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HEAT TRANSFER BY RADIATION AND CONVECTION FROM ANNULAR 
FINS OF TRAPEZOIDAL PROFILE ON A CYLINDER 

ABSTRACT 

Ihe equations describing steady heat transfer 

by radiation and convection fron annular fins of 

trapezoidal profile on a cylinder are derived. 

Mutual irradiation between adjacent fins is considered 

and the appropriate differentia?, angle factors are 

presented. A constant convection coefficient is 

assumed over all surfaces and the fins are treated as 

gray body radiators. The governing integral equations 

are approximated by numerical quadrature formulas and 

the resulting set of non-linear algebraic equations is 

programmed for solution. A Fortran program listing is 

included. Some results are obtained for the XM144E1 

mortar tube. 
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GLOSSABY 

A description of the most frequently used symbols is given below. 

Hie remaining symbols used in the text are defined vhen they are 

introduced. 

EESCRIPTION SWBOL 

h 

h* 

»Si 

L 

NR 

q? 

q(r) 

%(«b) 

r 

*i 

s 

Convective film coefficient [Btu/hr-ft2-0R] 

Convection parameter     > h Ri 

k,,, cos-t(6 ♦ (Rj, - Rj) tan •<> 

Thennal conductivity of air [Btu/hr-ft--Rl 

Thexmal conductivity of fin material [Btu/hr-ft-0R] 

Distance between fin tips [ft] 

Radiation parameter 

] 

[ 
n2        ^3 
Ri o Tb 

kj, cos^C« ♦ (RQ - «i) tan^) 

Dimensionless parameter [ « I/RQ] 

Dimensionless parameter [ - Ri/Ro] 

Total heat transfer rate [Btu/hr] 

Total heat transfer rate per unit length [Btu/hr-ft] 

Local fin radiative heat flux [Btu/hr-ft2] 

Local base radiative heat flux [Btu/hr-ft2] 
4 

Dimensionless variable [ - q(r)/aT5) 
4 

Dimensionless variable [ ■ %(ib)/oTbl 

Radial coordinate [ft] 

Base cylinder radius [ft] 

Fin tip radius [ft] 

Fin spacing [ » L ♦ 2 6] 

Fin spacing on XM144E1 mortar [see Figure 1] 

v 
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SYMBOL 

e 
* 

T(r) 

h 

GRSEK SYMBOLS 

a 

6 

6* 

c 

e 

0 

Tb 

SUBSCRIPTS 

1 

2 

b 

e 

DESCRIPTION 

Base cylinder temperature [*R( unless otherwise 
noted] 

Environment temperature [*RI unless otherwise noted] 

Dimensionless parameter [ ■ Te/Tb] 

Local fin temperature [ *R ] 

Dimensionless variable [ - T(r)Abl 

Longitudinal coordinate [ft] 

Fin angle [degrees] 

Fin tip half-thickness [ft] 

Dimensionless parameter [ • VRQ] 

Emissivity 

Dimensionless variable [ ■ T/RQ] 

Fin system effectiveness 

Stefan-Bolttmann constant [l.TMxlO'^tu/hr-ft -'R ] 

Dimensionless variable [ ■ 1^/%] 

Refers to fin 1 

Refers to fin 2 

Refers to base cylinder 

Refers to environment 

vi 
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iNTROPOCnCN 

As on aid in formulating the present problem seme of the thexnal 

operating characteristics of mortars will first briefly be reviewed. 

Mhen a mortar is fired a fraction of the chemical energy released 

in the propellant combustion process is absorbed as thermal energy at the 

bora surface.   In a cold weapon a portion of this energy is retained by 

the barrel in the form of internal energy; the remainder is conducted 

through   the tube wall and dissipated at the outer surface by convective 

and radiative exchange with the surroundings.    In a sustained firing 

situation the energy storage results in an increase       in average barrel 

temperature, although, for moderate firing rates, a quasi-steady radial 

temperature distribution eventually develops through a major portion of 

the tube wall; the rate of energy input at the bore surface is then just 

balanced by the dissipation rate at the outer surface. 

Also characteristic is the development of an appreciable non-uniformity 

of temperature in the axial direction which is related to the complicated 

nature of the internal gas flow; the axial temperature distribution increases 

with distance from the breech, attains a maximrn and then decreases monot- 

onically towards the muzzle.   This distribution also becomes approximately 

steady with time in the outer regions of the barrel wall. 

The design of a mortar is controlled to a considerable extent by the 

mechanical and thermal behavior of the tube segment located in the vicinity 

of the axial teafwrature maximtm.    It is at this point that the tube strength 

is at a mininun because of the inverse relationship between temperature and 

the mechanical properties of the material.   Through a suitable failure 
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criterion the internal gas pressure and the tube wall-ratio can be 

related to the yield stress of the material. Since the latter quantity 

has a unique dependence on temperature, the maximum sustained operating 

temperature which can be pemitted is that corresponding to the minimun 

yield stress which will just maintain the structural integrity of the tube 

under the specified internal loading conditions. The maximum heat dissi- 

pation rate at the outer surface is also determined by this particular 

value of temperature and, since this is balanced by the energy input at 

the bore surface, a maxinun firing rate is implied. 

It would be desirable to design a mortar with a pexmissable firing 

rate which exceeds the maxinun rate at which individuals could load it. 

Although this goal is far from being attained by present day mortars, 

significant advances have been made by increasing the heat transfer rate 

from the outer surface through the additions of fins. An example of such 

a design is the XM144E1 mortar, a section of which is shown in Figure 1. 

The problem is to optimise the firing rate (i.e., heat transfer rate) for 

a given tube weight. 

The addition of fins to the s irface of a tube seriously complicates 

the calculation of heat transfer. Conduction of energy within the fin must 

be calculated simultaneously with the radiative and convective losses at 

the fin surface. Mitual irradiation between adjacent fins and between the 

fins and the tube surface must also be considered. By contrast, the radia- 

tive and convective heat transfer rates from a smooth cylinder are independent 

of each other and may be evaluated from relatively simple expressions. 

— —   -■ i   ——*——* 
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Finning also complicates the prediction of tube strength although 

it should be noted that annular fins contribute significantly to the 

load carrying capacity of the tube. For a given ir.temal pressure, a 

properly designed finned tube has a smaller wall-ratio than a structurally 

equivalent smooth tube, although the overall tube weight per unit length 

is slightly higher in the former case. Thus, the weight penalty incurred 

with the addition of annular fins is less than the actual weight of material 

making up the fins. 

The problem facing the designer can be stated as follows: for a given 

weight addition of material per mit tube length, maximise the heat dissi- 

nating ability of the outer surface while simultaneously maintaining the 

stnictural integrity of the tube under the specified loading conditions. 

The heat transfer rate and the tube section strength must be considered to- 

gether since they are related through the maxiimm allowable material tempera- 

ture and the tube geometry — that is, the tube wall-ratio and the spacing, 

height and profile of the fins. 

A desirable design tool would appear to be a computer program which 

accepts as input such basic parameters as weapon caliber, internal peak 

pressure, material properties — that is, the thermal conductivity, surface 

radiative emissivity and yield stress, all at the maximum tube temperature — 

and the maximum tube weight per unit length. Output would be the tube 

geometry and the optimized heat transfer rate per unit tube length. 

Information in two areas is required. First, an empirical relationship 

must be found which relates tube strength and material yield stress to an 

arbitrary fin-tube geometry. This information can be obtained, for example, 

3 
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through a parametric photoelastic stijdy of various fin-tube sections. 

