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SUMMARY 

The imaging properlies of parametric upconversion have been 

investigated analytically and experimentally for the case of monochromatic 

object waves, and photographs of upconverted 10.6 ßm images obtained. 

Analyses:   Using geometric optics an expression was derived 

relating the locations of the object, the pump and the upconverted image. 

It was found that in general the image quality is degraded by a thickness 

aberration resulting from sum-frequency contributions from each differen- 

tial slab of the nonlinear interaction material.   The magnitude of this first 

order thickness aberration was found to approach zero for tne case of plane 

wave pump interacting with plane wave object waves.   The angular aperture 

of the upconverter was found to be determined by the phase match conditions. 

The effect of higher order factors such as crystal birefringence, phase 

mismatch, and pump wave divergence were considered qualitatively. 

The analysis was then extended by applying the techniques of 

physical optics.   Using Fourier transformer formalism an expression was 

derived relating the angular spectrum of the sum-frequency field with that 

of the object and pump fields.   Phase mismatch, crystal birefringence, and 

the effects of a finite aperture were included in this analysis.   Two cases 

were examined in detail, one using a plane wave pump and the other with a 

Gaussian distributed pump beam.   The Gaussian pump case was found to 

suffer more image degradation than the plane wave case which approached 

the diffraction limit. 



A characteristic equation was developed to describe the overall 

performance of the image upconverter.   Object scene radiance, image 

detail, exposure time, quantum conversion efficiency, detecto' sensitivity 

and the interaction aperture are related to a universal constant. 

Experimental Results:  A series of image upconversion experi- 

ments were carried out with a 10. 6-/Lim illuminated object, a 1.06-um pump 

and an oriented proustite crystal (Ag„AsS„).   The line spread functions were 

measured for two upcon version configurations;  plane wave interactions and 

the Gaussian shaped pump beam.   Measured results on image location, aber- 

rationt», the field of view, and angular resolution agree reasonably well with 

the theoretical results.   For the plane wave pump case about 70 x 20 resolu- 

tion elements were measured.   Two dimensional images of a resolution 

test chart have been recorded on photographic film. 

Conclusions:  As a result of this analytical and experimental in- 

vestigation it is concluded that the monochromatic image upconversion 

process can approach diffraction limited operation if the upconversion pro- 

cess takes place with plane wave object and pump beams (Fourier space 

interaction). 

A parametric study has been done for such imaging upconverter 

characteristics as conversion efficiency, number of resolution elements, 

pump power, pump power density, crystal figure of merit, and overall sen- 

sitivity: This approach indicates some present limitations of the upconver- 

sion process and the future possibilities that can be based on the extrapola- 

tion and trends in the present technology. 

Publications:   1.   W. Chiou, "Geometric Optics Theory of 

Parametric Image Upconversion, " Journal of Applied Physics, Vol 42, 

p 1985, March 1971. 

2.   W. Chiou and F. Pace, "Image Upconver? ion of Infrared 

10.6-^m Radiation, " IEEE/OSA Conference on Laser Engineering and 

Applications, Washington, D.C. June 1971. 
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CHAPTKH I.   INTHüin CT'ON 

This is the final report under Cuntrart N0QtiH-70-( -uibi luvinn 

as its objective the demonstratitm and uiteratinn «»I a lO.G-uin intaue cimver- 

ter system with as high a conversion ellictency as ptuislble. a n'*«»|uti"n •■! 

150 •  150 resolution elements and noise equivalent power (NKI'i ul 10' 

watt/HZ1/2. 

The parametric image upconverter represenlh a new cia-» ul 

infrared (1R) device technology.   It combines the following characteristics 

hitherto unattainable: 

• Permits detection of 10.6-um radiation by conventional 
image tube techniques 

• Obtains imaging in real time (no mechanical scanning as 
in present FLIR's) 

• Inherently low noise 

• Operates at or near room temperature 

• Can be designed for any wavelength in the 1 to 13 iim 
region 

• Coherent (upconverter can preserve frequency and phase) 

In the IR parametric upconverter technique, a strong laser pump 

at w   is employed to upconvert IR signal radiation u:tD to the sum-frequency 
p IK 

üj   = cojp + a;   in the visible or near visible region of the spectrum.   The 
frequency translation is achieved by propagating three waves (signal, pump, 

and sum-frequency) nearly collinearly and phase-matched in a crystal (such 

as proustite) having a large value of nonlinear susceptibility.   The upconver- 

ted signal can then be detected by a photoemissive device such as a photo- 

multiplier, image orthicon, image intensifier, or silicon vidicon.   The use 

of an Nd:YAG laser is contemplated as a pump source due to its CW, pulsed 

high-power output capability, and mode purity.   Moreover, higher quantum 



efficiency photocathodes and silicon vidicon are presently under develop- 

ment at the upconverter output wavelength. 

A. PROGRAM APPROACH 

The approach chosen to achieve the program objectives includes 

the following tasks: 

• Obtain analytical expressions for image upconversion 
analogous to the thick lens formula by means of a 
modified geometrical optics technique 

• Use physical optics techniques to predict image up- 
converter line and point spread functions 

• Measure the line spread function of the upconverter, 
at various positions in the fie'd of view.   Investigate 
effect of Gaussian distribution of pump beam to the 
image resolution. 

• Investigate and compare the characteristics of two 
generic upconverter systems, the one with the non- 
linear material in the image space and the other with 
the nonlinear material in the Fourier space.   The 
objective is to simultaneously optimize conversion 
efficiency and image quality. 

• Incorporate all of the previous findings into a labo- 
ratory device that demonstrates an image with quality 
approaching the 150 x 150 resolution element program 
objective 

• Measure and optimize image quality, conversion 
efficiency, and NEP in the desmonstration setup 

B. ANALYTICAL RESULTS 

Qualitative descriptions of parametric image upconversion are 

currently available in literature.   However, very little has been published 

on the quantitative considerations necessary for selection and evaluation of 

image upconverter systems possessing acceptable image and sensitivity 

characteristics. 



Analyses and experiments, designed to fill this gap, were 

carried out. 

Imaging properties of a parametric image upconversion process 

are investigated both theoretically and experimentally in the present study. 

The theoretical treatment given here is more rigorous than previous 
(13 14 15) work     '     '      .   The particular case of tne nonlinear interaction of a mono- 

chromatic object wave and a monochromatic pump wave is considered.   The 

theory can easily be extended to the case of the polychromatic object waves 

if one considers a monochromatic object wave as a Fourier component of 

polychromatic object radiation. 

The geometric optics theory of the parametric image upconversion 

is presented in Chapter 2.   A ray tracing technique is used in the analysis. 

If the phase relation of object waves is not conserved by the parametric pro- 

cess, the ray tracing technique is not valid.   The coherent nature of the 

process, necessary fnr the effective interaction of the three waves (signal, 

pump, and sum frequency), transfers the phase of the object waves to the 

sum-frequency waves.   This consideration qualitatively justifies the geo- 

metric optics treatment on the parametric image upconversion process.   A 

more rigorous justification is given below.   A formula relating the locations 

of a point object, a point pump source, and an upconverted point image is 

obtained for a dispersive infinitesimal slab of nonlinear material.   It is 

assumed in the analysis that all waves are phase matched and are paraxial. 

An image produced by a finite thickness nonlinear crystal is next considered. 

A finite thickness crystal gives rise to thickness aberrations because the 

upconverted image position is different for the various differential slabs of 

the crystal.   Thickness aberrations are inherent in the process and differ 

from lens aberrations in ordinary lenses.   The amount of aberrations for 

several different upconversion systems is analyzed.   It is found that the con- 

verter pumped by a plane wave pump and interacting with a plane object 



wave is free of thickness aberrations.    The angular aperture of the upcon- 

verter is shown to be determined by the phase-match condition.   The effect 

of diverging pump beam on image quality is also considered.   The effect of 

other less important factors, such as crystal birefringence and phase mis- 

match is considered qualitatively. 

The parametric image upconversion process is analyzed in Chapter 3 

by the physical optics technique.   The purpose of this analysis is twofold; 

the first is to obtain an expression for the upconverted image field in terms 

of the infrared object field, the second is to confirm the ray tracing tech- 

niques used in the geometric optics theory.   The Fourier transform form- 

alism is adopted here because of the complexity of the object wave and the 

image wave.   A wave equation for the angular spectrum (Fourier component) 

of field disturbances with a source term is obtained.   The angular spectrum 

of non-linear polarization wave is considered to be the source term in the 

wave equation.   The wave equation is solved using a technique developed by 
(23) 

Kleinman      .   Phase mismatch and crystal birefringence are  included in 

this treatment.   The solution relates the angular spectrum of sum-frequency 

field to that of infrared object field.   An equation relating the positions of 

upconverted image, object, and pump is obtained by using stationary phase 

condition.   The equation is identical with that derived in the geometric optics 

theory if crystal birefringence is negligibly small.   This result clarifies the 

range of validity of geometric optic theory.   The analysis also confirms that 

aberrations exist for finite interaction lengths.   The result agrees with the 

thickness aberration predicted in the geometric optics analysis as described 

above.   Several different image upconverter systems are analyzed.   It is 

shown that the amount of aberration for a plane wave pumped upconverter is 

independent of the object position if object wave is not a plane wave.   This 

result agrees with that of the geometric optics treatment.   The special case 

of Gaussian distribution beam pumped upconverter is considered.   It is 

found that Gaussian beam pump can, under certain condition,   introduces 

additional degradation in the upconverted image. 



The characteristic equation which describes overall system per- 

formance of an image upconverter is considered in Chapter 4.   This equation 

relates infrared object radiance, the amount of image detail, exposure time, 

quantum conversion efficiency, detector sensitivity, and the interaction 

aperture to a characteristic constant hiA, where h is Planck constant and u. 

is infrared frequency of monochromatic object radiation.   Characterization 

of an image upconverter enables one to understand the limiting performance 

of a particular system. 

C.       EXPERIMENTAL RESULTS 

Two image upconverter configurations have been considered for 

imaging experiments. Image properties of two upconverter configurations, 

namely: 

• Plane wave object and plane wave pump 

• Sperhical wave object and plane wave pump have 
been measured 

The first configuration was chosen because of its low thickness 

aberrations.   The second configuration was chosen because, although it has 

a larger value of aberration, it provides a check on this theory 

Image properties were evaluated by measuring the line spread function 

first rather than recording an image of a resolution test pattern.   The line 

spread function technique uses simple one-dimensional measurement tech- 

niques and the data obtained can provide a description of the system in the 

formalism of optical transfer functions employed in optical image resolution 

analyses. 

Measured data on image location, image size, and number of 

resolution elements show reasonable agreement with theoretically calculated 

values.   The field of view of the experimental system was 12 degrees.   The 

number of resolvable elements contained in this field of view was 70 (one 

elemeat/3 milliradians). 



Upconverted  mages at 0. 967 jum of a 10.6 ^m illuminated reso- 

lution test chart are then quantitatively measured with the scanning technique 

and are recorded on photographic films.   The images recorded contain 

70 x' 20 resolution elements. 

As a result of the theoretical and experimental study, it is found 

that the monochromatic image upconversion process can be nearly diffraction 

limited. 



CHAPTER 2.   GEOMETRIC OPTICS THEORY OF PARAMETRIC 

IMAGE UPCONVERSION 

I. INTRODUCTION 

The photomultiplier detection of infrared (IR) radiation by means 
(1-5) of the parametric upconversionprocess has stimulated great interest in 

the next step of upconversionofIRimages to the visible or near-visible 

region.   The theory of parametric upconversion is well-established        " ; 

however, image upconversion requires considerations beyond those for 

single-resolution element theory.   Firester analyzed the problem using both 
(13) (14) 

Fourier transform     and geometric optics     approaches.   Because of the 

simplifying assumptions in his analysis, some interesting image upcon- 
(15) 

verter properties are not apparent in his results.   Andrews     has reported 

resolution calculations, also based on a ray-tracing rm  "lod, of image up- 

converters utilizing specific optical systems.   His analysis applies for a 

near-plane wave pump and therefore does not cover the case of an off-axis 

IR object. 

In this paper, the discussion is limited to image aspects of the 

upconverter; the problems common to a single-resolution element upconver- 

ter (such as conversion efficiency, bandwidth, and material selection) are 

not considered. 

A formula relating the location of the upconverted image to 

location of the pump and the IR object is derived in Section II for a very thin 

upconverter.   The result shows that a point IR object will be imaged into a 

point.   The formation of the upconverted image by a thick upconverter is 

considered in Section III. The finite thickness of the nonlinear material 

causes aberrations peculiar to the parametric image upconversion. 



11. IMAGE FORMATION BY INFINITESIMALLY THIN IMAGE 
UPCONVERTER 

This section contains a discussion of the formation of the sum- 

frequency image of an IR object by an infinitesimally thin upconverter. In- 

finitesimally thin means that the thickness of the nonlinear material is small 

compared with other dimensions such as the object, pump, and image dis- 

tances and the transverse dimensions of the crystal, but that it is larger 

than the wavelengths involved; that is, large enough for traveling-wave 

parametric interaction inside the nonlinear material.   For this case, it will 

be shown that a point IR object is imaged to a point sum-frequency image. 

The image location is obtained by tracing spherical pump rays, 

spherical IR object rays, and spherical sum-frequency rays that are para- 

metrically interacting in the nonlinear material. For simplicity, the anal- 

ysis is carried out in a two-dimensional model. 

To further simplify the analysis, the following assumptions are 

made: 

1. The pump, the IR object, and the sum-frequency waves are 

in near-phase-match condition throughout the interaction 

volume; the slight phase mismatch is neglected. 

2. Because all rays are paraxial, all the angles are small enough 

to use the approximation tan 9*0. 

3. The pump is a point source.   The pump beam generated by a 

single-transverse-mode laser can be considered as a point 

source.   (The effect of an extended pump source, which repre- 

sents a multi-transverse-mode laser beam, will be considered 

later.) 
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4.       The reflected components of the pump, the IR object, and 

especially the sum-frequency and higher-order scattered 

waves     generated at the surface of the material are ignored 

because these rays do not contribute to the image formation. 

The first assumption is justified since the maximum allowable 

phase mismatch is small compared with the other wave vectors involved. 

Assumptions 2 and 3 are discussed in Section IV. 

To provide a consistent convention for the use of positive and 

negative quantities in the analysis, simple Cartesian coordinates are used. 

If «' and 4'' are defined as the angles of the IR wave vector K. and the sum- 

frequency wave vector K , measured from the pump-wave vector K   (Fig- 

ure 1) 'nside the nonlinear material, the phase-match condition results in 

the foll>wing relationship: 

K. 
sin ty' = rr sin a' K 

s 

For paraxial approximation, 

Ki r * Y <*' = 0 a' (1) 
s 

The angular demagnification factor ß * K /K   is not constant because | K. | 
IS 1 

and I K   | change with direction; however, for a small-angle approximation, 

the change is neglected. 

Because of the change in the indices of refraction at the air- 

crystal interface, the direction of the wave vectors inside the nonlinear 

material will be modified according to Snell's law, as shown in Figure 2b. 

The relationships between the angles are: 

9 
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üs • *| ♦ Sp 

FIGURE i.     PHASE-MATCH CONDITION FOR PARAMETRIC 
ÜPCONVERSION 
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0 
e'^ p 

P    n 
P 

9. 

i     n. 
i 

= ~ (e 4 «) 
n.     P 

(2) 

where 

Q Aft = i, p, s) = angle between K   U = i, p, s) and 

the reference axis normal to the 

interface 

n U = i, p, s) =  index of refraction for the wave designated 

by the subscript S. 

The primed angles are measured inside the nonlinear material, and the un- 

primed angles are measured in the air.   The angles ip' and a' are obtained 

from equations 1 and 2: 

*'^ + 9      I-* 

^ = 0 

(3) 

The direction of the sum-frequency wave exiting from the infinitesimally thin 

nonlinear material is then by Snell's law: 

0   = n   9' = (9'    + ip') n s     s  s     p s (4) 

Figure 2a shows the geometry of upconverter image formation.   The point IR 

object is located at (s, h), the point pump source is located at (p, o), and the 

sum-frequency image is formed at (s', h').   IR ray 1 makes an angle 9. and 

pump ray 2 makes an angle 9   with the reference axis; they interact at the 

11 



J<s   IN   AIR 

REFERENCE   AXIS 

PLANE   OF 
INTERACTION 

Ks'.h') 

P(p1o) 

(a)    GEOMETRY   OF IMAGE   FORMATION 

0 
e, 

n» 

K.s    IN   AIR 

^ = «   * ♦' 

(b)      ANGULAR    RELATIONS 

FIGURE 2.     FORMATION OF IMAGE WITH INFINITESIMALLY THIN 
UPCONVERTFIR 
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material located distance y from the reference axis and generate sum-fre- 

quency ray 3.   The direction of ray 3 is calculated from equation 4.   The 

intersection of ray 3 with ray 4, which is generated at another point in the 

material, is the sum-frequency image and is located at (s', h'). 

From the geometry of Figure 2a, 

jLlh: 
s' 

y-h 

= e 
s 

(5) 

and 

s     =Öi 

y = o 
p   P 

Substituting equations 2, 3, and 4 into equation 5, 

y -s    sin,      J      np   p 
h' u    n 

. n, = 0 

This equation must hold for any y for the upconverter to form an image.   Each 

quantity inside the brackets, therefore, must be equal to zero: 

1 
s'n 

s 
sn i 

111 
n p 

P 

h' no8 

-r- = M = /3   h        t        n s 

(6) 

(7) 

Equation 6 is the thin-lens formula for the image upconverter, and equation 

7 gives the transverse magnification.   Equations 6 and 7 and the geometry 

shown in Figure 2 are for a case of a real point pump source and a real ob- 

ject located in the right half-plane.   Similar equations can be derived for 

13 



other arrangements.   The phase-match condition, however, limits the num- 

ber of arrangements that can be used for an image upconverter; it restricts 

the entrance angles 0   and 0 . and limits the angular aperture of an upcon- 

verter (as discussed in Section IV).   For instance, most upconverters using 

presently available nonlinear crystals do not allow an arrangement in which 

a real pump source and a real object are located on opposite sides of the 
(15) crystal.     Equations 6 and 7 apply to the following cases, which permit 

upconversion to take place. 

1.     A real point pumu source and a real IR object on the 

same side of the material (Figure 2).   The image is 

virtual, erect, and on the same side as the object. 

2. A real point pump source and a virtual object arc on 

opposite sides of the material.   The image can be 

either virtual or real. 

3. A virtual point pump source and a real object are on 

opposite sides of the material.   The image can be 

either virtual or real.   This is a dual of case 2. 

4. A virtual point pump source and a virtual object are 

on the same side of the material.   The image is on 

the same side of the virtual object and real.   This 

case is a dual of case 1. 

A virtual point source represents a converging spherical wave, 

and a real point source represents a diverging spherical wave. 

It is sometimes convenient to describe an optical system by a 

paraxial-ray transfer matrix.   It relates the position y, and the slope (in- 

clination) 0 of the ray in the input plane of the system to the position y. and 
m 

the slope 0. of the ray in the exit plane of the system as follows: 

14 



V 

TA      13-1 

L C      DJ 

(8) 

Le, J 

If (y^ 09) and (y , 9 ) are defined us the 1R ray entrance position 

and slope, and the sum-frequency ray exit position and slope, respectively. 

an image upconverter by a ray transfer matrix tan be described.    From 

equations 3. 4, and 5, for an infinitesimally thin upconverter; 

s 

0 
s 

1 

n (1 - /3)      no 

-S    ^ 
V      ni 

y. 

e. 

(9) 

TTie determinant of the ray matrix is clearly not unity, as expected from the 

nonreciprocity of the upconversion process.   The propagation of paraxial 

rays through an imafe upconverter system containing optical components 

such as lenses and transmission media can now be obtained by multiplying 

the ray-transfer matrix of each optical element. 

m.     ABERRATIONS OF IMAGE UPCONVERTER WITH NONLINEAR 
MATERtAL OF FINITE THICKNESS 

1.       IMAGE FORMATION WITH THICK MATERIAL 

The discussion of Image formation by an infinitesimally thin 

Image upconverter In Section II has furnished a relatively simple method 

of calculating the position and size of the image.   In practice, the thickness 

of nonlinear material is neither infinitesimal nor infinite so that the effect of 

material thickness on Image formation must be considered.   The straight 

forward method of attacking this problem is to trace all rays interacting at 

different transverse planes inside the material. 

