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abstract 

Theoretical results of scattering and radiation of slmple- 

harmonlc gravity waves by a vertical cylinder of elliptical 

cross-section are worked out in this report. 

The cylinder extends fro® the free surface to the bottom of 

the sea of constant depth. Linearised theory for small amplitude 

waves is adopted. The question of flow separation Is not treated 

The mathematical solution follows the usual pattern of 

separation of variables in elliptical polar coortlnates, leading 

to Kathleu's equations. The recent computer program for Mathieu 

functions by Clemin is then used. 

Physical quantities calculated Include the wave forces and 

moments In various directions on. and the scattering amplitude 

around, a stationary cylinder due to a plane Incident wavetraln. 

Also calculated are the damping coefficients representing radia¬ 

tion energy losses due to various modes of oscillation of a 

cylinder In the absence of Incident waves. All these data are 

essential In a complete study of wave-body Interactions. 

By the method of Images the scattering of plane Incident 

wave by a semi-elliptical peninsula Is similarly studied. 

Extensive numerical results are presented for various 

degrees of elllptlclty (from a thin plate to a near-clrcle), 

angles of Incidence and for wave-lengths ranging from very long 
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to comparable to the horizontal dimensions of the cylinder 

These results should provide useful Information for the deslsn 

of large ocean structures. 
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1. INTRODUCTION 

In recent years, due to the interest In the exploration 

of minerals (especially oil) , food, and other resources 

located in and beneath the waters of the oceans, the 

activities of coastal and offshore constructions are ever- 

increasing and are anticipated to remain so in the future 

years. The success of such explorations concerning the 

oceans is partly based on the ability to design and to build 

the coastal and offshore structures safely and economically, 

which in turn depends on the sound understanding of the 

interaction of structures and natural processes in the ocean. 

The interaction of gravity waves and structures is rather 

complicated in many aspects : such as the non-linear effects 

of waves, viscous and turbulent effects on the drag, 

irregular geometry of structures, ... etc. However, an 

understanding of such interaction can be developed through 

simplified analytical studies, experimental investigations, 

and even full-scale measurements. A survey of recent 

experimental works in this field is available in Ippen 

(1966)19. 

Earlier studies in gravity waves interacting with a 

cylindrical structure are focused on the force system 

exerting upon the cylinder due to small amplitude waves. 
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r: (ti95o'î3,26 approached this “ ^ —rlns that the tcaz wave rovoe on an eleoent of a Tertlcai 

circular cyUMer la the sum of the drag and lnerUa 

components , t.e. 

«P = dPu + dP = ( Cnf-aJa! + c .ïrfdU , . 
X D' ¿ 4 IF } d2 

where '• 'vn*»ti* -fore« 
; draj 

CD = the drag coefficient 

c„ = the Inertia or mass coefficient 

f = mass density of the water 

U “ tnStantaneous horizontal water particle 
velocity 

D = diameter of circular cylinder 

and ;;:a“appears to have a sound ^^-i , 

in this80 ',ldely aCOePted ln englneerlne íctica. However 
• this approach the incident wave Is assumed to he 

unaffe ted by the cylindrical object. In realfty the 

so IfTheT 18 S°attered °n enC°“terlng an obJ«t. more 
« o ect is large In some sense. Furthermore, cD 

h CM are determined from model tests and used on prototype 

by extrapolation. The range of n/I. t 

of the ri , 7 ‘ he ratl° of diameter 
cylinder to the wavelength ) used m 

1 r eJtPerl"entS 15 0-°09 . the data for CD 
CH are Pertinent to small structures such as plies. 

e use of these values In calculating wave forces on large 
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structures must be examined with caution. 

MacGamy (1952)23 assumed the fluid to be inviscid, the 

motion irrotational, and applied the scattering theory (or 

diffraction theory) to this problem. In Acoustics and in 

Electromagnetics the problem of scattering by a circular 

cylinder of infinite extent has already been solved for a 

long time. Havelock (19^0)‘7 applied this theory to the case 

of gravity wave acting upon a circular cylinder, but little 

numerical result was presented. MacCamy applied this theory 

to a cylinder of finite length equal to the water depth, and 

the results of forces were given. 

