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ABSTRACT: Analog and digital technique s used in the computation 
of the shock and Fourier spectra are presented and compared on the 
bases of speed, accuracy and ease of usage. Analog computers with 
active and passive elements are considered, and it is concluded 
that active RC networks make accurate and simple-to-use computers 
for the analog determination of the spectra. The digital techniques 
studied included the impulse-invariant Fast Fourier transform, 
z-transform, and the O'Hara method which uses a parabolic inter­
polation formµla. It was determined that the z-transform tech­
nique had a five to one timing advantage over the O'Hara technique 
for the simultaneous computation of shock and Fourier spectra and 
that the FFT had a dramatic timing advantage over both methods for 
the computation of only Fourier speetra. It was also shown that 
the O'Hara technique could maintain less than 5~ error when the 
transient was sampled with a Nyqui st rate which was approximately 
five times the frequency of dominant Fourier spectrum v~lues. It 
was also shown that for functions which roll off at 1/w, the 
impulse-invariant technique required four times the sampling rate 
required by the O'Hara technique in order to achieve equivalent 
accuracies. In addition to the above comparisons an equation was 
derived which gives the minimum sampling requirements for the com­
putation of damped shock spectra. The damped shock spectra have 
previously been sampled with little or no justification for the 
sampling scheme. 
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CHAPTER I 

INTRODUCTION 

Objectives 

The Fo~r1er spectrum and shock spectrum are widely 

used as methods tor determ1n1na the effects of transients 

on mechanical as well as electrical systems. The avail­

able literature on the computation of the two spectra is 

widely diverse as to which techniques are best suited for 

determination ot the spectra. This 1s particularly true 

1n the digital computation ot spectra where a variety of 

"rules ot thumb" appear which are not usually consistent 

between ditterent authors. 

The object ot this paper is to compare and contrast 

the various methods whtch are available and to establish 

which methods are best suited to a particular application. 

A second objective is to establish realistic guidelines tor 

the computation ot the Fourier and shock spectra ot 

transients. 

Definitions ot the Shock ad Fourier Spectra 

Both the ahock spectrum and Fourier spectrum 

det1n1t1ons vary in the reterer.ces. They will be def ined 

here aa they are used throughout the paper. 

1 
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Shock Spectra 

•~ shock spectrum 1s the plot of the maximum absolute 

values o~ the relative displaceilients multiplied by appro­

priate scaling factors, of a set of either damped or un­

damped single-degree-of-freedow oscillators with negligible 

ma.as, which have been subjected to a bas~ shock motion, 

the values being plotted as a function ot tho natural fre­

quency ot the simple oscillators. Th,ese graphs can be 

constructed with units ot displacem(~nt, velocity or equiv­

alent static acceleration by the choice ot the scaling fac-
2 tors ot unity, w or w / g respectively, where 0, is the 

angular trequency of the oscillator.11[lJ Some additional 

terms are used in describing the shock spectrum. They 

will be detined here tor later reference. The residual 

shock spectrum 1a the ma.xaum absolute value occurring 

atter the transient stops. The positive shock spectrum is 

the largest positive relative displacement ot the oscilla­

tor and the negative shock spectrum.is the greatest negative 

displacement·. These can also be multiplied by scale 

factors and put in units ot displacement, velocity or 

equivalent static acceler,ation. 

Fourier Spectra 

The Fourier spectrum is ,lest easily defined as the 

magnitude ot the complex Fourier integral. The Fourier 

spoctrum 11 also dotino~ differ ntly in the reterencos 

2 
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so it will be defined here as it will be used throughout 
[2] 

this psp r. Th~ Fourier transform pair is given as 

F(w) • 1. t(t) exp (-jwt) dt 

CD 

t(t) • ~ 1. F(w) oxp (Jwt) dw 

', ) \ • 

(2) 

The Fourier integral is., in general, complex having oo .. ~h a 

real and imaginary part. The vector sum of the two pa.4'-;s 

is called the Fourier spectru:n. 

Background Information 

Among the tirst authors ot papers concerning shock 

spectra 1a Dr. J.M. Frankland. His work on what he 

termed dynamic load t&etora wu published in 1942. (3] 'l'he 

same concept, under the name or ampl1tication factor, was 

used by R. D. Mindlin [4] and published in 1945. The 

tundamental concepts or shock spectra were used by B1ot[5] 

in his 1943 paper on Analytical and Experimental Methods 

in Engineering Seismology. Since the publication of these 

original works, a tremendous amount ot literature has 

appeared on the interpretation, computatton, and appli­

cation o~ shock spectra. 

Gardner and Barna [6] summarizes the development of 

the Fourier and Laplace transtorm techniques. The no.mes 

uaoc1&ted With the•• development• are too numerous to 

3 
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mention in tota.l. But certain of these are associated with 

theory and technique which will be used throughout this 

presentation. Briefly some of the names and techniques 

follow: Laplace, Cauchy, Heaviside, Dirichlet, Riemann, 

Mellin, Parseval and Duhamel. 

Formulation of the Shock Spectra 

The single-degree-of-freedom oscillator required for 

the shock spectrum ana.lysis is shown in Figure l along with 

an equiva.lent RLC series two-port network. The equation of 

motion will be formulated hera for the spring mass oscil­

lator with the assumption that there is no static d flec­

tion caused by gravitational forces. The summation of 

forces on the mass using D'Alembert•s principle yields 

L F. my. k(x-y) + c(x-y) (3) 

Thia can be rewritten substituting the relative displace­

ment r • y - x 1n the form 

(4) 

The equation shows that neglecting initial conditions, the 

shock spectrum is only a function of the base acceleration. 

This means that regardless of which form the transient is 

measured in, displacement, velocity, or acceleration, .the 

ahock spectrum is a function of only acceleration. The 

4 
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analogous formulation for the RLC series two-port network 

is as follows 

(5) 

The solution of these equations with no input is shown in 

several references. Using the solutions, the equations 

can be wr.itten in terms of the undam.ped resonance frequency 

(wn) and the damping ra~io (~) as 

(6) 

and 

{7) 

respectively. The RLC series two-port network differs 

only because ot thew~ ~c&le factor. The discussion that 

follows uses the spring-maas oscillator p~imarily, but the 

sm&ll difference is . easily compensated tor if' further dis­

cussion ot the electrical network is desired. The Laplace 

transform technique will be used to solve the ditterenti&l 

equation. . The La.place transform ot equation ( 4) can be 

written with initi&l conditions r(o) and r(o) representing 

the initial conditions as 

+ r ( 0 ) + ( 2, UI n + 8 ) r ( 0 ) 

R( ) • ---------------a + 2~W 8 + W n n 

The ayatem 1a linear and can therefore be solved tor 

5 
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response to initial conditions and input separately and 

then the two responses can be added to get the total response. 

This is a convenient approcch here since the solution is 

going to be determined for the two cases of velocity v(t) 

and acceleration a(t) input . Uoing a table of Laplace 

transforms, the transform, in the absence of an input 

motion, and its inverse are: 

r(o) + sw r(o) r(o) (s + ,wn) 
R(s) = 2n 2 + --------

( s + 'w n) + w d ( s + ~ w n) 2 + w~ 
(9) 

where w d = w n ✓ 1 - i 2 , and 

(10) 

The forced solution in terms of the input base 

motion will now be determined for the two cases of velocity 

and acceleration input. ?he base acceleration input ~(t) 

will now be written as a(t) and its Laplace transform as 

~ [a(t)] • A(s) {11) 

The Laplace transform of the response to base acceleration 

is therefore 

6 

.. 
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r ( t ) = -;J.-l r. A,( s ) 2 2 l 
l( (s + Soin) + 01 d) J (12) 

Using the convolution theorem[2]the response can be written 

in terms of the oscillator impulse response h(t) and the 

base acceleration as 

t 

r(t) - -1 h(T) • a(t-T )dT (13) 

n(t) • .l:. exp (-~wnt) sin (wdt) (14) 
OJd 

Combination of these two equations and the response 

to initial conditions yields the total response of the 

oscillator to base acceleration as 

r(t) • (r(o} + ~r(o)) exp (-~w -t) sin (o,dt) 
wd ✓i~,2 n 

t -.l:.1 a(-r) exp (-,,,, (t-'r)) sin (wd(t--r)) d'I' (15) 
~d n 

0 

The other possible form of input is the velocity 

v( t). The Laplace transform of the base acceleration in 

terms ot the velocity is 

L (v(t~ - sV(s) - v(o) 

7 

(16) 

----
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The re sponse to base velocity is the refore given by 

r ( t ) = -;f. - 1 [ s V ( s ) - 2 ( o ) ] 
( ( s + ~ .,, ) + wd 2 ) 

ft 

(17) 

Solution, again using the convolution theorem, yields the 

response to base velocit y with no initial conditions as 

r(t) = v~:) exp (-swnt) sin (wdt) 

t -£ v(T) exp (-~wn (t-T)) cos (wd(t-T)) dr 

(18) 

The total solution to a base velocity with initial condi­

tions is therefore 

r(t) = (f(o)w: v(o) +p) exp (-£wnt) sin (wdt) 

+ r(o) exp (-~wnt) cos (wdt) 

-It v(T) exp (-~wn (t-r)) cos (wd (t-T)) dT 

1 0 

V ( T ) exp ( ·S W (t-r))sin (Wd (t-T)) dT 

Equations (15) and (19) c n be considerably simpli­

fied if only the undamped oscil ators are considered. The 

undamped equations will be presented here for later 

8 
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reterence . The equations,when written with~• O,become 

t -.l:.1 a(r) sin (w (t-T)) dT 
wn n 

0 

r(t) • r(o) + v(o) sin (wnt) + r(o) cos (wnt) 
Wn 

· • { v(T) Cos (11n(t-T)) dr 

tor the cases ot acceleration and valocity input, 

respectiv~ly. 

Formulation ot the Pourier Spectra 

(20) 

(21) 

The Pourier integral as detined 1n equations (l) and 

(2) can be aomewbat a1mpl1t1ed tor th1a apj)lica.tion by 

noting aome ot the:. properties ot the transient being ana­

lyzed. Again assume that the motion is given in one ot two 

torms, bue acceleration a(t) ox· base velpcity v(t). If 

now it 11 uaumed that the ahock 11 causal and therefore 

does not ex11t tor t<,O, and usuming that the transtorms 

exist, the ex;preaaion tor the Pourier integrals can then be 

written u 

A(,.) • I a(t) exp (-J11t) 4t 
0 

v(,.) • l v(t) •llP (-~wt) dt 

9 

{22) 

(23) 
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The Fourier spectrum for the acceleration is therefore 

IA(w JI and the Fourier spectrum for the velocity is /v(w JI . 

The inverse transform relationships for equations (22) and 

(23) are given by 

<D 

at) 1 f A(w) exp (Jwt) dw (24) 
=-2TT 

-c:o 

CD 

v(t) 1 
= 2n L v(w) exp (Jwt) aw (25) 

Differentiating equation (25) with respect tot yields a 

second expression for acceleration, 

<D 

di{t) • a(tJ • ~ L JWV(wJ exp (JwtJ dw (26J 

Comparison ot equation (24) With equation (26) shows that 

the Fourier integral ot the acceleration is equal to jw times 

the Fourier integral of the velocity, that is, 

A(w) • jwV(w) 
(27) 

and theretore the spectra are related by 

(28) 

[2] Equations (27) and (28) are Valid when the transforms exist. 

10 
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The existence of the Fourier spectrum has not as yet 

been established. Pa.poul1s (2) gives a sufficient condition 

tor the existence as follows: 

If f(t) is absolutely integrable in the sense 

Cit 1 .Jt(t)ldt <. 

-· 
th~n its Fourier integral F(w) exists and satisfies 

equation (2), 1.e., 

(~9) 

f(t) • ~ /. F(w) exp (.1cot) den (30} 

Thia is as rigorous a test for existence as is necessary 

tor most applications to be considered here. The acceler­

ation and velocity transients discussed here Will begin at 

time zero and Will be ot tin1te length T Which means they 

w:Ul always be absolutely integrable even in the. presence 

ot discontinuities. 

Application 
I 

Although the primary objective is the computation 

ot shock. and Fourier spectra, some discussion ot appli­

cations seems in order. The shock and Fourier spectra 

have been use~ extensively tor two purposes. One is the 

spec1t1cat1on and evaluation ot laboratory simulations ot 

shock measured in the tield. [7] [S] The other io the anal­

yaia ot complex structures to shock motions. [9] D.o] 

ll 



OLTR 70-243 

The use o. shock spectra as a means for speci~yina 

laboratory test has ~een a matter of some controversy and 

will not be discussad here. Te use of shock spectra 

or the prediction o. the response of complex structures 

is ~ore applicable to this treatment. 

It is very obv~ous that if a structure can be 

accurately modeled us ng the single-degree-of-freedom 

oscillator., and if the :presence o"" the oscillator has no 

effect on the base motion., the shock spec·rum is directly 

applic_able to the peak response calculatio~. It can be 

shown that the equations of motion for both continuous an 

lumped parameter linear elastic systems can be., in general., 

decoupled so that the resulting response ca.n be written as 

a summation ot a1m~la oscillator responses with appropriate 
L9] [l.O] 

weighing factors. The derivation of the technique 

will be shown here a.nd demonstrated with an example in 

Appendix A. Assume that the transfer characteristics 

between the base a.nd some point on a structure can be 

written a.a the ratio ot two polynomi&ls 1n a as follows., 

N 
n 

(s-sk) ~f:~ - k•l 
M (o-sj) 
n 

j•l N < M 

(31) 

where the ax'• represent the zeros and the &j's represent 

the poles ot the tran ter tunct1 n . Assuming now that the 

12 
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poles occur as M/2 complex conjugate pairs, t he trans~ orm 

can be decoupled and rewritten as 

M/2 

fil.tl ""' A(s) • Li (32 ) 

Where the, in general cocplex, weighting factor Ki is 

determined trom the residue at the poles of the denomi­

nator. The total response r(t) due to a(t) can then be 

written using the convolution theorem and superposition as 

A conservative estimate ot the peak response can be 

·written aa 

M/2 K I/ r(t) " ~ if- a(T) 
1•1 di o 

exp J-tw1 {t-f )I sin Jw41 {t•T )! d1mo.x 
(34) 

where the term in the absolute value bracket is the veloc­

ity shock spectrum value at w1• It the input acceleration 

is time limited: a(t) • o, t ~ T and there is no dampin8 

present, a conservative estimate ot the res.1dual response 

can be ·wri~ten aa 

t ~ T 

r(t)' (35) 

13. 
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The term in bracket will be shown later as the Fourier 

spectra value at u • echniques or determining the Ki 

values for mechanical systems are shown in references [9J 

(10] and [11] and de onstra.ted in Appendix A. 

The shocc spectrum approach has been shown to have 

several shortcomir.gs. The greatest problem is in the 

neglect of loadin e fects or structural feedback. The 

driving point impedance or resistance to motion of the bnse 

or a structure is greatest at its natural frequencies (see 

Appendix A). Or in tenns of the La.place transform, the 

natural frequencies of the structure or si..~ple oscillator 

become zeros of tl1e base motion when the structure and 

base a.re both considered in the response calculation. The 

effect of this is to reduce the Fou ier and shock spectrum 

values at the natural frequency ot the structure when it is 

put in place. 

several authors 

This problem ha.a been investigated by 
(12] (l] 

• 
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CHAPTER II 

COMPARISON OF THE SHOCK AND FOURIER 
SPECTRA VALUES 

Fourier Spectra and the Undamped 
Residual. Shock Spectra 

There is a fairly well known [i3] [l~ relationship 

between the residual velocity shock spectrum and the 

Fourier spectrum which will be shown here and used in 

later discussions. The expression for the residual veloc­

ity undamped shock spectrum ca.n be written from equation 

(~) as the maximum value ot the integ·:al 

T 

111nr(t) • - / a(T) sin (wn(t-,)) dT 
0 

(36) 

evaluated fort~ T, where T represents the total duration 

of the tra.nsient. The "n" subscript ca.n be dropped to 

simplify notation. Here w implies wn• The integral can 

be expanded using the identity 

sin (wt - wT) • sin (wt) cos (wT) - cos (wt) sin (wT) 

which results in 

T 

wr(t) • -ain (wt) f a(T) cos (wT) dT + 
0 

cos(,ot) J a(r) a1n(,.r) dT 

0 

15 
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mhe Fourier inte ra cefinition can be expanded by 

writing th exponenti in terms of its real and imaginary 

parts to yield 

m T 

A (w ) • f a. ( t ) c OS ( , , t ) ct - j / a ( t) sin (wt ) dt ( 38) 
0 0 

where the subscripts rand i indicate the real and imaginary 

pax--:s · of the Fourier integra.l and GA represent the phase 

angle of the integral value in polar form. Comparison of 

the equations shows that the residual velocity shock spec­

trum can' be written in terms of the real and imaginary 

parts of the Fourier integral as 

w r ( t ) • - A ( 11 ) r sin (wt ) - A ( ,,, ) i cos (wt ) ( 40 ) 

which after some manipulation yields 

(41) 

The residual velocity shock spectrum value is the peak 

value and is seen to be identical to the Fourier spectrum 

value. 