15 



All the assumptions made in Section n are considered to be valid 

throughout the discussion in this section. 

Figure 3 illustrates the geometry of ray tracing.   The object, 

image, and pump rays, which interact at transverse plane T, are traced 

using a procedure similar to that described in Section 11.   Transverse 

plane T is located at distance t from the center of material C, which is taken 

as the origin of the coordinate system.   The pump, object, and image are 

located, respectively, at (p, o), (s, h), and (s', h').   The points O' and P' 

are, respectively, the object and pump locations, corrected for refraction 

at the material surface.   The points O', N, and L are on a straight line 

representing an object ray inside the material and making angle 0.' with 

respoc. io the reference axis X.   The straight line P'ML is an equivalent 

pump ray.   The straight line LNO' is an image ray, making an angle 0 ' with 

the X-axis, inside the material.   The straight line KI, making an angle 0 
D 

with the X-axis, is an image ray in air. 

The following relationships are obtained by geometry: 

From AO'AL, 
AL     BL - h 

wi  " O'Ä " O'A- 

From A p'BL, 

0 ' = 
P 

BL 
P'B 

From AOGN, 

0 =GN- = ei    OG 
NF - h 

D 
8-T 

From A PMF, 

a   -FM. FM 
p     PF 

p-2 

(10) 

(11) 

(12) 

(13) 
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FIGURE 3.     IMAGE FORMATION FOR PARAMETRIC UPCONVERTER 
WITH FINITE THICKNESS NONLINEAR MATERIAL 
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From AO'GN, 

1     0G    O'A   'D 

From AP'MF. 

9' -IM ™  dj) 

"B-(f- 
Using Snell's law and equations 10, 12, and 14, 

6/ = , j^ ' h r- -, (16) ''HMH 
Similarly, from equations 11, 13, 15, and Snell's law. 

By geometry. 

and 

•■■RMF) 
ys-KJ=LB + 0s'(^+t) (18) 

9 = KLzX = n e ' (19) 
s        ,0       s  s 

S  +2 

Substituting the relationship 

9 ' = 9 ' (1 - ß) + ßQ.' (20) 
s       p i 

obtained from the phase-matching condition and after rearranging equations 

18 and 19, 
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(s' + D/2) -1 1 + 
(D/2  +t)(l-S) (D/2  + t) 0 

ns(l - 8) 

np(p -   D/2) +   (D/2 - t) 

n   8 s 

n. (s D/2) +   (D/2 - t) 

n (p - D/2)   +   (D/2 - t) 
ir 

n.(s - D/2)   +(D/2   - t) 

h' 0h 
D/2   + t 

8'+ D/2 
where y = BL 

(s -  D/2) n. +   (D/2 - t) s  + D/2 /    -' 

= 0(21) 

Since equation 21 must hold for every y and h for image forma- 

tion, each member within the braces { } must be separately equal to zero. 

Equations expressing the image generated at a transverse plane T are then 

given by: 

1  ß 1-/3 

(^f)v(f-) '.( 
and 

h^h 

»tO'-fHf-') 

(22) 

(23) 

The image location (s', h') is, as expected, a function of both 

D and t.   The images generated at the different transverse planes of a single 

object are formed at different locations.   The dependence of the image posi- 

tion s' upon t leads to a blurring of the image.   This effect is analogous to 

lens spherical aberration but is peculiar to the image upconverter.   The 

thickness aberration is due to the finite thickness of the material, whereas, 

lens spherical aberration is due to the obliquity of nonparaxial rays. 
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Spherical aberration would be added to the thickness aberration if exact-ray 

tracing is used rather than paraxial-ray tracing.   Other monochromatic 

aberrations (such as coma, astigmatism, curvature rf field, and distortion) 

would have to be considered if higher-order theory were used for the analysis. 

Equations 22 and 23 have been derived for a case where both the 

pump source and the object are located outside the nonlinear material.   If a 

pump source, either real or virtual, is located inside the material, equa- 

tions 22 and 23 are modified by equating pump refractive index n   to unity. 

A similar modification, n. = 1, should be made for the case where an IR ob- 
i 

ject is inside the material.   The modification is necessary for this case be- 

cause the refraction of the pump and object rays at the front surface of the 

crystal does not affect the imaging process.   The refraction of the sum- 

frequency rays, however, must be taken into account regardless of the pump 

and the object locations, because the image will be observed in air rather 

than inside the nonlinear material.   The existance cf chromatic aberration 

is evident from the dispersion of the material.   Chromatic aberration exists 

even in an infinitesimally thin image upconverter.   Since chromatic aberra- 

tion is not perculiar to the image upconverter, even though it may differ 

somewhat from lens chromatic aberration, it will not be considered further. 

2.       PLANE-WAVE IR BEAM 

Plane-wave IR beam incidence parallel to the reference axis can 

be presented by equating the object distance s to infinity.   The sum-frequency 

image position is then given by: 

, - (p-f)+(f-tM.-.)(f+t; D 
ns (1 - ß) (24) 
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The sum-frequency wave focal points, generated at the front and back sur- 

faces of the material, are obtained by equating t to r and -    , res|)cctively: 

, np(p-F) °(.-H) 't'° n IrrT <Dlir-i; ,or"2p (25, 
s s 

and 

>/p(.p-2p)<Dr_j ii 
i       nga -/3)     U[n8 (1 -ß)   2J b       n   {I - ß) I n   (1 - ^)   2 J 2 

The longitudinal-thickness aberration, defined as the difference between 

these two focal points, is then: 

s 

The longitudinal-thickness aberration for plane-wave IR beams depends only 

on the material properties, but not upon the pump position.   The lateral- 

thickness aberration is given by: 

4y' = 48'tane (28) s max 

where 0 is the maximum angle that the sum-frequency ray makes with 

the reference axis. 

3.   PLANE-WAVE PUMP BEAM 

Plane-wave pump-beam incidence, normal to the material is con- 

sidered next.   For this case, the pump distance p becomes infinite and the 

image is located at: 
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nu' lonßltudlnu I-thickness aberration becomes 

"' i»b'-8f'i  i0'^1 (30, 

s 

It is indeiHMulent of the IH object location.   The longitudinal-thickness nber- 

rations of the plane-wave IR beam and the plane-wave pump beam are re- 

lated by 

«aa0        ß  (31) 

p    *    (\ - ß) 

Since 3 is usually less than unity for ima^e upconversion. the longitudinal- 

thickness aberration is smaller for the parallel-object-ray case than for the 

parallel-pump-beam case. 

The lateral-thickness aberration is given also by equation 28. 

4.       PUMP SOURCE AND IR OBJECT IN SAML TRANSVERSF PLANE 

The image position is given by equations 22 and 23, using the 

relationship s    p.   Since both s' and h'are functions of t, the blurring of the 
(14) 

image could not be avoided.   Because Fir ester       ignored refraction, he 

concluded that resolution for this optical arrangement was unlimited.   The 

non-zeroaberratiun is due to dispersion of the material.   Indeed, s'will 

be independent of t i: the material is nondispersive.   However, h' is s ill 

dependent on the object position.   If p    s and n   - n   = n., In equation 22 
s      p      i 

and 23. then 

s' D(i-0 02) 
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(33) 
h'    h/3 

Since s' is independent of t, the longitudinal-thickness aberration does not 

exist; also the transverse image spread defined by ^h'     I h ' - h ' i becomes 

Ah'^O (34) 

Above result indicates that the obliquity of the IR object ray would not cause 

image blurring if the crystal dispersion can be neglected.   Image blurring 

Ah' of a dispersive crystal due to the object ray obliquity is, however, not 

zero in general.   This effect resembles the coma of an ordinary lens.   This 

effect is called thickness coma since it is due to the finite thickness of the 

material, but it is not caused by violation of paraxial approximation as in 

the case of an ordinary lens. 

The longitudinal-thickness aberration, As', of a dispersive 

material for the case s    p, is generally not zero but is minimum. 

5. PARALLEL-PUMP AND PARALLEL-OBJECT RAYS 

Pump and object rays can be made parallel to the axis with a 

suitable lens arrangement. Since both s and p are equal to infinity, the image 

will be formed at infinity.   Thickness aberration and thickness coma should 

disappear for this case.   This arrangement represents upconversion in 

Fourier space and is an aberration-free image system.   The resolution for 

this arrangement is limited by higher-order effects discussed later. 

6. PUMP AND OBJECT AT CENTER OF MATERIAL 

Pump and object can be positioned at the center of the material 

with a suitable optical system.   The pump and object distances are zero for 
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this case.   The refractive indices n   and n. are equal to unity because the 

pump and the object are inside the material. 

The image locations s' and h' are given by 

(35) 

(36) 

Both the longitudinal thickness aberration and the thickness 

coma are zero as is evident from Equations (35) and (36). 

7.       COMPUTED VALUES OF ABERRATION AND COMA FOR 
SPECinC CASES 

Consider, next, a specific upconverter configuration using a 

proustite (AggAsSj crystal, pumped by an Nd : YAG laser (1.06 /im), and a 

signal from a CO. laser (10.6 ^m).   For this typical values of thickness 

aberration and Coma have been computed. 

Figure 4 shows the longitudinal aberration that occurs due to 

the longitudinal thickness of the nonlinear crystal material.   Longitudinal 

aberration takes the image of a point and elongates it along the optical axis 

of the upconverter system.   The values of pump position (p), object position 

(s), and aberration (As') have been normalized with respect to the thickness 

(D), of the crystal material.   Each curve corresponds to a different value 

of normalized pump position (p/D) with respect to the region of nonlinear 

interaction.   When the apparent object distance (s/D) is equal to the apparent 

pump distance, that is, the spatial wavefronts are matched, the longitudinal- 

thickness aberration becomes a minimum.   Other requirements permitting 

upconverter operation should be set at this value. 
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As the pump distance goes to infinity (p/D = «), that is, the pump 

wave becomes a plane wave, the normalized aberration achieves a fixed 

value of 3.9.   If both the object distance and the pump distance are infinite, 

the case covered in Section III-5, the pberration becomes zero. 

Figure 5 shows the thickness coma values computed for a fixed 

pump position.   This curve is representative of a family of such curves and 

indicates ? decrease in coma as the curvature of the signal wavefront is 

decreased.   For small values of off-axis displacement (h), the values of 

coma will generally be very small for large values ( I s/D I > 10) of object 

distance. 

IV.     EXTENDED PUMP SOURCE. ANGULAR APERATURE. AND 
RESOLUTION 

Degradation of image quality due to an extended pump source, as 

well as the angular aperture of a parametric image upconverter, are con- 

sidered in this section.   Formulae for resolution calculation are also pre- 

sented. 

1.       EXTENDED PUMP SOURCE 

In general, a pump source used for an image upconverter is a 

laser.   A pump laser can be operated either in a single-transverse mode 

or in a multitransverse mode.   The pump wavefront of a single-mode laser 

beam will always be a single-spherical wave or ne^r-plane wave.   The as- 

sumption of a point-source pump with a spherical wavefront used in the 

preceding sections therefore applies to this case.   A multitransverse mode 

laser beam can be considered as a composite of many spherical wavefronts. 

Hie pump source can then be considered as an extended source of finite 

size.   Hie pump radiation at each point in the material will be represented 

by wave vectors with a range of directions equal to the divergence of the 
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pump beam.   The size of an extended pump source is related to the diver- 

gence angle 6, for a small-angle approximation, by 

a = pö (37) 

where 

a = equivalent pump size 

ö = pump divergence angle 

The divergence of the pump waves will cause a divergence in the 

sum-frequency waves for a fixed object-wave vector.   The same sum-fre- 

quency divergence could be caused by an equivalent object divergence if the 

pump divergence ö is made zero.   The equivalent object divergence € that 

would give the same sum-frequency divergence as the pump divergence can 

be obtained from the angular relationship 

n n 
9   = — (1 - /3) 0   + — /3 9. (38) 
s    n p    n.       i 

P i 

The change in 0  due to the change in 9 , keeping 9. constant is 
s p i 

89 n 

W =n-(1-'3' (39> 
P     AB  =0 P 

Similarly 

i 

99 n 
s s 

39. n.  * m 

1 1 

A9   = 0 
P 
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The equivalent object divergence € is then obtained by equating 

equations 39 and 40: 

n. 

"P    ß 
(41) 

An image upconverter with a point object and an extended-pump 

source can now be represented by an equivalent system consisting of a point 

pump source and a finite object.   The angular resolution of an upconverter 

with a multitransverse-mode laser pump is therefore limited by the angle €. 

2.       ANGULAR APERTURE 

To be useful, an image system should have a reasonably wide 

field of view.   The principal factor that restricts the field of view of a param- 

etric image upcom^erter is the phase-matching condition, 

For crystal of length D, phase-matched upconversion takes place 

as long as I AK I = I K    - K   - K. I i —, where AK is assumed to be 
~s    -p    —i D — 

along the direction of K  for convenience, as shown in Figure 6.   Three- 
s 

dimensional phase matching instead of two-dimensional matching should be 

considered for an image converter if the anisotrophy of the crystal is signi- 

ficant.   Only the two-dimensional match, shown in Figure 4, is discussed. 

The phase-match error AK is given by 

AK = K   - (K   + K. cos a') sec f 
s        p      i 

(42) 

where 

tan ip' = 
K. sin a' 

i  

K   + K. cos a' 
P       i 

(43) 

The small-angle approximation sin x ~ x reduces equation 43 to 

the angular-demagnification relation.   The previous sections assumed that 
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FIGURE 6.     ANGULAR RELATIONS IN CRYSTALLOGRAPHIC 
COORDINATE SYSTEM 
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AK is negligibly small compared with the smallest K.   Given the values of 

0', a', and 0 (the angle between the crystallographic C axis and the normal 

to the crystal surface), A K can be obtained using equations 42 and 43. 

Figure 7 shows the numerical results, using refractive index data reported 
(17) by Hobden      , for a 1-cm long Ag AsS_ upconverter.   The IR object and the 

o o 

pump wavelengths are 10.63 )j,m and 1.064 )j,m, respectively; they are polar- 

ized, respectively, extraordinary and ordinary.   The angles 0' and <£' are 

related to 0' and 0!, respectively, by: 

0^ = 0 - Oj U = i or p) (44) 

It has been shown that, in general, noncritical phase matching gives a larger 
(18) 

field of view for the object field than other phase-matching arrangements. 

This is true only if nonmonotonical angular variations of sum-frequency out- 

put are not allowed.   This situation is demonstrated in Figure 7 by the lines 

marked a, b, and d.   The change in A K is monotonic when the IR object inci- 

dent to angle 0. is monotonic along lines a, b, and d.   Consequently, the 

angular sum-frequency output variation exhibits a single maximum where 

I A K I is minimum.   It is clear from Figure 7 that line b has the largest 

object angular aperture.   The field of view can be increased slightly if 

double maxima in thesum-frequency output angular variation is allowed. 

Line c in Figure 7 represents this case. 

For a 1-cm long Ag AsS- image upconverter with a 10.6-/im 

object and a 1. 06-/im pump, the maximum angular aperture lies within the 

shaded area of Figure 7.   The allowable maximum I A K I is chosen to be 

2v for convenience; the sum-frequency output is zero at this value of A K. 

Figure 8 shows the field of view of a 1-cm long Ag-AsS   image upconverter. 
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The crystal should be cut so that the optical axis makes an angle of 20. 3 de- 

grees with the normal to the surface.   The angular aperture of other non- 

linear materials suitable for image upconversion has been shown to be less 
(15) 

than a few hundred milliradians. Therefore, the paraxial assumption 

used in the preceding discussion of angular aperture is shown to be valid. 

3.        BESQLUTION 

The resolution of an image upconverter can be calculated if the 

aberrations and the angular aperture of the system are known.   Only the 

point pump source is considered here.   The modification to an extended pump 

source is straightforward since its affect on the object field is known. 

Figure 9 shows the image of a point IR object located at (s, h); 

the pump is located at (p, o).   The image is a line connecting points I and 

L , which are, respectively, the images generated at the front and the back 

surfaces of the material.   Images generated on a transverse plane located 

between these extreme surfaces lie along the 1,1, .   Because of thickness 
f  b 

aberration, the lateral aberration is not zero; also, the thickness coma 

produces the transverse spread Ah'.   The transverse dimension of the image 

is the sum of these two aberrations: 

H' = Ah' + As' 9 = I h; - h' I + I s; - s'   I 0 (45) 
s max     '    f      b '      '    f      b '    s max 

Again, 0 is the maximum angle that the sum-frequency ray makes with 
S iTiclX 

the reference axis. 

To analyze the resolution of an image upconverter, consider the 

geometry of Figure 10. Two object points, located at (s, h ) and (s, h ), are 

imaged into lines L and I .   In order that these two images be resolvable, 

the point (s' , h' ) and the point (s'   h/    - As' 0 ) should coincide, 
ti     11 l<s   oZ s max 
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sn  s;2 (46) 

h'   = h'     -As'9 (47) fl       b2 s mux 

Equation 46 is automatically satisfied.   The change in 0 s mux 
due to the difference in object transverse location is neglected.   Using equa- 

tion 23, equation 47 is rewritten as 

IKM    = h.M..   - As'e (48) 1    tf      2   tb s max 

The minimum resolvable transverse size of an object located 

at (s, h) becomes 

M , 
Ah = h | -^ -1 | +=p 0 (49) M..        '     M,.   s max tb tb 

Hie linear resolution of the object field about (s, h) is then given by 

R = ~ elements/unit length (50) 

The angular resolution, y, which is more meaningful than the linear resolu- 

tion for some optical systems, for a small-angle approximation is given by 

y = Rs/Ah (51) 

The resolution of a plane-wave pump case is now considered as 
ns 

an example.   For this case, p = «, 9   =0, and 9 - — 06, 
p s max    ni       i max 

according to equation 20. 

The minimum resolvable transverse size is equal to the lateral- 

thickness aberration, because Ah' is zero in this case: 

(Ah)        .D^-^9. (52) 
p^00 n.       i max ^ i 
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The linear resolution, given by 

V-^sri— (53) r
 i max 

is independent of the object location. 

V.      OTHER FACTORS AFFECTING IMAGE FORMATION OF IMAGE 
UPCONVERTER 

A nonlinear crystal used for upconversion must be anisotropic 

for parametric interaction to take place.   The electro-optic tensor, which 

is responsible for the generation of nonlinear polarization in the material, 

is nonzero if the crystal does not possess a center of symmetry.   Anisotropy 

and dispersion are also required for phase match.   The treatment presented 

in the preceding sections does not include the effect of anisotropy.   The ef- 

fect of dispersion was partially accounted for by using different indices of 

refraction for different wavelengths. 

The first effect of anisotropy is due to the angular change of 

the index of refraction of the extraordinary wave.   This change also affects 

the angular demagnification factor, since it is a ratio of the IR wave vector 

to the sum-frequency wave vector.   The image of a point object generated 

even by an infinitesimally thin material will not be a point if the angular 

change of the index of refraction is included. 

The second effect of anisotropy is due to double refraction.   The 

wave vector normal to the wavefront and the Poynting vector are not in the 

same direction in an anisotropic crystal.   The analysis given in the preceding 

sections is not rigorous ray tracing because of double refraction.   The ray 

tracing inside the material should be done along the rays instead of along 

the wave vectors.   Snell's law should be used for rays instead of for the 
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wavefront, and the angular de magnification factor should be modified for ray 

angles.   Also, the effective interaction thickness of the upconverter will be 

different from the material physical thickness if double refraction is con- 

sidered. 

Another effect of dispersion is variation of the angular demagni- 

fication factor with wavelength.   The natural consequence of dispersion is 

chromatic aberration, which is important if the object spectrum or the pump 

spectrum is wide.   Image degradation caused by chromatic aberration will 

not be severe for most of the presently available optical upconverters because 

of narrow infrared spectral bandwidths, typically in order of 10     cm.   It, 

however, may become predominant for a large bandwidth upconverter, such 
(19) 

as the one reported by Midwinter. 

