.1 

Shi 

da, 
0.1 
efc-Ät-W} 2/X   L     <^x 

where 

K,= .   ACT- 

2/i' - /x     cr 
(ik, _ *m 

+ K: 
0.1 

on 

dfyr 
dar 

0,1 
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da 
dp 

dbj 

••( 
(3oi 

0.1 
da. 

O.I 

+ K; 

O.i 

0.1 

7.4.2 SolidTry Corrections for  (gc) Derivatives 

dac 

3(g) 
dar 

= K, 

•«{ 
d$1 

0.1 

L a. 
Ao- , CL' 
..2 V 

0.1 
- da.   J..J 

Ä.Xlr^fei 
(3oi 

dac 

g    o.i 

L   0.1 

aa dac o.i 

7.4.3 Soliäicy Corrections for  Lgv7§j Derivatives 

~L, at. 
= K, 

r aj^-i 
• <?ö.7S- o. 
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J 

where 

d< Co, 
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ae .75 

r d«T» CQ„ 

de 

da i 

de7S "de 

de .75 
-K: 

d(^ 
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L  dae J 

doi 
K3 
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7.5  ISOLATED ROTOR DERIVATIVES FOR ROTOR SOLIDITY a  = 0.1 

The changes of rotor aerodynamic parameters with respect 
to the basic variables,/i ,ac , and 075. are defined here 
as isolated rotor derivatives.  These are functions of the 
trim values ac, /x , 075, and MT , as well as of the design 
variables <J , B\  , and y  . 

The isolated rotor derivatives presented in this section 
apply to rotor solidity of a  = 0.1, blade twist of Qt  = 0°, 
advancing tip Mach number of My = 0.8, and a range of T">ck 
inertia number varying between y =  2.0  and y   -  25.0. 

One of the prime parameters affecting these derivatives 
is rot.or solidity a .     In order to obtain the required 
values of the derivatives for rotor solidities other 
than a -  0.1, appropriate solidity corrections must be 
applied.  Such corrections may be obtained by using the 
equations presented in Section 7.*+.  The effect of blade 
twist and advancing tip Mach number may be obtained from 
the charts presented in Reference 1.  The Lock inertia 
number y  , although generally negligible in performance 
work, primarily affects rotor flapping motion.  This 
effect of y on rotor flapping derivatives can be easily 
accounted for, since the parameters such as coning angle 
Q0  , lateral flapping angle b, , and higher harmonic 
flapping terms are essentially proportional to y  . 

The isolated rotor derivatives have been extracted from 
the theoretical rotor performance data presented in 
Reference 2, by using the graphical slope method. The 
data of Reference 2 include the effects of compressibility, 
stall, and reverse flow.  The assumptions of classical 
theory, such as uniform induced velocity, rigid blades, 
no radial flow, and two-dimensional steady aerodynamic 
effects are retained.  These derivatives cover the range 
of tip speed ratios between fi  = 0.3 and fi  = 1.0.  The 
derivatives for the low it values,fj. < 0.2, were obtained 
from Reference 3 and were converted into the same form 
used for the. derivatives of/x > 0.3.  The results of 
Reference 3 are based on classical Eailey theory with all 
its assumptions and limitations. 
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7.5.1  Isolated Rotor Derivatives With Respect to Rotor 
Tip Speed Ratio (M) 

7.5.1.1-3— for o-=0.l, Ö, =0°, andMT = 0.8 

Figures 1(a) through l(i) present the isolated rotor 
derivative diZ^/cr)/dfx    as a function of CL'/o- for 
constant values of Ö.75 , covering the range of tip 
speed ratios from /x=0.l  through /i = 1.0  .  The 
values of d(Cj_'/o-) d/x    for /1 = 0.1  and 0.2 (Figures 1(a) 
and 1(b)) were obtained from Reference 3 by using the 
following equation: 

  = ^— cos a(, - sm ac 

Ofl Ofi 0/1 

Values of the d{C\_'/a-)dfjL     f or /j.  > 0.3 were extracted 
from the theoretical rotor performance data of 
Reference 2f as slopes of the CL7o- versus /x relation- 
ships for constant values of #75 and ac . 
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d{—) 
7.5.1.2 —f~  for cr=O.I, 9  = 0°, and MT= 0.8 

Figures 2(a) through 2(e) present the isolated rotor 
derivative diCQ/a/d/j.     as a function of CLVcr for 
constant values of /M   covering the collective pitch 
range (#75)  between -4° and +12°.  The values of the 
above derivatives for jx > 0.3  were extracted from 
rotor performance data of Reference 2  by graphically 
obtaining the slopes of the CD'/cr versus /i- relation- 
ships for constant values of 075 and  ac  , The 
derivatives for /i. 5 0.2 can be obtained from the data 
of Reference 3 by using the following expression: 

d(4fc    Ö&) d&) 
dfi dfi 

cos ac +—- sin ac 
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& 
7.5.1.3 ~-f0r er = 0.1, fi,»O

0,and MT=0.8 

Figures 3(a) through 3(e) present the isolated rotoi 
derivative d(CQ/a-) /C'it as a function of Ci_/cr  for 
constant values of ii for the collective pitch range from 
0 75   -4° to 0 75  - 12J.  The values of the derivatives 
for ;x >  0.3 were extracted from the rotor performance 
data of Reference 1 by graphically obtaining the slopes 
of the CQ/CT versus /x relationships for constant values of 
0 75 and ac .  For values of fj.   <    0.2, the following 
expression may be used: 

d&) 
dp. I   2 2 

s     at 
2~r 

55 _     <3t4ll 

'/* a^J 

+xe , rat 
56 at 

- a 
42 

aM- + 0 

+ |^[8,tM+2X(8jtM-o,t4,)+e78t82larow]} d/i 

where 

a*^ 

dt4 

T^ = 2u| 1.3776-0.000648 v 

= 2>i   1.250 + 0.000605 y 

= 2/x   2.835 +0.000942 y 

3/i 

dt56 

j/x 

at42 

aM 

at58 = 2M 

+ 0.424/1 

0.2587 + 0.00088 y2 +0.212/J.2 

1.195 + 0.000343 y' 
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i! 44 *2/I 0.836 + 0.00032 y 

The value of d\/dfi.  can be obtained from Subsection 7.5.1.6, 
The parameters $0, 8, ,and 82 are given on page 82 of 
Reference 4.  The parameters t^t ,and U2   can be obtained 
from Table 8-4, page 208 of Reference k9   and the param- 
eters ts2 , Iss , and t56 can be obtained from Table 8-5, 
page 209 of Reference k. 
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7.5.1.4 -~ for er = 0.1, #, = 0? and MT=0.8 

Figure 4 presents the rotor isolated derivative 
3ci|/(3u.  as a function of CL'/CT for all values of 675 

and u = 0.1 and 0.2.  These derivatives for ti >     0.3 
are presented in Figures 5(a) through 5(g) as functions 
of CL7<7 for constant values of 075. 

The derivatives da^/dfi     for the values jf /x <  0.2 were 
obtained directly from Reference 3,  The values for 
fj.  >  0.3 were extracted from the theoretical rotor 
performance data of Reference 2 by obtaining the slopes 
of the Q| versus fi   relationships for constant values of 
075 and ac . 

The data of Reference 3, presented herein as Figure 4, 
show that the derivative of the longitudinal flapping 
angle  Q|  with resppct to fj,    is independent of #.75 
variation and is only a function of /x .  However, for 
high fi   values (fj. >  0.3) the results of Reference 2 
indicate a substantial variation of the {do\/dfi) 
derivative with Ö.75 as well as /JL  . 
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7.5.1.5 -—-for o- =0.1, 0, =0°, and MT=0.8  <V  

Figures 6(a) through 6(g) present the isolated rotor 
derivative db\/dfi      as a function of CL'/cr for constant 
values of 6 7S and a range of tip speed ratios from 
l±    ^0.3 through f±   =1.0. The values of the above 
derivatives were extracted from the theoretical rotor 
performance data of Reference 2 by graphically obtaining 
the slopes of the b| versus /x relationships for consfsn; 
values of 075  and ac .  These derivatives are 
specifically applicable to rotors having Lock inertia 
number y     ^8.0. However, since the lateral flapping 
angle b| is essentially proportional to yt   a correction 
factor of y /8.0 may be used to compute ob\/df± 
derivatives applicable to rotors having y   values other 
than 8.0. Thus: 

*d{L    y       8.0 Op     yzB.O 

dbi 
The z      derivatives for /j. <      0.2 can be, computed by 

using the following equation: 

(3b, 
5 y 

H- 
Z        *\ 2 n ax 

X(0.2091- J~-) + — (tl7) + 075(0.1388 + 0.2425^ ) 
dp 3 dfi 

where 3— can be obtained from Subsection 7,5.1.6 and 
d/x 

where values of t,7 can be obtained from Table 8-1, 
page 205 of Reference k. 
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7.5.1.6 4r   for er = 0.1, 0, • 0,° and MT = 0.8 
!i£ 

Figures 7(a) through 7(i) present the isolated rotor 
derivative d\/dp    as a function of CL7cr for constant 
values of 0 75  for a range of /x values of /J.   =0.1 
through jj.  -: 1.0.  The values of d\/dp.     for u.     =0.1 
and 0.2 were obtained directly from Reference 3. The 
values for ^i >  0.3 were extracted from the theoretical 
rotor performance data of Reference 2 by graphically 
obtaining the slopes of the X versus u  relationships 
for constant values of #75 a•i <*c    • 
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7.5.1.7 -r2- for All Values of a  , 0, , and MT 
0/x 

Reference - and other reviewed reports do not include the 
calculated data required to determine the rotor Y-force 
derivatives.  It is therefore suggested that the 
classical Bailey theory be used for this purpose. 
If the above theory is used, the following expression for 
d (C Y l/(r)/d^L  can be derived: 

C ' 
anf)    a r da. r  . i     2.    3 O" , {£[-<±V>-io«>.+")] 

+ i"b, /i(3fl7» + X)+a,]-ao[-|-e.75+-|*X-2/iai]} 

where 

X 
dji       2 L 2 

and where do,/dft , db|/d/t, and dX/d/i are given in 
Subsections 7.5.1.4, 7.5.1.5, and 7.5.1.6, respectively. 

The above derivative is applicable to all values of <r , 
#, ., and MT , provided that the pertinent rotor 
parameters comprising it are evaluated at the required 
condition. 
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7.5.2 Isolated Rotor Derivatives With Respect to Rotor 
Angle of Attack (ac) 

7.5.2.1 421- for <r = O.I, 0, = 0,° and MT =0.8 
dar 

Figures 8(a) through 8(d) present the isolated rotor 
derivative d [C^M/dcic   as a function of CL'/o-  for 
constant values of /J.    covering a range of collective 
pitch settings from 0.75  - 0 to 075  = 12" o 

The derivatives for fj, <    0.2 were extracted from the 
data of Reference 3 by using the following expression 

\d(-+)     CHI    r^-cr) , cTl . mlszr - vJcos ac HT=T 
+ -?\sm a« 

The values of <3 (CT/a)/dac and d(CH/cr)/ dac obtained 
from Reference 3 are found to be practically independent 
of 6 75 and CLVo- variations. 

The values of <3(CL'/cr)/dac   for p. >     0.3 were 
extracted from the theoretical data of Reference 2 by 
graphically obtaining slopes of the CL'/CT VS. ac 
relationships for constant values of /x and 675 . 
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d(—) 
7.5.2.2 -T-5—  for cr = O.I, 0, *0°, and MT = 0.8 
 OOc |  

Figures 9(a) through 9(i) present the isolated rotor 
derivative d (C0 

,/<r)/dacas  a  function of CL'/cr for 
constant values of 875   and a range of it from /x = 0.1 
through fj.   =1.0. 

The values of d {Co/o)/dac  for p   -=0.1 and /x = 0.2 
were obtained from Reference 3 by using the 
following equation: 

d(4r> . [üfe) . cT 1 r d(4r)    JEH  r =      r +      COS   Or   +     —^  
oar      «-    dar cr J L   oar a  - 

sin a, 

where <3 (CT/cr)/dac and 3 (CH /oV(3ac were obtained 
directly from Reference C. 

The values of d (Co'/(r)/dac for /i. > 0.3 were extracted 
from the theoretical rotor performance data of Reference 
2 by graphically obtaining slopes of the CQ'/O- vs. ac 
relationships for constant values of tt and 075 . 
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7.5.2.3 for a = 0.1, Ö,=0°, and MT = 0.8 

Figures 10(a) through 10(g) present the isolated 
derivative d (CQ/cr)/dac  as a function of CL'/<r for 
constant values of £75  and a range of /x values from 
fj.   =0.3 through ^1 = 1.0. These were obtained from 
performance data of Reference 2 as slopes of the CQ/o- 
V3. dc relationships for constant valuts of /j.  and 9 75 

For the values of p, <   0.2, the following expression 
may be used: 

dac 

r a» i 
) + L ax  JW 

where   d{C$/<r)/d^    and   dX/dac     are obtained from Sab 
sections 7.5.1.3 and 7.5.2.6,   respectively,  and 

dac. 
- -/i. ton ac 

d£tL [(8, t52+ 2X t55+S2t56^T5~a (2 . t4l T 11675) j 

Values for      8f ,   and 82  are given on page 82 of Refer- 
ence 4.    Values for the parameters  t4i  »  and  142   roay be 
obtained from Table 8-4,   page  208 of Reference k,   and 
values for  152 ,  t$s  ,   and  ts6   may be obtained from 
Table  8-5,  page 209 of Reference kt 
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7.5.2.4 "T^" ior cr = C.I, 0, = 0°, and MT = 0.8 

Figures 11(a) through 11(d) present the isolated rotor 
derivative <?a,/(3ac  as a function of C[_'/o" for constant 
values of /i and a range of 0 75 values from 0 75 = 0' 
through  0.75 = 12' o 

The values of (3a|/dac   for /x =0.1 and /x =0.2 were 
obtained directly from Reference 3. 

The values of da(/dac  for /J. >     0.3 were obtained from 
the theoretical rotor performance data of Reference 2 
by graphically obtaining slopes of the a( versus ac 
relationships for constant values of tt and $.75 . 
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7.5.2.5 -T-L for 0- = 0.1, fi, = 0Q, and MT=0.8 
 ^c  

Figures 12(a) through 12(d) present the isolated rotor 
derivative  db|/dac  as a function of CL'AT for constant 
values of /x and a range of 6 75 values from 6 7g = 0 
through Ö75 = 12°.  These derivatives were obtained from 
the theoretical data of Reference 2 by graphically 
obtaining slopes of the b| versus ac relationships for 
constant values of /x and 675   .  These derivatives are 
specifically applicable to rotors having Lock inertia 
number / =8.0.  However, since the lateral flapping 
angle b, is essentially proportional to y  , a correction 
factor of y /8.0 may be used to compute db,/<3ac 
derivatives for rotors having y   values other than 8.0. 
Thus: 

daCy    8.0 daCysB0 

The db| /dac     derivatives for /x <  0.2 can be computed by 
using the following expression: 

where d\/dfj.    is presented in Subsection 7.5.1.6, and 
where values of t,7 can be obtained from Table 8-1, page 
205 of Reference k. 
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7.5.2.6  -~^- for a = 0.1, 0, = 0°, and MT =0.8 
 00c __!_  

The derivative d\/dac       is plotted in Figure 13 as a 
function of yu.  and is applicable for all values of 675 

and CL/cr .  The values of d\/dac       for fx   = 0.1 and 
fi    = 0.2 were obtained directly from Reference 3  For 
fx  >     0.3, the values were extracted graphically from 
the theoretical rotor performance data of Reference 2. 
The results obtained are applicable for all values of 
0.75 »CL7cr , and ac. 
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7,5,2,7 ~~dä~~    für Al1 Values of ö".Ö„ and MT 

Reference 2 and other reviewed reports do not include the 
calculated data required to obtain the rotor Y-force 
derivatives. 

It is therefore suggested that the classical Bailey 
theory be utilized for this purpose.  If the above theory 
is used, the following expression for d (C Y'/a)/dac   can be 
derived: 

Cy' 
d(-y) .   a   (daQ\    ,1 2       3       ß     ,nJ 
"l^-Ti5u.fl,(T"'t,""T^,^+2X)J c «•     w«c 

^i-^+T^ 

ac 
L       3      8 r 4      8 ^        4 r    J 

db, 

, ax r. , 3 , i   2   3    li 
dar L '   4      8 ^       2 ^  °• J 

where 

Oo . r 
dac      2 

r   87« 2, ft     1   ax 1 
 «2a u2 sin 2ar + — -5  

L      4     r 3   dar. J 

and where da,/dac , ab,/dac, and ^X/ddc are given £n 
Subsections 7.5.2.4, 7.5.2-5, and 7.5.2.6, respectively. 

The expression for the isolated rotor derivative 
d (CY'Ar)/dac    as given above is applicable for all 
values of <r , c?,, and MT, provided that the pertinent rotor 
parameters comprising the derivative are evaluated at the 
required conditions. 
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7.5,3 Isolated Rotor Derivatives With Respect to Rotor 
Collective Pitch at 757, Rntor Radius Uta 

7.5.3.1 -an0"  for 0**0.1, 0, = 0° and MT = 0.8 
 fltt.75  

Figures 14 through 15(g) present the isolated rotor 
derivative d (CL'/<T)/d6j$       as functions of C\_'/cr  and 
ac for i±   =0.1 through 1.0. 

The derivatives for low ^x values, i.e., ti <  0.2, 
were obtained by using the following equation: 

cos ac —— sin ac 
d8m79       <*075       dd .75 

where d(CT/cr)/<3075   and (3 {CH/cr)/d9mrz       were obtained 
from Reference 3. Values of diC'J/a)/ do,j$  for 
/.t >  0.3 were extracted graphically from rotor 
performance data of Reference 2 by obtaining slopes of 
the CL'/cr vs. #75 relationships for constant values 
of fx.   and ac . 

Figure 14 indicates that  for fj. <     0.2 the 
derivatives are practically independent of ac and CL7cr 
variations, whereas these for p >     0.3 presented in 
Figures 15(a) through 15(g) are functions of ac and CL'/c\ 
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.5.3.2 
d&) 
de for er = O.I, 9. =0 and MT = 0.8 

.75 

Figures 16(a) through lb(i) present the isolated rotor 
derivative d(CD/o)/d075  as a function of CL'/CT 
for constant values of ac and a range of /x from 
/x =0.1 through /x - 1.0. 

The above derivatives for fi <    0.2 were obtained by using 
the following equation: 

ai- 
de .75 de .75 

sin ac + cos ac 

where d [Cj /er) /dÖ.75 and d [C»'/a)/d6j$   were obtained 
from Reference 3.  For /j. >    0.3, d {CD'/cr) /06 75       was 
extracted graphically from the theoretical rotor perform- 
ance data of Reference 2. 
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7.5.3.3 
A) er 
de 

for er =0.1, e, * 0' and MT^0.8 
75 

Figures 17(a) through 17(g) present the isolated rotor 
derivative d [CQ/cr)/dd 75    as a function of CL'/cr for 
constant values of ac and a range of tip speed ratios 
from /A ^=0.3 through fj.   = 1.0.  The values of the above 
derivatives for p. >     0.3 were extracted graphically 
from the theoretical rotor performance data of 
Reference 2. 

For fj.  <    0.2, the following expression was used: 

[8, t5S+X (S2 t56-a*42) +20.75(82 t58-a t44)J 
gtjgj ± 
d075 " 2 

+ ax 
dB .75 

[8,t52+2X(82t55-at4,) + 075(82t56-at42)]} 

where d\/dd75    is presented in Subsection 7.5.3.6t and 
where 8, , and 82  are given on page 82 of Reference 4. 
Values for the parameters t4t , t42 , and 144 can be ob- 
tained from Table 8-4, page 208 of Reference 4, and 
*52 r  ^53 , tss , t56 , and tse  can be obtained from Table 
8-5, paga 209 of Reference 4. 
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7.5.3.4 -yp-    for <r = 0.1, 0, = 0°, endMT=0.8 
 flfr.75  

Figure 18 presents the variation of  the isolated rotor 
derivative (3a,/(30 75 as a function of rotor tip speed 
ratio p.  . 

