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Fart I

The Heuristic Model and Its Application

by
T. H. Gawain, D.Sc.
and

J. W. Pritchet



1.1 INTRODUCTION

The Naval Radiological Defense Laboratory, prior to its disestablish-
ment in June 1969, had for some time beer rursuing studies in numerical
hydrodynamics in the field of underwater explosions. It is well known
that fluid turbulence forms an important aspect of this problem. In fact,
the lack of an adequate theory of turbulence has been an important limita-
tion on the development of numerical hydrodynamics for applications not
only to the explosion problem, but also to fluid mechanics problems of
every type. There continues to be an urgent need to overcome this obstacle.

Consequently, an agreement was reached between NRDL &nd the Naval

Postgraduate School some time ago for a joint attack on the problems of
fluid turbulence. Two main approaches were investigated. The first approach
emphasized fundamental understanding of the phenomena without undue concern
about developing computational methods for application to practicel problems.
The second approach emphasizes the development of a feasible, heuristic
computational method at the expense, if necessary, of analytical rigor.
This report documents the excellent results that have been achieved in
connection with this later goal. Reference (1), although now largely
superseded by more recent work, documents some earlier effort along the
other avenue of attack. Further work is continuing at the Postgraduate
School.

Unfortunately, the Naval Radiological Laboratory was disestablished
in the midst of this research. The abrupt cessation of NRDL activities

made it virtually impossible to complete certain details of the



nathematical model in a satisfactory manner. It was therefore decided to
hold up distribution of a final report until such time as these additional
points could be worked out. Meanvhile, the press of other sponccred research
compelled the inveatigators to lay thia task aside for a considerable time.

Fortunately, it war. eventually possible to complete and revise the
detaila mentioned above. Consequently, the present report, which describes
tﬁe final mode., ia now being released for publication at last. Although
the'nnjor part of the work described was accomplished some time ago, the
-62:1 1tl;1f aﬁould continue to be of scientific interest for.oome time,
owing.to the basic and long term nature of the problem with which it deals.

As an intereating hiatoric note, it seems worthwhile to.méﬁfion that
lthe heuriatic model developed in this report resembles in aome fespectc
the approach first auggested by Prandtl in 1945, Ref. (2). It also ﬁan'
‘nonﬁ aimilaritiea to, and aome differences from, the more receﬁt work of
Harlow and his asaociatea, References (3) and (4). -

In incompreasible flow, whether laminar or turbulent, the equaticns
of momentum and continuity, along vifh the boundary conditi&ﬁs.‘theoretically
auffice to establish éompletely the exact fldid motion. If the flow hgppenn
to be turbulent, howvever, the actual detailed motion becomes s0 complex
that, although it is in principle deierminate. its actual calculation
would impoae an overwvhelming computationel burden.

The usual way around this difficulty is to average the equstions of
momentum and continuity. This results, of course, in an enormous
simplification. Unfortunately, it also involves a significant ;nd irre-
trievalbe losa of essential information. Consequently, owing to the
preaence of the unknown Reynolds stresses which are created by this iver-
aging proceaa, the averaged equations of momentum and continuity do not

in themaelvea comprise a determinate set.
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In order to define a dcterminate solution, additional relations are
required to fix the unknown Reynolds stresses. Unfortunately, théscv
supplementary relations cannot be established from the origin#l ecuations
by any purely deductive process. For this purpose, supplementary empirical
hypotheses are an unavoidable recessity.

From another viewpoint, it may be stated that the averaged equations
of motion show the effect of the Reynolds stresses upon the mean flow.
However, the reciprocal effecfiof the mean flow uporn the Reynolds stresses
is lost in the averaging process. Hence some adequate hypothesie must b;
found for representing this relation, at least approximately.

Fcr this purpose, a heuristic appro~ch which seems plauaible is to
postulate a relation between the Reynolds stresses and the mean flow which
is analogous to the relation that is known to govern ;he viscous stresses.
The analogue of the ordinary molecular kinematic viséésity is the so-
called eddy kinemitic viscosity. The problem becomes, therefore? to
determine empirically the general law which governs thi; mean effective
eddy viscosity at every space/time point in the flow field.

The eddy viscosity presumably depends on a number of'variables,'one
of the most important of which is the local kinetic energy of turbulence.
Therefore, it becomes necessary to find the space/time distribution of the
turbulent energy. Fortunately, the governing energy equation can be
deduced rigorously from the original equations of motipn. However, the
energy equation itself introduces two additional unknowns which can only
be approximated in the same heuristic and empirical fashion as the eddy
viscosity itself. The additioral unknowns are the rate of diqsipation of
turbulent energy into heat, and the rate of turbulent diffusion of energy.

Theory and experiment both show that the eddy viscosity, and the
dissipation and diffusion functions as well, depend not only on the

4



turbulent energy itself, but also on a local length scale parameter which
can be associated with each space/time point in the flow field. Von
Karman was perhaps the first to point out how a physically meaningful
characteristic length can te defined in terms of local space derivatives
of the mean velocity at any peint in the flow. In the present paper, the
original approach of von Karman is further developed and refined. It now
takes into account not only the velocity derivatives at the designated
point itself, but also the values in the general vicinity of the point.
By employing dimensional analysis, and by applying the availahble
experimantal data, we finally obtain three empirical expressions which

determine to a reasonable approximation the eddy viscosity, the heat

, dissipation and the turbulent diffusion, respectively. These expressions

also involve the turbulent erergy, the local length parameter, and the
distance t» the nearest fixed wall (if any). Of course, these empirical
expressions are amenaﬁle to further investigation and development.

In this way a single consistent and determinate set of equations is
established which applies in principle to any incompressihle turbulent
flow field. Only the boundary conditions differ for each specific |
application.

The application of this heuristic model is shown for two widely
different cases, namely, a two-dimensioral duct, and an axi-symmetric jet.
The distributions of energy and Reynolds stress are computed for each
case and compared with experimental measurements. The apreement is
satisfactory.

These results, although limited in extent, strongly suggest that the
proposed heuristic model of fluid turbulence is basically correct, at

least in its main essentials.



This report 1s divided into two parts. Part I summarizes the final
heuristic model and illustrates its application to two typical cases,.
namely, a channel flow and a free jet. Part II pives the corresponding
detailed background, theory and rationale. It tells why the final model
is just what it i1s. It shows how the various parameters of the model are
related to fundamental aspects of turbulent correlation aﬁd spectra. An
original analysis is presented of :he general tensor relation bLetween
stress and strain rate. This provides the basis for judging both the
usefulness and the limitations of the eddy viscosity concept as employed
in the heuristic model. The energy equation is derived from first
principles, then transformed so as to bLe practically useful. This part of
the report also raises various questions of a fundamental nature which

could be fruitful for future research.
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1.2 SYNBOLS

Local dimensionless length scale in jet

Overall dimensionless length scale of

cross-section in je

t

Cross-sectional area

Channel half width,or jet reference length

Functions in momentum equations for jet

2 2

Exponints in definitions of 12, J, A%,

and T

Arbitrarz cor .*ants in definitions of

A2 and 1

Determinant. Also diameter of jet

Mean kinetic energy of turbulence per

unit mass

Instantaneous kinetic energy of turbulence

per unit mass

Rate of dissipation of turbulent energy
per unit mass into heat.

Gaussian function

Ratio of local length scale of mean flow
to correlation length

Ratio of local time scale of mean flow

to correlation time

Ref. Egs.
1-6-31
1.6-28
1.6-1

1.6-9 thru -14

2.6-14 thru -~19

2-6-8'-9

2 -6-1(‘

1-3-]6, 2.3-5

A-12

2-8-8

1 . 6-6

2.5"1

2.5-2

Non-isotropic tensor in generalized stress/ 2.7-16

strain rate law

Denotes values of f
of strain rate

1)

for principal axes



F!

F, G, H.

Cy» G Gy

4 (5)

i, 3, k, 1

I, J

(n)

R

r, z, 0

Dimensioniess stream function of jet
dF
Denctes derivative an

Functions in energy equation for two-
dimensional channel

Parameter in stress/strain rate law
Functions in analysis of jet

Integral of weighting function

Integral of spatial weighting function
Integral of temporal weighting function
Tensor indices

Characteristic integrals for a point

Ven Karman's mixing length

Superscript indicating realization number
Reynolds number

Kinematic pressure (pressure divided by
density) <of turbulent fluctuations

Kinematic pressure (pressure divided by
density) of mean flow

Root mean square turbulent velocity
fluctuation

Cylindrical coordinates: radial, axial,

and angular, respectively

Correlation tensor
Spatial correlation tensor
Temporal correlation temsor

Exponential constant in Gaussian velocity
distribution for jet (s = 0.102)

Time

1o6"1

1.5-25, -26-27

2.7-28

1.6-25, -26, -27
1.3-11

2.5-9

2 . 5-10

1.3-13 and ~-14
1o5-7. -8

1.3-16

2o3"6

2o3"9

2o3"9

1-6"6




At

1)

1}

Tij

(&
(D
W

(s)

D

ox

Time increment
Semi-interval for time averaging

Viscous stress tensor for turbulent
fluctuations

Viscous stress tensor for mean flow

Viscous stress tensor for mean flow plus

turbulent fluctuation
Turbulent velocity fluctuation
Mean velocity

Velocity of mean flow plus turbulent
fluctuation

Radial and axial components, respectively,

of axi~-symmetric mean flow

Reference velocity of turbulent jet

Kinematic Reynolds stress tensor (stress

divided by density)
¥riction velocity
Element of volume

Weighting function

Spatial weighting function
Temporal weighting function

Normalized weighting funrtion
Normalized spatial weighting function

Normalized temporal weighting function

Position vector of arbitrary fixed
reference point

Position vector of variable point

Displacement vector

2.3-1
2.2-4

A-16

2.2

2

2.2-1

106"1

207-1

105"2

1.3-10

205“4
2.5.5

1 03-12
2.5-12

2 . 5-13

1.3-9



M11°732:7%5

e, '

(1

Cartesian coordinates

Distance to nearest wall, or distance
from centerline of jet or center plane
of channel

Axial coordinate. Also nondimensional
wall distance exponent

Dimensionless eddy viscosity coefficient
Dimensionless heat dissipation coefficients
Dimensionless diffusion coefficient

Strain rate tersor of turbulent
fluctuations

Strain rate tenscr of mean flow

Strain rate tensor components for principal
axes of strain rate

1.5-23
1.3-5,-18
1.3-19,2.8-10
1.3-20,2.8-21

A-17

1.3-4

The Kronecker delta tensor, with value unity

for equal indices, but zero otherwise
Effective eddy kinematic viscosity

Eddy viscosity in centerline of jet

Tensor versions of eddy viscosity
"Pressure diffusion’” coefficient
Kinetic energy diffusion coefficient
Radial coordinate

Dimensionless distance from center plane
of two-dimensional channel, or from
centerline of jet

Angular coordinate

Strain rate parameter in stress/strain rste
law

Constant in von Karman's mixing length
theory

10

2.7-22 '
1.6-16

2.7-13,-14

2.8-17

208'18
B-11

1.5-1

2.7-26

1.5-8




T o

Q'

Note:

Wave number vector

Local length scale of mean flow
Overall length scale

Correlation distance

Dissipation length

Molecular kinematic viscosity
Separation distance in meridional plane
Summation sign

Local time scale of mean flow
Correlation time

Kinematic Reynolds stress tensor (stress
divided by density)

Distortional kinematic stress tensor

Residual non-isotropic kinematic stress
tensor

Viscous distortional stress tensor

Invariant of the tensor 1!

