AD723974

g
©
got

2 €3

R TR S TR ‘

;;;'“;.% KEPORT

u ;rwvﬁfrtuw FRQV ANMULAR
FILE O A {vathés

[SRI—

TR

e

‘ ; DI ‘QI”UE i’:’}\ GUATE

BY B e

' ' Ap*vrm*e:‘. for poklic releaus;
Dmtmu D Jn Hunlind

o : » P e 3 e R
MANUEL V. AVILA : @Hﬁ n r‘:}gﬁ |

o R e i
“T LIS mi@*j

) S 7 - .

e

T

s AR

JAN !N’JY 1971

ERVLIET ARS ‘»@EML

wmmvmam%ﬁw *mm L ~

5 %

%ﬁﬁﬁ&‘ﬁé.'5523.}l.583ﬂ0.61
DA PROIZCT Mg, rwsa2503A299

Rnnroducnd by

NATIONAL TECHNICAL L .
INFORMATION SERVICE oy

Springtield, Va. 22151

EEST AVAILABLE COPY



1is report when it is no lenger needed. Do mot return it

T e v gy )
MAL LT T
i
PR G N
PRICAE S IS R S0 5
s
L

EEST AVAILABLE COPY



Natervliet Arsenal
Watervliet, N.Y, 12189

DOCUMENT CONTROL DATA-R&D

ty clossification of tithe, of sbelvect and indosing anncintien must be entered when ihe averail report 1o claseitied)
1. ORIGINATING ACTIVITY axiher) 20. REPORT SECURITY CLASSIFICATION

Unclassified

126. smoOU>

3. REPOART TITLE

A CYLINDER

HEAT TRANSFER BY RADIATION AND CONVECTION FROM ANNULAPR FINS OF TRAPEZOIDAL PROFILE ON

Technical Report

4. DESCRIPTIVE NOTES (Type of repert and inclusive dotes)

)t neme, aiddie Inltial, last neme)

Garry C. Carofano
Manuel V, Avila

®. AUTHOR(S, (]

6. REPOART DATE

January 1971

76. TOTAL NO. OF PASES 7h. NO. OF REFS

82 11

88. CONTRACY OR SRANT NO.

AMCMS No, 5523,.11.58300.01

%, PROJLCT NO.

DA Project No, 1W562603A29Y
e.

o

08, ORIGINATONR'S REFORT NUMBER{S)

WVT-7102

ob. g'v.nta a}’ont NO(S) (Any other numbere fhat mey be assighed

10. DISTRIBUTION STATEMENT

unlimited.

This document has been approved for public release and sale; its distribution is

11. SUPPLEMENTARY NOTES

12. SPOMNBORING MILITARY ACTIVITY

U, S. Army Weapons Command

T

e T—

Sove1473

‘The equations describing steady heat transfer by radiation and convection
from annular fins of trapezoidal profile on a cylinder are derived, Mutual irradiation}
between adjacent fins is considered and the appropriate differential angle factors are
presented. A constant convection coefficient is assumed over all surfaces and the fins
The governing integral equations are approximated
by numerical quadrature formulas and the resulting set of non-linear algebraic equa-

A Fortran program listing is included. Some results

are treated as gray body radiators.

tions is programmed for solution,
' are obtained for the XM144E]l mortar tube.

AEPLACES DD FORM 1478, 1 JAN 04, MIHCENM 18
OBSOLETE FOR ARMY USE.

X

Unclassified
'ocuﬂﬂoulﬂ;uoa




Unclassified
— Becurlty Classllication

1e. LINK A LINK B LiNK €
KLY WOROS {
noLE wYy noLE wy noL& wr

lleat Transfer
Steady State

Fins

Cylinder
Conduction
Convection

Radiation

Secwrity

i Unclassified
Classification
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FINS OF TRAPEZOIDAL PROFILE ON A CYLINDER

ABSTRACT

The equations describing steady heat transfer
by radiation and convection from annular fins of
trapezoidal profile on a cylinder are derived.
Mutual irradiation between adjacent fins is considered
and the appropriaste differential angle factors are
presented, A constant convection coefficient is
assumed over all surfaces and the fins are treated as
gray body radiators., The governing integral equations
are approximated by mumerical quadrature formulas and
the resulting set of non-linear algebraic equations is
programsed for solution, A Fortran program listing is
included. Some results are obtained for the XMI44El
mortar tube,
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GLOSSARY

A description of the most frequently used symbols is given below.
The remaining symbols used in the text are defined when they are

introduced.

- O o

nz

DESCRIPTION
Convective film coefficient [Btu/hr-ftz-°R]

Convection parameter | = h Rj
ky cos« (8§ + (R, - Ry) tan )

Thermal conductivity of air [Btu/hr-ft-°R)

Thermmai conductivity of fin material [Btu/hr-ft-°R]
Distance between fin tips [ft] .
Radiztion parameter [- Ri o Tb ]

ky cos« (6 + (Ry - Rj) tany)
Dimensionless parameter [ = 1/R,]

Dimensionless parameter [ = R;/R,]
Total heat transfer rate [Btu/hr)

Total heat transfer rate per unit length [Btu/hr-ft]
Local fin radiative heat flux [Btu/hr-ft?]

Local base radiative heat flux [Bm/hr-ftzl
Dimensionless varisble [ = q(r)/oTt]

Dimensionless variable [ = qb(zb)/o'l';]

Radial coordinate [ft]

Base cylinder radius [ft]

Fin tip radius (ft]

Fin spacing [ = L + 2 &)

Fin spacing on XM144E]l mortar (see Figure 1]
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DESCRIPTION

Base cylinder temperature [°R, unless otherwise

noted)

Environment temperature [°R, unless otherwise noted]

Dimensionless parameter [ = To/Tp)

Local fin temperature [ °R ]
Dimensionless variable [ = T(r)/T})
Longitudinal coordinate [ft]

Fin angle [degrees]

Fin tip half-thickness [ft]
Dimensionless parameter [ = §/R,]

Emissivity

Dimensionless variable [ = r/R;]

Fin system effectiveness

Stefan-Boltzmann constant [1.714x10°91!tu/hr-ftz-'R4]
Dimensionless variable [ = z;,/R,]

Refers to fin 1
Refers to fin 2
Refers to base cylinder

Refers to environment
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INTRODUCTION
As an aid in formulating the present problem some of the themal

operating characteristics of mortars will first briefly be reviewed.

When a mortar is fired a fraction of the chemical energy released
in the propellant combustion process is absorbed as thermal energy at the
bore surface. In a cold weapon a portion of this energy is retained by
the barrel in the form of internal energy; the remainder is conducted
through the tube wall and dissipated at the outer surface by convective
and radiative exchange with the surroundings. In a sustained firing
situation the energy storage results in an increase in average barrel
temperature, although, for moderate firing rates, a quasi-steady radial
temperature distribution eventually develops through a major portion of
the tube wall; the rate of energy input at the bore surface is then just
balanced by the dissipation rate at the outer surface.

Also characteristic is the development of an apprecisble non-uniformity
of temperature in the arial direction which is related to the complicated
nature of the internal gas flow; the axial temperature distribution increases
with distance from the breech, attains a maximm and then decreases monot-
onically towards the muzzle. This distribution also becomes approximately
steady with time in the ocuter regions of the barrcl wall,

_ The design of a mortar is controlled to a considerable extent by the
mechanical and thermal behavior of the tube segment located in the vicinity
of the axial temperature maximm. It is at this point that the tube strength
is at a minimum because of the inverse relationship between temperature and
the mechanical properties of the material, Through a suitable failure

1
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criterion the intermnal gas pressure and the tube wall-ratio can be
related to the yield stress of the material. Since the latter quantity
has a unique dependence on temperature, the maximm sustained operating
temperature which can be permmitted is that corresponding to the minimum
yield stress which will just maintain the structural integrity of the tube
uncer the specified intermal loading conditions, The maximm heat dissi-
pation rate at the outer surface is also detemmined by this particular
value of temperature and, since this is balanced by the energy input at
the bore surface, a maximm firing rate is implied.