Another factor affecting the image formation is the three-dimen- 

sional effect.   The ray-tracing analysis presented in previous sections is 

carried out in two dimensions.   The reference axis normal to the crystal 

surface from the point pump is not a symmetry axis.   This means that a 

parametric image upconverter is not circular symmetric.   The angular 

demagnification factor and the refractive indices depend on the transverse 

coordinates (x, y) (not the same as the crystallographic coordinates), where 

the interaction takes place.   This is a three-dimensional generalization of 

the double-refraction effect previously discussed.   If the nonlinear crystal 

was oriented so that the crystallographic C axis (optic axis) is normal to the 

entrance and exit surface, and the angular aperture was spread almost 

evenly about the C axis, the image upconverter would be circular symmetric. 

However, the requirement for phase matching and maximum light transmis- 

sion necessitate crystal cuts that do not permit circular symmetry.   A 
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three-dimensional field of view is therefore not a circular cone.   The lack 

of symmetry introduces distortion of the upconverted image.   A practical 

image upconverter, therefore, must not use highly anisotropic material for 

high-quality imaging. 

The discussion of angular aperture presented in Section IV 

applies to a spherical pump beam; that is, the pump intensity remains con- 

stant over the wavefront.   In practice, however, the pump beam is near 

Gaussian; its intensity decreases with the distance from the beam axis. 

The brightness of the image of a finite object decreases accordingly with the 

transverse distance from the reference axis.   This means that the image 

does not have clear definition at its edge.   The fading of the image also 

implies the reduction in the field of view of an imaging system.   The fading 

of the image occurs even along the reference axis, where it is well within 

the field of view of the object field.   The resolution calculation becomes 

ambiguous with a Gaussian pump beam. 

VI.     CONCLUSION 

Formation of a sum-frequency image by means of parametric 

upconversion has been analyzed for general pump and object configurations 

by applying the ray-tracing method.   A formula relating the image location 

to the object and the pump locations has been derived.   A geometric optics 

theory of aberrations for parametric image upconversion has been described. 

The aberrations are due to the finite thickness of the nonlinear material. 

This phenomenon is peculiar to the parametric image-upconversion process. 

Aberrations due to the finite thickness of the material vanish when both the 

pump and the object waves are parallel-plane waves.   The longitudinal 

aberration is minimum when the pump and the object are located on the 
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same transverse plane.   The limiting resolution of an image upconverter 

can be calculated when the aberrations for the particular image upconverter 

are known.   A method for calculating the resolution has been described. 

The primary factor that limits the field of view of a parametric 

image upconverter is the phase-match condition.   Other factors, such as dis- 

persion, anisotropy, and nonparaxial rays degrade the image, but are 

second-order effects. 
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CHAPTER 3       PHYSICAL OPTICS THEORY OF PARAMETRIC IMAGE 
UPCONVERSION 

I. INTRODUCTION 

Imaging theory of parametric image upconversion was treated 

by the geometric optics approach in preceding chapter.   An equation relating 

locations of object, pump, and image was derived and the existence of image 

aberrations due to the finiteness of the nonlinear material thickness was made 

clear.   In geometric optics treatment of parametric image upconversion, 

some higher order factors that would affect imaging properties were ne- 

glected.   It was considered also in the geometric optics theory that upcon- 

verted image is formed by constructive interference between the waves 

radiated from each differential slab of polarization in the material.   This 

concept lead to thickness aberration of the image upconversion.    To verify 

the concept of constructive interference and to understand the higher order 

effects; such as, anisotropy, phase-mismatch, and finite interaction aper- 

ture, the problem must be treated in the formalism of physical optics.   It 

is the purpose of this chapter to treat the problem in the framework of wave 

theory.   The problem considered here is to determine the nature of the image 

field arising from a dielectric polarization generated at the sum-frequency 

by interaction of the object field and the pump field in the nonlinear material. 

The imaging properties of the parametric image upconversion has been 
(13) (22) 

treated by Firester      intheformalismof Fourier optics       that resembles 

closely to the treatment of linearly-invariant filter system.   The advantage 

of such an approach is that the process of upconversion of the complex non 

planar objects field to the complex non planar image field can be studied by 

investigating the interaction of planar angular spectrum components in the 

nonlinear material. 
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The results obtained by Fourier optics 'reatment describe more quantita- 

tively the imaging properties of upconversion process and can be tied di- 

rectly to the formalism of optical transfer function description of an imaging 

system. 

General formulation of image upcorvcrMon process taking into 

account of phase-mismatch and the crystal anisotiopy is presented in Sec- 
(23) 

tion II.   The treatment presented follows Kleiman       closely and is more 
(13) rigorous than Firester       . The basic equations that describe the angular 

spectrum of image field in terms of object and pump angular spectrum are 

obtained.   The concept of constructive interference of radiation from dif- 

ferential slabs is also verified in Section II.   Imaging properties, such as 

angular spectrum of image field, image position, and the point spread func- 

tion of several image upconversion systems, namely i) planar wave pump 

system, ii) spherical wave pump system, and iii) Gaussian wave pump sys- 

tem are considered in Sec. III.   The results obtained agree with the geometric 

optics results.   The effect of finite interaction aperture on upconverted 

images is also discussed in Sec. III.   The effective interaction aperture at 

the sum-frequency is smaller than the aperture at pump and/or object fre- 

quencies. 

II. GENERAL FORMULATION 

1.       Basic Equations 

Mathematically, the formulation is based upon Maxwell's equa- 

tion for a lossless anisotropic medium free of charges and currents but con- 

taining a prescribed source in the dielectric polarization.   All linear induced 

polarization is assumed to be included in the dielectric constant tensor.   The 
(23 24) 

analysis follows very closelv to Kleiman's treatment     '      of second 
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harmonic generation except that the analysis will be carried out in Fourier 

spatial frequency space rather than in spatial coordinate space.   It is shown 

in Appendix A that the Fourier decomposed angular spectrum of the field 

disturbance can be considered as plane waves propagating in different direc- 

tions.   Parametric interaction of complex (non planar) waves in the non- 

linear material can be understood by studying the interaction of their angular 

spectrum components.   The Fourier optics formalism puts the problem in 

the framework of linear transverse-spatial invariant system. 

The theory of parametric upconversion involving three plane 
,(1,10,25) 

waves has been treated in considerable detail . Under matching condi 

tions the plane wave signal field E.(z) and the output plane wave sum-fre 
1      (1) quency field E (z) satisfy the relations    . 

s 

Es(Z,^)^Ei,0,si„(f) (54) 

and 

EAz) = EAO) cos (j) (55) 

where the characteristic length H for power conversion 

2u).io d 
i s 

C (K.K ) 
i  s 

i72 E
P

(0) (56) 

with K the wave number, u) the angular temporal frequency, d the appropriate 

component of the second-order polarization tensor, and E (0) the pump elec - 

trie field at input surface of the nonlinear material.   In the limit z « H, the 

sum-frequency field is given by     , 
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E (z) - 2vdl~- ) 1/2    --   E.(0) E (0) z 
s \n n./ C       i        p 

si 
(57) 

As shown by KleinmarT     , the linear growth of E (z)is ascribed to constructive 

interference between a fjrced wave generated by the polarization and a free 

wave generated at the surface by the forced wave.   It is equally valid, as we 

shall see later, to ascribe the growth to constructive interference between 

the waves radiated from each differential slab of polarization in the material. 

We developed geometric optics theory according to latter view.   Eq. (57) 

is the solution for the matching case satisfying E (0) = 0.   Actually Eq. (57) 

does not give the correct sum-frequency field.   The value of E (0) is related 

to the amplitude of nongrowing waves in the medium and a reflected wave 

at the surface  ' '     '     .  These waves are, however, many order of magni- 

tude weaker than the growing wave. 

The rigorous analysis of upconversion process is based upon the 
,.    (10,23,24) 

inhomogeneous vector wave equation 

V x v x E (r) 
-s " 

a»   \ 2 /a)  \   2 
L: Es(r) (58) 

where € =2 4 ^TT x      (x      is the linear susceptibility tensor) and E   are 

respectively dielectric constant tensor and electric field at the frequency 

ui   = to, + Cü ,   The plane polarization wave P (r, t) is related to the signal 

electric field E.(r) and pump field E (r) by the relation 
-i - p - 

P (r.t) = P (r) e"ia,st=d J E.(r) E (r) e_i(u,i + U,P)t 

p - -i - 
(59) 

46 



For non planar signal and/or pump fields, which is the case for 

imaging, it would be advantageous to solve the inhomogeneous wave equation 

for the angular spectrum component waves rather than solving Eq. (58) 

directly.    The wave equation for Fourier components wave is (Appendix B) 

V x v x 6'   (K   , z) - € 
-s  -s =e 

(60) 

a   . 
It is apparent that operation V on angular spectrum only has   -■- z   operation. 

In this analysis Cartesian coordinates x, y, z are defined such that z is in 

the propagation direction normal to the surface of the crystal, and the optic 

axis (consider only uniaxial crystals) - is in the xz plane (Fig. 11).   If both 

signal and pump fields are ordinary wave polarized with the electric vectors 

perpendicular to the xz plane (along the y direction) the effective component 

of the polarization wave and the sum-frequency electric field are polarized 

along the x axis.   For this simple case Eq. (60) becomes 

.2 ^ ,w   x 2 
(61) ('    2 + €   ) ^    (K   , z) = 4 TT (-^-)     cp U   . z) \ dz        e/   sx -s \ C  /       x -s 

where 

€   = (e  )„ e      =e 11 

(P   = d S.   (K   ,z) 
^x ly  -s 

6'     {K ,Z) 
py -s 

(See Appendix C) 

The general solutioa of Eq. (60) consists of an inhomogeneous 

wave (or forced wave) which is some convenient particular solution of in- 

homogeneous equation, and suitable free waves which are solutions of the 

homogeneous equation obtained by setting (P   - 0.   The free waves are re- 
s 

quired so as to satisfy the boundary conditions at the crystal surface.   The 
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CRYSTAL SURFACE 
PARALLEL TO x y 
PLANE 

FIGURE 11. RELATION BETWEEN THE COORDINATES (x, y, z) 
AND THE CRYSTALLOGRAPHIC AXIS (X, Y, Z) 
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free waves have the form 

(S'U   expil-^r-  n 2
-K 

2|     z (62) 
-       P   Vc2     s        s   ' 

where the refractive index n   is a function of the free wave propagation 

direction s (unit vector) of the wave vector 

K= -^  n   S (63) 
~    L     s- 

The relation between the wave vector Kof free wave and the wave vector 

K of the polarization wave P  (r) will be considered later.   The polarization 
"s s 
direction li satisfies the relation 

as :«U= 0 (64) 

where 2 

2^ -T V "i'-Vs (65) 

where I is the unit dyadic and € is the dielectric constant tensor at sum-fre- 

quency co .   Equations (64) and (65) determine both n   and the polarization 
s s 

direction CU .   We define a quantity n', called effective index, and a unit 

vector cr by the relation 

Ks = ^ n' a (66) 

In general n' * n (a), but n' = n (a) along the phase-match direction, 
s - s - 

When n' * n (a), the polarization wave is said to be mismatched, 
8 (23) the mismatch is described quantitatively by <p in the relation 

n'a - n s = </> N (67) 
—      s-       — 
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K      K    / %»N 19$) 

tthrrr Si» itir «Hfr«u»«i (unii ttHiurl m%rma\ I«» ih# inrMm' «urfitr«» of itw 

rnrM*ll      Mir«r r«|ujli<-«t« •Mnmittr» Uilh ^  «fid » lo br AHIkurMlMl wilh 

4 |*rr»fritii*l K       Hrtr n   ami » fk|irrlf| « Ir^r »dvr r^fnMMM Uy ICq. *6I) 

whirh fttttui rMM in ihr itrnkntrt ul ihr Inr^Ml wivr m ordtr la MlMfy 

ImaiMiinr («•Mint««! ji ihr rnmMl «urlarr   Tlir ilamMiaiil cffr t ,..' prMtfirr 

til Uäh lorrrcl «turf frrr «tarm in ihr ftradurfiai» of gnMrintf wart ihroiisl) in» 

irrtrrrorr of j frtH-iravrawlforrrrfwarr Wtim ^    0 ihr wart« art aatd 

|4u»r nuirhrd ami ihr «rttwina wavr ia alit« by Rq. (97).   Mart imarally 

uj-lrr   urn h   in il. hm»   . ..i.lil|..tni (olloWUia M« l.iman || . jn Innh-.*. nlhal 

ihr erowim: ».ivr ia givr« by 

5 U   .») - i C(2i €)> : #U  .«) (M) -a "a ■    -   -a 

whrrr 
-a        i 

1-  . ^ t-^tx 
•a 

C(a)     -•—      L   t "^ (701 

und 

2J      p  v a - a I K   - K I (71) 

(03) 
The dyadic ^ ls (|t.f|niHi by 

I    -2- i        --pi |(N*l|)e-1f) -N- af |i ^ (72) 
C(n n ) 

s  I 
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Tu A «oud appruitimaDiii) > ran '" «rrillfit 

• i 

ItmvidcMi «4¥ni lr<a%*l nearly tmumal i«* ihr »ut'ttri»     |i«f ihr • •■■r  .1 >■> 

ordlfMrt IUMWI» «ravv. »n orilltMr« »ictwil ««tr, 4i«l an rMraunlinanr Mim 

ir»i|Mr«rt «4%t>. ihr crtnrtne •»** in i:^, iMt hmim«'» 

Ä    '•   .$\    ttl •.  .   #t>ilu»#i»   .#» »74» 
C<n n > 

F^iuailans C09) Mä (74) ran hr »rili»n in nrnrr (amiIMr i«.f m   N n««iinif ilui 

n-2 EVALUATION QF II1SMATC H f ACTOH 

Before Kq. (69) ran be applied ll l» ncrettnary lo eiqireiui the 

miemaich (actor «. in terms ol wave verlor«.   Kq- (68) itive« that 

Ml 

v»* J1  (K   - K) • N (70) 
C        »    -       - 

AB sh«    • In Figure 12 the wave verlor Kol (ree wave» Is ronMniined lo lie 
uig 

on the wave vector surface — n (s) for the sum-frequency *• ; ilie wave 
v. S 

vector K   of polarization wave is uiven bv K      K,     K   and is arbitrary, 
-s s       '       p 

We shall denote the wave veclor of polarization wave in the matchin« direc- 

tion byK   •   We shall assume, for simplicitv. that the surface normal N is —M 
a matching dltection and also that K%,is in the direction N.    Figure 12 

- M 
shows geometrically the mismatch relation expressed by Kq. (76).   We have 

taken the z direction to be along N. the rptic axis In the xz plane. 

and the y direction normal to the plane of figure.   The tangent plane to the 
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lAMQt«liA( *%*** 

CUVfTAt 
tUMACI 

K*PRCI«»AVI 
«AVI VICTOR 

•♦X 

FIGURE 12.   GEOMETRIC REPRESENTATION OF 'flSMATCH 
RELATION 
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wav* vptUtr nurlarr 4i K.. 1« nhuwn. attd ihr tturmal In Ihln ^Utnt iti«ik» ihr 

anirl# ^ wllh ihr 4 will.    Ii oh.^iM lir n.^rti ihai Mir att^lr i   rriirmrni» 

oil ft(4 r*i|Mr of ih« rrtm 

Kiv»ti N IAwir«»«H« 0). 

4tiiikuir*i|tir of Ih* rrtMal at Ihr frrqyrtiry ^       Thr «maulri^iir angh- i •«. 

IMI ( - n (•>   t ro» r    »in <* 
it» w to u r 

IT7I 

• hrrr r     - «l«lr brf^rrn ihr i^lir ««!• «Hfl Ihr phaar molrh ilMrrli« 

ntr   ) - iftdr« of r*frariiua «lone K^. «i «r 

a  - tarAonilitarV'««** mdr» of r^frarfit« ji • 

n   * ontlMrv■«««« indr* of rrfrjrii«« «l * 
o • 

Thui anclr also govrrfui ihrdauttfr rrlrarfloii rflrrl. in «rhirh Imih ihr nrdiiuinr 

Md r«fraonfliitrt WIVMI ar» ai Ihr aamr trrqunry. In ihia nnaHy«.* H »aa aa- 

aumad lh«l ihr «iftnal f irld and Ihr pumpf irld arr both polarUrd aa ordinary «avra 

andlhraum'fraqurnryflaldla polaiii«daa rxtraordlnanr «avra. Thr miantalrh 

faclor v arrorditig lo Eq. (76) la lha diaianrt from K   lo ih# »ave rtcior 

aurfact mtaaurtd paralltl lo N.   Thia la apparanl from lha boundary rondi- 

tlon lhal raquiraa ronllnuiiy of iranavera wave verlora of boih forced and 

free wavaa acroaa the boundary aurfara. 

*    A       K    • a 
-a    -p    -i 

(78) 

Thta condition aasurea also the continuity of an angular »iwclra with »palial 

angular frequency *    acroaa the crystal boundary.   It is somewhat tedious 
-s 

but can be shown that (Append ix D) 

K 
sz " KM 4 K      t 

sx 

K 
tan £ * r 

K^    C 
M sx 

n^a' 
(79) 
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% lir I r 

ai»l 

* IK '^ • *) 

mnrr «hr rryMjl t» UMMIIV KVJtlt iMrfr^M  and ihr qiMitDiir in thr »luatr 

i.i 4. kri m ÄiKttwi'Offlvr in (K   * K) «nd »awill^r IIIMI ihr tiMur tftuuiiiiy. il 

• • |.» i»« in i«fcr ••«»pin lorm 

t 

M 

Wr IM%* UMHI un ;     < m ITn   (SO) «im r t      I. 