For values of /LL <  0.2, the above derivative was 
obtained by using the following expression: 

Oi      d\ 

d075   " d-8jn 

where d\/d975   is presented in Subsection 7.5.3.6 and 
where ti4 , Us     can be obtained from Table 8-1, page 
205 of Reference k. 

For values of f±  >    0.3, the do^/dBj^  derivative was 
obtained graphically by using the theoretical data of 
Reference 2, 

The results obtained are applicable for all values of 

0.75» C
L'
/O

" 
and ac • 
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1 p -0.1 -1.0 
r\ a 

0, = o° 
a     =   0.1 
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Figure  18.     Variation of 

0.8 1.0 

ae75 
for All  Values   of   6 
and   a c. 

W.th   fj, 

C ' —k. 
.75     >     o*   » 

7.5-117 



7.5.3.5 -rST"   for er = 0.1 , 0, = 0°, and MT = 0.8 dQ .75 

Figure 19 presents the variation of the isolated rotor 
derivative db\/d6mrs as a function of rotor tip speed 
ratio fx  . 

For values of f± <    0.2, the above derivative was 
obtained by using the following expression: 

db. 
dB 

z r 
.75 

17 
ax      i 

where d\/d875   is presented in Subsection 7.5.3.6 and 
where tl7 f t,8 can be obtained from Table 8-1, page 205 
of Reference 4. 

For values of ft >  0.3, the values of dbf/dd?$   were 
extracted graphically from the theoretical data of 
Reference 2. 

The results obtained are applicable for all values of 
975,  CL '/cr, ac , and y   = 8.0. 

As explained previously for y   values other than 8.0, 
the db,/d0.75 derivatives can be obtained as follows: 

Wy  8.olae75y=90 
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7.5.3.6  -T^- for <r = 0.1, 0, * 0°, and MT=0.8 de 75 

Figure 20 presents the variation of the isolated rotor 
derivative  (3X/d075  as a function of rotor tip speed 
ratio JX  . 

For values of p.  <  0.2, the above derivative was 
obtained by using the following expression 

Q L de,. J 3J ax    °L de 
w.n 'si 

where d{CL'/a)/d67$  is presented in Subsection 7.5.3.1 
and where t3! , t32 can be obtained from Table 8-3, page 
207 of Reference %. 

For fi > 0.3, the values of the d\/d075 derivative 
were extracted graphically from the theoretical data of 
Reference 2. 

The results obtained are applicable for all values of 
0.75 . CL/o-, and ac . 
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Cv" 
7.5.3.7 ist for All Values of & . #i , and MT 

Reference 2 and other reviewed reports do not include 
the calculated data required to evaluate the rotor 
Y-force derivatives.  It is therefore suggested that the 
classical Bailey theory be utilized for this purpose.  If 
the above theory is used, the following expression for the 
isolated rotor derivative d (CY '/cr)/d075 can be derived: 

cV 

dB 75 
o f d Q a  I~   3 n   3 v    .  ail 

+ 

+ 

+ 

Qo 

ae75L 6 

(3b, 

+ /X(-^Q0+— )J 

ae .75 
ax 

ae .75 [ Mf +i'-•§•'"•] 
f"D*»,lft{,!l} 

where 

da 2_ = X 
ae .75 

1 II    214. '   ÖX 

and where da, ./do 75 , db, /öBy5 } and d\/o975   are given in 
Subsections  7.5.3,4, 7.5.3.5, and 7.5.3.6, respectively. 

The above derivative is applicable for all values of cr, 
#, , and MTJ provided that the pertinent rotor parameters 
comprising this derivative are evaluated at the required 
condition. 

7.5-122 



LITERATURE CITED 

1. Kisielowski, E., Perlmutter, A. A., and Tang, J., 
STABILITY AND CONTROL HANDBOOK FOR HELICOPTERS, 
USAAVLABS Technical Report 67-63, U. S. Army 
Aviation Materiel Laboratories, Fort Eustis 
Virginia, August 1967, AD 662259. 

2. Tanner, W. H,, CHARTS FOR ESTIMATING ROTARY WING 
PERFORMANCE IN HOVER AND AT HIGH FORWARD SPEEDS, NASA 
Contractor Report CR-114, National Aeronautics and 
Space Administration, Washington, D. C, November 1964, 

3. STABILITY AND CONTROL HANDBOOK FOR HELICOPTERS, TRECOM 
Report 60-43, U. S. Army Transportation Research 
Command (presently, U, S. Army Aviation Materiel 
Laboratories), Fort Eustis, Virginia, August 1960. 

4. Gi ssow, A., and Myers, G. C, Jr., AERODYNAMICS OF THE 
HELICOPTER, The MacMillan Company, New York, 1962. 

7.5-123 



SECTION 8.  STABILITY CHARACTERISTIC EQUATIONS 

The linearized equations c ~ motion given in Section 
6 can be represented as a set of homogeneous_algebraic 
equations containing the unknowns  U, "v, W,  0, <£,\//,etc., 
and the operator A .  This operator is defined as the time 
rate of change of the unknowns , tiu«5 A:d( ) /dt  and 
A2=d2( )/dt2 , etc. 

The simultaneous solution for the unknowns can be 
obtained by employing the usual determinant methods which 
yield 

- f,(A)  -  f2(A)  -_ f3(A)  x  f4(A) 
t» ' -Z77T , v = —rrrr* , w = 0 = 

F(A) '     F(A) '     F(A)  '     F(A) 

The numerator determinants f|(A) , f2 (A) , ... f4(A) ... are 
formed by replacing the coefficients of the appropriate 
unknown variables by the column of constants which perta.'.n 
to the control inputs. The denominator determinant F (A) 
consists of the coefficients of the homogeneous algebraic 
equations with control inputs fixed at zero.  The deter- 
minant F(A) is known as the stability determinant. Expansion 
of the determinant F(A< leads to the stability characteristic 
equation. The property of this type of equation is that 
there can be nonzero values of the unknowns (u, v, vr) if, 
and only if. the determinant  F (A) = 0. Setting the 
determinant equal to zero provides the condition for finding 
the roots of the characteristic equation A| ,A2 , An . 

In order to obtain the actual response solution of 
the unknown variables (0,7, \ir) due to a given forcing function 
or control input, the Heaviside expansion theorem can be 
used. The Heaviside expansion method is developed in 
Reference 1, pages 436 to 438, and will not be duplicated in 
this section; however, the final response equations are 
given below. 

If it is assumed that the stability characteristic 
equation F(A)*0 yields n real roots, A| , A2 , An,and m 
pairs of complex roots »AnfQtritbmi  , the time history response 
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of any variable (e.g., variable 6 ) can be expressed as 
follows: 

A=A| A=A| 

where the constants A and §> can be obtained by using 
appropriate boundary conditions. 

In the case that one of the real roots of the 
characteristic equation is zero ( i.e.,  A|= 0), the response 
equation becomes 

5  f4(A)   f4l0)   , v  N1A)  At, vm . Qmt . It  -% 

A = A2 A=A| 
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8.J.  COUPLED LONGITUDINAL AND LATERAL MODES, INCLUDING 
STABILITY AUGMENTATION SYSTEM 

In this section, the generalized case of aircraft 
perturbation motion consisting of 6 degrees of freedom 
of aircraft motion and 3 degrees of freedom of the 
motion of the stability augmentation system is 
considered.  The analysis presented herein is suitable 
for either analog or digital computer work. 

The linearized equations of motion presented in 
Section 6 can be expressed as follows: 

(a) The X-Force Equation 

al(u + a,2v + al3\fr-+a!4Ö +al5cjb 

+ al6^ + ol7B,s + al8Äls+a,98rs  =K, 

(b) The Y-Force Equation 

a2| u + a22 v + a23 vr + a24 9 + a25 <p 

+ a26^ + a27B,s +a28Ä,s +a29Srs =K2 

(c) The 2-Force  Equation 

a3i u4-a32v + a33W +034^+035^ 

+ 036^+a37B,s+a38Ä|s^a39Srs = K3 
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(d) The Rolling Moment (^L)  Equation 

a4iu+ a42v + Ö43W+ a44# + a45<£ 

+ a46^ + a47B,s + a48A,s + a49Srs =K4 

(e) The Pitching MomentC M)  Equation 

05, u + a52 v + a53w- + a540 + a55(£ 

+ a56V, + a57Bis+a58Als + G59Srs = K5 

(f) The Yawing MomentC N ) Equation 

06| U + 062V + 063W' + a64ö + 065^ 

+ ^66^ + a6?Bis + a68Ais + a69Srs = *6 

(g) Stability Augmentation System Equations 

(i)  Longitudinal Control (Bis) Equation 

Q7, U + Q72V + Ü73W + 074ö + Q75 <fi 

+ a76* + a77B,s + 078 A,s + a79o>s =K7 
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(ii) Lateral Control (A, ) Equation 

°8I " + a82v+Q83w' + a84ö'f a85^ 

+ a36v//-f a87B,   +a88A,   + a898r   =K8 

(iii)  Directional Control (8rs) Equation 

a9j u+Qggv + 0g3W+ 094^ + 095 (jb 

+ a96\// + 097Bls + a98A)s + 0998,^ =K9 

The coefficients 0 rr. n anc* the  control parameters Kn 
are given in Table I. 

The numerator determinant f4(A) required to determine 
the response of variable (#) is given by 

f*(A) = 

a,,   al2   a,3   K, 

a2l    a22    a23    K2 

o9i   a92 a93  K9 

'29 

99 

The numerator determinants f,(A), f2(A), f3(A) , etc., 
required for response calculations of the perturbation 
variables u,v,w, etc., are obtained by replacing the 
coefficients of columns 2 and 3 by the set of 
control coefficients K,,K2, „. K8> respectively. 
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The stability determinant F(A) is given by 

F(A) 

II °I2 Q.3    • °.9 

2! °22 Q23   •          • °29 

91 °92 093   •          • Q99 

Expanding the stability determinant F(A) - 0 yields 
the generalized characteristic equation as follows: 

,n   n-i   . n-2 
AA +BA  +CA   + + E * 0 

where n is an integer denoting the highest order of the 
stability characteristic equation and A, B, C,   E 
are coefficients of the characteristic equation in terms 
of tccal  stability derivatives. 
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8.2 UNCOUPLED LONGITUDINAL MODE (Three Degrees of Freedom) 

Considering decoupled longitudinal motion as affected 
by changes in the stability variables u,vr, and 0, 
the corresponding stability determinant F(A) is 
obtained by deleting the remaining stability variables 
v,^,i//, etc., in the equations for X, Z, and M, thus: 

F(A)  * 

<\l      °I3    °I4 

Ü3I     °33    G34 

°5I     °53    °54 

=  0 

Expanding the stability determinant FLO yields 

F(A) = a||(a33Q54~a53a34) "~ al3^a3l a54~°5«  a34^ 

+a!4(a3l O03--Q5, a33) 

Substituting the values for the coefficients from 
Table I of Section 8.1 yields 

r 2 F(A)»(Xu + XüA)[(Zw.+ Z^rA)(M^A+M5f A ) 

•-(M^+M^AHZö+Z^A+Zg A2)] 

-(Xr+X*.A)[Zu(M0A + M#A )-Mu(Z0+Z0A + Z$A )J 

+ (X^4X^A+X^A2)[zu(Mw.-fMyirA)--Mu(Zw.+ Z^A)J 
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Thus: 

4  ,   „   A 3    :   o   A2 F(A) * AA^ + BA'i-CA' l-DA+E=0 

where 

A -6, X,', 

8 =G, Xu+G2X{l + G3XÄ.+ G4X5f 

C •G8Xu+G3Xw.+G4Xd+G8X4+66X^+G7X^ 

D = G4XÖ+G5XU+G6XW+G7XÖ+G8ZÖ 

E = G7X0+G9Z0 

and 

Gi=zw-M0-Mvrz0 

G2=ZvrMö + ZW.M^-Mw.Zfif-Mw.Zg 

G3sZÖMu ~zuM0 

G4 =ZU M^-  MyZyy- 

G5 'Zvrtog-MwZQ-ZQMir 
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G6 ^MuZfl-ZuMfl 

G8 
s MUX^-- Mvv-Xu 

G9 = XvyMu ""XuMw 

In order to determine the aircraft response, say, in 
pitch [6 = f4(A)/F(A)] due to a step input of the 
longitudinal control ( B,c), it is necessary to evaluate 
the numerator determinant  f4(A) . The determinant 
f4(A) is formed by replacing the coefficients of (0) 
(namely, o(4 , a34, and a54 ) of the stability deter- 
minant F (A) given above by the control input functions 
K,,K3, and K5. 

The function f4(A) can be obtained as follows: 

MA) • 

Q„   G|3   K, 

°3I   °33   K3 

O51  O53  K 

= o,i (K5 a33~K3 a53)-a,3(K5 o3l -K3 a5l) + K, (a3, o53 -a«, a33 ) 
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Since,in this case,the uncoupled longitudinal motion 
of 3 degrees of freedom with no stability augmentation 
system is considered, the stability authority ratios 
Ji , J2 , J3  , etc. , are taken as unity, and all 
control inputs other than (B|C) are taken is zero. 

Thus, when the values for the coefficients 013, 
a 15   , etc., and the appropriate control inputs 
K| , K3 , and K5 from Table I of Section 8.1 are 
substituted, the function f4(A) becomes 

f4(A) MXu + XuA)|-MBl  B7c(Zr+Zw-A) + ZB   B7C (Mw+MfrA)] ~ c c «• 

-(Xw-+XirA)[-MB|cB7c(Zu)+ZB|cB7c(Mu)] 

-xB| B7C[ZU(MW- + M^A)-MU(ZW.+ ZW-A)] 

Thus: 

f4(A) =B, (AA2 + BA + C) c 

where 

A = X„(ZB   Mjr-Mj   Zw-) 
c c 

B  - XU{ZB,  Mw-MB,   ZW-) + XU(ZB.   M^-MB     Zr) 
w v V w 

+ X^(MP(    ZU-ZB,    MU)+XB    (MUZ^-ZUM^) 
•c 'c 'c 

C - XU(ZB|   Mw-Me,   Z^+X^MB,  ZU-ZB    MU) 

+ XPf (MuZw.-M^Zy) 
'c 
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8.3 UNCOUPLED LATERAL MODE (Three Degrees of Freedom) 

When the longitudinal stability variables u, v, and 8 
and longitudinal equations of motion X, 2, M are deleted, 
the stability determinant for the 3 lateral degrees of 
freedom becomes 

F(A) * 

°22  a25  a26 

a42  °45  ^46 

a62  a65  °66 

= 0 

Expanding the above determinant yields 

F(A)   =   022^45 06S~065°46)"a25^42a66 "^62 a4t>> 

+ a26(042 Q65 - °62 G45) 

Substituting the values for the coefficients Qmn from 
Table I of Section 8.1 yields 

(A) * (Yu+YüA)[(L^A + L^A2)(N^A + N^A2) 

-(N^A+N^ML^A+L^A2)] 

iA)[l •ca+Y4, A ) j UN,;, A+N;,; A 
2) - NV, IU A + L ;,; A2) ] .v(Ny,A+l\tyA   )-NvlL^,A + L^. 

-(YV//+Y^A)[LV(N^A+N^A
2
)-NV(L^A + L^A

2
)] 
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Thus: 

F(A)  » A AA
4
+BA

3
+CA

2
+DA+E] =0 

where 

A = H,Y; 

B s Hj Yv + HgYy 

C =H2YV + H3Y; + H4Y^ + H5Y^ 

0 «HsYv+H4Y^ + H9Y^ + HeY^+H7Y^ 

E =H6Y^ + H7Y^ 

and 

H3 s L^N^-N^L^ 

H4= NVL^-LVN^ 

H5
S LVN£-NVL£ 

H6 = NVL^ - Lv N^ 
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8.4 CRITERIA FOR STABILITY 

The requirement for positive stability is that there be 
no positive real root or positive real part of the 
complex roots of the characteristic equation. 

If there are to be no unstable modes, certain conditions 
pertaining to the coefficients of the characteristic 
equation must be met.  These conditions can be expressed 
In terms of Routh stability criteria which involve sign 
tests of the coefficients of the characteristic equation 
and the magnitude and sign of the Routh discriminant R* , 
More detailed information on the subject can be 
obtained from Reference 1. 

The sections below present a summary of the Routh 
stability criteria for various types of the character- 
istic equations commonly encountered in stability work. 

8.4,1 Routh Criteria for a Cubic 

Let the cubic equation be 

AA3+BA2+CA + D=0 (A > 0) 

The necessary and sufficient conditions for stability are 

(a) The coefficients A, B, C, D >0 
(b) R* = BC-AD > 0 

8.4.2 Routh Criteria for a Quartic 

Let the quartic equation be 

AA
4
+BA

3
+CA

2
+DA+E *0 
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The necessary and sufficient conditions for stability 
are 

(a) The coefficients A, B, C, D, E > 0 
(b) R* - D(BC-AD)-B2E > 0 

4.3 Routh Criteria for a Quintic 

Let the quintic equation be 

AA5+BA4 + CA3+DA2 +EA + F = 0 

The necessary and sufficient conditions for stability 
are 

(a) The coefficients A, B, C, D, E, F > 0 
(b) BC-AD > 0 22 
(c) R*= D(BC-AD)(BE-AF)-B(BF-AF)-F(BC-AD) >0 
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8.5 SOLUTION OF THE CHARACTERISTIC EQUATION 

There are many methods in the literature for obtaining 
the roots of the characteristic equation. The method 
used will depend on the order of the characteristic 
equation and particularly on whether the roots are to 
be extracted by hand or by machine. 

Reference 1, pages 2.1.1-167 to 2.1.1-190, gives a fairly 
detailed review of the most commonly used methods for 
extracting roots of the characterisitc equation ranging 
from 3rd to 6th order equations. 

Since quartic equations occur most frequently in air- 
craft stability work, a method is herein given for 
solution of stability quartics. The method is known 
as an "Analytical Solution of Quartics" and is based 
on the Ferrari reducing cubic method. Some of the 
advantages of this analytical method are that it is 
independent of the relative magnitude of the coefficients, 
does not require initial knowledge of the order of 
magnitudes of the roots, and is particularly useful if 
no real roots exist. This method is equally as well 
applicable for hand calculation as it is for machine 
computation. 

The calculation procedure of this method is as follows: 

(a) Determine the coefficients B, C, D and E of a 
given quartic as follows: 

A
4
+BA

3
+CA

2
+DA+E =0 

(b)    Calculate 

S*=BD+C2-4E 
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R*=BCD-EB2-D2 

(Note that R is the usual Routh discriminant 
Jiscussed in Section 8.4) 

(c)  Compute 

h, = -^(3S*-4C2) 

h2 = -r^(!8CS*-l6C
3--27R*) 

(d)  Evaluate discriminant (A) 

A = ^- + 
4    27 

(e)  Determine llln) as follows: 

(i)   If A > 0, then 

nn= v/-T + v/Ä" + </-%-</* 

(iO     If A - 0, then 

n,   2 ./-4f 

n2=n3=-y-^ 

8.5-2 



(iii)    If   A <    0,   then calculate 

cos$ =_<!*//_ A3 

2 /V     27 

and obtain 

n2s2[v/3 COs("f •*"l20°)] 

n3s2[v^¥cos(T+24°o)] 

(f) Select the algebraically smallest value of dln) 
using step (i), (ii), or (iii), whichever applies, 
and compute 

Cal culate 

2 

2C   <   B2 

3^4 

• 

> - •,/,* K -E 

v • JL 

V = 
D-Bs 

C= B-7? 
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(h) Finally, determine the four roots of the quart!c 
thus: 

•1.2 
..JL, c2 

A3.4*--r±v 'f'-"5 
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8.6 ROOTS OF THE CHARACTERISTIC EQUATION 

The roots of the characteristic equation can be 

(a) Real 
(b) Complex 
(c) Combination of real and complex 

The real roots correspond to a periodic motion, 
converging in amplitude as time passes if negative, 
and diverging in amplitude if positive. 