1)

Invariant of the tensor 1’

1]

Fourier transform of the correlation
tensor Rij

Stream function for jet. Also auxiliary
weighting function for axi-symmetric flows

Stress parameter in stress/strain rate law
Angular frequency or temporal wave number

Invariant of strain rate tensor
representing generalized shearing rate

Absolute magnitude of the gradient of Q

In the jet analysis, subscript 1 on any quantity
denotes the values at z = 1. It is therefore
always a function of n only.
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1.5-8
1.3-15
1.3-8
2.3-11

2.8-8

2.6-18
2.3-12

207-1

20 7"“
2 . 7-19
2 . 7-10

2.7-5

20“"2
1.6-1
B-13
2.7- 29

103-6

1.3-7.2.6-5



1.3 SUMMARY OF BASIC EQUATIONS OF THF HEURISTIC MODEL

The purpose of this section is to summarize the basic equations
which, taken together, constitute the proposed heuristic model of fluid
turbulence. A few explaratory comments arc offered to identify these
various equations and to show their general relation te the overall theory,
but no detailed justification is given in this section; such details are
included in other parts of this report. Also, the equations in this
section are sthted in three dimensional cartesian form. The reductions
to forms specifically applicable to plane or axi-symmetrical mean flows
are treated elsewhere.

An incompressible mean flow field must everywhere satisfy the

continuity condition

Tl 0 (1.3-1)

and the ensemble averaged Navier Stokes equations of motion

2
au U it I
=) o) ) - B B »
(at axj 1) 8xjaxj axy 8xj

as vell as the particular boundary conditions appropriate to the specific

flow field under consideration.
However, because of the occurence of the unknown Reynolds stress
tij’ Fgs. (-1) and (-2) do not in themselves constitute a deterwinate set

of equations. In order to define a determinate solution, additional relations

are required. Purely deductive theory alone does not provide these relationms.
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Hence appropriate supplementary hypotheses must be tentatively postulated,
subject to eventual verification, modification or disprcof by experimental
evidence.

For the reason discussed at length elsewhere, we postulate that
the Reynolds stresses can be adequately related to the strain rates of the
mean flow through a law which has been deliberately somewhat oversimplified
to the form

1 2
Tij -39 éij + erij (-3)

In this equation, q2 is the mean square velocity of the turbulent
fluctuations, € is the so-called eddy kinematic viscosity, and I‘ij is the

strain rate of the mean flow as defined by the expression

U, v
- |—d 41 -
T13 [axi + o, T S

Unfortunately, the eddy viscosity ¢ as defired above is not a simple
property of the fluid itself, but rather a complex property of the turbulent
flow field. Physical and dimensional reasoning leads to a supplemantary

postulate, namely that € is expressible in the following form.

[ﬁ] -a (-5)

Here ) represents a local length scale, defined below, which varies
from point to point in the field, but which is everywhere related iﬁ a
consistent way to the local mean velocity distribution. The dimensionless
coefficient a is a slowly varying universal function not predictatle from
theory, but determinable from experimental data. This function is specified

later in Eq. (-18)

13
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To establish the quantity A at any point X, we proceed as follows.

We first compute the following mean flow variables throughout the field,

namely,
2.1
6" =3 Tyl yy
2 1 392 392
@) = Flax) ox
1777

Then we compute the reference quantity

AZ - fﬂadv
1 2
J(aR')“dv

where the volume integrals extend over the entire field. Of course Az
therefore a characteristic constant for the field as a whole and is

independent of X, but it may vary as a function of time if the mean flow

be unsteady.
The calculation continues as follows.

the entire field of flow. Let

All integrals extend over

(~6)

(-7)

(-8)

X = coordinate of the fixed point at which )2 is being evaluated

®' = coordinate of variable point at which integrands below are

evaluated

AX = (X' - ¥ = separation variable

- A%AX
5
W=e = weighting function
K = fwdv' = normalizing integral
w -'g = normalized weighting function

14

(-9)

(-10)

(-11)

(-12)




Lo L g
I2 = Iwﬁadv’ = first characteristic intepral (-13)
Jz = Iw(QQ')zdv = second characteristic intepral (-14)

Of course the integrals I2 and J2 are functions of X and, if the
mesn flow is unsteady, of time t as well.
The required length scale A at any point X is finally given by the

ratic

N

ey | (-15)
' J

*

The above caiculation sequence establishes not only the desirea
local length scale A but also the useful auxiliary quantity J. It.;urnq
out that J is needed below in comnection with the energy equation. Thg
rationale involved is fully explained elsewhere in this report. |

If thé mean flow happens to be either plane or axi-symmetric, all
of the above volume integrals can bte reduced to correspondiné surface
integrals. The reduction for the axi-symmetric case is rather iﬁterestiug;
it is given in Appendix B. |

If the flow field happens to be self-similar, the above calculations
need be made on only one representative cross-section. Corresponding
results for other.cross—sections are then found simply by applying the
proper scaling rples. If the flow field is not self-similar, all points
must be computed independently. If the flow field is steady, the calcula-
tions can be made once and for all. If it is unsteady, they must, of
course, be repeated at appropriate intervals of time.

Once the distribution of A has finally been established, it is then
necessary to determine the distribution of the turbulent energy E, or

equivalently, of the root mean square turbulent velocity

15



q= /if ('16)

This is goveraed by the energy equation

) . o? - weomy /6513 - 2y b 2| [2E ]
() - ca? - 52y’ 3"1(L1N+3"1E€[3"1D (-17)

Of course the eddy viscosity € in the energy equation is the same
as that earlier defined in Eq. (-5) in connection with the stress/strain
rate law. If desired, Eq. (-5) may be used to eliminate ¢ from the
energy equation. In any casz, the coefiicient a which governs ¢ is fixed
by Eq. (-18) below.

Fach term in Eq. (-17) has dimensions of time rate of change of
energy par unit mass. The four terms on the right represent, respectively,
generation of turbulent energy, dissipation to heat, convection by the
mean flow, .and turbulent diffusion. Molecular diffusion is negligible.

The dimensionless coefficjients B and y which occur in the energy
eaquation, like the dimensionless coefficient a introduced earlier, are
assumed to be well behaved universal functions. However, they are not
determinable from theory, but must be established empirically.

On the basis of the work done £o far, the following exptegsiona

seer to provide satisfactory agreement with the available data.

_(1 -1}2
e 0.065{1 +e O } (-18)

_(X -1]2

%-3.7 e (-19) i
_(1 _1]2 .

y = 1.4 - 0.4e \* | (-20)

16




In these expressions, y is the distance to the nearest fixed
boundary. As the boundary is approached y approaches zero, tut it turns
“out that under these conditions, the length parameter A also approaches
zero simultaneously, so that the ratio % remains finite. In fact, 1t
happens that at the wall itself, (%] equals unity (not zero). In any case,

A
arbitrarily be assigned a lower limit of unity. On the other Land, far

it is stipulated in connection with the atove formulas, that (Z] shall

from any fixed boundary, or in the aktsence of fixed Loundaries, ve set
y = =, whereupon a, R, and y reduce to three simple constants.

The proposed heuristic model of fluid turbulence consists, therefore,
of tne foregoing equations (-1) through (-20) inclusive, plus the particular
boundary conditions appropriate to tlie specific problem under consideration.
This system of equations theoretically defines a determinate solution for
the general case of inhomogeneous and non-stationary fluid turbulence. It
fixes the mean flow field, the distribution of turbulent energy and the
Reynolds stresses.

The results obtained so far tend to support the proposed model, but
further work 18 necessary to ascertain more fully its adequacy and raﬁge of
applicability. Various features of the model are readily amenahlé to
modification if necessary, so as to improve its range and accuracf.

An important merit of the model, if it continues to prove successful,
is that it reduces a wide range cf dJdissimilar flow peometries and flow

conditions to a single unified theory.
1.4 CENEPAI METHCOD OF SOLUTION

Although the equations (-1) through (-20) of the previous sectien,

along with the appropriate boundary corditions, theorvetically suffice to
17



determine all characteristics of the flow field, the actual solution of
this system of equations for any non-trivial case is by no means siﬁple.
Let us consider first the general case of an unsteady mean £1;w, with the
initial velocity distritution of time t = O arbitrarily prescribed.

0f course, the prescribed initial velocity distribution must satisfy
the continuity condition, Eq. (-1). This offers no particular difficulty.
In the usual case in which the mean flow is either plane or axi-symmetric,
the continuity conditior may hte satisfied identically by expressing the
velocity components in terms of a stream function. Let us suppose that
this has been done, and that the cofresponding mean flow velocity components
at time t=C have been calculated. The sulsequent calculation procedure may

nov. be described in somewhat general terms as follows.

The next step i1s to perform the sequencc of calculations summarized
in Eqs. (—4? through (-15). In this way is ottained the local lenpth
scale A at every point in the field, and the quantity J.