Secondly, the ability to predict the h^at transfer rate from an arbitrary 

tube geometry is necessary. Bnpirical information on the convective heat 

transfer coefficient as well as a mathematical model of the combined radia- 

tion-convection problem must be obtained. The latter problem, along with 

a cursory examination of the optimization problem, will be treated in this 

report. The photoelastic and convection studies will be the subject of 

future proposed work. 

PKBim STAIMOT 

The quasi-steady nature of the temperature distribution on the outer 

barrel surface permits a steady-state heat transfer analysis to be made. 

Rirthermore, the spatial temperature variation in the axial direction can 

be taken into account, when desired, by subdiv'ding the tube into sections 

along its axis and assigning each section an average constant temperature 

over its length. The segment containing the temperature maximum is of pri- 

mary interest here. 

The tube geometry can be approximated as shown in Figure 1. An actual 

mortar design, of course, would have fillets at the intersection of the fins 

and the tube and, although th:s would be an important consideration in regard 

to tube strength, it is not expected to substantially alter the heat transfer 

prediction. Thus, the problem reduces to an analysis of the combined steady 

convective and radiative heat transfer from an ensemble of annular fins of 

trapetoidal profile on a circular isothermal tube. 
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Ccnvectiv« transfer from annular fins of various profiles has been 

suomarised by Kraus [1].*   Radiative transfer fron fins of uniform profile 

was studied by Sparrow, Miller and Jonsson [2] •   Their analysis included 

the complicated radiative interaction between a fin and the tube base as 

well as mitual irradiation between adjacent fins.   Edwards and Chaddock [3] 

extended th* treatment to include convection but limited their calculations 

to specific fin materials and tube temperatures.   Dent [4] treated the same 

problem but confined his work to a method of solution rather than a presents« 

tion of design information.   Recently, Keller and Holdredge [5] presented 

results for radiative transfer from s single annular fin of trapezoidal 

profile.   Convection end incident radiation xxpen the fin surface were not 

included in their analysis.   The present study, therefore, represents an 

extension of these analyses. 

iWALYSIS 

Basic Assumptions.   The configuration to be analysed is shown in Figure 2. 

The nomenclature is shown in the upper portion of the figure.   The non- 

diawnsionaliied variables shown in the lower portion of the figure will be 

defined later. 

Because an ensemble of fins on an isothexmal surface is assumed only 

the center-line to center-line distance between any two adjacent fins has 

to be considered.    It is further assuaed that: 

1. Conduction of heat within the fin is one-dimensional and steady. 

2. The fin and tube surfaces are gray diffuse reflectors and emitters 

* Wiaabers in brackets designate references at end of report. 

6 
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with constant anissivity, c. 

3. A constant convective film coefficient, h, prevails over all 

surfaces. 

4. The radiation from the environment can be characteriied as coining 

from a black body source at temperature Tej equal to that of the surround- 

ing medium. 

5. The fin base and tube surface have the same constant temperature, 

Tb- 

6. The thermal conductivity of the fin material, km, is a constant. 

Energy Equation.    Consider the incremental volume shown in Figure 2 located 

between r^ and rj ♦ drj.   On the fin surface this volune element has a 
* 

surface area dAj - r^dedr^/cos^C where r^de is the width of the element and 

drj/cosK is the height (see Figure 3).   Energy is conducted into the element' 

at r^.    It loses energy by conduction at r^ ♦ dr^ and by convection and 
a 

radiation at its surface, dA^.   An energy balance gives 

dedr} d 
dri Tri— 

- qjCr^rjdedrj ♦ h[T1(r1)-Te]r1dedr1 (1) 

cos#< cos «< 

The term on the left represents the net energy conducted into the element per 

unit time. The variable fin thickness is [6 ♦ (R0-r1)tan«<] and V^ is the 

material thermal conductivity. 

The first term on the right represents the net energy lost by radiation 

from the element per unit time. qiCrj) is the radiative heat transfer per 

mit area per unit time at ry   The second term represents the convective 
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loss due to the temperature difference Hitrj) -Te] between the fin and 

the surrounding medium. 

Equation (1) is a second-order ordinary differential equation involv- . 

ing two unknown functions, T^Cr^) and qiCr^). An appropriate equation 

will be derived in the next section for the radiative flux, qi(r]). Of 

the two boundary conditions required on T^Cr^) the first is given by 

assumption (5) above which states that the fin base temperature is equal 

to the tube temperature, T^, or 

TiiTj) - Tb       at ^ - Rj (2) 

Hie second  boundary condition is obtained by equating the energy conducted 

to the fin tip area, öPjde, to the energy lost by convection and radiation 

from this surface, or , 

-VTlCl) «Me " h[Ti(ri) - TeJ «V
6 

dn 
♦ tloTfa)  -oT*] «R0de 

at ^ - 1^ (3) 

A similar procedure could be followed for the temperature distribution 

^2^T2^  ^ t^e 0PPos^te ft*1* *,ut» ^ue t0 symmetry, ^2^2^      is identical 

to the function T^Cr^) vften T2 ■ r-p hence, the resulting equation would be 

redundant« 

Radiation Equations. Attention will now be directed to the determination of 

the radiative flux tern, qi(ri), in equation (1). The net radiation per unit 

area per unit time leaving the surface ele.nent dA^ is equal the energy emitted 

from this surface, by virtue of its temperature, less the energy absorbed. 

The latter quantity includes contributions from the surroundings, the opposite 

9 



- ■'■  i———^»r».—^wra 

TOP//EIV 

L 

fa-Qjta** 

s/oemw 

r/GUß€ J.  £L£MENTAL   APEAS USED 
/A/ MOlSTfi/£   ANAWS/S. 

ID 



 — 

fin «id the tube surface. It also includes energy originally emitted 
* 

by dAj md arriving back at this surface after reflections off the 

opposite fin and tube surfaces when these surfaces are not black (i.e., 

c<l). The complex radiation balance is roost easily made by employing 

enclosure theory and the concept of radios!ty [see ref. 6, Oiapter 3]. 

The enclosure to be analyzed is shown in Figures 2 and 3. It consists 

of the conical surfaces of two adjacent fins, designated by the subscripts 

'T* and "2", the cylindrical base surface between the fins, designated 

by the subscript "b", and the inner surface of the fictitious cylindrical 

sheath stretched across the opening shown in Figure 2 and designated by 

the subscript "e". As noted earlier, this sheath is treated as a black 

body with an effective temperature, T_. 

The term "radiosity" refers to the total energy per unit area per unit 

time leaving a surface. It is equal to the sun of the diffusely emitted and 

diffusely reflected radiation and may be written as 

BiCli) ■ CioTjcri) ♦ d-epHidi) (4) 

The subscript "i" designates the i-th surface of the enclosure and the vector 

r^ designates the position of an element on this surface with respect to some 

convenient coordinate system. The first term on the right-hand side of en, 

(4) represents the rate at which energy is emitted per unit area per unit 

time; c^ is the emissivity of the i-th surface. The symbol H^(j^) is called 

the "irradiation" and refers to all radiation incident at xi per unit area 

per unit time. The term  (l-ejj represents the reflectivity of a gray surface 

and the product (l-e^)H^(r£) is the energy per unit area per unit tine 

diffusely reflected from the surface at r^. 

u 
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Since the radlosity, BjCji), is assuaed to be diffusely distributed, 

the concept of the angle factor can be employed [see ref. 6, Chapter 4]. 