The complex roots (Am= Qm'-^bm') always occur in pairs, 
and each pair corresponds to an oscillatory mode 

amt 
Ae  sin(bmt+<£: 

where A is the amplitude of the oscillation and 4> is the 
phase angle. 

The real part am of the complex pair of roots 
determines th'i converging or diverging behavior of the 
mode. 

If am>0 , the amplitude of the mode will increase with 
time (t) , resulting in unstable, divergent 
oscillation. 

If am = 0 , the amplitude remains unchanged (neutral 
stability). 

If om<0 , the amplitude will decrease with time (t), 
resulting in a stable or damped oscillation. 

The complex part bm describes the frequency of the 
mode, in radians/second. 

If the real root or real part of the complex root is 
negative, the time constant r  of the mode is defined 
as 
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T - 
-A 

for real A 

-a m 
for complex  A 

The time constant T corresponds to the time requirtd 
for the motion to reach 36.8% of its original value. 
If the real root, or real part of the complex root, is 
positive, it is more convenient to express the 
characteristics of the mode in terms of the time 
required to double its initial amplitude r2/|  where 

T2/i= 

06S3 
+A 

for real A 

0.693 _ 
„        for complex A 

The converging characteristics of stable modes is some- 
times also expressed in terms of the time required to 
reduce to half its initial amplitude r,/2  where 

1/2 

0.693 

-A 

0.693 
-a m 

for real A 

for complex A 

The period P of an oscillatory mode is given by 

P = -fc-a- seconds 
Di 
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SECTION 9.  EFFECT OF DESIGN PARAMETERS ON DYNAMIC STABILITY 
CHARACTERISTICS OF COMPOUND HELICOPTERS 

In this section the effects of varying a number of design 
parameters on the dynamic stability characteristics of a 
typical single rotor compound helicopter are examined.  The 
example compound helicopter shown in Figure 1 has a gross weight 
of 9,000 pounds, a two-bladed teetering type rotor with no 
stability augmentation system. The design parameters of this 
sample compound helicopter are those used in the sample 
calculation in Section 10.1.  For convenience, the reference or 
normal values of some of the pertinent parameters for this 
compound helicopter are listed below: 

V0 = ICO knots 

C.G. = 0 in (neutral) 

•UF = 33.9 rad/sec 

TP. = 1200 lb 

Sw = 78.4 ft
2 

ST = ^0 ft
2 

SVT= 22.4 ft
2 

Each particular design parameter is varied independently, with 
all remaining parameters held constant. The results of each 
parametric variation are presented in a group of three plots. 
The first plot presents the period and damping defined as 
l/Ti/2 and l/T2 versus specific parameters.  This format 

is chosen so that the neutral dynamic stability corresponds to 
l/Ti/2 or I/T2  equal to zero. The remaining figures are 

conventional root locus plots of the aircraft longitudinal and 
lateral modes respectively. 

Although the quantitative results apply strictly to the sample 
helicopter, the qualitative conclusions are considered to be 
valid for most current single rotor compound helicopters.  As 
such, the results may be used for preliminary design purposes 
of compound helicopters. 
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Figure 1.  General Arrangement of Sample Teetering Rotor 
Compound Helicopter. 
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(a) Effect of Gross Weight 

Figures 2, 3, and h  show the effect of gross weight on the 
longitudinal and lateral dynamic stability characteristics of 
the sample compound helicopter.  The longitudinal stability 
modes are characterized by a practically neutral long-period 
oscillation and a stable short period.  The lateral mode 
consists of two aperiodic modes and a stable, moderately damped 
high-frequency oscillation. 

The effect of gross weight on the aircraft longitudinal dynamic 
stability is to reduce the period or increase the frequency 
of the long periodic mode with no change of damping to increase 
the period with reduction in damping of the short periodic 
mode.  The moderately damped, lateral aperiodic mode becomes 
more heavily damped with increasing weight.  Although the 
remaining lateral modes show a slight tendency to destabilize, 
these effects are negligible.  Thus it appears that an increase 
in gross weight does not appreciably affect the dynamic 
stability of the sample compound helicopter.  The maximum gross 
weight will be limited only by the longitudinal control power 
available for trim. 

(b) Effect of Center-of-Gravity Location 

Figures 5, 6, and 7 illustrate the effect of fore-and-aft 
variation of the center~of-gravity (C.G.) locations on the 
longitudinal and lateral dynamic stability modes cp the sample 
compound helicopter.  The results show that moving the G.G. aft 
results in large destabilizing effects of both longitudinal 
and lateral modes whereas a forward shift in C.G. position has 
little effect on the dynamic stability characteristics. 

For center-of-gravity locations ahead of the mid C.G. position, 
the longitudinal modes are characterized by a long neutrally 
stable oscillation and a short moderately damped oscillation. 
Similarly, the lateral modes consist of two stable aperiodic 
modes and a stable, moderately damped high-frequency oscilla- 
tion.  Over the 8-inch range of forward C.G. shift, no signifi- 
cant changes are noted in either the longitudinal or the 
lateral stability modes. As the C.G. is shifted rearwards from 
the mid C.G. position, the neutrally stable long-period 
oscillation increases in frequency and becomes an unstable or 
divergent oscillation.  The moderately damped, stable longitu- 
dinal oscillatory mode rapidly decreases in frequency and splits 
into a pair of stable aperiodic modes or subsidences.  In the 
lateral mode, the moderately damped high-frequency oscillation 
reduces in frequency and becomes less stable as the C.G. is 
moved aft.  However, both of the lateral aperiodic modes become 
more stable with the rearward C.G, shift. 
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Thus, the net effect of a rearward shift of the center of 
gravity is   to reduce both the longitudinal and the lateral 
dynamic stability of the aircraft.  Since this shift in center 
of gravity also reduces the amount of control power available 
for longitudinal trim, the aft limit of the center-of-gravity 
range is an important parameter to be established in the pre- 
liminary design phase of a compound helicopter. 

(c) Effect of Forward Speed 

The effects of forward speed on the longitudinal and lateral 
dynamic stability characteristics of the sample compound 
helicopter are shown in Figures 8, 9, and 10.  For speeds up 
to 150 knots, the compound helicopter is flown in the heli- 
copter mode; i.e., only conventional helicopter controls are 
used for trim.  Beyond 1J0 knots, the compound is flown in the 
aircraft mode; i.e., conventional airplane controls are used in 
conjunction with the helicopter controls to increase th» avail- 
able control power. 

As can be noted from Figures 8 and 9, the longitudinal modes 
consist of a neutrally stable long-period oscillation and a 
moderately damped short-period oscillation.  As speed is 
increased, both of these modes become more stable. 

For forward speed up to 200 knots^the lateral modes consist of 
two stable aperiodic modes and a stable short-period oscilla- 
tion.  Beyond the 200-knot speed, the short-period oscillation 
decreases in frequency and eventually splits into two aperiodic 
modes, one of which becomes heavily damped and stable whereas 
the other becomes unstable.  Thus, the principal effect of 
forward speed especially in the very high-speed range is to 
reduce the lateral dynamic stability of the compound helicopter. 

(d) Effect of Rotor Rotational Speed 

The effect of varying the rotational speed of the main rotor on 
the longitudinal and lateral dynamic stability characteristics 
of the sample compound helicopter is shown in Figures 11, i2, 
and 13.  These figures show that an increase in rotational speed 
results in an improvement of both longitudinal and lateral 
dynamic stability characteristics of the compound helicopter. 
An increase in rotational speed is particularly beneficial 
in elimi ating the unstable oscillatory mode at low rotational 
speed as shown in Figures 11 and 12.  The low speed boundary for 
the rotor, although general'/ established on the basis of 
performance requirements,shou i be checked for adequate dynamic 
stabilitv. 
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(e) Effect of Lift Distribution Betveen Rotor and Wing 

The effect of unloading the rotor on the longitudinal and 
lateral dynamic stability characteristics is shown in Figures 
1^, 15, and 16.  The primary effect of loading the wing is 
to decrease the periods of the two oscillatory modes and 
slightly increase the period of the lateral oscillatory mode. 
Increasing the wing to rotor lift ratio seems to have very 
little effect on the damping of both the longitudinal and 
lateral modes, all of which are stable.  This indicates that 
a wing can effectively be used to unload a rotor in order to 
obtain more control power out of the rotor at higher forward 
speedfj without introducing undesirable stability problems. 

(f) Effect of Auxiliary PropJ1sion Thrust 

The effects of varying the amount of propulsive thrust 
provided by the auxiliary propulsion system on the longitudinal 
and lateral dynamic stability chpracteristics of the sample 
helicopter are illustrated in Figures 17, 18, and 19.  All 
three figures show that auxiliary thrust provides beneficial 
effects for all longitudinal and lateral modes.  The main 
effect of increasing the amount of auxiliary thrust is a mild 
increase in damping of all the stability modes.  In particular, 
the initial increment of auxiliary thrust removes rhe 
instability of the long-period oscillatory mode and causes the 
two aperiodic longitudinal modes to coalesce into a stable 
short-period oscillation. 

(g) Effect of Wing Area 

Figures 20, 21, and 22 illustrate the effect of variation of 
wing area on the longitudinal and lateral dynamic stability 
characteristics of the sample compound helicopter.  Both longi- 
tudinal oscillatory modes increase their period of oscillation 
with increased wing area. An increase in wing area produces a 
mild stabilizing effect on the short-period mode whereas the 
long-period mode tends to become neutrally stable. Also, a~i 
increase in wing area results in a very minor increase in 
frequency of the lateral oscillatory mode, with a rapid increase 
in damping of one aperiodic mode root and a destabilizing trend 
for the other aperiodic mode.  The predominant effect of in- 
creasing wing area thus appears to be an increase in period of 
the two longitudinal oscillatory modes. 
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Ch)  Effect of Horizontal Tailplane Area 

The effect of varying the horizontal tailplane area on the 
longitudinal and lateral dynamic stability characteristics its 
shown in Figures 23, 24, and 25.  Increasing the horizontal 
tailplane area improves the dynamic stability of the long- 
period longitudinal mode and also increases the stability of 
the short-period oscillatory mode.  With increasing horizontal 
tailplane area the dynamics of the compound helicopter approach 
that cf a conventional airplane with its very lightly damped 
phugoid. Figure 23 also graphically illustrates the appropriate 
selection of the horizontal tail area of 40 square feet for the 
sample compound helicopter.  With this area, both the long- 
period instability and the pair of aperiodic roots have been 
eliminated in favour of two stable oscillatory longitudinal 
modes. 

Furthermore, as can be acted from Figure 25, the variation 
of the horizontal tailplace area has no effect on the lateral 
dynamic characteristics of the sample compound helicopter. 

(i) Effect of Vertical Tailplane Area 

It was found that the variation in vertical tailplane area 
had no effect on the longitudinal dynamic stability characteris- 
tics of the compound helicopters.  Therefore, this variation is 
not presented in this section.  The effect of increasing the 
vertical tailplane area is shown only for the lateral modes in 
Figures 26 and 27.  The lateral stability modes are 
characterized by a stable short-period oscillatory mode and a 
pair of stable aperiodic modes. As would be expected, the 
effect of increasing the vertical tail area is to increase the 
dynamic lateral stability of the short-period oscillatory mode 
with only minor changes in the stability of the two aperiodic 
modes.  Choict of a suitable vertical tail area should there- 
fore be made on the basis of handling qualities requirements. 
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SECTION 10.  CORRELATION OF THEORY WITH FLIGHT TEST DATA 

In order to appraise the accuracy and applicability of the 
theoretical methods and procedures presented in this handbook, 
0 comparison between computed stability response data and the 
corresponding flight test data is presented in this section 
for three different compound helicopters, each operating at 
three different flight speeds. 

The computation of compound helicopter response to control 
inputs or externally applied disturbances involving more than 
three degrees of freedom of aircraft motion is most 
conveniently performed using an analog computer program. The 
analog computer is most convenient for preliminary design work 
because the responses are generated on a real time basis.  This 
enables the dynamic stability characteristics to be immediately 
assessed, and appropriate adjustments can be made to the 
stability augmentation system design parameters to optimize 
the response characteristics with a minimum amount of effort. 

Presented in this section are typical computations performed 
using a Pace 221 R analog computer of the response due to 
pulsed control inputs for the three compound helicopters under 
consideration. The computations include six degrees of free- 
dom of aircraft motion and three degrees of freedom of stability 
augmentation system. The input forcing functions, which are 
programmed to be activated independently or simultaneously 
are the pilot's longitudinal cyclic stick, the lateral cyclic 
stick, and the rudder pedals. 

10.1 DYNAMIC STABILITY RESPONSES OF A TEETERING ROTOR COMPOUND 
HELICOPTER 

10.1.1 Description of the Sample Compound Helicopter 

The sample teetering rotor compound helicopter considered 
is the high-speed research vehicle illustrated in Figure 
1 of Section 9. This aircraft was developed from a med- 
ium utility-type helicopter by the addition of wings, a 
horizontal tailplane, and two auxiliary jet engines mounted 
at the wing tips. Both the main and tail rotors have two 
blades each and teetering type hubs.  Although no 
electronic or mechanical stabilization device is employed 
on this aircraft, it does have conventional aircraft 
controls to improve the high-speed handling qualities. 
These controls are linked with the helicopter controls and 
are used in the speed range between 1^0 and 160 knots.  A 
summary of the pertinent design parameters is presented in 
Table I. 
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The operating conditions assumed in the sample calculations 
correspond to forward speeds of 100, 150, and 200 knots, all 
at a constant rotor tip speed of tt R = 746 ft/sec and a 
pressure altitude corresponding to sea level standard day. 
The 100- and 150-knot cases were simulated using only con- 
ventional helicopter controls, while the 200-knot case air- 
plane-type controls fully integrated with the helicopter 
controls were used. 

10.1.2 Analog Computer Program 

The analog computer program for the sample compound 
helicopter was developed using the total stability derivatives 
presented in Tables IT, III, and IV.  These derivatives were 
obtained using the design parameters given in Subsection 
10.1.1 and the stability data presented in Section 1. The 
analog computer schematic diagram representing the equations 
of motion for this aircraft is shown in Figure 1.  The 
settings of potentiometers P and Q shown in Figure 1 are 
given in Tables V, VI, and VII for the three selected speed 
conditions.  These settings were obtained by first 
normalizing the total derivatives in Tables II, III, and IV 
by the coefficient of the highest order variable (e.g., the 
X equation was divided by Xj , the M equation was divided by 
M§ , etc) and then by multiplying the normalized derivatives 
by appropriate scaling factors to prevent any of the 
amplifiers from exceeding their maximum operating voltage. 

10.1.3 Stability Responses of the Teetering Rotor Compound 
Helicopter 

The time history traces of the responses of the selected 
teetering rotor compound tn^icopter to pulse inputs of the 
longitudinal and lateral cyclic controls Bic and A, 
respectively, and the rudder psdal control 8rc are shown in 
Figures 2 through 10 for the three flight speeds considered. 

Figures 2, 3, and k  present the aircraft responses due to 
pulse inputs of uncoupled longitudinal, lateral, and 
directional controls, respectively, at a forward speed of 100 
knots.  Similar data are presented in Figures 5, 6, and 7 for 
a forward speed of 150 knots and in Figures 8, 9, and 10 for 
the 200-knot flight condition.  Superimposed on these figures 
are the corresponding flight test data (denoted as dot^i) 
which were obtained from the unpublished data supplied by 
USAAVLABS for the purpose of correlation. 
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TABLE V 

ANALOG COMPUTER POTENTIOMETER SETTINGS FOR THE TEETERING 
ROTOR COMPOUND HELICOPTER AT 100 KNOTS 

Pot. 
No. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

POO 0.7782 P10 0.0805 P20 0.0242 050 — 

Q00 0.0010 Q10 0.0201 Q20 0.8434 051 0.1975 

J01 0.0010 Pll — P21 0.0003 Q52 — 

Q01 0.1000 Oil 0.4145 Q21 0.6275 053 0.0006 

P02 0.1667 P12 0.1000 P22 0.2525 054 0.3056 

002 0.0252 Q12 0.0449 022 0.3333 055 — 

P03 i 0.0004 P13 0.0215 P23 0.1551 056 — 

Q03 0.1537 Q13 0.0091 023 0.1264 057 — 

P04 0.0965 P14 0.4178 P24 0.0004 058 — 

004 0.1667 014 0.8333 024 0.0225 059 0.2000 

P05 0.0648 P15 — P25 0.2382 060 1.0000 

Q05 0.0873 Q15 0.1711 025 0.2387 061 0.1000 

P06 0.1400 P16 0.4956 P26 0.0838 062 — 

Q06 0.1097 01« — 026 0.0090 063 0.1485 

P07 0.0153 P17 0.0995 P27 0.6064 064 — 

Q07 0.0056 017 0.6560 027 0.3668 065 — 

P08 — P18 0.0073 P28 0.0216 066 — 

Q08 0.3181 Q18 0.0354 028 0.0106 Q67 0.1000 

P09 0.0683 PI 9 0.0838 P29 0.4117 068 0.0096 

Q09 0.0536 019 0.0846 029 — 069 0.1000 
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TABLE VI 

ANALOG COMPUTER POTENTIOMETER SETTINGS FOR THE TEETERING 
ROTOR COMPOUND HELICOPTER AT 150 KNOTS 

Pot. 
No. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

POO 0.7409 P10 0.0805 P20 0.3779 Q50 — 

QOO 0.0030 QIO 0.0150 Q20 0.9927 Q51 0.2810 

P01 0.0037 Pll — P21 0.0007 Q52 — 

Q01 0.1000 Qll 0.3130 Q21 0.7543 Q53 0.0067 

P02 0.1667 P12 0.1000 P22 0.3787 Q54 0.3900 

Q02 0.0192 Q12 0.0733 Q22 0.3333 Q55 — 

P03 0.0048 P13 0.0544 P23 0.2441 Q56 — 

Q03 0.5084 Q13 0.0345 Q23 0.002C Q57 — 

P04 0.0963 P14 0.6275 P24 0.0021 Q58 — 

Q04 0.1667 Q14 0.8333 Q24 0.0368 Q59 0.2000 

P05 0.1666 P15 — P25 0.3023 Q60 1.0000 

Q05 0.1056 Q15 0.3108 Q25 0.1784 Q61 0.1000 

P06 0.1084 ?16 0.6331 P26 0.9659 Q62 — 

Q06 0.0794 016 — Q26 0.0343 Q63 0.5068 

P07 0.0524 PI 7 0.1270 P27 0.8056 Q64 — 

Q07 0.0568 Q17 0.6980 Q27 0.4696 Q65 — 

P08 — P18 0.0055 P28 0.0544 Q66 — 

Q08 0.2858 Q18 0.2843 Q28 0.0380 Q67 0.1000 

P09 0.2763 P19 0.4488 P29 0.3109 Q68 0.0314 

Q09 0.0700 Q19 Ü.1103 Q29 — Q69 0.1000 
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TABLE VII 

ANALOG COMPUTER POTENTIOMETER SETTINGS FOR THE  TEETERING 
ROTOR COMPOUND HELICOPTER AT 200 KNOTS 

Pot.  , 
No. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

POO 0.5411 P10 0.0805 P20 0.0212 050 — 

Q00 0.0013 QIO 0.0192 Q20 0.7917 051 0.3579 

P01 — Pll — P21 0.0012 052 — 

Q01 0.1000 on 0.3983 Q21 0.1263 053 0.0011 

P02 0.1667 P12 0.1000 P22 0.5027 054 0.4324 

Q02 0.0264 Q12 0.0135 Q22 0.3333 055 — 

P03 0.0011 P13 0.1938 P23 0.2622 056 — 

Q03 0.0571 013 0.1638 Q23 0.0231 057 — 

P04 0.0965 P14 0.8374 P24 0.0022 058 — 

Q04 0.1667 014 0.8333 Q24 0.0067 059 0.2000 

P05 0.0900 P15 0.0001 P25 0.3352 060 1.0000 

Q05 0.1357 015 0.8296 025 0.2271 061 0.1000 

P06 0.2320 P16 0.7009 P26 0.1471 062 — 

Q06 0.1109 Q16 — Q26 0.1627 063 0.0573 

P07 0.0407 PI 7 0.1432 P27 0.9400 064 — 

Q07 0.0520 017 0.5600 027 0.6050 065 — 

P08 — P18 0.0071 P28 0.1700 066 — 

Q08 0.2161 018 0.1974 028 0.0080 067 0.1000 

P09 0.2572 P19 0.2360 P29 0.3956 Q68 0.0530 

Q09 0.1475 019 0.1346 029 — 069 0.1000 
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By examining Figures 2 through 10, it can be noted that overall 
good to very good correlation is achieved between the analytical 
results obtained using the stability methods presented herein 
and the corresponding flight test data for the teetering rotor 
compound helicopter.  To facilitate a detailed evaluation of 
the degree of correlation, a qualitative rating system is 
introduced. 

