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ABSTRACT 

Due to perturbative forces acting on a near earth satellite, the 
associated classical Keplerian orbital elements vary with time. 
These variations are divided into secular, short period and long 
period. The mathematical equations expressing these variations 
are presented without derivation along with numerical 
examples. A discussion of the practical applications of these 
variations to trajectory generation and orbit determination is 
included. 
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SECTION I 

INTRODUCTION 

If the gravity field of a homogeneous spherical earth were the only 
force acting on an object, the classical KeplerIan orbital ele- 
ments describing the size, shape and orientation of the orbit of 
the object would remain constant in time. However, the presence 
of various perturbative forces causes the classical (osculating) 
elements to vary with time. These variations can be 
divided into three categories: secular, short period and long 
period. The short period variations appear to be functions of 
the position of the object in its orbit. The long period varia- 
tions appear to be functions of the position of perigee in space. 
Keplerian elements from which the short and long period varia- 
tions have been removed are referred to herein as mean elements. 
The mean elements change monotonically with time and the rates 
of these changes are the secular variations. 

Analysts making decisions concerning orbits of various objects 
must be aware of the fact that Keplerian elements vary with time. 
For example, if comparisons are desired among orbit determination 
solutions at various epochs, these comparisons must be made in 
mean elements.  If classical elements are used, it may be errone- 
ously inferred that a maneuver had occurred or that one or another 
solution was unreliable. Since mean elements are well behaved in 
time, mean elements at any epoch can be computed from those at any 
other epoch If the secular variations are known. However, it must 
be remembered that the mean elements do not represent the actual 
position of an object.  For example, if observation station look 
angles are desired, they must be computed from osculating ele- 
ments. Hence, it is necessary to be able to convert back and 
forth between mean and osculating elements. 

In summary, the classical elements represent the actual position 
and velocity of the object but are poorly behaved in time. The 
mean elements do not represent the actual position and velocity 
but are well behaved in time. Since each of these characteris- 
tics is useful in orbit support, some means of transformation 
from one to the other is desired. The following sections give 
tne equations for these transformations and show examples of 
their applications to both theoretical and real data. 



The Keplerian elements used In this discussion are defined by: 

a ■ semi-major axis 
e « eccentricity 
i ■ inclination 
a) ■ argument of perigee 
fi - right ascension of ascending node 
M * mean anomaly 

The symbols for the classical elements are those used above, while 
the symbols for the equivalent mean elements are those above in 
conjunction with a bar superscript (e.g. I). 

It is not the purpose of this report to derive all the mathemati- 
cal expressions used for the various computations, but rather to 
show what the computational procedures are, together with numeri- 
cal results obtained. The references are recommended for deriva- 
tions of the techniques. This report shows examples of the prac- 
tical applications of these techniques. 



SECTION II 

SECULAR VARIATIONS 

When using mean elements for orbit support it is necessary to have 
the secular variations or rates of change of these elements with 
time. Often when mean elements are obtained from an outside agency, 
the secular variations are included in the transmitted information. 
A typical example of this case is the Space Defense Center (SDC) 
5-card bulletin, an example of which is shown in Appendix I. This 
bulletin has been recognized as a useful technique for transmitting 
orbital information and now enjoys wide-spread use over the Air 
Force Eastern Test Range (AFETR). 

When secular rates are not furnished with the mean elements, or 
when the mean elements have been derived internally, it is neces- 
sary to be able to compute these rates as accurately as possible. 
This can be accomplished analytically if the equations are known 
or numerically if mean elements at several different epochs are 
available. The analytical technique will be discussed here, while 
the numerical is discussed in Section IV.3. The analytical secu- 
lar rates are computed as functions of the earth's second zonal 
gravity harmonic coefficient, J2, and atmospheric drag. 

The secular variation of the mean mean anomaly is the mean mean 
motion. This (perturbed by Kozai's factor) is given by (Ref. 1): 

* ■{£[-! ****-*-»,; 
where p is the mean semi-latus rectum given by: 

p - ; (i-£2) 

The rates of change of the mean argument of perigee and right 
ascension of ascending node are given by (Ref. 2 and 3): 

.  3H J2 &l  (5 cos2i -1) (ii.2) 
U) ■  ' 

3n J2 a
2 cos i 

8- S  (II.3) 
2P2 

The rate of change of the mean inclination is assumed to be zero. 
All element rates are mean element rates. 



e.   £ 1+e 
2 *  2  ä (11.12) 

Ä. . 3n ^2J 
6 

-Tfl    .61 n L2J + 5e 1.2 J 

6a" 
(11.13) 

where n 1 
C" 2 B 

Ac 2[1+ 3(n°-n)J 
Where •,£  en /. n a 16.667 revs/day 

A - Of if e > 0.06 
A ■ 4, if e < 0.06 and n < 16.204 
A ■ 13, if I < 0.06 and n > 16.204 

Thus, the mean element secular variations can be obtained analytically 
for whatever use may be desired of them. The capabilities of this 
technique can be demonstrated by attempting to reproduce the element 
rates appearing on a SDC 5-card bulletin. The resultstof such a 
test are shown in Table I. The six moan elements a d a were input 
and the other rates were computed from them. Notice the difference 

between SDC and analytical values for y and -r. Drag effects should 

cause negative rather than positive values. 

Analytical secular variations are used for trajectory generation 
in Section IV.2 where it is shown that better results are obtained 

W     O     f\ LI 

when -r, y, ,*=■, and -y are zero for that particular example.  It 

could be that these terms are necessary for use with objects more 
significantly affected by drag. In any case, it is probably true 
that the empirical expression for JL could be improved. Analytically 

2 
and numerically computed secular   variations are compared in 
Section IV.3. Appendix III shows the FORTRAN coding for computing 
all the secular rates described above. All cases studied have shown 
that best results are obtained with the above-memtioned acceleration 
terms set to zero. 



TABLE I 

COMPARISONS OF SDC AND ANALYTICALLY COMPUTED 
SECULAR VARIATIONS 

SDC 
Object #4483 

Parameter Bulletin //28 Analytical 

a  (earth radii) 1.06351376 Input 

e .032704 Input 

i (deg) 48.3932 Input 

S (deg) 129.4386 Input 

5 (deg) 247.0671 Input 

M (deg) 233.5949 Input 

a (ER/day) - 1.157451xl0"3 Input 

| (ER/day2) 1.574609xl0~6 - 3.198782xl0"5 
• 
e - 1.0527xl0"3 - 1.0527xl0~3 

e 
2 2.8643xl0"7 - 2.9094x10"5 
• 
i (deg/day) 0. 0. 

w (deg/day) 4.84710 4.84601 

| ^eg/day2) 8.8975xi0~3 8.8955xl0"3 

&  (deg/day) 

| (deg/day2) 

- 5.34388 - 5.34265 

- 9.8094x10"3 - 9.8072x10"3 

n (rev/day) 15.53805068 15.53797780 

■j (rev/day2) 1.2682872xl0"2 1.268280xl0"2 

•g- (rev/day3) 0. 2.45174 xlO"4 

^(rev/day1*) 0. 0. 
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SECTION III 

PERIODIC VARIATIONS 

III.l Introduction 

The short and long period variations in the classical 
Keplerian elements can be approximated as functions of the 
earth's second and third zonal gravity harmonic coeffi- 
cients. Two methods for computing the short period 
variations have been used at the AFETR Real Time Computer 
System (RTCS), one developed by Y. Kozai (Ref 5) and the 
other by J. B. Frazer (Ref 7). The Frazer method has 
also been used to compute long period variations. The 
two methods are presented below along with discussions 
of their applicability» 

III»? Kozai Periodic Variations 

This method has been used at the RTCS to compute short 
period variations in the Keplerian elements as functions 
of the earth's second zonal gravity harmonic and is valid 
for elliptical orbits only. This method computes the short 
period variations from the mean elements. 

First the eccentric anomaly is computed by solving Kepler's 
equation iteratively: 

E1 - M on first iteration 

5   51  E1 - esinE1 - M ,. 
E » E* on succeeding iterations 

1 •- icosE1 

'The process is converged when two successive estimates are 
within some epsilon of each other. Then the true anomaly 
is given by 

2tan -1 
fl+e] sin U) 
L«J   (|) 

COS 

The mean radius from the center of the earth to the object 
is given by: 

r ■ 5(1 - e cos E) 

and the mean semi-latus rectum is given by: 

p - 1(1 - e2) 

Preceding page Wank 



Kozai applies an extra perturbation to the mean semi-major 
axis in order to satisfy the following relationship: 

n^a° ■ vi 

2p 
[l-^t-i^-^] 

where  a ■ earth's semi-major axis 
u ■ earth's gravity constant 

and n is the mean mean motion. When computing osculating 
from mean elements, first the extra perturbation is removed 
then the short period variations are computed and added to 
the mean elements. The perturbed mean semi-major axis is 
given by: 

51 J—J S _      (ma) 

2-2  L   2    -I U 

Then the short period Keplerian element variations are 
given by (Ref 1): 

V + 5) j 

-¥2(4?)(iHHiw!] 
+ i- (^ J sin2! cos 2 (v + 3) > 

- ,S^JL
 l~l 'cos 2 (v + 5) + e cos (v+2w) 

fl 9in2l[c 

-1 

+ f|] sin2i cos 2 (v + S) i (III.2) 

3 
i_ö2 / J<A r l r     ^     ,nr/"\3    ™ 

5e 

2C   \ —j i 
\ ap/ ^ 

+ ye cos <3v + 2w)} 

5i ■ -=i sin2i j cos2 (v+w) + e cos (v + 2Ü ) 

+ | cos (3v + 2w) | (III.4) 

10 



öo)a - —jfj I e (2 - I sin2!) (v - M + e ein v) 

+ (1 - 4 sin2i) | (1 - f-) sin v + | ßin2v 

+ Yj sin3v 

- sin(v + 2ü) 4- sin2i + e [isin21 + i2 (i - ff8ln21)] 
+ Yj sin2i sin(v - 2w) - | (1 - | sin2i)sin2(v+5) 

sin(3v + 2w)  ■— sin2i - f (1 - |^ sin2i) 

+ ■— sin2! sin(4v + 2ü) + jjr sin2! sin(5v + 2Ü) > (III.5) 

Je    - I"-  -  -  -   1 
6ß =7 cos i (v - M + esinv) - -r sin2(v+ü)) 

s     P       L 

- Y sin(v + 2Ü) - | sin(3v + 25) (III. 3) 

py (l-SWl - f sin2!) j(l - f2) sin v 

fj sin3v 

U (1 + -^) sin (v + 25) - |j sin(v - 2w) 

+ I sin2v + 

+ sin2! 