In particular, the notation dF(r^ Ip^-dA- wil1   ^ ^^ to tesitiP*** 

the fraction of the energy leaving surface element dA^ located on the i-th 

surface at r^ and arriving at dAj located on the j-th surface at jj*   ^^ 

asterisk on dA^ is used to denote a "second-order" differential area such 
* * 

as dA} in Figure 3; that is, dAj - ^ded^/cos«(.   When the asterisk is 

omitted, a "first-order" differential area is implied; for example, 

d^ • 2irr2 dr2/cos<(. 

The notation F(li)£iA-^- wil1 ^ u36^ t0 designate the fractia of the 

energy leaving surface element dA> which is intercepted by the entire surface 

A..   The fodofrfing "reciprocity rules" are derived in ref. 6 and will be used 

in the development below. 

^Cn^dAj-dAj ■ ^(Xj »li^-dAj C5) 

(6) ^Wd^-Aj • WAj-dAj 

The expression for the energy incident on dA, will now be derived. 

Consider first the contribution from the opposite fin.   The total energy per 

unit time leaving the ring element d^ located at r^ in Figure 3 is 62^2) dA2. 
* 

Of this anoint the fraction dF(r , r
1)(jA .JA* arrives at **\ 0T 

B2(r2)dA2dF(r2. r^^.^* 

* 
The total irradiation of dA^ from the opposite fin is found by sunning the 

contributions of all of the ring elements on A2 with the result 

12 
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r- B^r^dAjdFCr^ r^^^J 
Specializing aq. (5) to this situation gives 

*ilW*v TI^6AI ' u[<Wrv r2UvdA2 

Using this result in the above integral gives 

,Ro 

/Ri 

Mhere dA, has been removed from under the integral sign since it is indepen- 

dent of the integration variable ^ 

A similar procedure can be followed to calculate the irradiation of 

dAj by all ring elements dA^ on the tube surface with the result 

L- (I^-tytan^ 

dAj kcs^dFCrp »b)^.^ 

(^ - RjDtan^ 

B^Ct^) is the radios ity of the ring element d\ located at xj, on the tube 

surface.   Note the asymmetric origin of the z^-coordinate in Figure 2 aid 

note also that the tube surface extends from z^ ■ (R0-R^)tan<( to z^ ■ L - 

(Ro-Ri)^«^ . 

Since the surface A^ is assumed to behave as a black body with uniform 

temperature, Te, its emissivity is unity and, by eq. (4), its radiosity is 

13 
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simply Be * oTe, independent of position. The total energy emitted by Ag 

is oT^ and the fraction 

is intercepted by dA.. Using the reciprocity rule in eq. (6) this quantity 

can also be written as 

Since surface "1" is convex it does not irradiate itself, so the total 

energy per unit time incident on dAj is the sun of the three contributions 

above. Dividing this sun by dA. the irradiation per unit area per unit 

tine is obtained, that is, H^rp. Thus, 

Hl^l) " ) hW**(rV  r2)dAj-dA2 

L - (V Ri)tan^ 

U^b^C'l. VdA^-dA,,    + ^VdAj-iy, 
(I^-^tan^ 

(7) 

The net local radiation flux is given by 
4 

«UCli) " cioTiCn)    -   ciHiCji) (8) 

The second term on the right-hand side of eq. (8) represents the fraction 

of the incident energy which is absorbed; by the gray body assumption the 

absorbtivity is equal to the emissivity, CJ. 

Eliminating H^(£i) in eqs. (4) and (8) gives 

14 
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ciBitti> " eioTl(li) " Cl - epqiCri) (9) 

Using this expression to eliminate B-Crj) and \itb) in eq. (7) and sub- 

stituting the result into eq. (8) gives 

qjCr^ - cotjcr!) - C[caTj(r2) - (l-c)q2(r2)]dF(r1. r^^.^ 

h 
si -(I^-^tan^ 

•• (leaT* - (l.e)qb(zb)]dF(r1. ^^.^     - eoT^FCr,)^.^ 

(10) 

Due to symnetxy the expression for q2(r2) can be obtained fay simply 

interchanging the subscripts "l** and "Z** in the above equation.   Also, note 

that the tube surface temperature, 75, is not a function of position (see 

assumption (S) above). 

An analogous procedure yields the following expression for the base 

radiative flux: 

%(«b) " "Tb - U"Tf(rl) - (l-c)q1(r1)dF(rb, rj)^.^ 

( (ec (ea^(r2) - (l.e)q2(r2)JdF(zb. ^^^   - «^(^dA^ 

(ID 

Note that while the tube emits energy uniformly over its surface by virtue 

of its constant temperature, the irradiation, denoted by the last three terms 

in eq. (IH, is a function of position. Finally, because the tube is a convex 

surface it does not irradiate itself. 
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Eqs.  (10) and (11) can be sinplifidd considerably by taking advantage 

of certain symmetries in the problem and through the use of angle factor 

algebra.    As noted earlier, du? to symmetry, the functions ^(Jz) "^ 

q2(r2) are identical to the functions ^(rj) and ^(T^) «hen T2 ■ r^.   Also, 

the angle factor dFd^,, r2)dA*<.d.   may be replaced by dFCL-VtiW-dA, 

when T2m r,.   The latter angle factor is evaluated at (L-ib) rather than 

z^ because the fins are not synwetrically located about the rb origin (see 

Figure 2).    Finally, the following angle factor relationships apply: 

z1 L - (R^tanK 

^l^.A.M^l.^^-  ( ^l.VdAj-dAb   "I 
'Ri (Ro-^tan^ 

(12) 

^VdAj-A^   * ( ^(«b^^dA^-dAi ♦j   ^Cib. r2)dAj-dA2 
-1 (13) 

The three terms on the left-hand side of eq. (12) represent, respectively, 

the fraction of the energy leaving dAj »diich is intercepted by the sheath 

area, A^, the area of the opposite fin, A2, and the tube base area, Ab# 

Since these three surfaces and A^, which does not see itself, form an 

enclosure, the above three fractions must sun to unity as indicated in eq. 

(12). A similar interpretation applies to eq. (13). 

Adopting the notation 

K12(r1, r2) - dF(r1, r^J.^  /dr2 

Klb(*l. zh) ' dF(rl. ^dA^-dAfe  /dlb 

lb 

.. ■MMMM^IM   
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hl(h> rl) - Wh' ^dVdÄ!   /drl 

and using the above results, eqs. (10) and (11) become 

4    r 
qi(ri) - efoTjoi) -0^] -   \   {C[OTJ(0 -07*] -(l-c)q1(C)} K^r^M 

I - (^)-Ri)tan^ 

- \ {c(aT* - oT*] - (l-ei^CO)   ^(r^ OM 

fü 
%itb) - c[oT*-0T*] -^{c[aT}(0  -oT*] - (l-e)q1(0} ^(^.OdC 

(14) 

•i «o 

{e[oTj(0 -oT*] - (l-£)q1(0} ^(U-^OM (15) 

As is typical in problems of this type the kernel ^('I'O in the 

second integral of eq. (14) becomes indeterminate at the upper limit 

(L - (I^-Rjjtan«:] when ^ - Rit that is, at the intersection of the fin 

and the base cylinder.   Hie difficulty in evaluating the integral numerically 

at this point can be circumvented, however, by following a procedure given 

by Donovan [8] for analytically determining the integral in the limit as 

rj •»■ R^.   The details are too lengthy to be reproduced here and only the 

result will be quoted.   Thus 

L - (R0-Ri)tan< 

limit     NUtaTjJ-aT*] -a-t)qb(0)KlbCr1,Od€   - 
ri-Ri    J 

/(R0-Ri)tanK 

17 
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- {c[oT*-oT*] - (l-Oq^L - (R0-Ri)t«nK))(l-5in<)/2 

A similar difficulty occurs at the lower limit in the first integral 

in eq. (15) as rb -► L - (R0-R^)tan«(. Analytical evaluation gives 

limit       \U[oT}(0-oT*] -(l-c)q1(0)Kbl(tb,C)dC 
«b-L.(R0-Ri)tano(; 

- {€[0^-01^] - (l-OqjC^Xl-sinO/Z 

4      4 
where eq. (2) has been used to replace T^CIL) by T^ in the first term on 

the right-hand side of this equation. 