The linearized scattering theory states that the total 

wave is the superposition of the incident wave and the 

scattered wave. For inviscid fluids, the forces obtained by 

MacCamy is analogous to MorIson's inertia force components. 

However for large bodies such forces vary widely due to 

diffraction effects. The scattering theory is employed in 

our work. 

Harle man (1955)1<Ê proposed a wave force theory that 

applied Morlson's concept of separation of inertia and drag 

effects. The proposed procedure incorporates the scattering 

theory for inertia force component and utilizes a drag 

component which is in the form similar to Morlson's but makes 

use of the steady state drag coefficient for cylinders. This 

procedure amounts to the linear superposition of viscous and 



irrotatlonal effects. MacCamy has mentioned that due to the 

formation of a wake on the "downstream" of the cylinder, the 

separation of viscous effects and inertia is not logical, and 

the use of a steady state drag Instead of unsteady state drag 

is not reasonable. 

In the problems of gravity wave Interaction with a ob.lect, 

the ratio 2irr0 /L (ratio of characteristic length of object, 

r„ , to the wavelength, L) is an Important parameter as the 

scattering property of the object. Another significant effect 

is viscosity which causes the generation of a boundary layer 

around the body and the formation of a wake region on the 

"downstream" side of the body. However, wake separation is 

primarily dependent upon the ratio of the orbit size of a 

fluid particle to the object size. For a given wavelength 

the ratio is reflected in the ratio , H/2r0 (H wave height). 

Small values of H/2r. correspond to small values of relative 

displacement of the fluid particles, in aich case the flow 

near the object remains attached and unseparated, and wake 

effects are then unimportant. 

Garrison (1970)14 used parameters 2irr./L , and H/r, to 

classify the general waves-structure interaction problem in a 

diagram, as in figure 1.1. and suggested the general regions 

of applicability of the theories. Precise values of H/2r0 , 

2vr. /L which separate the regions of applicability of the 

theories are still lacking. In particular for large-scale 

10 



structures and small-amplitude 

waves, scattering theory 

approaches are appropriate. 

Theoretical studies of the 

problem of wave Interaction 

with an elliptic cylinder of 

infinite length has also been 

done in Acoustics and in 

Electromagnetics. A collection 

of these works is presented by 

Bowman (1969)7 . Due to 

computational difficulties, 

the numerical results are restricted to the long-wavelength 

range. Havelock (1940)17 had touched on this case in water 

waves, but nothing was presented m his paper except the 

following statement, Tor a vertical obstacle of infinite 

draft. the effect of a cylinder of elliptic section 

would be of special interest, but the analytical solution 

does not lend itself to computation, when the wavelength is 

of the same order as the length of the axis” 

Luigi Montefusco (1968)25investigated the scattering 

problem of gravity wave by an isolated plate which is a thin 

ellipse, only the wave amplitude was presented. 

Because the elliptic cylinder is an obvious generali¬ 

zation of the circular cylinder, and the thin elliptic 
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cylinder may be used as a model for the plate barrier, the 

elliptic cylinder Is Important In approximating a variety 

of practical geometries. In this work we shall study 

theoretically the problems of scattering and radiation of 

linear gravity waves by an elliptic cylinder. 

The elliptic cylindrical coordinates are employed, the 

horizontal part of the Laplace equation leads to ordinary 

differential equations of Mathieu type, and therefore Mathieu 

solutions. The computer program for Mathieu solutions by 

Clemm (1969)11 Is used for computation. 

The exact solution of the problem of scattering type Is 

carried out In Chapter 3. The force system on a fixed 

elliptic cylinder are obtained through direct pressure 

Integration along the body surface. The differential 

scattering cross section and the total scattering cross 

section are also studied. The results of seml-elllptlc 

peninsula are obtained by using the Image method. 

The radiation problem of a body in forced oscillation Is 

solved in Chapter 5. As a check, the results are used to 

calculate forces on a stationary cylinder In Incoming waves 

by using Hasklnd's theorem. The forces obtained from both 

scattering and radiation theories are of course the same. A 

further result which can be obtained Is the damping factor, 

usually defined as the part of the reacting force which Is 1, 

phase with the body velocity. The component of the reacting 

12 



force in phase with the body acceleration is related to the 

added mass, which requires information of the evanescent wave 

modes in the near field of the body, and Is not computed here. 