HI ItKSlXTAMT SUM* r RTOfr CY n^LD 

HIT »um frr<|urtirv jit<uUr «fMHrlmm r«>m|i»n«fll S   U   . i) KlirMi ii    „ 

by Kq. (69) I« «(ftrrjird by a pbnt »avt pol4fii4llaii { («   , {). whlrh Ul • 

rwurltr ramtntnmi of loial pnlarlftHian wav* P(t).   Thr rtsullani «um-lit- 

qtwnry (irld itnulurvd by P(r) M Fourier Iraiuriorm of A («   . t) 

(81) F (r)    / ^ U   . i)tU»' V 

Hubsntuiini; Kq. (60) into Kq. (81) lh« renuliani field can be wrilien 

F (r)    i JL1 du j  > : *{*. t) e"2^ " e1- " '- d« (82) 

where use h.t> been made of integral representation In Kq. (70). 
2 

For IMI.IM.II assumptinn the qundrnlc term K     ^K.. can be 
s M 

neglected.    It then follows from Fqs. (82) and inverse Fourier integral 

representation of <*•(*. z) that 
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**0 tu? to *'1'**.*1** * ''*'l9lK*''KM" ^ 

* I *f>l HO*'** ' 

Ihf ifii««niUM ottf • t 0*m II* tertor 

TW iiil«tr«llc« ov«r ^* tivv« 

n*n ilit nrui ai il» «til Mrfact ol ilw wMUMnr < miial (i - D) ran bt 

«vfiii#» 

If »# lai (I • i») 0 - i and makt t at a dummy vanabl« of tniaitraUiNi Eq. (tS) 

bteeoMt 

E§(e. 0) • a"1*»!0 /0
D d« t^M1 ^ : P( « - CO . ( i. y. 0) (86) 

Thla axprtaaton abowa thai ihr raauliani aum-frffquancy Htld la 

produced by conalrucllve Inlarfaranca of lha wfi^ea radiated from each dif- 

ferential alab of polarlaatlon In the material.   It la thla concept that waa uaed 

In the geometric optlca theory. Double refraction (or anlaotropy effect) of the 

sum frequency electric field la Included In Eq. (86) throUKh the parameter 

(x - C 0 * C z).   Now refer to Figure 13 the line at angle •'. which Is normal 

to the tangential plane to the wave vector surface, represents the direction 
(27) of energy flow of the sum-frequmcy field     .    It is intuitive to expect that 

the path of integration to obtain resultant field should be along the energy 

flow direction rather than the z direction.   To understand the implication of 
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lAMMWf IM »UMlrt 

OiRCCTlOOlOf POVNTLlC 
VECTOR Of CKTRAOROINARV 
SUM FREQUENCY WAVE 

FIGURE  13. ILLUSTRATION OF DOUBLE REFRACTION OF SUM- 
FREQUENCY WAVE 
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Ihr fkiruftuHer * - < M • i *. U»i u* ilrti«»ir I»«IIII» in ihr |üil*irt#*iilMtt » »»»^ 

lh» murr* |ti»lAlll.   i»1f U..   V..   #.).   ««»1 |l««inl« ♦« lt»r    um  lir^«r«i. » » iir 

IIM> ttliti*m>r |tt*initi   bf C*^ iff. jr i    Wr rrcanl IM   I»! .»• J<» inir^tJI 

ortr «ourr» puim* ri»li«r Ihr Mim ltr«t«K^rir MrM «ai jn  4.»:.»».» |«Mni     •*« 

•»»•»11 mmamttv lh» MMirrr )»«|fil|i «f»»«» ihr r.«if«f|iMir ••Mein     Ur ilrMMr *, 

foi Ihr tilMirrwr |iu)nU in iiurh a «rair ilwi %f    0.  »       0 lir* .-« ihr imr 

mtfMntf J***!* t «rtlh Ihr # «Mr     Thru %«'«#* J««I ihr |Mih «4 iitir^r^liun 

ttvrr ihr nattrrr imim* )» «laNriiir«! bt %      «      «# . »      t.    r   «nih %. 

hold rannlAnl in Ihr IHrttfrallun »inrr II rrirtn l« ihr «4«iri% JIM« |»>)ni     fhm 

«w. « »i .,   ». « m*™ .•» l(,.n».i.« ^«w.r. .,   . . rn .,,. 
Hu* ran hr litlrr|»mr(l ihai ihr rum frrqurnrf firM 4l ihr |>*inu («. y. fl* 

!• ••Mainrd by inlrcralinn alnnit ihr mrrty Ihn» linr 

Hir «iiKWlar «firfirttin nf ihr num -frrqumry flrld ai ihr rMi 

•urlicr of ihr rrynUl m timplv 

•K'» 
6 U   . D)    D r 

9 
(1") «in 

C87) 

whrrr 

• K     K     - K   • C« s/       n        nx 2K (88) 
M 

Eq. (87) indicates thai Ihc angular ttpttlrum al Uw exll surface is not a sum- 

mation over the contributions of the Fourier components of the polarization 
(13) 

in the differential slab.    Flrcslor      calculated thr angular spectrum at the 

exit surface by summing over the angular spectrum of same spatial frequency 

^8 radiate 1 in each differential slab.   By doing so he obtained the factor 

sin 
/ 

and considered it as a 
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rillt*r()tKM>r of mi ma. ||.      IhlÜ liilrl|iirl.il|.Mi I« . ..nil .il \  lu hm imilül a«' 

•uiftiiii^t «if i«M«<rt*|tir4l |4w»r ftultH «'tiMlllliiit.    llrrtfttH» of im« hf arrived 

Ml inmrrcHi rrltll«n I«»I lnuafitm» •»! ihr ttli)rri ami ih# U|truit«*i»il»«l im4£r 

III. AM*t I AH »«HtTHIM Or IMAUI  mill rUM ItrVKItAMMACIt 

I IHtlSVI Hf4UH MW U* 

fht triMiM« •«Ujinr«! in |tr*^rr«lii«6 •rriiua •ill UP IU*** lu nnliMir 

ihr 4li^ttl4r •firrinw« «»I ihr Mit»'ffrcfiirart IftMgr llrld lor •rtrr«| t^tratitvrfrr 

»tMrm»      H »K-MW !*• |*.|nlrxt tnH hrfr IIMI lUj,  i6tl 14^«« IfHo arrowH o| 

it.uinji. it A«»! jftl4M4ro|*y      h «III hr •*•***% that ihr lUtlir iiilrr«r1|o« «|M»r> 

lurr mj| I«  int luilr«! lit Ihr r«lmUllon Mr «»• fwAir tut »prfiutr Umei*m. 

tl  »ill Ur iktamn   n lhl# •r*H<mx «hjl Ihr iWi^r )».»|l|uO frill Ml drfltr«! |A Ihr 

gramrlrir ofHlrn Ihrurt I» ohijuir«! Itoat »laik^uinr |rfu»»r cunjMd^rtllaii     To 

roitt|*arr Ihr rnMill» of Ihl» mti*** »llh Ihsl of grooirf r i. ofillr» Ihiory. II 

««» AMMftird Ihjl Ihr nofillm^ar malrruU Uli« Ihr «par« la«uiMk<f bjr pwrallrl 

v\Aiun:     .Dtand«     nttPiclSi.   h »«■ alao aiMMimrd ilwi all Hrhl 

mianiliir«! tun rfrfutiir puUirUd'loii« ainr •* imramnrtr upronrrrniun to a 

nonlinear rryMal «mrrdllv r*|(ilrv» dvlinilr potoiitallon for pluijMp nuiirhm«. 

For atmpllriiy wi» again ron»idrr thai ihr in'rarvd ..Li« <« and ihr pump warra 

arc polarlrrd aa ordinary «ra«*ra and the auni*frrc|umry firlda arr polaritcd 

aa rxtraordinan* «avr.   For ihl» raw ihr field and ihr polariiaiion «ravr ran 

br dntcrlbrd by acalur quanltlira. 

mi PLANK WAVF: PUMP SYSTEM 

For a platu* |iump wavr propagating in Ihr dirrctlon of ihr axla 

K (j)    E e'V (80) -p -p 

its .ini'.ul.n spectrum is simply a two-dimrnslonal delta function multiplied 

by a phase factor 
iK / 2 

S  U .z)- Epc   p   r>UW(2i) (go) 
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Innitir ihr mitlri wi) ihr pump angular nfMHlmm Itrruntr« 

'»,•B•'!,  V■.*(•.,•■<K^•*■V*■i,| 
PI* P   P      P 

(91) 

»Mr» 
0,0 
i   ■   i 

K        -^ ' *••• Miml»r in ill» rrytial 
P 

«Ml 

T       lr«ftWttl»»la» curfflrlMli lof Ihr ,^ri.|, 
I» 

«tv» al Ik« malrf l«| MlHtre 

t 4-« III« ti|»)er| rirld di«ff ibuflnti «rroM  Ihv   Hahr i * • f 

to dnn«d by Eg (P. - •). IIMH if« awBylir i^cimm uwid» ihr nooliiMar 

crfflial «• giwn in 

I "1 I   I    I (M) 
■ Hrfr 

D     .    D 

^ _ 

I 

M 



T     Iransmist«ion coefficient for the angular 

spectrum at the material surface. 

Transmission coefficient T. depends on the vector K. , since K 

determines the incidence angle of a spectral component and transmission 

coefficient depends on the incidence angle.   For the paraxial assumption, 

which is valid for the most of upconverters, we can neglect the K. dependence 

of transmission coefficient T. and approximate it by a constant. 

The angular spectrum of polarization wave, convolution of 

S (K . z) and SU-,z), is given by 
p-p I    l 

for -   D •  z ?  D 
2 2 

-I [K   ^ - K (z + 5.)] 
<P(*  ,z) = dT TS 5:(K , -s)e       ^ ^      p        Z 

-s p i p  i   s 

ll(Kla   ""s )      {s--2) + iKi   'Ki )     (Z+T^ 
6 (94) 

<PiK ,z) =0 f0r _ £. > z > 2. 
-s' 2 2 

From phase ma*ch condition K    = K.   + K     and ä.   = K . + K   and K    = K z 
sz       iz      pz        ~s    -i    -p        —p       p o 

it can be shown 
,2 2        2 ^     /, 2       2vl/2 

K     =K   +(K.   -/c      -K    )       =(K    -K') 
sz      p        i      -s        s s       s 

where „      „     * 
K    = K     z    + K 
—s       sz   o    -s 

Substituting this relation, Eq. (94) can be rewritten as 

tv    D   ifo   2 2\ xt2 i    D^ iv   2       ^l/2D^ IK       TT     ll(K.      -K   ) (z+r-MK.      -K      ) -=-] 
/       \   J«, rw, P  r / v e   pa 2 e ^ ia   -s 2        la    -pa        2 (p K ,z =dT T.(5 (S.(K , -s)       V 

-s pip i-s 
i/v   2        2  1/2 
i(Kia   - «s   )      s 

D   <z <H. 
Y^^T (95) f0r - — ^ z ^ 
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The angular spectrum of the sum-frequency field is obtained from Eqs. (74), 

(75) and (95), r D 

27W dT T.S Sin 
*,        s    • L p !i/Po SXK  , -s)(2 + ^)  S {K  ,z) = I       C(n n.)l/2     i-s' 2 

s ~s si 

Ak(Z + j) 

Ak(z + j) 

.AKCzJ.) .i[(K  2.K V/2|+K   |- (K. 2..  V/2
S-(K 2-. 2)1/2(z4» 

-i R      L    ia       s 2      pa 2        la   -s s     s 2 
xe 2        e 

D      ,     D 
2 2 (96) 

where AK is given by Eq. (88) 

The angular spectrum of upconverted filed beyond the exit surface of crystal 

is given by 

,,„   2 2//2,      D. 
* t      ~\    rr* P /     V.        sa       sa 2 

where 

-f 
T   = transmission coefficient at the exist surface 

K     = T
-
 ^ free space wave number at w sa    A ^ s 

s 
It follows then from Eqs. (96) and (97) 

(97) 
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Sin(A-^-)   -i^_       277.0) T TT d<§  D 
P   ! \       o   l \ 2 2 1    S   S    i   p      p S  (a  , z) - S_{K   ,  - s)  — e •    — -fpz* 

s    s i    s AKD C(n n)l/ ^ 
-y- s i 

-il(K. 2-K 
2)1/2(|  - s, + K    | - (K 2 - « 2)1/2D - (K    2 - . 2)1/2(z-| ] 

ia      s 2 pa 2 s        s sa       s 2 
•e 

(98) 

where 
D 

z>y 
,  .     „   i/c • p   iK. z, 

For the case of a plane object wave E.(r) = E.e-   -e    iz 

its angular spectrum are 

(S (K , -s) = (S.öOc   - K) 
i -s i    _s    - 

The resultant sum-frequency field, which can be calculated by 

taking Fourier transform of Eq (98), becomes 

27TW dT.T T E E.D     Sin(^^) .AKD 
_,  /       v              s    i  p   s  p  i 2    '      -i—s- 

E(p,z) = i ^ fj*        —=—   e        2 
s_ C(n n.)1/2 (4KD.) 

-^-^1/2|+Vn(Ks
2-.2,1/22-+,Ksa

2.K
2

)fe-f)l 
• e Ci 

i0rZ>^ (99) 

The sum-frequency field is also a plane wave and its amplitude 

is reduced by the mismatch function Sin {——) /(—=—).   For plane object 
u z 

wave propagating along the z axis K is equal to zero and the mismatch function 

becomes unity because of AK = 0, and Eq. (97) reduces to Eq. (57) if we ignore 

the phase change expressed as exponential in Eq. (99). 
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We shall next consider the relation of image location to the object 

location by investigating the phase 'actor of Eq. (98),    Using Eq. (88) foi 

AK and the approximation 

,  2       2 1/2 K
2 

(K   - * )        ^ K - 2- 

which is valid for paraxial assumption, the phase factor of S  (K , z) is given 
fa       fa 

by 
2 2 2 

(K
sa "A-'*2 - ^ " (Kia -k

)(J- s) < \.\ + (Ks -W )D 
sa la s 

2 

s       M        sx       2     K ,    K   ' 2 
M       s 

Since the constant phase factor that is independent of a is common to all the 

angular spectrum and represent a constant phase shift,  it can be ignored. 

The phase factor that depends on K is then 

*'^-^xf1-Vik -ir+fK V^,J       (100, 
sa        sa la M       ia s 

Optimum focusing occurs when 4>(K   )is identically equal to zero for all K   . 
"~S "S 

If this condition is satisfied, the phase angle of all angular spectrum becomes 

identically equal and the resultant field at the sum frequency will form a 

clearly defined image across a plane z = - s'   which makes $ ( K ) = 0. 
—s 

Unfortunately, the condition 4>(K   ) - 0 for all K    can not be satis- 
b b 

fied, since we have one equation and two independent variable K     and n    . 
sx ^sy 

There is no unique solution z = - s' that makes <f>(K   ) = 0 for all K   . 
s -s 

There is, however, a solution z = - s 'for a particular K   .    This can be in- 
fa 

terpreted that different components of angular spectrum focus on different 
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transverse plane.   The sum frequency field produces, therefore, a blured 

image.   The origins of this imago degradation are crystal anistropy and 

phase mismatch.   It is natural to expect that the upconverter is not circular 

symmetric because of crystal anisotropy. 

When the linear phase factor £ K    D is ignored, which is valid 
O A 

assumption for the most of upconverters because of paraxial assumption and 

small anistropy, there is a unique solution z = - s' that makes *(/c   ) = 0 for 
s 

all ^    =0 for all K   provided K   ^ IK. + K   I is a constant, 
-s -s s      — i     —p 

K DK ,        , .        , 
sa sa,  1       1        1       1   . /1n1> 

s =sKr- + ~2~(ir+ir'i^'^' (  ' la s     M       la      sa 

For infinitesimally thin crystal, D ~ 0 and Eq. (101) reduces to 

S'=.SA/A (102) 
l    s 

This equation is identical to the result obtained by the geometric optics fheory. 

(Eq. (6) of Chapter 2 with p = «). 

The assumption K   = constant is not valid since K   is related to 
s s 

K. ( = K  )  by the equation 

K 2 = * 2 + (K    + K )2 

s        s iz       p 

When both pump and object waves are ordinary waves, it is true 
2 2        2 2 2 

that K.   + K    (= K .   + K.     + K    ) is a constant, but K   is obviously not a 
i        p      -i iz p s 

constant.   The unique solution z = - s' that makes *(* ) s 0 for all K   does, 
s s 

therefore, not exist even for an upconverter of Isotropie crystal.   It is clear 

now that thickness aberration introduced in the geometric optics theory is due 

to non-uniqueness in tht position of stationary phase plane and amplitude re- 

duction of angular spectrum of the image field caused by the mismatch. 
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The angular aperture of the upconverter can be calculated 

from the condition Sin (—srv := 0-   This relation will give the extreme values 

for K   and consequently the maximum object wave incidence angle.   This 
s 

procedure is carried out in the geometric optics theory and the *  suit is 

presented in Sec. IV-2, Chapter 2. 

The amount of longitudinal spread of upconverted image may be 

evaluated from Eq. (101) by substituting extreme values of K  obtained from 

the condition Sin(    ■   ) = 0.   The electric field distribution of sum-frequency 

image of a point object located at z = - s will be considered.   We assume 

that crystal anisotropy is small so that f = 0.   The image field distribution 

will be evaluated over the plane z = - s' given by Eq. (101). The angular 

spectrum SAK, - s) of a point object field E,ö(p - p.) is 
i — i   —    —i 

S.(K , - s) = S.e 
i -s i 

i«    «p. 
-s   -i 

(103) 

We set p, =0 for simplicity. 

The angular spectrum over the plane z = 

factor, then 

s' is, neglecting constant phase 

Sin(—r—) 
S (K , -s') = S 

s -s s /AKDv (104) 

where 2iru) T T.T dS S.D 
g   =i 

s  s  ^ P.J" 

AK «a 

K2 

-s 
2K. 

c(n nJl/2 
s i 

(See Appendix F) (105) 

The image field is Fourier transform of Eq. (104) 
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E  ip,  -s')= - 5    / 
s - s ^ 

Sin 

2   , 
s 

4K. 

2_vn 
'K    D 

s 
4K. 

i ' -i 

iK   -^ 
-s -s . 

e (k 

Using polar coordinate expression K    = K e    and p = pe   , we can convert 

above integration to Hankel transform 

Sin' " 

E (p,  - s') =-27r(5  / —JjKphdK (106) 
■(#) 

(S) 
where J   is zeroth order Bessel function.   E (p, - s) can be expressed in the 

o s 
form (Appendix E) 

4nK.S Kp 
Es(p, .S') = I-ltl-si^)] (107) 

where sine integral function is given by 

Si(x) = / 
X  s^n * 
o     t 

dt 

K.p 
The function [ - - Si( —-—)| has the same character as the function describing 

diftraction from a round hole.   The image field distribution E (p,  - s'), 
s 

consequently the extent of aberration, is independent of the object location. 

This result agrees with that of the geometric optics theory. 
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It should be noted that the spread of sum-frequency image given in Eq. (107) 

is caused by thickness aberration.   The spread is not due to aperture dif- 

fraction, since we assumed an infinitely wide crystal.   It is easily seen from 

Eq. (107) that the field spread becomes wider for the thicker nonlinear 

material.   It also can be shown that Eö(p,  - s') approaches to the delta func- 

tion as the material thickness D approaches zero. 

The sum-frequency electric field expressed in Eq.  (107) is a 

point spread function of the system under consideration.   The minimum re- 

solvable image spot size according to Rayleigh criteria may be calculated by 
77 

noting that the function x - Si(x) possesses first zero at x - 2.   The radius 

of resolvable spot size is then 

p        =1.4(D/K.) 
res. i 

1/2 

(108) 

ni-2 SPHERICAL WAVE PUMP SYSTEM 

We shall consider the upconverter pumped by spherical waves. 

A point pump source that radiates spherical wave is located at the point 

(x , y , - p).   The pump field distribution across the plane z = - p is ex- 

pressed by 

E (p,  -p) = E 6(x-x )6(y-y ) 
p- P P P 

The angular spectrum of this point pump source is then 

§ (K  , - p) - S e 
P -P P 

•IK       '   p 
-P       -p 
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where 

,2 
KP/(2TT) and p    = x ^   + y y 

p - p      p o      p o 

Wo assume again that an object is located on the plane z = - s and its angular 

spectrum is given by S.{K .,  - s).   The angular spectral of pump field and 

object field inside the crystal are respectively 

o o 1/2 p) 9? 1/2      n 
A[K    • o    -(K       -.    )       (p-^)-(K ^-^)      (Z+2.)] 

P -P P  P 
D <     <D 

(109) 

9        9 ^'^       n 9? 1/2       n 
i[(K. 2

-K.
2

)      (s - 5-) + (K.2 - ,c2)      (z+|)] 
S (K.,Z)    T5 ^.. -s)e      la        ' 2 l        ' Z 

11-1 D D 
2    Z     2 

The angular specf rum of polarization wave, calculated again by taking 

convolution of u  U   , z) and iS.U ., z) is given by 
P-P i-i 1/0 

9 9        n D 2        9 1/2      n 
i[(K/-./)(z + ^) + KJjs--)+(Kj^/)      (p-T)-«„-P«] 

(P(K   , z) = dT.T 5   e 
s i  p  p 

P s     -s 2        ia     2 pa     s ^  2   -s -p 

0     D D D 
o   s " T     P -y P - ^- 

■ f dK'cS.U; -s)e ia Pa Pa 

i 

D D 
- — ^ z ^ -r- 

2 2 

(P(/c   , z) = 0 -5->z>5. (no) 
S Lt da 
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^u     u 4u        r.-      ^2 2
N
1/2

    /^2        2.1/2     ,^2     „2.1/2 The phase match condition (K     - K    )       + (K.    - K . )       ^ (K     - K
r, ) p        p i i s s 

2      2 1/2 «2 
and the approximation (K   - K )       ~ K -— are used to arrive at Eq. (110). 

The angular spectrum of the sum-frequency field beyond the exit surface of 

crystal is 

2™.T,T„T_d5..D    sin (^2.) -i^ 
o   I \ S    1   p   S      p Z 
8 \K , z) = i /      \ i /9       77^:—e 

s -s c(n n.) I/* . AKDS VV ( ^) 

2 K 2 K 
2 

i[(Ks-^_)D + Kia(s-|) + (K    - !| ) (p - |)-V Pp -(K^f- X-l-)! 
e 2K ^ pa ^ sa 

s 

D D D 
2 S"2"     P'Y P"Y 

./d.'^.U'/^e ia        pa pa 

z  >| (HD 

Above expression may be evaluated analytically for a few simple 

object angular spectrum S (K ., - s).   The most interesting case is one in 
S      1 

which 

-\K_.   • p. 