Next we must solve the energv equation (-17) for the mean sauare
turbulent velocity q at every field point. For this purpose we suhstitpte
Ea. (-5) into (-17) and use Eqs. (-18), (-19), and (-20) to evaluate the
three empirical coefficients o, f#, and Y. (In some cases the actual
distribufion of the turtulent energy E = %2 may te known from experimental
measurément. I1f so, we have at this point one important comparison between
theory and experiment.)

Once estimates of A and  are available from the foregoing calculations,

it becomes a simple matter to solve Ea. (-5) for the eddy viscosity ¢, and

Ea. (~3) for the Reynolds stresses.
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The Peynolds stresses ottained in this way may now be substituted
back into the Navier Stokes relations, Fas. (-2). By taking the divefgence

of Lqs. (~2), we find that

2 2
2°p 24 ‘ |
(axiax ] == .')xia—xj[ljuj + 1yl (1.4-1)

Since mean velocity and stress are at this point l'nown, the alove result
can ke solved for the pressure distribution, subject to the specified
boundary conditions on pressure. This part of the solution involves a

lengthy iteration procedure, but is strajiphtforvard in princinle.

Once Ui, 111, and P are all estahlished, we can revert to Eq. (-2)
) ¢ ol '
and solve for the time rate of change of velocity {3{1} at every field

point. By 1néegrating forward through time over a small interval, we

can find the néw mean velocity distritution at the later time.
, The atove procedure may Le repeaied as often as desired, thus
tracing the gradual evolution of the flow field over time. If the boundary
conditions happen to be stationary in time, the entire flovw fieldlwill
evolve toward a stationary state, thus defining the solution of the
corresponding steady state problem.

The alova process of reaching a2 steady state asymptotically in
time can be quite expensive in terms.of.computational effort and time
required. It is often possible to shorten or abridge the above calculation
in various ways, depending on the situation. For example, instead of
substituting the Reynolds stresses predicted by Fa. (-3) into the Navier
Stokes law Fn. (-2), we can solve the latter for the Reynoldr stresses
"required" in order to maintain the prescrilied mean motion in a steady
state. These 'required" stresses can then be compared with the stresses

"predicted" from Eq. (~3). If the agreement between the two sets of
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stresses is deemed satisfactory, this can be taken as a verificationu of the
adequacy of the given velocity distribution as a estimate of the steady
state. This is the procedure that has bheen followed in our sample problems,
and it has proved entirely satisfactory for the intended purpose. In

this case the purpose has been to demonstrate the degree of agreement of
our heuristic model with experimental ohservations. The apreement is

considered satisfactory for both cases analyzed.
1.5 APPLICATION TO A TWO-DIMENSIONAL CHANNEL

Consider the steady, incompressible, turbulent flow through a two-
dimensional channel of uniform b:ight 2b as shown in Fig. 1.5~1. Llet y
be distance from the channel center-line. Choosing b as the reference unit

of length, the corresponding dimensionless distance becomes

% = 7 ‘ (1.5-1)

Let the kinematic shear stress at the wall be

L v*2 . (=2)
vhere v* is the so-called friction velocity. Without loss of generality,

we can always choose reference units of time such that

11 - v*z = ] (-3)
The kinematic shear stress 1 varies linearly across the channel so
that at any location n we have
T = (-4)

According‘to our present notation, if U is the mean velocity at any

n, then

20




441_477=I4f_4_/44_ L2 TV ITL L L L L L L L L

b U(n)

‘ Y
7/ sy ﬁr\q
T, & V.z
lTypical Cross- section

FIGURE 1.5-1 FLOW IN A TWO-DIMENSIONAL CHANNEL
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According to the von Karman mixing length theory
1= 2292
where the mixing length £ is given, in our notatiomn, by

2 202

" =
K Q'z

and vhere ¢ is a constant which remains to be determined.
Upon combining Eqs. (-4), (-7), and (-8), tsking the square root

of both sides ard rearranging, we obtain the basic relation

1)

! K
2"
et s
This equation is readily integrable and gives the well known von

Karman velocity profile which in the present notation becomes

."i_*-u-uo+%{£n(1-ﬁ1)+/ﬁ}

It is known that this results gives satisfactory agreement with experiment

if we place
« = 0,36

The resulting quantities of interest in the present analysis are

Q' = - 1
2¢(1 - /n)
and
Q' = " = - 1 2
4 n(l =-vn)
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We next require the "averaging distance" Al defined bty the equation

n
2 Iolnl’dn
A7 = 2im —————— (-14)
1 N 2
n;*1 Io (20')“dn

Upon substituting expressions (-12) and (-13) into (-14), we find
that in the limit as " approaches unity, hoth integrals approach infinity,
but the above ratio of these integrals approaches zero. Hence we obtain

the unusual result that, in this case,

Al =0 (-15)

Now the local length scale A may be computed from the relation

1 A%AX
e Az
1 4, 2
e e LI - (~16)
S 1 awaR 2
- 0
17 2
M 2
) (na')“dn’

This result is remarkatle! It shows that our characteristic
length A 18 in this case proportional to the classical von Karman mixing

length . Form Eqs. (-8), (-12), (~-13) and (-16) we find that
ye2 el o 250 - /M RN ¢S1))
K fl
Similarly, because of the exceptional result (-15), the integral

for J2 reduces simply to

[1 _A%AR
*i 2
e ') “dn’'
2 - 0 - ' 2 -
J A"iﬁ 1 bRh% (en') (-18)
1l XZ
1
e dn'
‘o
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Therefore again using (-12) and (-13) we find that

J=0Q'= —3 L 3 (-19)
8 (1 - /%)
The three empirical functions o, B, and y may now be expreseed in
the form
=a = 0.065{1 + e"'z} (~-20)
A RE
1 -zz' :
8 =3.7{1+e “} (-21)
and
2
Y =14-04¢e7 (-22)
where
2«31 1)? (-23)
With the functions 2, A, J, a, B, and Y now known, we can proceed
to solve the energy equation. The unsteady term and the convective term
both vanish from this equation in the present instance and we obtain
axvIER? - g2y /€513 . g—n[ayl\/ff[%%]- 0 © (-24)
Energy E is now the only unknown. To 8implify the equation further,
we introduce the following notation.
g wF(m) (-25)
81t/3 « g(m) (-26)
ayl = H(n) (-27)

Of course, these three functions are now known. Therefore the energy

equation reduces to
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d dE| |_ 7/6 o .
d—n[uffﬁ dn]] G(2E) + FAE =0 (-28)

This equation cannot be solved aralytically, but it can easily be
expanded and rearranged for numerical solution by finite differences.

.Thf desired boundary conditions are

; : iE- .l = ' = -
ﬁt n=0 [dn]o Eo 0 (-23)
¥ : > gt ; '

At n=1 E =0 (-30)

This last ¢ordition cannot be satisfied directly. However, wé can integrate

I3

from the centerline out, using a triél valuefbf the centerline energy Eo. B
By trial and error, a value of Eo can then be found which will in fact

yield the required condition El = () at the yall. .

‘This is the method which was used to compute the energy disffibﬁtioﬁ
y shown by the solid line, in Fig. 1.5-2. It may be seen that the curve |
obtained in this way is in reaé&nably good agreement with the experimentalf;
data of Reichart and of Laufer, Refs. 5 and €.

once the energy distribution is known, the dimensionless Feynolds

Pl
o)
stresseés may be computed from the relation

-uv = 1 = a)J2EQ (-31)
Except very near the walls, the above Rrynolds stress shouldfgéfee
with tﬁe‘ total 'she:ar' stress defined by Eq. (-4).
If we wish to switch iack to absolute units, Eqs. (-4) and (-31)

reduce respectively to

. Ly, 0/ ‘Total Stress' : .~ [ ~ (-32)
“ V*E‘ b | ¥
== (
uv ) [VZE) (b0 _
= ;:E °{b}(-;;}(;;] Reynolds Stress (-33)
25
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FIGURE 1.5-2 TURBULENT ENERGY DISTRIBUTION IN A
TWO DIMENSIONAL CHANNEL
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In Fig. 1.5-3, the solid line shows the above heuristic estimate of
the Reynolds stress, computed for a Reynoldn‘number of 10,000. The dashed
straight line represents the true total stress, which should agree closely
with the Reynolds stresr everywhere except in the immediate vicinity of
the wall. The agreement is seen to be good; the computed results are on
the whole more accurate than are the experimental measurements from Reference
(6), as shown on this ff}ure.

We conclude that this example tends to substantiate the prop&sed

heuristic model of turbulence.
1.6 APPLICATICN TO AN AXI-SYMMETRIC JET

Consider a free turbulent jet discharging into a quiescent atmosphere
as shown in Fig. 1.6-1. The radial and axial coordinates are r and 2z ind
the corresponding velocity components are U and V, respectively.

Experimental results indicate that the velocity profiles of the
rean flow at various cross-sections are self-sirilar. Specifically, if
2z be measured from a suitable virtual origin, the stream function ¢ can
be reduced to the form

¥ = U_bzF(n) (1.6-1)

where

(-2)

n-

N

and where Uo and b are constants of the jet.

Consequently the velocity components of the mean flow become

I

r|dz z n)

28




P T NP L TR T AT AR 4

T

irtual Origin

FIGURE 1.6-1

Typical Cross - section — =~

L. Region of Self-similarity

THE AXI-SYMMETRIC JET

29




Ut b
13 o |[F'
V- *?ﬁ]z - [T] [7,‘] =2

where

, ar]
F' » |— (-5)
on z

The known experimental results also indicate that the generalized
velocity distribution through the jet is very well approximated by the

simple expression

|:s
XY )

r'

—‘—-f-es
n

(-6)

Where s is a characteristic constant for a turbulent jet. It has the known
value s = (.102,

Furthermore, it is useful and convenient to adopt units of length
and t}me such that, when expressed in these units, Uo = ] and b =],
0f course, there 18 no loss in generality involved in this. 1t amounts
merely to non-dimensionalizing all quantities with respect to Uo and b as
reference parameters. lience symbols like ¢, p, u, v and so on will now
represent the corresponding dimensionless versions of kinematic viscosity,
kinematic pressure, velocity comporents and the like.