It would be desirable to design a mortar with a pemissable firing
rate which exceeds the maximm rate at which individuals could load it.
Although this goal is far from being attained by present day mortars,
significant advances have been made by increasing the heat transfer rate
from the outer surface through the additions of fins, An example of such
a design is the XM144El mortar, a section of which is shown in Figure 1,
The problem is to optimize the firing rate (i.e., heat transfer rate) for
a given tube weight.

The addition of fins to the surface of a tube seriously complicates
the calculation of heat transfer. Conduction of energy within the fin must
be calculated simultaneously with the radiative and convective losses at
the fin surface. Mutual irradiation between adjacent fins and between the
fins and the tube surface must also be considered. By contrast, the radia-
tive and convective heat transfer rates fiom a smooth cylinder are independent

of each other and may be evaluated from relatively simple expressions,

2




Fimning also complicates the prediction of tube strength although
it should be noted that amnular fins contribute significantly to the
load carrying capacity of the tube. For a given irtemnal pressure, a
properly designed finned tube has a smaller wall-ratio than a structurally
equivalent smooth tube, although the overall tube weight per unit length
is slightly higher in the former case. Thus, the weight penalty incurred
with the addition of annular fins is less than the actual weight of material
making up the fins,

The problem facing the designer can be stated as follows: for a given
weight addition of material per unit tube length, maximize the heat dissi-
nating sbility of the cuter surface while simultaneously maintaining the
structural integrity of the tube under the specified loading conditions.

The heat transfer rate and the tube section strength must be considered to-
gether since they are related through the maximm allowable material tempera-
ture and the tube geometry -- that is, the tube wall-ratio and the spacing,
height and profile of the fins.

A desirable design tool would appear to be a computer program which
accepts as input such basic parameters as weapon caliber, internal peak
pressure, material properties -- that is, the themmal conductivity, surface
radiative emissivity and yield stress, all at the maximm tube temperature --
and the maximm tube weight per unit length. Output would be the tube
geametry and the optimized heat transfer rate per unit tube length.

Information in two areas is required. First, an empirical relationship
must be found which relates tube strengt.h and material yield stress to an
arbitrary fin-tube geometry. This information can be obtained, for example,

3




through a parametric photoelastic study of various fin-tube sections.
Secondly, the ability to predict the heat transfer rate from an arbitrary
tube geometry is necessary. Empirical information on the convective heat
transfer coefficient as well as a mathematical model of the combined radia-
tion-convection problem must be obtained. The latter problem, along with
a cursory examination of the optimization problem, will be treated in this
report. The photoelastic and convection studies will be the subject of
future proposed work.

PROBLEM STATEMENT

The quasi-steady nature of the temperature distribution on the outer
barrel surface permits a steady-state heat transfer analysis to be made.
Furthermore, the spatial temperature variation in the axial direction can
be taken into account, when desired, by subdiv’ding the tube into sections
along its axis and assigning each section an average constant temperature
over its length, The segment containing the temperature maximumm is of pri-
mary interest here.

The tube geometry can be approximated as shown in Figure 1. An actual
mortar design, of course, would have fillets at the intersection of the fins
and the tube and, although this would be an important consideration in regard
to tube strength, it is not expected to substantially alter the heat transfer
prediction, Thus, the problem reduces to an analysis of the cambined steady
convective and radiative heat transfer from an ensemble of annular fins of

trapezoidal profile on a circular isothermal tube.

4
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Convective transfer from annular fins of various profiles has been
sumnarized by Kraus [1).* Radiative transfer from fins of uniform profile
was studied by Sparrow, Miller and Jonsson {2]. Their analysis included
the complicated radiative interaction between 2 fin and the tube base as
well as mutual irradiation between adjacent fins., Edwards and Chaddock [3]
extended the treatment to include convection but limited their calculations
to specific fin materials and tube temperatures. Dent [4] treated the same
problem but confined his work to a method of solution rather than a presenta- "h
tion of design information., Recently, Keller and Holdredge [S] presented

results for radiative transfer from a single amular fin of trapezoidal
profile. Convection and incident radiation upon the fin surface were not
included in their analysis. The present study, therefore, represents an
extension of these analyses.

ANALYSIS

Basic Assumptions. The configuration to be analyzed is shown in Figure 2.,
The nomenclature is shown in the upper portion of the figure. The non-
dimimalized variables shown in the lower portion of the figure will be
defined later.

Because an ensemble of fins on an isothermal surface is assumed only
the center-line to center-line distance between any two adjacent fins has
to be considered. It is further assumed that:

1. Conduction of heat within the fin is one-dimensional and steady.

2. The fin and tube surfaces are gray diffuse reflectors and emitters

* ihumbers in brackets designate references at end of report,
6
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with constant emissivity, ¢.

3. A constant convective film coefficient, h, prevails over all
surfaces,

4, The radiation from the environment can be characterized as coming
from a black body source at temperature T,: equal to that of the surround-
ing medium,

5. The fin base and tube surface have the same constant temperature,
The

6. The thermal conductivity of the fin material, kn, is a constant,
Energy Equation, Consider the incremental volume shown in Figure 2 located

between r; and r; ¢+ dr;. On the fin surface this volume element has a
surface area dA; = rydedr;/cosA where r)de is the width of the element and
dr)/cos« is the height (see Figure 3). Energy is conducted into the element”
at rj. It loses energy by conduction at r; + dr; and by convection and
radiation at its surface, dA;. An energy balance gives

d_ [ k1 (6 + (Ro-rl)tm-t]dl'l(rl)] dedr,

dry Ty
=q (rl) rldodrl +h ['l'l (rl) 'Te] x'ldedr1 (1)
coS « cos «

The term on the left represents the net emergy conducted into the element per
wit time. The variable fin thickness is [é + (R,-rj)tan«] and k; is the
material thermal conductivity.

The first term on the right represents the net energy lost by radiation
from the element per unit time. q;(r;) is the radiative heat transfer per
unit area per unit time at rj. The second term represents the convective

8
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loss due to the temperature difference [T(r;) -T,] between the fin and
the surranding medium,

Equation (1) is a second-order ordinary differential equation involv- .
ing two unknown functions, T(r;) and q;(r;). An appropriate equation
will be derived in the next section for the radiative flux, q;(r;). Of
the two boundary conditions required on T,(r;) the first is given by
assumption (5) above which states that the fin base temperature is equal 4
to the tube temperature, Ty, or

T(r)) = Ty, at r; = Ry (2)
The second boundary condition is obtained by equating the energy conducted i
to the fin tip area, §Pyd6, to the energy lost by convection and radiation ‘
from this surface, or , |

~kndTy(r)) 8Rydé = h[Ty(r;) - Te] SR,de
dry

+ c[oT}(r)) -oTs] &R do
atr; = Ro (3)

A similar procedure could be followed for the temperature distribution
Ty(r;) in the opposite fin, but, due to symmetry, T,(r,) is identical
to the function Tl(rl) vwhen Ty = Ty, hence, the resulting equation would be
redundant,
Radiaticﬁ Equations, Attention will now be directed to the detemination of
the radiative flux temm, q;(r;), in equation (1). The net radiation per unit
area per unit time leaving the surface element dA; is equal the energy emitted
from this surface, by virtue of its temperature, less the energy absorbed.
The latter quantity includes contributions from the surroundings, the opposite

9
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fin and the tube surface. It also includes energy originally emitted
]

by dAl and arriving back at this surface after reflections off the

opposite fin and tube surfaces when these surfaces are not black (i.e.,

e<l). The complex radiation balance is most easily made by employing
enclosure theory and the concept of radiosity [see ref. 6, Chapter 3].