It is interesting to note that this problem of elliptic 

cylinders has been studied for at least many decades, but due 

to the complexities of Mathieu functions, the numerical 

results of the solution have been quite limited. 

In naval architecture, the interaction of gravity waves 

with floating (or submex’ged) elliptic cylinder is of great 

interest. It is anticipated that the solution to this 

problem can be obtained by using the technique of Black and 

Mel (I97O)3 in treating similar problems of a circular 

cylinder. However difficulties might exist in computing 

numerical values of Mathieu solutions of imaginary arguments. 



2. PROBLEM FORMULATION AND GENERAL SOLUTIONS 

In this chapter we shall specify the governing equation 

and boundary conditions, and consider an elliptic cylinder 

standing vertically on the bottom of the ocean. Elliptic 

cylindrical coordinates Is chosen. The general solutions are 

obtained through using the method of separation of variables. 

2-1 Formulation of the Boundary Value Problems 

If the flow Is assumed to be irrotational, the fluid 

velocity can be given by the gradient of the velocity 

potential or V = 7# . In an incompressible fluid, the 

14 



divergence of the velocity vector vanishes, therefore, 

V2§ = 0 (2.1) 

Stoker (1957) presents a detailed development for the 

linearized free surface boundary condition. Under the 

assumption of zero external pressure on the free surface, it 

takes the following form: 

(2.2) 

The boundary condition on the solid surface is such that the 

fluid velocity normal to the wall is equal to the normal 

velocity component of the wall. 

Vf -n = vs • n (2.3) 

where Vs is the velocity of the wall, n is the unit normal 

vector outward to the wall. 

The domain refers to the fluid region extending from the 

edge of the obstacle to infinity in horizontal directions, 

and from the free surface to the bottom in the vertical 

direction, furthermore, In order to have a complete 

formulation of the problem with a uniquely determined 

solution, we must add the so-called radiation condition 

in the far field. Thus for pure radiation problems the 

radiated waves must be outgoing in the farfleldj for 

15 



Scattering problems the scattered waves (total minus the 

incident) must be outgoing in the far field. 

2-2 General solutions in Elliptic Cylindrical Coordinates 

The velocity potential can be conveniently separated into 

spatial and temporal parts, in cartesian coordinates 

i(x,y,z,t) = 4>(x,y,z)e ltJt . The spatial part of boundary 

value problems becomes 

Vz4> = 0 

. ¿¿a, n for z=0 

V4> . n = vs . rT on solid wall 

(2.1') 

(2.2*) 

(2.3’) 

where we assume ^ = ^ eiuit . 

Assuming that we have finite fluid depth,d, and 

^(x»y»z) = F\x,y)Z(z), making use of separation of variables 

again, equations reduce to 

-¾ - fc2z = 0 

•oí ♦ 0 + = 0 

¿z T 0 
-# = o 

VF • n = V, . ~n 

for z=0 

for z=-d 

(2.1 Ma) 

(2.1Mb) 

(2.2M) 

(2.3”a) 

on the solid body (2.3"b) 

where k is a separation constant and will be determined 

16 



through the free surface boundary condition. 

2-2-1 Vertical Component Solution 

The solution of equation (2.1"a) with boundary condition 

(2.3"a) gives, 

Z(z) = const. coshk(z+d) 

substituting into the free surface boundary condition, 

equation (2.2M), lead to the equation 

gk tanhkd = cu2 (2.4) 

This is the relationship between the wave number (k)# the wave 

frequency (^), and the water depth (d). 

Equation (2.4) states that the wave velocity (c=~) Is 

dependent on the wave length ( L=—~). Wave components with 

different wave length will then disperse at different speeds. 

For this reason equation (2.4) is called the dispersion 

equation. 

For given cj and d, Equation (2.4) has an infinite number 

of imaginary roots, say kt(i>2), which represent the 

evanescent modes, and two symmetric real roots, say ±kx (k^O) 

which represent the propagating modes. 

We can also find out that by making use of the dispersion 

equation, coshk-(z+d) constitutes a complete set of 

orthogonal eigenfunctions in the interval (-<1*0 3 • Such that 

17 



(2.5) J^coshk. (z-Hi)coshkj (z-Hi)dz = NK. 

where Nk. = i-( tinhJL^ + i) and S:¡ is the Kronecker delta. 