Another relationship which O'Hara has shown to be 

useful 16 the relation between th ma.xi.-num residua.l response 

and the relative veloci y r(T) and displacement r(T) at the 

16 
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end ot the transient. The displacement and velocity at the 

end ot the transient can be written trom equation (4o) and 

ita derivative aa 

-A( :11) A( t'J) 1 
r(t) • r sin(wt) ,. cos(u,t) 

w w (42) 

. 
r(t) • -A(w)r cos(wt) + A(i,,)i sin(!,.t) (43) 

'l'he simul.taneous solution at t • T then yields an expres­

sion tor the Fourier integral values _and therefore, the 

reaidu&l velocity .ahock spectrum as 

A(ca)r • -wr(T) sin (mT) - r(T) cos (wT) ( 44) 

A(w)1 • wr(T) COi (mT) • ~(T) sin ,~T) 

Residual Response ot the Damped Oscillator 

A a1m1la.r expression can be developed tor the 

reaidu&l reaponae ot the damped oacillator &lthough it is 

not ail;)l.y related to the Fourier 1ntegr&l. To avoid 

1nte&rat1on beyond the end ot the transient the peak re-

1ponae can be written again 1n terms ot the velocity a.nd 

d11placemant1 at the end ot the tra.naient a.a tollowa. The 

dal;>•4 re114U&l reaponae trom equation (10) 11 given by 

17 



OLTR 70-243 

r(t) • w: (r(T) + wnr(T)) exp (-swnt) sin (mdt) 

(46) 

where t = 0 in equation (14) translates tot= Tin this 

case. The true residual velocity response can be obtained 

by differentiating equation (46) with respect to time. The 

time of peak response relative to the end of the transient 

for equation (46) can be found by setting the residual 

velocity response equal. to zero and solving fort. This 

results in the following expression: 

t • i arctan ( +r(T) Q ) , 
p wd r(T)~ + r(T)Wn 

(47) 

where the principal value of the arc tangent is used. 

Substitution into equation (46) yields the first positive 

or negative peak residual damped response without needless 

integr~tion beyond the end of the transient. 

Characteristics of the Damped Oscillator 
When Viewed as a Simple Filter 

In the chapter which follows it will be shown that 

there are considerable ad tages to computing the damped 

shock spectrum as opposed to the undamped. For purposes 

of aiding that discussion the characteristics of the 

oscillator when viewed as a filter will be determined here. 

The steady state response to a sinusoidal base acceleration 

input can be expressed by substitution of s • jw into 

equation (8) with no initial conditions which yields 
l8 
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H(w) • ~ • 1 ..,.._ __ 1 __ __ 

w ;;: (( 1 - ½) + j 2~ ....!. 
wn wn 

(48) 

where H(w) will be used t~ denote the transfer character­

istics. The power-transfer function G(w) can be written 

as l (w) times its complex conjugate which yields 

* 1 G(w) • H(w)H (w) • - 4--
1
--2--2---2-} 

wn (1 - ½) + 4~
2 ½ 

wn wn 

(49) 

Differentiation of the denominator with respect tow and 

setting it equal to zero yields the frequency wp for which 

the power-transfer function peaks. The result is 

(50) 

The peak value of the power transfer function is therefore 

(51) 

and the corresponding peak magnitude in the complex trans­

fer function is 

(52) 

19 
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The half power points of the filter are those for which 

the power transfer function is given by 

(53) 

The solution of equation (53) for wh.p. yields as the four 

(two negative and two positive) half power points 

wh =:= ± w j 1 :t: 2s (1 - C 2 ) .p. n 

1/ l; 
2 _ 2i:;2/ 2 (54) 

Sy using the Taylor's expansion in terms of~ about 

zero, twice the half power points can be approximated by 

wh.p.,,.. :t wn j1 :t ~ - ~2 ± ~3 +1~~4 ,···!, 
and for small damping ratios 

wh ,_ ± w (1 :t: ~) (55) .p. n 

The normali·zed bandwidth of the filter is then given to a 

reasonable approximation for nmall damping ratios by 

If Q is defined .as 1; 2,, the transter characteristic 

can be written in terms ot Q as follows 

20 
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H(jw) • ( 2)1 
1 - w + ~ 
~ QJJ n n 

(57) 

From equation (57), it is seen that Q can be used to denote 

the sharpness or the resonant peak or the tilter. 

21 
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CHAPTER III 

COMPUTATION OF THE SHOCK AND FOURIER SPECTRA 

General Discu&sion of Computation 

Before considering specific methods for determining 

the shock and Fourier spectra, there are several aspects 

which must be considered regardless of the method used. These 

are presented in the forms of questions. What is the minimum 

sampling required to ~efine or display the spectrum adequately? 

In the c se of digital computation, how often must the tran­

sient be sampled to define or analyze it adequately? Is the 

measured or apparent transient an accurate representation of 

the true transient or has it been influenced by them asure­

ment-aystem phase shifts, drifts, calibration errors, etc? 

Por the last consideration, a great amount of judgment is 

required. Often instrumentation with little or no frequency 

response at w • o, such as piezoelectric accelerometers, w11· 

drift when subjected to a tre sient of sufficient duration. 

In some cases it is possible t.c note the existence of drift 

and remove it prior to performing the analysis. Often it is 

possible to detect the pr sence o such problems by using 

tests for reasonableness . For example, if an acceleration 

transient 1s measured on a structure which is seen to be 

stationary before and after the transient, the integral of the 

acceleration transient , or equivalent, the low frequency value 

22 
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of .the Fouri.er and velocity shock spectrum, should be zero. 

If the structure is seen to be in the same place and assuming 

that no yielding has taken place, the second integral of the 

input acceleration should. also be zero. If on the other hand 

the structure has displac~d a finite amount, then the second 

integral should e_qual this value. These .errors for the most 

part are dealt wi'th on the basis of technical judgment and, 

therefore, w111 receive no further discussion here. 

Sampling the Continuous Spectra and Transient 

Both the shock and Fourier spect ~a are continuous 

and have values tor all trequencies; however, it is 1Jnpractical 

to determine the values at all frequencies. Therefore it 

becomes necessary to ~sea t1n1te number ot samples to detine 

and display the spectra. The queat1on · ot how trequently 

must the spectrum be sampled 11 answered by the sampling 

theorem [2]. The theorem tor purposes ot discussion here 

can be stated as tollows: It a f'unct1on t(t) equals zero 

outside the range -T/2~tST/2 the Fourier integral can be 

uniquely determined trom its values F(2~), k • 0,1,2, ••• • 

which are samples taken at trequencies ~ radians/sec apart. 

The proot ot the sampling theorem 11 presented below. 

For a tunction t(t) which 11 zero outside the range 

-~StST/2, the Pourier integral equation (l) can be 

expre11ed u 

23 
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T/2 

F ( w ) = j f ( t) exp ( -Jw t) d t 
-T/2 (58) 

The 'function could also be defined in the interval by a 

Fouriea• series Which would repeat outside the interval With 

a period of T. The periodic f ction, p(t), is defined 
as follows: 

GD 

p(t) - I: 
k•-• (59) 

&nd 

The coefficients ck of the Fourier series are given by 

12 

ck • ~ f(t) exp (•J2tt) 
-T/2 

dt (60) 

. The Fourier integral of a periodic function can be expressed 
(2] in terma ot the delta function 6(w) as 

[ exp· (J21r) exp (-Jwt) dt - 2rr6 (w - 2;~ (61) 

Thererore, the Fourier integral of the periodic represen­
tation p(t) 11 given by, 

• • 

P(w) • [ ~- ck exp (J2
fk'•xp (-Jwt) dt (62) 

24 
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0:, 

P( w) u 2n l: ck 6 (w- ,¥) 
k• -co 

The Fourier integr,al values of the time limited function 

t(t), evaluated at frequen~ies 2~ apart, are given by 

T/2 

Fk • F(2~k)• · f t(t) exp (-J2;;1tt) dt • TCk (63) 

-T/2 

~heretore, the Fourier integral of the periodic represen­

tation ~t the ~tunction can be expressed in terms of the Fk 

samples ot the Fourier integral of the time limited tunction 

as 

(64) 

The Fk values are those indicated by the sampling 

theorem aa being the minimum required to define the Fourier 

integral ot the time-limited function. Therefore, it the 

continuous Fourier integral ca.n be tound trom these sampled 

values, the theorem is proven. The ti?ne-limited tunction 

can be determined from -the· periodic function by multiplying 

· by e. pula·e . or boxcar tunction b ( t), where b ( t) • l tor 

-T/~t~T/2 and b(t) • ·O everywhere else . 

t(t) • p(t)b(t) 

25 
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Reference [2J gives the t r ansform pair for convolution using 

the Fourier integral as 

Cl) 

p(t) b( t) # 2~ f P(w) B(w-w) dw (66) 
-ai 

This can be evaluated using the Fourier integral of the 

square pulse from Appendix Bas follows 

dw (67) 

Therefor the conti~ ous Fourier spectrum is given in terms 

of its sampled values Fk, k • 0,1,2, ••• • as 

a, 

F(w) • L Fk -~----.-- (68) 
k•-e 

There is an equivalent sampling theorem for the 

sampling of frequency-limiteds gnals in the time domain. 

This is a useful t heorem for the discussion of digital 

spectrum analysis echniques and wi l be presented here 

without proof. 

It states that "if' the Fourier transform of a 

f unction t(t) is zero above a certain frequency we' 

called the yquist f quency 

•· ) • 0 for lwl ~ wc 

then :r(t) can be uni ely determined from its values 

26 
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:f'i • :f' (~) i • 0,1,.2, • . •• 

which is a series or equidistant points, 

In tact, the continuous :function t(t) is 

of the sampled function fi by 

~2] 
distant _..!!, ~part. 1 

'!IC 

given in terms 

Cl) 

t(t) - :E (69) 
ia-CD 

This is the tunction performed by an ideal digital .. to-
(5] 

analog convert.er. Both sampling theorems can be treated 

as ide&l 1nterpolators tor the time and frequency- limited 

tunctions, · respectively. The two sampling theorems are 

excluai ve. Cont~gf s functions cannot be both time and 

frequency limited. 'l'he author further states that 

"Evidently, the mathematical model should not 
be pushed too tar in applying it to the real 
world; the mathematical model of a band limited 
function is a useful mathematical approximation 
of, but does not necessaru~

1
correspond exactly 

to, the physical world. " L .Lb 

How tar the band-limited, time-limited model can be 

pushed tor certain well known transients is discussed in 

the next chapter and Appendix B. Although the sampling 

theorem discussed here is not directly applicable to the 

shock spectrum, it seems reasonable to assume that it can 

be used u a guideline. The Fourier and shock spectra 

shown and d1acusaed in this report show that the shock 

27 
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spectrum is at least as smooth a function as the Fourier 

spectrum. 

Sampling the Damped Shock Spectra 

In practice, the shock spectrum is often computed 

using damped oscillators with constant ~•s, and the Fourier 

spectrum, or a semblance of it, is determined using constant 

percentage, constant-Q filters. There are several Justi­

fications for this approach. Often electrical and mechan­

ical systems in the real world behave in a fashion which 

is modeled more accurately by the constant-Q oscillator than 

by the constant-bandwidth oscillator. The computation is 

also improved by the added damping. The damping increases 

the stability of the os~illator, and as will be shown here, 

reduce, the sampling requirements tor 'the spectrum. 

Consider now using the damped oscillator having a 

bandwidth which 1s always a constant percentage of the 

natural frequency. Since the range ot sensitivity or band­

width ot the oscillator 1s increasing 1n proportion to the 

.natural frequency, it seems reasonable that the natural 

frequencies could be distributed logarithmically as 

follows 

u,k • wor< k • O,l,2,3, ••• (70) 

It' it 1a required that the halt-power points ot a partic­

ular tilter correspond to the natural frequencies ot the 

28 
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filt~rs to either side, the bandwidth of the kth filter must 

be 

(71) 

This equation used in conjunction with equation (56) (the 

filter bandwidth approximation equation) yield as an approx­

imate value for K 

K --. (l + ~) 

If now it is assumed that the initial frequency is that 

indicated by the sampling theorem, the distribution of 

natural frequencies becomes 

.k • O,l,2,3,. •• 

The value ot this equation will be demonstrated in the 

next chapter using examples. 

(72) 

(73) 

There are a variety of analog, digital, and most 

recently hybrid, partly digital partly analog, techniques (}.,a 
which can be used tor the computation ot the shock and 

Fourier spectra. Transients which can be described by a 

reasonable expression in closed form can be handled by 

evaluation ot the definitions. This technique will only 

be used to aid in discussions such as Appendix B. The 

primary concern here is the determination or shock and 

Pourier spectra or transients which are measured in the 
29 
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field and laboratory. Only in extreme cases will they be 

easily expressed in closed form. The most common form of 

the measured transient is the frequency modulated (FM) 

tape recording. It is possible in some cases to perform 

analysis on data which are in graphic form such as oscillo­

graphic Iecords or photographic prints taken from, for 

example, an oscilloscope with a camera attached. This is 

demonstrated in reference [ 7] and is actually a specific 

type of digital analysis and will therefore be applicable 

to the following discussions. 

,Analog Computation of the Spectra 

Analog techniques have been used for some time 

to compute shock and Fourier spectra of transient data. 

With the present availability of digital techniques, the 

role ot the analog methods seems to be that of making 

timely "quick look" analyses. The analog Fourier or shock 
1 (18] (19] 

spectra computers can can be made small and portable 

which makes them ideally suited to shock-epectrum and 

Fourier-spectrum computations at the measurement site. The 

analog-computer equipment used for these analyses are of two 

types: gene al purpose and special purpose computers. The 

general purpose computer can be programmed by writing 

equation (6) in terms or its highest derivative as follows: 

1Reference [2] reserves the term analyzer for devices which 
compute density functions, computer is more a_p~licable to 
devices which determine specific values ot Flw). 

30 
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r - - x - 2~W r - w 2 r n n (74) 

For the case of ·accel eration inputs, this equation 

can .be easily solved on general purpose computer by imple­

menting the program shown in Figure 2. 

For the case of velocity inputs the relative dis­

placement y-x has to be substituted for r in equation (74). 

This yields the x•equired differential equation shown below: 

y • 2(w (x - y) + w 2 (x - y) . n n 

The .block diagram for the required program is shown 1n 

Figure 3. 

The advantage to this technique comes trom the 

(75) 

tact that the analogous electrical system behaves in a 

fashion which is identical to tr.e oscillator being modeled. 

The displacement, true velocity, and true acceleration 

can all be generated with some reprogramming. This is 

particularly advantageous for developing a full under­

standing of the oscillator behavior. The displacement 

can be displayed and the peak value picked oft or with 

some additional circuitry, the peak values can be auto­

matically stored tor read-out. The program tor the accel­

eration input requires two integrators, one sign inverting 

summing amplifier. The program for velocity input.a requires 

one additional summing amplifier. These requirements 
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restrict the nwnber of oscillators which can be programmed 

simultaneously. The programs requir~ that two potentiometer 

settings be changed for each change in frequency for constant­

Q analysis, and only one potentiometer change for constant 

bandwidth analysis . 

The special purpose Fourier spectra and shock spectra 

analog computers have several advantages over the use of 

general purpose computers. They can be designed to minimize 

the complexity of t he operation ao trat less time i s required 

to set up and there is a smaller probability of error in­

volved. With good design they can be made small and portable. 