The enclosure to be analyzed is shown in Figures 2 and 3. It consists ]
of the conical surfaces of two adjacent fins, designated by the subscripts
"1'" and ''2", the cylindrical base surface between the fins, designated ’
by the subscript ', and the inner surface of the fictitious cylindrical
sheath stretched across the opening shown in Figure 2 and designated by !
the subscript "e'". As noted earlier, this sheath is treated as a black *

body with an effective temperature, T,.
The tem "radiosity" refers to the total energy per umit area per umit
time leaving a surface. It is equal to the sum of the diffusely emitted and
diffusely reflected radiation and may be written as
By (xy) = egoT3ry) + (L-epH; (r) )
The subscript "i' designates the i-th surface of the enclosure and the vector
I; designates the position of an element on this surface with respect to some :
convenient coordinate system., The first term on the right-hand side of en.
(4) represents the rate at which energy is emitted per unit area per umit
time; e¢; is the emissivity of the i-th surface. The symbol H;(rj) is called

the "irradiation" and refers to all radiation incident at r; per unit area

per unit time, The temm (l-¢;j) represents the reflectivity of a gray surface
and the product (1l-¢j)H;j(rj) is the energy per unit area per unit time
diffusely reflected from the surface at rj.

11




Since the radiosity, Bj(rj), is assumed to be diffusely distributed,

the concept of the angle factor can be employed [see ref. 6, Chapter 4].
In particular, the notation dF(r s r ) dA dAJ will be used to designate
the fraction of the energy leaving surface element dl\1 located on the i-th

surface at r; & arriving at dA; located on the j-th surface at rj. The
asterisk on dA; is used to denote a "second-order" differential area such

as dA; in Figure 3; that is, dA; = rydedr,/cos «, When the asterisk is
omitted, a "first-order' differential area is implied; for example,
dA; = 2rrp drp/cos «.

The notation F(Ii)dA;-AJ- wil: be used to designate the fractior of the
energy leaving surface element dA vhich is intercepted by the entire surface
Aj. The foilowing ''reciprocity rules" are derived in ref. 6 and will be used
in the development below.

AN (E; o5 ang -any = AASFCES T A, -an] )
dA;F(;i)dA;_Aj " ARG -ax; (6)

*
The expression for the energy incident on dA, will now be derived.
Consider first the contribution from the opposite fin, The total energy per
unit time leaving the ring element dA, located at T, in Figure 3 is By(rp)dAz.

Of this amount the fraction dF(rz, T ) dAz dAl ® arrives at dA1 or

dF ®
By (r2)dhpdF (T2, T1)an,-dag

]
The total irradiation of dA; from the opposite fin is found by summing the

contributions of all of the ring elements on A, with the result

12
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By(r)dAydF(xy, T)) day-dag

Ry

Specializing eq. (5) to this situation gives

®
dF(r,, T * = dAdF(r,, T U
dA,dF(r,, Vaa,-dA, 19F(r0 ) aa -aa,

o it e i i iR B

Using this result in the above integral gives
Ro ®
dA, } By(rp)dF(rys T3)an -an,
Ry

where dA; has been removed from under the integral sign since it is indepen-
dent of the integration variable r,.

A similar procedure can be followed to calculate the irradiation of
dA; by all ring elements dA, on the tube surface with the result

L - (Ry-Ry)tan &
an) By (s R Cry, 2)anf-an,

R, - Ry)tan 4
By(z,) is the radiosity of the ring element dA, located at z;, on the tube
surface. Note the asymmetric origin of the zb-coordinnte in Figure 2 &nd
note also that the tube surface extends from zj, = (Ry-Rj)tang to 2, = L -
(Ro-Rj)tan « .
Since the surface A, is assumed to behave as a black body with uniform

temperature, T,, its emissivity is unity and, by eq. (4), its radiosity is

-

13




4
simply Be = oTe, independent of position. The total energy emitted by A,
is o’r::,Ae and the fraction

TehsdF(r)a o,

is intercepted by dA;. Using the reciprocity rule in eq. (6) this quantity

can also be written as

T4aATF(ry) 4,

oTedMF(ran -a,

Since surface "1" is convex it does not irradiate itself, so the total
energy per unit time incident on dA; is the sum of the three contributions

above, Dividing this sum by dA; the irradiation per unit area per wnit
time is obtained, that is, Hy(ry). Thus,

Ro
Hy(ry) = B, (r,)dF(r;, 1) dA;' da,

Ry

L - (Ro- Ry)tan«
+ gnb(zb)dp(rl"'b)dA;-dAb + UT:F(rl)dA;-Ae
~ (RyRy)tan ¢

(M

The net local radiation flux is given by

Qi (xy) = tiaTg(:i) - ¢iHi(ry) (8)
The second tem on the right-hand side of eq. (8) represents the fraction
of the incident energy which is absorbed; by the gray body assumption the
absorbtivity is equal to the emissivity, e;.

Eliminating H;(rj) in eqs. (4) and (8) gives

14
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i) = e5oTi(xy) - (- ep)ay(xy) ()
Using this expression to eliminate Bz(rz) and By (z)) in eq. (7) and sub-
stituting the result into eq. (8) gives

4 (ry) = eoT}(ry) - gleoT;(rz) © (-0)ay(r) 1y, T anlan, |
' 8 i
L -(Ry-Rj)tand :;
4 4
[eoTy - (1-e)ay(zp)dF(ry, Tpdgar.an, coTeF(T)) aag-A,
(Ry-Ry)tan &

(10)
Due to symmetry the expression for qz(rz) can be obtained by simply
interchanging the subscripts ""1" and "2" in the above equation., Also, note
that the tube surface temperature, T}, is not a function of position (see
assumption (5) above).
An analogous procedure yields the following expression for the base
radiative flux:

ay (%) = coTp - ( [eoT}(r)) - (1-e)ay (r))dF(z,, 1 ant-an,

Ro
S {[co'l';(rz) - (l-c)qz(rz)]dF(q_,. rz)dA;-dAz - coT:F(zb)dA;_Ae
Ry
(11)
Note that while the tube emits energy wmiformly over its surface by virtue
of its constant temperature, the irradiation, denoted by the last three temms
in eq. (11), is a function of position. Finally, because the tube is a convex

surface it does not irradiate itself,
15




Eqs. (10) and (11) can be simplified considerably by taking advantage
of certain symmetries in the problem and through the use of angle factor
algebra. As noted earlier, dus to symmetry, the functions T(r;) and
qz(r2) are identical to the functians T,(r;) and q,(r)) when r, = 1. Also,
the angle factor dF(y,, T2)q’_qa, ™ay be replaced by dF(L-2y,T)) g -da,
when Iy® Iye The latter angle factor is evaluated at (L-z;) rather than
%, because the fins are not symmetrically located about the %, origin (see

PR T —

Figure 2). Finally, the following angle factor relationships apply:

. 0 L = (Ry-Rj)tan
Frang-ag * ( 4FCrpmanl-an, * S F(r,maag-an, =1 (12
Ry (Ro-Rj) tan «
Ry . Ro .
F(ant-, *g Flaprag-ahy °f F e =1 O
% ‘
The three temms on the left-hand side of eq. (12) represent, respectively, 4
the fraction of the energy leaving dA; which is intercepted by the sheath
area, A,, the area of the opposite fin, Ay, and the tube base area, A,

Since these three surfaces and A;, which does not see itself, form an
enclosure, the above three fractions must sum to unity as indicated in eq.
(12). A similar interpretation applies to eq. (13).