This system rates the degree of correlation that was achieved 
between the theoretical and the flight test responses as: 
excellent (E), very good (VG)f good (G), fair (F), and poor 
(P).  The qualitative correlation ratings for the response of 
each parameter presented in Figures 2 through 10 for the 
sample teetering rotor compound helicopter are presented in 
Table VIII. 

As can be noted from Table VIII, generally better correlations 
are achieved for the higher speed cases than for the low speed 
cases., .For a lateral stick pulse ( A(c ), the lateral responses 
of <f>  , <p f   \j/   , \f/   , and v are predicted very well,t whereas 
the prediction of the longitudinal responses of 9  , 6 , u , andw 
is somewhat poorer, especially at low flight speeds.  The 
responses due to longitudinal stick pulses ( Bt  ) are all 
very well predicted except at low speed, where only fair 
correlation was achieved "or w and the directional responses 
of \p  , \j/   , and  v  . Very good correlation is obtained for 
the responses to rudder pedal pulses ( Src ) except that again 
at low speed, poor correlation is indicated for the longitudinal 
flight parameters 8   , 9   , u , and w    , 

The results discussed above indicate that somewhat poorer 
correlation exists for the cross-coupled modes, e.g., the 
responses of the lateral parameters due to longitudinal 
disturbances and vice versa.  This is primarily attributed to 
the inherent inaccuracies in estimating the cross-products of 
inertia of the sample compound helicopter. Therefore, it 
appears that the cross-products of inertia w'rich are generally 
negligible in the stability analyses of conventional helicopters 
may be more important in the case of compounds.  It is expected, 
however, that with more accurate input data, including exact 
similation of aircraft, control motions, the analytical methods 
presented herein will more than adequately predict the measured 
responses of a compound helicopter. 
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10.2  DYNAMIC STABILITY RESPONSES OF AN ARTICULATED ROTOR 
COMPOUND HELICOPTER" 

10.2.1 Description of the Sample Compound Helicopter 

The sample compound helicopter is the same aircraft as 
described in detail in the sample calculations of 
Section 11.  The vehicle is illustrated in Figure 1 of 
Section 11.1, and the pertinent design parameters are 
presented in Table I of Section 11.2. This aircraft has 
no electrical or mechanical stability augmentation 
system, but it employs integrated airplane and helicopter 
flight controls throughout its speed regime. 

The operating conditions assumed in these sample calcu- 
lations correspond to forward speeds of 125, 150, and 
180 knots, all at a constant rotor tip speed of XI R = 600 
ft/sec and a density altitude corresponding to 3000 feet 
above sea level. 

10.2.2 Analog Computer  Program 

The analog computer program for this compound helicopter 
was developed using the total stability derivatives 
presented in Table I of Section 11.4 for the 125-knot 
speed case, and Tables I and II in this section for the 
150- and 180-knot speed cases respectively.  These 
derivatives were obtained using the design parameters 
given in Section 11.2 and the methods described earlier 
in this report.  The analog computer schematic diagram 
representing the equations of motion for this aircraft 
is shown in Figure 1.  The settings of the potentiometers 
P and Q, shown in Figure 1, are given in Tables III, IV, 
and V for the 125-, 150-, and 180-knot speed cases 
respectively.  These settings were obtained by normalizing 
the total derivatives described above and multiplying 
the normalized derivatives by the appropriate scaling 
factors required for use on the Pace 221 R computer. 

10.2.3 Stability Responses of the Articulated Rotor Compound 
Helicopter 

The time history responses of this articulated rotor com- 
pound helicopter to pulse inputs of the longitudinal and 
lateral cyclic controls B|C and Aic respectively and the 
rudder pedal control Src are shown in Figures 2 through 11 
fcr the three flight speeds considered.  Figures 2, 3, and 
k  show the aircraft response due to individually applied 
pulse inputs of the longitudinal, lateral, and directional 
controls, respectively, at a forward speed of 125 knots. 
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TABLE III 

ANALOG COMPUTER POTENTIOMETER SETTINGS FOR THE ARTICULATED 
ROTOR COMPOUND HELICOPTER AT 125 KNOTS 

Pot. 
No. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

POO 0.0865 P10 0.805 P20 0.0463 Q50 — 

QOO 0.0059 QIO 0.0270 Q20 0.1321 Q51 0.0836 

POl 0.0022 Pll — P21 0.0015 Q52 — 

QOl 0.1000 Oil 0.3512 Q21 0.2122 Q53 0.0006 

P02 0.1667 P12 — P22 0.3293 Q54 0.3893 

Q02 0.0340 Q12 0.0679 Q22 0.3333 055 — 

P03 0.0060 P13 0.0578 P23 0.3284 056 — 

Q03 0.3980 Q13 0.0406 Q23 0.0986 057 — 

P04 0.0964 P14 0.5491 P24 0.0012 Q58 — 

004 0.1667 Q14 0.8333 Q24 0.0344 059 0.1750 

P05 0.0896 P15 — P25 0.3439 Q60 1.0000 

Q05 0.2112 Q15 0.1925 Q25 0.6949 061 0.1000 

P06 0.3130 P16 0.4809 P26 0.1238 062 — 

Q06 0.1875 Q16 — ^26 0.0485 Q63 0.4076 

P07 0.0177 PI 7 0.0439 P27 0.1628 Q64 — 

Q07 0.0048 017 0.3740 Q27 0.2253 Q65 — 

P08 — P18 0.0056 P28 0.0880 Q66 — 

Q08 0.1430 Q18 0.0413 Q28 0.0442 067 0.0621 

P09 — P19 0.0924 P29 0.2292 Q68 0.0353J 

Q09 0.5205 Q19 0.5752 Q29 — Q69 0.10001 
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TABLE IV 

ANALOG COMPUTER POTENTIOMETER SETTINGS FOR THE ARTICULATED 
ROTOR COMPOUND HELICOPTER AT 150 KNOTS 

Pot. 
No. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

POO 0.0201 P10 0.0805 P20 0.0522 Q50 — 

Q00 0.0068 Q10 0.0240 Q20 0.1389 051 0.1030 

P01 0.0032 Pll — P21 0.0010 Q52 — 

Q01 0.1000 Qll 0.3135 021 0.2283 Q53 0.0003 

P02 0.1667 P12 — P22 0.3768 Q54 0.4220 

Q02 0.0307 Q12 0.0558 Q22 0.3333 Q55 — 

P03 0.0015 P13 0.0290 P23 0.3416 Q56 — 

Q03 0.3747 Q13 0.0299 Q23 0.0977 Q57 — 

P04 0.0964 P14 0.6288 P24 0.0014 Q58 — 

Q04 0.1667 Q14 0.8333 Q24 0.0282 Q59 0.1750 

P05 0.1078 P15 — P25 0.3659 Q60 1.0000 

Q05 0.02346 Q15 0.1947 Q25 0.6573 Q61 0.1000 

P06 0.3940 P16 0.5209 P26 0.1168 Q62 — 

Q06 0.1830 Q16 — Q26 0.0816 Q63 0.3840 

I P07 
i 

0.0184 P17 0.0498 P27 0.2828 Q64 — 

Q07 0.0324 Q17 0.3440 Q27 0.2435 Q65 — 

P08 — P18 0.0030 P28 0.1292 066 — 

Q08 0.1928 Q18 0.0487 Q28 0.0396 Q67 0.0621 

P09 0.0167 P19 0.0976 P29 0.3063 Q68 0.0406 

Q09 0.5305 Q19 0.6370 Q29 — 069 0.1000 
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TABLE  V 

ANALOG COMPUTER  POTENTIOMETER  SETTINGS  FOR  THE ARTICULATED 
ROTOR COMPOUND HELICOPTER AT  180 KNOTS 
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Similar data for forward speeds of 150 and 180 knots are 
presented in the sets of Figures 5, 6, and 7 and Figures 8t 9, 
10, and 11 respectively.  Figures 10 and 11 show aircraft 
responses due to two different pulse inputs of the directional 
control Srcat 180 knots.  Figure 10 shows responses due to an 
"ideal" square pulse input, whereas in Figure 11 an attempt 
is made to simulate actual rudder control motion introduced 
by the pilot during the test program.  Superimposed on all of 
these figures are the available flight test data obtained for 
the sample helicopter from Reference 1, 

Furthermore,  each figure shows the actual flight test control 
motions as applied by the pilot in addition to the pulse inputs 
used in the analog computer program.  As can be noted from 
these figures, the pilot was not always able to apply one con- 
trol at a time, holding other controls fixed at neutral 
positions.  As a result while applying one specific control 
motion, excursions from neutral of the other controls were 
introduced.  These excursions of other control motions were 
not simulated in the analog computer program; consequently, 
poorer correlation is expected of the analog results based 
on a single control disturbance with the corresponding data 
where more than one control motion was unintentionally applied. 

A good example of chis can be seen in Figure 6 in which the 
effect of a one-half-inch right lateral stick pulse ( A, ) 
is examined.  Although the analog and flight test ( A, ) 
control motions are closely duplicated, the rudder control 
excursions ( Src ^ are even mcre violent than the A!c pulse. Also, 
the longitudinal control ( B|c), which is relatively steady for 
this flight test, is varying forward and aft up to +20% of the 
magnitude of the Aic pulse.  Thus, as can be seen from Figure 6, 
the correlation between the analog computer results and the 
flight test data is only fair.  For a true assessment of the 
correlation achieved between the theory and the flight test 
data in this case, it would be necessary to feed control mo- 
tions to all three axes into the analog computer.  This could 
be achieved using curve followers to exactly duplicate the 
flight test control motions. 

Figures 10 and 11 illustrate an attempt to partially match 
the analog control input Src with the flight test control input. 
Figure 10 shows that a simple square pulse does not yield good 
correlations for any of the measiired responses.  However, in 
Figure 11, where the two steps to the. control input after the 
pulse are added, the correlation between the theory and the 
flight test is substantially improved. 
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If the longitudinal and lateral controls of 0.1'' forward 
step at 4.3 second and 0.1" left step after nine seconds 
respectively, were simultaneously applied, even better 
correlation would be achieved. 

Despite the difficulty of maintaining and simulating the 
flight test control motions, satisfactory to good correlations 
are generally obtained between the analog computer results 
and the corresponding full-scale flight test data. 

A summary of the correlations achieved for 
helicopter is presented in Table VI. The s 
as in Section 10.1 is herein used. It shou 
attempt was made to exactly match the contr 
7, 8, and 11 and that only the result« from 
evaluated in Table VI. Also, where control 
place for other controls than the one whose 
examined, the correlation was judged before 
flight test control excursions could have a 
effect on the aircraft responses. 

this sample compound 
ame rating system 
Id be noted that an 
ol inputs in Figures 
Figure 11 are 
excursions took 
effect was being 
the secondary 
significant 

For all these cases, the correlation obtained between the 
theoretical and the flight test responses is excellent.  The 
previously noted trend for the degree of correlation to 
improve with the higher speed cases is not evident for this 
set of data.  However, where poor correlation occurred it was 
usually a result of improper estimates of cross-coupling 
effects as discussed in the previous section. 

Nevertheless, the theoretical methods presented in this 
handbook appear to be more than adequate for predicting 
the full-scale flight test responses due to control motions 
for the sample articulated rotor compound helicopter. 
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10.3  DYNAMIC STABILITY RESPONSES OF A HINGELESS ROTOR COMPOUND 
HELICOPTER 

10.3.1 Description of the Sample Compound Helicopter 

The compound helicopter considered in this section is the 
hingeless rotor research vehicle illustrated in Figure 1. 
This aircraft was developed from a medium utility-type 
helicopter, principally by adding a 70-square-foot wing 
and an auxiliary jet engine to the port side of the 
fuselage.  The four-bladed main rotor has a hingeless hub, 
whereas the two-bladed tail rotor has a teetering hub. 
A mechanical control gyro mounted on the main rotor hub 
acts as a two-axis stabilization system.  This aircraft 
uses only convention helicopter controls throughout 
its operational speed range. A summary of the pertinent 
design parameters is presented in Table I, 

To facilitate the dynamic stability and control compu- 
tations, the hingeless rotor was mathematically 
represented as an equivalent flapping rotor with a 
hinge offset of ev = 1.91, as calculated using the 
methods described in Section 5.2.  For these calcu- 
lations, the first natural bending frequency of the 
rigidly attached elastic blade was taken from Reference 
1 as Wi = 1.088X2  .  Furthermore, the gyro stabilizer 
was modeled as a mechanical gyro with two-axis 
acceleration feedback such as a Bell bar or Hiller 
control rotor. 

For correlation purposes, the operating conditioi 
assumed in these sample calculations correspond to 
forward speeds of 158, 193, and 221 knots and air 
density ratios of p/p   -  0.813, p/p    = 0.796, and 
pip       = 0.801 respectively.  The rotor tip speeds 
assumed were £2 R = 669.5 ft/sec at 15 8 end 193 knots 
and HR= 663 ft/sec at 221 knots. 

10.3.2 Analog Computer Program 

The analog computer program for this compound helicopter 
was developed utilizing the total stability derivatives 
presented in Table's II, III, and IV.  These derivatives 
were obtained using the design parameters given in 
Subsection 10.3.1 and the method« described in this re- 
port.  The analog computer schematic diagram representing 
the equations of motions for this aircraft is shown in 
Figure 2.  The settings of the potentiometers P and Q 
shown in Figure 2 are presented in Tables V, VI, and VII 
for the 158, 193, and 221 knots respectively.  These 
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Figure 1.  Sample Hingeless Rotor Compound Helicopter 
General Arrangement. 
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TABLE V 

ANALOG COMPUTER POTENTIOMETER SETTINGS FOR THE 
HINGELESS ROTOR COMPOUND HELICOPTER AT 158 KNOTS 

Pot. 
No. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

POO 0.0085 P10 0.0805 P20 0.0604 Q50 — 

Q00 0.0085 010 0.0067 Q20 0.1441 051 0.0178 

POl 0.0G23 Pll 0.1696 P21 0.0042 Q52 0.6040 

Q01 — Qll 0.1696 Q21 0.6226 Q53 0.0006 

P02 0.1667 P12 — P22 0.3974 Q54 0.1400 

Q02 0.0092 Q12 0.1354 Q22 0.333: Q55 — 

P03 0.0018 P13 0.0454 P23 0.1550 Q56 0.1875 

Q03 0.1078 Q13 0.0294 Q23 0.1279 057 0.5000 

P04 0.0956 P14 0.6622 P24 — Q58 0.5000 

Q04 0.1667 Q14 0.8333 Q24 0.0678 Q59 0.2000 

P05 0.1692 P15 — P25 0.3805 Q60 1.0000 

Q05 0.5184 015 0.0247 1 Q25 0.2020 Q61 0.1000 

P06 0.1014 P16 0.0067 P26 0.7111 Q62 — 

QOÖ 0.1102 Q16 — Q26 0.5999 Q63 0.1085 

P07 0.0388 P17 0.3180 P27 0.1.589 Q64 0.1875 

Q07 0.0160 Q17 0.0360 Q27 0.6490 Q65 — 

P08 0.1408 PI 8 O.Ov, '7 P28 0.6324 Q66 — 

Q08 0.1403 Q18 0.3753 Q28 0.1300 Q67 — 

P09 — P19 0.4400 P29 0.3805 Q68 0.0620 

Q09 0.9622 Q19 0.1554 Q29 — Q69 0.1000 
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TABLE VI 

ANALOG COMPUTER POTENTIOMETER SETTINGS FOR THE 
HINGELESS ROTOR COMPOUND HELICOPTER AT 1.93 KNOTS 

Pot. 
No. Setting 

  

Pot. 
No. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

POO 0.1298 P10 0.0805 P20 0.0756 050 — 

QOO 0.1298 Q10 0.0038 Q20 0.1585 051 0.0219 

P01 0.0015 Pll 0.1069 P21 0.0042 052 0.7560 

QOl — Oil 0.1069 Q21 0.5591 053 0.0006 

P02 0.1667 P12 — P22 0.4851 054 0.1400 

Q02 0.0056 Q12 0.1119 Q22 0.3333 055 — 

P03 0.0023 PI 3 0.0500 P23 0.1654 056 0.1875 

Q03 0.1100 Q13 0.0397 Q23 0.1349 057 0.5000 

P04 0.0960 P14 0.8098 P24 — 058 0.5000 

Q04 0.1667 Q14 0.8333 Q24 0.0560 059 0.2000 

P05 0.1014 P15 — P25 0.3871 Q60 1.0000 

Q05 0.5728 015 0.1046 Q25 0.1963 Q61 0.1000 

P06 0.1254 PI 6 0.0043 P26 0.6707 Q62 — 

Q06 0.1132 Q16 — Q26 ].0101 Q63 0.1106 

ro7 0.0353 P17 0.3444 P27 0.1444 Q64 0.1875 

Q07 0.0252 Q17 0.0770 Q27 0.6615 065 — 

P08 0.1185 PI 8 C.0043 P28 0.9760 Q66 — 

Q08 0.1185 018 0.3573 Q28 0.0860 067 — 

P09 — PI 9 0.3216 P29 0.3871 068 0.0/33 

Q09 0.4417 019 0.1654 029 — 069 0.1000 
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TABLE VII 

ANALOG COMPUTER POTENTIOMETER SETTINGS FOR THE 
HINGELESS ROTOR COMPOUND HELICOPTER AT 221 KNOTS 

Pot. 
No.. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

Pot. 
No. Setting 

POO C.2453 P10 0.0805 P20 0.0898 Q50 — 

Q00 0.2453 Q10 0.0012 Q20 0.1732 Q51 0.0251 

P01 0.0103 Pll 0.0579 P21 0.0042 Q52 0.8980 

Q01 ~ Qll 0.0579 Q21 0.4479 Q53 — 

P02 0.1667 P12 — P22 0.5554 Q54 0.1400 

Q02 0.0036 Q12 0.0882 Q22 0.3333 Q55 — 

P03 0.0020 P13 0.0147 P23 0.2239 Q56 0.1875 

QQ3 0.0999 Q13 0.0137 Q23 0.1343 Q57 0.5000 

P04 0.0962 P14 0.9274 P24 — Q58 0.5000 

Q04 0.1667 Q14 0.8333 Q24 0.0441 Q59 0.1500 

P05 0.1372 P15 — P25 0.3845 Q60 1.0000 

Q05 0.5986 Q15 0.2193 Q25 0.1843 Q61 0.1000 

P06 0.1392 P16 0.0023 P26 0.6356 Q62 — 

Q06 0.1164 Q16 — Q26 2.6789 Q63 0.1002 

P07 0.0253 PI 7 0.4172 P27 0.1579 Q64 0.1875 

Q07 0.0128 Q17 0.2420 Q27 0.7145 Q65 — 

P08 0.0416 P18 0.0023 P28 1.4460 Q66 — 

Q08 0.0416 Q18 0.3064 Q23 0.0166 Q67 — 

P09 — P19 0.3004 P29 0.3845 Q68 0.0897 

Q09 0.1481 Q19 0.1866 Q29 Q69 0.1000 ! 