2-2-2 Horizontal Component Solution 

The relationship between carterlan coordinates and 

elliptical coordinates Is given by (A.2)j x=hcosh$cos^, 

y=hslnh$sln)j. Since we are dealing with an elliptical 

cylinder, It is convenienl to express the scalar Helmholtz 

equation (2.1Nb) In elliptical coordinates by using the 

equation (A.2) and |B-1 

2¾ + i££. + 2q. (cosh25-cosv7)F = 0 
3rl* ‘ 1 

(2.6) 

where q. = (k:h/2)a . By the dispersion equation, we notice 

that only q4= (±k1h/2)Ä>0 and all other qi= (kvh/2)c0 

(U2). Again making use of separation of variables, F^,^) = 

GjíçíG^Í^), and assigning a separation constant a-t , we 

reduce equation (2.6) to 

+ (at-2q.0082^)Gt = 0 

Ä - (a. -2ql cosh2^ )G, = 0 

(2.7) 

(2.8) 

Mathieu (1868) 24 , in solving the problem of the elliptic 

membrance, obtained a differential equation (2.7) and analysed 

many of its properties. It Is evident that equation (2.8) may 

18 



... 

be derived directly from equation (2.7) by writing i^= 

and vice versa: $E-2 . Therefore, equations (2.7) and (2.8) 

are called the Mathieu and the modified Mathieu equations 

respectively. Equation (2.7) has periodic solutions: $b-3 - 

$B-7 - 

Gz^) 

cem(rj,q. ) 

.sein i*] »‘li ) 

and equation (2.8) has the solutions 

Gi<$) 

i<(^q;) 

I^(^,q- ), 

ÍMcí^.q-J 

iNOs.qt )» 
or 

Ko^^.q. ) 

(m=0,1,2,... ) 

where cew(^,q. ) and se,, (»j ,q. ), in the notations of Ince (1931) 

, are the cosine and the sine Mathieu functions. While 

($,q. ) and Ms^’iç.q. ) (1=1,2,3),^ the notations of 

Blanch and Clemm (1965) 5, are the modified Mathieu functions 

(or the radial Mathieu function) of the i-th kind. We remark 

that from equation (3.22). 

Ko”’(5.qc ) = Ko™ (?,q. ) + IMc“’ (ç.qj 

Ms"<5>q;) = Ms"<5,q.) + IMS" (j.q.) 

For convenience of identity, we may consider the Mathieu 

functions 06^(^,qL ), sem(^[,ql) as corresponding to cosmvj, 

sinmtj, and modified Mathieu functions Mem’(^ ,ql ) and Ms^(^ ,q- ) 

(J=l»2,3). to Bessel functions Jm( ), ïm( ), and Hankel 



function H^( ) respectively. §B-9. 

A solution comprising the product of any two functions 

which are solutions of equations (2.7), (2.8) respectively 

has to have the same value of a^ and qv . The physical 

solution must be single-valued, therefore the periodic 

solutions shall be chosen and the solutions of equation (2.6) 

are 

(2.9) 

(j=l,2,3) 

20 



3. THE SCATTERING OF GRAVITY WAVE BY A 

STATIONARY VERTICAL ELLIPTIC CYLINDER 

When a gravity wave encounters an obstacle, some of the 

wave is deflected from its original course. In linear 

problems it is usual to define the difference between the 

actual wave and the undisturbed wave (incident wave), which 

would be present if the obstacle *ere not there, as the 

scattered wave. Since the actual wave, the sum of the 

incident wave and the scattered wave, being a field having 

•¿ero normal velocity on the surface of the obstacle, the 

scattered wave could be thought as the wave generated at the 

obstacle surface by some excitation due to the incident wave. 

In this chapter, we shall separate the scattered wave from 

the undisturbed plane wave. We shall be interested in the 

forces and moments exerting upon an elliptic cylinder by the 

total wave, in the angular distribution of the scattered wave 

intensity,and in the total intensity of the scattered wave. 

3-1 The Incident Wave 

aj , travelling in tne 

which makes an angle el with 

the x-axis, can be represented 

The velocity potential of 

the incident wave of amplitude 

at , travelling in the direction 

Fij. S.l Illustrât In j ptsM 

an on «IWfîical cylîninr . 