S {K.,-S) = S   e      1      i 

i -i i 

Above is angular spectrum of a point object located at the point (p ., - s). 

The integral 

D D D 
P-y s-y     p-y     2 

I = /d.'expi{ .'• [p   -pi+ir-.s] - i-^- + ^-J.' } 
pa ia        pa 
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can be calculated by using the relation 

r   ibx    -iax u   1/2 i(a2/4b) 
/ e       e      dx - (77-)     e 

ib 

and 
D D 

I=i 
■n 

r D 

+ 

D I 

2K.       2K 
L   la        paJ 

expi 

(x -x. + -— K   )   +(y - y. + -— K   ) 
p    i    K sx p     i    K        sy 

pa ^ pa      "^ 

. D D 

4;!i:+
p^ 

2K.      2K 
la        pa. 

(112) 

We let x   = y   =0 for simplicity in following calculation.   The angular 
p     p 

spectrum of image field produced by a point object and a point pump becomes 

S (K  ,Z) = S expi 
s -s s 

(vi)D + Kia(s-|)+(K 
s 

KP-S- AKD 
pa    2K    /,r    2'     2 

pa 

(Xi 

sa 

D D 
p-y        ,2   ,       PT      ,2 

J&. M. 
's— 

D D 
PT 

^K. K la pa 

(113) 

where 

4noj T.T T dDS S 
S sips i_2  

s /     D D 
P - IT 

D 
/   ^1/2/r!JL2 

C(nsni)      U~   +K 

sm(-2") 

( AKDv 

la pa 
(114) 
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The phase factor thai dependti on *    i« found to bf 

*0c   ) -s 

K     2 s 
r  D f) 

7-2 D p-2 !) 

K 2K K ^K L sa s pa M 

*   y.Cp-^/K sy t y  2    Jpa 

H  p-2 
IK— 

+ir"] \ ia pa / 

If we neglect anistropy factor £ and let x   : y  = 0, we obtain an equation 

relating the image location (z = - s') to the positions of point pump and point 

object. 

 2_  .   D. / JL     J_) 
K +   2     K   + KJ /    D D 

sa s       M / s-— + p-— 

(s-y)(p-5)/K    K 
Z        2      pa pi 

K 
Pi 

K pa 

= 0 

(116) 

where z = - s' makes ${K   ) = 0 
— s 

For an infinitesimally thin material D = 0 and we obtain 
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K K.        K ^sa        1a _   pa 
s'    '    s    ~    P (117) 

Since K. = n.K. (where j - s, i, p) 
3      ]   ja 

We may rewrite Eq. (117) in the form 

K        K.      K 
s i        p 

s'n      sn,     pn s        I        p 

and recognizing ß = Kj/K   and Kp/K   - 1-ß we obtain 
s s 

1-/3 
s n      sn.       pn 
si p 

(118) 

This relation is identical to Eq. (6) of Chapter 2. 

Longitudinal spread of the upconverted image by anistropic nonlinear crystal 

with finite thickness is again apparent from lack of unique solution z = - s' 

that makes Eq. (115) identically zero for all K   .   The effect of off-axis waves s 
is accounted by terms which are linear in the transverse object vector p. in 

Eq. (115).   This effect leads for thickness coma of upconverted image. 

If S = 0 and K   = K,   = constant, a good approximation for near Isotropie 
s      M 

material, Eq. (116) can be reduced to 

1 ß =     1 -£ 

(S' + |)n   -D       (s-y)n      (p-|)nn 2     s 2    i 2    p (119) 
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Above equation is equal to Eq. (22) of Chapter 2 if we set t 
D 

in latter equation.   It is tempting to conclude from the result that a point 

object at z = - s produces a point image at the sum-frequency at the point 

z = - s' if crystal anisotropy    and mismatch are negligibly small.   This 

conclusion is in error because the condition K   = K.   = constant does not 
s       M 

imply the matching condition AK^O.    Under the matched Isotropie operating 

condition, uncertainty in the location of stationary phase plane is introduced 

through K    dependence of K .   In the geometric optics theory, we attributed 
s s 

thickness aberration as a consequency of interference of sum-frequency fields 

radiated from each differential slab of polarization wave.   It is, however, 

shown in this chapter that the real causes of thickness aberration are mis- 

match and crystal anistropy. 

We shall next evaluate the image field of a on-axis point object 

under the assumption f =0.    We also assume that Eq. (119) is the stationary 

plane.   The angular spectrum of image field then follows from Eq. (114) 

sin(-r—) 
6  (K  ,  -s') = E    -4- 

s -s' s , AKD 
(120) 

( ) 

where 

and 

(JO T.T T dDE E 
17   -       sips      i p 

s p-? . 3 ,       A/2,S  2 
47r c(n n.)      (  +  

si K. K 
la pa 

2 

AK = K     - K,, 
sz       M 

2    2, ,   D . 
^"s (s + y) 

2K 
M 

K K. 

2D 2.    EK 
-np(p--)        n.  (s--^   _ 
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AK = 

2    2   .     D   2 
K    n    (s  + —) s    s v 2 

2K M 

1 - ß ß 
2,      D N2 2,      D ,2 

n    (p - —) n   (s - —) 
i-    p 2 i d     _ 

(121) 

(See appendix F) 

The electric field distribution of image field is given by (Appendix E) 

•K 
E (p, 

s 
s') = E M 

s     2. ,     D .2 
n    (s   + —) 
s 2 

1-/3 
2,      D.2 

np(p-T) 
2.      D,2 

ni(s-T) 

(122) 

W r81 
K 

M 
2, ,    D .2 

ns(s  +T) 1-/3 
2.      D.2       2,      D,2 np (p-y)   -^(s-g-) 

(122) 

It is apparent that the point spread function Eq. (122) depends on location of 

the point pump and the point object.   This result agrees with the result of the 

geometric optics theory. 
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Ill- 3 GAUSSIAN BEAM PUMPED SYSTEM 

We consider the system in which the nonlinear crystal is 

placed in the near field of the fundamental TEMQO mode of a laser output 

beam.   The electric field distribution of this beam is Gaussian and the dif- 

fraction is minimum.   According to theory the radial distribution of electric 
(28) 

field of the fundamental mode is        . 

E(p, z) - E0e / (1 + ^   ) 
7 (123) 

where E0 = constant.   The spot size at distance z is given by 

w = a(l 4 ^2)1/2 

where ^ is the normalized longitudinal distance from the beam focus.   At 

the beam focus the spot size is minimum and is denoted by a.   When the non- 

linear crystal is placed in the near field ^ » 1 and the beam is nearly paral- 

lel.   The pump electric field distribution just inside the entrance surface of 

the material, for the case considered, is given by 

..2/. 2 

V*-2N-P   ^ 

The angular spectrum of pump field is 

EJP> -f )-Eoe'p2/a2 (124) 

VV -f)^26pe-(aKp/4) (125) 

The angular spectrum z ~ -- of object field emanating 

from z = - s is again 

Si(*i - -f) = Vitei, - s)ei(Kia
2- «i2) l/2^-V 
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Then the angular spectrum of polarization wave inside the crystal becomes 

2  ,   -aV/4    -1(K -s  )2(s-5)/2K. 
./5i,,s.«1).-s)e-|\2e P     e     -s     P 2        ,a ,126) 

The angular spectrum of the upconverted image field is obtained following 

Eq.  (69) and (97) 

2 2 
5S(KS. z) = ^aViTsdD^ eil(Ks- i^)D + (Ksa- ^(z-f) 

0(^^)1/2 

AKD     „    .      Dxl "g- + Kia(s - - )] 

Sin (^) 

(^) [    2    ' 

2_   /^i(«s-^'-s)e M- (gg-it1)2 (a_D) 
2Kia 2 

D 
Z>2 

d«: 

(127) 

For a point object located at the point (pi, - s), the angular spectrum of the 

image field is 

2 
SS(K ,Z)= i2™ViTiTsdD"s    Sin (^) eilKsD ^ia-^ )(s-f) 

0^)1/2 (AKD) 
2 

2K. ia 

+(Ksa-|^a)(2 -in e-m-^-v.. (128) 
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where integral I is given by 

a2   .S-f ,   2   .   ,        S-? 
I = Je1" (4 + '^7 )-«  +i   '-"i--^ -"s»- KldK 

Kia 

TT .       r   -bx^   iax ,      ft   - a2/4b 
Using je e      dx=/-e , we have 

T ^ I =    ?rexP 
a2    .s-^       )a  +2(s-D/2) — + 1 L     v      -^  

2Kia la 

s-D/2 \^    / s-D/2        \2 

2(s--) 
When p^ = 0 and a2 » 2_  which corresponds to the Fresnel zone of 

Kia 

Gaussian aperture, the expression for the angular spectrum of upconverted 

image field becomes. 

iftiTÄÄT THTV,       sin(-5-) -[(s-D/2) K /aK.   J 
^(KS.Z,.""WSW    _^ e s      .a 

c^ni)!/^ (-^-) 

. e^Ul^ +Kia(s-f ) + Ksa(Z-f ) + 
KMD ] (129) 

2 2 

where 
2    z D        D        D D        s 

*(«s) = -f (ksa   ■2Ksa
+2Ks

+2KM -2Kia    iW 

2 

Above equation is identical to Eq.  (100) obtained for plane wave pump case. 

The discussion on aberration for plane wave pump system, therefore, 

directly apply to the Gaussian wave pump system. The effect of Gaussian 
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D 2   o    2      2 
field distribution appears as an attenuation factor exp[ - (S-TT )   K /a K.    ] 

It can be shown that Eq.  (129) becomes equal to Eq.  (98), 

if the Gaussian attenuation factor exp 

D 
a"2     2 

.   aKia      _ 
is neglected in Eq.  (129) 

and S^Kg, - s) in Eq.  (98) is set equal to 8^, which is Fourier component of 

point object located at pj = 0 and z = - s.   This indicates that the Gaussian 

beam pumped upconverter can be considered to be equivalent to the plane 

D   /f D    A 
wave pumped system if (S-^)T;—«a.   The condition (s--r-)Tr— «a implies 

* Kia Z Kja 
that the beam size of Gaussian pump beam is considerably greater than the 

interaction aperture determined by the object, field of view. 

As shown for the plane pump wave case the resolving power 

of the Gaussian wave pumped system remains constant for the range 

D     K 
a > (s --r-)-jr— .   The resolving power of the Gaussian wave pumped system 

^  Kia 

D   K 
would decrease with the beam size for the range a< (s-•=-)-=— due to the 

z   ^a 
Gaussian field distribution. 

ni-4  FINITE INTERACTION APERTURE 

Finite interaction aperature resulting from the finite trans- 

verse dimension of the material can be accounted for by introducing aperture 

function 
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D 
p in A 

B-,   2 ^      (0 p outside A 
(130) 

If we express pump field at z = ---   by E (p, -- ) then 

effective pump field distribution is 

„eff    „   .      D v D,        D, 
EP =Ep^r2')B(^-2) 

The angular spectrum of effective pump field is, 

(131) 

?eff D D, D 

where (B(>c, --r ) is angular spectrum of aperture function Eq. (130), 
*       c ~ 

Similarly the angular spectrum of effective object field is given by 

(132) 

reff/       D,    *   .        D,^    .       D. 
5i   (^-2)=5i^i'-2)0(B^-2) (133) 

The introduction of a finite interaction aperture due to the 

material dimension or other aperture stops has the effect of broadening 

the angular spectrum of both pump and object field disturbance.   The smaller 

the aperture, the broader the angular spectrum.   Since angular spectrum of 

the sum-frequency image field is proportional to convolution of Eq.  (132) and 

(133), image angular spectrum will be a function of convolution of aperture 

spectrum ;(B ® (B,   This indicates that the effective aperture for the sum- 

frequency field is smaller than the material aperture A.   For the case of 

uniform illuminated plane-wave interaction, the effective interaction area 

for the sum-frequency field is one half of the material aperture.   This effect 
(29) has also been pointed out by Boyd and Ashkin. 
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Dl1 plnA 

'''i'-2 ' = i 0 p outside A <130' 

If we express pump field at z = ---   by E (p, -- ) then 
O If   "^ tu 

effective pump field distribution is 

The angular spectrum of effective pump field is, 

^p.-f'^VT^'V-f' (132) 

where(B(K     -^ ) is angular spectrum of aperture function Eq. (130). 

Similarly the angular spectrum of effective object field is given by 

5ie\-f)=5i^-f)®«(«i-f) a33) 
The introduction of a finite interaction aperture due to the 

material dimension or other aperture stops has the effect of broadening 

the angular spectrum of both pump and object field disturbance.   The smaller 

the aperture, the broader the angular spectrum.   Since angular spectrum of 

the sum-frequency image field is proportional to convolution of Eq. (132) and 

(133), image angular spectrum will be a function of convolution of aperture 

spectrum ;(B ® ÖB.   This indicates that the effective aperture for the sum- 

frequency field is smaller than the material aperture A.   For the case of 

uniform illuminated plane-wave interaction, the effective interaction area 

for the sum-frequency field is one half of the material aperture.   This effect 
(29) has also been pointed out by Boyd and Ashkin. 
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CHAPTER 4 SENSITIVITY OF IMAGE UPCONVERSION SYSTEM 

I.        INTRODUCTION 

An important consideration in defining the performance of any 

image system is the sensitivity.   One way of describing the sensitivity is 

noise-equivalent-power (NEP) per single picture element.   This is a useful 

criterion of some devices and it is usually a true measure of sensitivity that 

doos not depend on the optics of system, exposure time, and amount of de- 
(31) 

tail in the reproduced image      .   Another way of comparing sensitivities is 
(31) 

in terms of the threshold scene radiance      . Threshold scene radiance de- 

pends explicitly upon the exposure time, system optics, and the image de- 

tail. 

The sensitivity, as expressed by NEP, of photoelectronic image 

tubes and photographic films considered by themselves is only a function of 

quantum efficiency of photosensitive surface and/or noise due to dark leakage 

and the amplifier which follows the photo-sensitive device.   NEP of the image 

system utilizing parametric upconversion process is, however, implicitly 

dependent upon amount of image detail as is shown by the following considera- 

tion.   For a given pump power, set either by available laser power output or 

by the power handling capacity of the nonlinear material, attainable conver- 

sion efficiency of upconversion process depends on the interaction aperture. 

Number of resolution elements of the diffraction limited image upconverter 

increases with the interaction area.   Conversion efficiency of upconversion 

is inversely proportional to the interaction area.   It then follows that the con- 

version efficiency decreases as more detail is required in the reproduced 

image.   The reduction in conversion efficiency direct1^ leads to increase in 

NEP.   Sensitivity of the image upconverter expressed in terms of NEP is. 
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therefore, no more true than the sensitivity description in terms of threshold 

scene radiance.   The NEP criterion is for a single picture element and is 

defined for unity signal-to-noise ratio, therefore it can not be used to dis- 

cus > the system that must see half tone pictures.   The NEP criterion is 

normalized for unit bandwidth or unit observation time and hence it is in- 

dependent of exposure time.   The above considerations suggests the desir- 

ability of expressing the system sensitivity in a more intrinsic fashion so 

that the threshold scene radiance, image detail including resolution and con- 

trast, conversion efficiency, and the interaction aperture would be related 

to some universal constant.   It is tie purpose of this chapter to obtain a 

characterization of the image upconversion system which will involve both 

sensitivity and picture detail.   Specific attention is paid to the system using 

a combination of an upconverter and a photoelectronic image recording device. 

An equation characterizing of an  ideal image upconversion sys- 

tem consisting of a quantum noise limited upconverter and a perfect picture 

pick-up device is derived in Section II.   The threshold quantum number of the 

photoelectron camera tubes is considered in Section III.   Threshold quantum 

number of picture tubes is defined as minimum required photo quanta per 

picture element per integration time to produce signal-to-noise ratio of 

unity at the output.   The characteristic equation of a practical upconversion 

system using an imperfect pick-up device is also considered in Section m. 

Finally the NEP expression is presented in Section IV. 

II.       CHARACTERISTIC EQUATION OF AN IDEAL IMAGE UPCONVERTER 

SYSTEM (QUANTUM FLUCTUATION LIMITED PERFORMANCE) 

Consider a square element of area of side length "a" on  the up- 

converted image.   It is assumed that a picture pickup device, with an ideal 
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photosensitive surface, isusedto record the upconverted image.   By "ideal" 

is meant that the photosensitive surface will record single incident quantum. 
2 

Let this element of area a   absorb on the average Q  quanta of wavelength 
s 

X   in the exposure time t alloted.   Because at a room temperature the absorp- 
s (32 33) 

tion of near infrared and visible photo quanta obeys Poission statistics 

the average absorption number Q   will have associated with it deviations 
s i 

from the average whose root mean square value is Q "^   This deviation set 

a limit to the accuracy with which the average number Q   may be determined. 

The smallest change in Q   which can be detected is, therefore, of the order 
i_ s 

of Q 2'. 
s 

Next consider two adjacent square elements A and B. The dif- 

ference in average number of quanta arriving at these two elements can be 

distinguished provided: 

(QSA + QSB)/2 1/2 
(Q     -Q    )^   , bA       ba =   (Q     +Q    )/2\/ 

J ^SA     ^SB^ 

This relation, indicates that the smallest intensity difference between adjacent 

two elements (denoted by AQ ) which can be detected is also of order of the 
1/2S 

statistical fluctuations Q       , where Q   is an average quantum flux. 
S S     2 

The irradiance H , in watt/cm , is related to Q   in the following 
s s 

way .     n 

H   =-f-^ (134) 
S     a2t 

We can now introduce the threshold contrast C.. as 
th 

HSA ' HSB  QSA ' QSB 

th"   HSA       QSA 
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For most of any application H_ . ~ H      * H , therefore 

AQS        -1/2 
C.h ^ - «S   ' (135' 

From (134) and (135) 

H   -      * 

or 

S    C   2a2 Lth   a 

H0Ctu
2a2= const. (136) 

S tn 

where a is the angle subtended by the element a   at the nonlinear crystal. 

(Fig. 14) 

Radiance H of the infrared object which is upconverted is pro- 

portional to the image irradiance H , since the input electric field (power 
9 

density) and the output electric field (power density) are linearly related and 
(37) the upconversion process is noiseless      .   Eq. (136), therefore, can be re- 

written as: 

H.C   2a2 = const (137) 
1  tn 

Eq. (137) is the characteristic equation of an ideal image upconverter system. 

The constant term on the right depends on the particular system under con- 

sideration.    The meaning of Eq. (137) is this: let any two of the quantities 

(H , C   , a) be specified, then Eq. (137) sets the threshold value for the third. 

To evaluate the constant term on the right of Eq. (137), we con- 

sider the upconverter system shown in Figure 14. 
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To simplify the analysis the following assumptions were made: 

1) The thickness of the nonlinear material is very small compared 

to other parameters, such as object and image locations, so 

that aberrations due to finite thickness are negligible. 

2) Phase mismatch factor for all interacting rays is negligibly 

small so that the conversion efficiency is constant over whole 

angular aperture.   This assumption implies that the angle sub- 

landed by the infrared object at the converter is very small 

compared to the field of view of the system.   It also assures 

that all rays considered are paraxial and small angle approxima- 

tion can be used. 

If the object radiance is such that N quanta at the wavelength A 

are radiated per unit area per unit time, the total number of quanta radiated 

by the infrared element with the side length "b" for exposure time t will be 
2 

N.b t.   Of this number only a fraction will be intercepted by the nonlinear 

crystal of active aperture diameter A situated distance s from the infrared 

object.   The infrared quanta intercepted by the nonlinear crystal in time t 
2       2 

is, tor a Lambart distribution equal to N.b t Sin 0, where 20 is the angle 

substended by the nonlinear crystal at the object.   These amount of quanta 

will interact with the pump quanta and together generate quanta at wavelength 

A .   The number of quanta Q   generated at wavelength A   is given by 
s s s 

Q   = T/N.b^ sin2 0 (138) s        i 

Where t] is photon (quantum) conversion efficiency of the upconversion process 

and is assumed to be a constant for a given system. 
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All generated quanta Q^ will be directed and focused on the cle- 
2 s 

ment of area a   at distance S' from the nonlinear crystal.   From (ho geom- 

etry of Figure 14 and small angle approximation, 

Sin 0 * tan 0    —- 

Transverse magnification factor a/b is obtained in Chapter 2 as 

.,     ßn S' a _ _ s 
b       n S 

i 

(139) 

(140) 

where n   and n, are indices   of refraction of nonlinear material at A   and \. 
si si 

respectively. 