10.3-11 



settings were obtained by normalizing the total 
derivatives in Tables II, III, and IV and then 
multiplying the normalized derivatives by the appro- 
priate scaling factors required for use on the Pace 
221 R computer. 

10.3.3 Stability Responses of the Hingeless Rotor Com- 
pound Helicopter 

The time history responses of the hingeless retor 
compound helicopter to pulse inputs of the longitudinal 
and lateral cyclic controls B,. and A)c respectively 
are shown in Figures 3 through 8 for the three flight 
speeds considered.  The responses due to rudder pedal 
control Src were not obtained because not enough 
amplifiers were available on the Pace 221 R analog 
computer to include the rudder control circuitry along 
with that of the stability augmentation system. 
Figures 3 and U  show that the coupled responses due to 
the longitudinal and lateral cyclic, respectively, 
for a forward speed of 158 kts.  Similar data for speeds 
of 193 kts and 221 kts are shown in the sets of Figures 
5 and 6 and Figures 7 and 8 respectively.  Also presented 
on the longitudinal control response traces are the 
corresponding flight test data obtained from NASA and 
later published as Reference 2.  No test data were 
available for correlation with the lateral control 
responses at the same flight conditions investigated 
herein.  However, included on Figures k  and 8 are 
roll rate responses to lateral stick pulses obtained 
from Reference 3 for approximately the same tect 
conditions as those evaluated on the analog computer. 

Using the correlation rating system described in Section 
10.1.3, the responses of the hingeless rotor compound 
helicopter to longitudinal control pulses were evaluated 
and are presented in Table VIII.  Since very little test 
data is available for correlation purposes, a complete 
evaluation of the accuracy of the theoretical methods 
for predicting the hingeless rotor compound helicopter 
dynamic stability characteristics is not possible at 
this time.  However, from the limited correlations shown 
in Table VIII, it appears that the analytical methods 
presented in this handbook are also suitable for hinge- 
less rotor aircraft.  The correlation shown between the 
roll rate data from Reference 3 and the analog responses 
to lateral control pulses illustrated in Figures k  and 8 
also substantiate the validity of the theoretical methods. 
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Based on these correlations, it should also be noted 
that the stability methods presented in this handbook 
are adequate for predicting the effects of the stability 
augmentation system such as used on the sample hinge- 
less rotor compound helicopter. 
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10.4 OVERALL APPRAISAL OF THE THEORETICAL METHODS 

The correlation results presented in the preceding sections 
indicate that the theoretical methods and procedures 
presented in this handbook are more than adequate for 
accurate assessment of the dynamic stability and control 
characteristics of generalized compound helicopter configu- 
ration.  The degree of accuracy obtained in the final 
results is dependent on the accuracy of the available input 
data and the ability to theoretically simulate aircraft 
control motions. 
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SECTION 11.  SAMPLE CALCULATIONS 

In order to better illustrate the stability methods presented 
in the previous sections, a complete sample calculation is 
herein performed for a typical single rotor compound helicop- 
ter.  Because of the inherent complexity of the computations 
pertaining to compound helicopters, the available test data 
were utilized wherever possible. 

The computations presented in this section are performed 
according to the sequence of operations outlined in the 
previous sections.  Specifically, the sample calculations 
are initiated with the aircraft trim computations followed 
by local and total stability derivatives and are ended with 
the solution of the stability characteristic equation and 
analog computations of aircraft response. 

11.1  DESCRIPTION OF THE SAMPLE COMPOUND HELICOPTER 

The sample compound helicopter selected for the computations 
is a medium utility research helicopter consisting of a main 
rotor, tail rotor, wings, tail surfaces, and auxiliary jet 
engines, us  illustrated in Figure 1.  The main and the tail 
rotors consist of six and five fully articulated blades 
respectively. The wing has an NACA 632A^I5 series airfoil 
section, the horizontal tailplane, a modified NACA 0010 
section, and the vertical tail, a modified NACA 0012 section. 
The fuselage characteristics derived from model tests of 
Reference 1 for a similar fuselage shape are presented in 
Figure 2. 

The fuselage total drag (curve "a'') includes the drag of the 
two nacelles and supporting pylons, the rotor pylon, main 
jet intakes, and interference drag.  Test data for configura- 
tion "A" in Section 5.3 were used to estimate the fuselage 
lateral characteristics. 

Although the aircraft has no stability augmentation system, it 
does have airplane-type control surfaces integrated with the 
helicopter controls.  The applicable integrated control rigging 
curves from Reference 2 are presented in Figure 3, 4, and 5. 

The aircraft operating conditions assumed in this sample 
calculation correspond to a forward speed of 125 knots or 
V0 •-  221.125 ft/sec, a rotor tip speed of 11 R = 660 ft/sec 
and a density altitude corresponding to 3,000 ft. 
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11.2  TRIM CALCULATIONS 

The sample trim calculations for a single rotor compound 
helicopter are performed using the analytical procedure 
outlined in Section 5.1 as follows: 

(a) Determine the required compound helicopter design 
parameters as shown in Table I.  The lift curve slopes 
for the wing, aw , the horizontal tail, aT , and the 
vertical tail, aVT , are obtained using the methods 
in Section 5.4. 

(b) Determine the following operating conditions for the 
sample aircraft: 

V0  = 221 ft/sec 

(flR)F= 660 ft/sec 

(XlR)TR= 660 ft/sec 

Vs  = 1104.4 ft/sec 

Altitude = 3,000 ft (p  = 0.002176 slug/ft3) 

Then compute 

<*o       =   T Py<>    =   -2^22.1^ x  (221)2  =  53.2  lb/ft 

*  = imr " fw - °-335 

(MT),    --        V°*(,aR)F     =   221 j-   660    c   0   79g 

(T.F.)F = [p TTR2 (Q«)*]f   ••••   0.002176   x 3.14 x 312 

V°        =  221  , 
(A2R)TR        660 

x 6602  =   2.86  x 106   lb 
/*TR     =      mm ~~ 444 =   0.335 

(MT)TR=     ÄL    -.    221_i_6fi0  s   0,798 
Vs 1104.4 

(T.F.)TR = [p TTR2 (,QR)2]TR   =    0.002176   x  3.14  x  5.17*' 

x 6602  =   7.95  x  104  lb 

11.2-1 



CO N 
•u P p p p p 
a) IP IP Ip (p Ip 

»-) 
CN CO 

p 
ip CO in 

p 
Ip CO 

> cr. h* en ps VD 

P. O • • CO • • co • 
CU CN vD H o o + ! CN in H CN 

•H 
rP II II II II II II II II II II 
•H 
X 
3 
< 

Q. 
._ — a. 

X 

P 
QL >• N 

2 
a. 
X 

z 
a. > 

U. • 
c < £ <=*< <*< <=>< <*< «*< <»< CO 

1) 

os p 

w Fp 

£ £> 0 
o H CM CN p tt 
u <N c* 4-> •P ip c 
H <u O p •P (P tP 
hJ o( O ip <p m V 
u « ^ CO VD • c 
K r-4 CO 

r-l 
co in 

9\ 
00 
CO 

1^ 
i/l 

03 

a CO CO 

z 3 II 11 II II II II c 5 fa 0 
o 

in v) <s> c/) 

rP 

b 3 *Z 3 3 m cu o Ü. u. u. 3 
X X >- N U. c 

a $ < < < < °< p     j 

H fa P' 

U 

Cv 

3 oo •P 

CO P a) 
3 Ö U P P tp r-) 

H 
H 

0 
P 

IP <P 
CO 

P 
4-1 P r-l >. 

O CO r*. CN CO a> IP co P 
pi a! N H CO H 00 MD • a) 
o 0 • 0 • • • • CO CN h» p 
fa r~l 

•P 
o in O in m O O CO 1 1 i p 

H 
GO CO II II II ii it 11 II 11 11 II II X 

»s H 3 
u oc or cc 

(D 
' < E or cc CC DC a: or P p p 
H H t- t- H K K H X >• M i 
< 

oJ a X) cc <D b X o< <=*< «K 

0, 
P 

o 
p 

z <P >» 
o 1 a 
H W) 
oo p 3 u 
W o p .P o 
Q p 

o 
öS p 

P 

<N 

p 
(p 

tp 

r-l 

CO 

CO 
0 

CO IP IT; ST 00 |N» <X> C* 

c Q N 0 O o h» -T • ' 30 

•H ^t a J- H • • t vO • -J a) 
cfl 1 lO 1 SJ3 co <~\ o o c o l o TJ 

s 3 
II II 1! II ii II II II '1 1! II II p 

ü 
u. u. ÜL u. 

u. 
u. u_ u. u. u. u. X > N </> H 

<£ a 
u. 

-Q or Ctf b K <=< ^K <=»< 5 
¥ 

11.2-2 



<P 
P 

P 
IM 

P 
C* in tp in <P 
O^ ON J/ r- h» 

r-i bO CO CO • in • •cr 
fV-H 

• o • CN • "\ • 0 
CN Ü rH rv CO + | CO o 

5 
4) II II II II II n II II 

r-l .O 
^  3 
<y P 

Cti v_, 

z ? 5 
CO 

CO 

'S 

to CO to 
10 V) X >• N o 

o en <X ^< a 

P 
r-l >P P 
•H <P 

CD CN O 
H 

-a- O 
P 
ip 

-3- 
• 

H 00 m -tf • 
Q • 0 • CN CO CO 0 
Ü r-l O r-l m J C l o 

•H 
P II II II n II II II ii u 
0) 

3 

> > p K P K 
P 

o 
t- 
> 5 > 

en 

> 
X 

> 
> 

> > 
o 
0 

r-l 
0 
c: 
0 
o cP 

•H 
CN 

4-» 
p 
<P •p P 

i cd <P 
O 

<P tW 

H O f^ ^ r«*. P 
iP CN vD CN • VO r^ (p 

3 CO J- CN * in • •- 
P 9 O • UD co *>. o 0 o 

§ 
c 
o 

if o in r>> i + 1 1 o CN 

H N 
•P 
h 
0 

II 11 H 

P 

II II II 

P 

II 

p 

II 

p 

II 

(~ P 5 t- X > N o P 

o {/> <*< °< «=K a X3 

p p P 
CN tp lp 4-1 

P 
<P ON (30 m 0 P 

bO CO ^ CN o iN CO cp 
c: co o o * • • • 

•H • 0 • IS o h- r-J CN CN 5 4" o ^o r4 I + 1 1 1 CO 

II !l II II II II II II II 

$ £ * X >- N Q J 
o tn "=K <*< «X a X) 

11.2-3 



f TV, = £(960) = 1920 Lb 
i = !       1*1 

(c) Obtain fuselage lift and drag coefficients for 
arjs = 2.5°.  This angle is chosen after 
examining the operating conditions in step Cb) 
in order to reduce the number of iterations 
required for convergence to trim. 

~o Using Figure 2, of Section 11.1 for aFUS s 2.5 , 
obtain 

CL_ - = -0.006  (hub and nacelle lift are 
FUS negligible) 

C0F S =    0.349       (includes auxiliary jet nacelle 
drag) 

Using the values for &ZFU$ 
and AxFUc from step 

(a) and q0 from step (b), compute' 

L
FUS 

= CLpusqo AZF us =  -0.006 x 53.2 x 276 

=  -88.1  lb 

Drus  =  CDFUSq0 AXFUS        =  0.349  x 53.2  x 95 

=  1763  lb 

Also, from rotating hub test data conservatively 

estimate the hub drag as 

DHUB   = 7 ft2 

Include this hub drag in the total fuselage 
drag estimate, thus: 

DFUS 
= DFUS +DHUB = 1763 + 372 = 2135 lb 

TOT 

R.2J4 



(d) Using the values of the wing and horizontal tail parameters 
from step (a), calculate the first approximation of the 
wing and tail lift and drag forces by initially neglecting 
the interference angles,  *  > thus: 

=(2.5 + 0) + (0 - 0) = 2.5  = 0.0436 rad 

C/ow = -2.,8U = -0.0489 rad 

CLw = aw(avy-a0w) = 4.83(0.0436+0.0489) = 0.447 

Lw  =CLw q0Sw = 0.447 x 53.2 x 170 = 4040.5 lb 

2 2 
c°w =[cd„+-^l= o-«1 + j^-rM5 = °-0205 

Dw      =CDwq0Sw=  0.0205  x 53.2  x  170  =  185.5   lb 

aT       = (aFUS + eFUS) + (iT - €T) 

=   (2.5  +  0)  +  (0  -  0)  =  2.5    =  0,0436 rad 

a0_     =0=0 rad 

CLT    =aT(aT-a0T)= 4.42(0.0436  -  0)   =  0.193 

LT      =CLT q0 ST = 0.193 x 53.2 x 76.2 =  781.7  lb 

*K+h]T
S  0.01 *  3^V.26=  °'0122 

= CDTq0ST=   0.0122  x  53.2  x  76.2  =   49.6   lb 
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For this sample aircraft, allowance must be made for the 
lift forces generated by the large pylons and stub wings 
supporting the nacelles of the auxiliary propulsion units 
The pylon drag is included in the total fuselage drag 
curve shown in Figure 2 of Section 11.1.  Using the stub 
wing parameters pres° .ted in Table I, calculate the 
additional lift, thus: 

Lsw        =   OSWÖFÜS °.Q $SW 

= 2.39 x 2.5 x 53.2 x 72.75  = 403.2 lb  ?773  

(e) Calculate the first approximation for the main rotor 
lift and drag forces, thus: 

'- W-LFUS-LW-LSW-LT -Z
TP,sin(iPi + a r "PUS 

5 18900 + 88,1 - 4040.5 - 403.2 - 781.7 

- 1920 sin (6°+2.5°) = 13478.9 lb 

= - 2135 - 185.5 - 49.6 + 1920 cos (6°+2.5°) 

= - 471.4 lb 

Calculate the corresponding lift coefficient for the 
first approximation, thus: 

13478.9 
1 er \ '' t (TF)aJF * 2.86xl0

6x0.092 

Cf) Using Section 5.8 or the pertinent test data, obtain the 
following downwash interference factors 
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KFFUS = I.öO 

KFw    =1.08 

(KFT + KWT) = (KFTR + KWTR)=   3.112 

Then compute  the downwash  interference angles €F)jS, €W , 
€T    ,   and *TR respectively,   using  the value  of (C|7<r)F 
from step  (e)  thus: 

FUS 
-K \   *    (iLuyJ.i   nn T 0.092  x  .0512  x 57.3   ] 

= 1.00    [ 1.20 ]   =  1.20° 

Hence. 

€W   = 1.08 x 1.20 =  1.30° 

€T    = €jn = 3.112 x 1,20 = 3.73° 

(g)  Using the downwash angles obtained in step (f), 
calculate the better approximations for wing and 
horizontal tail angle of attack and the corresponding 
forces, thus: 

aw  = (aFUS + €FUS) 
+

 ('W~*W) 

= '2.5 +  1.2)  +  (-1.3)  =  2>o = 0.0419 rad 

a0w    =-2.8° =  -0.0489 rad 

CLW    =Qw(ciw-aow)= ^.83(0.0419  +  0.0489)  = 0.438 
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Lw      r-CLwq05w = 0.438  x  53.2  x  170  =  3964.1   lb 

2 
0.438 C°w    iC*o + Vwl=0-01 + l.ikTi.Ok =0-0201 

Dw      =C0wq0Sw = 0.0201 x 53.2 x 170 =  181.96  lb 

3T      
r(aFUS + eFUS) + (ir-£T) 

=(2.5  +  1.2)   +   (-3.73)  =  -0.03r  =  -0.00052 rad 

a0T     =0 

CLT     =aT(aT~aOT)=^2  (-0.00052)  =  -0.00229 

l-T      =CLTq0 
S

T
=
 -0.00229 x 53.2  x 76.2  =  -9.3  lb 

Dr      =CDTq0 ST = 0.01 x 53.2 x 76.2 =  40.54 lb 

The value of the stub wing lift remains unchanged. 

Lsw 
S*K>3.2 lb 

(h)  Calculate the second approximation for the main rotor 
lift and drag forces, thus: 

II 

LF      •- W-LFUS-LW-LSW -LT -Z TP. 5in(ip, + aFUS) 

=1^900  +88.1   -3964.1  -403.2  +9.3   -1920sin(6°+2.5°) 

=14,346.3  lb 
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DF   = -DFüS-Dw-DT +.ZTp.cos(iKj + aFuS) 

=   -2135.2  -181.96  -40.54 +1920cos(6° +2.5°) 

=   -458.8 lb 

Also compute the corresponding rotor lift and drag 
coefficients 

uUWuß- 1 er V L(T.F.)(rJ 

<r  F .(T.F.)crJF  2.86 x 10° x 0.092 

F  2.86 x 10" x 0.092 

-458.8 

=0.0545 

= -0.00174 

(i) Calculate the chart values of rotor lift and drag 
coefficients corresponding to a rotor solidity of 
o- =0.1 using the methods in Reference 1 , thus: 

(Acr) =o- -0.1= 0.092 - 0.1 = -0.0C8 

r N0.i cr  F 

CM :   JSi _ AZ,ISL\
2
] c 

; a- riQ W 

= -0.00174 + 0.008 
2(0.335) 

2(0.0545)  = -0.00166 

(j)  Using the values of [(CL'/cr)F]0l , [(CD7o-)F]0l from step 
(i) and 6\f , fif t MTF from steps (a) and (b), enter 
Figures 25 and 28 of Reference 1, and by interpolating 
to the desired value of [(CL7a)F]0l obtain the first 
approximations for the following main rotor trim para- 
meters: 

(ac) ] = -6.57° = -0.1147 rad 
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Oie     = /4.250  =   0.0741  rad 'IF 

L££)   - 0.00256 

XF     = -0.0443 

Note  that   a0fr ,    b|F   ,   and  ( 675^ ,   need only be calcu- 
lated  after final  trim has been established. 

(k)       Calculate miin rotor angle  of attack (   aCp   )  and rotor 
torque  ( Qc )  as  follows: 

-.-MM •&£>], 
S -0.1147-    ^ö-°335)2    x 0.0545=  -0.1166 rad =  -6.68* 

QF    =[%-(T.F.)crR'| 
L   or jp 

= 0.00256 x 2.86 x 106 x 0.092  x 31 =  20,812 ft-lb 

(1)       Using the previously determined downwash  interference 
factors  from  step  (f),   compute  the new downwash 
interference  angles    €FUS  ,   cw ,     €T  ,   and    €TR 
respectively,   using the value of  (  CL'/a )F   from step  (h). 