" T2 (1 " 2Ä* sin (3^ + 2S) ~ "^f sin (4^ + 2S) 

>]) - |g- sin (5v + 2w)| | (III ?) 

3      9 where J «TJ, af e lie 

Notice that in the above expressions for 6ws and 6M there 
are eccentricity divisors. The variations in these elements 
t\re undefined for circular orbits because the elements them- 
selves are undefined. 

These variations are added to the mean elements to yield 
quasi-osculating (short period variations only). 

11 



Appendix IV gives the FORTRAN coding for this algorithm 
and Figures 1 through 6 show theoretical results obtained 
by the method. The figures show the classical Keplerian 
elements and quasi mean elements (short period variations 
removed) for one orbital revolution of a satellite. An 
orbit was numerically generated with initial conditions 
in the classical elements given in Table II, with no drag 
and using the gravity model shown in Table III. The 
Kozai algorithm was applied to points taken from the 
theoretical trajectory at five minute intervals. In 
this case osculating elements were being transformed to 
quasi mean elements.  Since the variation equations are 
functions of the mean elements, the solution was per- 
formed iteratively.  Secular variations in the elements 
were removed for ease of plotting. 

Due to the problems of this algorithm associated with 
near circular orbits, this method is not recommended for 
general orbit support. 

The effect of Kozaifs extra perturbation can be seen in 
Figure 1, where the quasi mean is displaced from the 
center of the plot of the osculating semi-major axis. 

12 



TABLE II 

THEORETICAL TRAJECTORY INITIAL CONDITIONS 

Classical Keplerian Elements 

a « 22981800, feet 

e « .02 

1 = 28. deg 

a) « 9. deg 

ß - 115. deg 

M - 0. deg 

13 



TABLE III 

THEORETICAL TRAJECTORY GRAVITY MODEL 

a = 6378.165  km 
e 

ye - 398601.2  km
3/sec2 

n m C    * run S    * nm 

2 0 -1082.3 0 

3 0 2.3 0 

4 0 1.8 0 

2 1 0 0 

2 2 1.68 -0.64 

3 1 1.77 0.19 

3 2 0.29 -0.03 

3 3 0.15 0.14 

4 1 -0.57 -0.46 

4 2 0.06 0.26 

4 3 0.08 -0.003 

4 4 -0.008 0.006 

*Multlply all values shown by 10~6 

14 
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Figure 1. Kozai Semi-Major Axis Short Period Variations 
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Figure 3. Kozai Inclination Short Period Variations 
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III.3 Frazer Periodic Variations 

III.3.1 Introduction 

The method developed by J. B. Frazer (Ref. 7) does 
not have a problem with circular orbits as does 
the Kozal because the variations are computed in 
Cartesian elements. This method is valid for 
circular and elliptical orbits only and as 
described herein is invalid for equatorial orbits 
due to sine inclination divisors. 

First, the mean Keplerian elements are transformed 
to mean Cartesian elements as follows: 

i   ■> 
r = r U 

r 

where 

-► 

r 

rü + rvV 

x 

y 

The osculating Cartesian system is defined as follows: 
x, y, z are position components in an inertial geo- 
centric righthanded system with x and y in the plane 
of the mean equator of date, x toward the mean Vernal 
equinox of date, and z toward the north pole ("mean" 
here refers to the absence of nutations). 

Ü - 

v^ 

LUzj 

cos ü cos ft - sin u sin ft cos i 
cos u sin ft + sin u cos ft cos i 
sin u sin i 

-sin u cos ft - cos u sin 2 cos i 
-sin u sin ft + cos u cos ft cos i 
cos u sin i 

where ü ■ mean argument of latitude * w+v and where 
r is the radius from the earth's center to the object 
given by 

1+gcosV 

r is the rate of change of r given by 

—— esinv 

18 



and rv is the product of the radius and the true 
anomaly rate of change given by 

rv ■ r-» (1+ecosv) 

where p - mean semi-latus rectum - a d-i2) 

The perturbed or osculating Cartesian vector due to 
short and long period variations is given by 

r - (r+6r) (Ü+61J) 

r - (r+6r) (U+6ü)+(rv+6rv) (V+6V) 

or the variations alone are given by 

6r - 6rW-r6V 

Or - 6rUf6rvV+?6$fr^6V 

Using 

W u 
then 

W 

W 
y 
w 

sinß sini 

-cosfl sini 

cosl 

6U - (6u+6ßcosi) V+ (6i sinü -ößcosü sini)W 

6V - -(6u+6ftcosi) u> (<5i cosü +öfisinü sini)W 

and hence 

or - 6rt + J(6u+6flcosi)V 

+ r(6i sinu - 6J2cosu sini)W 

5r -   [6f - rv"(6u+6ncosi)] U 

+ [örv + fr(6u+öncosi)] V 

+ [r(öi sinü - ößcosü sini) 

+ rv(6i cosü + 6ßsinü sini)]] W 

These variations are composed of short and long 
period components as 

*r8 
+ örL 6r 

6r - 6f + 6f 
s   XL 

which are computed separately as shown in the follow- 
ing sections. Once the short and long period varia- 
tions have been computed, osculating Cartesian elements 
can be obtained. The osculating Cartesian elements 
can then be transformed into osculating Keplerian 
elements by standard techniques. 

19 



III.3.2 Frazer Long Period Variations 

Although Frazer develops the variations in a Cartesian 
coordinate system, it is interesting to note the forms 
of the equations for the long period variations in the 
Keplerian elements (Ref. 7), For all zonal harmonics, 
Jn, n>2: 

6aL - 0 

öeL " Sn(l-e
2)sini cosX£ 

6iL ■ -Sne cosi cosX£ 

o -    4 7 Tc o 1-e2 10cos2i «\--Snesini    5-2n-u   —   -    Wc0iaj 
e' 

, vcos2i I sinXE; + iin^rj"^- 
r  io        v 1 
[175coszT    "    sinzi J 6ftT  = -S e sini cosi I -     *v g=    -       ."2?   I —^— L n l-Scos^T sin^i X 

3 

6ML " ~Sn ^e ^ 8inI X sinX^ 

where 

J a n"2 

S   « .iiSllii   Sfe     J       Q 
n    3-2    J2p

n"2(l-5cos2i) X,y,v 

n-v        -    - 
-=-      u-1 v-l 

 (-1)  (n+v)I e  sin  i 
Q" 2Vi^v^vJ: (^vj: ^v=XJs^^«L); Cll.u.x> S(jbt=^j (ii±>L): 

X 
sinH « -(-1)7 s^n xS, X even 

A-l 

" ""("1) 2 cos Xwf X odd 

2 
cosXS - (-1) cos Xoj,X even 

- (-1)   sin XüjjX odd 

20 



A ■ 2,4,...,(n-2) , n even 

- l,3,...,(n-2) , n odd 

u - X,X+2,...t (n-2) 

v - X,A+2 n 

a ■ earth's semi-major axis 

As can be seen in the above equations, there is no 
first order long period variation in the semi-major 
axis. Since there is an eccentricity multiplier in 
the expressions for the long period variations in 
inclination and right ascension of the ascending 
node, these variations are insignificant for near- 
circular orbits. There is also an eccentricity 
multiplier in Sn for all n except n«3(J3>. For 
near-circular orbits, then, J3 is the only zonal 
gravity harmonic coefficient which contributes sig- 
nificantly to long period variations, and then only 
in eccentricity, argument of perigee and mean anomaly. 
But argument of perigee, mean anomaly and their varia- 
tions (note eccentricity divisors) are undefined for 
circular orbits. 

In the above equation for SR there is a divisor given 
as 

l-5cos2i 

This expression becomes zero when inclination is 
approximately 63.5 or 116.5 degrees. This is known 
as the critical inclination. At the critical inclina- 
tion the long period variations in the orbital ele- 
ments are undefined. 

After considerable manipulation, Frazer reduces the 
long period variations as functions of the zonal 
harmonic coefficient J3 to the following in the 
inertial geocentric Cartesian elements (Ref. 7): 

6rL ■ rou Isini (l+ecosv)sinu U 

+sini(2+ecosv)cosu V + cosi e cosv W]  (III.10) 

6r. ■ -(=■")  cu sini(l+ecosv)cosu U 

+ sini(sinü + esinw) V + cosi e sinv W (III.11) 

where   T 

- 3 e 
°2 2J2p 
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Notice that in the expressions for the Cartesian 
variations due to J3, the effect of the critical 
inclination does not appear. 

Appendix V gives the FORTRAN coding for the Frazer 
algorithm (includes short period variations) and 
Figures 7 through 13 show theoretical results 
obtained in the Keplerian elements by applying the 
long period variations as described above. The 
example used is the same as that previously given 
for the Kozai method in Tables II and III. The 
mean longitude variations, 6L^, given in Figure 13 
are defined by: 

6LL « öü)L + 5M 

The figures show mean elements and quasi mean ele- 
ments (short period variations removed) for twenty 
days of satellite motion. Secular variations were 
removed for ease of plotting. 

Originally, long period variations due to J2 and J, 
were included in the computations, but numerical 
results obtained when comparing trajectory genera- 
tions via mean elements versus numerical integration 
(Section IV. 2) were much poorer than those obtained 
with J2 and J, effects eliminated. 

If the computations of these variations are restricted 
to near-circular orbits, the above equations (with 
e*0) reduce to: 

6rr ■» a„ r sini (sinu U + 2 cosu V) 

6?T * -a« [—~]  ' sini (cosu U + sinu V) 
L    2 \ p/ 

These are the resulting approximate equations even when 
J„ and J, are included in the full equations. 