ß is the angular demagnification factor defined in Chapter 2. 

Substituting Eq. (139) and Eq. (140) in Fq. (138), Q   become 

Q   = Nt/,|^— 1 a ls       i '\2fin (141) 
s 

a 2 
where or = -> is the angle substended by the element of area a   at the non- 

9 

linear crystal. 

Using the relation H. = hy.N  we obtain from Eq. (141) 

hl/i  (2ßns\2 

Hi =       2 \ n A trja    \   i 
Q, (142) 

Combining Eq. (134) and Eq. (142), we obtain the characteristic 

equation: 

1  ,h .„A2 \ "i 
(143) 
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Threshold contrast C    defined in Eq. (134) is over the upcon- 

verted image field, but it also represents threshold contrast of infrared 

object because of the linearity of the upconversion process.   The angular 

size (i? in the left himd of Eq. (143) is for the upconverted image.    From 

Eq. (140) the angular size ) of the infrared object element is related to a 

by 
s 

"'' — 
i 

The final lorm uf the characterisllc equation which describes the 

ideal performance of an image upconversion system Is then 

h^ 

Vth ^   =77I\2 (144) 

,2 

"ftoMD  - ""i 
The six parameters needed to specify an ideal system are in left 

hand of Eq. (144).   When any five of these are arbitrarily specified, the 

threshold value for the sixth is given by Eq. (144).   It should be made clear 

at this point that the parameters r, 77, and A can not be arbitrarily specified 

independently from one another as will be shown later. 

Ill. PERFORMANCE OF_A NON-IDEAL IMAGE UPCONVERTER 

SYSTEM 

The characteristic equation (114) describing the performance of 

an ideal image upconverter system was obtained by assuming: 

i\       IT • .      (37) 1)       Upconversion process is noiseless 
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2) All the radiation intercepted by the photosensitive surface of 

the pickup device arises from the radiation coming from the 

object,  -i.e. no background noise 

3) A noise-free image detector 

The second assumption of background noise-free condition is 

usually met in practice since the background thermal radiation at the sum- 

frequency and signal frequency wavelength is small enough to be neglected 

at room temperature.   The pump radiation, whose wavelength is very close 

to the sum-frequency wavelength, can practically be eliminated by inter- 

ference filters.   The use of optical filters in the system attenuates the sum- 

frequency radiation.    In the following discussion this loss will be treated by 

considering the filters as an integral part of the image detector.   A noise- 

free image detector is not achievable at present, i.e. the photosensitive sur- 

face requires more than one quanta to record incoming information.   An 

equation describing the performance of a practical image upconverter sys- 

tem must therefore include the properties oi the image detector. 

Any image detecting device, such as a photoelectronic camera 

tubes,  a photographic film and even the human eye can be used in a 

practical image upconverter system.   In the following, we shall consider 

specifically the sensitivity of photoelectronic picture reproducing devices. 

If the target of a photoelectronic pick-up system is read off by 

means of a scanning electron beam with frame time t , and if the number 
o 

of picture elements is M, the sampling time T of each picture element is 
T
0/M.      We wil1 assume that the highest frequency in the image signal will 

be roughly F * 1/2 T, where r is the picture element samping (dwell) 

time.   If the average number of photo-quanta absorbed in one picture element 
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2 
of area a   between storage time intervals t is Q   and the quuntum effi- 

a 

ciency of the target is a, an electron charge aQ e is stored in a picture 

element between two scans*. Since this charge will be read off in time r, 

the average signal current i   for one picture element 

(jQ e 
i   = ——   . (145) 
S T 

(33, 34) 
The shot noise associared with this signal current is 

(AT) 2    = 2 ef F (146) 
s s 

If it is necessary to amplify the signal, the noise current of 

the first amplifier, ( ^iJ^   and thermal noise of the amplifier input resis- 

tance (Ai-)^  have to be added to the shot noise.   In general, the dark cur- 
R 

rent noise, (ai p, generated either by thermal origin, charge leakage, or 
d 

scanning beam current exists in any pick-up devices, and must be added to 

the above noise.   The total mean squared noise current of the system is, 

therefore, given by 

(..i )2 = h{Ii )2 + (Ai.)2 + (Ai  )2  + (Ai)2 (147) 
n s d R A 

The constant b is introduced in above expression to take into account of 

no 

by 

(34) 
noise figure of the pickup tubes      .   The signal-to-noise ratio is then given 

(Ai   ^ 
n 

* The storage time interval t is not in general equal to the frame time 

interval t . 
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The threshold quantum number q   (or noise equivalent quantum input) per 

picture element per exposure time is defined as that signal which gives rise 

to a unit signal-to-noise ratio. 

We shall next evaluate the threshold quantum number q   lor 
s 

several different classes of photoelectronic camera tubes. 

1.       Storage type with electron multiplication 

The iconoscope, the image orthicon, the vidicon-multiplier belong 
(35) 

to this class "    .   The electron multiplication is practically noise- 

less so that the amplifier noise and the noise of signal resistance 
(34 ^fi) 

are negligible compared to other noise     '      .  The signal-to- 

noise ratio for this case becomes 

S Ts 

K^^ 
7-\2 If the device is quantum noise limited, that is to say (Ai )£ » 

2 S 

(Al )   , the signal-to-noise ratio is, using (145) and (146) 

^T = ^Q~ . (149) 
N S 

The threshold quantum number q   is given by 
s 

q   = l/a (150) 
s          

2 2 
If the device is dark noise limited, (Ai.)     » (Ai )    , the threshold 

d s 
quantum number is given by: 

Ms     ea     (AiJ^ 
d 
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2. Storage type with an amplifier 

The vidicon and the orthicon belong to this class. In these devices 
(35) 

there is no direct photoelectronic multiplication      . The amplifier 

noise and the signal resistance noise are now dominant noise 

sources and the threshold quantum number is given by: 

q      —   ffT^Ti    ^^   ? (152) s ecry(v +(AiA) 
3. Nonstorage Type with Multiplier 

(35) 
The image disector tube belongs to this category       . This type 

is less sensitive than the storage type with electron multiplication, 

because the photoelectric charge is generated during only a pic- 

ture element sampling time T instead of a storage time t. 

Let Q  ' denotes the average number photo-quanta absorbed per 

picture element in the sampling (read out) time T.   The average signal cur- 

rent per picture-element is x-  , 
creQ 

-             s 
i    =  

S T 

Fluctuation noise current associated with this current is again 

ei 

/(Ai   )2 J2ei   F=/-- 
S V S        V     T 

therefore the signal to noise ratio for quantum-limited case, is 

S rs = f. N   /  aQ 
s/2ei F s 

s 

If incoming photon flux remains the same as the previous devices discussed, 

Q   ' lo related to Q   by the expression 
s s 
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Q ' = f Q s      t      s 

so that the signal-to-noise ratio becomes 

(153) 

where 

S/N ;/r«s 
M 

(154) 

M 
From the above we see that the threshold quantum number, q , is - . There- 

s        a 
fore the threshold quantum number is greater than that encountered in storage 

devices by a factor of M. 

As shown above, threshold quantum number per picture element 

per storage time of a photoelectronic camera tube follows two different type 

of relations depending upon whether it is operating in quantum limited region 

or amplifier (or dark) noise limited region. 

The characteristic equation of a practical image upconvertor 

system can now be derived.   The number of quanta at sum-frequency per 

picture element required to produce unity signal-to-noise ratio is q   and 
s 

the corresponding minimum number of quanta at the signal frequency is then 

q ft].   The characteristic equ 
s 

system can now be written as 

q /??.   The characteristic equation (144), for a practical image upconvertor 
s 

2 2 (t)V", (155) 

93 



IV. NOISE EQUIVALENT POWER OF AN IMAGE UPCONVERTER 

The noise equivalent power of a practical image upconverter 

system is derived below for comparison with the characteristic equation de- 

rived in preceding section.    The noise equivalent power of a detection sys- 

tem is defined as the signal input power that gives rise to unit signal-to- 

noise ratio in unit bandwidth. 

Threshold power at sum-frequency per picture element of an 

image detector with storage time t is equal 

q hu 
s    s 

where q   = threshold quantum number of the image detector as defined 

before. 

h = Planck's constant. 

i>   = Sum-frequency 

threshold power at infrared signal frequency is then 

q hv./v 
s    i 

where 

rj = quantum conversion efficiency 

v. - infrared signal frequency 

The above is the threshold power for a unit signal-to-aoise when 

the IF amplifier bandwidth is F =-—.   Since the noise in this type of detector 
Lit 

is proportion to the square root of the IF bandwidth, the threshold power for 

unit bandwidth,   i. e. the NEP, is 
q hi^. 

s    i 

where 
NEP=-^ (156) 

1/2 
NEP = noise equivalent power in watt/Hz 

F = 1/2T 
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T = sampling time per picture element and is related to the frame 

T - t0/M 

scan time t   by 
o   J 

where 

M = is number of picture element in a picture frame.   Quantum 

conversion efficiency 77 is inversely proportional to the interaction 
(1) aperture area. 

7?-K'/A2 (157) 

where 

A = diameter of interaction aperture 

K' = constant for fixed available pump power 

For a diffraction limited image upconversion system the maximum 

number of picture elements obtainable is, using Rayleigh criteria, given by 

/2 0       A\ 2 

where 

2<p        = is angular aperture of the upconverter. 

Quantum conversion efficiency may be expressed in terms of number of 

picture elements. 

r/M = K (159) 
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Above expression is a characteristic equation of diffraction limited image 

upconversion process. 

The constant K is characteristic of a given upconverter depending 

only on material constant and the pump power and is given by 

44.8 P  Id J 2D20 ,._, 
p1   eff       ^max (160) 

K 3 
n.n n X \. 

i p s s i 

The final expression of NEP is 
1/2 

hv.q /Mt v . /Mt \ 1 -M NEP^-^pV-^V (161) 

The storage time t and the frame scanning time t   is not neces- 

sarily the same.   They are equal for the storage type photo-electronic image 

device, but they are not equal for nonstorage type pickup tubes. 

The NEP of the image upconversion system using a storage type pickup 

device is therefore * ,0 

hu.q    / M   \ 1/d 

The image upconversion system with a nonstorage type pick-up device be- 

comes 

h^.q      M3/2 

NEP = "^" TST172 (163) 
o 
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CHAPTER 5  IMAGE UPCONVERSION EXPERIMENTS 

I.   GENERAL CONSIDERATION 

An upconverter using single crystal proustite (Ag AsS„), a 

Nd:YAG laser, and an infrared 10. 6 Mm illuminated object as its primary 

components was used for the image upconversion experiment.   The Nd:YAG 

laser radiating at 1.06 Mm was chosen because of its moderate CW power 

and stable single mode output.   The objects were illuminated with the 10. 6 

Mm output of a CW CO- gas laser.   The 1.06 Mm pump radiation and infra- 

red 10. 6 Mm object radiation were polarized as ordinary and extraordinary 

waves, respectively.   The resulting upconverted image wave at 0. 967 Mm 

was polarized as an extraordinary wave.   The proustite crystal was prepared 

in such a way that its two polished faces were nearly perpendicular to the 

phase-match (near collinear) direction.   The angular relations of the crystal 

optic axis, the crystal surfaces, and the directions of beam propagation 

that were used for optimum upconversion have been discussed in detail in 

Section IV-2, Chapter 2. 

The quality of an imaging system is usually assessed either by 

its limiting resolution or by its transfer function.   The classical limiting 

resolution criterion is convenient and easy to apply, but it does not provide 

the complete quantitative data required to characterize the system.   The 

basic measurement required for the transfer function description of a system 

is the spread function measurement.   Since the spread function of a system 

is defined as the system response to a delta function input, the Fourier 

transform of the spread function is the system transfer function.   Measure- 

ments of spread functions can be performed either in two-dimensions or 

one-dimension; that is, point or line spread function.   The line spread 
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function technique was chosen for the initial experiments because of ap- 

proximate symmetry and the ease of implementing the Fourier transform 

computation of a line spread function to obtain an optical transfer function. 

The line spread functions were measured for two types of image 

upconverter configurations.   The first configuration chosen was the Fourier 

space configuration, in which both the pump and object waves are nearly 

plane waves.   The other system utilizes a Gaussian shaped pump beam and 

a cylindrical object wave.   These measurements were made to obtain data 

on image location and the amount of optical aberrations.   On- and off-axis 

spread functions of the Fourier space configuration were measured to de- 

termine the limiting resolution.   The primary consideration in choosing a 

nearly plane wave pump in the experiment is the small pump acceptance 

angle of the upconversion process using a proustite crystal.   As shown in 

Chapter 2, the pump angular aperture of the 1.06 jum pumped proustite is 

less than 0. 2 degrees.   Effective usage of available pump power, therefore, 

requires minimum pump beam divergence. 

The intensity distribution was measured for the upconverted 

image of a resolution test bar chart, which was illuminated by 10. 6 Mm 

radiation.   The data was in rough agreement with the predicted line spread 

function. 

Measurements of the line spread function and the intensity 

distribution of the test chart image were taken only along the crystallo- 

graphic a-axis.   This is justified because of small birefringence of proustite 

crystal.   Measurements along two orthogonal transverse directions, however, 

becomes necessary if the crystal anisotropy is appreciable enough to intro- 

duce large asymmetry. 
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The upconverted image of a 10. 6 Mm illuminated resolution 

test chart was recorded on photographic film.   This result provides a visual 

display of an upconverted image and agrees with the measurements men- 

tioned above. 

H.   EXPERIMENTAL ARRANGEMENT 

The apparatus shown schematically in Figure 15 was arranged 

so that the nature of pump and IR object waves may be readily changed with 

the minimum physical alteration of components.    A 2. 5 cm in diameter and 

0. 6 cm thick proustite crystal was used.   The crystallographic a-axis lies 

in the plane of paper and is parallel to the front surface.   Its optic axis 

lies in a plane perpendicular to the paper and makes an angle of 20 degrees 

with the normal to the polished front and back surfaces.   A single mode 

CW Nd:YAG laser radiating an electric field polarized parallel to the plane 

of paper was used as a pump source.   Four glass lenses, labeled 1, 2, 3, 

and 4, were placed along the pump beam path so that the apparent location 

of the source and the beam size can be altered by adjusting the relative 

positions of those lenses.   A CO. gas laser radiating with an electric field 

polarized perpendicular to the plane of paper was used to illuminate the 

transparent objects.   Six BaF- lenses, No. 5 through No. 10, were used to 

obtain the desired illumination and to change the apparent object size and 

location. 

The pump wave and the object wave are combined by a dichroic 

mirror which has a high reflectance coating for the 1. 0ü Mm pump radiation. 

The insertion loss of the dichroic mirror to the IR 10. 6 Mm radiation is 

about 3 db.    The 10. 6 Mm object field incident on to the proustite crystal is 
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parametrically upconverted to 0. 967 Mm image waves.    The upconverted 

image waves are then refocused by the glass lens No. 11 to form a real 

image.   The upconverted real image is recorded by a image pick-up device. 

The image pick-up unit consisting of a cooled (60 C) photo- 

multiplier, a 0.96 jum band-pass filter and a narrow sampling slit, forming 

an integral detection unit, is mounted on a translation platform.   The up- 

converted image is scanned by the sampling slit and the output from the 

photomultiplier was amplified and fed to the vertical drive of an X-Y 

recorder.   An electrical signal indicating the transverse position of the 

sampling slit was applied to the horizontal drive of the X-Y recorder. 

HI.   MEASUREMENT OF LINE SPREAD FUNCTIONS 

Spherical lenses No. 1 and No. 2 are used as a pump beam ex- 

pander.   They are positioned so that the pump beam focuses at infinity. 

Magnification of beam size equals to the ratio of focal length of input lens 

No. 1 to that of output lens No. 2.   Beam divergence is reduced also by that 

factor.   The lenses No. 3 and No. 4 were omitted in the line spread function 

measurement.   The spherical lenses No. 5 and No. 6 formed a beam ex- 

pander for the CO« laser output beam.   The lenses No. 9 and No. 10 were 

also omitted in this experiment.   The 10. 6 Mm line source necessary for 

the measurement was generated by the lenses No. 7 and No. 8 and a narrow 

slit placed between these lenses.   Lenses No. 7 and No. 8 are cylindrical 

and were oriented such that their surface curvature lies in the plane parallel 

to the plane of paper    The narrow slit was placed at the focus of lense No. 7 

and its long edge was perpendicular to the paper.   Width of the slit was 

adjusted narrower than the beam waist of focused 10. 6 Mm beam.   The 

position of cylindrical lens No. 8 was adjusted so that the image of the 
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10. 6 i-mi illuminated slit could be positioned at desired location. 

III-l.    Results on Fourier Configuration Upconverter 

An image upconverter system with a plane pump wave and plane 

object wave has been shown to be tree of thickness aberration.   Its limiting 

resolution is governed by higher order effects such as birefringence, dis- 

persion, mismatch,  lens aberrations, and the aperture diffraction.   It is, 

therefore, essential to investigate the image properties of this system to 

assess the optimum image quality attainable by the parametric image up- 

converter. 

Experimentally the plane wave pump condition is achieved by 

placing the proustite crystal in the near field of a fundamental mode laser 

beam of large beam size.   The beam size of the pump beam must be con- 

siderably larger than the interaction aperture determined by the infrared 

field of view.   The 10. 6 ßni object wave radiating from the object slit is 

converted into a plane wave by lens No. 8.   The distance between the object 

slit and lens No. 8 is equal to the focal length of lens No. 8.   The 10. 6 jum 

radiation emanating from lens No. 8 is a truncated plane wave provided the 

object slit diffracts the incoming 10. 6 Mm beam.   The beam width of the 

collimated 10. 6 Mm radiation impinging on the proustite crystal was about 

4 mm in the direction perpendicular to the object slit.   The 1. 06 jum pump 

beam was approximately 8 mm in diameter. 

The sum-frequency radiation emanating from the proustite crys- 

tal is also collimated.   This was checked by transversely scanning the 

0. 967 Mm radiation at different distances from the crystal.   A typical in- 

tensity profile of 0. 967 Mm radiation is shown in Figure 16.   Neglecting 

slow decaying skirt, the beam width of 0. 967 Mm radiation was approxi- 

mately 2. 8 mm.   This value agrees reasonably well with the expected beam 

102 



w 
H 
H 
<q 

< 
w 

^  . 

w  . 
SO 
w CO 

w 

w fe 
1—1 0 
fe W 0 u 
tf < 
04 fe 

g 
ß CO 

Ä H 
w P 
H & g § 
t-H l-H 

CO 
l-H 

W 
K 
& 
O 
1—1 

tu 

103 



size of 2. 66 mm calculated by the formula 

1_       1_        1^ 
A.   +  A A 

i p s 

where A., A , and A   are respectively beam size of infrared object, pump, 

and sum-frequency beams. 