The next step in the analysis is to coml:ine the momentum equations
(-2) and the stress law (-3) of section 1.3. The results may ke transformed
to the z, n coordinate system defined above. The foregoing dimensionless
functions ¢ and p may be introduced therein, and the results reduced.
This reduction, although very lengthy, is straipghtforward. 1In this way

the following results are oltained.

np' + 2p+ Al(n)c' + Az(n)c = As(n) (-7

-p' + 0+ B,(n)e’ + By(n)e = By(n) (-8)
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The A's and B's are known functions defined as follows, where f is the

Gaussian function defined ty Eq. (-6).

2
Al(n) = (1 - z; - z%”]nf
s s
2 4
- - L] 2 )20 4n
Az(n) [[2 32] (5 52] 92 + 54 ] f
!-3(n) = fQl - 2f)
2 2
-y -2 _2n7| 2. .8 . _
Bl(n) (1 82 92 ln f + nz Q f)
2 4
- 2 _fq -2 |40 4n
Bz(n) [} (1 821 [3 szlsz + 4 ] nf

2 4
By(n) = -nf’ + [n +-§;]f(1 - ) - i-j a - 6’

Theoretically, it is possible to eliminate p anc p' tetween the tvo
momentum equations (-7) and (-8). This yields a single vorticity eauation
of second order in € which can be solved for the unknovn eddy viscosity
distribtution £(n).

Hovever, it is known from experiment that the terms in p and p' are
negligible in Egs. (~7) and (-8). lMoreover, the terms in Eq. (-8) are
negligible in comparison with those ir Fe. (-7). We can take advantage of
this information to simplify the solution for e(n). We simply discard
Eq. (-8), and dfop the terms in p and p' from Lq. (-7). The resulting

equation is now only of first order in €. It may be written in the form

de T Q - 2f)
an) * ) 3 0 )
2 . 2m 2 2n
1-= +=n 1-5-=3
] s ] 8
3

(-9)

(-10)

(-11)

(-12)

(-13)

(-14)

(-15)

e



Solution of this equation analytically is not feasible, but soclution
by numerical integration is simple.

Note first that at the centerline n = 0, this eauation pives at once

€ = = 0.00260 (~16)

This result provides the boundary value required for the numerical integration.
It is also of interest to note that for very large values of n,

Eq. (-15) simplifies to the following approximation, namely,

& - -

2 2
5 O -92- A /n o (-18)

The true numerical solution approaches the above analytical curve asymptoti-
cally at large values of n.

With the dimensionless eddy viscosity distritution ¢(n) ¥nown, it
becomes a simple matter to find the corresponding dimensionless Reynolds

shear stress Trz from the relation

= T c[[%%] + f%%]] (-19)

By making use of Eqs. (-3) through (-6) this result can bLe reduced to the

following form for computation

oy s EM )y 2] L2 8 .
T, uv zz 3+ 3 n+ gzn f (-20)

The shear stress computed from this eauation is shown by the dashed line

in Fig (1.6-2).
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To form the mean flow parameters required for the heuristic model,

we note that, in cylindrical coordinates,

92-2392+29—‘—'2+7£2+ -ZL”+3-‘512 (-21
: ar dz \r 3z ar, -21)

and

242 232
Ny

The change to the new coordinates n, z is quite lengthy, but not
difficult otherwise. The results finally obtained can be summarized in

the following form.

2 1
o? = L6 (n) (-23)
4
12 1 2 2

where the G's are known functions defined as follows.

2 6
- 4 12 _ L.dn” 4 [2 4, 4n |2
‘cl(n) [12+[4 + 5 15]2 2[2 3]n + A]f
S 8 8 S s 8
(-25)
2 4 2
+ 2[5.: - Z]f(l -f) + @1 -9
< 4
n n
1 {4 12 2 (4 12 1 _ 3
G,(n). [sz[sz + 2 39]n 2 (56 + 472 12] n
414 _ a1 5 _16 7| .2, 4n,, _ -
- 4[ 3 3]"] Al :l £° + 2(1 2f) £ (-26)
S 8 s 8

sl

2 |
[(1 - 26)f +s—2(1 - f)z]
n

33



3 _Sz. EA Sz J S? 6 8 ]
- -"—[ﬁ’— - 1]n6 + 8 Ble? 2[1 - —2"21(1 - ) f (-27)
Sl. 82 56 82
2 2
5 2s°[1 2
a[nz 1] 1-nf- % (nz - 11(1 - f)

Note that these three functions are all ¢{inite on the axis n = 0
and that they all vanish at infinity.
To find the averaging distance Al ir a non-dimensional form appropriate

to this problem, we evaluate the expression

z) %1

o 4 w 2
Ay 2 2 fo Q rdr fo Gl(n)ndn
- (-28)

2@ rar [ (62(n) + ¢2(m)Indn
It should be observed that both integrals in this last equation are
evaluated from n = 0 to n = » over the suiface z = constant, and that
in this case the quantity'z cancels identically from the right sice of
the equation. There is no integration with respect to z. The dimensionless
averaging distance a; is constant and independent of z.

The integrals involved in Eq (-28) can easily he evaluated numerically,

is roughly the same as s, the jet

thus fixing a It is found that a

1° 1
width parameter; this seems reasonable.

A similar procedure is involved in determining the inteprals I2 and
J2 and the resulting local length scale parameter. Also the effects of
polar symmetry must be taken into account in the manner of Appendix B.

Again the integrations are from n = 0 to n = « over the surface z =

constant, and again the variable cancels from the final result. Thus
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L] 2 al NW 2
[76i(a"e Ja' vl a, {dr' I5(n)
I2 a2 o 1 1 ] I Sl op
: By § (-29)
o0 v
[ e 12w W(!Eh~ dn'
) a, )
_{n'-rj2
00 a ]
f [Gz(n') + Gz(n') e - Jﬁw[—@—— dr’ 2
ol 2 3 | a J7(n)
12 - io —rs 1 o1 = (=30)
z *{na n)- z
00 ]
e 1 & w(frTﬁ ]dn.
0 a,
Hence the dimeusionless local length scale hecomes
2
2 2 I,(n)
&] - &’ - _1_2_(1_2} -5 (-31
z°\J Jl(n)

The integrals Ii(n) and Jf(n) must of course te evaluated numerically.
It turns out that the lccal length scale a(n) ohbtaired in this wvay is a
slowly varying function. The value remains nearly constant at about (.1
across most of the jet, and declines only slevly at relatively large
distances from the centerline.

The energy equation for the axi-symmetric turlulent jet may be.

written, first in cylindrical coordf: . tes,

ot r or

13 AL 3 [ [or
YT [’“(ar * az["‘(azl ]
2 jadh o

The various functions which appear in the energy equation can nowv

(—al] = 0= en - peopy /63 L L2 [, - S0

be represented as functions of the similarity coordinates z and r, as

follows
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e = g(n) Q = 3
z
L, (n) 1%(n)
1 2 1
L=~ J -
z z (-33)
v, (n)
U = 1 r = zn
v, (n)
1 ) 15
Ve — 3;( ) = s 3;( )

Upor substituting the expressions(-33) into the energy equation, we

obtain,
w? xp’h V.F
1 ¢ - qnwe ) - 22D
4 4 4 3n 171 3z| 3
z z zn z” Jr
(-34)
oE F
1l 5 1 3 3 (1
3 anl:““(an l]+ az[" az(—fl ] 0
zn g

This result confirms the fact that all terms of the energy equation
are proportional to 2-6 and that the above energy law is indced compatible
with the self-similarity of the overall solution. In order to expand .

this so as to be able to elirinate z from the result, we malie use of the

B ) -5l

In this way we obtain the general result

relation

N |2
Qja>
3

2 7/6.1/3 13 . . 3
591 - B(ZEl) J1 ' - an[nllEI] + 3v1E1 +n an[VIEII
(-36)
oF ok 9E.y 7
123 1 1 ] )
+ ; -a-—l:nye[?-”+ 3Ycl-?.}“ + n[l)n )]+ n 3;,}5[221 +n -a_n“]J = ()
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Considerable simplification can be achieved with little loss of
accuracy by neglecting the effect of the slight divergence of the jet

on the energy equation. This amounts to the assumption that

3 -
a_;[ } =0 (-37)
r

In this case the energy equation simplifies to

3F
2 . 706 1/3 .3 13 [ i} )
eRy - B(2E)) I, n anlW P )+ 4o E"E[an ]] g (-38)

To complete the solution it is necessary to know the empirical
functions a, 8, and vy as defined by Eqs. (-18), (-19), and (-20) of
Section 1.3. 1In this case, however, there are no fixed walls involved,
and these quantities become constants, namely,
a = 0.065
B =5 ' (-39)
y= 1.4
The eddy viscosity e(n) which occurs in ‘he energy equation may bhe
found in either of two ways. ! ..stly, we may use the solution previously

found from the momentum analysis, by numerical integration of iq. (--15).

Secondly, we may use the basic postulate of the heuristic model, that is,
€= a)fiE = anfEl (-40)

This secdnd alternative represents a somewhat more severe test of
the heuristic model and was adopted for the numerical example here

discussed. Thus substituting Eq. (-40) into (-38) gives

oF
2 _ 7/6,1/3 13 . 12 __;]
aniEin E(ZEI) 3y . an[nUIEI] + 5 3n[tyaJ§E1[a“ ] -0

(-41)
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The energy function El(n) is the only unknown remaining in this

equation. The boundary conditions are

aEI
At ne=10 [a—n—l = 0 (-42)
At e El*w (-43)

Eq. (-41) must be solved numerically. It happens to be convenient

for this purpose to use the sutstitution

2

1 (-44)

2E1 = q

The equation is then expanded and the derivatives replaced by appropriate
finite difference approximations in a straightforward manner.
The boundary condition (-43) at infinity must be satisfied indirectly.

on
e trial value of 9, A value of q, is found by iteration which yields

Actually, the integration starts at the centerline using (Eﬂ] = (0 and
o

qa O at some large value of n. In this case the value n = 0,25 may be
regarded as ''large.” It 1s found that the precise positioi. of the outer
boundary makes virtually no difference in the results as long as it is
greater than about 0.20.