These approximate equations yield long period varia- 
tions with errors varying as a function of the eccen- 
tricity.  Table IV shows some typical errors, encountered 
at various eccentricities, caused by using the approxi- 
mate rather than the full equations.  Since these are 
just isolated examples, they must not by any means be 
considered as maximum errors which could be obtained. 
The errors given are the differences between elements 
obtained after applying the equations III.10-11 and 
the approximate equations above to an input vector. 
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TABLE IV 

Examples of Errors Caused by Using 
Approximate Long Period Variations 

Eccentricity 

0.02      1 0.125 0.6     1 
6x (ft.) 
6y (ft.) 
62 (ft.) 
6* (ft./sec.) 
6y (ft./8ec.) 
62 (ft./sec.) 

0. 
0. 

207. 
0.18      1 
0.04 
0.32 

0. 
0. 

1926. 
1.59 
0.44 
2.34 

0.      1 
0. 

7861. 
1.10 
0.19     1 
3.84     | 

6a (ft.) 
6e 
61 (deg.) 
6(j (deg.) 
60 (deg.) 
6M (deg.) 

Z4y. 
0.000004 
0.0002 
0.0233 
0.0019 
0.0215 

2960. 
0.000111 
0.0023 
0.0421 
0.0009 
0.0382 

/%6. 
0.000010 
0.0096   ! 
0.0275   1 
0.0332   1 
0.0013   ! 
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III.3,3 Fräser Short Period Variations 

The short period variations are computed as functions 
of the earth's second gravity zonal harmonic coeffi- 
cient in the elements r, ü, B, I, i9  rv, and then 
these variations are transformed to the inertial 
Cartesian s>ctem as shown in Section III.3.1. That 

is (Ref. 7): 

6rs - a? fsin
2icos2u + (l-3cos2I)ll- -^sv 

5cos*  JU (111.12) 
+ 

1+(J 

6r - -a, ( 2sin2i (1+ecosv)2 sln2Ü 

+ (l-3cos2i) esinv [. ad©l a^cosv)|\(ml3) 

6rv » c^ I sin2i 2cos2u + 2ecos(2u-v) 

+ecosv cos2u I (1+ecosv) 

-(1+ecosv) (l-3cos2i) I T + ecosv r- L2       l+(l-£2)* 

+ e
2-2(esinv)* Tt 

2[l+(l-i2)*] JJ 

6i    - asini cosi <3|cos2u + ecos(2u-v)| 

+ ecos(2u+v) \ 

-acosi <6(v-M + esinv) 

-3 sin2Ü + esin(2ü-v)j-esin(2ü+v)> 

6"s 

(III.15) 

(III.16) 

28 

-■-mil ii   i  ------ <  '-—^ 



6u   " " 2 U(l-5co82i)(v-M) 

♦Jl-ecos2! + ^^^'Oisinv 
L l+(l-i2)J 

.    Ä      oTx  2(eainv)(ecosv) 

l+(l-e2K 

+2(5co82i-2) esin (2Ü-v) 

+(7cos2i-l)sin2Ü + 2co82l esin(25-v)j (III.17) 

where 
J-a.2 

a - "2 e 

°l"° W 
The difference between the true and mean anomalies needed 

to compute 6ft and 6u is given by: I 

(v-M) = (v-E) + (E-S) 

where E is the eccentric anomaly and (Ref. 8): 

(v-E) - sin 

and 

-1 f/eslnv    \ /d-eT+lt ecosv \[ 
1     l>*cosvM      1+U+e2)*     fl 

,m 5x . (1-i2)^ esinv 
1+ecosv 

These short period variations (specifically 6rg, 6rs 
and 6rvg) include the effect of Kozai's perturbed 
semi-major axis (Ref. 1) as given previously in Section 
III,2.This additional variation does not have to be 

accounted for separately. 
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Appendix V gives the FORTRAN coding for the Frazer 
algorithm (includes long period variations) and 
Figures 14 through 20 show theoretical results 
obtained in the Keplerian elements by applying the 
short period portion as described above. The 
example used is the same as that previously given 
for the Kozai method in Tables II and III. The 
aiean longitude variations, 6Lg, given in Figure 20 
are defined by: 

5La - 6u + 6M 
8     S     S 

The figures show quasi-mean (short period varia- 
tions removed) and classical Keplerian elements 
for one orbital revolution of a satellite. Secu- 
lar variations were removed for ease of plotting. 

If the computations of these variations are restricted 
to near-circular orbits, the above equations (with 
e»0) reduce to: 

or = ap sin2i cos2u 

6f = -2a., sin2i sin2ü 
s     1 

<5rv = a. T2sin2i cos2u - -s- (l-3cos2i)J 

<5i = 3asini cosi cos2u 
s 

5ft ■ 3otcosi sin2u 
s 

6u ■ - ~ (7cos2i-l)sin2ü 
8     I 

These approximate equations yield short period 
variations with errors varying as a function of 
the eccentricity. Table V shows some typical 
errors, encountered at various eccentricities, 
caused by using the approximate rather than the 
full equations. Since these are just isolated 
examples, they must not by any means be considered 
as maximum errors which could be obtained. The 
errors given are the differences between elements 
obtained after applying the equations III.12-17 
and the approximate equations above to an input 
vector. 
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TABLE V 

Examples of Errors Caused by Using 
Approximate Short Period Variations 

Eccentricity 

0.02 0.125 0.6 

6r (ft.) 98. 385. 3383. 
6r (ft./sec.) 0.05 1.29 0.75 
6rv (ft./sec.) 0.26 0.42 5.42   ! 
«i (deg.) 0.0002 0.0002 0.0006 
6ft (deg.) 0.0030 0.0073 0.0064 
<5n (deg.) 0.0053 0.0392 0.0206 

6x (ft.) 628. 3189. 3612. 
6y (ft.) 633. 577. 5675. 
6z (ft.) 725. 1090. 788. 
6k  (ft./sec.) 0.04 2.20 J.46 
6y (ft./sec.) 1.12 3.72 10.33 
6z (ft./sec.) 0.62 1.85 2.97 

6a (ft.) 257, 181. 28717. 
6e 0.000006 0.000023 0.000261 
6u (deg.) 0.0482 0.0280 j     0.0352 
6M (deg.) 0.0426 |    0.0181 0.0084 

I 
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III.4 Inverse Computations 

In both the Kozai and Frazer forms of the variation equations, 
the variations are computed as functions of the mean elements. 
If it is desired to transform osculating to mean elements the 
equations cannot be used directly. Instead, they are used in 
an Iterative sense as described below. 

First an approximate set of mean elements is obtained (usually 
the osculating elements). These are used to compute variations 
and approximate osculating elements are obtained and compared 
to the known osculating elements. The differences between the 
two sets are the errors in the computed osculating elements 
caused by errors in the approximate mean elements. These mean 
elements are then corrected by the amounts of the differences 
concluding the first iteration. This process is repeated 
until some convergence criteria are satisfied. 

When using the Frazer method and convergence criteria of 1.0 
feet and 0.001 ft/sec, convergence is almost always achieved 
in three iterations. When using the Kozai method, convergence 
is sometimes difficult to achieve for near-circular orbits. 
After forty iterations, significant errors may still be present f 
in argument of perigee and mean anomaly. However, a method I 
involving matrix inversion (Ref. 9) can be used to yield quick. 
solutions for the Kozai method. 

Appendix VI shows the FORTRAN coding which performs the itera- 
tion control when going from osculating to mean elements with 
the Frazer method. Table VI shows the results of using the 
iterative technique to compute mean from osculating elements 
using the Frazer method. Although in the example shown, the i 
long period variations are larger than the short period in the 
Cartesian elements, the reverse is true in the Keplerian 
elements. Also, the long period variations in the Cartesian I 
elements make no significant contribution toward variation j 
in the semi-major axis. 
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SECTION IV 

APPLICATIONS 

IV.1 Introduction 

The preceding sections have presented the mathematical expres- 
sions describing variations in the orbital elements and have 
shown numerical examples obtained from the applications of 
those expressions. The purpose of this section is to show 
how knowledge of these variations can be used to advantage 
in orbital support. At the A't'ETR RTCS, two major uses of 
these variations have been exploited. These two uses are 
described below. 

IV.2 Trajectory Generation 

The major use to which element variations have been applied 
at the RTCS is that pertaining to trajectory generation. 
This is based upon the premise that, given elements at epoch, 
elements at any time can be obtained if the element variations 
can be computed. This can be easily accomplished using the 
mathematical expressions given in the preceding sections. 

For example, suppose that the position and velocity of an 
object is given in the osculating geocentric inertial Car- 
tesian system at epoch and the position and velocity is 
desired in the same system at some other time. One way 
to accomplish this trajectory generation would be by numeri- 
cal integration of the equations of motion where accelerations 
in the Cartesion system are computed based on models of the 
earth's gravity and atmosphere.  But such a trajectory gen- 
eration can be accomplished through element variations, also. 
Such a generation using the methods presented in the pre- 
ceding sections would require a four-step process. First, 
mean elements would be obtained from the osculating (peri- 
odic variations removed) using inverse computations (Sec- 
tion III.4).  Second, element rates (secular variations) 
would be computed (Section II).  Third, these rates would 
be applied to the mean elements at epoch to obtain the mean 
elements at the time of interest. Fourtht  the mean elements 
at the time of interest are converted to osculating (periodic 
variations added) thus completing the trajectory generation. 
This procedure is shown pictorially by: 
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Mathematical expressions for accomplishing the first, second 
and fourth parts above have been presented.  The third part, 
comprising the update of the mean elements from epoch, t , 
to time of interest, t, is described below. Often, the 
mean elements and their rates at epoch are given in the form 
of an Air Force Space Defense Center 5-card element set 
(SDC bulletin).  Information contained on this bulletin 
includes the following mean elements and their time deriva- 
tions at epoch (see Appendix I): 

a ■ mean semi-maior axis 

k ■ derivative of a 
a 
2 

= half of derivative of a 

e - mean eccentricity 

& = derivative of e 
g 
2 

= half of d^.-"- v.-itive of e 

i 
o 

= mean India?'. Lon 

l = derivative of i 

10 
0 

= mean argument of perigee 

LJ - derivative of w 

s= half of derivative of w 

ft - 

5 
2 

M - 
o 

n = 
n 
i = 

mean right ascension of ascending node 

derivative of Q 

half of derivative of ft 

mean mean anomaly 

mean mean motion (derivative of M) 

half of derivative of n 
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At - t-t 
o 

a ■ a + aAt o + §At2 

e « e + eAt 
0 

+ §At2 

i - i + iAt 
o 

ü) ■ u) + uAt 
0 ♦*"' 

Ö  > Ö  4. OA*- *S*..2 

£ - sixth of derivative of n 
o 
••■ 

~r ■ twenty fourth of derivative of n 

As can be seen, these bulletin parameters are nothing more 
than the coefficients of a MacLaurin's series expansion 
about epoch. The mean element update can then be accomplished 
by; 

At - t-t 
o 

(IV.1) 

(IV.2) 

(IV.3) 

(IV.4) 

(IV.5) 

M-M + riAt + ^At2 + TAt3 + ^rAt4 (IV. 6) I 
o       2 o     24 f 

In practice i and rr are usually zero. 