The line spread function, which is a real image of object slit, 

is obtained by refocusing the 0. 967 jum beam by lens No. 11.   Figure 17 

and Figure 18 are the line spread functions measured by scanning slit detec- 

tion technique.   A 76. 2 mm focal length lens was used as lens No. 11 for 

the line spread function shown in Figure 17.   The focal length of lens No. 11 

is 152.4 mm for the line spread function shown in Figure 18.   The slow 

decaying of the right skirt of the measured spread function is due to the 

long time constant of the signal amplifier employed.   The line width of the 

measured line spread functions is compared with the diffraction limited 

line width.   The diffraction limited line width of uniformly illuminated 

aperture is: 

b = 2 — (164) 
A 

where 

b = diffraction limited line width 

f = focal length of the lens 

A= linear dimension of aperture 

For the case considered here, A is equal to the sum-frequency 

beam width A . s 
Table I shows the measured and calculated line width for the 

two lenses used. 
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FOCAL LENGTH OF 
IMAGE LENS 
NO. II" 76.2mm 

VTI-I27I 

FIGURE 17.   LINE SPREAD FUNCTION OF A FOURIER CONFIGURATION 
UPCONVERTER SYSTEM 
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Table I Theoretical and Measured Line Width of 
Line Spread Function 

Percentage 
f mm Calculated by (164) ßm Measured Mm Error 

76.2 52.62 63.1 20 

152.4 105. 24 129.4 22 

In measuring the line width of spread functions shown in Figure 

17 and Figure 18, the slow decay was neglected. 

The discrepancy between measured and calculated line width 

is small enough to conclude that the system tested is practically diffraction 

limited.   The small discrepancy is believed to be caused by the following 

reasons: 

1) Diffraction limited line width of nonuniformly illuminated 

aperture is wider than that of uniformly illuminated 

aperture. 

2) Finite width of the sampling slit tends to make measured 

line width appear wider than the actual width. 

in-2.   Results on Upconverter with Gaussian Beam Pump and Cylindrical 

Object Wave 

Experimental arrangement and the position of pertinent com- 

ponents are shown in Figure 19.   The 1.06 jum pump beam was expanded 

to 8 mm and was collimated by lenses No. 1 and No. 2.   The 10. 6 jum 

infrared beam was also expanded and collimated by lenses No. 5 and No. 6. 

An 125 Mm wide object slit was placed at the focus of lens No. 7.   Hie lens 

No. 8, with 92 mm focal length, was positioned 130 mm from the object 

slit.   The distance between lens No. 8 and the proustite crystal was 360 mm. 
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Lens No. 11 was located 219 mm from the crystal. 

The infrared object wave is cylindrical, since lenses No. 7 

and No. 8 are cylindrical.   The 10. 6 Mm image of the object slit was found 

to be at 319 mm from lens No. 8.   The distance between this infrared line 

image and the proustite crystal was therefore 41 mm.   The infrared image 

of the object slit can be considered to be the apparent infrared object of 

the image upconverter.   Limitation imposed by physical size of components 

such as carriages, holders, and mounts necessitates usage of an apparent 

object rather than positioning a real object at desired position.    The infra- 

red object aperture at the crystal may be calculated by the following re- 

lation: 

A = s e. 
P i max. 

Using measured value s = 41 mm and computed value Ö, = 
i max 

0.18 rad., it was found that the object aperture A   is about 74 mm.   As 

discussed in Chapter 3, Gaussian distribution of pump field cannot be 

neglected, since Gaussian pump aperture and object aperture are compara- 

ble. 

On-axis line spread functions at different distances from lens 

No. 11 were measured and are shown in Figure 20.   The numerical figures 

on top of the spread function indicate the distance between lens No. 11 and 

the sampling slit.   The spread functions are seen to remain reasonably un- 

changed for a large axial range.   The spread functions taken at 17,  16. 73, 

16.4 and 16.14 cm appear similar except for the difference in the peak 

intensity.    Variation of peak intensity of those spread functions is believed 

to be caused by long term system instability.   The line width of those 

spread functions is approximately 400 Mm. 
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To compare the experimental results with the theory,   the 

axial position and the line width of the sum-frequency image are calculated 

by Eq.  (6) of Chapter 2 and the lens formula.    Axial position s' of the up- 

converted virtual image is related to the axial position s of infrared object, 

for p = ^ , by 

n. 
s = s T~ 1 p = »o $n 

(165) 

i3 = 0. 0866, n   = 2. 80 and n. = 2. 677, we found s' 
s i 

It was shown in Chapter 3 that the above relation also applies 

to the Gaussian beam pumped upconverter.   Using parameter values 

- 11.0 s and s'  = -431 

mm for s = -41 mm.    The axial position of the real sum-frequency image 

formed by lens No. 11 was calculated by the lens formula.   The distance 

between the virtual 0. 967 Mm image and lens No.  11 is 650 mm. which is 

the sum of s' and the distance between lens No. 11 and the crystal.    The 

computed distance from lens No.  11 to the real sum-frequency image is 

then 170 mm.    The measured mean distance was 166 mm.   Agreement be- 

tween the experimental result and theoretically computed value is reason- 

ably well. 

The width of sum-frequency line image was computed by the 

relation: 

s        i     8     11     u 

where W   and W. are respectively the width of sum-frequency image and 
O 1 

object slit width.   M0 and M , are respectively the magnification factor 
o 11 

of lenses No. 8 and No. 11.   M   is transverse magnification factor of up- 

conversion process.   Using known parameter values W.     125 um.  M0 i o 
31.9/13, M11 = 17/65, and M   - 1, we found that W   is 87  um. which is 
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more than four times less than th«3 measured value of 400 um.   It must be 

noted that the above computation was made without taking into account of 

thickness aberrations.    The amount of thickness aberration in the plane wave 

pumped upconverter will be considered next. 

It was shown that thickness aberration is independent of object 

location if the pump wave is plane wave and the object is at finite distance 

(Chapter 2).   Longitudinal aberration I As' I for this case is given by Eq. 

(30), Chapter 2.   For a 1 cm long proustite crystal used in the experiment, 

I A s' I   was found to be 376 mm.   Longitudinal spread I A s"l of the real 

sum-frequency image formed by lens No. 11 is related to I A s' I by the 

relation 

I A sM| = I As'I   M    2 

It was found that I As" I is equal to 2. 57 mm.   The minimum resolvable line 

width may be calculated by the relation 

(W )   .    =i lAs'l (0 ) M^ 
s mm    2 s max    11 

Using I As'I = 3.76 cm,  (0 )        =(0.)        ^ A. = 0.016 rad., and M,, = s max       i max   si 11 
17/65, we obtain that (W.)   .   ^s approximately 85 Mm.   Neglecting the 

i mm 
effect of thickness coma, the line width of plane wave pumped upconver^r 

should be 172 um, which equals the sum of aberration free image width and 

the minimum resolvable width (W.)       .   The results of the above computation 
i mun 

and measured results are tabulated in Table II. 
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Table 11  Comparison of Measured Results and 
Theoretically Computed Results 

Computed 

Aberration 

Free 

Plane Wave 

Pumped Sys. Measu 

Line width,   ßm 87 172 400 

Longitudinal 
spread of 
0.967 um 
image, mm 0 2.57 8 

Measured Value/ 
Plane wave 
Pumped Value 

2.33 

2.21 

Additional width broadening and longitudinal spread over the 

plane wave pumped case is due to Gaussian distribution of pump field as 

discussed in Chapter 3. 

The above computation of aberrations of the piano wave pumped 

system was made with the results obtained in the geometric optics theory. 

The minimum resolvable spot size of sum-frequency virtual image can also 

be calculated by Eq. (107),  Chapter 3.   Using parameter value D = 1 cm, 
4       -1 

K  = 2 TT n. /X. = 1, 58 x 10   cm    , we obtain the resolvable spot size 2 p 
ill ^ 'res 

equals to 223 um.   The geometric optics theory gives the resolvable spot 

size of virtual sum-frequency image as 1/2 | A s' I ö , and it is found 
s max 

to be 293 um.   Agreement between these values is reasonable. 

IV.    MEASUREMENTS OF RESOLUTION AND INFRARED OBJECT FIELD 
OF VIEW 

The number of linear resolution elements was measured with 

the Fourier configuration upconverter.    The Fourier configuration was 

chosen because it is nearly diffraction limited.   Measurement described 
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below allows us to obtain information on resolution and field of view.    The 

experimental arrangement is shown schematically in Figure 21.   Lenses 

No. 1 and No. 2 were again used as a pump be?!n expander.   Lenses No. 5 

and No. 6 formed a beam expander for 10. 6 urn benm.   Lenses No. 7 and 

No. 8 and a narrow slit were used to generate a collimated 10, 6 ßm ribbon 

beam.   Mirrors No. 1 and No. 2 were adjusted so that the 1. 06 um beam 

travels along the direction which makes desired angle with the z-axis.   The 

infrared 10. 6 um beam was guided by mirror No. 3 to propagate in the 

direction of the z-axis.   Mirror No.  2 was arranged so that infrared 10. 6 

um beam misses it.   Mirror No. 3 was mounted on a sliding carriage so 

that it can be moved along the direction parallel to the y-axis.    The vertical 

angle a shown in Figure 21 was adjusted for the maximum object angular 

aperture as discussed in Chapter 2. 

Pump beam width A   was made considerably larger than object 

beam width A. so that the effect of Gaussian distribution is minimized, 
i 

Angle 9, that the wave front normal of infrared object wave 

makes with the z-axis is related to the transverse position of mirror No. 3 

by the relation 

Ö. = tan"   (y./f) 

where i is the distance from the proustite crystal to mirror No. 3. 

The wave normal of sum-frequency beam emanating from the 

crystal makes an angle 9   with the z-axis. 
n 

9  =~ ße. 
s    n.        i 

i 

(166) 

The sum-frequency image formed by lens No. 11 will be dis- 

placed a distance y   from the z-axis 
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V   «  0     f ys s    11 
(5-4) 

where £      is the focal length of lens No.  11 

The measured on-axis and off-axis line spread functions are 

shown in Figure 22.    The numerical value on top of each spread function 

indicates transverse position y. of mirror No. 3.   Measured and theoreti- 

cally calculated transverse location y   of sum-frequency image are tabu- 

lated in Table III. 

Table III Measured and Computed 1'ransverse Location of 
0.967 ßm image (£=160 cm and f     - 76. 2 mm) 

Computed 
ys Mm 

Measured 
ys       Mm 

6. Computed 

y. cm 
1 

Degree Radian 

20.32 893 862 + 7.3 0.129 

15.24 660 616 +5.47 0.0953 

4.45 193 192 + 1.59 0.0278 

0 0 0 0 0 

-3.05 -137 -134 -1.09 0.0191 

-13.97 -606 -585 -5.02 0.0874 

The width of line spread functions shown in Figure 22   appears 

wider than actual width because of the fast scan speed and the long time 

constant of the amplifier.   Fast scan speed was required in order to make 

overall measurement time interval short to avoid the effect of system instability 

and electrical interference.   Separate measurements of an off-axis line 

spread function shown in Figure 23 indicates that the line width is approxi- 

mately 70 Mm, which is slightly larger than on-axis line width shown in 

Figure 17. 
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FIGURE 23.    MEASURED OFF-AXIS LINE SPREAD FUNCTION 
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The number of linear resolution elements in the 10. 6 ^ni angular 

aperture now con be calculated with measured line width and the amount of 

transverse dimension of sum-frequency image field shown in Figure 22. 

Using the Rayleigh criterion,  we found that the number of linear resolution 

elements is 41 lines over tue object angular aperture of 12. 3 degrees. 

The number of linear resolution elements in the angular aperture of dif- 

fraction limited upconverter can be theoretically estimated 

i max   s      s 
N 1.22 A   n. 

s   i 

where N is the number of linear resolution elements.    The above relation 

is obtained by combining (164),  (166), and (167).   Assuming A, = 2.8 mm 

and using known parameter values, we found that N is 39 lines, which is a 

good agreement with the measured result. 

V.   SUM-FREQUENCY IMAGES OF RESOLUTION TEST CHART WITH 
FOURIER CONFIGURATION UPCONVERTER 

Experimental investigation of 0. 967 Mm image of an 10. 6 Mm 

illuminated resolution test chart is presented in this section.   The experi- 

mental arrangement shown schematically in Figure 15 was used.   Lenses No. 1 

and No. 2 constitute the 1. 06 um pump beam expander.   Lenses No. 3 and 

No. 4 are cylindrical and were used as a one dimensional beam compressor. 

The pump beam emanating from lens No. 4 is collimated and has nearly 

rectangular cross-section.   The long side of the beam cross-section is 

about 8 mm and is in the direction parallel to the plane of paper.   The short 

side of the beam cross-section is about 3 mm.   Lenses No. 5 and No. 6 

constitute the 10. 6 um beam expander.   Lenses No, 7 and No. 8 are cylin- 

drical and were used as one dimensional beam compressor.   The 10. 6 um 
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beam onumatini; from Ions No. 8 was cullimated and also was nearly rect- 

an<r,ular shape.   The long side of the 10. 6 urn beam cross-section was in 

the direction parallel to the plane oi paper and was about 8 mm.   The short 

side dimension was about 2 mm.   The reason for shaping both the 1.06 Mm 

pump and the 10. 6 /-m beam into rectangular shape Is to utilize available 

1. 06 Mm pump power and 10. 6 Mm illumination powc»* efficiently.   T^e 

resolution test bar chart shown in Figure 24 was placed between lens No. 8 

and lens No. 9.   The test chart was oriented such that horizontal bars are 

in the direction perpendicular to the paper. 

The resolution chart used is the standard Air Force 1951 target. 

The change in pattern size is in a geometric progression based on the six 

root of 2.   The number of line per millimeter doubles with every sixth 

target element.   An element of target contains two patterns of three lines 

each at right angles to each other.   The width of line to width of space ratio 

is a nominal 1:1.   The line length to line width ratio is 5:1.   Table IV lists 

the number of line-pair per millimeter of each element. 

Table IV  Number of Line-Pair per Millimeter of Each Element 
of 1951 Air Force Resolution Target 

5 Group Number 1 
Element Number 

2                 3 4 6 

0 1 1.123 1.26 1.415 1.589 1.782 

1 2 2.246 2.52 2.83 3.178 3.563 

2 4 4.492 5.04 5.66 6.356 7.125 

3 8 8.984 10.08 11.32 12.712 14.25 

4 16 17.968 20.16 22.64 25. 424 28.5 

5 32 35.936 40.32 45.28 50.85 57 
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FIGURE 24. RESOLUTION TEST CHART 
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Group Numbt••· 

6 

7 

Table IV (Continued) 

Element Number 

2 3 4 

64 71. 872 80. 64 90. 56 

128 143.744 161.2 181.2 

5 

101.7 

203.4 

6 

114 

228 

Lens No. 9, with !52. 4 mm focal length. was used as an object mangi­

fler. The majlnlfled 10.6 ~o~m Image of the target patterns was formed In 

the front focall>lane of lens No. 10. The prousttte crystal was positioned so 

that the back !oral plane of lens No. 10 Is located at the center or the cry~­

t.al. Lens No. 11 was positioned so that the distances from Lens No. 11 to 

the proustlte crystal and to the sampling silt were exactly equal to its focal 

length. The object Held entering the nonlinear crystal Is Fourier trans­

form (angular spectrum) or the real object field formed across the front 

focal plane or lens No. 10. Upconvertea Image field emanating from the 

crystal is inverse Fourier transformed by lens No. 11 and the upconverted 

real image Is formed across the back focal plane of lens No. 11. The lens 

arrangement described above allows upconversion to take place In Fourier 

space and introduces minimum of aberrations. Focal length of lenses No. 10 

and No. 11 is 120 mm and 120. 7 mm, respectively. 

The resolution test chart and lens No. 9 were positioned so that the 

10. 6 I'm image of the bar pattern under study is approximately 25 mm. 

This arrangement makes full usage of 10. 6 urn object angular aperture, 

since the maximum wave front tilt of angular spectrum of object field at the 

crystal is approximately six degrees which is comparable with measured 

half angular aperture of 6. 15 degrees. 
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V-l.   Intensity Profile of 0.967 urn Images 

Measured intensity profile of üpconverted images are shown in 

Figures 25, 26, 27, and 28.   In this measurement an arrangement was 

made so that only those test bars oriented perpendicular to the plane of 

the paper were illuminated by the 10. 6 um beam.   Figure 25 and Figure 26 

are the image of resolution target elements 1/1 through 1/6.   Figure 26 

was obtained with more 10. 6 urn illumination on the element 1/6.   These 

figures clearly show that the upconverter is capable of resolving the target 

element 1/6.   Figure 27 is the image intensity profile of the elements 1/4, 

1/5, 1/6,  uid 0/6.   Figure 28 is the image of the elements 0/4, 0/5, and 

0/6.   Salient parameters of 10. 6 urn object and 0.967 urn image of these 

figures arc tabulated in Table V. 

Table V Parameters for Figures No. 25. 26, 27. and 28 

Total Width 
of 10. 6 um Theoreti- 

Total Image Across Measured cally 
Width of the Front Total Computed 
Targets Magnifi- Focal Plane Width of Width of 
Illumi- cation of Lens 0.967 um 0.967 um 

Fig. nated of Lens No. 10 Image Image 
No. in mm No. 9 in mm in mm in mm 

25 8 3.18 25.4 2.3 2.32 

26 6.8 2.76 18.75 1.71 1.72 

27 7.5 2.7 20.3 2.13 1.86 

28 6 3.2 19.2 1.73 1.76 

Numerical values listed in last column of Table V were computed by 

the relation: 
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n •  ll 1 
W       W,     h     ---   Mft s        i   n.   f,,        9 

i     11 

where M is the matiiufualinn fuctur of lens No. 9 and f and f11 are the 

focal length <•! lena No. 10 and lens No. 11. respectively. Agreement be- 

tween theoretically computed total image width and measured results is 

reasonable. Observation of these figures shows, however, that the image 

width of the individual bar at the outer edge tends to be narrower than the 

expected width. The intensity reduction at the ed^e is due to tapered 10. 6 

/'ill illumination and phase-mismatch. 

The number of linear resolution elements contained in the 0.967 urn 

image is 70 if one takes the element 1 6 as the smallest resolvable element. 

The angular resolution correspondii.g to above linear resolution is 3.0 

milliradians (Fig. 26). 

The intensity profile of defocussed 0. 967 um image is shown in 

Figure 29.   Relative positions of the proustite crystal, lens No. 10, lens 

No. 11, and the sampling slit were arranged such that they are at the lens 

conjugate planes.   Lens No. 9 was removed from the setup.   TTie resolution 

targets 1/1 through 1/6 were illuminated with 10. 6 um laser beam and were 

positioned 92 cm from lens No. 10. 

The effects of multi-mode pump were also investigated.   Relative 

locations of test targets, the lenses,  the crystal, and the sampling slit were 

the same as that  ised to obtain Figure 25.    The 1.06 urn Nd:YAG laser output 

beam was purposely made multi-mode.    The pump beam was collimat»    and 

shaped as described before.    The intensity profile of 0. 967 urn image of the 

target element 1/1 through 1/6 is shown in Figure 30.    The resolving 

power of upconverted image was poorer than TEM     mode pump case as was 
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FIGURE 29. INTENSITY PROFILE OF 0.967 ^m DEFOCUSSED 
IMAGE OF 10.6 urn ILLUMINATED RESOLUTION 
TARGET ELEMENTS 1/1 THROUGH 1/6 
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expected.   Quantitative evaluation of resolution degradation due to pump 

beam divergence was not attempted. 

V-2.   Recording of 0.967 um Image of 10. 6 um Illuminated 
Resolution Test Chart on Photographic Films 

The experimental arrangement described in Section V-l was employed 

except lenses No. 3, No. 4, No. 7 and No. 8 were deleted.   Cross-section 

of both pump beam and 10. 6 um illuminating beam is circular.   A lens with 

500 mm focal length was used as lens No. 11.    This is required in order to 

obtain reasonable size 0. 967 um image.   Kodak infrared spectroscopic 

films Type I-M were used to record the 0.967 um images.   A combination 

of 0.967 urn bandpass and 1.06 urn rejection filters is placed in front of the 

film.   Figure 31 is an enlarged picture of the recorded 0.967 um image o' 

resolution target elements 1/1 through 1/6.   The density at the edge of the 

picture is low, but it clearly shows that the target element 1/6 is resolved. 

The actual size of the image recorded is 8. 2 mm long and 3. 2 mm wide. 