The second integral in eq. (15) can be handled in the same manner as 

'b * (RQ-RI)1-^^ or advantage can be taken of the symmetry of %(i\i)  about 

the point EJ, - L/2 by noting that 

qb((R0-Ri)tan-<) - q^L - (V*i)t«K) 

One final simplification resulted after evaluation of the angle factors 

revealed that 

Klb(rl» zb) " (RiCosH/r1)ICbl(zb, r^ 

Expressions for Ki2(rl» r2) an^ Kbl(zb» rl) are ßiven in Appendix A. 

Non-dimensionalized Equations. The following dimensionless variables were 

used to non-dimensionalize the governing equation. 

,    ^2 " £2     .  Tb ■ fb 
Ro Ro 

.     NL - L      ,  6* - « 

R© Ro Ro 
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Tb Tb 

Qi(Ci) ' ^W     »       QbC^b) • qb(»b) 

OT: oT, T 

N, 

h* - 

2       3 
RioTb 

ISnCosAC« ♦ (V^tanA) 

hRi 
kmcos<(6 ♦ (Ro-^tan^) 

With this notation the final form of the radiation equations becomes: 

QI(NR) - e[l-^4l -C {C[TJ4(0  - T^4]  - (l-el^feilK^fMR. OcU 

% 

•4 

QxCCi) OdC 

- UIl-Vl - (l-e)Qb(NL-(l-NR)tan^))(l-sin^)/2 (16a) 

" «CT^Cd)-^] -   HctT^CO-T*4] - (l-c)Q1(0>K12(ri. 

NL - (l-NR)tan,< 

- NpCOS^({e[l-T*4] - (1-0^(0)^1(5. ^dC (16b) 

"     /(l-NR)tan< 

(^(NL-a-N^tanH) -   c[l-T*4]-{c[l-T*4)-(l-e)Q1(NR))(l-sin<)/2 

% 

{c[Tj4rO-T*4] - (l-OQ^O^xCd-N^tan^.OdC 

(17a) 

. 

19 
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%(Tb) - .[l-T^l 

4 

(17b) 

• 

(«[T^CO-Te4] - Cl-«)Qi(0>P|»l(tb. 0 ♦ Kbl(NL-n).01«U 

the conduction equation and its boundary conditions become 

Cl <NcQi(n) * hMTxCfi) -Tel} d P(Cl) ^iCfl) -   fltN, 

"fl L      ^  J 4 
where 

PC( \) - ri(«* ♦ (l-r^tan-C) 
«• ♦ (l-NR)tan#< 

V^) - 1                          «t 

C ■  - drjcfj) 

(fl"NR 

x [6* *  (l-fytsn^lcos^  at ff 1 

(17c) 

(18«) 

(18b) 

(18c) 

Method of Solution. Following a technique suggested by Glauz [7] and 

successfully applied by Donovan [8] to the related problem of uniform fins 

on a plane wall, eq. (18a) was transformed into an equivalent integral equa- 

tion by direct integration and application of the boundary conditions. The 

result is 

20 
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VV (NR"^) ( ♦(OdC ♦ (♦(OdC   ♦ NR 

(NR.a)«»C 

6* ♦ (I-Npjun •< 

(19) 

where 

♦CO - (C/NRHNCQJCO* h [TiCO-Tel) 

♦(0 - T'uHd** (l-ZQtan^l    ♦(NR-0*(0 

[«" ♦ (J-NR)t«i-<l 

The constant C is given in eq. (18c) with (^ - 1. 

Hie advantages of the integral fomilation in eq. (19) over the differ- 

ential equation in eq, (18a) are: (1) the boundary conditions are included 

in the aquation and (2) the equation is in the same form as the radiation 

equations, a fonn which readily lends itself to an iterative type solution. 

Specific details regarding the solution of eqs. (16), (17) and (19) for the 

distributions of Qi(fi), QbCTb) and Tl(Cl) are 8iviBn ^ Appendix B. 

Total Heat Transfer and Pin System Effectiveness. The heat transfer rate 

fron the finned tube section between the two vertical center-lines in Figure 

2 is equal to the sun of the radiative and convective contributions« The 

radiative contribution, qR, is 

L - (Ro-ItytanK y% L - (Ro-RiJtan 
qR •2 \ W 2l,r^i *  (VV 2tRA 

/R.     COS-(  ^.R.jtan^ 

2 tfwiyjHcoCr/dU -Te*)] 
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The integrand under the first integral in eq. (20) is the product of the 

local radiative flux, qiCrj), and the area of the ring elementt dAlt in 

Figure 3. Integrating over the entire fin surface area and Multiplying 

the result by the factor 2 to take into account the contribution the 

opposite fin surface A. gives the net radiative loss from the two conical 

surfaces. The second integral gives the net radiative loss from the base 

surface between the fins. The last ten» represents the radiative loss 

from the two fin tips of area (2irR()6) at temperature TICRQ). 

The convective loss, c^, is written similarly as 

/«o 
q^. • 2 ^ hCTjCrj) -Te) 2wr1dr1 

«i COTK 

♦ (2wR1)(L-2(RD.Ri)tanH)h(Tb-Te) ♦ 2(2wR0«)h(T1(R0)-Te)   (21) 

where the second term represents the convective loss from the isothexmal 

tube surface. 

A 11—in method of assessing the enhancement in total heat transfer 

rate, q_, due to the addition of fins is to compare this value with the 

rate of heat transfer from the unfiimed cylinder, q^. The latter quantity 

is given by 

(^ - 2wRi(L*20[co(Tb-Te) ♦ h(Tb-Te)] (22) 

The comparative index is called the "fin system effectiveness" by Donovan 

[8] and is written as 

) ■   %     ■     qR ♦ qg (23) 

<o % 
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Fins ax« effective in increasing the heat transfer rate «hen the fin 

configuration aid thermal properties are such as to produce values of 3 

greater thn unity. Prat the manufacturing point of view, ■) should be 

substantially above mity. Systems with ) less than inity must be avoided 

because, in 'Jus case, the fins have an insulating effect on the base tube. 

In dimensionless fom the fin system effectiveness is given by 

(24) 

,*•r, A /\ ' (l-N^tanH 
OR ■ 2 ( QlWjM * \ \ %W\   * 2«%[Tj4(l)-T*4l 

\       «»< ^(l-^tan^ 

Qc - 2 j WCV-TeWji ♦ NRd-VP^L-Zd-^tan^J ♦ 2«Vl(l)-Tel 

"R «••< 

(^ - NRCNJ^ ♦ 2«gHeNc(l.T*4) ♦ h#(l.T*)] 

■ 

Ihe computer program listed in Appendix C calculates the distributions 
* 

of QiiCii» %(rh)  and Tl^^* ,nirough *** above equations it than computes 3. 