As a first attempt in designing a special purpose shock or 

Fourier spectrum computer, passive networks such as the two­

port RLC network of Figure 1 might seem usable. A method 

similar to this was employed in the design of a passive 

computer [2g . The author adYai ts to sever~ problems which 

were unsolvable. ConsiJer first the requirements for 

setting the natural frequency. Equation (5) and (7) shows 

that the natural frequency of the passive two-port network 

was gi yen by w =- -~ • Thus, for example, a l :x-adian/ 
'I LC 

sec ' nd oscillator requires an LC product of l. This require-

ment c~n be met by al henry inductor and al farad capac­

itor. Capacitors and inductors of this size are not readily 

available or readily rr . .,vable. Of course, decreasing the 

size of either one results in an increase in the size of the 

other. The passive spectra computer ~Q) had a lower fi•e­

quency limit of 100 Hz and re~uired that the data be played 

32 



NOLTR 70-243 

back at grea·~er than the real time rat a to determine low 

frequency values. Another problem was the inability to 

limit or control the damping ratio. Because of these 

problems the active RC network was used in the design cf a 

shock spectra comput er(j.~. The required networks for the 

active RC network Fourier and shock spectra computers ea 

be most easily designed using the transfer functions of 

Chapter l. The trar,afer function required to compute the 

equivalent static ace lerat .on from the acceleration input 

with no initial conditions using equation (8) and the defi­

nition of the shock spectra is given by 

(76) 

The equation for computing the velocity shock spectra or 

Fourier spectra of the acc~lerat1on from the velocity 

input with no initial condition is given by 

(77) 

Active RC networks requiring a single high gain amplifier 

and having the required transfer function can be found 1n 

tables such as those in references[2~. The only remaining 

problem is to determine the correspondence between the 

elements of the circuit and the wn and~ characteristi1~s 

ot the oscillator. The required circuit di~grams appear 

33 



NOLTR 70-243 

in Figures 4 and 5. The verification of the transfer 

function ad correspondence fo r the two t r ansfer func t ions 

appear in Appendix C. The initial conditions can be in­

cluded if necessary. For exampl e the acceleration t ransient 

can be preceded by an impulse of appropriate weight it an 

initial vel ocity i s r equired with the first circuit. 

Digital Computation of the Spectra 

Digital techniques are used widely for the compu­

tation of shock and Fourier spectra[7) ~1B l2~ [2j . The 

primary application has been for the computation of detailed 

spectra for purposes of reporting the resul-ts of laboratory 

and field tests usually after some passage of time. There 

are some facilities, however, which are doing on-line compu­

tation of the shock and Fourier spectra successfully [
23J • 

The reference describes a system which has the capabil~ty of 

analyzing field data on-line. Tha concern here is primarily 

with the algorithms used to determine the spectra and not so 

much the hardware or the actual compl.ter used. 

The Digital Model of the Transient 

Before discussing specific means of computing the 

spectra, it is considered instructive to discuss the sampling 

process and the digital model of the continuous transient. 

References Q.~ ~LB use mult i plication by a pulse tra:tn as 

t he mathematical model of the sampling process. 
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Consider the sampling function s .(t) which is an 

indefinitely long train of equally spaced impulses which can 

be expressed as 

CD 

s(t) • ~ 6(t - 1h) (78) 
1=-• 

The sampling of a function f(t) then appears as 

• CD 

?(t) • ~ f 1 ~ s(t)f(t) = f(t) ~ 6(t- ih) (79) 
1•-· 

If the function 1s causal and time-limited to T, f(t) • 

for · t~T. Equation (79) retluces to 

where 

N-1 
?(t) • f{t) ~ 6(t - ih) 

1-0 

T N•h 

(80) 

The above is a frequency-limited representation of a time­

limited transient. (The sampling has implied that the 

transient is frequency-limited.) As was stated previously, 

the validity of any of the following analysis is dependent 

on the accuracy of this model. 

The Finite Discrete Fourier Transform 

Consider now the Fourier transform of this model 
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N-1 
~ f(t)6(t - ih) exp ( - jwt) dt 
ic::O 

- 1 

= ~ fi exp (-jwhi) (81) 
1=0 

The transform appears to be valued f or all frequencies , 

and could be evaluated as such. This would be somewhat 

inefficient as will be discus~ed in Chapter IT. By sampling 

the funct.i on with the interval h, it was implied that the 

Fourier transform of the function was limited to the range 

o frequencies -wcswswc' wc = ~- Also since the function 

is time-limited, the spectrum need only be sampled at the 

interval' 2;. Plac ng these restrictions on the transform, 

and using Fk as t t.e sampled spectrum the Fourier transform 

of the time-limited, frequency-limited, model becomes 

(82) 

= C,1,2,3, ••• , N-1 

The inverse transform by similar reasoning is 

N-1 

r 1 • f(ih) 1 
= -T ~ Fk exp (83) 

k=O 

i = 0,1,2,3, ••• , N-1 

N N The range of k is from Oto N-1 instead of - ~<Ks2 as 

substitution would have indicated. The exponential has 
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the same values in the ranges~ to N-1 and 1 to -1 which 

allows for the convenient notation. 

This is the finite discrete Fourier transform. 

This form of the Fourier transform has been implemented on 

the digital computer in a variety of ways. Most recently 

and most efficiently the technique used is credited to 

Cooley and TUkeyf?i and is known as the Fast Fourier Trans ­

form (FFT). This technique, as will be shown in the next 

chapter when timing is discussed, represents a major con­

tribution to the use of digital computers for spectra 

analysis. The actual method used in the FFT is fairly com­

plex and will not be covered here. References [2~ [2~ (2TI 
give detailed discussions of the implementation of the 

algorithm. Some discussions of the limitations of the 

technique will be useful. The technique uses binary arith­

metic extensively which results in the tact that it is most 

efficient when applied to sampled data having a sample 

length which is an even power of two, N • 2m. The data are 

shifted continually during the execution of the routine; 

therefore, the value -0f the summation (equation (82)) cannot 

be given tor each instant in time as would be the case with 

direct evaluation of the summation. This restriction seems 

to eliminate the possibility of a fast shock spectrum rou­

tine similar to the FFT. An FFT routine taken from SHARE 

the IBM computer users group, is shown in Appendix D. 

The FFT is an impulse invariant technique. The transform 

pair, equations (82) and (831 is exact, within the accuracy 
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of the computer. This does not imply that the Fourier 

integral is exact since the impulsive data are only a model 

of the continuous transient. Several of the techniques for 
' computing the shock and Fourier spectra discussed here will 

be impulse-invariant. 

The Shock and Fourier Spectra by the Direct Method 

There are shortcut methods available for the deter­

mination of impulse-invariant simultaneous solutions for 

the shock and Fourier spectra. These shortcut solutions 

will be presented later in this chapter. In order to demon­

strate the actual meaning of the impulse-invariant solutions , 

they wil1 be derived first by direct application of the 

general solution, equations (15) and (19). Let the inputs 

for acceleration and velocity be impulsive. The sampling 

function equation (78) can be applied to the convolution 

integral in equation (15) which yields 

The his a necessary weighting factor which gives the 

transient model a more accurate integral. This equation 

reduces to 

r(t) 

where 

-h --
T 

N •,n 

(85) 

,, 
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If the response is considered to be in a particular interval 

between t • 1h and t • ih + t, t~h, the total response 

becomes 

. 
r(1h+t) 

ri 
(-~wn t) sin (wd t) • - exp 

wd 

+ ri e~ (-~wn t) {cos {wdt) + vh sin (wd")} 
1-C 

ha1 (-l!wn t) sin (wd t) - -exp 
wd 

The velocity in the interval is given by differentiation 

or equation (86) as 

. 
These equations can be simplified if t~e velocity r 1 is 

assumed to be evaluated at ih + or slightly after the 

acceleration impulse. It the values of the response are 

vi wed at the end of the interval t • h, the equations 

becomG 
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. 
• 

+ r1_1 xp (-~wnh) {cos 

r1 • r1_1 exp (~wnh) {cos 

(wdh) + -L s i n (W dh )} 
✓1-~2 

(8) 

(wdh) - ~ sin (wdh) l 
✓1-~2 f 

(8) 

An equivalent approach for elocity inputs using 

the sampling function on equation (19) yields as t he 

impulse-invariant solution for veloc i ty input as 

(ri+Vi) 
ri+l • wd exp (-Cwnh) sin (wdh) 

+ (r1-V1h) exp (-Cwnh) {cos (wdh) + ~ sin ( .h)} 
~1-~2 

90 

and 

ri+l • (ri+V1 ) exp {-~wnh) {cos (wdh) - _ _L sin (w d )} 
·J1-~2 

The assumption of an impuls ive velocity is unrealistic . 

more realistic appr oach would be to maintain the assu.rnpt o 

of an impulsive acceleration which implies that the velocity 
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1s constant in the interval. The acceleration at the 1th 

velocity sample then becomes 

The response to velocity inputs using the equations (88) 

and. ( 89) becomes 

(-~wnh) (cos 
~ 

Bin (w"h}) + ri-l exp (wdh) +---:-
✓1-s 

. • (-~wnh) (cos (wdh) - C sin (w4h}) ri • ri-l exp 
✓1-,2 

Fortran IV programs which were implemented using 

equations (88)., (89)., (93)., and (94) are shown in Appendix 

D. 

The Shock and Fourier Spectra by the Z-Transform Method 

(92) 

(93) 

The method employed by Lane [2~ is a simplified method 

for finding the impulse-invariant responses. This method is 

discussed in references [1~ and [2'fl ., and only an outline 

ot it is presented here. It is known as the z-transfonn 

technique. 

A general expression for discrete convolution can be 

written as ~~ 
41 
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K 

djri-j + ~ bka.i-k (95) 
k-=o 

Where this is known as the general expression for recursive 

digital filters. The equation can be expanded to yield 

In order to determine the transfer function for the recursive 

filter both sides of equation will be Laplace transformed. 

W1 th z • exp (sh) , the discrete Laplace·. transform or 

z-transtorm ot the ai input and the r i output can be written 

as · 

It now the 

that 

i h] • R(z) 

;f [a1] • A(z) 

shitting theorem O.~ 1a applied and it 

f [r1-1] • R(z) 

/, b-1] • A(z) 

-l z 

-l z 

(97) 

is noted 

(98) 

The total transfer function for the recursive relationship 

becomes 

The problem is to find the coefficients which correspond 

to the desired transfer function. This will be done for 
42 
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the cases of the acceleration and velocity inputs. The 

transfer function for the acceleration input and relative 

displacement output is again from equation (12) given by 

ilil -1 
A1sT m I( s + ~ w ) 2 + w 2 

· (100) 
n d 

The z-transform can be determined using the methods shown 

in reference [2~ . In the case of this fairly common trans­

fer f'unction the z-transform can be taken from tables in the 

same reference as 

The coefficients from a comparison of equations (99) and 

(100) are given by 

b1 a 1 exp (-~wnh) sin (wdh ), 
d 

d1 • -2 exp (~wnh) cos wdh, and 

(102) 

Therefore the use of the coefficients ."!J:th f~(lu-i.til-an·{95)· ·· ~· · ·· ··· ······ · ··· ·· ···,. 

yields an 1mpul.~e'°"1r.:va.~iant' ·~;c~i{~~~r response to an 

acceleration input. The required transfer function for the 

case of velocity inputs with no initial condition is, from 

equation (l 7), given 'by 



NOLTR 70-243 

(103 ) 

r,~ 
Us ing techniques from ~eference L-~ the z-transform i s 

( 0 ) 

Th required coefficients from equation (99) and (104 ) are 

therefore 

bO = -h 

bl [ s (wdh) (wdh)] exp (-'wnh) = -h -- sin -cos 
✓1-~ 

dl = -2 exp (-~w h) cos (wdh) n 

d2 • exp (- 2~w h) n 

One problem with the z-transform techniques is that the 

velocity is not given at the end of the transient as i t s 

with the direct method. This problem can be overcome by 

noting the relationship between the responses r N-l and r . 

as given by equation (88) . Solv~_ng for rN-l yields t he 

value of the velocity at the last sample in terms of the 

last displacement sarr.ple and one residual sampl e as 

05) 

. 
r. = 

wd ( rN- r _1 exp (-~wnh) fees ( dh) + Sr· s i n (- d 
l ✓1-s ~ 

)}\ 
) ( ---- ------ - - - --- --------

44 
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The peak residual response and Fourier spectrum can then 

be determined using equations (45) or (47). The FFT, the 

direct method, and the z-transform method all yield an im­

pulse invariant solutions for the spectra. 

The Shock and Fourier· Spectra by the O'Hara Method 

One obvious error in the techniques discussed previously 

is the lack of consideration for the behavior of the transient 

in the interval between samples. There are a variety of means 

which could he used to interpolate between the samples to 

improve the model. The ideal digital-to-analog conversion 

formula might be used under the assumption that the data are 

ideally frequency limited. A less difficult approach is to 

assume the transient can be represented by a polynomial in 

the interval. This technique was used by O'Hara [i4] with the 

assumption being that the transient could be approximated 

by a parabola in the interval. 

Using a parabolic assumption, the acceleration can be 

written in terms of the first and second forward differences 

in the interval (i-\ )h to ih as 

2 

_o _1 t a1 (t2 t) 
a(t) = a1 + a1 h + 2 ~ - n O~t~h (107) 

for i > 1 the parabola is determined using rearward points as 

45 
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0 -ai = ai -1 

1 -a i = ai-ai- 1 

2 1 l - - -ai = ai - ai-1 = ai - 2ai-l +ai-2 (108 ) 

f or i =- 1 the parabola is determine using forward points as 

0 -al = ao 

1 -al = al - ao 
2 - - 2a + ao al r: a2 1 .( 

(109) 

The response is determined by substitution of equation J 

(107) into equation (15) and its derivative. 

[14] the result in the undamped case is 

. 
r 

r 1 = ri-l cos (wh) + 1; 1 sin (wh) 

0 1 

- ~ (1 - cos (wh)) - ~ ~ - sinw~wh)) 

_2 
ai 

+-2 
UJ 

[
(l - cos (wh}} sin (01h}] 

2 2 -
w h 2wh 

. . 
ri ri 1 
-; = -r1_1 sin (wh) +~cos (wh) 

0 1 

ai _ ~ (1 - cos (wh}) - ~ sin (wh) c:. u,h 
OJ W 

_2 

+ ai [ sin (wh) 
~ 2h2 w w 

_ (1 + cos (u1h) )l_ 

2wh J 
46 
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When the base velocity is given, the velocity can be approx­

imated in the interval h(i-1) to hi ·uy a parabola as f ollO' 'S 

2 

For 

For 

·-0 _ 1 t t\ ( t 2 t ) 
V(t) =vi+ vi h + g ~ - h 

1 > 1 the arabola i& determined 

0 
vi = vi-1 

1 
vi = vi - V · i-1 SI 

2 1 1 

using 

vi = vi - v1-1 = V i - · 2Vi-l + Vi-2 

i = 1 the parabola is determined using 

0 

v1 = v1 

1 
Vl = v2 - V 1 

2 
Vl = v2 - 2V1 + VO 

(112 ) 

rearward point s as 

(113 ) 

forward points 

(114) 

Since the shoek spectrum is dependent only on accel eration, 

equation (112) can be differentiated to obtain the acceleration 

1 2 

vi 
11

1 ( 2t 1) A(t) = n + 2 ~ - h (115) 

Thus it is seen that the assumption of parabolic velocity is 

equivalent t o assuming linear acceleration. From reference [1.lij 

the result in the undamped case is 
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. 
ri-1 

ri • ri-l cos (wh) +--;- sin (wh) 

l (1 (wh) ) - vi - cos 
w2h 

2 (1 + cos (oJh) sin ~wh) ) - t\ 
2w2h 

-
w3h 

r1 = -ri-l w sin (wh) + r1 _1 cos (wh) 

1 _ V sin (wh )_ 
1 Ulh 

-
2 

( l - co :- (u1h) _ sin (wh)) - Vi --.2..--2...--....._ ....... 
w h 2wh 

(116) 

(117) 

FORTRAN r:v programs which employ each of the methods 

discussed here are included in Appendix B. The damped and 

undamped solutions were programmed separately because the 

c fficients, and in some cases the computation, are con­

siderably simplified when no damping is present . The pro­

grams included are the damped and undamped direct method 

solutions for acceleration and velocity inputs; the damped 

and undamped z-transform solutions for acceleration and 

velocity inputs; the damped and undamped O'Hara solutions 

for th'e acceleration and velocity inputs; and the FFT 

routine from the IBM users group SHARE [2al . 

Inverse Transforma•ion 

The primary concern has been with the computation 

of the shock and Fourier spectra. Problems similar to 
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those discussed occur when equations (82) and (83) are used 

to compute the transfer function and the correlation function, 

and to ev~luate the convolution integral using transient data . 

