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A GENERALIZED UPPER BOUNDING ALGDRITHM FOR

MULT ICOMMODITY NETWORK FLOW PROBLEMS

RBSTRACT

An algorithm for solving min cost or max flow multicommadity flow
problems is described. It is a specialization of the simplex method,
which takes advantage of the special structure of the multicommeodity
problem, The only non-graph or non-additive operations in a cycle involve
the inverse of a working basis, whose dimension is the number of currently

saturated arcs., Efficient relations for updating this inverse are derived,
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SECTION I

INTRODUCT ION

Multicommodity network flow problems require the selection of optimal
flow patterns for each of a number of distinguishable commodities in a
capacitated network. The objective can be either to minimize the cost of
achieving given flows, or to maximize the sum of the flows, UWhern a node-
arc formulation is used, these problems may be written as block diagonal
linear programs with coupling rows. In this paper a compact inverse version
of the simplex method for solving multicommodity problems is described,
By using the special structure of any basis matrix, the simplex method can
be performed while maintaining the inverse of a working basis whose dimension
is only the number of currently saturated arcs. Aside from multiplication
by this inverse,all other simplex computations are performed using addition ’
or graph theoretic operations. The algorithm is a specialization of the
generalized upper bounding method for block argular problems [4], [5]. J
It is similar to Saigal's method [6] which was derived using an arc-circuit

formulation.

The appreach taken here has two important advantages. First it

presents the algorithm as a direct specialization of a well known general

procedure for linear programs, Second,in Saigal's work, at each iteration,
several systems of linear equations must be solved and rno procedures are
given for updating the matrix irverses associated with these equations,

Here we show that the only non graph theoretic or ror additive operations




3 required are multiplication by and updating of the working basis
inverse, Hence all the nonunimodular aspects of the prablem are
condensed into a single matrix which appears to be of mirimal size.
Efficient relations for updating the workirg basis inverse are

i derived here as specializations of those in the gereralized upper

' bounding method.
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SECTION II

PROBLEM STATEMENT

Corsider a network which has nodes 1, 2, ... ..., N ard directed
arcS 315 855 eeer eeesr aeer Gy The case with undirected arcs will
be considered later. Arcs By1 eaes ag (('g M) have capacities
bl, ) E(. Let there be K commodities and define ka as the
flow of commodity k 1in arc a . Each commodity k has associated

with it a source node s and a sink nade tk. The constraints are

k

l. flows are nonnegative

>0 (all k and m) (1)

ka -

2., capacity restrictions on arc 8n

X

< b < m<A) )
1

k

Ht1X

k

3. flow conservation for commodity k at node n.

-Fk if n = Sk

T X = 5N = = 0 if n # 8> N # tk (3

+Fk if n = tk

where fk is the amount of flow of commodity k in the

network, Bh is the set of arcs termirating at node n,

and An is the set of arcs origirating at ncde n.
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For the min-cost problem, the flows fk are given and the objective

is to minimize total cost

min 2 =2

o] X
k,m km “km

The max-flow problem views the fk as variables and has objective

max & f

Since the max flow problem is a special case of the min cost problem,

we will use (4) as the objective.
In matrix form (1) - (4) becomes

minimize 2

subject to
z 51..-5‘1 xll o o0 XlM X21 PP XZM le ®o e XHM
1 g 'CLI -ClM -C21 -Com a o 0 "cjﬁl -CH =0
=S
0] 1I I 0 I D * o0 I 0
M h | AL AL ey
= D,P
F - dl
F = d2
F = dH

(W)

(5




In the above linear program there are ,(1- 1 coupling rows and K
ldentical diagoral blocks., The matrix F 1is the node-arc incidence
matrix of the network with the last row deleted, Hence F is N-1 x M
ard has rank N-1, The variables Si are nonnegative slacks for the
capacity constrairts, and the vector d, has -f, in position s

k k

+f, in position tk’ and zeroes elsewhere.

k,

s Al
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SECTION III
THE GENERALIZED UPPER BOUNDING ALGORITHM

FOR BLOCK ANGULAR PROBLEMS

Consider the general block diasgonal problem with coupling rows,

minimize 2

Subject to Agxg + Alxl AHXH = b
D% =)
DHXH = bK

x; 20

where sach A is an m0 X n matrix, each D

i i
Z is the first comporent of X We assume throughout that the

is m, x n,, and
i i i

constraint matrix of (7) has full rark., Hence each Di has rank

ms . The method is based on the following result proved in [51].