The energy distribution found in this way 18 shown by the solid line
in Fig. 1.6~-2. The agreement with the experimental results of Corrsin,
Ref. (7), Laurence, Ref. (8), ‘s seen to be satisfactory, especially in
view of the degree of scatter in the data points.

Once the energy distribution is known the eddy viscosity is fixed
by Eq. (-40) and the corresponding shear stresses by Eq. (-20). These are
shovn by the solid line in Fig. 1.6-3. The dashed line shows the corres-
ponding shear stresses as computed from the momentum equation. Data points

are from Corrsin, Ref. (9).
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If the heuristic model were completely correct, and if the assumed
Gaugsian velécity profile were exact, then the two shear stress curves
shown in Fig. 1.6-2 wbﬁld coincide exactly. As it is, the degree of
agreement attainedvis considered to be reasonably satisfactory. The
discrepancy between the two curves is smaller than the discrepancy between
the experimental points and either of the curves.

it seems probabie that in this instance the theoretically computed
values are actually more accurate than the experimentally measured ones;
the experimantal measurement is innately difficult and uncertain.

It may be concluded that, on a whole,:these results for the turbulent

jet substantiate quite‘well the proposed heuristic model of fluid turbulence.
1.7 CONCLUSIONS AND RECOMMENDATIONS

It is concluded, on the basis of the evidence available so far, that
the proposed heuristic model is basically adequate for determining the
principle flow characteristics in the general case of inhomogensous and

non-stationary turbulence in incompressible flow.

cases including pipe flow, two and three dimensional wakes, boundary layers
and to some examples of unsteady flow. The aim would be to refine the
)
present unified theory and extend its range of applicability.
It is also recommended that further experimental information be
obtained in connection with those aspects of the model for which the

preo;nt data are insufficient. These aspects iaclude, for example,
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(a) the relation between the local length scale A of the me;n flow
and the correlation lengtk A* of the turbulence, .

(b) the generalized three dimensional stress/strain rate relations
which actually exist in regions of strong {ni;otropy such as
in the flow near a wall, and

(c) the influence of'vgrious key parameters on the rate of dissipation

of turbulent energy into heat.
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Part II

Theory and Background of the Heuristic Model

by

T. H. Gawain, D.Sc.
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2.1 THE FUNDAMENTAI. PROBLEM

Consider a general turbulent flow field, one which is both in-
homogeneous and non-stationary. How can the turbulent structure of
such a field be adequately analyzed and described?

In principle, it is possible to formulate a valid general method
for computing numerically the detailed solution ui“)(x,:) for a particular
realization of the field, subject to specified boundary conditions and
initial conditions. Once these conditions are fully specified, the
equations of continuity and motion suffice to establish a fully determinate
and detailed solution. In theory, this solution procedure could be repeated
very many times to generate a whole ensemble of such detailed realizations.
All realizations would be compatible with the same general macroscopic
boundary conditions and initial conditions. However, they would differ
more or less randomly in regard to the fine scale details of the boundary
and initial conditions, and therefore also in the fine scale details of the
resulting motions.

Once such an ensemble of detailed solutions were available, any
desired statistical features of the turbulence could then be computed
from this ensemble in a completely determinate way.

It is significant that the foregoing method does, in principle,
satisfy the mathematical requirements for a determinate solution. This
solution is based solely and strictly on the general equations of contin-
uity and motion (the Navier Stokes equations), and on the pertinent bound-

ary and initial conditions for the particular case in question.
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In practice, however, the volume of detailed calculations requ:.red
to carry out the above hypothetical scheme of calculation for any case
of practical interest is simply overwhelming. It lies vastly beyond the
capabilities of any computer yet known or contemplated. The basic reason
for this, of course, is that the detailed space/time structure of turtulence
is extremely fine erained and enorimcusly intricate. Hence for all practical
purposes, the above hypothetical solution procedure must be ruled out.

There is a classical method for attempting to circumvent the above
difficulty. Since it is impractical to solve the detailed equations anc
average the results, the classical method averages the basic equations
themselves. ﬂIt then attempts to compute the desired averape characteristics
of the flow from these averaged equations. Now, if the basic equations
were linear, this technique would indeed solve the probtlem. Unfortunately,
they are not. As a result of the non-linearity, the averaging process
introduces additional unknowns, the Reynolds stresses, into the basic
equations. Consequently, there are finally more unknowns than available
equations. Therefore, the averaged equations do not comprise a closed
and determinate set. This constitutes the so-called closure problem of
turbulence theory.

It should be emphasized that the deficiency which arises from
averaging the equations is fundamental. No amount of mere manipulation
of the equations, however involved, can remedy this defect. The averaging
of the equations leads to a definite loss of essential information in
comparison with the information implicit in the original equations.

Therefore, so long as we are constrained to work only with the

averaged equations instead of with the originals, it becomes unavoidably
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necessary to invoke additional hypotheses in order to compensate for the

lost information and to reestablish a determinate set of equations.
Unfortunately, there is nc known way to establish the required hypotheses
deductively from the original fundamental equations themselves. Consequently,
it 1s initially far from clear just what auxiliary hypotheses are most

nearly adequate and satisfactory.

Obvieusly, the basic justification for any particular hypotheses
finally adopted must therefore rest on a comparison of the consequences
deducer from these hypotheses with experimental ohservations. This is
the accepted scientific method of inductive inference. While it is to be
regretted that the problem apparently cannot be solved on a wholly
deductive basis, there are no a-priori reasons for despairing over the
prospects for ultimate success by the inductive method.

It should also be pointed out at this juncture that the averaged
equations of motion describe exactly the effect of the Reynolds stresses
on the mean motion. However, they give no information whatever coneerning

the reciprocal effect of the mean motion on the Reynolds stresses. Yet

some definite reciprocal effect of this kind unquestionably does exist.
This, therefore, is precisely the problem with which our auxiliary

hypotheses must necessarily deal.
2.2 STATISTICAL DESCRIPTION OF TURBULENCE

Consider an arbitrary and general flow field which is neither

homogeneous in space nor stationary in time in regard to its turbulent

(n)
i

field. This means that the velocity components uin)CY,t) represent one

structure. Let u, ’(X,t) denote any one particular realization of this

46




particular detailed solution of the equations of continuity and motion;

this solution is compatible with the specified macroscopic boundary
conditions and initial conditions. There exist, of course an infinity of
such possible individual realizations which satisfy these general
conditions. The separate realizations differ from one another only with
respect to their fine scale details. We denote each realization ty a
distinct value of the index n, which is taken to be an integer. Thus we

may have, for example, n = 1, 2, 3,...N where N is some indefinitely

large number. Such a very large and representative collection of individual
realizations we term an ensemble.

Fortunately, the particular details of any one individual realization
are seldom of direct interest. What is usually required is statistical
information concerning the principal features of the ensemhle as a whole.
In particular, with respect to any variablie of interest, what we would
generally like to know are not the individual values for particular
realizations, but rather the fcllowing items of information. These are
listed in order of decreasiné urgency. Thus

(a) The average value of the variable over the ensemble.

(b) The statistical variance of the quantity with respect to the

ensemble average.

(c) The detailed probability distribution of the quantity over

the ensemble.

For example, 1if Ui(n)cx,t) is the instantaneous total velocity at

space/time point x,t for realization n, we require the corresponding

ensemble mean

1{ ()
U (%) = tmg | UV E,e) (2.2-1
' Now “nm]
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This result defines the mean flow field. Of course, the turbulent
fluctuations of the nth realization are defined as the deviations from

this mean. Thus

(n) 1(n)
ui (xot) - ui (x’t') - Ui(xot) ('2)

From this definition, it follows that the turbulent fluctuation uin) has
Zero mean over the ensemble.

The corresponding variance of this velocity fluctuation is given by

N

2
ui(x,t) = 2im s Y u(n)

—_— (%X,t) (No sum on index i) (-3)
N (N-1) n=]1 1

Finally, the probability function which defines the detailed statistical
distribution of this random variable u, over the ensemble may be denoted
by the functional W[uin)(i,t)]. Here the quantity \l'du1 represents the
probability that for a realization n, drawn at random from the ensemble,
the velocity component uy at point X,t will have a value which lies
between uy and (u1 + dui)' If the space/time coordinates x,t be hald
constant at prescribed values, W(ui) reduces to a corresponding ordinary_
probability density distribution. Hence the functional ¥ amounts to an
ensemble of probability distributions, one for each space/time point of
the field.

If the turbulence happens to be stationary with respect to time in
its statistical features, then it becomes permissible and convenient to
replace the ensemble average by a simple time average over a single
realization. The realization index n may therefore be dropped. For
example, the mean velocity distribution may now be redifined as follows.

1 +T

U, (%) = ;ﬂﬁ {T Uj (%, t)de (-4)
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Similar changes apply to the definiticuns of variance and probabiiity
distribution.

Likewise, 1if the turbulence is homogeneous with respect to some
line, surface or volume, the ensemble average may be replaced by the
corresponding spatial average.

In the following analysis, the average will always be an ensemble
average, unless specified otherwise. Alsc the discussion will center
largely on certain important averages and variances, hut will not deal

specifically with the corresponding detailed probab’lity distributions.

2.3 CORRELATION FUNCTIONS

In order to formulate an adequate theory of turbulence, it is
necessary to define certain basic concepts which characterize the
turbulence in the general vicinity of any prescribed space/time point.
In this connection, the two point velocity correlation tensor is of
basic importance.

Let P denote a reference space/time point with coordinates X,t
regarded as arbitrary but fixed. Let P' and P" be two associated points
with coordinates

X + AXx

o)

t' = t+ At

and (2.3-1)
X" = X - AX
t" = t - At

The quantities 24X, 2At represent the space and time separation between

the points P' and P" and are regarded as variable. Note, however that
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P' and P" are always disposed symmetrically equal and opposite with
respect to the fixed reference point P.
Components of the turbulent velocity fluctuations at the variable

points P' and P" are denoted by

Yy

and (-2)

= ui(2+ A%, t + At) at P!

u; - ui(i - AX, t - At) at P"

The mean product of these two velocity components is the tensor

0" = ui(! + A%, t + At) u, (X - A%, t - At) (-3)

“1% ]
where the overbar denotes an ensemble average.