Thus: 

r 0.092   x  0.0545   x  57.3 

2   >/(0.335)z   +   (-0.0443)* - 

= 1.00   [ 1.28 ]    =   1.28° 
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Hence, 

€W = 1.08 x 1.28 = 1.38° 

€j     = €jR = 3.112 x 1.28 = 3.91 

(m)  Using the design parameters and the initial trim values 
obtained in the step& above, determine the relationship 
between aFUS and CMFU, as follows:  First, calculate the 
hub pitching moment by the following steps 

BiF 
= (aFUS+ €FUS) - aCp +iF 

= 2.5 +  1.28 +  6.68  -4 =  6.46° =  0.1127  rad 

The hub moment due  to rotor control  forces  is  then ob- 
tained from 

M HUB ifcphtfl,. -B,)] 
F 

1.05  x 6  x 92.93 "660 
2 L 31 

-. 2 
(0.0741   -  0.1127) 

= -5124.4 ft-lb 

Since the fuselage pitching moment curve does not in- 
clude the pitching moment due to drag of the rotating 
hub, this contribution must be precomputed and in- 
cluded in the computations, thus: 

"^ZFDHUB = 6.91 x 372 = 2570.5 ft-lb 
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The  normal  force  at   t'r.e   intake of the  auxiliary  jet 
engines   is  estimated  from  Section   5.7  as 

N, 
NP( = K—JAij   = 15.6 x 1.92 -  30 lb 

"I i 

Because  of  the   length  of  the  expression reit ting  aFUS 
an^ 

CMFUS   calculace   the  numerator, NUM ,   and denominator,DEN   , 
separately as  follows: 

NUM   = /Xf LF - AZf DF + XXw Lw - JlZwDw + ^xSwLsw + ^xTLT 

-LTDT + £TP.^2QT - XNp.ip. XZo   + £NP. ,L„ 
*T      '        jV|     K|      *PT      £|    Hi   n     ZPN      £,    K'     XPN 

" *ZF °HUB  + MHUB   + CMFUS % AXFUS ^FUS 

= 0.47x14346.3   -  6.91x458.8   -  0.29x3964.1  +   1.25x 

181.96   +   3.5x403.2  +  35.7x9.3   +  0.77x40.5  +   2x960x 

2.98   -   2x30x0.104x2.68  +  2x30x5.75  +   2570.5   -5124.4 

+  53.2x68x56.5  x CMFUS 

=7953.09  +   204390.56CMFUS 

DEN   = -(AZL +^XD)F -Uzl +XXD)W-(^ZL +ix D)T 

=6.91x14346.3   f   0.47x458.8  +   1.25x3964.1 

+   0.29x181.96   -0.77x9.3  +   35.7x40.5 

=105 795.15 

Then 

- MM 
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•FUS 

7953.09  +   204390.56 CMFüS     -   1 .28 

105795.15 5 7.3 

= 0.0529 + 1.9319CM 

:.aFUS° »3.03 + 110.70CMfrus 

Superimpose the linear relationship between CMfUc 
an^°tfus 

from the above equation on the experimental fuselage 
pitching moment curve CMFUS VS. QtFuj as shown in Figure 1. 
If the two curves intersect, the point of intersection 
yields the new fuselage trim angle for each successive 
iteration.  The final trim point is obtained when the 
calculated linear curve of CMFUS VS. apus intersects the 
experimental curve at the same trim angle of attack, aFus, 
for which the last iteration was performed.  If, as in 
this example, no intersection is obtained, use better 
judgement in selecting a more appropriate initial value 
of Gpus«  Since the calculated value of CMFUS correspond- 
ing to the initially assumed aFUS= 2.5 is too low, an in- 
crease in aFUS is indicated. 

Therefore, for the second iteration choose a trim angle 
of attack 

QFUS 
=3-° = 0.0524 rad 

(n)  Using apus =3 , entpr the fuselage charts. Figure 2 of 
Section 11.1 and Figures 5,6. and 11 of Section 5.3, and 
obtain the following longitudinal fuselage characteris- 
tics 

CLfus .-0.004 

CDfus  =0.350 

CyFUS  =0.0049 

'«.FUS =-0.0019 

CM    =0.030 CMFU1  =-0.0075 
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Then compute  Wie  corresponding  fuselage   forces and 
moments,   thus: 

-Fus  =CLrUSqoAZrus -0.004x53.2x276 

=-58.733   lb 

DFUS   =CDFUSq0AXFu*s =0.35x53.2x95 

=1768.9  lb 

MFur  =CMFUSq0AXRJSAFUS        =0.03x53.2x68*56.5 

=6131.83  ft-lb 

YFUS   =CYFUSq0AYFUS =0.0049x53.2x388 

=101  lb 

*FUS z C*FUSQOAXFüSAFüS       =-0.0019x53.2x68x56.5 

=388  ft-lb 

NFUS   s CNFUS % AXFU3 XfbS        =-0.0075x53. 2x68x56.5 

=-1532.96  ft-lb 

(o)       Using the values of   NFUS from step  Cn),   and QF   from 
step (k),   determine tail rotor thrust  and  tail rotor 
lift  coefficient,   thus: 

_ NFUS+QF      -1532.96   +   20811.79       c„-   c0   .. 
~TR     = o   = 5Z r  535.52   lb 

~AxTR 

C ' T    1 535.52 n     n 
.^r-l n     •   0.0358 

.(T.F.)<rJTR     7.95   x  10^  x  0.188 

(p)       With    he  values  of  6VfR .  ^TR.   and  MTTR from  sveps   (a)   and 
(b) . (CL7cr)TR    from step  (o).   and (ac)TR= 0.   enter the 
appropriate performance charts  of Reference  1   (interpo- 
late between the charts  if necessary),   and obtain  the 
following  tail rotor parameters: 

[(^J^ 0.00247 (Cfi,TR,0.00096 
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XTR = 0,00576 (075)Tp= 2.1° = 0«03364 rad 

Then compute 

&. --& ; + *«.&' 'TR   J/O-'O.I     2/xzxo" 
TR 

= 0.00247  + 

= 0.00297 

(0.188  -0.1)(0.0358)2 

2  x  (,335)2 

D TR cr (T.FJ<r] 
TR 

= 0.00297x7.95x10^x0.188 =  44.39  lb 

QT» -/(T.F.)o-R 
TR 

=0.00096x7.95x104x0.188x5.17 = 74.13 ft-lb 

(q)  From the trim values obtained in the steps above, deter- 
mine the new lifting surface characteristics as follows 

aW     = aFUS + €FUS +'W "€W "Qow 

= 3   +   1.28   +  0   -1.38  +   2,8  =   5.7°  =   0.0995  rad 

CLW 
= Qwawr 4.83  x  0.0995  =  0.480 

2 n 

cow 
B cdo+ TT/R 

^ 
= 0.01  +  J°-4S0>        - =  0.0222 

3.14  x  6.04 

Lw    =CLwq0Sw  =   0.480  x  53.2   x  170  =   4343.7   lb 
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Dw sCDwq0 Sw-0.0222  x  53.2  x  170 =  200.3  lb 

aT   = aFUS + €
FUS 

+ 'T ~
€

J ~ aoT 

=3  +   1.28  +   0  -3.98   ~0 =   0.30°  =  0.00521  rad 

Using a  trim value  of B|F   from  step   (m) .   the  elevator 
angle t7hich is coupled with B|F can be read from  the 
longitudinal control rigging curves presented in Fig 
ure 3 of  Section 11.1: 

SP  =-0.4° =  -0.00698  rad 

Using the parameters in step (a) and the methods in 
Section 5.6, celculate the elevator control derivative, 
thus: 

CLae = 1.547/rad 

The horizontal tail lift coefficient is now obtained a« 

CLT =aTaT +CL8eSe 

= 4.42 x 0.00521 -1.547 x 0.00698 = 0.0122 

and 

C.2l 
= o.oi + /?;0I22)*  * o.oi 

T        3.14 v 5.26 

LT =CLTq0ST= 0.0122 x 53.2 x 76.2 = 49.6 lb 

0T =C0Tq0ST= 0.01 x 53.2 x 76.2 = 40,7 lb 
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Also calculate the lift of the stub wing for the new 
trim conditions, as 

*-sw ; asw asw % Ssw 

=  2.39  x 0.0524 x 53.2  x  72.75  =  483.8  lb 

(r)       Using the  trim parameters obtained above and assuming 
A(fr   = <p = YTR = yc = ßs =  o,   the X and Z  equations  from 
Section 4 are  solved simultaneously to obtain a better 
approximation  for the main rotor lift and drag,   thus: 

K,  = Wa -LFUs(a-€FUs)-Lw{a-€W)-Lsw(a-€FUS)-LT(a-€T) 

+ DFUS + DW + DT 
+DTR-£[TP.COS ip. -NP| sin iPJ 

=18900(0.0747)  + 58.7(0.0524)   -4343.7(0.0506; 

-  483.8(0.0524) -49.6(0.0052) + 2141.3 + 200.3 

+  40.66  +  44.39 -1920(0.9945)   +  63.7(0.1045) 

=  1694.3  lb 

K
? = DFUS(a-€Fus) + Dw(a-ew) + DT(a-€T) +DTR{a-<rTR) 

+ LFUS + L^ +LSW+LT + Z|TPJ sjn jp.    + N    cos j    ] - w 

= 2141.3(0.0524) + 200.3(0.0506) + 40.7(0.0052) 

+ 44.39(0.0052) -58.7 + 4343.7 + 483.8 + 49.6 

+ 1920(0.1045) + 63.7(0.9945) -18900 

=-13694.8 lb 
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^     _ KjQ-Kg _ 1694.3(0.0747)  +   13694.8     -13744,7  lb 
F "    ,

 
+
 
Q2 1  +   (0.0747)* 

DF =L a-K, =  13744.7(0.0747)   -1694.3  =   -667.53  lb 

Then obtain 

(Sk) JI£L\]    -f    L    1 ,       13744.7 .  Q Q522 {^f    VVJ0/[(T.F.)4^.86xl06x0.09l 

#)   .LJBÜ  *      "700>| =   -0.00254 
<TF    L(T.F.)cTjF   2.86xl06xO„092 

[•H-[ 
= -0.00254 +  0^008(0.0522)2  =_0.00245 

2x(0.J35) 

(s) Repeat steps (f) through (r) with new values of pCL/crJpL. 
and [(CL'/a-)F]0|until convergence is achieved, yielding the 
final trim values as shown in Table II. 

(t)  Using the final trim values from Table II, calculate 
main rotor side force, thus: 

Y,.[(T.F.)cr-S- (-•|-/tö7so0+-i-e7Sbl+-|-/i
2Ö7Sbl 

3 I      3      2     I      I 2  1 
+ -4- * 3| + -g-aoai *jj**flo-/* öo0| + -y^o,b,+y/iXb|)^ 

s 2t86xl0
6xOt092x5.73 r *x0t335x0. U2x0.0497 

+ ^x0.112x0.0242 + -|(0.335)2x0.112x0.0242 
J 0 

- fxO.053x0,0242 + -J-xO. 0497x0. 0752 + 1x0.335 
4 n 2 

xO.053x0.0497 - (0.335) xO.0497x0.0752 

+ ^x0. 335x0.0752vC '242 - g (0. 335 )2x0. 053x0. 0242] 

= 240.9 lb 
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(u)  From the rigging curve in Figure 4 of Section 11.1. 
establish the following linear relationships between 
helicopter and aerodynamic control surface movement: 

80; = -IVA,; 

Sn°=+I°-A,! 

8r°  =3.2°-(975" TR 

Using the parameters in step (a)  and the methods  in 
Section 5.6,   calculate  the  following control  derivatives 

CL8r 
=d(LVT/q0SVT)/d8r =0.458/rad 

CXg   =d(Xw/q0Swbw)/(3Sa = 0.183/rad  (per aileron) 

Then calculate the  lift  of the vertical  tail,   thus: 

LvTMOvT£s + CL8f8r)q0SVT 

MOVTA + CLIJ m'{9- 57.3    v -
75/

TR q0s VT 

= (1.84/0S + 0.458    [0.05584 - O.OU53J)  x53.2x52 

= 13.33 +  5090.14/3S lb 

Also compute the wing rolling moment,   thus 
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°^w  ' Q0
swbw Ci8o(SaR " $aL 

. _ 1°  i_   A  ° \ _  /  |0 A   O 

i0 ~w-w-Ä$al 

(-l°4-A,;)-(l0-A,g)] 
57.3 J 

= 2q0SwbwCx^    --gyj + A, 

= 2  x  53.2  x 170 x 32  x 0.183 ["-0.01745 • A J 

= -1848  •   105923A,F ft-lb 

Test data  from Reference 2  indicate  that  only about one 
third of  the  total  horizontal  tail lift  is produced by 
the  left  tail panel.     This  gives rise  to a rolling 
moment due  to  the  assyrnmetric  tail lift  of: 

£T '-LT AYT =    yl_T AYT   ~ y L.J AYT 

L- 
3 "*TR 

= -^MY 

66.3 x 3.66 =  -80>9 {tmmlb 

(v)       It  is convenient in this case to represent  the lateral 
fuselage characteristics for fuselage  shape "A"  in 
Section 5.3 in the form of linearized equations as a 
function of aFUS and ßs ,  thus: 

CyFUS * 0.004 +   0.02GlaFUS - 0.212& 

CNpus = -0.0041   -  0.067aFUS -  0.333/?s 

C^Fus=  -0.0018   -   0.372/3s 
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(w)  Using the above trim conditions solve the sideforce, 
rolling, and yawing moment equations from Section 4, 
making the usual small angle assumptions and obtain 
ßs  . \f  and 4>   » thr.r? 

Y*[(LF-YFA,F)aF-DP]/3s+LFA,F + YF + [LFUSaFUS- 0FUS]ßs 

+ CYFus%AYFus+[Lwaw -Dw]^s+[LTaT -07]ßs - LVT 

- DTR& + TTR + W</>  r 0 

Y*f(13746.6-240. 9A,F) x 0.0703+682.6]#s 

+ 13746.6A,F +  240.9  +  [-70.5x0.0489  -   2136.2]/SS 

+ [o.004 + 0.0201x0.0489  - 0.2l2/?s]x53.2x388 

+ [4194.3x0.0472  -   192.9Jßs  + [66.3x0.0037  -  40.6J/?S 

- 13.33 - 5090.14ßs    -  51.3/?s f   643.8 +  18900$ 

= - 10044.2ßs -  16.9A,Fyös   +  13746.6 Alp   +  973.9 

+ 18900$ 

X - f(-LFa + DF)/?S - LFAlF- YF] XZp - Lw^ -(Lwa -Dw)^w £s 

--LT^YT-(LTaT-DT)XZT/?s+LVT^ZvT-DTR^YTRaTR 

HTTR-DTR/3s)iZTR + C£Fusq0AXFu^1.us+[^^(b1+Ai)jF    =   0 

X= [(-   13746.6x0.0703  -   682.6)/3s   -   13746r6Alp  -   240.QJ 

x(-6.91)   -   1848  +   105923Alp -   (4194.3x0.0472   -192.9N- 

x(-l.25)/8s   -   80.9   -   (66.3x0.00366   -  40.6)( -0.77 )/?s 

-(13.33  +   5090,14/?s)(3.14)   +  51,3x2x0.00366 
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+   (643.8   -   5l.3/3s  X7.31)   +   (-0.0018   -  0.0372#s  ) 
2 

x53.2x68x56.5  +   1,05x6x92,93(J5|fi.)   (0.0242 + A,F ) 

=   -12603.5/3s  +   333806.5Alfr +   7239.5 

N = [iLFaF-DP)/3s+LFA,F+YFjXXF + (Lwaw-Dw)/i!Xw^c~Lw^Ywaw 

+ (LTaT-DT)iXT/3s-LTJ{YTaT-LVTXXvT+(-0TRi8s + TTR)<XXTR 

- ;- DTR-TTRßs )X,JR + CNFUS q0 AXFüS XFUS + QF s   0 

N= [(13746.6x0.0703 + 682.6)/3s + 13746.6Alp + 240.9] 

xO.466 - (4194.3x0.0472 - 192.9)x0.292/3s+ (- 1848 

+  105923Al(r )x0.0472  -  (66.3x0.00366  -  40.6)x35.7/3s 

- 80.9x0.00366  +  (13.33  +  5090.14/3s)x34.4 

- (-   51.3/3S  +   643.8)x36  +   (-  51.3   -   643.8/3s)x2 

+ (- 0.0041 - 0.067x0.0489 - 0.333/3s) x.53. 2x68x56. 5 

+ 22607.3 

= 109705.3/3s + 11409.9A,F - 1693.2 

Solve for A|F in terms of /3S from the yawing moment 
equation, thus 

Alp = - 9.615/3S • 0.148 

Substitute this equation into the rolling moment equa- 
tion and obtain the trim value for the sideslip angle 

j3s = 0.0176 rad = 1.0C9 deg 
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Using the value of /3S above, solve for the main rotor 
lateral cyclic tilt, thus 

A, = - 0.0209 rad = - 1.199 deg 

Substitute the final trim values of ßs and A,F into the 
Y-force equation and obtain the trim value of aircraft 
roll attitude, thus 

= - 0,0269 rad = - 1.5ft* deg 

(x)       Finally,  using the  lateral  trim values  from step  (w), 
compute  the  final values of the  lateral  forces and 
moments,   thus: 

LVT=13.33 + 5090.14 x 0.0176 =  103  lb 

l-VT 103 
*VT    q0SVT  "   53.2 x 52 =   0.0372 

D VT " 

2n 
Cdo+ 7r/a      QO^VT 

•vr 

(0.0372) r     „       (0.0372)"    1 
=   0.01 +      x 53.2 x 52  =  28.4 lb 

3.14 x 1.5 J 

YPüS = CYFUSQO AYFUS 

=(0.004+  0.0201x0.0489  -  0.212x0.0176)x53.2v388 

=25.6 lb 

NFUS =cNFUSq0 
AXFUS^FUS 

*(-   0.0041   -   0.067x0.0489   -  0.333x0.0176)x53.2x68x56.5 

=-   2706.1  ft-lb 
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£FUS = ^tf   3^0  ^FUS  *FUS 

= (-  0.0018  -  0.0372x0.0176)x53.2x68x56.5 

= -  500.7 ft-lb 

(y)       Summarize the  final lateral  trim values as  shown below 

Zfus-- "  500.7 ft-lb 

MFU5   = -  2706.1 ft-lb 

YPUS   = 25.6  lb 

LVT    -- 103 lb 

DVT    = 28-4 lb 

<P 
o 

s .  1.5M+    =  -  0.0269 rad 

A,       = -  1.199° =  -  0.0209 rad 

ßs     ~- 1,009°      = 0.0176 rad 

YF      = 240.9 lb 
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11.3  STABILITY DERIVATIVES FOR THE SAMPLE COMPOUND 
HELICOPTER 

The stability derivatives for a compound helicopter are 
evaluated utilizing the analytical procedure outlined in 
Section 7.  These derivatives are computed at the trim 
conditions obtained in Section 11.2.  Although no Mach 
number corrections are required for this sample case, the 
main rotor derivatives are corrected for solidity and 
twist, and the tail rotor derivatives are corrected for 
solidity using methods and charts presented in Reference 
1.  The stability derivatives for the sample compound 
helic opter are computed for six degrees of freedom of 
aircraft longitudinal motion, as shown on the following 
pages. 

11.3.1 Front Rotor Isolated Derivatives 

(a)  Obtain the required front rotor trim parameters 
from Section 1.1.2. 

fj.       = 0.335   MT = 0.8       0, = -*° 

o-       =  C.092        T.F. =  2.86 x  10   ÜR   =   660  ft/sec 

fy) =  °.°522 (^.)     =   -0.00259 

LF      =  13746.6   lb Dp        =   -652.6  lb 

XF      =-0.05303 075F     =   6^o  n  oau8  rad 

KWF    =   0 €F =   0 

(b) Using the trim values from step (a), enter the 
isolated rotor derivative charts given In Section 
7.5 and read off the following nondimensional 
isolated rotor derivatives for the front rotor: 
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(i)  u.  -Derivatives 

(T
2
-   = -0.0746 

•V <V V-o.i 

ab 

= -0.0060 

r ^bi i 
•XT'  =0- 0426 

/*& 
i a^. /F. 

= 0.0200 
0 1 

= 0.1600 

= -0.1010 

(ii) ac -Derivatives 

dac  'FJO. 

= 0.4210 

= -0.00781 

L daCFJ0.i 
1890 

rgSfai 
lAdac 'F-"O 

[4=4] 
L dac FJO. 

r ^x i 
foc-> L oaCF-o. 

0.0480 

0.0257 

0.2700 

(ill) §75 -Derivatives 

The 8j5   -derivatives are not required for this 
analysis since the collective pitch control of the 
main rotor remains fixed. 

(c)  Estimate the effect of -4° of blade, twist on the 
isolated derivatives using data of Reference 1 and 
add these correction factors to the isolated 
derivatives computed in step (b), thus: 

(i) u.  -Derivatives 

IA du.  'F-o 
= -0.0746 + 0.0053 = -0.0693 
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Q 

/f *flJ\ I     =0.0200  +   0.0033  =   0.0233 
dp  4-wJ 
Co. 