These relationships have been used for compensating for 

structural feedback using mechanical impedance techniques (30], 

synthesis of shock on vibration test equipment [3~, and the 

evaluation of the convolution integral [32] . The problems and 

errors associated with these techniques are closely relat ed 

to those problems and errors discussed in this report . The 

primary difference being that the convolution has been com­

puted in this repoi't with one of the input functions equal to 

the impulse response of the simple oscillator. 

It will now be shown that the operation of inverse 

transforming is equivalent to taking the complex conjugate 

of the transform of the complex conjugate. By taking the 

conjugate of both sides of equation (1) and treating f(t) 

as complex for the moment, it can be seen that 

* F (w) = * f (t) exp (jwt) dt (118) 

Equation (2) can be rewritten as 

CD 

f(t) • f F(w) exp (jwt) df (119) 
-CD 

It can be seen that the operation of transform and inverse 

transform can be accomplished by a single routine which is 

capable of computing a complex transfonn. Consider now the 
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sampling theorem as applied to the transform and inverse 

transform as they might be used for correlation or convo­

lution of two time-lim:ted signals. 

Consider the convolution problem. Given the system 

response h(t) to an impulsive input 6(0) and a generalized 

input f(t), the response x(t) can be computed as 

OD 

x(t) • f h(t) f (t-T) dT 
0 

Transforming both sides 

a, 00 

x(w) - ff h(T)f(t-1') dT eJq> (-jwt) dt 
0 0 

By changing the order of integration 

OD a, 

(120) 

(121) 

X(w) • / h(T) f f(t-T) exp (-jwt) dt d'I', (122) 
0 0 

and using the shifting theorem 

f(t-T) = f(t) exp (-jwr) 

The following relations develop: 

OD 

X(w) - F(w) f h(r) exp (-jWT) dT 
0 

X(w) • F(W) H(w) 
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00 

f F(w) H(w) exp (-jwt) dW 
0 

(126 ) 

The sampling theorem states that X(w) must be sampled at a 

interval no less than 2TT/T where Tx is the response dura-
· X 

tion and is equal to the duration of the input and impulse 

response combined. Therefore to perform convolution, using 

for example the FFT routine, between h(t) which is of dura­

tion Th and f(t) which is of duration Tf the two funct ions 

must be extended with zeros to a length Tx or greater where 

Tx = Th + Tf. 
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CHAPTER IV 

EVALUATION OF METHODS FOR DETERMINING 
THE SHOCK AND FOURIER SPECTRA 

In order to determine which of the methods dis­

cussed is best suited to a particular application they will 

be compared and contrasted on the basis of speed ar.d accu­

racy. 

Analog Computer Techniques 

The time required to compute the spectra using 

both the special purpose and general purpose analog com­

puter is dependent on how well the computer is programmed. 

If considerable effort is made to automate the process and 

several oscillators are available simultaneously, the spectra 

can be computed in reasonable amounts of time. As indicated 

before, very often only a "quick look" analysis is desired 

from the analog analysis, and the digital techniques are used 

later to determine the spectra in greater detail. The accu­

racy with analog techniques is also dependent on how well the 

oscillator is programmed. In the case of the general pur­

pose computer, the potentiometer settings are most critical. 

The accuracies of the special purpose analog computers are 

dependent primarily on the accuracies of the selected com­

ponents. One percent components are readily available. 

Higher accuracy components are available but are usually 
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costly. An alternate method was employed in the constr uc­

tion of the shock-spectrum computer (refer ence (20] ) in t hat 

the components were selected using an impedanc e bridge . The 

shock-spectrum computer achieved accuracies which were 

better than 5% for half-sine, saw-tooth, isosceles-triangle 

inputs. The author indicates that the actual computing 

error is close to 1% and that the greatest error come s f rom 

the scaling of peaks on the oscillograph used to display the 

oscillator responses. This computer displays thre e re sponses 

simultaneously and can compute a total of 24 spectrum poi nts 

with a 1/3 octave distribution, K = 2113 in equation (70), 

by simply selecting the range using a switch on the f ront 

panel. The range can be extended by playing data through 

the computer at redu~ed speeds using FM tape recorders. 

Computation ·Time Using Digital Techniques 

The computation time for shock and Fourier spectra 

using the digital computer is more easily formulated. As 

stated before, the execution of the shock and Fourier 

spectra FORTRAN 'IV subroutines of Appendix D will yield 

one spectrum point. Therefore, if the time for the subroutine 

is established, it can be multiplied by the number of spectrum 

points (m) to compute the total time for the overall spectrum. 

The time for the subroutines of Appendix D, with the excep­

tion of the FFT routine, can be approximated by two :;,arts . 

Each time the routine is executed it computes a series of 

coefficients. It then uses the coefficients on the data, 
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and using the final velocity and displacement values computes 

t he Fourier spectrum value or damped residual response. The 

computation of coefficients and the Fourier or residual re­

sponse value can be put together and termed the overhead 

time (T
0
h). The time required to use the coefficients on 

the data can be termed the iteration time (Ti). Therefore, 

the total time (Tt) required to compute an m-point spectrum 

from N data is 

The FFT routine has its advantage in timing. The 

time : for the FFT algorithm is given by [25] as 

Here the time is dependent on only N·because execution of 

the program always yields the complete N-point spectrum. 

In order to determine the required constants, the 

subroutines were timed on an IBM 7090 computer with FORTRAN 

IV and the IBSYS operating system. For the first case 

(equation (27)), two spectra were computed using different 

numbers of data a.nd spectra points. The timings on the two 

runs were used to compute the required two constants. The 

FFT routine was also used on two t:xamples, al though one 

should be sufficient to determine che single constant. The 

results of both examples were in agreement using equation (128). 
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Only the undamped spectra routines were used for timing 

purposes. The results can be modified and applied to the 

damped case &swill be discussed later. The values of 

overhead and iteration time are shown in Table l al ong with 

three examples. The examples used to determine the time 

were similar to example 1 and not example 3 because of t he 

time required as seen in Table 1. The table shows the 

undamped z-transform routine is approximately five times as 

fast as O'Ha.ra's method for acceleration inputs and approx­

imately three times as fast for velocity inputs. The direct 

method is in between the two in both cases. The table also 

shows why the FFT routine represents such a significant 

break-through in spectrum computation on digital computers. 

One disadvantage of the FFT is that the total spectrum, 

from -we to we, must always be computed. In some situations 

where partial spectra are desired it is possible that the 

O'Hara and z-transform routines would be faster. 

Computation Time for Digital Computation of 
Damped Spectra 

As previously mentioned, the • damped routiues were 

not timed. Inspecti'on of the damped and undamped routines 

of Appendix D will give some insight into the computation 

time required for these rout nes. In the cas of the O'Hara 

and the direct method, the iteration time 1 unchanged, and 

since the overhead time is insignificant or a large number 

of data, the time will be only slightly affected in those 
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cases. In the case of t he z-transform with acceleration 

i nput s the iteration time increases approximately by two 

s ince the damped computation requires two multiplications 

pe r data and the undamped computation requires only one. 

This results in approximately two to one timing advantage 

for the computation of damped spectra for the z-transform 

over the O'Hara method when large numbers of data are 

involved. 

The value of the damped spectrum sampling formula, 

equation (73), can now be demonstrated with the aid of 

example 3 from Table l. Given a one second record (T = 1.0 

second) of 8192 • 213 data, the time increment his 

T -4 h = ~ • 1.221 x 10 sec (129) 

Assuming that the minimum total spectrum is . to be computed, 

the frequency increment a.nd Nyquist frequency become 

~f • .!. • 1 Hz• 2TT Rad/Sec, 
T 

f c • i-~ Hz • 8192TT Rad/Sec 

The total number of frequencies is therefore 

fc 
m • -,;r • 4096 

This would require five hours a.nd one hour on a 7090 

respectively using the O'Hara and z-transform techniques. 

(130) 

(13 )· 

Consider now taking advantage of the sampling bene­

fits for the damped spectrum. For this example the spectrum 
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will be computed using a damping ratio ; = . 05 . Equation 

(73) indicates that the sho·k spectr um values should be 

computed at frequencies given by 

wk = 2n (1 + s )k k = 0,1, Z,3, ••• ,m 

wm • 8192n Rad/Sec (132 ) 

The total number of spectrum sampl es mis t herefore given by 

m- log (~) a a7 
log{l+~) 

The time required using values from Table l is therefore 

O'Hara Tt • mi8¼ (318) = 6. 75 min. 

z-transform Tt ~ 2 (8469£67 ) • 2.85 min. 

(133) 

(134) 

The tact r 2 waa included in the z-tranatorm equation for 

reasons previously discussed. Since cost is directly pro­

portional to time o digital computers the a.mount of savings 

is quite evident. It is often desirable to use a smaller 

frequency increment than is required by the sampling theorem 

particularly at the low frequencies si~ce the lower frequen­

cies contain insights into the nature of the transient. If 

the initial increment is quartered, the number of spectrum 

values and time required for constant increment computation 

is increased by a factor of four. The re ' ult would be com­

putation times of twenty and four hours for the O' Hara and 

z-transtorm method for the complete spectrum. It is unlikely 
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that anyone would compute a complete spectrum with that 

much time required. 

Now the increment will be quartered and the damped 

sampling formula will be applied. The required number of 

points in the spectrum are given by 

(~) 
m = log = 102 

log (l~) 

The timing now becomes 

O'Hara Tt ... 7.9 min 

z-transform Tt • 3.3 min 

Or an increase of approximately 15~ which is easily 

tolerated. 

(135) 

(136) 

Table 2 shows the reduction or, 1n some cases, 

increase in number of spectrum samples as indicated by the 

damped sampling formula for a variety of examples. 

Computation of Spectra for Typical Transients 

In order to demonstrate and test the techniques pre­

sented here, six typical acceleration records were chosen 

for apalysis. The transients chosen and their analyses are 

presented in Figures 6 through 20. They are as follows: 

a. The half-sine as shown in Figure 6 

a(t) • sin (nt) L/sec2 osts1 

b. The full-sine as shown in Figure 9 

a(t) • si (2nt) L/sec2 O~ts1 

58 

(137) 

(138) 



figures 

NOLTR 70-243 

c. Combined sinusoids not shown in any of the 

a(t) = sin (2~t) + sin (lOrrt) + sin (40rrt) ,, 
+ sin (200rrt) L/sec- O~t~l 

d. Inverted parabola as shown in Figure 12 

2 
a(t) ~ 4t(l-t) L/sec 

e. Decaying sinusoid as shown in Figure 14 

a(t) a exp (-4.605t) sin (20rrt) L/sec 

(139) 

(140) 

(141) 

f. The combined decaying sinusoids as shown in 

Figure 18 

a(t) • 100 jexp (-129t) sin (200nt) 

+ exp (-208t) sin (600nt)! O~t'-.06 (142) 

The combined decaying sinusoid was used by references[7]and 

D3Jas a typical pulse for evaluation of the sh0ck and 

Fourier spectra. The undamped velocity shock sp~ctra and 

Fourier spectra of the functions, excluding the combined 

sinusoids, dre shown in Figures 7, 10, 13, 15, 16, and 19. 

The spectrum for the decaying sinusoid is shown in Figure 15 

with linear axes and in Figure 16 with logarithmic axes. It 

is apparent that the logarithmic display offers a better low 

frequency resolution. 

The undamped shock spectra and Fourier spectra were 

computed using the O'Hara technique and 1000 samples in the 
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period of the unction. Later error analysis verified the 

use of these as ace rate estimates of the spectra. Spectra 

computed with lower yquist rate converged on these values 

well before reaching this 1000-poi t representation. The 

undamped shock spectra, computed with constant frequency 

sampling, and the damped shock spectra computed using the 

damped sampling formula, equation (73), are shown in Figures 

8, 11, 17, and 20. The damped spectra samples are shown with 

x•s. The spectra for the ombined sinusoid are shown in 

Figure 11. This function was chosen, because of the sharp 

resonant peaks, as a test for the damped sampling formula. 

In this case and all others shown, the damped spectrum 

seems well represented by the constant percentage samples. 

The damped sampling formula causes a higher density of points 

at the lower frequency and, therefore, better represents the 

spectrum at these frequencies, as can be seen in the figures. 

Accuracy of the D gital Techniques 

Having established the relative speeds of the various 

digital techniques, the accuracies will be investigated. 

e error associate w th the digital techniques can be, in 

general, class1 ie n three categories . They are aliasing 

errors, integrating errors , ad, in the case of shock 

spectrum, errors fro sapling the response. Other source 

of rrors such as qu ntitation errors associated with the 

analog-to-digital conversio of transients and round-of 

rrors dur1na comp t t1on are dopen ent on resolution o tho 
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ADC and accuracies of t he computer. Thes e error s are dis ­

cussed in som".! detail i n re fe r ence (22] but are c0nsi de r ed 

insignifica 1~ here when compared to those errors sighted 

above. 

Alias i ng Errors 

Aliasing errors occur because the sampling proc ess , 

as a result of the sampli11g t heorem, impl i es t hat t he 

sampled function is band-l imited. !n the case of t rans i ents 

considered here, the sampling process implies that t he 

spectrum is limited to the range -wc$~wc where 

Nyquist or corner frequ ncy and is equal to~­

aliasing occurs, the spect which is outside 

w is t he 
C 

When 

the specified 

limits is folded about the corner frequency and even multi­

ples of it, and added algebraically to the spectrum value in 

the above range [16]. Once this occurs it is impossible 

to reconstruct the transient exactly from the samples as 

indicated by the sampling theorem as sufficient for the 

purpose. Since aliasing errors are always present in the 

discrete model o the transient, they can only be minimized . 

If the true spectrum for all frequencies is known, t he 

aliasing can be predicted. This is done for ha f- s ine and 

square pulse functions in Appendix B. 

t he A problem closely re l ated to aliasing occurs i 

undamped shock spectrum or Fourier spectum is ~omputed 

using the impulse-invariant t ec hniques above the yqui t 

rnto. The cyclic sino and cosine coefficients r epeat in 
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magnitude in the range wc~w~2wc. They repeat in magnitude 

and sign in the next range 2w sws;3w and so on. This is 
C C 

demonstrated in Figure 21 where the Nyquist frequency is 

2 Hz and the analysis was done i n the range O~f~4 Hz. 

Integration Error 

Integration error occurs in both the impulse-invariant 

and O'Hara techniques. The error in the impulse-invariant 

solution is a result of the lack of consideration for the 

oscillator and data behavior between samples. The inte­

gration error in the O'Hara method is a result of the 

inaccuracy of the parabola as an approximation to the tran­

sient va'J.ues between samples. Since the Fourier spectrum 

values are taken at the end of the transient only the inte­

gration and aliasing errors are present. Figure 22 shows 

the Fourier spectrum and velocity shock spectrum for a half­

sine acceleration input which was modeled by two samples 

taken at t • O, and 1/2. The figure shows that the undamped 

velocity shock spectrum an~ Fourier spectrum for the impulse­

invarian technique was equal to h or 0.5, as would be 

expected. The spectra computed, using the O'Hara technique, 

are aiready converging on the correct spectra with only the 

one sample. The half-sine and inverted parabola ar~ very 

much alike, Figures 6 and 12, which accounts for this effect. 

Sampling Errors 

In addition to the integration errors, the shock 
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spectra have errors which result from the fact that testing 

for peak value is done only at the sample times. Both 

O'Hara and Lane were aware of the sampling error, and sug­

gested, or in Lane's case implemented, a technique for 

eliminating them. Lane µsed a 5th degree polynomial derived 

using the Lagrange method [l6] to interpolate between the 

sampled outputs for purposes of peak detection. O1 Hara 1 s 

technique was implemented in reference (33] • Peak detection 

is done in O1 Hara 1 s technique by using coefficients which 

are functions of the fraction of interval time t as was 

used in equations (86) and (87) for the direct method. The 

interval containing the peak is determined and using the 

continuous expression for response in the interval, the 

peak is found. In the case of the impulse-invariant 

z-transf'orm method, -chis same computation can be performed 

using modified z-transf'orm ~~ ~~ • With this form of 

z-transf'orm the continuous response can be evaluated. The 

response is still impulse-invariant and the continuous and 

sampled responses coincide at the end points cf the interval. 

In order to determine the amount of error associated 

with the impulse-invariant and O'Hara techniques, the un­

damped shock and Fourier spectra were computed for the 

typical acceleration inputs, excluding the combined sinu­

soids, using various Nyquist frequencies. The error was 

defined tor the Fourier spectrum as 
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IFe(w) - Ft(w)I 
~error• 100 ------­

IFt (w)I 

and for the shock spectra as 

• 
' 

(143) 

(144) 

When Ft(w) and St(w) are the values determined using 1000 

samples in the period of the transient and the O'Hara tech­

nique, Figures 7, 10, 13, and 15. This sampling corresponds 

to a Nyquist rate or 500 Hz for the one-second transients 

and 8333.3 Hz for the .06-second transient. 