At zero separation, the above tensor reduces (upon reversal of
algebraic sign) to the ordinary Reynolds kinematic stress at the reference

point P. Thus

T,, = -uiu.1 = -uk(k,t)uj(i,t) (-4)

1)

By reason of its symmetry the stress temsor ui“j E “jui has at most

six distinct components. The géﬁeral velocity correlation tensor uiug,

however, is not necessarily symmetrical with respect to an interchange
of the indicee and may therefore have up to nine distinct components.

Upon contracting the Reynolds stress tensor, we obtain the
physically important quantity

2
+ u3

+ = 2E(R,t) (-5)

vl
N

qz(i,t) -ou -
Here E represents the ensemble mean turbulent energy at the point x,t and
q2 is the corresponding mean square velocity.
We now define the space/time correlation tensor Rij merely by

normalizing uiu; with respect to the value of q2 at the fixed reference

point P. Thus
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T

Tt — .
_ u:'.u:l ui(l! + A%, t + At)“i(x A%, t - At)
RiJ = Rij(f,t;Ax,At) - 3
q q (%,t)
(-6)
It is of interest to compare the above definition which we have
adopted with certain alternative forms which are sometimes encounterd.
One such alternative is
ui(x,t)uj(ﬁ + AX, t + At)
R!' = ("7)

1 q(¥X,t)q(X + A%, t + At)

Another alternative is

ui(x.t)u (X + A%, t + At)

Rij = —-——1—,.__—__==- (No sum on 1 or j) (-8)
| / uiki.c)]u§(§ + A%, t + At)

The form we have chosen to preferable because it is related in a

simpler fashion to the energy spectrum of turbulence, and because it has
certain useful symmetry properties which will be pointed out presently.
Two important special cases of the foregoing are the spatial and

tempbtal correlation tensors, defined respectively as follows:

Al

(s) . . i ui(i + A%, :)uj(x - AR, :)_
R1j Rij(x.t,AR.O) qz(i "
’ _ (-9)
u,(X,t + At)u,(X,t - At)
Rﬁ) = Ry, (,£30,4%) = L . ]
q (%,t)

Of particular significance are the first invariants of these two

tensors, defined as follows:
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u, (%X + A%, t)uj(! - AR, t)

i:) = R, (%,t;0%,0) = 1 5

q (x,t) (-10)
(,) o ui(R,t + At)ui(ﬁ.t - At)
11 Rii(xa'bsooAt) =

2@, t)

Of course, the summation convention apﬁlies as usnual to the Yepeated

(s)

indices in the foregoing expression. Note that Ru is an even function with

respect to the independent variable Ax. Likewile*RiI)

is even with respect to
At. These important symmetry properties are a consequence of defining

R1J according to Eq. (-6), rather than according to the alternative (-7)

or (-8).
Because of their fundamental character and intimate relation to
the turbulent energy, the scalar correlation functions R g:) and R( )

provide the natural bases for establishing appropriate length and time

scales of the turbulence in the neighborhood of the space/time point %,t.
Specifically, let dv' = dxldxzdx3 represent an infinitesimal

element of volume, and dt' an infinitesimal element of time at the variable

point P'. Also let

Ak

represent the square of the spatial separation PP'.

2 2
AR*AX = AxiAx1 = (Axl) + (sz) + (b8x

Then the desired characteristic length A* and time t* may be defined

as follows:

; 2.0 fln"’l(Ax «AR)dv'
ARS = AR“(, L) = -

(-11)
IIR(") lav"

P r18{7 | aer%ae!
T = T X,t) =

(-12)
flR(T)ldt
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The integrals in (-11) extend over all space at a fixed time t.
The integrals in (-12) extend over all time at a fixed spatial point x.
Of course, these integrals are finite, despite the infinite domains of
integration, because of the rapid decay in the correlation functions at

large separations.

Note that the integrands contain only the absolute values of the
correlation functions; this ensures that every non-zero element of the
correlation, even if locally negative in some places, makes a positive
contribution to the integrals which deff : A*z and 1*2.

The numerators of Eqs. (~11) and (-12) represent the second moments

of the respective correlation functions. They are therefore¢ analogous

"
to moments of inertia. Also, the quantities A*“ and 1*2 are analogous to

variances in probability theory. It is well known that such second
moments attain their minimum values when evaluated with respect to the
centroidal point of the distribution in question. In the present instance
the correlation functions are symmetrical, with their centroids at the
respective o::gins of coordinates, namely at AX = O and at At = 0. Hence
the characteristic quantities A*z and 1*2 represent the minimum possible
"variances' of the respective correlation functions. These properties
make A* and t* particularly appropriate measures of the length and

time scales of turbulence in the vicinity of the arbitrary space/time

point X,t.

2.4 SPECTRUM OF TURBULENCE

The space/time correlation tensor R, ., may be transformed into the

1)

wave number/frequency domain by means of gulti-dimensional Fourier

53



integrals. Let k) k; x3 be the components of the spatial wave number vec-
tor K. Let w be temporal wave number, that is, angular frequency. Also
let de = dxldxzdx3 represent an infinitesimal element of 'volume" in

wave number space. Note therefore that

ReAR = xiAx1 = k0%, + szxz + x3Ax3 (2.4-1)
We may now define the Fourier transform pair
1 53 e +i(R*AR + .
Oij(x.t;?.w) -'Jgi II Rij(x,t;Ax,At)e 1(R-4% wAt)dv'dt' (-2)
Ry (R, E50%,8¢) -/-—1: ” oij(ﬁ,:;z,m)e'“f'“ * ubgy do (-3)
2n

The integrations in Eq. (-2) extend over all of spacz/time AX,At
with parameters X,t held constant. The integrations in (-3) extend over
all of wave space K,w with parameters X,t again held constant.

The spectral coirelation function ¢, , like its Fourier transform

13

R,, is a nine component tensor. Naturally these two related functions

i}
exhibit corresponding symmetry properties.

The first invarient ¢11 like its Fourier transform Rii is a scalar

and has a corresponding basic significanc~r. It defines the character of
the energy spectrum in the vicinity of the space time point X,t.

Incidentally, it can be shown from energy considerations that ¢, must be

i1

non-negative everywhere.

It may be seen that the functions R, and 01 are exactly equivalent

1j b
in the infermation they provide concerning the structure of the turbulent
field. The reason is simply that if either one of these functions be

specified, the other one can be found from the above Fcurier integral

relations.
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It 18 clear therefore that fundamental ecales of length and time,

(s) (7
4 and Rii

well be defined in terms of the corresponding transforms ¢

which were previously developed in terms of R can equally

(8) (T)
14 and 011 ]

Because of the above equivelence between the :orrelation functions

R,, and the spectral functions ¢, it is immaterial in terms of which of

13 13
these our turbulence theory is developed. We have chosen to emphasize
the correlation aspects, and it is seen that there is neo loss of infor-
mation involved in so doing.

It should be noted that the nine spectral functions R,, (X, t;2%,At)

13

are ostensibly eight dimensional, the independent variables being X1» Ko

X9 t, Ax., sz, Ax3. At. Similarly, the nine spectral functions oij
(%,t;R,w) are also eight dimensional, the independent variables being
X1s Xgs Xgy by Ky Kyy Kgy We

In addition to the a%ove eight independent dimensions which are
explicit, there is an additional dimension which is implicit. Recall
that the correlation functions are themselves averages theoretically
computable from a large ensemble of individual flow realizations. We may
ass.ign to each realization a superscript index n which varies from one t;
some very large number. Then n is equivalent to an additional independent
dimension. For if we wish to know not just the ensemble averages them-
selves, but also something about their statistical distributions, then it
becomes necessary to take into account the possible variations of the
independent realization n from the ensemble rean.

On the other hand, any specialization of the conditions reduces
the number of independent variables which must be considered. Thus, for

stationary turbulence, R, , becomes independent of t (but not of At) For

13
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completely homogeneous turbulence, becomes independent of X1s Xg» Xqe

Ry,

Also, for isotropic conditions, spherical symmetry prevails, and Rij
ceases to depend on Axl, sz, Ax3 individually, but becomes a function

only of their reaultant~/(Ax1)2 + (sz)2 + (Ax3)§. Furthermore, in this

case the number of distinct components of R,, reduces from nine to two,

1)
depending only on whether the indices 1,j are escual or unequal. These

are vast simplifications. They account for the fact that homogeneous

and isotropic turbulence has been studied so much more extensively

than any other case.

It should be noted thatthe fundamental phenomena of turbulence as
represented by the ensemble of funutions u(n)(i,t)have five independent
variables, namely, X1 Xgy Xqs t and n, and three dependent variables, namely,
Ups Uy, and uge It 18 a curious fact that when we seek to make these
phenomena more comprehensible ty means of the correlation functions Rij’
the number of dependent and independent variables, insteai of being
sharply reduced, are actually increased! Of course, the functions Rij
have a regular and symmetrical structure, they vary smoothly, and die
awvay rapidly at large separations, whereas the u, vary in an extremely

complex and erratic way. It is this qualitative difference that makes the

correlation functions seem so much more comprehensible.
2.5 RELATION BETWEEN TURBULENT CORRELATION SCALES AND MEAN FLOW
It is customary and in many ways convenient to resolve fluid

turbulence into two distinct complementary aspects which we then refer to

as "the mean flow" and 'the turbulent fluctuations", respectively. While
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such a distinction is useful for certain conceptual and computational
purposes, it should not be forgotten that these two aspects are inextri-
cably coupled within a single unified process. 1In this connection it 1is
pertinent to note that while we often find it convenient to introduce

this distinction between mean flow and turbulent fluctuation into the basic
Navier Stokes equations, the distinction is not innate within the original
equations themselves. This is shown by the fact that these equations,
being non-linear, cannot be fully decoupled into two independent sets,

one dealing exclusively with the mean flow, the other dealing exclusively
with the turbulent fluctuations.