[(-4^)1 =-0.0060 + 0.0005 = -0.0055 

= 0.1600 - 0.0090 = 0.1510 

[(4^)1   =0.0426 - 0.0068 = 0.0358 

()k-  '   =-0.1010 - n.0060 = -0.1070 
L d/i F-IO.I 

(ii) ac-Derivatives 

r^-i-S-) 1     =0.4210 +  0.0020 =  0.4230 

C ! 
f(     °"*)1     =0.0480   -   0.0070  =   0.0410 

fuljei)]     =-0.00781  +  0.0022  =   -0.00561 
F-0.1 

L OOLrcL 
v,     • , = 0.0257 
daCFJ0J 

[&1 aX =0.270 
J0.l 

(d) No Mach number corrections are required for this 
main rotor. 

(e) Using the solidity corrections given in Subsection 
7.4.1, correct the /j.   -derivatives obtained in step 
(c) to the correct rotor solidity of a  =0.092. thus: 

äa-F -- a-F -0.1 s 0.092 - 0.1 = -0.OC8 
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K. 

Ao- *% 
\2j? VSac /O,JF 

 L_ 
1        2(0.335)2 

=  1.015 

r<J(%h 
•   <^   -F 

= K 
* 

G\ 
1 +A*£,r*£] 1»^ 

<3M J0.1    M    ""    dorc JO.I-'F 

= 1.015 f -0.0693  - 0.008x0.0522x0.42301 

(0.335) 

=-0.0751 

Similarly, for the remaining /x -derivatives obtain: 

rdt%^n 
L«3M JF 

<3OI, 

ax 

• 0.0235 

= 0.1510 

=   -0.1110 

5^JF 

.ab, 

=   -0.00551 

=     0.0332 

Finally, using the fullv corrected fj. -derivatives 
from above and the trim parameters from step (a), 
calculate [d[Cy/<r) /Ö^L]F     using the expressions in 
Subsection 7.5.1.7 as follows 

daQ, 
2 

hi   x 1 d\ 1 

1,78  [0,1118  x  Q.335   .   0.111 
2 2 3 

=  -0.0890 
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•d(%'> m-?{ ¥ L 

I 2 
/i{075 + 2\)] 

d<3,    f      ,   I 2 I 

ab, 
VT*?'1''^«!*?'*'»*^" 

0.0752(1-   0.3352)   -   3x0.335 
6 4 

= LJ1 |_o.089 

x(0.1118  -  0.1061)1   +   0.1511 I" 0.0497(1- 

-   0.3352)   +  0*335x0,0242 j +  0.0332 10.1118 

x(-L •   3xOf3352)   _0.053(f + S^Si!) 
3 8 4 8 

+ 0.335x0.0752 1 . 0>1108 I" 0.0242(3- 4-0.3352) 
4 4   8 

3x0.335x0.0497 
2 

- 0.053) + 0.0752 

+0.00605 | 0.335(0.335 

0.335 - 0.0497 

_ .2x0.053 _ 2x0.335x0.0752 

= 0.0073 
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(f) Using the solidity corrections given in Subsection 
7.4.2, correct thectc-derivatives found in step (c) 
to the correct solidity ofa= 0.092, thus: 

C * 

= K, 
r/d(- 

Lä^.F
=TVdacl 

SLL = 1.015 x 0.!i23 = 0.430 

Similarly, for the remaining ac-derivatives obtain 

Laac JF 
« 0 0432 

da. 
:  0 0261 

dx t 
h— <5ac V 

:  0 2740 

Co, 
= 0.00571 m 

a^V -0.1920 

Finally, substitute the fully corrected values of 
the ac -derivatives from above and the trim par- 
ameters from step (a) into the expressions in Sub- 
section 7.5.2.7 and obtain: 

•a&i 
.dctr JF 

0.00295 

(g) Using the equations of Subsection 7.3.1 and the 
values obtained in steps (a), (e). and (f) above, 
calculate the following main rotor dimensional de- 
rivatives: 

(i) up -Derivatives 

ana- 

<3DF 

afi?-1 

L Tin M dfi . 

RT.FV rd& 

riT.F.lo- 
. flR . 

r<H Si 
.d H- 

• 390( -0.0751)  =  -30.0  lb-sec/ft 

9.39  lb-sec/ft 

= 390  x 0.0073  =   2.91   lb-sec/ft 

iwu^rjp= 3q°y °-°235 
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auF    i^F[a^-JF = 12366^-0.00551)   =   -68.1   Ib-se 

^7  =(^,F(aJV=^0X0-151  =  °-000229  rad-sec/ft 

dblF ,      <3b, 

<V    ''IIR^V'TOJ*
0

*
0332

  
=  °-°000503  rad-sec/ft 

ftW  feb^lVU ab, 

=1.3268  x 105  x 0.0000503  =  6.67  lb-sec 

= 1.3268 x 105  x 0.000229  =  3C.'.  lb-sec 

(ii)    gf -Derivatives 

=26.33 x 10* x 0.430= 11.32 x 10* lb/rad 

• 26.33 x 10* x 0.0M2 - lmlk x 104 lb/rfld 

= 26.33   x  lo\x  0.00295  =   777   lb/rad 

do,    r r^Sah 

= 8.16xlOSx(-0.00556)  =  -*.619xlO* ft.lb/Md 
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da, do\ 
1— = Ixrl  : 0.0261 daF dac P 

(3b, db, 
XT" = ^Ä—l = 0.192 ÖaF Octc F 

&HUBF _ feb^2Ms] ,db,F 

daF aaF' 

=13.2688 x 10^  x 0.192 =  2.55  x 10^ ft-lb/rad 

2. 
^MHUBF     rebX22Mqi   da,F 

5—   rs—/ -     .F daF 

=13.2688  x  10^ x  0.0261  =  3U62   ft-lb/rad 

(iii)   ßs -Derivatives 

<3a. '•F 

dßi 
db IF 

33T 
dQF 

5öT 

= b,   = 0.0242  rad 

-a,F *   -0.07521   rad 

ÖQf   (Jo.-       dQF   db. 

rdQ 

. (3'jF 

QF   duF   da,_ i     r dQF   (3UF   db,   -j 

[(-68-^  (0.0002io  )  (0^H 
(-67.8) 1 

0.0000503 > 
(-0.07521)1   =   -5927  ft-lb 

dt HUBF 

Sßl—  = "M^UBF
=   8013   ft-lb 

dMH!JBF 

<3Ö< 
= XHUBF •  ^  ft-lb 
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(iv)     q -Derivatives 

dblf 

34 
L yfl( 1.883-ti? )JF 

dc3| 

<3b, 
(37)?r""" L ß (1.883+/x2)J 

=   -0.0922  /sec 

883 = -0.04432  /sec 

^v^     P -Derivatives 

*'F    s(—\    f     '883 
dp      Ildp*   J2(l.883-/xz)J 

dblp      ab,    r       34 

3p        v3p> Lyß( 1.883+/x2 

(vi)     r  -Derivatives 

0.04994 /sec 

= -0.08183  /sec 

do, <Ja,       do,    do,   u n „- 

?r ^ari—aar'^pV&V" °-151(fiJl9) = °-00238 /sec 

db|- <3b|   „ n ~- 
5T '^VfrV  0.0332<ft3||>  ,  0.00052  /sec 

(vii)    a(f.-Derivatives 

3T     =-DF = 683 lb/rad 
G70|F 

aoF 
XT    = Lf =   13?^7 lb/rad 
CQlp 

(7Qi 
= 0 

Ä' 9a* 
.doi J 

aoF 

-     a,l    .3   2UI     v 

Co 

= -0.03747  rad 

•[•-tfM 
= (8.16xl0°)x(-0.03747)   =   -305811   ft-lb/rad 
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(viii)     b|F -Derivatives 

aLF 

ab = -Yc = -241  lb/rad 
"F 

= 0 
aDF 

db7F 

avF 
<Jt)       = LF

 
= 13747 lb/rad 

[ä?l=--|[bl(4+^2)--iM4 = -0-002i,0/rad 

= 8.16yl06x( -0.00240)  =  -1.96x10** ft-lb/rad 

11.3.2    Tail Rotor Isolated  Derivatives 

(a)    Obtain the  following tail rotor trim parameters 
from Section 11.2. 

/x    = 0.335 

a-   = 0.188 

MT = 0.8 

IF. =7.95  x  >04 

9,  "  0° 

§v °-okn 

TTR =  643.8  lb 

\TR =   -0.00658 

^FTR+ KwTR   =    2« 11* 

&R   = 660  ft/sec 

C ! 
(-^    =0.00343 

DTR • 51.3  lb 

07«        = 2.6°  s   0.0453  rad '75 TR 

€TR   =3.82' 
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(b) Using the trim values from step (a), enter the iso^ 
lated rotor derivative charts given in Section 7.5 
and read off the following nondimensional isolated 
rotor derivatives for the tail rotor. 

(i) /x -Derivatives 

d/J-   /TRJ 
= 0.0511 

= -0.00689 
dfi   /TRJO.I 

.\dp /TRJO.I 
= 0.0177 

= 0.1480 

.(3/r,T«Jo.i = 0.0119 

(ii) ac-Derivatives 

Adac/
T.do.i 

#) Adac / TRJO 

0408 

=   -0.0280 

ten, =o-i75° 

Co. 

Adac A 

(—)  ] 

dac
TRJo.i 

ax   •, 
<T->TD dacTRoi 

= 0.0766 

3 0.2410 

= 0.2700 

(iii"1    675 -Derivatives 

C1 

* 

d #75/TRJ 

*£v ] 
5?75/TR. 

ab, 

01 
=  0.9490 

=  -0.0155 

=  0  4600 

C ' 

\$) 1 \de7JiR. 

doi 

a07e>jo 
ax    ] 

= 0.0892 

= 1.0000 

=  -0.1260 
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(c) No   twist   corrections  are  required  for  this  tail 
rotor. 

(d) No Mach  number corrections  are  required  for  ^his 
tail  rotor. 

(e) Using the solidity corrections given in Subsection 
7.4.1, correct the tail rotor LL -derivatives found 
in step (b) to the correct solidity of cr - 0.188, 
thus 

Ao-TR = crTR -0.1 =0.188   -  0.1  =   0.088 

+ A. fd&l 
.27?Vdar/o... TR 

1   + 0-MS     x  0.0408 
2   (0.335)2 

=  0.984 

n&n 
•dp - 

r^)- 
TR L . OIL J 

ACT 

0.1      M3  ' a- r.daJoJ- 

=   0.984 0.0511 i/0-088 x 0.0431 x 0.0-':Q8 
(0.335)- 

= 0.0543 

Similarly, for the other LL  -derivatives obtain: 

rd$t 
Ld/x . TR 

= 0.0213 

(3a, 
(^VR    =°-1670 

ax 
C^T'TR 

=  0.0333 

rd(ln 
FR 

=-0.00911 

(3 b, 

V• =n•0fU,7 
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Finally, using the fully corrected /x -derivatives 
from above, and the trim parameters from step (a). 
calculate   lu CY'/O")/ü/X]TR, using the expressions in 
Subsection 7.5.1.7 to obtain: 

r ' 

\-^-]    =0.00719 
. 0M JTR 

(f) Using the solidity corrections given in Sub-seccion 
7.4.2, correct the ac -derivatives found in step (b) 
to the correct solidity of cr = 0.188. thus: 

C 
rJ&l 
.3ac TR SÖQr TR. 0.1 

= 0.984  x  0.0408  =   0.0402 

Similarly,   for the  remaini^0   ac  -derivatives  obtain: 

öh 
ar JTR 5«c 

do 
ÖOLQTR 

= 0.0740 

xrU      =0.2380 

dctc 
;
TR 

= 0.2660 

r*%>i h—'    =   -0-0276 Ldac JTR 

ab, 
{dar VR =  0.1720 

Finally,   substitute the  fully corrected    ac   deriv- 
atives from above  and the trim parameters  from  step 
(a)   into  the expressions  in Subsection 7.5.2.7  and 
obtain: 

•9% 
.da. TR 

=0.00283 

(g) Using the solidity corrections given in Subsection 
7.4.3, correct the Ö75 -derivatives found in step 
(b) to the correct solidity of cr = 0.188, thus: 
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4» 
dB 75 

C ' 

JQLi 
TRsKa«Mo,=0-984x0-949s0-93£f 

Similarly,   for the remaining    Ö75   -derivatives 
obtain: 

C ' 

L3Ö75 -TR 

*d075• 

(dx ) 

0.0927 

0.9120 

-0.2250 

licrj.      - -0.00523 
-<3075 JTR 

#db, . 
^TR " 0.3960 

Finally, substitute the fully corrected 675 -deriv- 
atives from above and the trim parameters from step 
(a) into the. expressions in Subsection 7.5.3.7 and 
obtain 

d&n 
M 

= 0.0177 
75- TR 

(h) Using the equations in Subsection 7.3.7 and the 
values obtained in steps (a), (e), (f), and (g) 
above, calculate the following tail rotor dimensional 
derivatives: 

(i)  uTR -Derivatives 

^TTR   ["(TFlo-l r<frcHi 

do TR 
ÜH 

'{T.FJO-1 r<*#* 
duTR      . «QR    JrRL(3ft  . TR 

1.229 lb-sec/ft 

=22.6x0.0213 = 0.4820 lb-sec/ft 
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dr TR 

duTR 

C' 

S£)Z\ (JSA  =22.6X0.00719 = 0.16280 lb-sec/ft 
. ÜR JTRL(7/X JTR 

do TR 

du TR 
(TF)or' 

fl    - 

Ä Co, 
cr 

TR.dyLi   JTR 
= I17x(-0.00911)  =  -1,06583  lb-sec 

(ii)   GTR-Derivatives 

<3TTff  _ dD^ _  dY^  w dQTR 

daTR      ^OTR      (3QTR     C^TR 
= 0 

(iii) /5S -Derivatives 

<?TTp      r        i   rd&l 
-575-^- =-f(T.F)cr]   RS]   = -(I4944)y0.0402  =  -600 lb/rad 
OPs L JTRLdac„TR 

^DTR 

5# -[(T:F)CTJ 

r 
,_£-   = -(14944)xO.0740 = -1106 lb/rad 

TRLC?ac _TR 

111! s_r(TF)<r]  [£*£>]   5 -(14944)x0.00283 =  -42.3  lb/rad 
ape       L        JTRLaac JTR 

dQ 

dps      
L JTRLda 

(d]  =-(77217)x(-0.0276)  = 2127 £tzJp 

(iv)   Ö0TR -Derivatives 

dDJR 

'75 

=14944x0.934 =  13963  lb/rad 
TR 

da OTR 

dY TR 

<R 

^0TR 

C' 

L JTRLaq75.TR 
C 

JTRLd<975-TR 
(T.F)cr 

=14944x0.0927 = 1385 lb/rad 

=14944x0.0177 = 264 lb/rad 

= [(T.F)crR]  k#-    =77217x(-0.00523)  =  -404 ft-lt/sec 
1 JTRld#75-TR 

11.3-15 



11.3.3  Fuselage Isolated Derivatives 

(a) Obtain the following fuselage trim parameters from 
Section 11.2 

V0        --22:    ft/sec qft       = 53.2  lb/ft' 

a =4.03°  =  0.0703  rad 

ßs      =1.01°  =  0.0176 rad 

O-Fus    =2.80    =  0.0^89 rad 

KFFUS  =1-»° 

FUS =1.23°  =  0.0214 rad 

LFUS    =-70.5  lb 

DFUS    "-2136  Ib 

£FUS =-500.7  ft-lb 

MFUS =5355   ft-lb 

YFUS    =25.6  lb NFUS =-2706  ft-lb 

Also determine the fuselage moments of inertia 

xx = 14920  slug-ft 

YY      = 59800  slug-ft 

l2Z      = 56800  slug-ft 
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(b)  Using the fuselage trim values from step (a) above, 
enter the fuselage charts given in Figure 2, Section 
11.1, and the charts for fuselage configuration "A", 
Section 5.3, and determine 

acL FUS 

da 

dc LFUS 

dctFüS 

-     \J . £.*.Z> /   L a<~i 

dßs 

ac%us 
dotfus 

= 0.338/rad 
aCDFUS 

dßs 
=   0.113/rad 

aCVFUS 

daFUS 
= 0.0201/rad 

aC^FUS 

dßs 
-.   -0.212/rad 

ac*Fus 
daFUS 

=  0 
dC*FUS 

dßs 
=   -0.0372/rad 

dCMFUS 

daFUS 
= O.UOl/rad 

aC"FUS 

dßs 
=   0 

aCNFUS r -0.067/rad aCNFUS =   -0.333/rad 
FUS a a 

(c) Using the equations of Subsections 7.3.3 and the 
values obtained in steps (a) and (b) above, compute 
the following fuselage dimentional derivatives 

(i) uFUS -Derivatives 

dLFus 

'FUS 

do FUS 
duFUS 

dYpus 

duFUS 
dxFUS 
<3uF us 

"VoL^" 221-125  • -0.637 lb-sec/ft 

-_2_n 2(2136) , 
- v D

FUS=   221  125  =   19'3   lb-sec'/ft 

-2. Yc 
2(25.6) 

VFUS"   221.125 

- 2_y       . 
-TT^FUS - 

vO 

=   0.231   lb-sec/ft 

2(-500.7) 
221.125 

=   -4.53   lb-sec 
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^MFUS        2  ht 2(5355)       ,i0  ,   ., 
•*  =-^-MFlJc=  "  <*8.4  lb-sec 
(3uFus V0    

FUS     221.125 

^NFUS 2 2(-2706) 
Tu  ="tN^s=      '     19J"=  -24.5   lb-sec (7uFUS 

vo 221.125 

(ii)     apus -Derivatives 

(3LFUi /^CL 

= 53.2  x 276 x 0.229  = 3365  lb/rad 

daF{JS    =q°AxFUSVaa EFUS 

= 53.2 x 95 x 0.338 * 1705 lb/rad 

<3yFUS ^^CYFUS 

dafus    =qoAYFuslda lFUS 

=53.2 x 388 x 0.0201 = klk lb/rad 

<**FUS 0     /dC^s] _ o 

aaFUS   -^FüSH.-; 

güsa -fl A    #  Aus 

= 53.2  x 68 x 56.5  x 0.401  =•  81961 ft-lb/rad 

<3NFUS .    /c3cN 'FUS 

aaFüS °     FU5        \daFUS 

=-53.2  x  68  x 56.5x0.067  =   -13702   ft-lb/rad 
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(iii)    Fuselage  ßs -Derivatives 

dpFus A       (dcoFOS 

dß^"-qo^^Vdß; 

= 53.2 x 95 x 0.113 = 571 lb/rad 

dv FUS S<I«A. 
dcy FUS 

JßT 'H°"YFUS^/3S 

= -53.2 x 388 x 0.212 = -4376 lb/rad 

dz dc 
Jß^~s%A*FusXns\Jß$ 

*FUS 

=  -53.2  x 68 x 56.5  x 0.0372 =  -7603  ft-lb/rad 

dM FUS 

dßs 

du 

•-%** 0    *FUS 
0      (dC^fus 

AFUS\- 

FUS 

dß< 
5%AXFUS^SV 

dßs 
= 0 

FUS 

a ßs 

= 53.2 x 68 x 56.5  x 0.333 =  -68160 ft-lb/rad 

11.3.4    Wing Isolated Derivatives 

(a)    Obtain the following wing tiim parameters from  Sec 
tion 11.2: 

V0    *   221 ft/sec 

a  = 4,03° = 0.0703 rad 

q0 = 53.2 lb/ft 
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:w 

aw = 2.70° = 0.0472 rad 

KFW = 1.08 

= 1.32° = 0.0231 

Lw    = 4194 lb Dw   = 193  lb 

Lw   = "1848  + 105923A,F      ft-lb 

A,     = -1.2°  = -0.0209  rad 

Xw=  -1848   +  105923   (-0.0209)  =  -4062   ft-lb 

aw    = 4.83/rad 

(b) Using the equations in Subsection 7.3.4 and the 
values obtained in step (a) above, compute the 
following wing dimensional derivatives: 

(i) uw -Derivatives 

d^w     2 v        -2  x 4062 0.   _   ., 
d^'\l*n -^n—- "36-7 lb'sec 

(ii) aw -Derivatives 

T~-
: Q Q^Sw: 53.2   x  4.83  x 170 =  43682  Ib/rad 
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dDw       2L* 2   x  4194 
3 '     ,^   oW= T-TT T~n77 x ^-83  =   2135   lb/rad daw  TT(/R)W 

W
 3.14 x 6.0*» 

The lemaining wing derivatives can be neglected 

11.3.5 Horizontal Tail Isolated Derivatives 

(a) Obtain the following horizontal tailplane trim par- 
ameters from Section 11.2: 

V0 = 221 ft/sec qQ =53.2 lb/ft
2 

= 4.03° = 0.0703 rad 

aT -- 0.210° = 0.00366 rad 

KFT + KWT= 3.112 

€T   = 3.816° = 0.0666 rad 

LT = 66.3 lb DT = 40.6 lb 

£T = -80.9 ft-lb        oT =4.42/rad 

(b) Using the equations in Subsection 7.3.4 and the 
values obtained in step (a) above, compute the 
following horizontal tailplane dimensional deriva- 
tives: 

(i) uT -Derivatives 

<3LT  2    2 v 66.3 
d^T  =^LT=

 ~m— -  °-599 ^-sec/ft 

P--.1.C,.-.   liSSii =   0.367  Ib-sec/ft 
Ou1      V0   ' 221 
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J^I.-LT ,--2 x 80.9 s  0 732  lb_sec 
dur     Vo    T 221 U#/       iD  SeC 

(ii) aj   -Derivativer 

£-I- = q GTST=53.2  x 4.42  x 76.2 =  17918  lb/rad 
dctj    '° 

^
L
 

=
 -4^-QT-- 

2 X 66'3  x 4.42 =  35.5   lb/rad 
daT     TT^)T   T    3.14 x 5.26 

The remaining horizontal tail derivatives can be 
neglected. 