Adopting the notation

Kya(ry, Tp) = dF(xy, T)aps.da, /91,

K1b(r1, 2p) = dF(ry, zb)dA;-dAb /dz,

16




%1(%ps 7)) = dF(% Tan.aa, /91
and using the above results, eqs. (10) and (11) become

Ro
a(r)) = e[oT(ry) -oTy] - 5{:[“{(:) -oTg] -(1-c)a(€)} Kyp(ry,E)de
Ry
L - (Ry-Rj)tan«
-\ tetomy - o1d) - @-equr Kpyr, 02 (14)
(Ry-Rj) tan«
@ (%) = cloTh-oTq] -Szcm‘l‘(e) “oTg] - (1-0)qy(6)} Ky) (,,€)d
Ry
Ro
5 (e[0T} (§) ~oTa) = (1-)qy (E)} Ky, (L-2;,6)ds (15)

Ry

As is typical in problems of this type the kernel K, (7,,£) in the
second integrul of eq. (14) becames indeterminate at the upper limit
L - (Ro-Ri)tm-{] when 1, = Ri» that is, at the intersection of the fin
and the base cylinder. The difficulty in evaluating the integral numerically
at this point can be ciramvented, however, by following a procedure given
by Donovan [8] for analytically determining the integral in the limit as
n- Rl‘ The details are too lengthy to be reproduced here and only the
result will be quoted. Thus
L - (Ry-Rj)tand
limit  \(e[oTh-oTd) -(1-c)qy ()1Kyy (v}, 0)dE
T+ Ry
(Ro-Rj)tan«
17
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= {c[oTy-0T2] - (1-c)qy(L - (Ry-Ry)tan«)}(1-sin«()/2
A similar difficulty occurs at the lower limit in the first integral
in eq. (15) as z, = L - (R,-Rj)tan«, Analytical evaluation gives

Ro

4 4
limit (e[0T (£)-0T,] -(1-€)q; (£) }Ky,; (2,),€)dE
7 ~L-(Ry-R,) tanat . ¢ :

i
= {e[oTy-oT}] - (1-c)q;(R;)}(1-sin&)/2

where eq. (2) has been used to replace Tj(R;) by Ty in the first tem on
the right-hand side of this equation.

The second integral in eq. (15) can be handled in the same manner as
2p, + (Ro=Rj)tiandk or advantage cun be taken of the symmetry of qp(zj,) about
the point zj, = L/2 by noting that

ap((Ro-Ryjtan«) = qp(L - (Ro-Rj)tan«)

‘One final simplification resulted after evaluation of the angle factors
revealed that

K1b(r1s 2p) = (Ricos & /1)Ky (zp, 1)
Expressions for K;;(r;, r2) and Kyj(zp, r) are given in Appendix A.

Non-dimensionalized Equations., The following dimensionless variables were

used to non-dimensionalize the governing equation.

» " %H
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L] ®
T1(€1)) = Ti(r1) , Te = Te
Ty T
M) = a1(r) Q(tp) * ap(zp)
= -
o‘rb OTb
N = Ri o Tg
€ KyeosKk (8 + (Ry-Rj)tan )
2
ht = hRy

kpcos 4 (6 + (Ro-Rj)tan &)

With this notation the final form of the radiation equations becomes:

1
* 4 *4
QNR) = €[1-Te ) - \ {e[Ty (§) - Te ] - (1-€)Q1(€) }K12(NR, £)dE
MR
- (e[1-ToY) - (1-e)Qy (N - (1-Np) tane ) }(1-sin{) /2 (163)
1
“ . % %
Qe = My ep-1oY) - é‘cﬂl (©)-To) - (1-€)Q, (€) 1Ky (€y,E)de
R
N, - (1-Np)tand(
- Npcoset \(e[1-T,Y) - (1-e) (01 (6, @)k (16b)
€1 (1-Np)tan«

QN -(-Np)tan &) = ¢[1-T,*]-(e[1-T, ']~ (1-€); (V) }(1-5in 4)/2

- {:en{‘(c)-’rz‘] - (1-€)Qy () 1%, ; (1-Np)tand ,£)de
N

R (17a)

19
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Q,((1-Np)tan) = Q (N -(1-Np)tan f) (a7m)

Q1) = €(1-To1) ;

1 .
® ®
- {it['rl‘(ﬁ)"f.‘] - (1-€)Qq(€)} [Kp1 (tpy &) + Kpy(Np-7p,€))dE ]

MR (17¢) s
The conduction equation and its boundary conditions hecame '!
d [p((l) EI_(Q - € Nl * he [Ty (¢y) -Tol) (184)
d¢ dey Ny
where
P(ey) = (1(6* + (1-()tan«)
&% + (1-Np)tan
Ty(ep =1 at ¢ = N (18b)
C = - dTy(ep)
a6,
= (h(TI(e) - To) *eNelTyH(e)-To'D)
| x [§* + (1-Mp)tand Jcos at (1- 1 (18¢c)

2
NR

Method of Solution. Following a techmique suggested by Glauz (7] and

successfully applied by Donovan [8] to the related problem of wmiform fins

on a plane wall, eq. (18a) was transformed into an equivalent integral equa-

tion by direct integration and application of the boundary conditions., The 3

result is




1 q
T;(fl) =1 |0) C(c)dz +£o(;)d; * Ny
(o]

P
(&) .

0 (NR'G_)G.C (19)
&* o (1-N)tan &

where
2 ® N ®
v(€) = (E/NR){NQy(€)* h [Ty(£)-Tel}

o) = RO (8" + (1-20)tan) +Op-E)¥(E)
& + (-Nptan«]

The constant C is given in eq. (18¢c) with G =1

The advantages of the integral formulation in eq. (19) over the differ-
ential equation in eq. (18a) are: (1) the boundary conditions are included
in the equation md (2) the equation is in the same form as the radiation
equations, a form which readily lends itself to an iterative type solution.
Specific details regarding the solution of eqs. (16), (17) and (19) for the
distributions of Q1 (f}), Q(tp) and T:(\‘l) are given in Appendix B,
Total Heat Transfer and Fin System Effectiveness. The heat transfer rate
from the finmmed tube section between the two vertical center-lines in Figure
2 is equal to the sum of the radiative and convective contributions, The

radiative contribution, qp, is

L - (Ry-Rj)tan«
q = 2 ql(rl) 21rx'1dr1 + gqb(xb) ZwRid%
Ry cos « Ro-Rj) tan«
+ 2 (2R, [ea(T)* (Rg) - Teh)) (20)

21
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The integrand under the first integral in eq. (20) is the product of the
local radiative flux, q;(r;), and the area of the ring element, dA;, in
Figure 3. Integrating over the entire fin surface area and multiplying
the result by the factor 2 to take into account the contribution the
opposite fin surface A gives the net radiative loss from the two conical
surfaces. The second integral gives the net radiative loss from the base
surface between the fins, The last temm represents the radiative loss
from the two fin tips of area (2wR,8) at temperature T;(Rj).

The convective loss, q., is written similarly as

Ro
qc =2 gh('l'l(rl) 'Te) erldrl
Ry cos «

+ (20Ry) (L-2(Ry-Ry) tan & )h(Ty-Ty) + 2(2xR,OR(Ty (R)-Tg) (39

where the second term represents the convective loss from the isothermal
tube surface.