The impulse-invariant Fourier spectrum error for 

the halt-sine acceleration input is shown in Figure 23 for 

Nyquist rates or 5, 10, and 20 Hz. These rates are equiv~ 

alent to 10, 20, and 40 samples in the one second interval. 

For the Ny~uist frequency of 5 Hz, the error is nearly 75~ 

at 4 Hz or So~ or the corner frequency. 

Figure 24 shows the shock spectrum error tor the 

impulse-invariant technique tor the same Nyquist rates. A 

surprising result has occurred, the shock spectrum error is 

less than or equal to the Fourier spectrum error tor each 

or the rates. The reduction ~hich results from poor sampling 

or the output ha~ co~pensated tor some of the aliasing error. 

Therefore improving the :pee t detection using the modified 

z-transform or interpolation formula actually reduces the 

accuracy or the result tor this function. 
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The Fourier spectrum error for the half-sine pulse 

using O'Hara's technique is shown in Figure 25. The error 

1s not as well behaved as it is with the impulse-invariant 

method, but the error is considerably less than with impalse-

'. · lant methods. The error for the Nyquist rate of 5 Hz , 

using O I Hara I s technique, Figure 25, 1s very nearly equal to 

the error in the impulse-invariant technique , Figure 23, for 

a Nyquist rate of 20 Hz. This would indicate that the O'Hara 

method can achieve equivalent results with one fourth as 

many samples. The O'Hara method appears more accurate by 

several orders of magnitude near the Nyquist rate. 

The shock spectrum error for the O'Hara method with 

the half-sine acceleration input is shown in Figure 26. The 

error appears to oscillate around the Fourier spectrum error 

for the same Nyquist rates. 'J.'r.is would imply that the accu­

racy can be 1mp J:•oved or made more nearly equal to the 

Fourier spectrum error by use of interpolation. The error 

analysis for the full-sine input is shown in Figures 27, 28, 

29, and 30. The results are comparable to those of the half­

sine case when intuitively it might be expected that the 

error would be greater than that of the half-sine because 

the sampling rate is effectively half that of the half'-sine. 

The inverted parabola input was chosen in order to separate 

the integration and sampling errors. The Fourier-spectrum 

error using the O'Hara technique gave less than 0.01% error 

tor this function as might be expected. Tne Fourier-spec­

trwn error using the impulse-invariant technique is shown 
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i n Figure 31 and the shock-spectrum error with this same 

technique is shown in Figure 32. The shock-spectrum er~or 

for this input and the O'Hara technique is shown in Figure 

33. The errors associated witl'. the decaying sinusoid are 

shown in Figures 34, 35, 36, and 37. The errors for the 

combined decaying sinusoids are shown in Figures 38, 39, 

40, and 41. 

Inspection of the error analysis figure yields an 

interesting result. The errors for all of the acceleration 

inputs are nearly equal. This is because the inputs selec­

ted have Fourier spectr~ which roll-ott at the l/w2 rate. 

The derivation ot Appendix B indicates that the error at 

some frequency in the spectrum is a function of. the roll-off 

rate ot the true spectrum and the Nyquist rate. If the 

transient has been sampled above the dominant frequencies 

of the Fourier spectrum the error is predictable, based on 

the roll-off rate. For greater roll-oft rates, the error 

would be reduced (Appendix B). This is intuitively correct 

since the ba~d-limited model becomes more accurate with 

higher roll-ott rates. 
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CHAPTER V 

CONCLUSIONS AND FUTURE WORK 

It has been shown that both general purpose and 

special purpose analog computers can be used to compute 

the shock and Fourier spectra. References have indicated 

that the active RC network has several advantages of 

passive RLC network in the construction of special purpose 

computers. 

The constant percentage or logarithmically distrib­

uted spectrum samples, as indicated by the damped sampling 

formula, can effectively reduce the computation time re­

qu~red for damped shock spectr\411l computed using either 

analog or digital techniques. 

The z-transform technique for computing shock and 

Fourier spectra simultaneously proved to be faster than the 

O'Hara technique by factors of 5 to l for large numbers of 

data. The FFT routine which only generates the impulse­

invariant Fourier spectrum proved to be many times faster 

than either the z-transform or the O'Hara techniques. 

The results have indicated that for transients which 

roll-off at the 1/w2 rate, the O'Hara method can achieve 

accurac1Ls which are comparable to an impulse-invariant 

technique with four times the sampling rate. The O'Hara 

method had errors in order of 5~ near the corner frequency 

while the impulse-invariant technique had this accuracy 
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to only one-quarter of the corner frequency. The results 

have indicated that the accuracy of shock spectra computed 

using the O'Hara method could be improved using interpolation 

·oetween the sampled response values. This was not, in 

genera.l., true for the impulse-inv~riant techniques. 

If the available sampling rate and storage is not a 

factor and only the Fourier spectrum is desired, the FFT 

appears to be the best method even if it requires sampling 

with a .Nyquist frequency which is four times the frequency 

of interest to achieve accuracies of the same order of 

magnitude as the O'Hara method. 

When both the Fourier and shock spectra are desired, 

the accuracy of the O'Hara method appears to m;ake this the 

most favorable approach of the methods tested. 

The study of digital techniques has been limited to 

the commonly accepted techniques of the impulse-invariant, 

z-transform and FFT, and the parabolic interpolation method 

of O'Hara. There are several other possible approaches to 

the problem of computing shock and Fourier spectra rapidly 

and accurately on digital computers. For example, higher 

order polynomials might increase accuracy to a greater 

exten~ than they increase computation time. The use of 

compensation or smoothing techniques in conjunction with 

the impulse-invariant techniques might make a considerable 

improvement in accuracy with a very small increase in the 

time required for computation. The accuracy of the 

impulse-invariant technique is a function of the roll-off 

68 

• 



NOLTR 70-243 

rate of the transient. This relationship could be studied 

further and possibly could lead to optimum compensation for 

various roll-off rates. 
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TABLE 2 

nJMBER O? SPECTRUM SAMPLES REQUIRED USING THE 

DAMPED SAMPLING PORMULA FOR VARIOUS FREQUENCY 

RANGES AND D.All.PING RATIOS 

t Damping Ratio ~ 

f max Range Af .01 .02 .05 .1 .2 .5 

100 462 I 232 I 94 48 25 11 

500 624 I 313 127 65 34 15 

1000 694 I 348 141 72 37 17 

5000 855 430 174 89 46 21 

10000 925 465 188 96 50 22 
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AP?END X A 

EXA.¾PLE OF A??LICATION Oli' s ·ocL( AN:;) FOURIER 
SPECTRA TO COMPLEX SYSTEMS 

In order to demonstrate J.;ile applica'~ion of the shoclc 

and Fourier spectra to complex systems, two systems, one 

rr-.echanical and one electrical, were c:iosen. The two lumped 

parameter systems are shown in F-lgu?eA-1. The proble~ is 

to derive an estimate of the p~ak displacement and voltacc 

values which occur in the two systems given the shock a~c 

Fourier spectra of tile input base ~otion and the input 

voltage respectively. 

The equatior.s of motion f or the mechanical system 

are derived using D1Alembert1s principle as follows. The 

summation of forces on mass l is given by 

Fl= mlxl • -kl(xl-xO) -k2(x1-x2) -cl(xl-xO) -c2(xl-x2) 

( ... 45) 
The summation of forces on mass 2 is given by . 

(146) 

Substitution of the values shown yields 

A-1 
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The Laplace transform of this equation with no initial 

conditions is given in matrix notation by 

' 

! (s
2

+.02 ·+.02) - ( . Ols+.l) 
j 

-(.01s+.l) 

i\(•l / = 

x~_ ( s) ) 
X ( s) 
·O 

(148) 

The equations can be written in terms of the relative di s ­

placement r 1 = x1 - x0 , and r 2 = x2 - x
0 

which yields in 

matrix form. 

(s
2
+.02s+.2) - ( . Ols+.l) 

= 

-( . 01s+.l) 2 
(s +. Ols+. l ) -%(s) 

The solution by multiplication by the inverse of the 

square matrix ~Lil is given by 

1 
= -D 

(s
2

+. 0ls+. l) ( . 01s+.l) -x
0

(s) 

( . 01s+. l) (s2+. 02s+. 2)/ -x
0

(s) 
I 

4 3 2 D • s +. 03s +. 3001s +.002s+. Ol 

= (s+ . 002- j . 195) (s+ . 002+j . 195) (s+. 013- j . 511) 

( s+. 013+j . 511) 

A- 2 
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Therefore the transf~~ characteristics of the base and t h~ 

relative motion of the masses is given by 

rl(s) . -( s2+.02s+ .2) 
• 4 3 2 x0(s) (s +.03s +.300ls +.002s+.Ol ) 

(151) 

(152) 

These are equations of the form shown in equation 31. The 

impulse response can be simply derived by evaluation of the 

r esidues at each of the four roots of the denoffiinator. 

Only ·che magnitude of the residues will be determined. The 

:i.·esponses of the two masses relative to the base for an 

impulsive base acceleration are given by 

r .. (t) • ·3,70 exp (-.002t) sin ( ,l95t) 
.I, 

(153) 

+,54 exp (-.013t) sin (,5llt) 

r2(t) • 6,02 exp (-.002t) sin (,195t) 

- ,342 exp (-.013t) sin (,5llt) 

The response of mass 1 relative to mass 2 with this input 

1s g:lven 'by 

A-3 
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. 
I 

r 1 (t) - r 2 (t) = -2.32 exr (-$002t) sin (.195t) 

+.882 exp (-.013t) sin (.5llt) (154 ) 

The phase angle was computed for several of the residue 

airs and proved to be very small . These equations and 

the shock and Fourier spectra values can be used to estab­

list a bound on the response of the masses to a complex 

input. The critical frequencies are w1 = . 195 and w2 = . 511 

which are f1 = .031 Hz and r2 = .081 Hz . The undamped 

velocity shock and Fourier spectra values for the half-

sine input are shown in Figure 7 and have the value . 63 

at .031 Hz and .62 at .081 Hz . The undamped shock spectrum 

value will be used for convenience. The relative responses 

of the masses can therefore be bounded as llows 

r1 (t) s (3.70) (.63) + (.54) (.62) = 2.66L 

r 2 (t ) s (6.02) (.63) + ( .342 ) (.62) = 4.00L 

/ 
I 

(155) 

Where Lis the unit of length associated with the acceler­

ation input. The same ter.hnique can now be applied to the 

electrical network of Figure A-1.'8 . The required equations 

can be written using Laplace transforms with no initial 

conditions and the summation of nodal currents as 

A-4 
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~ E1(s)-E2(s) E
3
(s)-E2(s) 

li2 = ----- + ---------- - E2(s)C1s = 0 (156 ) R1+L1s R2+L2s 

This can be written in mat r x notation with substitution 

of the values shown in Figur e A-1. 

2 4 4 (s +10s+2xl0) (-10) 

C: 

0 

The solution is again accomplished by mul tip.lication by 

the inverse of the square matrix which yields 

l 
= i5' 

0 

= (s+5.02-j61.73) (s+5.02+j61.73) (s+4.98-j161.36) 

( s+4. 98+jl6l. 36) 

(158) 

(159) 

The Laplace transforms of the impulse response is therefore 

E2(s) 104 (s2+1os+104) 
• 3 4 2 5 8 Elts) s~+20s +3.0lx Os +3xl0 s+lO 

(160) 
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(161) 

The two voltage responses to an impulse, e1 (t) m 6(0), are 

found using residues as before yielding 

e2 (t) • +45.l exp (-5.02t) sin (61.73t) 

+ 45.0 e (-4.98t) sin (161.36t) 

e3(t) • +72.~ exp (-5.02t) sin (6l.73t) 

- 27.8 exp (-4.98t) sin (161.36t) 

The damping ratio for the two frequencies is .08 and .03 

(162) 

for the first and second modes respectively. The approx­

imate bounds for the responses of . the network to the decaying 

sinusoid input (Figure 14) can be obtained using the shock 

spectrum value for the.land O damping values from Figure 

17. For the angular frequency 61.73 rad/sec or 9.82 Hz and 

s = .l, the value is approximately .032; for the angular 

frequency of 161.36 rad/sec or 25.68 Hz and~= O the value 

is approximately .008. Therefore the bounds on the two 

re ponses 1a approximated by 

e2 (t) s 45.l (.032) + 45.0 (.008) • 1.803 volts 

e
3
(t) s 72.8 (.032) + 27.8 (.008) • 2.55 volts (163) 

The residual response can be bounded using the Fourier 

spectrum values with the assumption of no damping at these 

same frequencies from Figure 15; the values of the Fourier 

A-6 
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integral for the first and second natural frequencies a re 
. 105 and .005 respectively • 

e(t) :s: 45.1 (.105) + 45.0 (.005) = 4.95 volts 

e(t) s: 73 .8 ( .105) + 27.8 (.005) = 7.89 vol ts 

• Without damping,the bound is much greater as seen in 

equations (163) and (164). 

(164) 

A major problem associated with the shock spectrum 

technique results from the effects of loading. In both of 

the above examples it was assumed that the presence of the 

structure or network had no effect on the base or voltage 

source. , The problem can be demonstrated by returning to 

the matrix equation (148) . The solution for x
1

(s) and 

~(s) can be accomplished by multiplication by the inverse 

of the square matrix as before which yields 

x1 (s) 2 
(s +. oi+. 1) ( . Ols+. l) ( . Ols+.l) 

1 
x0 (s) ... 15 

2 ' ~(s) ( . 01s+. l) (s +.02s+.2) 0 

Where Dis the determinant of the square matrix and is 

given· again by 

4 3 2 D = s +. 03s +. 3001s +.002s+. Ol 

= (s+. 002- j . 195) (s+. 002+j . 195) (s+. 013- j . 511) 

( s+. 013+j . 511) 

A-7 
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The t r ~nsmissibi lity for the two masses is given in terms 

of Laplace transforms as 

~ = (s
2

+.0ls+. l ) £-01s+.lJ 
0 (s4+.03s3+.300ls +.002s+.0l) 

X2(s) .000l (s2+20s+lOO) 
Xo(s) • (s4+.03s3+.300ls2+.002s+.0l) 

Both transmissibilities have the same four complex poles 

which represent the fixed base natural frequencies of the 

(166) 

(167) 

X (s) 
tota.l system. The transmissibility Xa(s) has three zeros, 

one occurring at s = -10 and the other occurring as the 

complex conjugate pairs• -.00S±j.316. These zeros are 

identica.l to the fixed-base natura.l frequencies of the 

mass two. If the response of mass one was measured withou~ 

mass two, and the shock and Fourier spectrum ot this res­

ponse were used to predict the response ot mass t wo when 

placed on mass one, the computation would be in error 

because the simple, no longer massless oscillator has re­

bt ricted the motion of the base at exactly the frequency of 

impo:···tance. This problem has been called Fourier and shock 

spectrum dip and is well discussed in references [l] and E~. 
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FIGURE A-lA 

TWO-DEGREE-OF-FREEDOM SPRING MASS SYSTEM 

R1 •R2• 1 OHM 

L1 •L2• .1 HENRY 
c1 • c2 • .001 FARAD 

I 
Cz 

--
FIGURE A- lB 

TWO-DEGREE-OF-FREEDOM PASSIVE RLC NETWORK 
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APPENDIX B 

PREDICTIO OF ALIASING ERRORS 

The aliasing er rors discussed in Chapter IV are pre ­

dictable for transients which have a known Fourier trans­

form. In order to demonstrate the significance of the 

aliasing errors, the error will be estimated for two tran­

sients which have Fourier integrals which are easily ex­

pressed in closed form. The t wo transients are 

a. The square pulse 

f(t) • l, - T/2 $ t $ T/2 

f(t) • O, t < - T/
2

, t > T/
2 (168) 

b. The displaced half--sine pulse 
T T f{t) • cos (fft), - /2 ~ t £ /2 

T T f(t) • o, t < / 2, t > /2 (169) 

The two functions have been shifted back T;
2 

seconds to 

eliminate the phase angle from the derivation. The Four ier 

integral of the functions are 

a. F(w) 
T sin (~) 

-~ 
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b. 

The derivation will be normalized by setting T • l ana 

1 .- w us ng •• rn· 
given by 

&. 