The measured magnification (image size/target size) of 1.14 agrees with 

the expected magnification 1.2 calculated by the relation: 
n    f-. ___ 

M= Mft0  —,—     3.18x0.091 X7~    -1.2 
9     Hj   f10 120 

The reduction of density at the picture edge is again due to 

illumination taper and phase-mismatch.   A portion of elements l/l and 1/6 

were missing from the picture.   It was checked later lint the 10. 6 um beam 

was not illuminating those portions of the pattern.   The contrast of the 

picture is poor because of long exposure (180 sec.) required and some back- 

ground light leakage. 
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VI. IMAGING UPCONVERTER SENSITIVITY 

As a result of analyses on upcunversion carried ou( in Chapter 4. 

parametric relationships have been developed which are used in this section 

for evaluating the potential sensitivity of present and future upconverters. 

The equations used in the calculations are first given.   Thi' results are then 

presented and discussed. 

A.       Upconversion Efficiency 

A key parameter in determining sensitivity is the power upcon- 

version efficiency which for small crystal thickness is given by the classical 

expression 

13.04 | d.f\
2l2P P   l2 

%   "s Vs     A A 

where |d ,J    - effective nonlinear coefficient for upconverter material 

n  . n .. n     - refractive indices for input signal, output signal and pump 
^     respectively 

I  = thickness of upconverter material 

A.,X       = wavelengths of input signal and output signal respectively 

P    - pump power 

A = interaction area on upconverter material 

For a Type II matched proustite crystal, a Nd.YAG pump laser, and a 10.6um 

input signal the following parameter values hold. 

0   ■ 12 degrees    0. 2 radians 

A   = 10.6 um 

|d rf |     66 x 10"9 esu based on d99       75 x lO-9 esu and matching 
e"      angle of 20° " 
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'       0. 6 cm 

n.       2.677 

n 2.804 
s 

n        2.817 
P 

X .       0. 967 um 

For these parameters we compute 

-12     2    -1 
K     2.95      10    C m   VV 

B.   Number of Resolution Elements 

It can be shown that for diffraction limited imaging upconversion 

in both a Fourier space device and an image space device an imaging upcon- 

version figure of merit may be defined for a circular image using equation 1 

as 

r,u n    O^pKj (2) 

where 

17      conversion efficient of upconverter 

n      number of Raylei^h resolution elements in upconverted image 

0   - input signal acceptance aiH'.l«' 

P        pump power 

K,       --    -± .t        8.07 v 10 ^ u; 
1       ff   (1.22 x.r 

X.      wavelength of input signal 

C.   Sensitivity 

The must equivalent power of the upconverter system (NEP) s 
may be computed as i«,llows. 
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A 10. 6 ^m detection system is employed in which the upconverter 

is followed by the Varian Associates image intensifier being developed 

under ONR sponsorship, followed in turn by a detection device with a res- 

ponse peaked to the yellow green output of the P-20 phosphor at the image 

intensifier output.   Then 

2hv (NEP) 
(NEP)s = ?    +     9 

T) TJ. . n   C. 'u 'n 'u    n 

where 

h   = Planck's constant 

u   - frequency of output signal 

17     - quantum efficiency of image intensifier 

G.    = power gain of image intensifier 

(NEP). = noise equivalent power of visible light detection device 

The first term is due to quantum noise effects and the second 

term is the noise contributed by the detector stage. The following set of 

values is employed: 

G     100 «value obtained from Varian) 

»»ü = 0.10 

2hv   - 4 x 10*19 watt s 

(NEP)d -   10"16 watts for a 1 Hz bandwidth 

We obtain 

19 tn-l6 1    MxlO"19       io-iel (NEP)s- r r—^— + ^r 8    \  L  o.i ioz J 

SIO-1« 

(3) 

i-    [(4 + 1) x  lO-18] 
^u ^u 
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Note that under the above conditions quantum noise limited opera- 

tion has been approached and a further increase in image intensifier gain 

will do little to improve overall system performance (although an improve- 

ment in quantum efficiency would still be desirable). 

D.    Results 

We obtain for the three principal equations: 

T)   - 1.03     10 11   P /A u p 

n.rj       3.23      10"3 P 
U P 

(NEP).     ^—i0      watt/Hz 1/2 

^u 

Note that the first equation yields an upper bound on upconversion 

efficiency based on crystal power handling capability (pump power density). 

The second equation gives the relation between number of resolution elements 

and total pump power.   The third equation gives the sensitivity. 

Using the above values several interesting cases of imaging up- 

conversion have been tabulated in Table I for two materials: 

1. Proustite (present) 

2. Chalcupyrite (future) 

The first one is a fair approximation of the present imaging up- 

converter not including the NEP estimate.   This NEP estimate depends on 

the Varian Associates image intensifier that is expected GFE on the followon 
-8 1/2 progr an.   The present system NEP is about 10    w Hz       since no image 

intensifier is used, although on a related single-resolution element 10.6 um 
-9 1 ^2 -10 upconverter a value of 1.1 ^  10     watt sec        measured (3.7 '  10       watt 

1 2 sec        corrected) was obtained, which is the best value reported to date. 
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Experience both at AIL and elsewhere has indicated that a 
2 power density near 100 w/cm   the proustite crystal is damaged.   Therefore 

the first two cases in Table IV are safe and the two shown for 300 and 140 
/     2 w/cm   are not realistic.   From the last equation above a power density of 
6 2 -5 10    w/m   gives a maximum conversion efficiency of 1.03 x 10    .   This rep- 

resents a material limit which can be approached but not safely surpassed 

on a cw basi.1.   A pulsed upconverter with significantly high peak power but 

lower avera' e power is capable of higher values of conversion efficiency. 

For example a 1 megawatt pulse on a 150 x 150 upconverter may be capable 

of achieving up to 1.4 x 10     conversion efficiency. 

The Q-switched case in Table VI shows a very great improve- 

ment over the cw cases.   However, this improvement is real only during the 

pulse duration.   In order to obtain effectively an average improvement in 

system performance the system noise during the interpulse period must be 

suppressed by a gating technique that isolates the output detector from the 

system ncise source.   Such noise sources include dark current from the 

image intensifier and laser lamp leakage.   A gating pulse on the power supply 
for the imsge intensifier or an electro-optic shutter would serve this purpose. 

Also, the output detector must provide integration of the upconverted signal 

during the pulse.   This sample and hold approach should result in significant 

overall system performance although the maximum usable information band- 

width has been reduced to the periodic sampling frequency.   In many applica- 

tions a 100 frames/second imaging device would nevertheless be extremely 

useful. 

An important aspect of imaging upconverter development is 

its future potential for growth.   At several U.S.A. laboratories and in the 

U.S.S.R. work is proceeding to develop better upconverter materials. 

Significantly, in the U.S.A. Standford University and Bell Telephone 

Laboratories are investigating the chalcopyrite crystal group for nonlinear 
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optics application. CdGeAs has shown good results for second harmonic 

generation and CdGeP? has a calculated figure of merit 57 times greater 

than proustite for a Nd:YAG pump and a 10. 6 ^m signal. The power-handling 

capacity of this material is comparable to GaAs and therefore very much 

better than proustite. Attempts to grow optical quality usable size crystals 

of CdGePn are being made at Stanford University. They predict a usable 

sample within one year. 

The computations of Table VI are shown for proustite and 

are then extrapolated to include this new material with which the long term 

potential of imaging upconverters becomes additionally attractive. 
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APPENDIX A 

FOURIER REPRESENTATION OF COMPLEX FIELD DISTRIBUTION 

If the complex field distribution across any plane is Fourier 

analyzed, the various spatial Fourier components can be identified as plane 

waves traveling in different directions.   The field at any other point in space 

can be calculated by summing the contribution cf these plane waves, taking 

due account of the amplitude change and the phase shifts they have undergone 

in propagating to the point in question. 

Let the field across a plane at z = z1, be represented by U 

(x, y, z ).   This field can be represented as a Fourier integral 

UJ^ZJ) = /«UjO^z^e1-' Pd/c (Al) 

The component field amplitude, called the angular spectrum of ^ (x, y, z ), 

'U j (K, Z ) can be expressed as inverse transform 

1 

-1(^Z1)=(2^2 ^ U^z^e^'^d* (A2) 

Now recall that the equation for a unit-amplitude plane wave propagating with 
2 TT 

direction cosine (u,/3, y) is simply exp [i (ax + fly + yz)\ where 
2      2      2 A 

a   + ß   + >    =1.   Thus across the plane z = z., a complex exponential func- 

tion exp [i(K x + K y + yz)] may be regarded as a plane wave propagating 

with direction cosines 

01 ~- h v ^= h -yand y - JV-~^J* 

Consider now the angular spectrum of U across a plane parallel to the xy 

plane at a distance z   from the transverse plane z .    Let the'U  U, z ) 
£i 1 ~ 2 —    2 

be the arigular spectrum of U  (p, Z ) 
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^Z2) = (2,)2   /Ve-Z2'e'i-'-d'> (A3' 

where 

K = K X      + K   y x  o      y o 

p = x x   + y y - oo 

The effect of wave propagation on the angular spectrum can be found easily by 

substituting Fourier integral representation of UJp, zj into the wave equa- 

tion.    For the case of source free Isotropie space it can easily be shown 

thafU (K, z ) and^ (K, z ) are related by 

.,2      2 1/2 
•UgU.Zg) ^.J^ZJ) e        'K }       U2 " V (A4) 

2      2 
This result shows that when K satisfies K   •• K   > 0 the effect of propagation 

over a distance (z   - z..) is simply a change in the relative phases of the 

various angular spectrums.   Since each plane-wave component propagates 

at a different angle, each travels a different distance to reach a given trans- 

verse plane and relative phase delays are thus introduced. 

We note that the field U_(A z ) can be written in terms of initial 

angalar spectrum by 
.,„2      2.1/2 (z- zj 

u2^z2)^V^zi)e el'PdK-  (A5) 
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APPENDIX B 

WAVE EQUATION FOR ANGULAR SPECTRUM 

In this section the wave equation that describeä interaction of 

angular spectrum in a lossless non-linear material is derived.   In Aniso- 

tropie medium the electromagnetic fields are related by Maxwell's equation: 

VxE(p.z,t).-J  ^'g'2'" (BI) 
- c       at 

l  ag^> z» ^ 
VXH (p,z, t)=-        at (B2) 

where p is transverse coordinates normal to the z direction and c is velocity 

of light.   Other symbols bear customary meaning.   If the fields are mono- 

chromatic with angular frequency a) and its time dependence can be expressed 

in complex notation exp(-ia>t).   Spatial variation of field   actors can be rep- 

resented by two dimensional Fourier integral: 

U(p, z) = / ni (K, Z) e^'^dp 

where K = K  &n 
+ K  9n    is a vector spatial angular frequency.   Bold face 

U_(p, z) represents field quantity in space and italic Tf (5 z) represents its 

Fourier component. 
d 

In such a field, differentiation in time — is always equivalent to 

multiplication - iw and Eq. (Bl) can be written as 
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Since the integratiun is in K space, the urder of spatial differentiation and 

». space integration can be interchanged. 

j | V ■  8 U.z)* i*f v S{K,z)ei-'edK 

= J   — <B (K, z) e -   ^ dK 
c    — — - 

Maxwell's equation for component fields in nonmagnetic material (A^ =1) then 

becomes 

V <   6 {K, z) + i K x « (K, z) =   — X (K, z) (B3) 

V x tf (K. z) ♦ i K x 3C (K, z) - -   — » ( *. z) (B4) 

combinini; Eq. (B3) and Eq. (84). 

V>X(K,z)r-   ^'©(K. z)--    (KX V x 5(K, ZMKX KX 5(*c, z)] (B5) 

Taking curl of Eq. (3B) and substituting it in Eq. (85). 

2 
V-VX$(K. z)-   ~   to{K,z) * K* KX S {K,Z) (86) 

c 

Usinj; 

J)(K. z) = € : 5 (K. z) + 4 TTJE (3 z) (87) 

and defining equivalent dielectric constant tensor 

2 
u? 2 _ 

- e       2   - 
c 

where €     linear dielectric constant tensor 
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^{K, Z) = Fourier components of polarization 

and 
I = idemfactor or unit dyadic 

Wave equation for an^ilar spectrum becomes 

4ff   2 
V x V x £ (*, z) - €     : « («t, z) =   ■-—-   (F (K, Z) (B9) -— —e-— z       -    — 
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'P(K, Z) - Fourier components of polarization 

and 
I = idemfactor or unit dyadic 

Wave equation for anjjih'r spectrum becomes 

4ir   2 

y x v x 5 (K, z) - c     : ^ (^ z) =      ?     <p («c, z) (B9) -_ — e     -     - i       -   — 
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APPENDIX C 

FOURIER INTEGRAL REPRESENTATION OF NONLINEAR POLARIZATION 

The nonlinear polarization of sum-frequency produced in the 

nonlinear material is given by 

P(p,z) -- d:E   (p. z) E. (p.z) (CD 
--P -       -1 - 

where        p - transverse position in the material 

z = longitordinal position in the crystal 

E (p.z)    electrified of pump beam 

E (p, z) = electric field of infra-red object wave 

d = second order polarization tensor 

Expressing field quantities in their Fourier integral representa- 

tion Eq. (CD becomes 

P(£,Z) = d:Jf E   («^z)Ei(/f1,z)ei(-p + -i)*^dK  d Kj (C2) 

Using phase-matching condition 

K = K   + * (C3) 
-s    -p   -i 

We write Eq. (C2) as 

P^Z) = / dKs e^s'f {d ;[ / dKj   Sp(KB - *rz)   ^ («t^d») 

-- f d*  e'-t'^idiS   I* ,z) 9St (K ,i)] (C4) 
^      —8 =       p  -S —I    '«3 

where S. (K, z)o $   (^ z) indicate convolution integral, 
-i - -P - 
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It nuw fullüws Eq. (C4) that Fourier components of the nonlinear polariza- 

tion at ävm-frequency are product of second-order polarization tnesor and 

the convolution of those of the input object and the pump angular spectrum 

that satisfy the condition Eq. (C3) 

<?iK  ,z) -d-S   IK ,z) » S    (K , z) (C5) 
- -s ss  ^ i  —s - p  — s 
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APPENDIX D 

MISMATCH FACTOR 

We shall carry out the analysis in the index space rather than 

in the wave vector space.   These two spaces are related only by a constant 

factor w/c in a way 

n(K K   =-K -     0    c- 

where Kn is a unit vector along the direction of K.   The constant factor 

u>/c, therefore, does not appear in the index space. 

Referring to Fig. 12 of the text the equation of indicatrix of a 

uniaxial crystal expressed in the Cartesian coordinate system, in which 

the z axis makes an angle a with the crystallographic axis Z and the x 

axis lies in the crystallographic X Z plane, is given by 

2 2 2 2 
2   cos a        sin a y z       0 ^   . 1        !       i /TM \ x      g—   + —5—      +   ^-g-   +  -2+2xz cosa sma   —5-- —^ 1(D1) 

n n n n n       n eo* e        0 
where 

n   = index of refraction along the optic axis 

n  = index of refraction normal to the optic axis 

n = index of refraction along    r = x5L + y y« + z%n 0    -        0 0        0 

Equation of tangent plane at the point z = n, x = y = 0 is 

z 1- n   cosQ sin a I—r - — j x - n = 0 (D2) 

\ e      0/ 

If we define ^ to be an angle that the normal to the tangent plane 

(D2) makes with the z-axis, the equation of tangent plane can be written as 
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z+ x tun < - n - 0 (D3) 

Ct')n;-iu-iii- l'.'ts.  {D2) und (Ü3) 

tan ;  - n   c«j3;y sino|     -    •    ^   j (D4) 

Vne      "o/ 

Pqvialion of indicatrix in the coordinate (x,y,z) expressed in terms 

(D5) 

The difference between an arbitrary vector {V     i]     n   ) J x     y      z 
and a vector (V , V , V ) lying on the indicatric surface is 

x    y    z     •    0 2 
2/      2 . 2   .    2 \     J'. 

*„ »-   Hr     / ^os Q      sina tan ^ |      y n ,^n. 
"z-nz " "z - n + "x

tan£+ ^"xl "I-   *-2  ■ -2 r   -2] (D6) 

\  n n.       n   /      n 
e 0 e 

Terms containing higher than second power in V   and f]   are 
x y 

neglected in arriving at Eq. (D6). The assumption is valid for paraxial 

case. 

Eq. (D6) is equal to the mismatch factor defined in Eq. (27) 

Chapter 3 in the text 

The relation 

(D7) 
2 

cos 0 
2 

sin  « tan2^ 
2 

n 
2 

n 
e 

+       2 
no 

2 
n 

2    2 
n    nn e     0 

can easily be proven by using Eq. (D4) and the relation 
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n  n 
0 e 

n = 
,2.2 2       2   .1/2 
(nrt sm   of + n    cos   a) 

0 e 

Using Eq. (D7) we finally obtain the mismatch factor 

^ = 7]   -n   = rj   - n + V   tan£ + - 
^      z      z      z x 2 

^  2    2 2-, 
n  77 ri 

2   2 
l_n      nn ^  e     0 

n 
e   -J 

(D8) 
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0  e 
n 

.22 2       2   ,1/2 
(IK   sin  a + n    cos   a) 

0 e 

Using Eq. (D7) we finally obtain the mismatch factor 

n 
^\-^ = ^-n + \tan£ + i 

,-2    2 2-, 
n  ?? r? 
__JL +_y 

2   2 
L- e    0 

n 
e   -J 

(D8) 

155/156 



APPENDIX E 

HANKEL TRANSFORM OF  Sln(ax ^ 

Hankel transform of is defined 
ax2 

H(p) = f Sin(ax2) Jo(xp)xdx (E-l) 

ax 

2 
Changing the variable ax   = y, it can be written 

Integration by parts gives 

H(P)=^^372 to Jo(py^)y"1/2si(y)dy (E-3) 

where Si(y) is a sine-integral function defined by 

Si(y)= /Q  ~ dt = si(y)+| (E-4) 

and 
00 . , sin t • / \ r      sin l    M si(y) = - jy    -j~    dt 

Using the relation 

Jo(x) = -J1(x) (E-5) 

We can write 
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n{p) = ~~     f       [siiy) + ~]y'1/2J1iP<rl)dy (E6) 

/o%-1/2si(y)J1(pyf)dy + ^   J^J^zXiz 3/2 

where change of variable z = p/-   has been used for the 2nd term. a 
Using the formula 

1/2 /      y"17   si(y)J1(2v^ )dy = - [si(b) + |]/ Vb 

00 

0 

and 

We finally obtain 

2 

H^-^(il)^[f  -&-)] 
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APPENDIX F 

EVALUATION OF MISMATCH FACTOR FOR 

NEARLY ISOTROPIC CRYSTALS {? * 0) 

Refering to Fig. Fl, the mismatch factor AK is given by 

** - K
SZ - KM (F" 

K     - K   cos Ö   + K. cos Ö ' (F2) 
sz       p pi i 

1 '2 2 
* K   + K. - £ (K 0     + K 0 1 

P       i    2     p p i p 

From geometry (Fig. 3 Chapter 2) 

6   =     y ^;»=  e' n 
s      s +D/2      S   s (F3) 

*   =;~^Äi=  ö 'n (F4) p    p-D/2        p   p 

e,   = T^nTÖ =  < n: (F5) 7i  ' ¥TD72 "  'l    i 

Eliminating y from (F3) and (F4) 

n (s' + D/2) 

V = n8 (p-D/2)'s (F6) 

Eliminating y from (F3) and (F5) 

n (8'+D/2) 
^    = _§ 1  e' (F7) 

Hj (s -D/2)       s 
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Using e'     K  /K    , (F6) and (F7).   We can rewrite (F2) s      s    s 

Ks^ VK!-   8(S      Z1"8   n2(p-£)2 

2 P 2 2< 

9        D 2 
nf(8-«) (F-B) 

Fur the collinear matched nearly Isotropie case 

Kp + Kl     KMS Ks 

Finally we obtain 

2 n8(8 nl !        ♦  
2^ L^-f^       "f^Jf}     (F.9) 

Ifp = OO 

AK ^- 

2   /. tm.    P.      ..   \2 ^ 2 *i /ns(s'+ ^)   Ki \      «- ^F-l0) 

2KJ Vn^s-^)        KM/ 2Ki 

Since . ,     D n-(s   +-) 8         2 ir 
 1       KM 

nfi - f)        ^      K, 
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FIGURE Fl.   WAVE VECTOR RELATION 
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