The above method for updating mean eccentricity can sometimes 
cause problems. The secular variation in eccentricity for 
most objects is caused principally by atmospheric drag which 
has the effect of circularizing the orbits. In other words 
e and ^ are usually both negative. When eQ is small, e can 
be negative for some values of At. This creates problems 
when trying to transform these mean elements into osculating 
Cartesian elements. This problem car» be circumvented if it 
is assumed that the eccentricity decay is due to a decrease 
in apogee height and that perigee height remains constant. 
This is usually a valid assumption, especially if the ele- 
ment rates were computed based on equations derived from 
that assumption (Section II). Then: 

e - 1 - ao [1'Eo) (IV.7) 
a 

This method of trajectory generation has a major advantage 
over numerical integration.  Since it is not a step-by-step 
procedure, the vector at time of interest can be immediately 
computed with no regard for vectors at intermediate times. 
When At is large, this advantage results in a considerable 
savings in computation time.  Being a step-by-step procedure, 
numerical integration is subject to round-off and truncation 
errors which can be fatal when At is large. 
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The mean element update method of trajectory generation has 
proved to be sufficiently accurate for satellite acquisition 
at AFETR Mipir radar sites. The FORTRAN coding for this pro- 
cedure is given in Appendix VII. This technique was compared 
against numerical integration for two cases: with and without 
drag. Table VII shows the initial conditions used for both 
methods. The resulting orbital characteristics are also 
shown as well as the ballistic coefficient used with the 
U. S. Standard Atmosphere 1962 model for drag computation. 
The gravity model used with the numerical integration is 
given in Table III. The central gravity term, ue, and the 
zonal coefficients, J2 and J3 were also used for the mean 
element computations. 

The mean elements and their rates at epoch, obtained from the 
initial conditions as shown in Section II, are given in TaAe 
VIII. The differences between the trajectories are presented 
in intrack, crosstrack and radial components in Tables IX and 
X. Differences are shown at ten minute intervals for the first 
revolution, the last revolution of the first day and the 
last revolution of the week. The differences obtained 
in these examples are due to the use of tesseral harmonics 
in the integrated trajectory and to inadequacies inherent in 
the mean elements trajectory generation scheme. The 
differences are obtained by substracting the mean element 
updated trajectory points from the numerically integrated 
trajecto-y. Note that in both the vacuum and drag cases, 
the radial and crosstrack errors oscillate about zero with 
ever increasing amplitude and very little secular variation, 
while the intrack oscillates about an ever-growing mean value. 

Drag trajectory generations were also performed with zero 
values for <L,  ■&, ij., and £. The resulting trajectory errors 
in radial and intrack components were considerably smaller 
than those shown in Table X, For example, mean differences at 
the end of one week were: 

radial =  -2226 ft 
crosstrack »   2179 ft 

intrack » -131289 ft 

For some reason, these terms adversely affect the accuracy 
of this drag trajectory generation.  It could be that they 
are useful for objects with high ballistic coefficients or 
m extremely low orbits.  However, all cases studied have 
shown that optimum results are obtained with the above 
mentioned parameters set to zero. 
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TABLE VII 

THEORETICAL TRAJECTORY INITIAL CONDITIONS 

x = 17837622. ft. 
y * 11170525. ft. 
z = 4559553. ft. 
x «=  -14197. ft./sec. 
y *   17945. ft./sec. 
z «=   11635. ft./sec. 

Trajectory Characteristics: 

h =  100 nm 
P 
h = 150 nm 
a 

p = 89 rain. 

Ballistic Coefficient: 

CnA 
B = —-   - °-01 ft2/lb w 
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TABLE VIII 

THEORETICAL MEAN ELEMENTS AND RATES 

ä - 1.03625778 earth radii (ER) 

e - .006798 

I « 29.999538 deg 

S - 16.219243 deg 

5 - 9.998874 deg 

M- 8.781831 

* & - -2.843243xl0-t* ER/day 

* f - -4.020530x10*6 

* e - -2.725106X10"1* 

* f - -3.853477xl0~6 

i - 12.086671 deg/day 

* f - 5.758724x10" 3 

Q - -7.612567 deg/dny 

* | - -0.003627 deg/day2 

ri - 16.14925696 revs/day 

* I"0-00332323    revs/day2 

* f ■ 3.208824x10""5 

*These rates set to zero for vacuum trajectory 
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TABLE IX 

VACUUM TRAJECTORY DIFFERENCES 

Prediction Time Prediction Errors (ft)  

(min)       Radial     Crosstrack Intrack 

0 
10 
20 
30 
40 
50 
60 
70 

1350 
1360 
1370 
1380 
1390 
1400 
1410 
1420 
1430 

(1 day) 1440 

Last rev mean 

0. 
16. 

- 3. 
25. 
78. 

108. 
99. 

- 4. 

(1 rev)   90 J^ 

174. 
116. 
55. 

- 52. 
-122. 
-150. 
- 77. 
- 52. 
- 53. 
- 32. 

9990 
10000 
10010 
10020 
10030 
10040 
10050 
10060 
10070 7fic 

(1 week) 10080 ";?, 

-290 
89. 

426. 
561. 
448. 
68. 

-322. 
■666. 

-477. 

- 93. 

0. 0. 
16. - 32. 
32. -104. 
67. -217. 
97. -299. 
22. -406. 

-  26. -512. 
93. -625. 

201. -542. 
193. -228. 

-  75. 4418. 
1829. 4122. 
2870. 4012. 
2470. 4048. 
926. 4185. 

- 890. 4356. 
- 2253. 4532. 
- 2612. 4719. 
- 1677. 4807. 

108. 4847. 

10113. 34607. 
18084. 34722. 
17421. 34394. 
8470. 33737. 

- 4440. 33057. 
-15140. 32590. 
-18589. 
-13065. 

32601. 
33235. 

- 1106. 34174. 
11436. 35046. 

1318-      33816. 
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TABLE X 

DRAG TRAJECTORY DIFFERENCES 

(POLYNOMIAL UPDATE) 

(1 rev) 

(1 day) 

(1 week) 

Prediction Time 
(min) 

0 
10 
20 
30 
40 
50 
60 
70 
80 
90 

1350 
1360 
1370 
1380 
1390 
1400 
1410 
1420 
1430 
1440 

9990 
10000 
10010 
10020 
10030 
10040 
10050 
10060 
10070 
10080 

Last rev mean 

Radial Crosstrack Intrack 

0. 0. 0. 
24. 16. 3. 
34. 32. 41. 

112. 67. 172. 
208. 97. 367. 
238. 22. 664. 
162. -  27. 951. 

-  38. 91. -  1111. 
- 208. 201. 927. 
- 391. 194. 373. 

- 941. 22. - 29273. 
1126. 1886. - 29395. 
2972. 2854. - 32253. 
3668. 2385. - 36866. 
2904. 817. - 41387. 
968. - 967. - 43973. 

- 1193. - 2266. - 43544. 
- 2639. - 2556. - 40406. 
- 2612. - 1574. - 36347. 
- 1066. 209. - 33547. 

-72055. 19431. -1654791. 
-53853. 14706. -1659008. 
-41571. 2075. -1685803. 
-39677. -10114. -1723967. 
-50072. -18215. -1756987. 
-67623. -17533. -1769944. 
-84648. - 8300. -1757641. 
-92839. 5071. -1727493. 
-87841. 16024. -1695574. 
-72103. 19268. -1678511. 

-66228. 2241. -1710972. 
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The differences shown above resulting from the use of analyti- 
cal secular variations are considerably larger than those 
obtained from numerical computations using real data (Section 
IV.3, Table XIV). 

There is good agreement between numerical and mean element 
trajectories for the vacuum case (Table IX). Therefore the 
large intrack differences obtained for the drag case must 
be due to either drag-affected secular rates or their appli- 
cation to the trajectory generation problem.  If a logarith- 
mic rather than polynomial update scheme is used 
the intrack differences are considerably decreased. The 
logarithmic scheme is based upon the fact that the mean 
mean motion is a logarithmic function of time:' 

n + logö (1+2 ^At) 
o     e     z 

and the mean semi-major axis is given by: 

—  — i o   3 
a m  a  — 

•I?. 
The mean mean anomaly can then be updated by: 

i 

where 

and 

M 

n 

M + n At 
o   a 

n + An 
o 

At 
An L    l°g^ (1 + f O dt 

which, after changing limits and applying a four-point Gauss' 
method of approximate quadratures, becomes (Ref. 10): 

4 
An « I     A1loge[l + fAt xj 

i-1 

where A. and X. are quadrature values: 

1 
1 
2 
3 
4 

0.34785485 
0.65214515 
0.65214515 
0.34785485 

0.93056815 
0.66999052 
0.33000947 
0.06943184 

Using this logarithmic scheme of mean mean anomaly update, the 
differences shown in Table XI were obtained. As can be seen, 
the intrack differences are much improved over those given above 
which suggests that this method should be extensively studied 
both experimentally and analytically. However, preliminary 
results indicate that the improvement shown is typical of what 

can be achieved. 
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TABLE XI 

DRAG TRAJECTORY DIFFERENCES 

(LOGARITHMIC UPDATE) 

Prediction Time 
 (min) 

0 
1.0 
20 
30 
40 
50 
60 
70 
80 
90 (1 rev) 

(1 day) 

1350 
1360 
1370 
1380 
1390 
1400 
1410 
1420 
1430 
1440 

9990 
10000 
10010 
10020 
10030 
10040 
10050 
10060 
10070 

(1 week) 10080 

Prediction Errors (ft) 
Radial Crosstrack Intrack 

0. 0. 0. 
24. 16. 3. 
34. 32. -  41. 