A common method of assessing the enharicement in total heat transfer
rate, q., due to the addition of fins is to compare this value with the
rate of heat transfer from the unfinned cylinder, q,. The latter quantity
is given by

q = 2%R; (L+26) [co(To-TS) + h(Ty-Te)] (22)
The comparative index is called the "fin system effectiveness' by Donovan
(8] and is written as

)T 4 T R (23)

%Y b




Fins are effective in increasing the heat transfer rate when the fin
configuration and thermal properties are such as to produce values of 3
greater than wnity, From the manufacturing point of view, 3 should be
substantially above unity. Systems with 3 less than unity must be avoided
because, in ‘his case, the fins have an insulating effect on the base tube. |

In dimensionless form the fin system effectiveness is given by

®
3= NQ® +hQ (24)
%

here ! I s N
Qg = 2 § Q) qde * My § Q(rpdy, + 28 e[Ty (1)-T,'] |
Np o8« (1-Np)tan« |
! ) 3 : * 2 8 *

Q =2 5(1'1(('&)'1'3)014(1 + NR(1-Te) [N,-2(21-Np)tan« ] + 28 [T1(1)-Te]

Q = MM, + 26 [N Q-ToY + 1 1)

The @ur program listed in Appendix C calculates the distributions
of Q1(),s Qy(t,) and Ti((}). Through the above equations it then computes 3.
With a little algebra it can be shown that the actual heat transfer rate
is related to 9 and Q, by the expression

Gr = (h;oomﬁ) (RoTbk-w"()U. + (1-Np)tan &) (25)




APPLICATION OF THEORY TO THE DESIGN OF A MORTAR TUBE

Input Data, As an application of the theory the heat transfer character-
istics of the fin configuration used on the YM144El mortar tube (see Figure
1) were calculated. The ambient air temperature, Tys was taken as IOO;F
in all of the calculations. The emissivity, ¢, the metal thermmal conductivity,
k;, and the tube temperature, Ty, were varied as shown in Table I below,
Table I

¢ = 0,75, 1,0

k, = 10, 25 Btu/hr-ft-°F

Tb = B00°F - 1200°F
The emissivity values are typical of the coatings used on mortars operating
in this temperature range. The low value of k, is typical of a iigh nickel
content alloy while the higher value corresponds to a higher iron content,

The three parameters -- ¢, k, :ind T, -- are characteristics of a

particular material; the maximm allowable tube temperature is related to
the mechanical properties of the tube. It is clear before any results are
presented that the material with the highest values of this set of parameters
will give the highest heat transfer rate -- the present calculations are
intended to show the relative importance of each of the parameters. The
effect of changes in geometry for given ¢, ky and Tp, ¥ill be considered in
a later section.

Calculation of the Dimensionless Convection Coefficient, h*, The dimension-

less convection coefficient, h*, can be put in the fomm

h* = (hL \[ ka i
kg /\ky/ Leos<[s+ (Ro-Rj)tan<]
24




where the product (Lk,) has been introduced in the mumerator and denominator
(kg is the thermal conductivity of the air and L is defined in Figure 2).
The dimensionless grouping (hL/k;) is recognized as the Nusselt number.

Correlations for free convection heat transfer from finned tubes are
given by Knudsen and Pan [9) and Nwizu [10]. Both correlations are re-
stricted to straight (« = 0), isothermal (T,(r,) = T,) fins on a horizontal
cylinder., In addition, their tests were limited to tubes with diameters of
1-1/2" or less and a maximum temperature of 350°F, Although the short fins
shown in Figure 1 do operate in a nearly isothermal condition the limitations
on surface temperature and particularly tube orientation raise considerable
doubt as to the applicability of their work to mortar operating conditions.
The geometric limitations also introduce some uncertainty. Thus, while these
correlations should not be applied in an actual mortar design situation they
do serve the purpose here of relating the convection coefficient to the
temperature dependent air properties and to the fin geometry. The need for
further experimental work in this area is evident,

Over tlie rage of variables of interest here Nwizu's correlation can
be written as

0.45
hL = 0,08 [ gs? 13 (‘r,,-'r,)] 26)

kg al
where g is the coefficient of thermal expansion (1/°F), € is the density
(1b,,/ft3), g is the acceleration due to gravity (32.2 ft/sec) and A(is
the viscosity (lb,/ft-sec.). All air properties are evaluated at the

temperature (Ty, + Te)/2.
25
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Heat Transfer Results, The results of the above calculation are presented
in Figures 4 and 5. Of the two sets of curves plotted in Figure 4 the i

upper set represents the total heat transfer per unit tube length; that is,

Tt tRte (27 :
S S 1
where qp and q; are, respectfully, the radiative and convective portions of v !

the total heat transfer (see eqs. (20) and (21)) from the fin-tube section

S

™

of axial length S = L + 28 (see Figure 2), The lower set of curv.: in
Figure 4 represents the radiative contribution a)one where 'G_R = qp/S.

o e

Of the three parameters shown in the figure the base temperature, Ty
has the dominant effect on the heat transfer. This is primarily due to

the tremendous increase in radiative transfer with temperature. Consider
the uppermost curve in each set, that is, ¢ = 1.0 and k = 25 Btu/hr-ft-°F,
At T = 800 °F radiation accounts for roughly 56% of the total heat transfer,
Increasing the base temperature to 1200 °F more than doubles J, and, at this
temperature, radiation accounts for over 70% of the total.

These results can be explained by noting that the potential for con-

vective transfer is (Ty- Te) while that for radiative transfer is (’l:- T:).
Increasing T, from 800 °F (1260 R) to 1200°F (1660 °R) while keeping T, =

100 °F(560 °R) increases the temperature potentials for convective and radia-
tive transfer by roughly 578 and 208%, respectfully., The actual calculations
show a 53% increase in convection and a 2008 increase in radiation; the
discrepancy it due to the temperature drop along the fin which reduces the

average potentials for heat transfer somewhat. 'he magnitude of the radiative
contribution indicated in Figure 4 justifies the tedious calculations required

1 to obtain it,
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Reducing the surface emissivity from unity to ¢ = 0,75, a 25%
decrease, reduces the radiative transfer by only about half this amount.
his surprising result is explained by the so called "cavity effect",
When ¢ is unity the only radiation which escapes from the fin-tube cavity
is that which is emitted by a wamm surface in the direction of the fictitious
cold surface "e" in Figure 2, All other radiation is completely absorbed
by the remaining black surfaces of the enclosure. Decreasing the emissivity
decreases the emissive power of each element2l area in the enclosure but at
the same time it increases the probability of escape of radiation from the
enclosure by the process of multiple reflections. Thus, radiation emitted
by one warm element in the diréction of a second warm element may be reflected
by the latter surface in the direction of surface "'e'" and escape fram the
system, The net result is » decrease in net radiative loss from the enclos-
ure which is substantially less than the decrease in emissivity. The converse,
of course, is also true -- increasing the emissivity does not result in a
proportionate increase in radiative transfer, Therefore, if a particular
coating is found to be satisfactory from the viewpoint of durability and has
an emissivity of 0.8-0.9 at the desired operating temperature, very little
will be gained by searching for a coating with a higher emissivity,

The thermal conductivity of the fin material, k , is seen to have a
very small effect on the overall heat dissipation rate in Figure 4, This
is far from the general state of affairs, however, as will be seen later
when the effect of geometry is considered, For the short fins under con-
sideration here, most of the resistance to heat transfer is encountered at
the fin surface. The temperature drop along the fin amounts to only a few

percent for all of the cases in Figure 4,
28
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Fin System Effectiveness, The fin system effectiveness, 9, was defined

earlier as the ratio of the heat transfer rates from the finned and smooth
cylinders, vespectfully, or

3= a1= 3 @

b %

A plot of 3 is shown in Figure S for the fin system under consideration.
The decrease in j with increasing base temperature results from the fact
that the radiafive and convective contributions to §, increase exactly in
proportion to the potentials (% - 1) and (T, - T,), respectfully, wheress,
as noted earlier in the discussion of Figure 4, the average temperature
potentials in the calculation of J, are somewhat lower due to thermal resis- :
tance within the fin, Thus, the ratio in eq. (28) is a decreasing function

i e i i

of temperature and the fin system becomes less effective at higher tempera-

tures,

Increasing the thermal conductivity, l%‘, produces a relatively small

increase in 3., ‘'he increase is due to the fact that emergy is more easily
transported to the outer regions of the fin resulting in higher average
temperature levels and a more effective utilization of the entire fin, In
very tall fins or with poor conductors the themmal conductivity can have a
much more pronounced effect on 7.