Theorem 1 Any basis matrix B for (7) can partitioned to have

the form:

(7)




7
mu columns
| i
r A
B A11A21 « o« Ah m0 TOWS
. B = Bl
B
C
e )
| 1
BH
N /
\— ~
nonakey key
columns columns

where each Bi is an my X mg nonsingular submatrix of Di'
Using the fact that the 'Bi are nonsingular we develop a& trans-
’ formation matrix i such that B T 1is block triangular, The simplest

such T has the form

' m
i Il ] }'U TGWS
I =
v 12
\5\,_/

mo columns

where AIl,and I2 are identity matrices and
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mg columns

Then ~
B A11A21... AHl }rﬂo TOWS
BI-=
g (11)
0 2
By

is the block triangularized basis matrix., The submatrix B, given by

A, 1V (12)

B =e + [All A21 ses Hl

is called the working basis, Since B T is ronsingular, B is

also nonsingular,

We now examine how the operations of the revised simplex method A

may be carried out using quantitites associated with the working basis,

These operations require only that two sets of linear equations, with
coefficient matrices B’ and B, be solved (ore for the pricing vector,
the other fur the transform of the entering vector), Triangularizing ?

B oreatly simplifies their solution,

Determining the Simplex Multipliers. Here the vector of simplex

\ multipliers 7= (ﬂD, Myt eees “H) is to be computed. These satisfy

TTE:CB

or, since anly < has a nonzero objective coefficient, and its column

is the leftmost column of B,

mB = (1, 0, ..., 0) (13)




Multiplying on the right by T,
n(gl) = (l’ Dr o9 0 U) l = (l, D’ ® o0} D) (lt’)

Since B T is triangular, these are easily solved yielding

1

ul g = first row of B~ (15)
m. -n_ A, g7t (1=1 K) (16)
s 0 il i = A EOLIOY
Thus if B™% and B;l are maintained, the vectors 110 and

i are easily caomputed.

FY

Determining the Column to Enter the Basis, This is done as in

the revised simplex method by computing

8, == TP, (17) 7

for each ncnbasic columr 'Ed' Note that only 2 partitions of any

column Bj are ronzero. If
mirn C, =c_ >0

then the current solution is optimal, Otherwise f% enters the

t

basis., Suppose h block sa that

Es is a column from the o
D’ P y D LN ] D]:

= [0
ES - L.SD, D s sc_
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(%]
Firdi-g ﬁs - gt

P
-8

Here we must solve the linear system

A
BP =P
- -8 =3
1 A
i Let =12

Substituti-g (19) irto (18) gives

(B1)Z-="P
I s

which ca~ be easily solved for Z = (2., Z

‘L
D lv * 00 ZH) 51."1!38 ‘El

is block triangular;

Zi=D i=l’ .ll’H;i£ o
-1
2o= 8 Foo
Za=81(P - Ag Z
0~ s0 G “¢
by - R e | -1 |
Tn.s 24 a-d ZD za~ be complted if B and B are known,
AN N N N\ o L
The _ES = (PsD’ Pbl R PSH)‘ is computed from (19) givirg
A
Peo %o
A
P&:—U ZU L:-L s 00 K' l# G—
A
S VO'ZD +ZO_

4

P . Ads) o
wrere V, 1is the i partitio- of VU,
L

(18)

(19)

(o

(11)

{3)

-4)

B
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Chaosing the Column to leave the Basis. This is done according to

the standard simplex formulas, If the solution is not unbounded, then
columr r of B, Eﬁr leaves the basis. Assume that this column is
fram the fth block of (7)., Since computing the new values of the basic
variables alsp proceeds as in the revised simplex method, we now consider
updati~g the matrices B'l, B;l and arny other guantities needed for the

~ext iteration.