21 



= <b (Ç.O.zJe""* = lÏL ÇWhK.(»*i) Uk,r-u;t) 
A ‘ ta» C^ihKj 

where r = «os», ^Ine^hcoshjcosT coee, rtsmhîsln^lne, (3.2, 

only the real part of the equation (3.1) has physical 

significance. 

When expressed In terms of Mathieu functions , equation 

(3.1) Is 

S - -2J Q* g««l>k.(»e<0 -iult ^ 
Xr 03 c#»hk(d e 

J . .n (o 
\ I“ ) Mc2„ )rezn (»,q, )ce2„ ( ei,q( ) + 

+ (-1)1 Ms^fÇ.q, )sei(ltï(^,q( )86^,,( 9,,q| ) + 

+(-lflM<^,(Ç.q, )oe„„(,,q, )ce„.,(9,,q, ) + 

+ (-1^11^8^,,(5^, )00,^( >|,q, )86^( ^ ,q, ) I (3.3) 

, i 
(1 = (-1) ) 

this is a solution of equations (2.1), (2.2), and (2.3"a), and 

represents the velocity potential of plane processing „ave In 

the absence of the cylinder In elliptical cylinder coordinates. 

3-2 The Scattered Wave 

In the presence of the cylinder, besides satisfying Aplace 

equation, and boundary conditions on free surface and the 

bottom, the scattered wave must satisfy the radiation condition 

22 



ln tThheefard)neld and the bOUndary COndm0n °n the omnder. 

behave " -ve 
Ike outgoing progressing waves at a suffie 

;r:r »• --- —~ r' 
"Z” Í", " •> •»* *«».. «.... 

nlquely determined solution 

« ». «.» onxra Kind 
radiation condition for timo h 

i or time dependence of the type e 

possess the asymptotic form: (B.25), 

-iult 
and 

,. ‘»J/ 
hcm(î ,q, ) 

MC(ç.q, ) 
2 1 Oc, hcosh€-as_jLi 

) e ? 2 4. > 

Therefore the scattered wave potential that satisfies th 

radiation condition takes the fora 

= 4»s(çt^2)e-iat 

= g^Qi -jfcif « 
w coshk.d 6 ^ 

f °t« )06,,(,.,, )0ejn( <tiqi , + 

+ )c%,J^fq( )c^(<!r,q( ) + 

+ ^.^(l.q, )s%J1,qi )8^,( q( ) + 

+ )8^(^ , J 

(3.4) 
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where cm, ^are constant coefficients to be determined by the 

boundary condition on the body. 

Since the surface of the cylinder Is assumed to be 

immobile, the velocity of fluid particles normal thereto must 

be zero. l.e. the sum of the normal velocities of the Incident 

and scattered waves shall vanish at . and using (A.7) , 

dn = 1, dj , 

thus, 

an T an u 

+ - 0 

at *=5c 

at (3.5) 

substituting equations (3.3),(3.4) into (3.5). Hence 

4. ^ 
+ 3% 

£i. ~l0it 
03 ¿To 

{[(-i) KC^’(^.q,) + Me4” (^q^jce^irj,^06^(¾.q,) + 

+ J^( 1) M^z(5,,q,) + s^l^^jse^^.qj + 

+ [( ^ )^Kc*mi(5##q,) + CW, ^0^( q|)j 0^(rj ,^)0^(^^) + 

+ W<s£'(5,,qi)] q.Js^V'l) } 

= 0 (3.5 

and making use of the orthogonal properties of cem(^,q,) 

^(1^) ln the interval (0,2ir) : (B.12), equation (3.5a) 
gives 
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(3.6) 

'Z* 

3 ¿«ti 

co' 
. . ( 1 r t 

»CX/U 
iu' 

(-lrÄ • 

co'. 

■.-’"tüftf, 

Therefore the velocity potential at any point on or 

outside the cylinder is 

-U)t 
$ = <$+*= e f(e-) 
^ tJ coshk.d (3.7) 

where we define 

f(M> = „fe'-1) • 

•{ O^.q,) - {^^^(Ç.^jce^.q.îce^i^q,) + 

+ 1(Mszn«(t.q|) - ^^“Ksü.(Ç»q<)] se^i'l.q.Jse^^.q) + 

- [M£W(* »q,) - J^^Ms^iÇ.q,)] se,Ji| .q.Jse^O^q) j 

(3.7a) 

Equation (3*7) niay be regarded as the general solution of 

the problem. 