The surface emissivity, ¢, has a strong effect on j. Decreasing ¢ by ]

25% decreases the radiative contribution of the smooth cylinder by the same
amount but, due to the cavity effect noted earlier, the decrease in the |
finned tube heat transfer rate is only about half this amount. Therefore,
the ratio in eq. (28) increases with decreasing e¢. Thus, the addition of
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fins is more effective in augmenting heat transfer in systems with low
emissivity. .
With regard to the mortar tube configuration shown in Figure 1 the |

results in Figure 5 indicate that the addition of fins represents an
augmentation in heat transfer on the order of 50%, assuming a relatively
high emissivity., "This increase, while significant, still leaves a wide

gap between the maximum permissible firing rate and the desired rate; that
is, the rate at which an individuai can load the weapon., Assuming a material
has been chosen, that is, assuming €, k, and T have been specified, the
only recourse left to the designer is to alter the fin geametry. This will
now be considered.

Alternate Fin Configurations. In general, the designer must stay within

a certain weight limitation in choosing alternate fin configurations., The
weight, or equivalently, the volume of metal per unit length which the fins
contribute is

Ve (ﬁ.) S(Re-RD) + tanx (Ry-Ry) (RG+RyR,~2R) (29)
.S 3

In *"e present set of calculations V was kept constant and equal to V, which
was calculated for the fin configuration shown in Figure 1; that is, all of

the altemate designs considered here have the same weight per unit length,
In addition, the fin tip thickness, &, and the tube radius, Ry, were also

fixed at the values shown in Figure 1, The fin spacing S was given the

values S,/2, S,, 3S,/2 and 2S, where S, is the fin spacing in Figure 1,

The angle « was taken as 0°, 2°, 4°, 6° and 8°, The remaining variable, R,,
was calculated from eq. (29) with V=V, Te resulting twenty configurations
are shown in Figures 6a - 6d.
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It is noted in the figures that for a given fin spacing, S, decreasing
« results in taller fins and a greater surface area per wnit tube length,
Increasing the fin spacing for a given « also increases the fin height
but the surface area per unit length does not change appreciably because
the number of fins per unit length-decreases with increasing S,
Effect of Geometry on Heat Transfer., 'he total heat transfer rate per

unit length, 4y, was evaluated at eight sets of the parameters ¢, k, and
LY for each of the twenty configurations shown in Figures 6a-6d. The
results are presented in Figures 7a-7h, Each figure gives the results for
one set of ¢, k, and T,.

Consider Figure 7a. Each point on the curved surface represents the
percentage change in gqr for that geametry (S and « ) relative to §p for
the XM144E1 fin configuration shown in Figure 1 at the values of ¢, k, and
Ty listed at the top of the figure. The value of gy given in the figure

title corresponds to the XMI44El fin configuration. Thus, the fin configura-
tion with « = 0° and S = 25y (see Figure 6d for this geometry) dissipates
approximately 103 more heat than the XM144E1 mortar or §r = 1,1x0,870x10%
Btu/hr-ft = 0,957x10% Btu/hr-ft. When « = 8° and S = S¢/2 (see Figure Ga)
the heat transfer rate is roughly 7% below that fof the XM144E1 mortar con-
figuration. Seventeen of the twenty configurations in Figures 6a-6d are
seen to dissipate more heat than the configuration shown in Figure 1,
Comparing Figures 7a and 7b shows that increasing the emissivity causes
a general flattening of the surface although the reduction is not large,
The sam» effect is noted in the other three pairs of figures when the emis-
sivity is the only parameter changed. 'he increase in ¢ increases the emis-

sive power of each elemental area of the fin surfaces which, in turn,
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increases the temperature drop along the fin to balance the energy demand.
his results in a less effective utilization of the outer portions of the
fin and the effect is most apparent in the taller fins (&« = 0°), Increas-
ing the temperature level also increases the radiative transfer and has the
same effect on the shape of the surface as ¢, Compare Figures 7a and 7c
or Figures 7b and 7d, for example,

Increasing the thermal conductivity, ‘Sv markedly improves the heat
transfer because of the more efficient transport of energy to the outer
portions of the fins, The effect is strongest as the fin height increases
(decreasing « ). Compare Figures 7a - 7d with Figures 7e - 7h respectively.

When the fin spacing is smull (S = S,/2), decreasing & increases the
heat transfer because of the increase in fin surface area. At large fin
spacings (S = 2S5) the heat transfer rate at first increases with decreasing
o , reaches a maximm and then may decrease slightly, as in Figures 7a - 7d.
The decrease can be attributed to the difficulty in transporting energy to
the outer portions of the taller fins (« = 0° when the fin thermal con-
ductivity is low.

Concluding Remarks, Once a material is chosen, that is, after the parameters
c,&mmamspcified,asurfacesmhasﬂwseinﬁguns 7a - Th can
be constructed. The problem is then to choose the highest point on the
surface consistent with the structural integrity of the tube. 'he importance
of being able to predict tube strength for an arbitrary fin configuration is
apparent.

All of the surfaces seem to have a maximm in the interval S,/2<S<Sy;
that is, the analysis seems to favor small fin spacings. This conclusion
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might be altered somewhat if the orientation of the mortar tube with
respect to the horizontal could be taken into account in the calculation
of the convection coefficient. Wider fin spacings that offered less
impedance to the vertical air flow would probably be favored, Since the
large radiative contribution is independent of the tube orientation the
~results are probably not significantly in error, however,

Finally, it should be emphasized that all of the heat transfer results
are based on one tube weight per unit length, one fin tip thickness, §. one
tube radius, R;, and it was assumed that the fin material had a conductivity
on the order of that for steel or steel alloys -- as opposed to a better
conductor such as alumimmm, Thus, this study should be viewed more as a
qualitative analysis or method of interpretation of the type of results
vhich can be obtained with the computer program in Appencix C rather than
a quantitative recoomendation for future mortar designs.
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FIGURE Zd. CHANGE IN HEAT TRANSFER WHEN
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(MNQL USDNS AND RECOMMENDATIONS

A method is demonstrated for calculating the steady heat transfer
rate from fimmed cylinders dissipating energy to the surroundings by con-
vection and radiation. Application of the method to the XM144El mortar
revealed that the radia*ive mode accounts for 60-70% of the total energy

transfer under some operating conditions, Lack of adequate comvective
heat transfer data under these conditions renders the calculations somewhat
tentative, however, and it is recommended that more precise experimental
data be cotained in this area.

It was also found that changing the fin configuration on the XM144El
mortar, while maintaining the same weight per unit tube length, can further
augment the heat transfer rate. Strength considerations can limit the gains
achieved through changes in geometry, however, so it is further recommended
that appropriate experimental data be acquired, prooably by photoelastic
methods, for pn;dicting the load carrying characteristics of arbitrary fin
configurations, This data can then be used as a guide in the selection of
the optimm fin configuration -- optimm from the viewpoint of heat transfer.
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APPENDIX A -- ANALE FACDRS

The following angle factors were obtained using the standard techniques
given in ref. [6].