Updati-g Formulas, There are two cases which car occur. 0Orly the

results are stated here; derivations may be found in [ 5],

Case 1 The leavirg cglumn is ron-kKey. Here the entering colum- can

ditectly replace the ore leaving withoiut destroying the block diagonal

struzture of B, Then rore of the 8;1 change, and B'l is trars-
formed to *87% by a pivot operatian.
g7l - ept

where E i3 a- mD X mD

- AN
except 1~ colim=s 1, Let CH be the ith comporert of Es' Then

elementary column matrix equal to the idertity

colum~ r of E nas compore-ts

-a, /3 i =1, .o., m.; i
/a,i i . » Mg £ T
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Case 2 The leaving column is a key columr, Here wher column

fﬁ leaves the basis, the block B? will have only mr - 1 columns,
r

He--e it 1s necessary to find another basic column from the vth

black tao restore the bhasis structure, There are twoe subcases,

th i

r—+

Case Za There may be a basic rcr-key columm from the Y

block whiczh car~ be interchanged with P. in the basis, The~ the !
T

-4

leavi~g column Ej will become nor-key and Case 1 car be applied.

T
Suppose P is the 1,*" key column in the basis ard that it will
I-
charge places with the ilth nor-key column, The~ the workirg basis
. is updated by
[ g7l - g gl

where E 1is an My X My elementary row matrix egual to the idertity

except i~ the ilth Tow, Row il of E 1is just the izth Tow of

L t-e submatrix V ir the trarsformirg matrix T in (9)., There is a

sat-key column which car be exchanged with Ej if ard only if there
T
o is a ronzero elemert in this row. B'l will charge by a simple piwot,

P

a~d ali other E;l will remain u-cha-ged.

Case_zb If Case Za ca~~ot be performed. the~ by Theorem 1, the

e terirg column P_ must be from the Fth

. block and a direct pivot

is possible, In this case B%l cha~ges by a simple pivot, a~d the

wotking basis will rot change at all,
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This completes the description of the algorithm Yor the general

[

case, N:te tnat at each iteration it is recessary to update at most
a1 mg X mg working basis ir.erse anrd an m. X m, diagonal block
irverse, All updates .a» be performed using multiplication by an

eleme ' ary 1ow or column matzix,




SECTIDN IV

WORKING BASIS STRUCTURE FOR THE MULTICOMMODITY PROBLEM

In the following séctions the generalized upper bounding algorithm
is applied to the multicommodity problem, Because of the special

structure, significant simplificatiaons occur.

Consider any basis matrix B for the multicommodity problem (6).

By Theorem 1 the basis matrix can be partitioned as follows

(z8)

N
. i \
s+1 { Hl 0
Tows
A A e A
= = TR i >/f+l ToWs
H -5 R, I
rows
s
By
B= O
Hg
H3 ]
0
B
K
—
s+l I—s
calumss calumns
14
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In this basis there are s saturated arcs, and hence ,(- 8 slack
variables in the basis, For each of the K commodities there is a
diagonal block Bi which, by Theorem 1, is an N-1 x N-1 noneihgular.
submatrix of the node arc inciderce matrix F, The remaining s+l
calumns in [Rl R2 R3]' consist nf the cost variable (which is always
the first basic variable) and s columns which are excess columns from

some of the commodity blocks,

It is well knowrn that the N-1 arcs corresponding to the columns
of each matrix Bi form a spanning tree in the network [ 2]. Caonsequently
we will be able to perform all the simplex operations which require
B;l by graph theoretic mears, so it is not necessary to maintain these \
inverses (or the matrices Bi) explicitly.

The only portions of the algorithm which are not "graph theoretic"
irvolve multiplication by the working basis inverse, so we now consider V

the structure of the working basis, It .arises from the submatrix

L

of B in (28) when B is triangularized by driving R3 to zero,

Suppsse P is cne of the s excess columns in [Rl Rz RBJ’ of the

th

basis, and that it is from the k commodity blecck, so
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E.:(PD’D"' D’ P D--nD)'

k!
0 has /(-+ 1 components and Pk has N-1, The
corresponding column in the working basis will then be given by

where P

-1
Q, = Py - Aq B F (29)

(see (12)). rnot contained in B

th

Here P is a column of F

k
so it corresponds to an out-of-tree arc for the k

k1

commodity.