3-3 Forces and Moments on the Elliptic Cylinder 

The wave forces are obtained by directly Integrating 

the pressure around the cylinder. The pressure exerted on the 



mm mm 

cylinder is computed from 

Bernoulli's equation. Because 

we are only Interested in the 

dynamic pressure and considering 

only the linearized problem, 

the pressure is 
Fig. 3.Z Forets Moments 

P = -f at at 

-i«jt 
(3.8) 

(1) Forces 

Since the integral in the z-dlrection from z=0 to the 

free surface, z*ç, is cf second order in kp, the total 

x-component of the force acting on the cylinder can be 

written as 

r0 r2* 
Fx = - Jdz |pcos(n,x)ds = -(hsinh£) | dz j Pcos^dr| 

= -(Zfga! l)(hslnh^)e 
-iuJt '° 

'O 
rtW 

Cosht(,d 

U 

^ dz j f (^»1 )cos»|dfj 

and 

{Í- 

r - n rz" 
)/(5.,1 )C08rt= X(-D I 

H=,l' ((..¾) * <i.,q,>) Ce2B <1 .q|)ce2» (¾.¾) + 

+i[«oa»,(i.<!,) - (5..q,)] 88.,,,(^,q,)ce^.,(^,q,) + 
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He ( }, Im{ J. indicate the real and the imaginary parts. We 

further define the amplitude and the phase of the x-force bys 

I C**l =( ( Re{cF,})2 + f 

= tan-1 ( iial) 

The total y-coraponent force is 

(3.10c) 

(3.10d) 

Fy = “ J/zjPcosin.yJds = -(hcosh^) [\lz j'pslnrjdr^ 

“(2fgaii) (hcosh^e" j ( cosh K,(i»d) 
coshk.d 

f*" 
dz J f(5..t)sln^ 

By using (B. 14), [#cem(^,q|)sinrldrj= j’sea„+1(r|,qt)sln^=0, 

{ setnr, ( 7. q.)s Inrjdrj =»8^° f and Wronskian (B.23), 

WfMs^i^.q,), Mi^íÇ,^) ] = ¿i- , we have 

(fíl/pslroidíj = £(- 1) 
n+1 

(3.11) 

Thus 

Fy = (Zfga,) (ZdhooshJ.) (J-£s^|íá¡ i)z)e -iut 

= (2%f*g) (ZdhcoshfJ CM | CPy| e1 ( ^> (3.12) 

where 

CPy = |C„|e^ (3.12a) 

|CF),| = ([Re[CFy }]2 + [im{cFy}]2 )^ (3.12b) 
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*,= tan'N 3=iM ) 
Re ï Cr,} 

(3.12c) 

(2) Moments 

Since the pressure is given in equation (3.8), the 

moments about any axis can be carried out. But for practical 

reasons, we shall only work out x-, y-, z-moment about axes 

passing through x=0, y=0, z=-d. 

The moment about x-axis at point z=-d is 

W4y Witfo* 

substitute equation (3.8) into the preceding equation and 

Integrate, we have 

-iat x* 
= (2fga,l) (hcoshçje J f (î0.*| )sln^d»i • 

Se£».,<*.<l,)]<d)(l- + K,a K,d 1 

= -Fy d ( 1- + ati&i) 

= -Fy dCKliy (3.13) 

k.ify = K, d + k,d 
1- + (3.13a) 

29 



Similarly, the moment about y-axis at point z=-d can be 

obtained to be 

M* = j(z+d) j-j Pcos(n,x)ds j dz 

My 

= - j (z+d) l^(hsinh^) j Pcos<ld^j | dz 

-i t .0 

= -(2ja,gi)(hslnh£)e )(z-Ki)ífg^dz 

m 

f )cos^d»i 

F* dC*,xy (3. 