The foregoing fact provides a useful hint in connection with the
problem of formulating appropriate auxiliary hypotheses, as required for
supplementing the averaged equations of motion. We have seen that any
such hypotheses will naturally be formulated in terms of the fundamental
physical parameters which characterize the overall turbulence in the
vicinity of a given space/time poirt X,t. Among these quantities are
the mean square velocity qz(i.t) and the macroscales of turbulence in
space and time, as expressed by the previously defined parameters A* and
T*,

Of course, in most problems of practical importance, interest centers
chiefly on the mean flow field. One reason for this is that the mean
flow is usually much more evident physically, much more convenient to
observe and measure, seemingly more easy to understand. We tend to
regard the turbulent fluctuation: as a nuisunce which has to be dealt with
in order to get to the mean row,'and we tend to confine attention to
those aapects of the turbulence whose connection to the mean flow is

19

obvious and unavoidable.
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More often than not, we do not have available the data'which would
be needed to establish such largely unseen characteristics of the turbul-
ence as the spatial macroscale A* and temporal macroscale t*. Therefore,
it is of doubtful utility to formulate any heuristic theory of turbulence
directly in terms of these quantities. For exampie, what good does it
do to express the Reynolds stresses, say, in terms of A* und t* if the
latter quantities are initially just as much unknown as the Reynold's
stresses themselves? Consequently, we must at this stage of our knowledge
replace the fundamental macroscales A* and t* in our formulation by other
quantities which are more or less equivalent, but which are far more
accessible to observation and calculation.

Fortunateiy, for this purpose we can take advantage of the intimate
connection as noted above, whicl necessarily exists between the local
turbulence field and the local mean flow field. Presumably because of
this connection, these local scales of space and time must somehow be
reflected in the local characteristics of the mean flow, and must
therefore be deducible from the mean flow.

While the exact nature of this relationship between the macroscales
and the mean flow is far from clear we can legitimately infer that the
relationship is inYicrently somewhat local in character. This follows from
a fact universally revealed by all observed correlation curves. These
alvays show a rapid decrease in correlation with increasing separation in
space and time. Moreover, the correlations become negligible at separa-
tions larger than about two or three multiples of A* or t*.

Consequently, we infer, or at least we hypothesize, that quantities

more or lesc equivalent to the true macro seales A* and T* can be defined
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and computed in terms of the observable characteristics of the lccal mean
flow. Let us call these quantities the apparent macroscales and designate
them by the symbols A and t to distinguish them from the true macroscales
A* and t* as earlier defined. The important problem of just how A and 1
should be defined in terms of the observable mean flow characteristics

is taken up in a subsequent section. For the present we observe simply
that 1f X and 1 be defined in some suitable manner, then it seems probable

from the above reasoning that the dimensionless racics

o "fA (2.5-1)
:—*- - f'l (-2)

will be very sta™l¢ and well behaved universal functions which vary but
slowly if at all. We assume that for many practical applications it will
tura out to be premissible to approximate these universal functions by
suitable average values, and to treat them as simple quasi-constants. The
actual numerical values of these ratios is regarded as a matter to be
determined empirically. Of course, these numerical values will depend on
the exact definitions that are finally adopted for A and t. However, the
presumption is that if the definitions adopted are near optimal, the
ratios will turn out to be roughly of order unity.

It follows from the foregoing discussion that our definitions of the
apparent macroscales A(X,t), t(ﬁ.t).in the vicinity of an arbitrary space/
time point x,t should depend only on mean flow conditions in a finite
region surrounding that point. This primciple is more realistic than any
method which seeks to define these macroscales in terms of mean flow
quantities only at the point X,t itself. On the other hand, it avoids

the opposite extreme which would hold that A(%,t) and 7(%,t) are somehow
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directly dependent on conditions at all points in the flow field, however
remote in space or time. OQur proposed model accords more nearly than
either of these alternatives with the observed fact that turbulent
correlations are effectively limited to certain finite separations.

Naturally, the definitions of A(X,t) and 1(X,t) should emphasize
mean flow conditions in the immediate vicinity of the point ®,t, should
give progressively less weight to conditions farther away, and should
finaily neglect mean flow effects at points sufficiently remote in space
or time from point X,t. This requirement suggests the general idea of
defining A and 1 in terms of appropriate weighted averages of certain
pertinent mean flow quantities.

The preferred choice of weighting functions for this purpose would

(s) and R(T)

1 1
be the correlation functions Rii 11

themselves, if these were
known. Of course, if these functiocus were known, they could be used to
find the true macroscales A\* and t#* directly, and there would then be no
need for weighting functions. However, they are not known. Consequently,
we are obliged to used heuristic sutstitutes, preferably functions which
resemble the correlation functions to a certain extent. Fortunately,
great accuracy is not necessary in this regard, for weighted averages
tend to be relatively insensitive to minor variations in the form of the
weighting functions used.

In view of these considerations, we choose the Gaussian curve as
an appropriate form of heuristic weighting function. It expresses the
general trends of correlation in a suitable manner, and has various

convenient and known mathematical properties as well. Consequently, we

finally write the space/time weighting function as follows
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5 8%:0% _ (ap)?
- 2 - 2
A T
We=e (-3)
The reason for inserting the numerical factor 3 in the first term of the
exponent will be gxplained presently.
Of course, for purely spatial weighting, we may delete the tempoial

term in the exponent and set

AX-AX

-3
AZ

wi®) o e (-4)
Similarly, for purely temporal weighting, we may delete the spatial term

in the exponent and set

_n?
WONILS (-5)
The above weighting functions w(s) and W(T) may 'te regarded as
initial heuristic approximations to the true correlation functions Fi:)

and Rii), respectively. Note that all four of these functions equal
unity at zero separation.
If we now replace the true correlation functions by their heuristic

Gaussian approximations in Eqs. (2.3-11) and (2.3-12), we obtain the

interesting results
AT - ) (-6)

" =1 (-7)
This shows that for Gaussian correlation functions with exponential
constants A and T, the true macroscales A* and t* may be simply identified
with these exronential constants. Of course, this simple identification
is possible only if the numerical factor 3 is inserted into the spatial
exponent as indicated. This arises from the fact that the spatial intepra-

tion of Eq. (2.3-11) is three dimensional, whereas thz temporal integration

of Eq. (2.3-12) is only one dimensional.
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Recall, however, that the actual correlation functions are not
necessarily Gaussian and are in fact unknowns in the present analysis.
Moreover, for the reasons previoﬁsly given, the quantities A and t will
be defined not in terms of the correlation functions, but heuristically
in terms of the mean flow. In fact the basic reason for introducing the
above weighting functions in the first place is that they are needed in
connection with these heuristic definitiors of A and 1. However, the
weighting functions in turn contain A and t as parameters. It is there-
fore apparent that the actual calculation of A and t will necessarily
involve some type of iteration process;

For certain purposes in the subsequent analysis it will prove
convenient to utilize a normalized form of the above Gaussian weighting

function. In this connection, consider the following integrals, namely,

H = ffudv'dt’ (-8)

1$® o 1 ayraer (-9)
and

BT o Pavrae (-10)

As usual, the integrands extend over the entire space/time domain. Of
course, the integrals themselves are always finite even if the domain of
integration extends to infinity.

We now define the normalized weighting functions as follows:

vael _ (-11)
(s)
(s) W -
w - H(s) (-12)

@ D ]
w ) (-13)

H
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When normalized in this way, the atove weighting functions have the

following convenient properties, that is,

[fwdv'de' = 1 (-14)
ffw(s)dv'dt' =1 (-15)
ffw(T)dv'dt' =1 (-16)

2.6 LOCAL LENGTH AND TIME SCALES OF THE MEAN FLOW

We have been considering any artitrary and general turbulent flow
field of which the mean flow may be either steady or unsteady. With every
space/time point of this field may Le associated two parameters ) and 1
which express respectively a length scale and a time scale characteristic
of the mean flow pattern in the vicinity of the point. Our problem is to
devise suizeble explicit definitions of thesc parameters in a way which
meets various essential requirements. Some of these have already been
discussed. There are some additional requirements as well, among which
are the following:

(1) The parameters A and T must be true scalars, and therefore invarient
with respect to any rotation, reflection, translation or acceleration
of the reference axes.

(2) These parameters should also be everywhere continuous, finite and
positive (except possibly in certain limited singular regions, such
as at a solid boundary).

(3) If feasible, the mean flow quantities Az and T? should preferably be
related to the correlation quantities A*z and 1*2. respectively, such
that the ratios -A;'and —1; are close to unity, or at least so that

A% T*
these ratios remain as nearly constant as possible.
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These requirements can be satisfied as follows. Let

U, = Ui(xl,xz,xs,t) - Ui'(sr,t) (2.6-1)

represent the velocity field of the mean flow. Then the corresponding

strain rate censor is

U, A ‘
1.9
T4y = (:sx1 + o, (-2)

Of course, we are considering here only the incompressible case,

for which the first invariant vanishes, that is

oL ou ou ou
il . 1 2 31 | o -
rii 2 axil 2[[ax1] + [ale + (3x3}] 0 (=3

Consequently, there is no net dilatation, and the T

14 represent purely
distortionul effects.
We now define a generalized strain rate i, and a generalized strain

rate gradient Q' by means of the following expressions, namely

2 1
0= 2T i4T 4y (=4)
2 [0 ) (0 »
n '(axJ (3"1] (-5)

From these definitions, the following relatinn can be obtained. It

will prove useful in the subsequent work. Thus

2 2
2 1{9Q on
(nn')" = Z(ax ](ax ] (<€)

i i
The factor 1/2 which appears in Fq. (-4) calls for a trief explanation.
Consider a simple plane parallel shear flow such as illustrated in Fig.
2.6-1. Let the velocity be parallel to axis X and Jet the shear gradient
be in the direction of X,. Then r11 = r22 = P33 = r53 = r31 = 0. Now

the only non-zero shear strain rate is P12 - P?I. Then applying Eq. (-4)
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777 7577777

In this case the definitions of ) and
' reduce to

) =U = (du/dy)
f'= U" = (d2U/dy?)

FIGURE 2.6-1 EXAMPLE : SHEAR QUANTITIES ) AND '
IN PLANE PARALLEL FLOW
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we find that, because of the presence of the factor 1/2, we obtain the
simple result

il = r12

In other words the presence of the optional factor 1/2 identifies
with the ordinary shearing rate in a simple plane shear flow. Eq. (-4)
may be regarded as &n cxtension of this comcept to a peneral state of
strain rate.