Rny such cut-of-trge, arc forms a unique circiit with the arcs

of the spanning tree, ard this circuit is described by the vector

-l b rose jth

- B Py

component is [1 ]

+«1 if the tree arc corresponding to the jth column of B

k
is in the circuit and oriented the same as the out of tree arc,

-1 1if the tree arc corresponding to the jth column of B is

k
in the circuit and orierted ir the opposite direction as the
out of tree arc.

th

0 1if the tree arc corresponding to the j column of Bk is

n2t in the circuit.

;l Pk can be calculated withaut knowing B

by a simple labelin. arocess in the network:

-1
k

Hernce the vector - B
(a) Label the destiratizs risde of the cut-of-tree arc with

the label +0. Go to Step b,




(b)

(d)

17

Take scme node n which has been labeled but nat scanned
and scas it, This means that every unlabeled node which

is con-mected to rode n by a trce arc (in the Kth spanning
tree) is given a lsbel, If the new node is reached by
moving forward on arc B’ then the new node is labeled +m,
If the new rade is reached by moving backward on arc Y

then the rew rode is labeled -m, Go to Gtep c.

If the origir rode of the out-cf-tree arc has been

labeled, go to Step d, Otherwise go to Step b,

Backtrack through the tree until the +0 label is found,

recording the vector -B;1 Pk as the backtracking is

performed,
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The submatrix A in (29) has columns which contain a cost

kl
coefficient as the first component, and either zeroes or a unit

vectors as the remaining components., Essentially this matrix per-
mates the arcs of the tree into the order in which they appear

in the capacity constraints, Because B;l Pk is all 0 or +1,

no multiplications are required to compute Akl B;l Pk and hence

QD in (29) is readily computed. This column IQD of the working

basis can be interpreted as follows, For i =1, ..., £ 1let the

ith capacitated arc be the ore corresponding to the '1+1th TOw

of B, Then

a) The 7irst component of QU is the sum of the cost
coefficients of arcs in the circuit for P, with a
plus sign for arcs criented as P's arc and minus

otherwise,

b) The remaining comporents are all zero or + ones with the

i+lth component being

+1 1if the ith capacitated arc is the arc associated with
the column P .

+1 if the ith capacitated arc is in the urique
circuit formed in the tree by the additior of P
ard oriented the same as P.

-1 if the ith capacitated arc is in the unique circuit
formed in the tree by the addition of P, but orierted
opposite to P,

0 otherwise,

As a result of this interpretatio-, QO car be computed by a simple

extension of the labeling algorithm for firmding circuits,
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] The slack columns in the original basis are not affected by the

triargularization. Hence the working basis B8 will have the form

51 i} } 8+1
B =

5 I fta
e\ /

8+l A -8

(30)

ra

¥

! where the columns of 52 have the form of QD in (29),

! The algorithm preserted in Bection III irvolves the inverse of B

in several places, 1In general, the elements of g-1 are not integers,

‘ and it is necessary to maintain Bml explicitly, The presence of the

slack calumrs lets us write

-1
S1 0
gl - (31)
-1
-5251 I
ard we will mai-tai-n only SIl explicitly, Rows of -§ S_l

29 are

just e-lirear combinations of rows of Sil with coefficients +1,

S0 they are easily obtainable fram Sil wherever needed,
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The result, then, of the speclal structure of the multicommodity

problem is that it suffices to maintain and update a submatrix,
Sil, of the working basis inverse, The dimension of Sil is

s+l, where there are 8 saturated arcs in the current basis B.
Thus, considerable savings are obtained whenever the number of
saturated arcs is small relative to the total number of capacitated

arcs, All other computations are performed by graph thearetic means.