112. 67. - 172. 
208. 97. - 367. 
238. 22. - 664. 
162. -  27. - 951. 

-  38. 91. - 1111. 
- 208. 201. - 926. 
- 391. 194. - 373. 

- 959. 22. -23497. 
1045. 1885. -23532. 
2824. 2852. -26214. 
3479. 2384. -30588. 
2722. 816. -34860. 
838. - 966. -37246. 

- 1250. - 2265; -36704. 
- 2638. - 2554. -33539. 
- 2596. - 1572. -29494. 
- 1088. 209. -26677. 

- 6191. 18850. 61152. 
7573. 14260. 58903. 

16150. 1992. 39836. 
16693. - 9791. 14265. 
7703. -17655. - 5041. 

- 6151. -17014. - 7541. 
-18414. - 8062. 9340. 
-22944. 4920. 38732. 
-17505. 15544. 67476. 
- 4795. 18673. 82652. 

Last rev mean - 2788. 2172. 35977. 
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IV.3 Orbit Determination 

Another use to which element variations have been applied at 
the RTCS is that pertaining to orbit determination. This 
technique has been put to full use in the CDC 3100 Com- 
puter program, CASS (Ref 10). 

Orbit determination using mean elements is accomplished as 
follows. First, each pass of tracking data is reduced to a 
vector (position and velocity) using some method of orbit 
determination. Second, all such vectors are transformed to 
mean Keplerian elements using the inverse computations des- 
cribed in Section III.4. Third, polynomials in time are 
passed in a least, squares sense through like elements, one 
from each pass. The polynomial coefficients thus determined 
are identical in definition to the parameters of anSDC bulle- 
tin (Appendix I). Tnese coefficients then represent the multi- 
pass solution and can be used to predict future positions of 
the object as shown in Section IV.2. 

In CASS, however, the polynomial coeffi ients are not the ones 
appearing on the final transmitted bulletin.  It is necessary 
to analytically recompute some of the parameters in order to 
preserve known relationships among them (e.g. a and e). Some 
of these relationships are given in Section II. Examples of 
actual single-pass mean elements used and the polynomial and 
analytical bulletins, thus obtained are given in Tables XII, 
XIII and XIV. Prediction errors for the analytical bulletin 
are given In Table XV in radial; crosstrack and intrack com- 
ponents. The solution and prediction errors were obtained 
using actual tracking data frcm AFETR Mipir radars.  These 
errors are caused by several factors. First, the mean elements 
and their rates at epoch contain errors due to their computa- 
tions being based on imperfect tracking data.  Second, the vec- 
tors against which the predictions are compared to produce 
residuals are based on imperfect tracking data and contain 
errors. Third, the actual forces influencing the object are 
not completely modeled in the mean elements updating scheme. 
Examples of some not included in the computations are higher 
order gravity terms and atmospheric density variations. Approxi- 
mately 20.7 days after epoch (17 August 1970) a large geomag- 
netic disturbance occurred which significantly effected the 
prediction errors (Table XV). 

Notice in table XIII that the single-pass mean element resid- 
ules from the polynomial solution show periodic errors in 
mean longitude despite the modeling of periodic variations 
in CASS. The cause of the residual long period variation is 
not known.  It may be that they are due to unmodeled gravity 
or drag forces. 
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Polynomial Analytical 
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TABLE XV 

CASS ANALYTICAL BULLETIN PREDICTION ERRORS 

Time From 
Epoch (days) 

3.2 

4.2 

8.1 

9.0 

15.1 

17.1 

21.2 

22.1 

22.2 

24.1 

25.0 

28.0 

Prediction Errors (ft) 
Radial Crosstrack 1 ttrack 

-  3. 747. - 4656. 

466. - 2778. - 5892. 

-3206. 3673. 8994. 

-4083. 3768. 9482. 

-4344. 2393. 8799. 

-3757. 775. 9588. 

-1490. -13790. 25658. 

-4807. - 8062. 24480. 

-4287. -14080. 31676. 

-3066. - 2328. 51068. 

-1906. 2045. 67755. 

-2452. - 9273. 144416. 
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Comparisons between SDC bulletin parameter? **nd computed 
secular variations were presented in Section II, Table I. 
Here note the differences between the polynomial coeffici- 
ents and the analytical parameters in Table XIV... Those 
parameters analytically recomputed were: a, a, &, e, <£.» 
to, and n using methods simila- to those given In Section II 

(Ref 11). 
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APPENDIX I 

SPi.CE DEFENSE CENTER 5-CARD BULLETIN 
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APPENDIX II 

SUBROUTINE DTPDA 

(Semi-Major Axis Decay Rate Computation - See SECTION II) 
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 SUMROUMNb  ÜIPPATTH J. <fF;T?;*AVKFTTTDTRCObPF, AUÜT>  
C 

~C T"HF WRPItfST'ör"l«IS  «0 j TI ME   IS~ T0  C ffMp fi TE~ tFTjfGTffüAT  
c       RATES OF APOGEE. PERIREE AND SEMI-MAJOP AXIS 3Y 

™C rNlTfc^TTA"T"I"ÖN"[rST>JG""SIlP^O!NS'RTJL1E. " 
c 

T rwTs~'Aire  -        
C        FüusEARTH SRAVITT CONSTANT(FT**VSpC**2> 

. £        A-jp . gAftjH S£M I - H A J 0 R" A X I Si FT) 
£_      EgsCART* ECCENTRICITY SQUARED 
C A«Ö?3lT""SfMI-rtÄJjfi   AXlSlFTT   

JC £sjQ3JjjT   ECCENTR U I I Y   
C rfT-TRTTiT   tRcLINAlTU'NUTATT» " "  ' ~ 
C _JilrflRBU   A^ÜMfcMi   OF   ^ERlGEFtRAT) 
C «CQWTaCfB JEcT   ;^A1L I STIC   COFFF IcTENf TCD*A?W>' "TFT• «2AlB) 
C_ WHERE   AgREF=REMCE   AREA 

"c  ~        c"DiCb=rricTENT   D'F'fffftfl 
n wsOBJsCr   WEIGHT 

C QjmJT_ \J 
C "   ÄDOr=31CAY   RÄTE" JTlMsfiT"SEMI-MAJO»   AX"IS(FT/DAY) 

_c 
n ATMUs'PH^H""MOireL""SUP-COJTIME ' IS"ATHG3 
r;     

HuTÄ*(PY=3.t4i5*>26533T" "    ~ " 
c 

"TPi   V *." *   PI    " 
J»IjJPs-^64_0 0 .»SORT/< Aw»-• v) J ) /TP I 
FE«fe»"(l7-l?2)  
osA»(l>E»E ) 
SOSSINFTTO) 
COJBCOSF(FO) 
SIs'SlNHTn " 

c 
"C""  CnM^ÖTE't^ JE "ANOMALY ~S[PP lf?fe" 

1-0 co^ 

YA*IJ, 
"YP"Of"" 

1 SV=SlNrlV) 

C        ' C^MPuTb   SAfELUtfc" HFI'G'HT 

c 
RHa"ST* ('SO •"CV*cn«5v) 
?fcsAf/iuRTF(1 • +*L** '*SP J 

$ s p; (17TF* r vT~  
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TT-2—ir^-TTF ~ "'" "   
CALL   ATMOS(H.RHO) 
Ts^urrfnT:^"r*r: «w*=*e> *wo 
rAs2.»r»(l. + C\M 

IFC 1 .EO.CI/2>*?>   «n   TG   3 
?   FA=*.*FA 

FPs?.*FP 

YP=YP+FP 
lTTl.Fn.T5")   GO* To 4 
 !«M  

4     YA = rA*»V*SQRTF( < 1. ♦£ )/U .-fc>**3>/3. 
_YP = YP*nv*SORT£<(l.- = )/tl,+E2**3)/3. 

~c "'   
C COMPUTE   APt)fifcir   PfcCAY   RATE 

T 
AHlH)T = SDTP*YA*PCOfcF- 

-5    COMPUTE PfRtQfcg DECAY WATE 
c     ~ "" " " " ' 

PHUOT = SUTP*YP*lr'COEF- 
C 
C    COMPUTE SEMI-MAJOR A*ls DECAY RATE 

ADOT^,**(AHDÜT+PHDOi> 
FNO 

NOT REPRODUCIBLE 
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APPENDIX III 

SUBROUTINE ELRAT 

(Mean Elements Secular Rates Computation - See SECTION II) 
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C     THE PURPOSF OF THIS *0UTINF IS TO CGMpUTE FLEHENT RATES 
C     GIVEN M£A\ ELEMENT^ 
C 