11.3.6 Vertical Tail Isolated Derivatives 

(a) Obtain the following vertical tail trim parameters 
from Section 11.2: 

Vn  = 221 ft/sec Qo = 53.2 lb/ft2 

a  = 4.03° = 0.0703 rad 

aVT = 0.210° = 0,00366 red 

ß       = 1.01° = 0„0176 rad 

Kpyj "*" KyvVT =   3,112 

€wT    -- 3.816° =  0.0666 rad VT 

LVT    = 103  lb 

oVT    =1.84 

DV/T  =   28.''   lb 
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(b) Using the equations in Subsection 7.3.6 and the 
values obtained in step (a") above, compute the 
following vertical tail dimensional derivatives 

(i) UVT -Derivatives 

^v7"^LvT"   221  = °'931 lb"sec/ft 

^L40VT=   2 * 28'* •  0.257  lb-sec/ft duVT     V0 VT 221 

(ii)   ayT   -Derivatives 

ai-vT 3 dDVT 

davr    (3aVj 

(iii)  /3S  -Derivatives 

V    =q0QVTSVT=53.2 x 1.84 x 52 = 5090 lb/rad 
(J/3, 

^,2^,,L2L101        x uw .  80.4 lb/rad 
dßs      w?Vr VT  3.14 x 1.5 

11.3.7 Auxiliary Propulsion (Jet) Isolated Derivatives 

(a) Obtain the auxiliary jet engine trim parameters 
from Section 11.2 

V0  = 221 ft/sec q  =53.2 lb/ft
2 

o 

a      --   4.03° = 0.0703  rad 

aFUS=   2.80°  = 0.0489 rad 

OtPj    =ipi
+aFUS=    6  +   2.8  =   8.8° 
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Tp.= 960 lb 

Np= 123.3 lb 

(b) Using the values in step (a) above obtain the auxil- 
iary propulsive unit derivatives from Section 5.7 as 
follows: 

(i) uPj -Derivatives 

At the values of Tp( and V0 given in step (a), graph- 
ically obtain the slope dTp.f/duP.    from Figure 1 in 
Section 5.7 as: 

dip, 
duP. 

=-0.49 lb-sec/ft 

Also,   from Section 5.7  for an auxiliary engine 
mounted  low on the  fuselage,   calculate 

<3N, 

du« 
X    d\ 

2sin aPi-KFUS(~-^-)Fcos aPj 

2  x 53.2  x  7.66 
221 

, -0.053 

2  x 0.153   -   1.0  x 

N 0.335 

(ii)    aPj -Derivatives 

+   0.1108)   x  0.998 =  1.30 lb-sec/ft 

dT, 
da, = 0 

At  the value  of   q0 given  in  step  (a),   graphically 
obtain the  slope     dlNP|/Ajj)/0aP|       from Figure  2  in 
Section  5.7  as: 
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J-ö
1
-=  1.85  lb/ft *  -deg aaPj 

Then 

^N 
Lao j 

N 
o-A, Al 

Lao4 
x57.3=1.85 x 7.66 x 57.3 = 812  lb/rad 

JPi 

(iii) ßs Derivatives 

dTPl 
= 0 

From  symmetry, 

aNP|     oNPj 

dßs  "äöp" 
=812  lb/rad 
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11.4 TOTAL STABILITY DERIVATIVES 

The total stability derivatives for the sample compound 
helicopter are now easily evaluated utilizing the 
analytical procedures outlined in Section 7.1 and the 
isolated derivatives computed in Section 11.3. 
The derivatives thus computed for the. sample compound 
helicopter for six degrees of freedom of aircraft motion 
are pi*esented in Table I.  This table also includes the 
control derivatives required for the aircraft response 
calculations. 
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11.5  STABILITY CHARACTERISTICS EQUATION 

The dynamic stability of an aircraft is assessed by 
examining the coefficients and the roots of the stability 
characteristic equations.  The uncoupled longitudinal 
mode and uncoupled lateral mode characteristic equations 
for the sample compound helicopter are obtained by 
following the analytical procedure outlined in Section 
8.0 and by utilizing the aircraft total derivatives 
computed in Subsection 11.4. 

The computations of aircraft stability characteristics 
involving more than three degrees of freedom of air- 
craft motion are most conveniently performed utilizing 
a digital or analog computer program. A typical 
analog computer program that can be used for this purpose 
is described in Section 10. 

11.5.1 Uncoupled Longitudinal Mode 

11.5.1.1 Coefficients of the Characteristic Equation 

(a) Utilizing the total aircraft stability derivatives 
presented in Table I of Subsection 11.4, compute 
the following; terms: 

G, = Zw-Mgf-Mw-Zfl = (-579K-59800) = 34.6xl06 

G2 = ZvrMg + ZvirM^-Mw-Zö'-MiJrZ^ 

= (-766K-59800) + (-579K-126275)-( 269H127219) 

= 84.7 x 106 

G3 = Z0Mu-ZuM0 » -(-41)(-59800) = -2.45 x 106 

G4 = ZuMw- -MyZyv- 

= (-4l)(269)-(-268)(-579) = -0.166 x 106 
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-.    (-766) (-126275) -(-936) (127219)-( -1329)(269) 

=    216  x  106 

G6   =MuZ0-ZuM0 

(-268)(127219)-(-41)(-l26275) =  -39.2  x 106 

G7     -   ZU Myy - MUZ yy- 

=    (-lfl)<-936)   -  (-268)   (-766)   =  -0.167 x 106 

G8   = Mu x w" " M^Xj 

(-266X-0.0413)   -  (-936X-587)  =  -0.550 x 106 

G9   = Xy^-Mu-Xu Myy- 

6 
"    (57.9X-268)   -  (-32.IX-936)  =  -0.0456 x 10 

(b)    Calculate the coefficients of  the  longitudinal mode 
characteristic  equation as  follows: 

A     =G,XÜ=    3fc„6(-587)  x 10    =  -20.3  x 109 

B     :G| Xu + G2Xij + G3Xvv- + G4Xö' 

= J34.6(-32.1)   +   84.7   (-5S7)-2.45   (-0.0413)]x 10( 

=   -50.8  x  109 
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C  =G2XU + G3Xw + G4X^ + G5Xü + G6Xw- + G7Xg 

= [84.7(-32.1) - 2.45(57.9) - 0.166C-7788) 
16.9 

+ 216C-587) - 39.2(-0.0U13)Jx 10 = -128x10 

D  = G4 X $ + G5 Xu + G6 Xw- + G7 X Q + G8 Z Q 

= [-0.166C-18855) + 216C-32.1) - 39.2(57.9) 

-0.167C-7788) - 0.55(-1329)] x 106= -4.05x10 

E --G7XQ + G92Q 

=   [-0.167(-18855) - 0.0456(-1329)]x 106 

=  3.20 x 109 

(c)  Divide all the coefficients by the coefficient A; 
obtain the following uncoupled longitudinal mode 
characteristic equation for the sample compound 
helicopter: 

A4 + 2.50 A3 + 6.32 A2 + 0.199 A - 0.157 = 0 

11.5.1.2 Criteria for Stability 

Aa discussed in Section 8.4, the necessary and sufficient 
conditions for stability are that all the coefficients 
of the characteristic equation (B,C,D, and E) be 
greater than zero when A > 0, and also the Routh 
discriminant R*> 0. 

It can be noted that in the sample case, the normalized 
coefficient E is smaller than zero when A, B, C, and D 
are greater than zero.  Since there is only one sign 
change in the normalized coefficients A, B   E, 
there will exist at least one positive (unstable) real 
root. 
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Therefore, the sample aircraft will possess at least 
one divergent aperiodic longitudinal mode, regardless 
of whether the Routh discriminant is positive or 
negative. 

11.5.1.3  Solution of the Characteristic Equation 

The solution of the stability characteristic equation 
(quartic) for the example compound helicopter can be 
obtained utilizing the analytical method of Section 8.5 
The calculative procedure is as follows: 

(a) The normalized coefficients (A, B, ... E) of the 
characteristic equation as computed in Subsection 
11.5.1.1 are: 

AA4+3A3 + CA2 + DA +E =0 

where 

A = 1, B = 2.50, C = 6.32, D = 0.199, E = -0.157 

(b) Calculate 

S* = BD + C2 - 4E 

=2.50(0.199) + (6.32)2- 4(-0.157) = 41.016 

2  2 
R* = BCD - EB - D 

= 2.50(6.32K0.199) + 0.157(2.50)2- 0.199 

= 4.074 

(c")  Compute 

h, = 3"(3St - 4C2) 

1 
3 I 3(41.016) - 4(6.32) N2I = -12.173 

h2   = ~
(18CS* - 16°3 ~ 27R*) 

1 
27 

= 19.323 

fl8(6.32)(41.016) -16(6.32 )3- 27(4.074)J 
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(cl)     Evaluate  the  discriminant   (A) 

a      4     27 

=   (19,323)%   ^12.1Z3i3
=   26.536 

(e) Determine the value of ( Un ). 

Since A in step (d) is greater than zero, then 

= ^zlSxl23  +J26j36 +^-19,323  . /jf^f 

= -4.106 

(f) Compute 

= .4.106 • 2(6.32) < (2f50)
2 

3   -   k 

=  0.105 < 1.556 

(g)  Calculate 

f .S^L^S^l^ 

-.   6,32 - 0,105 ,v/(6y32-0tl05)
2,0<157 

2 

= 6.235 
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v   si.s -0,157 s .0#025 
S   6.235 

_ D-B«; . 0.199 -2.495(6.235) 
1      ^-9      -0.025 -6.235 

= 2.453 

C =B-77= 2.495 -2.453 = 0.042 

(h)  Finally, determine the fou-»~ roots of the stability 
quartict thus: 

A 1,2 "      2 
L + .ALl 

,..g^±y^042)2 + 0>025 

.'.A,=  0.139 A2= -0.181 

and, 

A n + 3,4   -        2 
V? 

-9 

• .2.453  ±V(IW - 6C235 

= -1.227 ± 2.175  i 

A, = -1.227  +  2.175   i 

A4=  -1.227  -   2.175   i 

11.5.1.4 Roots of the Characteristic Equation 

The roots of the characteristic equation computed above 
consist of one positive real root (A, = 0.139), one 
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negative real root (A? -  -0.181), and a pair of 
complex roots (A3)4 = -1.227 + 2.175 i). 
The positive real'root (A, ) corresponds to aperiodic 
divergence having time to double the amplitude of about 
4.99 sec.  The negative root (A2 ) corresponds to 
aperiodic convergence having time to half the 
amplitude of about 3.83 sec, which corresponds to a 
time constant of 5.52 sec.  The complex pair (A3|4 ) 
corresponds to a rapidly convergent oscillation having 
a period of about 2.89 sec and a time to half the 
amplitude of 0.56 sec.  This corresponds to an 
oscillation frequency of 0.346 c.p.s. and a time 
constant of 0.815 sec. 
It can be concluded, therefore, that the sample 
compound helicopter is slightly unstable in the long- 
itudinal mode. 

11.5.2 Uncoupled Lateral Mode 

11.5.2.1 Coefficients of the Characteristic Equation 

(a) Utilizing the total aircraft stability derivatives 
presented in Table I of Subsection 11.4, compute 
the following terms: 

H, "L$N^-N£Ly* (-14920K-56800) --  847 x 106 

= (-18467)(-56800) + (-l4920)(-56800)  =   1896  x  106 

•:(-18468)(-32671)-(-10933)(3362)   =   640  x  106 

H4  «NvLü-LvNü =   -C-60.8K-56800)  ^  3.45  x  106 

H5   =LV  NJ*-NV LÄ=   -C624)(-14920)   =  9.30  x  106 

11.5-7 



H6 = NV L^-Lv N^ 

=(624)(3362)-(-60.8)(-32671) -.   0.111 x in6 

H7 =LVN^-NV L^ 

=(-60.8)(-10933)-C624)(-18468) = 12.2 x 106 

(b)  Calculate the coefficients of the lateral mode 
characteristic equation as follows: 

\    = Hj Y;= 847(-587)xl06 = -497xl09 

B : H| Y^ + Hj Yy 

= [847(-40.9)+1896(-587)] x!06=-1147>109 

C = H2YV+ H3Y; ^H4Y^ + H5Y^ 

1896(-40.9)+640(-587)-3.45(7976) 

J9.30(-i289lO] x!06=-1679xl09 

D = H3YV+ H4Y^ +H5Y^ + H6Y^+H7Y^ 

640(-40.9)-3.45(18900)+9.30(1329)+0.111(7976) 

+ 12.2(-1289U)1  xlO6  =   -1649xl09 

E    = H6Y^  + H7Y+ 

0.111(18900) + 12.2(1379) ] xlO6 = 18.3xl09 
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(c)     Divide   all  the  coefficients  by   the  coefficient ' 
A;   obtain  the   follow'ng uncoupled  lateral  mode 
characteristic  equ*      on   for  the   sample   compound 
helicopter: 

A[A"+2.306A
3
+3 375A

2
 + 3.3I4A-0.037] = 0 

11.5.2.2 Criteria for Stability 

In the characteristic equation above, we can 
consider A = 0 to be a root of the equation and then 
deal only with the remaining quartic equation.  In 
this quartic equation, only the normalized co- 
efficient E is smaller than zero, while A, B, C, 
an*.* D are greater than zero.  Since there is only 
one sign change in the normalized coefficients A, 
B E, there will exist at least one positive 
(unstable) real root. 

Therefore, the sample aircraft will possess at 
letst one divergent aperiodic lateral mode, regard- 
less of whether the Routh discriminant is positive 
or negative. 

11.5.2.3 Solution of the Characteristic Equation 

The solution of the stability characteristic equation 
(quartic) for the sample compound helicopter can 
be obtained utilizing the analytical method of 
Section 8.5.  The calculative procedure is as 
follows: 

(a)  Determine the normalized coefficients (A. 
B...E) of the characteristic equation 

A4 + BA3+ CA*+DA+E --0 

where 

A e 1, B s 2.306. C = 3.375, D = 3.314, E = -0.037 

(b)  Calculate 

S* = BD + C2 -4E 

= 2.306(3,314) + (3.375>>2-4(-0.037) = 19.180 
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R*  =  BCÜ-EB2-D2 

=  2.306(3.375)(3.3l*O-(-0.037)'2.306)2-(3.314)2 

=  15.003 

(c) Compute 

h,    -j(3S*-4C2,> 

= 3(3(19.18)-4(3.375)2] 

= 3.993 

h2   =  77   [ 18GS*-16C3-27R*] 

= \j   [ 18(3.375X19.18)-16(3.375)3-27   (15.1003)] 

=  5.371 

(d) Calculate the discriminant  (   A   ) 

"        4        27 

.   (5.371)2  +   yj|93)i=   9>568 

(e) Determine the value of ( I"In ). 

Since A in step (d) is greater than zero, then 

3 

n„ V-? + v^ V-f"^" 
3A-5- 

-1.052 
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(f) Compute 

2 
--   -1.052  + 1(3.375) <   (2.306) 

3 U 

=  1.198  <  1.329 

(g) Calculate 

, =^i+v^T7 
.   3,375   -  lf198 + ^1^7375-1.19^^,  (.0.037) 

=   2.192 

v   ai, 44SL« -0.016 
S 2.192 

-  D^RS  _ 3.31**  -   2.306(2.192)   _  n  7f)fi 
1    "T^T""       -0.016   -  2.192        '-0-788 

£     =B-T;^   2.306   -  0.788  =   1.518 

(h)  Finally, determine the four roots of the stability 
quartic, thus: 

A',2--f±V/(f)2-y 

r- 
-H" W- (-°-016) 

.A,• 0.010 A?= -1.528 
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and. 

1 + /, T 2 

:.0^Z88 ± v/(g^88)
2 . 2.192 

= -0.394 + 1.^27 i 

.*. A3 = -0.394 + 1.427 i 

A4= -0.394 - 1.427 i 

and A5= 0 

11.5.2.4  Roots of the Characteristic Equation 

The roots of the characteristic equation computed above 
consist of one zero root (A5=0), one positive real root 
(A,=0.01), one negative real root (A2=-1.528), and a 
pair of complex roots (A3t4 = -0.394+1.427 i). 
The zero root (A5) corresponds to a neutrally stable 
mode.  The positive real root (A.( ) corresponds to a slow 
aperiodic divergence having time to double the amplitude 
of about 69.3 sec.  The negative root (A2) corresponds 
to a very rapid aperiodic convergence having time to half 
the amplitude of about 0.45 sec, which corresponds to a 
time constant of 0.65 sec.  The complex pair (A3 4 ) 
corresponds to a rapidly convergent oscillation naving a 
period of about 4,4 sec and a time to half the amplitude 
of 1.76 sec.  This corresponds to an oscillation fre- 
quency of 0.227 c.p.s. and a time constant of 2.54 sec. 
It can be concluded, therefore, that the sample compound 
helicopter is only slightly unstable in the lateral mode. 
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11.6  AIRCRAFT RESPONSE 

The most convenient way of computing aircraft response 
due to control inputs or external disturbances is through 
the use of an analog computer program, such as discussed 
in Section 10.  The response calculations for the sample 
compound helicopter are performed in Section 10.2 and 
will not be duplicated in this section.  The dynamic 
stability response results described in Figures 2, 3, and 
k  of Section 10.2 show that the sample aircraft is 
controllable in all stability modes despite the fact that 
certain modes exhibit divergent trends (e.g., response 
of \ff  , <f>  , 6  due to longitudinal cyclic pulse. 

The time to double the amplitude of the divergent modes 
is generally in excess of 10 seconds and is therefore 
sufficiently long for the pilot to apply a corrective 
control input before undesirable excursions have time 
to develop. 
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