SECTION Vv
THE ALGORITHM FOR THF MULTICOMMODITY PROBLEM

Assume that at the beginning of some simplex iteration the
following guantities are known:

1. The Submatrix 8] of B! in (31)

¢. The values and indices of the basic variables

3. The spanring tree for each commodity

In addition it may be desirable to maintain the submatrix V of

T in (9) ard the submatrix 52 of B in (30) (see Section VI

for further discussion). The simplex iteration proceeds as follows,

Determining the simplex multipliers, By (15) the multipliers T

for the capacity corstraints are fourd in the first row of 8'1,

Referrirg to (31) multipliers for saturated arcs are found in the

first row of Sil ard multipliers for unsaturated arcs are zero.

Urcapacitated arcs can be assigned a multiplier of zero. The vector

m K contains multipliers for the rows intersecting the kth commodity

block. By (15) these satisfy
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The vector ’TD has a 1 as itg first component, and the first row

of Akl
th

K tree. Hence for 1< 1< N -] ghe

-’TD Akl is the cost Coefficient of the ith

minus the component of TTD

this the price, pé, of the ith tree arc,

contains the negativeg gf the coefficients for the arecs-in the
.th

Component of

arc of the kth tree

torresponding to this arc*. UWe will call

Since Bk is triangular,

equations (32) can he solved by successive elimiraticn, 1In graph

theoretic terms the procedure is:

1. Assign rode N a multiplier of @
this node has been dropped from F)

n

2. Suppose the multiplier ™ kl
evaluated and nl is caonnected to

in the tree with price p;:' Then
2 1 i, :
n = T
kK = K + pk if the arc is
m 2 k|

= Ty - pi if the arc is

3. Cortirue brasching alcrg the kth
have beer assigred multipliers fgr

*
Strictly Speaking, Urcapacitated arcs haye

The multiplier faor such an arc is taken tg

(the eguation for

for rode nl has been

n, by an arc CH

oriented nl__>n2
oriented nz—-a-nl

tree ugtil all ngdes
the k commadity,

No compcnerts in TTD.
be zerag,
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Determi-i=g the colum= to enter the basis, Let ¢ be the

km
relative cost factor for Xiem Referring to (6), Ekm has at most

four nor-zero terms:

where

") is the origin node of arc o

r~ 15 the destiration node of arc am

ard
nDjm is the compcnent of "D corresponding to arc 8 if
the arc is capacitated and zero otherwise,
The slack variable Si has relative cost factor - ﬂDi'

Suppose column P_ = [PSU,
th

k- commodity block is chosen to enter the basis, (k = 0 implies

D s e e U’ Psk, O LI ) D]' fI‘Clm thE

P is a slack column),
—s

-1

A
Fimdi=g ES =8 Ee The trarsformation of the entering column

P_ i- terms of the currert basis is outlined in equations (21) - (26).

I~ terms of the multicommodity praoblem these steps became

Zi S |0 IN= Pl Seia 11 1#£k
-1

Zk = Bk psk
-1 -1

ZD =B~ (P 0- Akl Zk) =B Q_D

Note tnat Zk is just the =—egative of a circuit vector a-~d QSD is

a valum- like QD ia (29),




n
£

Hence both Zk and QsD can be computed using the graph theaoretic

labeling process described in Section IV, To obtain ZD it is
necessary to multiply by B'l, a non-graph operaticn, The details

of the computation are:

2
= = S 1
Zy = 8" Qgq 1 L Ueo
-1 2
-5,5, I Un
[ -1 1 7]
Sl QSU
1.1
‘%%.Qw'*io

So a matrix multiplication of order s+l must be performed to get
Sil qu . Then the rest of the calumn is generated by additive

operations, sirce S2 is a matrix of zeraos and + 1l's,

A
Transforming back to Es is accomplished as in (24) - (26) by

B z

s0~ "0
ﬁsi =V, Z, 121, eeus K3 1#K
- AT S

sk = 'k 0 k

Here Ui is an N-1 x ,(+l matrix which is all zero except ir

columns corresponding to excess columns from commodity block i,
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The nonzero columns contain the circuit vectors for those excess
columns (see (10))., Thus this transformation from 2z to E;

is also accomplished using only additive operations, If the entering
Column is a slack column, then the computations are even simpler -

all Z;, are zero (i # 0), and Z, 1is just a column of B'l.