With a little algebra it can be shown that the actual heat transfer rate 

is related to 5 and QQ by the expression 

<*!• - (2«3Qt>/NR)(RoTblV»s<)(« ♦ (l-N^tan-O (25) 
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APPLIQO'ION OF THEORY TO TOE EESIGN OF A MORTAR TOBE 

Input Dtta.   As an application of the theory the heat transfer character- 

istics of the fin configuration used on the XM144E1 mortar tube (see Figure 

1) were calculated.   The ambient air temperature, Te, was taken as 100AF 

in all of the calculations.   Hie emissivity, t, the metal thexmal conductivity, 

k^, and the tube temperature, T^, were varied as shown in Table I below. 

Table I 

c       -   0.75, 1.0 

1^     -   10, 25 Btu/hr-ft-*F 

Tb  - 800#F - IZOO^F 

The emissivity values are typical of the coatings used on mortars operating 

in this temperature range. The low value of k^ is typical of a high nickel 

content alloy while the higher value corresponds to a higher iron content. 

The three parameters — c. kjn ind Tb "" arB characteristicÄ of a 

particular material; the maxiimm allowable tube temperature is related to 

the mechanical properties of the tube. It is clear before any results are 

presented that the material with the highest values of this set of parameters 

will give the highest heat transfer rate — the present calculations are 

intended to show the relative importance of each of the parameters. The 

effect of changes in geometry for given e, 1^, and T5 will be considered in 

a later section. 

Calculation of the Dimensionless Convection Coefficient, h*. The dimension- 

less convection coefficient, h*, can be put in the form 

h*-/hL\/kal k? 

k
ka/\W     Lcos<^ * (Ko-RtftanK] 
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where the product (IJca) has been introduced in the nunerator and denominator 

(1^ is the theimal conductivity of the air and L is defined in Figure 2). 

The dinensionless grouping (hL/kg) is recognized as the Nusselt number. 

Correlations for free convection heat transfer from finned tubes are 

given by Knudsen and Pan [9] and Nwizu [10].   Roth correlations are re- 

stricted to straight (K- 0), isothermal (T,(r,) - T^) fins on a horizontal 

cylinder.   In addition, their tests were limited to tubes with diameters of 

1-1/2*' or less and a maximum taiiperature of 350oF.   Although the short fins 

shown in Figure 1 do operate in a nearly isothermal condition the limitations 

on surface temperature and particularly tube orientation raise considerable 

doubt as to the applicability of their work to mortar operating conditions. 

The geometric limitations also introduce some uncertainty.   Thus, while these 

correlations should not be applied in an actual mortar design situation they 

do serve the purpose here of relating the convection coefficient to the 

temperature dependent air properties and to the fin geometry.   The need for 

further experimental work in this area is evident. 

Over the range of variables of interest here Nwizu's correlation can 

be written as 
0.45 

hL   - 0.058 gSg2 L3    (VTe) 

LX.2 
(26) 

where 0 is the coefficient of thermal expansion (1/*F), f is the density 

(lVft3)» g i» the acceleration due to gravity (32.2 ft/sec2) and /*iis 

the viscosity (lfa^/ft-sec.).   All air properties are evaluated at the 

temperature (Tj, ♦ Te)/2. 

25 



Heat Transfer Results. The results of the above calculation are presented 

in Figures 4 and 5. Of the two sets of curves plotted in Figure 4 the 

upper set represents the total heat transfer per unit tube length; that is, 

^ " ^T  " qR^S: (27) 
s     s 

where qR and qg are, respectfully, the radiative and convective portions of 

the total heat transfer (see eqs. (20) and (21)) from the fin-tube section 

of axial length S • L + 26 (see Figure 2). The lower set of curvv in 

Figure 4 represents the radiative contribution a) one where qR - %/$* 

Of the three parameters shown in the figure the base temperature, Tu, 

has the dominant effect on the heat transfer. This is primarily due to 

the tremendous increase in radiative transfer with temperature. Consider 

the uppennost curve in each set, that is, c - 1.0 and 1^-25 Btu/hr-ft-"F. 

At T. - SOO'F radiation accounts for roughly 561 of the total heat transfer. 

Increasing the base temperature to 1200 *F more than doubles Qj and, at this 

temperature, radiation accounts for over 701 of the total. 

These results can be explained by noting that the potential for con- 

vective transfer is (T^,- Te) while that for radiative transfer is (Tj,- 1^). 

Increasing Tb from 800 "F (1260*11) to 1200 "F (1660 Tl) while keeping 1^ • 

100oF(560cR) increases the temperature potentials for convective and radia- 

tive transfer by roughly S7t and 2081, respectfully. The actual calculations 

show a 531 increase in convection and a 2001 increase in radiation; the 

discrepancy is cfcie to the temperature drop along the fin which reduces the 

average potentials for heat transfer somewhat, lie magnitude of the radiative 

contribution indicated in Figure 4 justifies the tedious calculations required 

to obtain it. 
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Reducing the surface enissivity fron unity to c ■ 0.75, a 2St 

decrease, reduces the radiative transfer by only about half this amount. 

Iiis surprising result is explained by the so called "cavity effect". 

When c is unity the only radiation which escapes from the fin-tube cavity 

is that which is emitted by a warn surface in the direction of the fictitious 

cold surface "e" in Figure 2. All other radiation is completely absorbed 

by the remaining black surfaces of the enclosure. Decreasing the emissivity 

decreases the emissive power of each elemental area in the enclosure but at 

the same time it increases the probability of escape of radiation from the 

enclosure by the process of multiple reflections. Thus, radiation emitted 

by one warm element in the direction of a second warm element may be reflected 

by the latter surface in the direction of surface "e" and escape from the 

system. The net result is a decrease in net radiative loss from the enclos- 

ure which is substantially less than the decrease in emissivity. The converse, 

of course, is also true — increasing the emissivity does not result in a 

proportionate increase in radiative transfer. Therefore, if a particular 

coating is found to be satisfactory from the viewpoint of durability and has 

an emissivity of 0.8-0.9 at the desired operating temperature, very little 

will be gained by searching for a coating with a higher emissivity. 

The thermal conductivity of the fin material, k^, is seen to have a 

very small effect on the overall heat dissipation rate in Figure 4. This 

is far from the general state of affairs, however, as will be seen later 

when the effect of geometry is considered. For the short fins under con- 

sideration here, most of the resistance to heat transfer is encountered at 

the fin surface. The temperature drop along the fin amounts to only a few 

percent for all of the cases in Figure 4, 
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Fin Syitwi Effectiveness,    The fin system effectiveness, 3, was defined 

earlier as the ratio of the heat transfer rates from the finned and smooth 

cylinders, respectfully, or 

A plot of 3 is shonn in Figure 5 for the fin system under consideration. 

The decrease in 3 with increasing base temperature results from the fact 

that the radiative and convective contributions to 2^ increase exactly in 

proportion to the potentials (^ - Tg) and (Tb - Te), respectfully, whereas, 

as noted earlier in the discussion of Figure 4, the average temperature 

potentials in the calculation of q^ are somewhat lower due to thermal resis- 

tance within the fin.   Thus, the ratio in eq. (28) is a decreasing function 

of temperature and the fin system becomes less effective at higher tenpera- 

tures. 

Increasing the thermal conductivity, 1^, produces a relatively small 

increase in ),    lie increase is due to the fact that energy is more easily 

transported to the outer regions of the fin resulting in higher average 

temperature levels and a more effective utilization of the entire fin.    In 

very tall fins or with poor conductors the thermal conductivity can have a 

much more pronounced effect on J, 

The surface emissivity, e, has a strong effect on 3.   Decreasing e by 

251 decreases the radiative contribution of the smooth cylinder by the same 

amount but, due to the cavity effect noted earlier, the decrease in the 

finned tube heat transfer rate is only about half this amount.    Therefore, 

the ratio in eq. (28) increases with decreasing e.   Thus, the addition of 
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fins is more effective in augmenting heat transfer in systems with low 

«missivity. 