The envelopes ot the two tunctions are 

b. . F(t) I ~ 2 2 
n(l - 4t) 

(170 ) 

(171) 

The expression tor the h&lt-a1ne •nvelope can be consider­

ably a1mpl1t1ed it 4t2>>1. Assuming thi1 to be the case, 

the 11Jz;)l1t1ed eJq>rea1ion ia &a tollowa: 

b. IF(t) .: 2 

41Tt2 (172) 

In order to estimate the a1gn1t1canc~ ot the aliasing 

error•, the error caused by the aliasing Will be compared 

to the ti2:J•pectrum value. The &lia.aed trequenciea are 

given by ta• 2ntc ± t, n • 1,2,3, ••• 1heretore the 

tirat two trequenc1ea Which are tolded into t where 

0.: t.: t
0 

are given by 2tc - t and 2t
0 

+ t. The error 

c&U1ed by the ti at two tolded trequenc1ea can be estimated 

by the ratio ot the sum ot the &liued envelope values and 

the correct value &a 

B-2 
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a • . 
F( 2f c - f ) + IF( 2f c +f )I : 

D 2 

I F(f) l _ f 

4i2 
C 

(173) 

b. (174) 

Therefore if the two :functions are sampled well above the 

fundamental frequency, 1/T, the aliasing error is a function 

of the roll-off rate and 1s approximated by the equations 

above. Consider sampling the two functions with a Nyquist 

rate of 10 which corresponds to a sampling rate of 20 

samples per second for the one second transient. The 

approximate errors in the Fourier spectra at 4 Hz are given 

as 

a. 

b. 

4 • 1 2 • . 417 • 41. 7~ 
1 - 4 ( .4) 

8(. 4)2 + 2£-~)4 - .090 - 9.0% 
(4 - (.4) ) 

The value tor the half-sine 1s less than the value from 

Figure 23, but it seems to be a fair approximation. 

B-3 
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APPENDIX C 

ACTIVE RC- .r.;TWORK ANALYSIS 

In order to demonstrate that the active RC-networks 

of Figures 4 and 5 have transfer functions which are 

ana.logous to the required single degree-of-freedom oscil­

lator, the circuits will be analyzed here. The circuits 

can be ana.l.yzed by summing the currents into nodes e2 and 

e
3

, and 1oting that the current into the operational ampli­

fier is virtua.lly zero and the gain is extremely high. 

The nodal eq at1ons for the circuit shown in Figure 

4, using Laplace transfcnns and no initia.l •conditions, are 
' l E1(s)-E2(s) E0(s)- 2(s) E

3
(s)-E2(s) 

I2 ( s ) • R1 + R2 + R3 

-c1sE2(s) • O (176) 

and 

The elution o th se equations with the gain A approachina 

in inity is given by 

(177) 
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Substitution of the oscillator P.arameters :f'rom F 1gure 4 

yields 

(178) 

The equivalent solution for the active RC-network 

ot Figure 5 is a.s tollows. The summation of nodal currents 

is ·. 

,. E1(s)-~(s) E0(s)~E2(s) E3(s)-E2(s) 
Lf2 C 8 ) • ------------ + ------- + 1 

. Ri · c1 s c2a 

E2 (s) 
- - 0 (179) 

¾ 

and 

The solution aaa1n as the gain ·approaches 1ntin1ty 1s given 

by 

1 
Eo(s) - ~ a . 1 1 (180 
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Substitution of the oscillator parameters for Figure 5 

yields 

(~81) 

Neglecting initial conditions, this transfer function is 

equivalent to that required in equation (l 7). 
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APPENDIX D 

FOURIER AND SHOCK SPECTRA FORTRAN IV 
SUBROUTI ES 

suaROUTINE DMA0021A,N,H,w,ss,Fs;RD01 DMAO 20 
C THIS ROUTINE COMPUTES THE SHOCK AND FOURIER SPECTRUM VALUES DMAO 30 

· C BY DIRECT SOLUTION OF TH~ DIFFERENTIAL EQUATION FOR TH6 . . . __ _ DMAO 40 
C SAMPLED ACCELERATION INPUT. . . DMAO 50 

---- -· _DIMENSION _Alll_ __ ---···· --·----~ - ... .... _____ . __ - - ·-- - -.. DMAO 60 
• WH•W•H ' . 'DMAO 70 

. CS•COS I WH I OMA,) 80 
SN•SINIWHI OMAO 90 

_ . . . SS•O . ...... _ . _____ .. ... . . . . .. . __ .. . .. . _ - -- -·· OMAO 100 
NW•SN•W OMAO 11.0 

_ _ - · SWN•SN/W , __ .. - -·---·-··-·------ · -···---- ---- ·-····- ····· OMAO ·120 
R•O o DMAO 130 

. ~O•RDO/H-Afll ... - ·· · · · ·--·---·· ··· .. .. ... . . .. OMAO 140 
DO 2 1•2,N OMAO 150 
AR•AB.SIRl _ .. _ _ . .... ·- . .... _ _ . OMAO 160 
IFIAR.Gt.SS)SS•AR OMAO 17~ 

- -· ·r RS•R . _ __ __ - ·-·- ··-- · -- - - ----- ... .. __ _____ OMA0 . 180 
R•RO•SWN+R•CS OMAO 190 

. 2 RD•RO•CS-RS•SNWTA I J l . .. . . ... _ ... __ . . . ... .. . . . ··- .... _,_ OMAO 200 

.· · :-··· FSt SQRl IR•R+IRO/Wl••Zl•WH . . DMAO 2!0 
_ .... ... . SS•WH•SS -·· -· _ ··-- - __ - ·- _ .. _ - ··· .. _ _____ ... .... DMAO 220 

IFIFS.GT~SSISS•FS OMAO 230 
_ __ _ RETU~t( __ _ · ·---- __ _____ ____ ·- -- .. DMAO. 240 

ENO OMAO 2~0 

D-1 
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SU3ROUT1NE OMV002IV,N,H,W,SS,FS,ROOI ··-· . _. • 0MVO 20 

~ THIS AOUTl~E COMPUTES THE VELOCITY SHOCK SPECTRUM AND . 0MVO SO 
C FOURIER SPECTAU/11 OF THE SAMPLEO VELOCITY FU 'CTION C V· I . . ····- . ··- _' , .. 0MV0 40 
C DY DIRECT EVALUAllO~ OF THE DIFFERENTIAL EOUATION WITH OMVO ~O 
C THE ASSUMPTION THAT THE ACCELERATIOH IS IMPULSIVE.• -· •. · -· · - _,, _ _ _ - · · OMVO 60 

OIMF.NSION Vlll • OMVO 70 
WH•.t•H .. .,.. · -· ·- ..•.. .. .. . - ·· ·- - · - · · ···· - - - · ·-·-: 0MVO 80 
CS•COSIWHI OMVO 90 

. SN•SINl~HI ... •.• . . . ·---· · - -- ·--· ··-·· _ ···· - -·-- -----·-;_--··-· .• -·- · .. ·- - DMVO 100 
ss• n . . OMVO 110 

. SNW•SN•W - ··-- __ _ __ _ _ _ __ ___________ __......_ .-DMVO 120 
SWN•SN/W OMVO 130 
1t•o. __ ..... ·--· -···· __ ---··. _ --·-- -· -- ·:._ -·- ---·-···. 01o1vo 1•0 
RO•RDO OMVO 1-50 
DO 2 : •2 ,N .•. __ __ ··- . ·· -·- -- -· __ _ _ . · __ • ·- . __ --- - · ··--·--· -,····- - .. -- ·- - OMVO 160 
RS•R OMVO 170 
R~RO•SWN+R•CS _ . _· _ _ _ . _ _ . _______ .. -·--- - - --·-·· OMVO lH 
AN•AASIAI OMVO 190 
IFCAA,GT.SSISS• AA · · · · · · - · __ _ -·- --· . ···· - -· - ··-· . • DMVO 200 

Z RO•AO•CS•RS•SNW•VC I >•VI 1•1 I • · OMVO 210 
,,.,ou11t•A•CRO/WI••21•w • .. . - - -· - .. · - ·-·-- -·- · ----·-·- · ····· · OMVO- 220 
SS•W•SS · OMVO 2JO 

• .1.FCFS.GT.SSJSS~FS __ _ _______ ___ _ _____ OMVO 240 
RETURN · oMVO 2~0 

.. END . ... __ . .. • . . . . __ .... • • . . : ~MVO 260 
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SUBROUTINE ZTA002 1 \ ,N, H , ~ , SS ,FS,R DOI . 
:c THIS ROUTINE COMPUTES THE VELOCIT Y SHOCK SPECTRUM AND FOUR IER 
C INTEGRAL VALUE FROM THE SAMPLED ACCELERATION USING .THE 
CZ-TRANSFORM T~CHNIQUE . 

ZTAO 2C 
ZTAO 3 0 
ZTAO 40 
ZTAO 50 

DIMENSION ~< 11 -··-- · ·· .... • - ·· - ··-- · . ... _ _ _ - ·· ···--· . _ . •. ···-. - · Z TAO 60 
R• O. ZT AO 70 
Rl • o. .. .... . ZTI\O 00 
R2•0• ZTAO 90 
SS•O• ZT AO 00 
RDH•RDO/H ZTAO 110 

, .. --~ Alll •A Cll+ROH _____________ _ __ _ _ _ _ ____ __ ____ ___ ZTAO 120 

WH•W•H ZTA O 13 0 
,. -- ·· CS•COSIWHI .. .. __ . . . • •. ·- · •..•. _. _. ZTAO 140 

SN•SINI WH I 7.TAO 15 0 
SNW •SN•W _ .. - · .. . .... .. .. . -· .. . . .. _ ZTAO 160 
SWN•SN/W . ZT AO 170 
01 • 2.•CS ·-·-. __ __ __ __ __ _______ . ____ _ ___ _ , ____ _ ··-- . ZTAO 180 
NN•N+l ZTAO 190 
DO 2 1•2,NN ZTAO 20Ci 
R•A< t-1 l+0l•Rl-R2 ZTAO 210 
AR • ABS<RI .. . . .. . - ·, ___ _ ZTAO 220 
JFCAR.GT.SS)SS•AR ZTAO 230 

R2•Rl --· ~--· ·-- ··-· ·- --- --··-·- -· ·-----· ·- - - --- · ____ __ ZTM 240 
2 Rl•R ·ZTAO 250 

A(ll•A(ll-ROH •. - ·· - -- ZTAO 260 
R•Ol•Rl-R2 · ZlAO 270 
RD•<R Rl•CSl*W/SN .. . . .... . . ·- -- __ _ Z AO 280 
HSN•H•SN · . ZTAO -290 
FS•SQRT !Rl•Rl+ IR0/Wl!*2 l*HSN ··-- ---· - · _ _____ _ _ _ __ ZT AO 300 
SS•SS•HSN zT , n 310 
JF(FS.GT.SS)SS•FS ZTA0 320 
RET 1JRN ZT AO 330 
ENO ZTAO 340 
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SUBROUTINE ZTVOOZ<V,N,H,W,~S,FS,RDOI 
C THIS ROUTINE CO ~PUTES THE SHOCK AND FOURIER SPECTRUM VALUES 
C FROM THE SAMPLED VELOCITY ( V I USING THE Z-TRANSFORM TECH 
C NIQUE . 

•, 

DIMENSION VCll 
11 , .... *ti 
CS•COS(WH) 
SN • SINCWH) 
SS•O 
SNW•SN•W 
~WN•SN/W .. 
RO•-H 
8l•t1•CS 
Dl•-2.•CS 

· 02• 1. 
R•O. 

• • - - .. M O • •- •• • - - - • ~ --- •- 0 . ... - - - - • - •· 0 

Rl•O• . ·- . ti2 • 0 • .. ·- .. ··- - . -- ··-- ---- --~-- --. · ··- -

RD•RDO 
DO 2 1•2,N 
R•CS•CVtt-l )+Rl+Rl >-R2-VC I> •:, . 

····: Al :•ABSc' iH . 

ZTVO 20 
Z TVO 30 
Z TVt) 40 
Z TVO 5C> 

.. ZTVO 60 
ZTVO 70 
ZTVO 80 
ZTVO 90 
ZTVO 100 
ZTVO llC> 
zrvo 120 
'ZTVO UO 
ZTVO 140 
ZTVO 150 
ZTVO 160 
zrvo 110 
l.TVO 180 
zrvo· 1 e>O 
ZTVO 200 
ZlVO 210 
zrvo 220 
z1v.;. 230 

--·· IFfAR.GT.SS>SS•AR .. - · ·---·- ------ ·-- -··- · ­
R2•Rl 

_ _______ _______ ZTVO 240 

2 Rl•R 
0

R•CS*fRl+Rl+VtN>>-R2-VfN) 
.. ~D•lij-Rl•CS>*W/SN 

FS•SORTCRl•Rl+IRO/Wl**2l*WH 
SS•SS•WH 

.. ' .. . . .. . 

1FcFs.Gt.sS,ss• ,s · · - --------·- ·-·-----
RETuRN 
£NO . ' 

ZTVO 250 
ZTVO 260 
ZTVO 270 
ZTVO ·280 
ZTVO 290 
ZTVO 300 

- ZTVO ~10 
ZTVO 120 
ZTVO UO 

.,. 



NOLTR 70-243 

SUBROUT IN E OttA0021A•N,H, W,SS,FS,RDOI OHAO 
C THIS ROUTINE COMPUT ES THE VELOCITY SHOCK SPECTRUM .ANO 'OHAO 
C FOURIER INT EGRAL VALUE AT FR~OUENCY w OF · THE SAMPLED ACCELER- OHAO 
CATION USING O•HARA•S TECHNIQUE OHAO 

DIMENSION A121 l . ·- -- - · · - . _ __ -•- · ·- ·· __ · ·-··· ·--· · ·-- ... - · OHAC 
WH•W•H OHAO 
CS•COS IWNJ OHAO 
SH•SINIWH) OHAO 
SS•O .. - ·· + . . .... . ___ . OHAO 
SNW•SN •W OHAO 

.. SWN•SN/W · · ·· - ·- - --· ·--· .. . -----·-·-- O~AO 
H2•H•H OHAO 
W2 •W•W .. ·- ··· ··- · ··- .. . . _ OHAO 
Cl•-11.-CS!/W~ OHA O 
C2•-ll.-SWN/HI/W2 OHAO 
C3•-CSN/WHl2.~ll.-CSI/W2/H21/W2 OHAO 

- · · ·· · _ 01•-SN/W .. -·-·- . . ·-- ·-··· - -· · -- ···---- ----- ·--·. OHM 
02 • -c1.-cs1/W2/H OHAO 
D3•-1Cl.+CSI/H/Wl2.-SN/W2/H21/W OHA~ 
R•O OHAO 
A('l • A 11 I ·-··- · .. . _ · OH, ) 
Al•AC21-Alll OHAO 

_ ___ _ A2•AC31-AC2J-Al __ __ _ ------··- - --------··-·-·-· -OHAO 
RO•RDO OHAO 
R•R•CS+R0•SWN•~o,c1+Al•C2+A2•CJ OHAO 
RS•0• OHAO 

. . . R0•RD•CS-RS•SNW+A0•Dl+Al•02+A2•0J .. . OHAO 
5S•A8SIRI OHAO 

_ •.. -- 00 2 l•J,N _._ ··- · · -·· ---- -- --·--- ----- PHAO 
AO • 11-11 OHAO 
Al•Alll-ACl-11 -- · - ··· OHAO 
A2•Al-ACl-11+ACl-21 OHAO 
RS•R OHAO 
R•R•CS+RD•SWN+A0•C l+A 1 •C2+A2•CJ 011/ ,0 
AR • A8SIR) • OJtAO 
IFCAR.GT.~SISS•AR OHAO 
Rn • RD•CS-RS•SNW+A0•0l+Al•02+A2•03 OHAO 

2 CONTINUE OIIAO 
FS•SORtc~•R ~RO/Wl••21•w O AO 
SS•W•S5 OHAO 

- - - ·-· IFCFS,Gl'e$SISS•~$ ___ . . OHAO 
RETURN • OHAO 
tNO . . . . . . . . . . .. . - . - · - OHAO 

• 

D-5 

2(J 

30 
0 

50 
(,0 
70 
80 
90 

~00 
110 
} 2(, 

13 '.:> 
140 
150 
160 
l 70 
180 
190 
2 0 
210 
nn 
230 
240 
2 !,(, 

260 
no 
280 
2C10 
300 
310 
320 
330 
) 4 (; 
3 !,C, 
• (,t;, 

37G 
380 
390 
40(1 
410 
420 
430 
440 



NOLTR 70-243 
SUBROUT INE 0HV002 fV.N. H. w. ss . Fs , Roo , 

C THIS ROUT I NE CO~PU TES THE f'OUR I ER A~O SHOCK SPECTRU,"4 VALUE 
C FROM THE SAMPLED VELOC IT Y FUNC TION f VI AT A FREOUENCY 
C OF C W I RADIANS PER SECOND. THE OU TPUT · IS JN THE FOR.~ OF 
C THE VE OCITY. Trlf MET ~OD EMPLOY EO IS THAT USED BY 0