1VPUTS ARE 
AF=PARTh SEMl-KAjQ* ^XIS(FT) 
E?zFARTh   ECCtNT^lCfTf'SOUARFD 
FMU»EARTH GRAVITY CONSTANT(FT**3/ScC**2> 

C" FJ2*EARTH GRAVITT SECOND ZÖK'AL HARMÖNIC COEFFICIENT 
C„ ft = ORJECT BALLISTIC COEFFICIENT <FT#*2/LP> 
"C FM(t)*(6)=M"FAN F,BMEMTS AT'FPOCH " 
_C FM(1) = iEAM SEMl-MAJOR AX|S <FT) 
C FW(?)"siEAN ECCENTPKITY 
C _£!,(?)ziEAN INCLINATION <nEG> 
C FM(4)=IEAN ARGUMENT OF"PpRl"GEE <DEG> 
_C FM(5)-iEAN RIGHT ASCENSInN OF ASCENDING 
Z " *<TDE (DFG) 
C FM(6)=1EAN MEAN ANOMALY (OEG) 
C 
C    OUTPUTS ARE 
C FM(D-(t2)=McAN   rLEMENT   RATFS   AT   FoCCH 
c p\i(i) = itAM SEMI-MAJOR AXISJ^RSCARTH RAPID 
c FN(2)SAL)OT=SEM"I-MAJ5R AXTS RATE (ER/DAYI 
C_                 FN(3) = Ai)U02   (FR/DAY**2) 
T ^TOs^'O'ta^CCET^TRiCTTY'iAtF   (/OAT)  " 
_C FNl5)sziJD02   (/DAY**2) 
C FN(6) = JDüT = ARGÜME"NT   OF   PpRIGEE   RATE   (DEG/DAY) 

Z FNl7) = j.Jü02   (DEG/PAY**2) 
C ""'FN(BVs^)üfsRiß'HT "ASC6NSlr»N "OF   ASCENDING 

_C^      MODE   RAJF JHEG/DAY) 
C "  F\(9VSM!)ü02   (DEl3/'nAY#*2)" 
C FN(10)=MN=MEAN   MOTION   HpVS/üAY> 
C FN(11) = M[)02   (REVS/DAY**?) 
C _FN( 12)^1)0 06   (HEVS/0AY**3) _ 

PlMtMSfiJ^ FM(6> »Fivj( l2) 
TYPE   *iPAL \M, iR.Oa, jnüT»NDm,Nnü06#iM0n2^'nD02 
nATA(nPG^A=57.^95 77V5l51),(FK3r360.) 

rKlaF<t»FKl 
AN»FM"( l)/AE 

 £jJa£M { ?)      _ 
" IBsF^ni^JPÖRA' 

SI8«SINFCH) 
ClR-coSF(fn) 
0daFM(4J/0E3RA 
SOB-SINF'(Q^)" 
I F ( i j (1 ) ) j 1 , 51, I __ 

1   ArtaF^"< 1.) 
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r» 

*T c^Pör^'An^T.iSTi-: HEAS MOTION 
_C  

2   M^«ST^TF<FMiJ*K,K 1*< l.-XX>/(AB*AR*AR>) 

v_COH   atjft   SFCJLA4   «UPSS    JF   A*3.   OF   PAIGES   AND   ^T.   ASCtN. 

6   Hi)ÜT s. 75* ^\ *F J? «FK V( 5. *C I R*C I R-l. >/■><> 
 7~vtPJT?-T. 3*\T^T*T*S"*~CI ar/p*? 

c 
"TOWFüfs-nRrÄf6^""or""5CT"i -**JJIT AXTS,FCWNTRICif* "ANCT HtA>M MOriTN 

 irÄTL" urro* fFum^T;^*; ä^I"W; re;r>B. avA^ty 
 AQOrgAOJT/Atf   

xo ?ijör=AnoT*(i.-*-T)r/A^ ~~ 
Vi)023-^.*\|N*Ai)0r/(4.*A^) 

"^öKPTjTcTt^n^tNr üF PEinn-T A TO-R TORT äSCHMSIO*: OF ASCEJDING ;>TCUF 

C ACC6Lr!^AriO\   TP-MS 

 QPOO?-Ol)-)T«TMP 

IF<fH.3fc.t).06>    50   T j   41 

 JC0MPUTC  SKMNHAJJrt  AXIS,   -CCF>ITRICITY  ANO   *pAM 

£sfc|()02/^ 
ACQ'J'U. 
IF (gM , I7G • 16 V•> ö 4 r A '1 JN=4. 
n3AC0N*C»C»(l.-*-16.6a7/( 3.*<16.A67~N-4)l) 

11 AnDn?s'AN**(-27*«)*2ä. •c*n/o, > 
12   Nl)nOh = «(.<. ♦ iMNUA.rüQ?»'*. * A HOT* MDr.2 ) / ( 6 . * A M) 

P01)Or»=(I i'-l=8) *A*:)nÖ?/"A"N ""  
so  To =5 0 

"41   Af)DJ> = i.  

c    " 
C SET   «IP   OUTPUT   A'^AV 
c  

CN(X) = A'NJ 
" *"WCMsAD'Sr 

rNCS) = AJ!)fJ? 
r-Nj(4)rt=f}')r" 
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r^rSTHTTTTtT? 
rn|(o)anijOr 

E2li,JIsiP,,L 
CMC M):DN 

t>l~ "cüNTIvlg"' 
-NU 

"0r «ft»«o °wc/ßi. 
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APPENDIX IV 

SUBROUTINE DELTA 

Uozai Short Period Element Variations - See SECTION III.2) 
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SuHRhUTlfvfc DELTA CA£, _?•»»'•> 
C 
C    THE: PURPOSE OK IH IS SUBROUTINE IS TO COMPiiTF .S.HP.RT PER.IOp 
C    ELEMENT EVARIATIONS USING P»E KOZAI MhTFün. 

c   TNPUTV" ARE " 
C A^- = EA^TH   SEIM-MAJOR   AAJS   (FT) 
C Jy = EAWTH   GRAVITY   SEcUNy   ZONAL   HARMQMc   COEFFICIENT 
C M«l)sOR9Ii    M£AN   Sf-Mi-MAJOR   AXIS   (FT) 
C Mf ?)=Mf-AN   ECCENTRIC* r* 
C     _ M(^)=MhAN    INKLINATION^ (H£G)       „  
C MU)sMl:AN   ARGUMHNT   OF   PfRIGEE   (OfcOl 
c M<5>=M_AN RIGHT ASCFN^ION OF ASCfcNulNG NCPE <PEG> 
C M<6>=^

:
AN MFAN ANOMAL* (DEG) 

C 
c   OUTPUTS ARE DIFFERENCES <°SCULATIMG - MEAM OF ABOVF ELFMFNTS 
C    I_N THI-^AHH UNITS STOHEn IN D(l) THHil   D16)  
C 

DIMENSION M(6),D(6) 
TYPE REAL M,J2,J~E I 
L)ATAfpI=3.l4l5926b36).<F* = S/.?95779bl31 >.< OTs .3333333333 33 ) 
DATA<TT=,666666666667) \ 

C i 
IP I a H. * Pi 
JF=1.5*J?*AE*AF 
E=M<?) 
IM E U > 2, 'A 

1 E = n 
M(2)rF 
GO" in 4 

?   If(E-l.M,3,3 ! 
3 E=.999999y99\'99 

M(?)cE 
4 ES0=P*E 

OME2=l.-FSU ! 
SOMV«f,/_KF?*M..5' ] 
FMsM<6)/FK j 

9   IFUMSF (FM)-PI)   .0*10*11 1 
C        Nf-|jlJCE   MEAN   AN"MAL.Y   TO   R/.Nbg   OF   -HI    TO   «-P I i 

U    KM=FM-TPI*ABSF(FM)/FM 
GO   rn   9 

COMPUTE   FCr.„NTRlc   A^nM^LY 
10   IrPcFM 

1)0   14    J=l,10 
fcA = E^-(EP-MO)*SINF(EP^-t'M)/(l.-M(_)*C(,SF(FP)) 
IF(A^SF(EA-EP).LT.l,F-iOJ ^0 TO ?0 * ! 

14 EPsEA 
COMPUTE TRUE" ÄKÜMLY \ 

20 ys?.»ATAK2(Si;RTF( (l«+E'/ll,*E) > *S INF < EA* . «5) • COSF <EA *, b ) ) 
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iF(F*) JO 31.31 
30 FMSFM+TP! 
31 IF <V* 32,33*33 
32 VrV+TpI 
33JF<VjO-Pj:>   34,35*35   _ _  
35   VsV-TPI 
34   ABsM«l) 

FIeMf3>/FK 
F0*Mf4>/FK 
Ffs|8Hf5)/FK 

COMPUTE   RAMUS   AND_SPMI"tATUS   N^CTUM  
Tr=Äö*(i;-M(T)*"co?;TTt'A)r "* 
P=AB*OME? 
P2»P*P 
AOR3«(AB/R)**3 

COMPUTE VARIOUS FUNCTIONS OF SIN»- AND COSING OF 
C JNCUNAT^ON^JTHUE „ANOMALY,   Al^D_AW6UMENT_ CF   PPRIGEE _  

~Sf2«(SINMFI>)**? 
SF 1=1 .-1.5+SI2 
SVsS?NF(V) 
CVsCOSF(V) 
SÖsSTNF(FO) 
CO«CnSF(FO) 
Wö*sv*cö*cV*so" 
cvo=rv*co-sv*so 
S2V = '-»,*SV*CV 
C2V=?.*CV*CV-l. 
S3VsSV*(3.-4.»SV*SV> 
C3V = rv*(4.*CV*CV-3, ) 
SW^V*C3V^CVV53\r   -"     "    "   ~~ 
C4VsHV*C3V-SV*S3V 
S5V=S2V*C3v*C2V*S3V 
C5Vsr2V*C4V-S2V*S3V 
S20=?.*SO*CO 
C203?.*CC*CO-1. 
S2 VOB 2 . *"S V 0*C VÖ" ~" 
C2V0«2.*CV0*rvn-l. 