With regard to the mortar tube configuration shown in Figure 1 the 

results in Figure 5 indicate that the addition of fins represents an 

augmentation in heat transfer on the order of 50*, assuming a relatively 

high emissivity. This increase, while significant, still leaves a wide 

gap between the maximum permissible firing rate and the desired rate; that 

is, the rate at which an individual can load the weapon. Assuming a material 

has been chosen, that is, assuning e, k,,, and \ have been specified, the 

only recourse left to the designer is to alter the fin geometry. This will 

now be considered. 

Alternate Fin Configurations. In general, the designer must stay within 

a certain might limitation in choosing alternate fin configurations. The 

weight, or equivalently, the volume of metal per unit length which the fins 

contribute is 

m(il\  «(£$♦ tano^ (R^ty (R^RiVZR?) 
3 

(29) 

In ''ie present set of calculations V was kept constant and equal to V0 which 

was calculated for the fin configuration shown in Figure 1; that is, all of 

the alternate designs considered here have the same weight per unit length. 

In addition, the fin tip thiokness, 6, and the tube radius, R^, were also 

fixed at the values shown in Figure 1. The fin spacing S was given the 

values So/2, S0, ZSQ/2 and 2S0 where S0 is the fin spacing in Figure 1. 

The angle •< was taken as 0°, 2°, 4°, 6s and 8°. The remaining variable, RQ» 

was calculated from eq. (29) with V - V0. The resulting twenty configurations 

are shown in Figures 6a - 6d. 
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It is noted in the figures that for a given fin spacing, S, decreasing 

•C results in taller fins and a greater surface area per unit tube length. 

IncreasiAg the fin spacing for a given «< also increases the fin height 

but the surface area per unit length does not change appreciably because 

the mnber of fins per unit length decreases with increasing S. 

Effect of Geoawtry en Heat "fransfer. "he total heat transfer rate per 

unit length, qT. was evaluated at eight sets of the parameters c, 1%, and 

T for each of the twenty configurations shown in Figures 6a-6d. The 

results are presented in Figures 7a-7h, Each figure gives the results for 

one set of e, k^ and T^* 

Consider Figure 7a. Each point on the curved surface represents the 

percentage change in qj for that geometry (S and •< ) relative to qj for 

the XM144E1 fin configuration shown in Figure 1 at the values of e, l^ and 

Tb listed at the top of the figure. The value of qj given in the figure 

title corresponds to the XM144E1 fin configuration. Thus, the fin configura- 

tion with •( - 0 * and S ■ 25© (see Figure 6d for this geometry) dissipates 

approximately 10t more heat than the XM144E1 mortar or 3T ■ 1.1x0.870xl(r 

Btu/hr-ft ■ 0.957xl04 Btu/hr-ft. Whan •( - 8° and S - S«/2 (see Figure 6a) 

the heat transfer rate is roughly 7t below that for the XM44E1 mortar con- 

figuration. Seventeen of the twenty configurations in Figures 6a-6d are 

seen to dissipate more heat than the configuration shown in Figure 1. 

Comparing Figures 7a and 7b shows that increasing the emissivity causes 

a general flattening of the surface although the reduction is not large. 

The saw effect is noted in the other three pairs of figures when the emis- 

sivity is the only parameter changed, lie increase in e increases the emis- 

sive power of each elemental area of the fin surfaces which, in turn, 
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increases the temperature drop along the fin to balance the energy demand. 

Yds results in a less effective utilization of the outer portions of the 

fin «id the effect is most apparent in the taller fins (#< - 0*). Increas- 

ing the temperature level also increases the radiative transfer and has the 

sane effect on the shape of the surface as c. Compare Figures 7a and 7c 

or Figures 7b and 7d, for example. 

Increasing the thernal conductivity, k^, markedly improves the heat 

transfer because of the more efficient transport of energy to the outer 

portions of the fins. The effect is strongest as the fin height increases 

(decreasing <K). Compare Figures 7a - 7d with Figures 7e - 7h respectively. 

When the fin spacing is small (S - S0/2), decreasing «< increases the 

heat transfer because of the increase in fin surface area. At large fin 

spacings (S ■ 2SJ  the heat transfer rate at first increases with decreasing 

»^ , reaches a maxinun and then may decrease slightly, as in Figures 7a - 7d, 

The decrease can 1M attributed to the difficulty in transporting energy to 

the outer portions of the taller fins («< - 0") when the fin thernal con- 

ductivity is low. 

Concluding Remarks» Once a material is chosen, that is, after the parameters 

c, le. and % ere specified, a surface such as those in Figures 7a - 7h can 

be constructed. The problem is then to choose the highest point on the 

surface consistent with the structural integrity of the tube. The importance 

of being able to predict tube strength for an arbitrary fin configuration is 

apparent« 

All of the surfaces seem to have a maximum in the interval S0/7
<S<S0; 

that is, the analysis seems to favor small fin spacings. This conclusion 
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might be altered scmewhat if the orientation of the mortar tube with 

respect to the horizontal could be taken into account in the calculation 

of the convection coefficient. Wider fin spacings that offered less 

impedance to the vertical air flow would probably be favored. Since the 

large radiative contribution is independent of the tube orientation the 

results are probably not significantly in error, however. 

Finally, it should be emphasized that all of the heat transfer results 

are based on one tube weight per unit length, one fin tip thickness, 6. one 

tube radius, R^, and it was assumed that the fin material had a conductivity 

on the order of that for steel or steel alloys — as opposed to a better 

conductor such as aluminun. Thus, this study should be viewed more as a 

qualitative analysis or method of interpretation of the type of results 

which can be obtained with the computer program in Appendix C rather than 

a quantitative recomnendation for future mortar designs. 
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CDMLOSDNS AND REQMCNDAIPNS 

A method is demonstrated for calculating the steady heat transfer 

rate from finned cylinders dissipating energy to the surroundings by con- 

vection and radiation. Application of the method to the XM144E1 mortar 

revealed that the radia**ve mode accounts for 60-701 of the total energy 

transfer under some operating conditions. Lack of adequate convective 

heat transfer data under these conditions renders the calculations somewhat 

tentative, however, and it is recommended that more precise experimental 

data be obtained in this area. 

It was also found that changing the fin configuration on the XM144E1 

mortar, while maintaining the same weight per unit tube length, can further 

augment the heat transfer rate. Strength considerations can limit the gains 

achieved through changes in geometry, however, so it is further recommended 

that appropriate experimental data be acquired, probably by photoelastic 

methods, for predicting the load carrying characteristics of arbitrary fin 

configurations. This data can then be used as a guide in the selection of 

the optinun fin configuration — optinun from the viewpoint of heat transfer. 
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APPENDIX A — ANCLE FACDRS 

The f jllowing angle factors were obtained using the standard techniques 

given in ref.  [6]. 