1
HARAo 

OJ MCNSIO~ Vf 211 • 

OHVO 
OHVO 
OHVO 
OHVO 

20 
30 
40 
50 
60 
70 
8C, 
90 

___ . ____ . ... OHVO 

WH•"•H OHVO OHVO 
CS•COSI WHI OHVO 

. SN•SINl "'HI .. - ·····- ... 1 •• , _ _ • · - · : - · - · · • · · · · · • · .. •· .. OHVO 
SNW•SN•W . OHVO 

···- - · . . SWN • SN/W .• ...... ·- . .. .. --· - -·· ··-· · - · ·-·· - ..:..._ - ·- -. - --_:___ .... ~OHVO 
100 
110 
120 
13~ 
140 
uo 
J60 
170 
180 
HO 

H2•H•H OHVO 
lil2•W•W .. . -- ·. . . .. . .. .. . . .. _ .. . . . . . .. OHVO Cl•-11.-cs,1w21H OHVO 
C2••fll.+CSI/H/ 2 o•SN/W/H21/W2 · ·- ·- · ____ __ _ OtiVO 
01 ••SN/W/H OliVO 

. .. 02••1_flo•CSI/WH•SN/2ol/W/H __ - ··- - - ---- --- - . . --·· · _OHVO 
R•n • OHVO 
RD•RDO OHVO . - .. .. ·- .. . .. -- ...... . -·----.... - . v1 • v121-vc 11 OHVO 
V2•VCJJ•VC2 l•Vl ··· -· - - .- _ _ -"?- •- -- . _OH·Jo R•R•CS+RO•SWN+Vl•t1+v2•c2 OHVO 

Ss • ABSI RI . · · ··------ - ---~-- ___ ·- · OHVO AO• RO•C5-RS•SNW+Vl•Dl+V2•02 OHVO 
00 2 l•JoN ..... .. __ . ·- . -·· _ OHVu 
RS•R OHVO 
Vl•VCJ1-v1r-1,- --·-- ··- - ·. ·· - --- OHVO v2 • v1-v,1-11+vrr-2, OHVO 

. R•R•CS+AD•SWN+V1•Cl+V2•CZ , . . ·r- -· .. ___ __ CJHVO 
AR•AO~CRJ OHVO 
JFCAR.r.r.ss1SS•AR OHVO 
RD•HO•CS• S•SNW+Vl•D1+V2•02 OHVO 

2 CCINT INUF: OHVO 
'S•SOAT I R•II• UID/W J H2 I •w OIIVO 

... SS•lt•SS . • . .. .. . . . .. . OIIVO IFIFSoGTolStlS•FS OIIVO 
RCTURH OIIVO 
(NO "IIVO 

D-6 

200 
210 
210 
2JO 
240 
250 
268 
270 
280 
290 
>oo 
Jl,C, 
320 
3'0 
34.0 
15(' 
3C.O ·, .,,, 
·1111, 

J''" 

. , • 



• 

NOLTR 70-243 

SUOROU JNE OVSSDMIAtNtHtW,SS,Z,RDOI 
· c 

C 
THIS ROUTINE COMPUTES THE DAMPED VELOC IT Y SHOCK 
SAMPLED ·ACCCLERATION USING THE DIRECT MtTHOD . 

OAOT 20 
SPECTRUM FROM THE OAOT 30 

DAOT 40 
DMH 50 DIMENSION Alli . 

___ ·-· SS•0 . - ··--- ·--··--· ·- ---- - _, ...... - . - - ·· ··--
WH •W•H 

· .. . RZ•SQRT<l.-Z•Z> 
PH•RZ•WH 

··-· · ... CS•COSIPHI 
SN•SJNIPHI 
WHZ•-Z•WH 
E•EXPIWHZI 
P•W•IU 
SRZ•SN/RZ 
Cl•E•ICS+Z•SRZI 
C2•E•SRZ/W .... 

__ 01 ~-E•SRZ•W . . . . · -·--- ---·•·-...--__: ·-··· .. 
02•E•CCS-Z•SRZI 

- · . . _ _ R•O 
RD•RDO 

_ .. · --· 00 2 l•ltN --·· - - -- ·· ·- --- - ··- · _ ... 
RS•R 

---· R•R•Cl+RO•C2 _ . - - ----··--- _ 
AR•ABSCRI 

-·· IFCAR.GT.SSISS•AR 
RD•RS•D1+RO•D2-ACII 

. 2 . CONTJNUE 
PHM•RO•RZ/CAtW+RO•ZI 

--- ·· · - - - ·-·· -·· -·· OADT 60 OAOT 70 
OADT 80 
DAOT 90 
DA DT 100 
OADT 110 

, . DADT 120 
DADT 130 
DADT 14(1 
DADT ~';0 
OADT 160 
DADT . l 70 

··-------·· ____ ___ DADT 180 
DADi 190 
OADT 200 
OAOT 210 
nAoT 220 
DADT 230 
OADT 240 
DADT 250 
OAOT 260 
OADT 2'70 
DADT 260 
OADT 290 

·- -- PHP•ATANCPHMI · · ·- . -- ··-··--- -·- ·.-· -··· 
DADT 300 
OADT 310 
OAD7 320 
OAOT 330 

EPP•-Z•PHP/AZ . 
AMAX•EXPIEPP1•cR•COSCPHP1+1w•t•~+ROl*SlNCPHPI/P) 
RMAX•ABSCRMAXI ~ 
IFCRMAX.GT.SS)SS•RMAX 

.. . SS•WH•SS 
· _ ___ AETU~N_ .. __ _____ _____ ____ __ _ ___ -- --···· · - · ·· · · 

ENO 
···-· ·.-· ... ... . ·-·- · 

D-7 

OADT 340 
OADT 350 
OAOT 360 
OADT 37Ci 
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C 
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NOLTR 70-243 

SUBROUTINE DVSSDMCV,N,H,w,ss.z,Roo, 
THIS ROUTINt COMPUTES THE OAMPEO VELOCITY ~ NOCK SPECTRUM FROM THE 
SAMP LED' VELOCITY OY THE DIRECT METHOD. 

OMVV 20 
OMVV 30 
OMVV .40 

DIMENSION Vlll 
SS•O 
WH•W•H 
RZ•SORT11.-z•z1 
PH•RZ•WH 
CS•COSCPHI 
SN•SINIPHI 

. . 

OMVV 50 
OMVV 60 
OMVV 70 
OMVV 80 
OMVV 90 
OMVV 100 
DMVV 110 WHZ•-Z•WH 

E•EXP(WH.:1 
P•W•~Z 

---·-· ... ---- ·· -----·--··- ·--·- · -- ----· -·- DMVV 120 
OMVV 130 
DMV'w' 140 
DMVV l!iO 
OMVV 160 
t>MVV 170 
f>MVV ll'O 
OMVV 190 
OMVV 20·0 

SRZ•SN/RZ 
.Cl•E•CCS•Z•SRZ I 
C2•E•SRZIW . 
01•-E•SRZ•W 

0

02•E• rcS-Z•SRZ I 
R•O 
Ro • ooo-v, 11 
00 ? 1•2 ,N . 
RS• 

_ ,. . . - . 

OMVV 210 
vMVV 220 
OMVV 230 . R•R•Cl+RO•C2 

AR•ABSIRI 
IFCAR.GT.SSISS-AR 

-------- ··---- .... -------- --- -··· DMVV 240 
OMVV HO 
OMVV 266 
OMVV 2i0 
OMVV 2110 
OMVV 290 

RO•RS•Dl+R0•02+vc1-11-v,i1 
2 CONTINUE 

PHM•RO•RZ/(R*W+RO.-ZI 
PHP • ATANCPHMI 

-EPP•-Z•PttP/RZ - · . - ·--· -- -- ···-·-- - - . --·· . 
' RMAX • EXPCEPP1•cR•COSCPHPJ+CW•Z•R•RD1•s1NCPHPI/PJ 
RMAX•AOSIRMAXJ . 
1FIRMAX.GT.SSJSS•RMAX 
SS•WH•SS 
RETURN 
ENO 

D-8 

- · OMVV 300 
DMVV 310 
OMVV 320 
DMVV 330 
DMVV 340 
OMVV 3SO 
OMVV 360 
OMVV 370 



NOLTR 70-243 

SUBROUTINE OVSSZTCA,N,H,W,SS,Z,RDOI DVSZ 20 
C THIS ROUTINE COMPUTES THE DAMPED VELOCITY "SHOCK SPECTRUM FROM THE ovsz 30 
C SAMPLED ACCELERATION USING THE Z-TRANFOPM TECHNIGUE. ovsz 40 

DIMENSION Alli ovs.: 50 

WH•W•H ovsz 60 
RZ•SQRTc1.-z•z1 

. ovsz 70 
P•W•RZ ovsz 80 
PH•P•H DVSZ 90 
CS•COSIPHI ovsz 100 
SN•SINCPHI ovsz 110 

. E•EXPI-Z•WHI ·- .. ... ·- ··-· ., . bVSZ 120 
ss • n ovsz 130. 
81•-H•E•SN/P ovsz 140 
Dl•-2.•E•CS OVSZ 150 
02•E•E ovsz 160 
RO•Oo ovsz 171) 

R•Oo ovsz 180 
Rl•O• ovsz ]9:1 
R2•0• ovsz 200 
NN•N+l ovsz 211) 
00 2 1•2,NN ov~z 22J 
R•All-1>-0l•Rl-02•R2 ovsz 23:> 
AR•AOSIRI ·-- ·- ___ , .,. . --- .. ···- -- - ----· 

______ : _ ____ ovsz HO 
JFIAR.GT.SSISS•AR ovsz 2SO 
R2•Rl ovsz 260 

2 Rl•R ovsz 270 
R•-Dl•Rl-02•R2 . - . ovsz 280 
RD•IR-Rl•CSl•WISN ovsz 290 
PHM•RD•RZ/IR*W+RO•ZI ----- ·--·- · .... OVSZ 300 
PHP•ATANIPHMI DVSZ 31 0, 
EPP•-Z•PHP/RZ ovsz 320 
RMAX•EXPIEPPl•IR•COSIPHPl+CW•Z•R+ROl*SINIPHPI/PI OVSZ 3n 
RMAX•ABS IRMAX.1 ovsz 340 
JF(RMAX.GT.ss,ss • RMAX ovsz 3~0 
SS•W•SS•Bl .. ovsz 36(, 

RETURN ovsz 370 
ENO ovsz 380 

• 

D-9 



NOLTR 70-243 

SUSROUTINE OVVSZTCV,N,H, W,SS,Z,ROOI OVVZ 20 
C THIS ROUTINE CO~PUT ES THE DAMPEO V~LOCITY SHOCK SPECTRUM FROM THE OVVZ 30 
C SAMPL ED VELOCITY USIN6 THE Z-TRANSFORM TECHNIQUE, OVVZ 40 

DIMENSION Vlll . OVVZ SO 
WH•W•H ·-· ..... ·--.. .. - .... · - · · ·-· ·-·- .. · ··· · · 0VVZ 60 
RZ•SORT11.-z•z1 ovvz 70 
P•W•RZ . . .. . . OVVZ · ao 
PH•~• H OVVZ 90 
CS•COSCPHI ···•··· ·-· .. ...... .. . . .. ·- · - · OVVZlOO 
SN•SINCPHI OVVZ 110 
E•EXPC-Z•WH) · -· ·- ··- ·--·--,: _____ ·- ·- - ---- -----·- .. ··-· ·•---· DVVZ 120 
BO•-H OVVZ 130 
81•-H•IZJl',cZ•SN-CSl•E . ... . .. OVVZ 140 
01•-Z,•E•CS D IZ lSO 
OZ•E•E .. . .. ... DVVZ 160 
RO•O• OVVZ 170 
R•O. _ ·------- ------- --- - ·- · ·--- - - - ·-- ··-·- ·--- __ _ _ _ OVVZ 180 
Rl•O• OVVZ 190 
R2•0• .. .. · ·-· -· .... .. ... _ .. . .... · - ·- -· · _ . . .. _ . · - · DVVZ 200 
R•IVCll-RDOl•BO OVVZ 210 
SS•ABSIIIII . - .. · -- · - · · - ·----- .. - ·-- . - ··--- - · ·- -· ... .. -· OVVZ 220 
NN•N+l • OVVZ 230 
00 2 1•2,NN .. - ·· · -- - .. ·- - ·-- - ··------·---·----·DVVZ 240 
R• V111•eo+v11-11•a1-01•Rl-02•R2 ovvz 2SO 
AR•A8S(R) . - - - · -... .... . · - ---- -- - - ----- - -- ···· - · ._. ovvz 260 
JFrARoGT.SSISS•AR OVVZ 270 
R2•Rl \ . ... . ..... __ _ . ... . . -· · - ·· -- -- --. ··-··-- .. .... . . OVVZ 280 

2 Rl•R OVVZ 290 
R•-Dl•Rl-D2•R2 . ··· ·-- · ________ ______ OVVZ 300 
RO•CR-Rl•CSl•W/SN DVVZ 310 
PHN•RO•RZICR•W•RO•Z I . _ ·- . .. .. . .. - • .. .. . ;· . - ·-· OVVZ 320 
PHP•ATAN(rHMI OVVZ 330 
EPP•-Z•PHP/RZ . _. _ . _ OVVZ 340 
RMAX•EXPCEPPl•CR•COSCPHPl•CW• •R+RUl*SJHCPHPI/PI OVVZ 3SO 
RMAX•A8S(RMAXI ____ OVVZ 360 
. IFCRMAX.GT .SSISS•R~AX ·- -- . . ..... - ·- - - - - - -·-· . · ·-- OVVZ 370 
SS•W•SS . _ .. . . .. OVVZ 380 
RETURN OVVZ 390 
ENO _ .. . ... _ -· - •• OVVZ 400 

D-10 

' ' 

' 
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NOLTR 70-243 
.SU8k0UTINE OVSSOHIA.N.H,w.s~.Z.RDOI 

C THIS ROUTINE COMPUTlS THE ~AMPED VELOCITY SnOCK SPECTRU~ FROM THE 
1 C - . SAMPLED ACCELERATION U~INij THE METHOO OF O•HARA. . . 

DASO 20 
DASO 30 
DASO 40 
DASO 50 ' DIM ENS ION Alli ·-·---SS•O . . -· · - .. - · ~ - - ··---·- -- -DASO 60 

W2•W•W OAS.0 70 .... - . .. . WH•W•H DASO 80 
Z2•l•Z ·-·-· · · ···· ·-· · ··- · - .. .. ·-·· . . .. __ DASO 90 
RZ•SORTc1.-z21 DASO 100 
WH2•WH•WH . . DASO 110 

·- -- .Pti•RZ•WH ... ... -· - ··---·-····--· · . - ·· ·- · ··- - ·--· - ----·- --·- -DASO 12(1 
H2•H*H DASO 130 
CS•COSI PH 1 . . . . .. . .. ·· -- . -,. . DA.SO 140 

SN•SINI Pr! 1 - · · ··- · · ·· · ·•·- . . . ··-···· ·- - -- ·--- ··--· DASO 150 WHZ~-z-wH DASO 160 
· - ··--··E•FXPIW.,ZI · · - . _. ·-- ·-· - - ···· ·- ··-· ·- - · --- ----- ·- - · DASO 170 

P•W*RZ OAS0- 180 
SRZ•SN/RZ ·- - -·· - · ···- ·· .. -- _ __ ·---- · · ·-· ··- · OAS0.190 
W2H•W2•H DASO 200 
W3H•2.•w•w2H -· · . ·- - . . . DASO 210 
~l•E•ICS•Z*SRZI DASO 210 

.. ___ ;_ . C2•E•SRZIW . DASO 230 ·-·--- --· .. _ .--- ·---.-· ·-- ·--
c,--c1.-c111w2 DASO 240 

.. .. C4•-11.-2.•z•11.-E•CSI/WH-11.-2·.•z21•E•SN/PHl1"2 . DASO 250 
· C5•-l-4.•Z-1c2.-a.•z21/WH-2.•z1•11.-E•CS1+cc1.-2.•z21+2.•z•c3.-4.•DA~O 2~0 
1Z2 I/WHI •E•SRZ 1 /W3H ·- ·· DASO 2"10 

Dl•-E•SRZ•W DASO 260 
--- D2•E•CCS-Z•SRZ> -· - · · ·- ·- · ·- ·-·-- ---- --- - ··- - .-- DAS0 .. 290 

Dl•-SN/P DASO 300 
D4 • -c1.-c111w2H . . DASO 310 
D5 • -c2.-c1.+4.•ZIWHl*Cl.-E•CS1-cc2.-4.•Z21/WH-Zl•E•SRZI/W2H DASO 320 

· -· · ·· R•O · . . 
RD•RDO 

·-··- .- · AO•AC 1 > 
A\•AC21-Af1 I 
A2•AC 31-AC 21-Al 

DASO 330 
DASO 340 
DA"SO 350 

---- ·--·--·- ·· ----DASO . 360 

RS•O• 
R~R•Cl+RO•C2+AO•C3+Al•C4+A2•CS 

· SS•ABSC~I 
·- - · AO•RS•nl +RD•D2+A0•03+Al •04+.U•O! .... -· ·- . ··- - ·­

DO 2 t•3,H 
itS • R 
AO•ACt-11 
Al•AC I I-AO 
A2•Al-AO+All-21 
A•R•Cl+RD•C2+AO•C3+Al•C4+A2•CS 
AR•ABSCA) . . .. .. .. - . -·-- - ·- · - · .. · . 