SV20BSV*C20+CV*S20 
CV20«CV*C20-SV*S2Q 
S3V2nsS3V*C2l) + C3V*S20 
C3V2nsC_3V*C2ü-S3V*S20 
5vM2n = Sv*r;20-c"v*S20 
S4V2nsS4V*C20fC4V*S20 
SbV2naSbV*C20>C5V»S2n 

COMPUTE K07AI SHORT PERIOD VARIATIONS 
0(1)»(Jb/AB)*(SFI*TT*(AÜK3-S0M)*A0W3*SI2*C?V0) 
ÜEls)E*OME2/UH*Ad*E)»(Oi*SFI*(AORv5-büM)*.s*AOR3*Sl2*C2VO> 

* DF? = .»Ev'5'T2/rC2 . *AB***P>• U:2V0*E*c"V'2"0*0"T*"6*C?V?ÖT 
0(2)BDEl-nE2 
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D(1)3jfc*S!Nf(?.*ri)/(4.*K^>)*(C2VO*H*CV20+0T*f#C3V20)*KK 
ü01 = '2.-/'.5»SI?)*(V-rM*t*SV)*SF l**! <1.-,2S*PS0)*SV/F* 

1 .^>*^2V*h*s 5V/12. > 
O0?=-SV?O/h«<.?5*SI2*bSQM,5-.9375*S12>)*.n625*F*S!2*SVM20 
no3=r^^(i.-^i

t,*si?)*s?yu*s3v20/^*<7.*_si^/il*--FSOj!L  
1 Cl.-l9,*Sl2/a.)/6,) 
004s.3 75.SU*S4V20*.n6^i»f=*S!2*S5V20-.375*SJ?*S20 

D(S)s-JF:*COSF (FI )/P?* < \/-K rt*E*SV- • 5*S2V0-.5'»E*SV20- 
1 E*SÄV?0/6. )*FK 
OMl = »SF I*C (j..-._^5*eSQ)*Sv-».,»j*E*S2V*hSQ*_S3V/^2_:J_ 
DM2=*I?*( ."?5*SV2Ö»(i".'*i .^5*6SQr-.o62b*'FSO*SVH20-'" 

1 7.*53V20/12.* 
2 il.-£Si/2fl. >-. 37**8*5^0-. 0625*ESa*S5V?0*.375*F*S?0> 

U(6)«JE/(6*P^)*S0^TF(0ME2)*(DMl+DM2)*rK 
fcNn 

NOT REPRODUCIBLE 
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APPENDIX V 

SUBROUTINE DELXYZ 

(Frazer Long and Short Period Element 
Variations - See SECTION III.3) 
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i   1 

 ^nTCT^-jTT^FrTJT^   "" j   j 

i:    THJS smR'Vjr l^ ACCEPT.-» MFAN CARTFSIAN »M FMENTS ANO_ 

"c   CüM^üTL:S"~THC""niPPPiS*N«:^ »^TWFEM MEAN" äNS'OSOU*."AT1N6 

C  KARTESUN ELEMENTS.  RsFEREMCE IS F-UZERf SEPT..|9&6.  

C    INPUTS ARc 
C AE=£ARTH   SEMI-M*JOR   AXIS   (FT) 

A_ _K_J,iJ-fEjiKLhLi'li.A^irr   CONSTANT   (Fr**3/5FC**?) 
C "    FJ2*6A«TH   üWÄVITTSFCWn 'ZONALHARM^NICCOEFFICIENT 
5_ FJis^AtUH   ISHAVITT   THHIJ   /ONAL   HAR^nMlC   COEFFICIENT 

~r,~   " " ~ xY'z(i/.xYZ("?)*xy^c4) = M^Ä"N Phslnu« COMPOVENTS IN A.J 
g  fcArtTH-CcNT"Ht-ü>a?UAlOKlAl, ttff-QTI AL#RlGHT-HAi>IDfci). 
Z " HAHTESI AM "5rSTTg4. "WITHT ('ij" TngAR!>"TH£""VBKWL " 
C frlUlNOX   A_NH   (VS)   THRU   THE   N?«TM   POL«:   (FT) 

"C "''*    X//T4TrxYnT)>X>^<6> = i/fcLWlTY "gWPn'^ifS TAP 
C _ ArtOVEJSYSTEM__<F T/SEC) 
c 
_C OJTPUTS ArtE     __ ! 

C Of?S(3T -   (6> »PtP*iT)üI ; TäTHTT 1 WS ITCA^ ! I 
JC_ (QSCULAriN^'MEA^)   (FD   ANIJ   (fT'SECl j 

IUHE.NSIU'M   XYZj^)rUP->i6) 
|F(FJ^TEXJ.T.)   GJ TVj.0 
X=XY?(l) 

3 

Y = XY ?('•>) 
7^_XYZ(\) 
Xi.)-XY7(4~) 
YD3XYZ<(i* 
7D=XY><6) 
SMlisSORTF(FMU) 

COMPUTE   RAM ISIS 
RA0=3(HTFiX*X + v*Y+W) 

COMP U T =   I Vv/ H R S E   OF" *S E11 - M % J Ö R   AXIS 
_VJ?_Tx■uxi)+ri>YT)+/n*/ J 

" ä I Ml/a ( 9". *FMU-ifA;)*V? > / < F *l J*RAO ) 
IFUINV.LE.O. >   '10   Tj   in 
HX = Y*/'l-YfW 
HYa-X*7i)*Xfl*Z 

"*HZ«X«YV'X«)'iV" 
HXYiJaHX* <X*HY«Hf 
'H2»H"XY^*HZVH? 

jH^SHrF(H^_)  
COMPUTr   LM-iU^AnON 

«UNIaSTRTFCHXY^J/H 
iFCSTVf '.LT.'J. 3 0 J17)    ij   TO ""tu 
R0SIJH7/H 
HS I Nil -T*Sl\i 

COMPUTE   R'l .    4SC   OF   ASC.    MlDE 

N0T REPRODUCIBLE 

SlNivlsHX/HSINI 
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M 

J20MPUTF _A*n. JJF   LATITUDE 

rOSiJjM'O^HY + YwHO/t <AD*HSlNl > 

HUMPUrc   RAjIplS   RATE_ yu 
RAUDiSnOTv/RAT" U'   R£pRnn 

cSIUV = RAt)3«H/FMU DUClBL£ 
CÜMPÜTF   StMl-LATUS   RECTlM 
 3aH2/fMU  _ 

5QP = Sf}RTF(P) 
PCObWs(P/RAi))-l. 
0PECVsl.*^COSV 

■CQMPUTg   RAHI US   TIMES   fRUr   ANOMALY   RATE 
RWSSM»J*öPFCV/SJP' 

COMPUTE ECCENTRICITY SQUA<E|J 
C2 = HSpiV*ESINV*cCUS>/*F roSN/ 

IFCtJ2.qgil.)   GO   TO   Jtil 
CTA=SU^TT(t.-J:?> 

COMPUfg   TRUE   MINUS   HEAN   A M■)^A^Y 
SVMEa (ESTNV/OPECV )"# 4 ( ETA*7jPECV ) /"< 1. ♦?> A >T 
IF(A'3SF($VME).Gl.!.J   GO   TO   10 
5 M M = A S ! M F ( SPTf) *Tr T~A * E'S" t ^ T/oPV'V'\!    """ 

JJOMPUTP   SHOUT   PER IH')   PERT J'*8AT IONS   IM   SpgCUL   FLcMrNTS 
«5 i~3"s *? i *a 1 * S fKrt 
rH2aCQSt»CQSI 

 3EEsP/*E  
ALPHAs . 25*F J2/(W=E* ^E ) " " " 
ALFAI=ALPHA*SMU/SOP 

gc2u*7gEi:asy»cos2U+si-u^»srNgu 
BSaUPV"ißffi)SV*SI^2Ö'*sSlN/*ßÖ"SW 
c(;^uPv/5Ec;ns\/*i:oS2U-3Si"Ni\/*STiM<?u 

1   (l.+ETA) ) ) 
YEWiüPECöVdn^'a^ 
nes^ns-       ALF A i*<?.*s!,>*rFMP*siN;?u+Sf: i2*<=si iy* 

 ' TT^3VFT A*TEWP?Ti. + = TA ))) j  

nESKVi)Ti^sWiT-s*TT2* iT.l*=COS7V~( < ?>lfT)VTi 7*rTÄ >V ' " V" 
1   .5«(R?-?.«ES(N\/»HSiMV)/(l.+ETA> ) 
~ nE SR V!)s R vf"n* A L PH A *])g >i* v il 

_nESl»AI.PHA*Sl.MI«COSi*( ^.*(CUS^t| + i:C?U^/)>E(:-?IJPV) 
ft¥SFtfa- AUFM! A *!TiTiS t * < * . * < V W + FS INV) -7*t *< s ! N?U>«r'32UNV > -fcS^UP /) 
nESUsö<»(l.-^«*JI^>>^vi^^4.*a.-6.*Cl,?^SCU/(l.-t'ETA) )*4*I W 
nHSUin^su^ci^i?T^F3TW*S,BhS^/"('i. ♦ c*T i > ♦?;* { -T. **r ]T-2 ,)»  
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nESij3-.5*AlPHA*JPS I 

XUaCnS'J*COS^-SI^U*SiNM»cnSl   
yuacn:SM*Tr\N*3c"^T*CJ^N«'C0'5i         
7U»SI!M'»»S1M   
yvs-siN«'j«cosN-cosu*3Ji\Ni»cosT 
yys-r ^Ü*SlNjT»C )SU»jOS>l»CQSl 

Yw=-cosv*5T*n  
7WsCnsi _   
TEI-tp2neSU + CüSI*jFSN 
TEM = SIMU»DESI-VJSU* atMI * 0cS N 
nESXa!)PS''<*X'J*RA)*(Tr"MV*xV+TE*i"*XWr 
n£Srsi)PSR»YU»iUJ*(T=MP»Y\/»TEM»Y^) 
nESZanPSK^J*RA"JMTrHfpV£V*TEH«2ii>' 
TC = nPSfft)*NV!)«rFMP 
TU=rjFs»viVRArtr)* r£M?> 
TH = HA[)n*TEMi-RVi)»(C0 3'i»ntiSI *.SlNU*SlNI*nESN) 

 llB5jf?T=Tc*XU*Tr/*:XV*Tz*X>l 
H E S Y: ] = T £^ YIJ ♦ T 0 * / V * T z * V .^ 
nET/^T=fC*TiJ>TT*Zv*T:^-4 

7QMPUTC LCHG PERIOD P,;PTtHi*ATl HNS IN CARTE >1A'N ELEMENTS 
ALFA?-.5*Fj~3/(FJ2*Pr'ET 

"' TäSSTNIVöPECV*ULFA>*S'I>Tü')'" 
 TUf^NJL*UlF^2*il.*JPE(;\nj»C:USU) 

f C = C n S ? *TA IF A 2 * ~ C Ü 3 i > 
TI)=-^IM[*OPEC\/*(ALF42*C:JSü) 

TE«-^lMI*(ALFA?*(Sl^i"*5S0)) 
„TF = -roS_I*( AUFA?*ES! HV> 

n'ELXa«ÄU*(TA*XlJ*TB*AV + TG*X^) 
        OELYSHAD»( fA + Yii + TB+fV + TQYH) 

n E L /: s ^ A o * ( T"A * 11 J «* f a * /. v♦T " * 2TiT 
 T EMsSft' I / Si3 P__ 

nI-LX11 s TEM*1 pH*X J + f F * <V+ TF * X37  
nELYn-TE'^UC f'2*_Y J+TF*Yv>TF*YW) 
nELZ^TriSV(ln*zijrrp«rzV*rPizä) 
.10   TO   ?0 

To~r;()NTt' JME 

Qßi^anf-S^nES.^ )ESX.) = U^SYtj2üES7ü-0, 
nELX^LY = nEU=JElx j-üFLYn = ()FL7Ö="0." 