Choosing the Column to leave the Basis., This is done according to

the standard simplex formulas, Assume that column r pf B 1leaves
the basis, Since computing the new values of the basic variables

also proceeds as in the standard simplex method, we now consider up-
1

datirg the submatrix Si




SECTION VI
UPDATING FORMULAS

In previcus sections, we have maintained only a submatrix Sil
of B'l. All other quantitites are calculated as needed by graph

theoretic and additive methods. Hence, in the updating procedures

-1 -1

for B °, it suffices to ccnsider updating anly Sl . The cases

are the same as in Section III,

Case 1 UWhen the leaving column is non-key, B'l is updated

by

-1 -1

2= Sl N < (33)

where E 1is an elementary column matrix, Since none of the diagonal
blocks are affected, the spanning trees are urnchanged, There are
L subcases:

a) The leavirg column is a flow column, and the entering
coclumn is a flow column,

h) The leaving column is a flow column, and the entering
column is a slack columr,

c) The leavirg cclumn is a slack column, and the entering
column is a flow coclumn.

d) The leaving column is a slack column, and the entering
colum: is a slack column.

Consider first Cases 1a ard 1p  in which the leaving column

is a flow column, Thern, writing (33) in partitioned form gives

na
(N3]




n 0 si 0 .5

- -]
% I 5,5, I ~*S,*5] I

where

I (34)
*87 = | ﬂi 5,

Hence S, is vpdated by an elementary column matrix,

it
If the entering column is a flcw calumn, then the updating

is complete. If the entering column is a slack column, then

-1
1

contais a unit vectar calumn, To see this, suppose that the leaving

S can be reduced in dimensicn by cne, since *Sil in (74) will l

colums is in positicon r in $ha basis (r < s+l) and that the slack

in row t (8 < s+41) is entering. As shoun in Secticn V the first

. th
{+1 comprients of the tranzfermsd entering column are the t '

coxlumn of B'l. Updating the working basis is accomplished by

e : .
pivatinrg on the 1 element ¢f this calumn, as illustrated below:

sil 0 n
D T
-= (pivot)
element
-1
_5251 I
|
‘ column & Pivzt column is
e B-l calumn t of

B—l




Sir:ce the pivot reduces the pivot column to a unit vector, it will also

B-l th

reduce column t of to the r unit vector, Corsequertly we car

reduce the dimersion of *SIl by dropping its tth column and rth Tow,

In Cases 1lc ard 1d, the leaving column is a slack column 3ip

position r in the basis (r>s + 1), so (33) becomes

E X g1 = +g~1
1 o 7o sil 0 ='=sll 0 ||
1
i |
I | | '
| -1 o sc-l

0 N =5,5 ! =855 i (35)

« ‘ < l

| \

IL\.'-—"J'
Here 5+1
B column
L r
*sil - X1-| o "{ 0 EEJ EIl
il o
, 5 {37)
= - v ]
. I Z 1
where v 1is the rmsmlth row af 52. As seen from (35), the black
1

triarguiar structure of B~ has been destroyed by the preserce of the

eta column, If the enterirg column is the slack in row t, (Case 1d)

1 th

then just as in Case 1lb, column t of *B7™" will contai- the r

vrit vector., The stricture can ther be restored by exchangirg the

rth and tth columrs of *B'l. This carresponds to replaczi-g colum-

t of *SIl (which is a zera coclum~) with the colum— ?1.
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Finally, if the entering column is a flow column (Case lc),
*511

in the basis. To preserve the structure of *8

must increase in size by one since there is one less slack
'1, the r*" column
and row are moved to position s8+2. Then *Sil is sugmented by a

border

unere ( is the r-s-1%" element of 9, &nd u is the r-g-1%h
row of -*S, *Sil. To compute w note from (35) that
! I
-1 -1
_*52*51 = | Z 52 Sl
h
Hence its r-s-l1 L Tow is
-1 -1
- 0 q 0 52 Sl = -Ylv Sl (37)