1FCAR.r.T.S51SS•AR 
RD•RS•Dl+A0•02+AO•D3+A1•04+A2•D5 

2 CONTINUE 
PHM•RD•~Z/CA•~•RD•ZI 
PHP•ATANIPHMI 
EPP•-Z•PHP/RZ -··· . ·---- ... 

DASO 370 
DASO 3ao 
DASO- 390 
DASO 4~0 
DASO 410 

. ·-·--· . --· ... . DASO 420 
DASO 43!) 
DASO 41t0 
DASO 450 
DASO 460 
DASO 470 

- . -~ . · -·-- ·- - · oASO 480 

·- , DASO 1t90 
DASO 500 
DASO !110 
DASO !>20 
DASO 530 

~ -· AMAX•EXPCEPPl•CR•COSIPH~l+IW•Z•R+ROl•~iNIPHPI/PI 
·· - - . ·- ' ... DASO 540 

DASO !»!»O 
.. .... _ ... . . DASO ~60 . RMAX-AflSC8MAXI · .. 

JFIAMAXeGT.SSISS•RMAX 
- ··· · · 5S•W•SS 

RETUPH 
£HO . 

D-11 

DASO !:>70 
: DA~O ~80 

DASO S90 
- DASO 600 



NOLTR 70-243 
SUBROUTINE OVV~OHCVoN,H, W,SS,Z,ROOI OVSO 20 

~ THIS ROUTIN E COMPUTES THE DAMPED VELOCIT Y SHOCK SPECTRUM FROM THE OVSO 30 
C SAMPL ED VELOCITY INPUT USING THE METHOO OF 0 1 HARAe OVSO 40 

Ol~ fNStON VCll OVSO SO 
W2• W•W ·- . '-; · - ···- - OVSO 60 
WH•lrl•H ' OVSO -:'O 
Z2•Z•Z OVSO 80 
RZ•SORTC\.•Z21 OVSO 90 
WH2•WH•WH OVSO 100 
PH•RZ•WH OVSO 110 
H2•H•H - -·- · ·-- --·- · ·- .. .. ·· - ... · - - - -· ··-· --·- --..\ .. ... bvso 120 
CS•COSCPHI OVSO 130 
SN•SINCPHI OVSO 140 
WHZ•-Z•WH OVSO lSO 
E•EXPCWHZI -- ·- ---~- DVSO 160 

P•W•RZ · - ··--··- - _ - -- _ . . ···---- ·---- ov~o 170 SRZ•SN/RZ - OVSO 180 
W2H•W2•H OVSO 190 
W)H•2.•W•W2H OVSO 200 
Z2WH•2••ZIWH OVS0 .210 
Cl•t•cCS•1•SRZI . OVSO 220 
CZ•E•SRZ/W . OVSO 230 
c• • -c 1.-c111w2H - - ··---·- - · - - - - - ----.-- - - -·--·-·ovso 240 
cs • -1.s-u•,m•E•cc.S+Z211'Hl•C1-.S•SRZII/W2H · ovso 2~0 
nl••'•SRZ•W OVSO 260 
OZ•E•ccs-z•SRZI - -· · -·- _ ··- - - --- ·- ···· _ --··· _ ··- ovso 270 

· 04•01/V2H OVSO 280 
_os• -cc1.-c11,wH-E•SAZ/2el/WH - - - bvso 290 
R•o· .. ·---- ·- - . - - - -. --- OVSO 300 
RO•RPO OVSO 310 
Vl•VC21-Vlll . . . -- --- · · .... , . ... ·· - ··- · · -· · . ovso 320 
V1•Vl31•VCZl•Vl OVSO 330 
RS•O• . - ·- .. .. -- - .. - . ... .. . .. --· . -·- ---- -· . .. . DVSO 340 

R•R•Cl+RO•CZ+Vl•C•~V2•C5. - - · - _ --·-- --..--·--- ·--- OVSO 3SO 
ss• u1s,ro · . . , -ovso 360 
RD•RS•Ol • R0•D2+Vl•04+V2•DS DVSO 370 
00 2 l•S,N OVSO )ijO 
RS•R OVSO 390 
Vl•Vlil•VCl•ll OVSO 400 
V2•Vl•VC 1•1 !+VI 1•21 . . • · ·· ·· ·-· - - .•.•. . . . - - - · - ·· _ __ ·-- OVSO 410 
A•R•Cl•RD•C2+Vl•C4•V2•CS ·-·· ovso 420 
AR••A~(~I ov~o 430 
IFCAP.r.t.ss ,ss••R DVSO 440 
RD•RS•Ol•R0•02•Vl•04+V2•0S • . OVSO 4SO 

2 CONTINUE OVSO 460 
PHM•RO•RZ/CR•W+RO•ZI DVSO 470 
PHP•A TAN' PHl•I . • . . . - . _ ..__ ·: - ·· ovso •ao 
FPP••l•PHP/RZ OVSO 490 
R"AX•UP I EPP). I R•COSC PHP I • cw•Z •R•R0 I •s IN I PtlP ,,, , ov~o soo 
RMAX•AASCR~AlCI DVSO SJO 
I Fe AMAX.GT .ss,ss•RMAX . ovso uo 
SS•W•SS OVSO S30 
RETURN DVSO s•o 
END 0VSO UO 
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NOLTR 70-243 
C FINITE DISCRETE FOURIER TRANSFORM FRXF 
C IT . REPLACES TtiE VECTOA Z•X+IY ~y ITS FOURIER TRA~SFORM FRXF 
C THE LENGTH OF THE VECTOR IS NTHPOW•2••N2POW • FRX~ 
C THE FINITE DJSCR~TE FOURIER TRANSFORM IS THE PRODUCT WITH FR~F 
C THE MATRIX WHOS E I.J ELEMC:NT IS W**<l•JI, WHERE ____ FRXF 
c· - · - · - w-cEXP12.•PI•I/NTHP0~1. THE NTHPOW PRINCIPLE ROciT ' OF UNITY FRXF 
C l•J•O •• NTHPOW-1 . FRXF 

· c NOTE ZERO SUBSCRIPT~ HERE REFER TO FORTRAN SU6SCHIPTS•l IN THE . FRXF 
C • CODE. I • • THE FORTRAN SUbC.NlPTS RUN FROM l TO NTHPOW • FRXF 

. C . .. DEVELOPED i,Y B• LANGDON ANO G. SANO£ FROM THE Ai:,PROACH OF FRXF 
C J • W• TUIC.EY AND J • COOLEY • •• •••. •• . • ___ _ _ __ • - - ·. FRXF 

. c·· .. PRINCETON UNIVERSITY, NOVEMBER 1965. FRXF 
C__ THIS WORK MADE USE OF COMPUTING FACiLITlES SUPPciRTED IN PART . FRXf 
C BY NSF GR"~T NSC-GP57q. FRXF 

· • ... .. SUBROUTINI:. FRXFMIN2POW,X,YI • • .. - · ·· . •• . FRXF 
REAL X(21t Y(21t I, 11, . 12, 13, 14 FRXF 
INTEGER PASS, SEOLOC, Lll3> FRXF 

---· -

0

EOUIVALENCE tNTH?OW,IJI' (J,JI 1, · tN4POl'hJ!>I~ IPAss·~-J61·,- -- °FRXF 
. . J tNXTLTHtJ71, ILENGTH,J81, 'SEOLOC,J91, tSCAL ~t JlOlt FRXF 

2 (ARG,Jlll• <Al,Jl21t tC2,L .. lt <O,L2>, tSltL31, FRXF 
S tS2,L4>, CSJ,Lil, 1Rl,L61, <A2,L71• IA3,L81, IR4,L91. FRXF 
4 <ll,LlOh CU,Llllt <13,Ll21t 1l4,L1'1t IR,11 FRXF 

. EOUJV~~ENCE <Ll3,L(l>>,<L12,L<2llt(Lll•LiSll,<LlO,LC41>• : FRXF 
---i. C L9 ,L < 5 I I , < L8 ,L ( 61 I,< L 7 tL (7 l I•< L6tL 18 l I • 

0

1 L5, L < 911 .- ··- · · · . F RXF 
2 CL4,LC1011,CL3,Ltlll,.(L2,LCl211,tLl,LtU.11 _ •. _ •. . . . F.RXi 

NTHPOW•Z••NZPOW FRXF 
N4POW•N2POW/2 .... ·-- ·· • --- · FRXF 
JF<N4POW • EO • OI GO TO 6 . FRXF 

:_c _ ____ _ RAOt,l 4 i:fASSES, IF .ANY • . • ·-- ---- ·--·. ______ •• ....:.... •.•••..• FRXF 
00 4 PASS•l,N4POW FRXF 

. NXTLTH•2**1N2POW-2•PASSI •.. • •.• .. . .... • . ..•• ·- · ·· -·· · FRXF 
: --· . LENGTH•4•NXTL TH FRXF 
. . ••. .. SCALE•6 • 28311~307/FLDATtLENGTHl ..•. . . . · ·· - • · - - - __ . FRXF 

DO 4 J•l,NX7LTH . FRXF 
· ARG•FLOATCJ-ll•SCALE FRXF 
- ·-ci,,coscAAG) . ·: --- --- - ------ ··•--,- --.--- - ·- · FRXF 

. Sl~SINC ARGI FRXF 
C2•Cl•Cl-Sl•Sl FRXF 
S2•Cl•Sl+Cl•Sl FRXF 

. C3•Cl•C2-Sl•S2 FRXF 

•··-· • S3•C2•Sl+S2•Cl - ·-· _ . ••• . · - · ·- ·--· ·- - · FRXF 
00 4 SEQLOC•LENGTH,NTHPOW,LENGTH FRXF 
Jl•SE0LOC-LENGTH•,• rkXI 

20 
30 
40 
so 
60 
70 
8(1 

90 
100 
110 
120 
130 
140 
l~O 
160 
170 
l BC 
190 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 
310 
320 
330 
340 
3SO 
360 
370 
380 
390 
400 
410 
420 
4)0 ,.,, " 

' J2•Jl+NXTL TH , 
.13•.l?+NX I TU .,,,-.,,,,.~11 '" 
Rl•IUJl l • )((JI) 
111-"-fJI 1-lC(JJI 
k :t•Xf.l,'l+X(J41 
R4•XCJ21-XCJ41 
1l•YCJl l+YCJ31 
12•YCJ1 I-YCJ31 

I I• II It •,11 

- ·· . . 13•YCJ21+VCJ4) . 
14•VCJ21-YCJ4) 
JCCJJl•Rl+R3 
YCJl l•ll+U 

. ... . ·---
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,Rx, .. o 
~,u, no ~•i~ ug 
tlCAI :,11 I 

I HICf ~H, 
FkXF !.20 
f"RXF ~30 
FRXF 540 
FRXF !ISO 
FRXF 560 
fRXF S7C 



NOLTR 70-243 
-. . . . 

IFIJ.E0.11 GO TO 2 
· XIJ31• Cl * IR2-141-Sl•I 12+R41 

, _ ·· - __ YIJ3J•Sl•IR2-l41+Cl•l l2•R41 
XIJ 2 1aC2•1Rl-R31-S2•Cll-131 

.. YIJ21•S2•1Rl-R31+C2•1 ll-131 . .. . ... -· · ···---•- - ··---­
XCJ41•C3•1R2+141-S3•C I2-R41 
YIJ41•S3•CR2+141+C3•tl2•R41 
GO TO 4 

.. . - . .. 2 XIJ31•Q2-l4 .. .... . . ·-
YIJ31•12+R4 

. FRX 580 
FRXF ~90 
FRXF 60(1 
FRXF 610 

.. _ ... .. FRXF 620 
FRXF 630 
FRXF 640 
FRXF 650 
FRXF 660 
FRXF 670 ____ xc J21•Rl-R 3 

' YIJ21•ll-13 ------ ·--- --- -- - - - - --- -- · FRXF 660 
F.RXF b90 

XIJ41•R2+14 
YIJ41•"2-~4 

4 CONTlNUE ... . . . . --·· . ·-- . .. _ ·-·- . . , . . .. .. .. ··-·- -·· · 
I ( ENO OF RA:>rx ,. ' 
···- -- • .. IF IN2POW.EO.2•N4POWI GO _TQ _lO_______________ · ·- --- - ·· 
C RADIX 2 PASS• IF ~NY. 

Od I J•ltNTHPOW,Z 
-•XCJl+XIJ+ll 

_ _ ~IJ+ll•XIJI-XCJ+l > 
XIJl•R 

FRXF · 700 
FRXF 710 
FRXF 720 
FRXF 730 
FRXF 740 
FRXF 750 
,Axf 76(1 
,RxF 770 
f'RXF 780 
FRXF 790 

_ __ l•\ ! Jl+YIJ+ll 
YIJ+ll•YIJJ-YIJ+ll 

:... _.:. 1. ·. ; J1•1 . 

_________________ __ ... F.RXF 800 

C . SET UP PARAMETERS FOR SORT 
___ 10. DO 12 J•l-•lJ . 

l (.JI• l. 
12 lFIJ.LE.N2POWJ LCJJ•2••CN2POW+l•JI 

-{ · ... NOTE EQUIVALl::NCE OF LI ANO LCl4-II 
( IIINAkY !.0,.1' 

IJ•l 
DO 14 Jl•l toll 

;- - - . - 00 14 JJi.Jl ,L2 ill 

___ DO 14 J3•J2,L3,L2 · - -· __ .. - ·- ··-- · ·- ···· . . .. . . 
- DO 14 J4•J3,L4,L3 
: 00 14 JS•J4,LS,L4 

DO 14 J6•J~•L6,L5 
00 14 J7•J6,L7,L6 
00 14 Jl•J7,Ll,L7 

_ ___ oo . 1,4 . J9•JI ,L 9 ,LI 
00 14 JlO•J9,LlO,L9 

. 00 14 Jll•JlO,L,l,LlO 
00 14 Jl2•Jl1,Ll2,Lll 

__ __ ___ 00 14 Jl•Jl2,L13,L12 . 
IFCIJ.GEeJII GO TO 14 

--··--• 

.. -·· 

--·-·- ··· ... 

___ R•XC I.JI. _ . - - - - ·-------- ·-· -------XI IJl•XCJI I 
XCJll•R 
l•YCIJI 
YCIJl•YCJII 
YCJll•I . 

14 l.l•IJ•1 
IIIITUIIN ,,,. 
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FRXF 810 
FRXF 820 
FRXF 030 
FRXF 84CJ 
FkXI. n~IJ 
nocr 11,,r, 
,.,.,., •10 
,,ucr HO 
n,x, 190 
FkXF 900 
FRXf 910 
fRXF 920 
FRXF 930 
FRXr 940 
FRXF 950 
FrtXF 960 
FRXF 970 
FRXF 980 
FRXF 99C, 
FRXFlOOO 
FRXFlOlO 
FRXF1020 
FRXF1030 
FRXF1940 
rR>-FlOSO 
rRXf lOl,O 
,Rx,1010 
,R1tFIOI\) 
'"1,1oto ,,.., 1100 
,11w,i I I 0 
,,ucr I Ito 
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