- :
K1(tbs €2) = 1 (Oytan - | (djby-a)c))a)-e1b; | sin 6;
« (M Nr(af-bf) (ay+bycose; )

-1
+ | 4¢1(ayc *ajeq-diby) - ajtan | tan n]_
v Ja? - bz {

a - b:IT NR
- dF(‘bo CI)d.A;-dAl/d Cl (A1)

"N\ - <1'Nfl tane(
¢

3 |
Bl-cos (NR/(.I) if H < T !

T

-1
8] = cos T ¢ tandk- N if o>t
Nptan «
tl - NL - (1- Cl)tm*
2 2 2
€1+ M+ ()

CiNgtan

T s e s

oL
"

N o
.

Gilr-m) - (€1 + Ntan«

" e P o T AT R !

€ = & Nptans - Np(ry-1p)
Q1 = (ay-by) tan (8,/2)

2
a - b




2 .
Klz((l,(z) = Zrzcos.( Cp8, ¢ [(dzbz-azcz)az - °zbz sine,

. ( by b,(a3-b3) (a,+b,cos6,)

+ | azcytazez-dyby - azca| 2 tan- .O-z

" P rDan-an, /4G (A2)
where
2 2 2 2.2 ,
A1 = { Np - /(CrNR) (C2-Np) | tanX <+ [N, - (2t%)tan«]
216 ¢2

\ - < Jidd g Nz) R

a é 1
82 = COS (NR/O) + COS (NR/(z) if 30 and X220
62 = cos <(24Ltm0( Ng < N
(1 tan «
C2 tan

a, = 0] + €3+ I, - (2--@)tan«)?

b= 260 €

Q= €6 'L

dy = (€ G) N~ (2- G- tand Jtan - (€2+e2) tan’4
e, = e,6tan’K ~(€+€) Ny ~(2-6- ) tan Jtan

« M, -(2-6-@)tan «)°
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L1, = (ayb,) tan (8,/2)

2
2;- b,
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APPENDIX B -- NUMERICAL METHODS

General, The technique for determining the distributions of Q ((l),
Qb(tb) and ’I'l ((l) is to approximate the integrals in eqs. (16), (17) and
(19) by numerical quadrature formulas and then solve the resulting set of
non-Jinear algebraic equations by iteration. The method employed here is
basically that given by Donovan {8] and the reader is referred to his work
for a more complete discussion of the technique.

Simpson's one-third rule is used wherever possible in the form:

i =n
C Fla)da &84 D Flayde(d) (a1)
a

i-n1

where n, and n, are odd numbers with nydng ¢+ 2; that is, Simpson's rule is
applicable only to a set of double panels, each panel having a width 4.,

Also,

Ag=sb -a (82) .
- m

Ay =8¢ Ax (i-nl) n <i¢n (B3)

1/3 in= “l' I'Iz
c(i) = 4/3 i even (B4)
2/3 i odd
In equation (B1) the continuous function F(«) is replaced by a set of
discrete points, F(,;), uniformly spaced over the integration interval (b-a).
In the present application the fin and base surfaces are subdivided into

(N-1) and (M-1) intervals, respectively, as shown in Figure 8. The width
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of each interval on the fin is

& = 1-MN 7BS)
N-1

and on the base
oty = [NL - (l-NR)tan.(] - Q1- Nn)ttm(

M-1

= Nl. - Z(I-NR) tan «

(86)
M-1

Both N and M must be odd numbers.

Numerical Approximation of the Radiation Equations. Consider the application

of eq. (Bl) to the integral in eq. (16a). It becomes

1
g {c[Tl‘(c) -'re‘] = (1-€)Q; (E) K, (Ng, E)dE

R JaN _
e 4 E {e[T) )-Tg'] -(1-€)Q; (9))K}2(1,d)c () (B7)

Js=]

where T;(J). and Ql(J) are the values of ‘l';(el) and Ql(('l) at the points

€, = Ny ¢ 8¢ (-1) J=1,2,3 .y N

The coefficients c(J) are given by (B4) with n = 1 and n, = N.

The function Klz(l,J) refers to the exchange between the point I = 1
on fin surface "1" in Figure 8 and the set of points J =1, 2, 3, ..., Non
fin surface "2", This function is plotted in Figure 9 with N = 21. The
curves for I = 3 and S are also shown. The values of Nps N and « correspond

to the configuration shown in Figure 1.
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It is noted that Klz(l, J) varies quite rapidly for small values of
I and J. In fact, for I = 1 the peak in the curve is not well defined by
the darkened circles corresponding to the points J = 1, 2 and 3. This can
result in significant error in the approximation given in eq. (B7). The
accuracy of the spproximation can be improved by subdividing the two-panel
integration interval 15J53 into the eight-panel interval 15j<9 shown in
Figure 8, The angle factor is designated as KKjo(I, j) and is plotted with
the open circles in Figure 9 for I = 1 and 3. This function is, of course,
also calculated from eq. (A2).

The remainder of the integrand is a more slowly varying function of
C1 and can be satisfactorily approximated at the points j = 1, 2, ..., 9

using the following three-point Lagrange interpolation formula:

S() = p(p-1) £(1) + (1-p?)£(2) + p(p+1)£(3) (B8)
2 2
where
pe (j -S)4 Jul, 2, coep 9

£) = €[1,'@) - T,'1 - 1-e)Q ()  J =1,2,3

Using this notation the integral in eq. (B7) becomes
1 .‘ 0‘

{“[71 (€) - To ) - (1-€)Qp (£) }K;2(NR,£)dE

R
j=9

~ b ; SGIKK A1, j)e(d) o
4 |
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J = N

¢ 8¢ P e[} ) -T.4-01-0)0, (D 1k}, (1,9)c @) (B9)

J=3
The first summation in eq. (B9) extends the integration over eight panels
of width (A(H), that is, from £ = N, up to £ = Np+ 280. The second
susmation covers (N - 3) panels of width AC and completes the integration

from { = Np + 2A< up to £ = 1, Note that in this casen) = 3 and n; = N,

A1l of the integrals in eqs. (16) and (17) are treated in the same
manner, including the special handling of the integration near the "corners".

The complete set of equations used to determine the functions Q ((1) and

%(‘l’b) are as follows:

When I = ]:
- i=?9
Q@) = cl-T,Y - 8¢ 3 S(IKKZ(LI)eC)
4 je1
J =N
- a¢ E{c[rz‘m-rz‘] - (1-6)Qy () 1K), (1,9)e(3)
J =3
o {e[1-T, ] = (1-€)Qy (M)} (1-sin < )/2 (B10)
When I = 2, 3:
j=9
Q@ = e (M-, =80 ) SGIKK (1))
4 j=1

J s N

- ¢ {e[T;“(J)-T:‘] - (1-e)Q (N K, (LI)e@) -
T=3




_—

S

K= M2
- by Necos o ) {e[1-T*] -(1-00g, (01K (K1) ()
() K=1

k=9

- Atb Ngcos« T(k)HKyy (k, I) c (k)
4 A

Mlinll4, X

k=1

s N:

QM = et -1,

Fhen K = 1:

Q, (1)