" n¥s~" tV=!)trs< + nEL< 
_ nES(^)=i)ESY^bL^ 

. "n f S (1) a'ijFS 1 * n E I 2 
nES(.'Os))tSX!) + 0ELXD 
PFS(tS)3[)l-SYi)^!)ELYL) 
nfc-SjMsnES^a+nEUD 
END*  
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APPENDIX VI 

SUBROUTINE OSMCE 

(Iteration Control for Computing Mean From 
Osculating Elements - See SECTION III.4) 

I 
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TiWl JTTMF  0K7?f^(Ac.FM J.Fj?,Fjl,XY7,<v7H) " "      " 

if        "TH£'P-HPiJ^r   Or    HIS    lUtHüJrjNh    IS   TO   "i^P-HF   ^EA«   f^'JM 
c       oscui.Af TMJ] ,:A-?n:iu^ ^L=^=NTS ITFPATI/CLY «HHG DELXYZ 

c 

c      jNi'ii/l A±: 
C A'-^-ArÜh"SjfMi-MA j')k    AXJS    (FT) 

_C r u J-l:A;U -I    JrMVirf   C')\STANT   ( F T* *4/«;i=C**2) 
C FjpairAH'TH ".'}'* *VI Tr   S?O>!0   ZONAL   MA*4?HlC   COEFFICIENT 
^ r J.^tiAtNH   <WWITf    MHO   ZONAL   H**Ho*lC   COEFFICIENT 
C'" Xf/( l) ,xV7(^>),X/^(.5)=TSCOLATIN'5   Pn<;lTIO\»   CJMpONHTS 
C H   A.M   .rAtUH-CMT^WFÜ»   £ÜÜATJ^rAi_.    M?rtTlAL* 

»M^HT-HXNDF rCARfESl AN   SYSfE-l.   wlTH   (1)   Tü*AP«) 
C TH^   VifiHAL   r'JUIMlX   AND   (3)    HQII   T^F    JO^TM   POL-   (-" r) 
c x//(4*."vYZ"is>.xy'.(6)s^tLoc'ffV cort°n^e"^TS IN 
C A»nVP   SYSTci   iFT/SFO 
C 

C <Y7«(TT-(Ä)s"ftA^   »3üSlTin!M   AMD   VFL )r\ TY   rQMPflNRNTS   IM 
C SYSTM   SIM! ^A^    10   AÖOVF    (FT)    iTU   (Fr/SF?) 
C 

ni'^MSMN    <Y/(ö),i)c:>(6),XY7M(6)»i)XYZ(A) 
C üSTAMi.I^H"lM"t(Au   ^SilMAT^   fU    MFAN   FLC<'-NTS 

_   HI) j,   Jgl*ö      „ 
~XY~ZM( j)-"XY>"(J}" 

1   TU-NiMM'^ 

1=:) 
'?_      CO-vjfl vijli 

i = m 
"Al-L,   D^L<Y^(ACfKr4u§- j^ , f Jj, x r/M, !)£5 ) 

"' ]T(] , V-\ rr*'io  rj A 
1 fMPMVfr   k'iTlMATF   "IF    -ir^A >J   =LFH~«fTS 

nu   .5   J = l#6 
XYZ"I< J)=AYZ( J)-0FS( J) 

.5   rOMTlM'ifi 
so M -3 

4   ?ÖNlf'lv">t " 
H I*P*0i/P    eSTMATF   OF    'l^AsJ   ^LrMFiMTS 

nxfZ«J>=XY/(j)-<YZ^J)-ücS(j) 
XYZ 1( J)**i?-M J) M)XY/„( J) 

c'     TFsT Fö"rr CONvFancMCif 
IFC.IfE's.iiii r.o ro 3 
no   n   J5l,j 
IK ( A^SF(')XY/( J; >.GT.l. )    .iQ    (0   o 

6 rrn-\irr\i">s= 
 IVW   jc4#6 

""VFU"HSF(OXY/( J) ) . GT. 'J , 001 )   GO   TU   2 
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"7 CONTpTJir 
h   CÜfcTfM'b 

75 



B 

APPENDIX VII 

SUBROUTINE UPDAT 

(Analytical Trajectory Generator - See SECTION IV.2) 
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c 

«UI^RiTuTpXtT  UPIM T ( T,:. XH, XN, PAY, rpA Y, A, p, F I, rn# p*M# Fff) 
Mb rw'ost: or .MIS ^'i^tun^ *s yr  rpnroRf! TRAJICTU^ 
GcfJFSÄTHlN   L'SlNIi   MEAM   t;Lh*1t:NiT   SPC^tAR   VARlATtnNS   AMT»   / 
MACLA"RTNS   SHHH-S   fcM-A\SIOAl. 

lvpurs    Artb 
 T~('""y= i\n-~.jn< pn-crin^ or Ppncn nuvr;)" 

:'M('M=f^ACTIONAt   ^;J:<TI()N   OF   M'OnH   fOAYS) 
7M(i)"-(ft)   A:IJ  XMii)-(i;>)   ARP  TH^   «PAN Hl.fcHetiT^  AiMt 

rKFlH   ^ATfcS   A!    bDOCH. 
X'KDsitAN   SHMi-MAjO^   AXT*   (Ft) 

_C _ XMi?lsiEAM   ^CCeN'TRIClTY 
C   ~~        "      ' <Mi3)sitÄV  INCLINATIONTnP(P~"~" 
Z _XM(4) = lbA>J   AKGilMEMI   OF   PpSlHg»-    (Ob'G* 
* '" X''!(5>-1^A\J   RIGHT" ASCIISM••»   li'F 
C '« *SCPMI)INÜ   NOLlf   OFr,) 
C "XM(6li-ltAM    "ifcÄN   AWüHALY   f-)EG) 
C_ X_Nili = 1bAN   SbM!-MAJ«JR   AXtS   (fp»GA*TH   :<ADU* 

"C "                                X:\i(?)"5AlTüt"ShMl-MÄJOR   ÄVfS   ^A^B   C^R^AY) 
C XNUDSAOUOJ?   (F'</üAY**?J 

C ""XN"t4"')s = 0l)Ts^CCHNfPlU[ty   QAT^    (/DAY) 
c x>f(5)«^ni)r)2 (/HAY**?) 
Z < JC6) = JÖJT = Ai<n iMEisjT   UP   »'^rVF>   ^ATP   Ci)£ia/iUY) 
~ _V!< 7)*J0U0?   (nt'i/OAY**^) 
* XJCiVaMODfa VlfiHT   Ä'kCgN'^Tl ?  :fp   A^CcM^l'^i 
C MOjP    UTb    (HRo/^AY) 
C x^)-Minn?  (n-n/oAr»*.?) 
C X Hlü>-*JV = -1?AM   *OTI'>H   (4EVS/D4Y> 
C ~X\l<ll>->Jin2   (RtV$/,jAY*»?> 
C J(NU2>5N|K)06   (KHVS/DAY»*-^) 
C OA7S I YTICSFR" PORTION   0"   T(Mb   OF   UPiu'tfri   ?L^NT3   (OAYS) 
C FOArst-'RACTlO^AL   -HT10N   UF   TI H>=   JF 
C 'JPHATFI   KLPi^MTS   (DAYS) 

'Z O.JT'3uTS   A?b 
S Aa»Jai)ATF0   MbAN   Sr^I-MAJO*    AVIS    (fei?) 
r *rsi)->JVTlri)" HfcAV ^ jCt-MT ^ IC I TY 

C F f - IHUArbM   MbAN    HCLIMATION   (i)*=ß) 
C Ffl=  IPDATH!)    *lfcAN    A*li'.l*-=MT    OF    PbRlS^p    (%*) 
C F J= iPiUTfc'n   -ibAiM   <llHT   ASC^.MStO»^   OF   ASC6MDHG   »iOOfi   C 0%ii) 
C F ■■■'= «HOATifO   '4b AIM    1»TANJ    ANOMALY    (QPb) 

"nl'MiTMStON" T*>l(2) *XH«f>) »X\C1P> 

n£l.T = ( "»AY-r vlit) ) + (F JAY-T H?) ) 
nbtr ' = ">eLr*i)PLT 
AsX\( X ) ♦Ogi. T * x A; < ;J) + J ^ L T 2 * X M ( 3) 
P = K-(V\J(1)*(1.-XM(^)J)/A 

HO, «'«»»»C'"a » 



—TT)^XW*(irPn^*n5TiDFLT*XN(7)*nEr;T?  ■  
TN = XM(h)»XN (H)*ljfcLT*A\(9>*nt:LT9 
rM«XM<A)«\$6Q ,*<XM1 .i)»nfeLT*xN<il )*nbLT? + XK(l2)*Df"LT*n^Lr^) 

RFOlic;^   '<cAN   ANOMALY    »0   WA\UF   »F    (I   TO   S*n 
rM = MD|^ (r'M, J6C. ) 
|MfH,|, T id.)   FM*FM*,X>:i. 

NOT REPRODUCIBLE 
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