where, as in (36), v is the r-s-lth row of 52. If the calculations

in (36) are carried out from right to left(as is clearly preferable),

vSIl will already have been computed,
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Casg 2 When the leaving column is a key column, the corresponding
arc is an arc in one of the spanning trees (say for commodity k). Re-
moving it from the basis will destroy this tree, so the kth spanning
tree must be redefined. As in Oase 2a of Section III, we first attempt
to exchange the leaving column with a basic non-key column from block k.
Consider the basic non-key columns from block k. The arc corresponding
to each of these induces a unique circuit in the kth tree, If one of
these circuits contains the leaving column, then adding that arc to the
tree and removing the leaving column will leave us with a new spanning tree.

Rs in Section III, the working basis is then updated by an elementary rouw

matrix,

R l B (38)

The vector v is a row of the submatrix V in (10). It contains zeroes
except for +1 in columns corresponding to excess columns from block k
whose circuits involve the leaving column, Hence, in particular, v is
zero in the last ,(-s .columns, the slack columns, Hence, in partitianed

form (38) is

-1 V1 -1
1

*S

I 0 I .5 .51

_%G_*G5°
5p*5) 29
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e i ottt

where vy contains the first s+1 components of v, Then

T
ol
, v -1
*S-l = l Sl
4 1 |
Fy !

gives the updating relation for *Sil. Note that only one row of

Sil changes, and that row becomes a linear combination of rows of

Sil with coefficients 0, + 1. Hence no multiplication is required

for this update, 1

If no such exchange is possible, then, as in Case 2b of Section
III, a direct pivot can be performed, A single spanning treeits: rede-

fined (one arc changes). There is no change in the working basis and

hence no change in Sil. ﬁ

In each case, in addition to updating Sll and one of the K

spanning trees, we may wish to update the submatrices V and 52.

Each column of V contains at most one nonzero partition, and that

-1
k P

partition is a circuit vector of the form -8B

When a non~key column leaves the basis, (Case 1), one column of

V will change and a new circuit vector must be computed, UWhen a
th

key column leaves,a spanning teee (say the k tree) changes,so all
circuit vectors in Uk must be recomputed. Since at most two partitions
of VUV are changed at any iteration, it may be desirable to store the

nanzero columns aof Vk explicitly., Since these contair only zeroes
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and + ones, they cen be stored compactly. The slternative is to
recompute them at each cycle, The best course of action depends an

the amount of high speed storage available.

The matrix 82 is a submatrix of B, and as shown in (29) B

has columns of the form

-9
Qg = Pg - A B By

As shown in Section 1V, QU is essentially a permutation of the circuit

-1

vectaor -Ek Pk. Hence 52 probably should not be stored explicitly;

it is easily generated as needed from the columns of V,




SECTION VII

MAX FLOW PROBLEMS AND UNDIRECTED ARCS

To solve the max flow problem, a column for the commodity flow

variable fk must be added to the kth block. This column corresponds

to a fictitious arc from the sink tk to the source 8, for commodity

k. The right hand side vectors d_ in (6) are all zero, and the cost
coefficients are unity for the fk and zeroes otherwise, Aside from
the change fram minimization to maximization, the algorithm proceeds

as before,

As shown in [ 3 ] problems with undirected arcs can be formulated

by defining new variables yé% and yéﬁ satisfying

+ =
m = Ykm T Ykm
+ =
Ykm -> 0, Ykm -> g

T ——

Ther the capaecity constraint

E lka ,<; bm

becomes

2 (yé; + yéﬁ) < b

K m
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e

-

provided that

+ o
Yiem  Yikm 0 (39)

If the problem has an optimal solution, then it has a solution in which

(39) is satisfied., The constreint matrix then takes the form

r—t Pt o oy oy 0N 0 O e e

1 3 L] ‘[-‘l . ] . t‘ﬂ G
ol 1 11 ol1 |oO e e I | o1 0
F -F
| )
.
' F -F

The algorithm described above can be applied directly to this case.
The structure of the working basis is exactly the same. The only
change is that the extra columns must be considered in the pricing

operationy

e
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