2NR 

(d^-aic^jai-eibi 

NR(aj-bf) 

where 

'«•1 - 

4ri(aici,>,aiei"dibi) • aitan•< 
af - bf "~      NR 

"   **bh* (l^-toj* Cl 

1 - NJ   \tan«< 

Oj - cos 
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tan^-H e^ ■ cos     A5   ♦ tan 

^   NRtanK 

bl " -2 f 1NR 

i^ 1 - (Vbj) tm («1/2) 

if     TblTo 
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v a^ - b^ 
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flf2 

(A2) 

NR •   AI-NR)  (fz-N^)   ) tan^    ♦ [N^ - (2-(*1)tan^] 

62 ■ cos' (NR/(\) ♦ cos" (NR/^) if       M > 0     and     x2 ^ 0 
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APPENDIX B — NUMERICAL METHODS 

General.    The technique for deteraining the distributions of Qi((|)> 

a (T. ) and T.CA) is to approximate the integrals in eqs.  (16),   (17) and 

(19) by nunerical quadrature fonulas and then solve the resulting set of 

non-linear algebraic equations by iteration.    The nethod e^>loyed here is 

basically that given by Donovan [8] and the reader is referred to his work 

for a «ore conplete discussion of the technique. 

Sinp$on*s one-third rule is used wherever possible in the form: 

i • n2 Ci-n2 

F(^)d*  » ** 2L      p('*i)c(1) 
i - n. 

(Bl) 

where nj and nj are odd numbers with njMj ♦ 2; that is, Siapson's rule is 

applicable only to a set of double panels, each panel having a width &-jc. 

Also, 

tj, ■ b - a (B2) 
n2- nl 

^   ■ a ♦ ^^(i-nj) njiiittj (BS) 

c(i) -     ^4/3 i even        Y (B4) 

In equation (Bl) the continuous function F(^6) is replaced by a set of 

discrete points, F^j), uniformly spaced over the integration interval (b-a). 

In the present application the fin and base surfaces are subdivided into 

(N-l) and (M-l)  intervals, respectively, as shown in Figure 8.    The width 
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of each interval on the fin it 

L<    '   1 • "R CM) 
N • 1 

and on the base 

ATb   ■    (NL - (l-NR)tan^] - (1 - NR)tan«< 

M . 1 

•   N.  - 2(1-N0) tanK 
(B6) 

M - 1 

Both N and M «ist be odd nuabers. 

Nuaarical Approxiaation of the Radiation Equations.    Consider the application 

of eq.  (Bl) to the integral in eq.  (16a).    It becoaes 

1 

[ UlTj4(0 -T*4]  -   (l-c)Q1(0)IC12(NR. C)dC 

R J - N 
Af   \   U[TJ4(J)-T*4]  -(l-e)Q1(J)}IC12(l.J)c(J) (B7) 

J - 1 
• * 

where T.(J) and Q«(J) are the values of T.(P.) »nd QiCf i) •t the points 

^(J) - NR ♦ A^ (J-l) J - 1. 2. 3.  .... N 

The coefficients c(J) are given by (B4) with nj ■ 1 and n2 ■ N. 

The function K12C1,J) refers to the exchange between the point I ■ 1 

on fin surface "1" in Figure 8 and the set of points J ■ 1, 2, 3, ...» N on 

fin surface ,,2". This function is plotted in Figure 9 with N • 21. The 

curves for I ■ 3 and 5 are also shown. The values of NR, N. and < correspond 

to the configuration shown in Figure 1. 
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It it noted that K.2^1* J^ varies quite rapidly for snail values of 

I and J.    In fact, for I ■ 1 the peak in the curve is not well defined by 

the darkened circles corresponding to the points J • 1, 2 and 5.   This can 

result in significant error in the approxiaation given in eq.  (B7).   The 

accuracy of the approxiaation can be iaproved by subdividing the two-panel 

integration interval IsJii into the eight-panel interval lijs9 shorn in 

Figure 8.    The angle factor is designated as Kt^il, j) and is plotted with 

the open circles in Figure 9 for 1*1 and 3.   This function is, of course, 

also calculated fron eq.  (A2). 

The remainder of the integrand is a nore slowly varying function of 

f. and can be satisfactorily approximated at the points j ■ 1, 2, ..., 9 

using the following three-point Lagrange interpolation formula: 

S(j) - p(p-l) f(l) ♦ (l-p2)f(2) ♦ p(p»l)f(3) (B8) 
2 2 

where 

p -  (j - 5)/4 j - 1. 2.  .... 9 

and 

f(J) -    c[Tj4(J) - T*4) - (l-e^J) J - 1,2,3 

Using this notation the integral in eq. (B7) becomes 

U(T[
4
(0 - T*4J - (l-c)Q1(0>K12(NR.OdC c 
J - 9 

» 1C-  T~ S(j)KK12(l, j)c(j) 
4  T^i 
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J ■ N 

♦ ^/ {c[Tj4(J) -T*4l-(l-c)Q1(J))IC12(lfJ)c(J) (B9) 

J • 3 

Hie first suBUMtion in eq. (B9) extends the integration over eight panels 

of width (Ä^/4), that is, from C ■ NR up to ? - NR* 2A^. The second 

suMMtion covers (N - 3) panels of width Af and completes the integration 

from e ■ NR ♦ 2A^ up to ^ « 1. Note that in this case nj • 3 and n2 - N. 

All of the integrals in eqs. (16) and (17) are treated in the same 

■anner, including the special handling of the integration near the "corners". 

The complete set of equations used to determine the functions Qi(^i) and 

QJJCTJJ) tre as follows: 

When I ■ 1: 

j ■ 9 
Q^l) - t[l-T*4] - Af ^S(j)KK12(l,j)c(j) 

4  j - 1 
J ■ N 

- A^ >  {c[Tj4(J)-T*4l -(l-c)Q1(J)}K12(l.J)c(J) 

J ■ 3 

- {ctl-Te ) - (l-c)Qb(M))(l-sin^)/2 (BIO) 

When I ■ 2f 3: 

j " 9 

Qjd) - c[Tj4(I).T*4l -A^ Y  S(j)KK12(IJ)c(j) 
4  j " 1 

J - N 

J - 3 

J - N 

f    \{c[T*4(J)-T*4] - (l-€)Q1(J)}K12(I,J)c(J) 

SS 
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K « M-2 

ATb ^cos^    >   {e[l-T*4l -(l-O^WH^^K.I) c(K) 

fid)        K - 1 

ATb NRC0SK V^   1 

~   fid)      / 
k - 1 

k « 9 

T(k)HICwl(k, I) c  (k) (BII) 

When I ■ 4t  ...t N: 

QjCI) - c(Tj4(I) -T*4] 

J > N 

- A^ YTttT^CJ)  -T*4]  -  (l-c)Q1(J)}K12(I.J)c(J) 

J ■ 1 

K ■ M 

- ATb NRC05< \U[1-T*4]  -  (l-c)Qb(K)}ICbl(K,I)c(K) NpCOS^YTTtl-T*4]  -  (1. 

dd)   L  
K - 1 (B12) 

Nhcn K ■ 1: 

%(1) - c[l-T*4] - A^ ^5(1)^(1,1)0(1) 

1-1 

- A^y"{e[Tj4(I) -T*4] -  (l-c)Q1(I)}ICbl(l.I)c(I) 

I > 3 

- Ml-T*4] -  (l-€)Q1(l))(l-iln<)/2 (B13) 
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When K - 2f  3: 

^9 

%W • t[l.T*4] - A^  \   StDlW^jCK.i) ♦ abl(M»l.E,i)Je(l) 

4     (—. i - 1 

I - N 

- *(  2jclTj4(I).T*4] -(l-£)Q1(I)}[ICbl(K,I)  ♦ K^OM-IC.IJlcd) 

I - 3 
(BU) 

Mien K - 4,  .... (M*l)/2: 

%W • c[l.T*4l 

• ^ ^{ctT/cD-T/l -   (l-OQj(I))[Kbl(IC,I)*Kbl(M*l-IC.I)Jc(I) 
I - 1 

(BIS) 

Fiftally, by syvrntry, *mt t - (M*3)/2, .... M: 

%W - QbCM^l-K) (B16) 

In eq.  (Bll)    T(k) is given by 

T(k) ■ p(p-l) g (M-2)  ♦ (l-p2)g(M-l) ♦p(p^)g(M) 

2 2 

where 

P -  fr - 5) k ■ 1, 2.  .... 9 
4 

g(K)  • c(l-T*4)  - d-c)^^) K - M-2. M-l. M 

Hie functions HKbl(kfI) and KI^^K.i) are calculated fro» eq.  (Al) at the 

positions indicated in Figure 8. 
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Wuawical Approxi—ticn of th« Integrated Conduction Equatioa.   Hie two 

indefinite integrals in the integrated conduction equation, eq. (19) 

involve integrating over an odd nuaber of panels of width tß   when I is 

an even mofcer and over an even nuaber of panels when I is an odd nuMber. 