J s N
*4 *4
A( Zz[Tl J) -Te ] - (l-c)Ql(J)}Klz(I,J)c(J)
Js=1
K=M

bty NocoseC § (e[1-T,%) - (1-6)Q, (K) Ky, (K, DD (K)
¢,

K=1

. ) ‘.
e[1-T,Y) - ae U S()KKy, (1,1)e(h)
4 z

i=1
I=sN

A(Z{en';‘m 1,4 - (-eq (1K, De(D)
I1=3

(e[1-T,"] - (1-£)Q; (1)} (1-sing)/2

S6
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When K = 2, 3:
. i=9
G0 = c-T.Y) - e ) SRR, (K,1) + KKy O461-K, 1) Je(d)
4

is1l
I =N
= A( Z{C[TI4(I)'T‘4] -(l-t)Ql(l)}[Kbl(l.l) ¢ Kbl(ml-lt.l)]c(l)
I =3
(B14)
When K = 4, ..., (M+l)/2:
Q(K) = e[1-T, %)
I = N * ]
- 8¢ E eIry -1g"1 - (-0 (D Iky; (K, 1) ok (1=K, D] (D)
I =1
: (B1S)
Finally, by symmetry, wheax X = (M+3)/2, ..., M:
Q, (K) = Q,(M+1-K) | (816)

In eq. (B11l) T(k) is given by

T(k) = p(p-1) g (M-2) + (1-p)g(M-1) +p(p+1)g(M)

2 2
where
prk-95 k=1,2, ..., 0
4
g(K) = e(1-T,Y) - (1-e3, (X) K = M-2, M-1, M

The functions HK,;(k,I) and KK;;(K,i) are calculated from eq. (Al) at the

positions indicated in Figure 8.
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FIGURE 8. PLOT OF K,(I,J)AND
KK, (T,J) FOR CONFIGURATION
SHOWN IN FIGURE /.
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Numerical Approximaticn of the Integrated Conduction Equation. The two

indefinite integrals in the integrated conduction equation, eq. (19)
involve integrating over an odd nusber of panels of width A¢ when I is
an even number and over an even number of panels when I is an odd number.
Thus, Simpson's rule can be applied directly to the points 'l'i (1),
I+1,3,5,...,N, but an alternate quadrature formula, applicable to a

single panel of width Ae , must be employed at the even numbered points.

Donovan (8] uses the following formula from Hamming [11]:

.4—1044.

S F()dy E(8 %/24) [9F () ¢ 19F(m +8%) - SF(m+28)

*4{

+ F(m, +30%)] (B17)

Specializing Simpson's rule to a single interval of width 24« gives

"X‘i ¢ 2A¢
g F(#)da X (8#/3) [Flary) ¢ aF (2 +8.2) + F(x 4284)]

/'%1
(818)

Adopting the notation

1
TA( Cl) = § v(§g)de
(1

¢
TB((‘I) = ¢(£)dg

Np

and applying eqs. (B17) and (B18), the conduction equation becomes
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Ty (D) = 1 ?NR. 1 (DIT, (D) » Ty(D) + Ny + Pg-G0I8TC ) |

P(I) 8¢« (1-Np)tang |
(B19) 1
where
TA(N) = 0
To(N-1) = (8 /20)[99(N) + 19%(N-1) -5¥(N-2) +¥(N-3)]
When I = N-2, ..., S, 3, 1
To(1) = T,(142) + (8¢ /3)[¥(I) + 4v (I+1) + ¥(1+2)]
When I = 2, 4, 6, ..., N-3
To(I) = Ty (1-1) - (8¢/24)[9¥(I-1) + 19¥(I) - S¥(I+1) + w(1+2)] ;
Also, i

'I'B(l) =0

Tg(2) = (8¢/24)[90(1) + 19¢(2) - 5¢(3) - #(4)] ]

When I = 3. S, 7. seey N

Tg(I) = Tg(I-2) + (Acl3) [e(I) « 40(I-1) + ¢(I-2)]

M‘.n I L N-l. [N Y 8. 6. 4

TB(I) = TB(I¢1) - (A</24) [90(I+1) + 19¢(I) - S¢(I-1) +e(I-2)]

*
Note that Tl(l) = 1 and need not be evaluated from eq. (Bl19).

Method of Solution. Eqs. (B10) - (B16) and eqs. (Bl9) represent a set of

simultaneous non-linear algebraic equations which are solved by the method

of iteration. A weighted average of the two most recent iterates was used

to accelerate the convergence. This took the form
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Yi +2 = 0.6y, +0.4y;,,
where y; , | and y; are the two most recent iterated values of an unknown
and y; , , represents the new estimate.

For the fin configurations studied in this report convergence was
usually achieved in less than fifteen iterations. It should be noted,
however, that for very ‘tall fins (small values of NR) or for large tempera-
ture drops along the fins (large Nc and h*) the system may converge very
slowly or may not converge at all. This difficulty can be circumvented
by reducing the values of N. and h* until a solution is obtained. This
solution, along with slightly larger values of N and h*, is then fed back
into the program as a "first guess" at the new solution. If convergence
is achieved the process is repeated until the desired levels of N and h*
ars reached,

In comparing the computed solutions with known solutions of convective
and radiative heat transfer from fin systems [1,2] best agfnnnt was found
when the step sizes Ac and A1, were set approximately equal. Using eqs.
(BS) and (B6) a guide for choosing N and M is then

M-1 N - 20-Nptang

N-l l-NR

Usually, a minimum of eleven points was used for either M or N although
smaller values can and should be used if the above guide so indicates.

The integrals required in the evaluation of the fin system effectiva-
ness in eq. (24) were found by direct application of Simpson's rule, eq.
(Bl). The calculation of the actual heat transfer rate from eq. (25) is
straightforward, A listing of the computer program is given in Appendix C.
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APPENDIX C -- COMPUTER PROGRAM

A list of the major program sy‘d)ols is given below. The symbol ACC
is the accuracy criterion employed in the iteration process. Each time
a new value of one of the unknowns Ql(l), T;(I) or Qb(K) is calculated
its magnitude is compared with its previous value. If the absolute
value of the difference is greater than the accuracy criterion, ACC, for
any one of the unknowns, a further iteration is calculated. In this study
the value ACC = 0.001 was used. The fin angle, ALPIIA, must be in radians.

Symbol Used in Program Symbol Used in Text

ACC ACC
ALPHA «

ATB T,

c C

COND Ky
DELRO A ¢
DELS &
nénrn Aty
EPS ¢
ETA 3
HKB1 (K, I) HKy 1 (k, 1)
HS n'
K12(1,J) K,,(1,J)
KB1(K,I) Ky, (K, 1)
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Symbol Used in Program Symbol Used in Text

KK12(1,J) KK, ,(1,§)
KKB1 (K, I) KK, (K,4)
M M
N N
NC N
NL NL
NR Np
P(I) P(I)
PHI(I) ¢(1)
Q1(I) Q (1)
QB(K) Q,(K)
QC Q
Qo %
® ®
qr o
RO R,
RO1(I) €1 (D
s(J) S(j)
T(K) T(k)
TES T,
T1S(I) T;(I)
X(1) v(I)
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FLOW CHART OF COMPUTER PROGRAM

Begin

[ Read in and print out input data |
‘4
Set initial distributions of temperature and radiative fluxes —l

Calculate new fin temperature distribution. Compare each new
temperature with its previous value to see if it satisfies
sccuracy criterion; if not, call for another iteration by setting
IDD = 1, Also, check to see if Tl(l) is greater than unity; if
sQ, set it equal to unity. If it is less than TS set it equal to
Tee (These last two events can occur in an iterative scheme,
ospociauy if the initial guess is wide of the mark., By restrict-
ing the Tl(l) by these physical bounds, convergence is often
achieved in a system that might othewise diverge.)

Yy
Caiculate base radiative flux distribution. Compare each
new value with the previous value and call for another
|iteration if necessary.

P

Calculate IIn radiative flux distribution and check for
convergence as above.

LY SR —
Is IDD = 0? That is, has the system converged to
the desired accuracy?

I

Employ acceleration procedure

Print out distributions of temperatures ]
and radiative fluxes.

+—

Calculate and print out 3 and Qe

=
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