It can Le shown that while Ui and rij
the reference axes, the quantity 9 is invarient in this regard, and is

therefore a true scalar. The same is true of the quantities nl, 92

depend or the orientation of

2
» 8
and (nn‘)z. Hence Az and 12 can be conveniently defined in terms of any
independent pair of these quantities.

To illustrate this idea, consider the expressions

2
A% = c, e,

2edl,
f

vhere Cf and Ci are dimensionless constants. The comtinations shown may

be seen to define local scales of lergth and time, A and t. In fact,

Eq. (-8) will be recognized ss the expression for the von Karman mixing

length, or rather, as a generalization of the concert, for von Karman's

original definition was restricted to the special case of parallel flow.

(-8

One difficulty with the above approach, however, is that the functions

AZ and 12 so defined tend to f.'uctuate too wildly instead of being smooth
and well behaved. Moreover, at certain singular points where f? or 0'2

are locally zero, the quantities Az or 12 may reach values of zero or

irfinity, neither of which is premissible or physically meaningful.
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The cure for this difficulty, of course, is to replace the local
point values of 92 and 9'2 by suitable space/time averapges evaluated in

the vicinity of the point. Thus we may write

02 = frunldv'de’ (-10)
212 = rrun'%av'dt’ (-11)
whereupon
i
2 20
A = CA ;Tz (-12)
* - c, -5. (-13)
0

The new values of Az and 12 obtained in this way will now vary
smoothly as fequired, and will never be either zero cr infinite. The
dimensionless constants Ci and Cf remain to be specified.

Note that the normalized form of the weighting function is used in
the integrals (-10) and (-11). This is important bLecause it ensures taiat
the integrals remain relatively insensitive to the precise form of the
weighting function.

For the reasons given earlier, a Gaussian curve has been chosen for
the weighting function. For consistency, the characteristic exponential
constants X and 1t of this function should be respectively equal to the
A and t computed from Fqs. (-12) and (-13). In other words, the
averaging intervals in length and time should be approximately equal to
the characteristic local scales of length and time. Some iteration will
be involved in satisfying this requirement.

It turns out to be useful to generalize the above ideu even further.

For this purpose we define the following integrals, namely,
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12 = rrw(@®®'?)Pavae! (-14)

32 = rru@) @'Y %av ae! (-15)
where the exponents a, b, ¢, d may be assigned arbitrarily. However,

for reasons which will soon be evident, we szipulate that

b d
(a+b) (c+d)

D= +0 (-16)

Moreover, to avoid improper integrals we require all of the above exponents
to be non-negative.

Now, depending only on how the arbitrary expconents &, b, c, d are
specified, the integrals 12 &and J2 may be assigned various physical
dimensions. Consequently, it is always possible to define a mean square
length Az and mean square time 12 by expressions of the following general
form, namely,

22 Eahkaht (-17)

2 = Zadnah" (-18)

where Ci and Cf are arbitrary dimensionless constants. It ir easily shown

on dimensional grounds that the four exponents k, 1, m, n are given by

the following formulas:

k--%(c-f-d) m-+%
(-19)

1 - _Db
l-+-D-(a+b) n "D

It is now seen that Eq. (-16) represente a necessary condition to

ensure the existence of the above soiution.

68




The foregoing formulas show that, subject only to the condition (-16),
specification of the six arbitrary constants a, b, ¢, d, Cf and Cf uniquely
defines the quantities Az and 12. These six auantities are here regarded
as empirical constants whose values can in principle be chosen so as to
confer upon the defined quantities Az and 12 a wide range of desired
properties.

ldeally, it would be desirable to choose these six constants in
such a way as to make Az an¢ 12 agree as nearly as possihble with A*z and
1*2, respectively, over a broad range of conditions. In principle, this
can always be done if and when sufficient experimental data becomes
available for this pu.pose. At the present time, the availsble data are
insufficient for such an analysis. It therefore becomes necessary, at
least for the time being, to resort to expedients of a more heuristic
nature, as will be explained presently.

The calculation of the space/time integrals I2 and J2 which fix Az
and 12 is seen to be inherently lengthy and complicated. OUne reason is
that the space/time integrals 1nvolved.are. in their present form, four .
dimensional. The seiond reascn is that these sam: quantities appear not
only as the final unknowns, but also as the exponential constants in the
Gaussian weighting function. Hence our next endeavor is to simplify the
analysis as much as possible in both these respects.

In this connection, we observe first that in computing the integrals
I2 and Jz. if the mean flow happens to be steady, the integration over

time cancels identically from the result, and the integrals reduce to

ordinary volume integrals. Secondly, we notice that if the flow field also
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happens to be either plane or axi-symmetric, all volume integrals can be
reduced tc corresponding surface integrals. Also if the flow field happens
to be of the type known as self-similar, all volume integrals again

reduce to surface integrals. If the flow field is both ax!-symmetric and
self-similar, then a double reduction is possible, and the volume integrals
can be reduced to line integrals. These are iremendous simplifications.

By a self-similar flow field, we mean a field in which there exists
a family of surfaces across which the mean velocity distribution has a
common pattern; the velocity distribution across the various surfaces
differs, at most, only in the respective scales of length and time, or
what amounts to the same thing, of length and velocity. Many common flows
in jets, wakes, duct: and boundary layers are known to be self-similar.
The characteristic surfaces in such cases are conveniently taken as cross-
sections approximately normal to the principal flow direction.

This consideration of self-similarity shows us, thirdly, that for
such flows each characteristic surface possesses its own overall length
and time scales; these are constant over. any one such surface, but may
differ from one surface to the next. In addition to these coustant
overall scales of length and time which characterize the cross-section as
a whole, there arc also distinct local scales of length and time, as
consideres c¢arlier, in the vicinity of any reference point on the surface.
These local scales, unlike the overall scales, vary smoothly from point to
point along the cross-~sectional surface.

0f course, even when we have taken these factors into account to
simplify our formulas, the definitions of Az and 12 will remain indeter-~

minate until the four exponents a, b, c, d and the two proportionality
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constants Cf and Cf are definitely specified. Obviously, there exists an
enormous amount of flexibility here, and this was done intentionally.

The flexibility has been deliberately provided in order to permit matching
Az and 12 as closely as possible to A*z and 1*2 over a broad range of
concitions.

Naturally, to do this properly will require much data beyond what is
now available. Hence at the present time our scheme has far more
flexibility than we really need or can properly exploit.

Consequently, we have found it necessary to simplify at this time in
what may seem to be a somewhat arbitrary manner. Actually, such simplifi-
cations were guided by a fair amount of numerical experimentation. Accord-
ing to present evidence, they seem to give reasonably satisfactory agree-
ment with physical experiment. No doubt, there remains room for further
improvement, however.

Specifically, for our present turbulence model, we have chosen the
following numerical values for the four arbitrary exponents, namely,

a=2 b=20 cs=1] d=1 (-20)
Also, it proves to be most convenient to choose the proportiona11t§

s factor simply as

2
¢, = 1 (-21)

The other proportionality factor Cf is not required for the present simpli-
fi.d analysis.

Let us summarize the situation as it now stands after the forepgoing
vsimplifications. The integrals below exterd over the entire flow field.
Thus

AR = (®' - ®) = geparation variatle (-25)
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AR AR
2

W(R,R') = e Vo weighting function (-26)
H(R®) = /Wdv' = normalizing integral (-27)
wv(2,R) = %'w = normalized weighting function (-28)
12(2) = fwﬂadv' = first characteristic integral (-29)
Jz(i) = fw(nn')zdv' = gecond characteristic integral (-30)
2 12
A°(R) = =" local length scale parameter (-31)
J

Notice that Eq. (-26) above differs from Ea. (2.5-4) in that the
unesseatial factor 3 has bheen eliminated from the exponent for convenience.
This is arbitrary but permissible; it amounts to a rescaling of ).

The foregoing relations suffice in principle to define the required
scale factor X at every point in the flow field as required, but do involve
a computational difficulty. The problem is that the value of ) 1s-needed
for Eq. (-26) before a computed value is available from Ea. (-31). Hence,
it is necessary to resort to an iteration process such as the following.

Let the (n + 1)th approximation to A be defired as:

2 2 2
where
2 1yl 3 '
Tr® = J‘all spac.ewn(st’-:t ) @dv . (=33)
2 3 1 [} 1 2 1
Ia® =1 spacewn(x’;t Yas' G')]%dv (-34)

The weighting function 'n is defined as follows. Let

) (X' - R)
()

(-35)

W (R,2') = exp - @ -
n A

85 NIXL
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Then
W (x,x)
wn(;t,;) - A (-36)

-P-D' f
all space wn(x,x Yav

We now define (in principle)

A2 = #im A:(?c) (-37)
n-Ho

Advantage should be taken, of course, of any knowledge concerning the
flow to hasten the convergence of the An's. In particular, if the flow is
self-similar, such as the flow in a pipe, duct, or boundary layer, or the
far downstream region of a turbulent jet or wake, calculations need only
be performed on a single representative cross-section of the flow, and
the results rescaled according to the appropriate nondimensionalizing
parameters.

As an f;itial guess to start the iteration process, we take Ao - o
everywhere. Then in computing Al, we find that the weighting function
wo is equal to unity everywhere, and so we obtain simply

4
Q dv

2 - ]all space

A
1 (20') 2dv

(-38)
jall space

a8 constant independent of position. Thus, Ay is the first nonconstant
approximation to A that we obtain.

Numerical experiments with various flow fields have shown that, in
general, the convergence of the An's is extremely rapid. This 1s illustrated
in Table 2.6-1 which shows successive numerical approximations to the )

distribution in laminar flow in a two dimensional channel. Cousequently,

for the purposes of the calculations presented in this paper, the
approximation was made:

A(x) = 2y (®) (-39)
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Some improvement could possibly be gained by continuing to higher
approximations, but in view of the gross simplifications already inherent
in the model as a whole, the authors feel that such refinement is not
warranted. Moreover, absolute accuracy in this regard is not essential.
It is necessary, however, that the chosen order of approximation be
adhered to consistently. It is also important to adjust the initially
undetermiiied numerical constants of the model so that the chosen order of
aprioximation gives satisfﬁctory agreement wi<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>