Thus, Siapson's rule can be applied directly to the points   TjCI), 

I • lfSfS,...(N( but an alternate quadrature fonaila, applicable to a 

single panel of width A^   , must be eaployed at the even nuabered points. 

Donovan [8] uses the following fomila fro» Hamming  [11]: 

♦ f&i+U*)] (B17) 

Specializing Simpson's rule to a single interval of width 2A«7t gives 

^ ♦ 2A^ 

F(*)d* -(A^/3)[F(^i) ♦ 4F(^l*A^) ♦ FC^^A^OJ 

(Bl«) 

Adopting the notation 

•.■ • ( Vfj) -     V   ♦(Od5 

TgCd) -   \    ♦(€)« 

,NR 

and applying eqs.  (B17) and (B18), the conduction equation becomes 
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TJ(I) - i    ([NR-fiCDlVD * Ti(I) * NR * INR'CI^I6*0      } 
.) J Pd)^ «•    * (l-NR)t«n-( 

(B19) 

wher« 

TA(N) - 0 

TA(N-1) -  (Af/24)[9*(N)  ♦ 19*(N-1)  -S*(N-2) ♦♦(N-S)] 

Mhcn I ■ N-2,  •••« S( 3t 1 

TA(I) - TA(I*2) ♦ (A^/3)[<»(I)  ♦ 4<, (1*1)  ♦ *(I*2)] 

Mint I ■ 2, 4, 6,   •••» N-3 

TA(I)  - TA(I-1)  -  (A^/24)[9*(I-1) ♦  19*(I)   - 5<;(I*1) ♦ ♦(1*2)] 

Also, 

TB(1) - 0 

TB(2)  - (A^/24)[9#(l)  ♦  19*(2)   - 5#(3) - »(4)] 

Nhon I ■ 3, 5,  7,  »••$ N 

TBCD  - TB(I-2)  ♦ (A^/3)[»(I)  ♦ 4*(I-1) ♦ ♦(1-2)1 

When I ■ N-l,  ...» 8, 6, 4 

TB(I) - TB(I*1)  -  (A^/24)[9#(I*1) ♦ 19HI)  - 5»(I-1) ♦♦(1-2)] 

Not« that T.(l) ■ 1 and need not be evaluated from eq.   (B19). 

Method of Solution.    Eqs.  (BIO) - (B16) and eqs.   (B19)  represent a set of 

simultaneous non-linear algebraic equations which are solved by the method 

of iteration.   A weighted average of the two most recent iterates was used 

to accelerate the convergence.    This took the form 
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^l ♦ 2   ■ 0'6 yl * 0•4 yi ♦ 1 

where yj ♦ j «md y^ are the two aost recent iterated values of an unknown 

and Xj ♦ 2 represents the new estiaate. 

For the fin configurations studied in this report convergence was 

usually achieved in less than fifteen iterations.    It should be noted, 

however, that for very tall fins (snail values of NR) or for large tenpera- 

ture drops along the fins (large N   and h*) the system «ay converge very 

slowly or nay not converge at all.    This difficulty can be circumvented 

by reducing the values of Nc and h* until a solution is obtained.   This 

solution, along with slightly larger values of N   and h*, is then fed back 

into the progran as a "first guess" at the new solution.    If convergence 

is achieved the process is repeated until the desired levels of Ne and h* 

are reached. 

In conparing the computed solutions with know» solutions of convective 

and radiative heat transfer fron fin systems [1,2] best agreement was found 

when the step sixes A^    and AT.  were set approximately equal.    Using eqs. 

(BS) and (B6) a guide for choosing N and M is then 

M - 1    ^    NL - 2(l-NR)tan#( 

N - 1 1 * NR 

Usually, a minimum of eleven points was used for either M or N although 

smaller values can and should be used if the above guide so indicates. 

The integrals required in the evaluation of the fin system effectivs- 

ness in eq. (24) were found by direct application of Simpson's rule, eq. 

(Bl). The calculation of the actual heat transfer rate from eq. (25) is 

straightforward. A listing of the computer program is given in Appendix C. 
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APPENDIX C — COMPUTER PROGRAM 

A list of th« major program symbols is given below. Hie symbol ACC 

is the accuracy criterion employed in the iteration process. Each time 

a new value of one of the unknowns QjCI), 1^(1) or (^(K) is calculated 

its magnitude is compared with its previous value.  If the absolute 

value of the difference is greater than the accuracy criterion, ACC, for 

any one of the unknowns, a further iteration is calculated. In this study 

the value ACC ■ 0.001 was used. The fin angle, ALPHA, must be in radians. 

Syabol Used in Program Symbol Used in Text 

ACC ACC 

ALPHA < 

ATB Tb 

C C 

COND •h« 

DELRO A< 

DELS 6* 

DELTB ÄTb 

EPS c 

ETA 1 
HKB1(K,I) HK^Ck.I) 

HS h* 

IC12(I,J) K12(I.J) 

KBKK.I) Khi(M) 
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Sywbol Used in Procru Sywbol Used in Text 

KK12(I(J) «12(IJ) 

KKB1(K,I) «^(M) 
M M 

N N 

NC Nc 

NL NL 

NR NR 

P(I) P(I) 

PHI(I) ♦d) 

QKD Qld) 

QB(K) %™ 
QC Qc 

QO 
% 

QR OR 

qr 
^T 

RO Ro 

ROl(I) fid) 

S(J) S(j) 

T(IC) T(k) 

TBS 
* 

T1S(I) TVn 

X(I) 
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FLOW CHART OF COMPUTER PROGRAM 

Begin 

i 
[ Read in Mid print out input data I 

 i  
Set initial distributions of temperature and radiative fluxes 

Si 5 
Calculate new fin temperature distribution. Compare each new 
temperature with its previous value to see if it satisltes 
accuracy criterion; if not, call for another iteration by setting 
IDD ■ 1. Also, check to see if Tj(i) is greater than unity; if 
sg, set it equal to unity. If it is less than T* set it equal to 
Te.  (These last two events can occur in an iterative scheme, 
especially if the initial guess is wide of the mark. By restrict- 
ing the T|(i) by these physical bounds, convergence is often 
achieved in a system that might otherwise diverge.) 

Calculate base radiative flux distribution. Compare each 
new value with the previous value and call for another 
iteration if necessary.   

Calculate fin radiative flux distribution and check for 
convergence as above.  

Is IDD ■ 0? That is, has the system converged 
the desired accuracy?  

^'Yes 

3 
^No 

Print out distributions of temperatures 
and radiative fluxes. 
— 3    ——-J 

Employ acceleration procedure    j 

(2) 

Calculate and print out 3 and q-. 
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