The moment about z-axis due to horizontal forces on a 

small element of unit length in the direction is 

■ a 
¿M*= Pcos(n,x)y - Pcos(n,jr)x • ~ Psin2|, 5 A-3 

5 = so the total moment about z-axis 

for 

Mc = j dz iaM ds = Jdz ^ (--j-Psin2i| )d»j 

,x -i«ït ft 

= -(2fga,i)(-ji-)e j f(f.,»j )sin2|di| 

-iut 11 % " A*** (/ . rO ¡¿SI 

= -(2,68,1)(4-)6 ;i-[^tel!iidZ) ^(5..,). 

s in2i d«j 

And again using equation (3*7a), the wr°nskian 

(*,q,),Ks and the orthogonality of 

sine-, cosine-functions in the Interval (o,2ir)j equations 

(B.l4a,b,c), we then have 

14) 
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(■*" m n+1 . 0&»*) 
IslnS^d, =1(-1) 0.15) 

therefore 

K* = (2 fs&i )(dh2)(-T^d - )e“i>Jt ¿(-1 )n+1- 
nxo Ma 'W ,1 f>*o 

= (2fga1 )(dh2)Ctí 1^1 e1(i^"“t) (3.16) 

where 

c«= I ^l6^' = I< -1 >n+1 m, 3e'"î(<1,,') (3-l6a: 

and 

|Cmt| = (ffie{c«n}] + 

Qu. = tan“1 ( - Jr ) ) 
M Re { CM1) 

(3.16b) 

(3.16c) 

3-^ The Scattered field at large distances 

Invoking Bernoulli’s equation we find from (3.4) and (3.6) 

the elevation of the scattered waves, 

<5 = - i f?4 = . fl*0 3 

' 1 S^S)Mc*"(ç,q,)cei,,(,i,q‘)ce*"(5‘,q^) + 

. «•> 
1 »q)s^m<( 1 *q,)sefn^(ö1 ,¾) . 
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0.17) 

Making use of the asympotlc form of the modified Kathleu 

functions In the far field, Mc‘”(S,q() (or Ms£(j,q,)) » 

^ufci.t.íhÇ-2^«)^B_25)t we obtain far from the cylinder 

^ &ik^)J^JZ: (3.IS) 

where 

!= ~2J^ 

Í ÄS ^ + 
+ 0^1 + 

+ sew(l .4,)8^,,(¾^.) + 
“Slim1*«» *«) 

+ seUt*^86^0!»^ } (3‘19) 

The function A(rp is called the angular distribution 

factor of scattering amplitude. 

3-5 Scattering Cross Section 

When an object scatters a gravity water wave train, some 

of the energy carried by the incident wave is dispersed. The 

energy lost to the incident wave may be at sorbed by the object 

, or it may simply be deflected from its original course. The 

total amount of energy loss per second by an incident plane 

wave, divided by the incident wave intensity ( energy per 
32 



second per unit area ,. ls oalled the Total y 

• of the object. As far as the Incident wave Is concerned. 

U 13 aS lf “ area ^ of InoWent wave Is removed to give 

the same loss of energy, if the energy Is absorbed by the 

object, the ratio Is cailed the absorption cross section , If 

the gravity „ave Is slŒply deflected, so It goes to Infinity 

in different directions, it is called the scattering cross 

section. If both absorption and scattering occur, the sum Is 

the total cross section. In any case, the Incident wave Is 

reduced In intensity because of the loss. In this work, we 

only consider a stationary rigid body which does not absorb 

energy, therefore we are only Interested In the scattering 

cross section, and excluding the absorption cross section. 

351 Differential Scattering Cross Section 

The directivity charaiterlstlcs for the energy of the 

scattered wave Is determined by the function |a,7,|* . Khlch 

!S customarily called the differential scattering cross 

section and denoted by <r(fj). 

‘’•«'¡i = 4 
Itso wq|*cosh¿ 

. J Kc»(S..q.) 

+ «âhu.) 0<ul’q')c<W,i>'U + 

M£ÖVi,) ^ ^q,) + 
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(3.20) 

MÖ *.•<*,> 

and ^(ij) gives the energy scattered into one unit angular 

range per unit incident length of the wave front. 

3-5-2 The Total Scattering Cross Section 

The differential scattering cross section is used to 

indicate the angular Intensity of scattered energy. Another 

scattering indicator is the total scattering cross section , 

denoted by Q , which is obtained by integrating over all 

solid angles. 

.1* 
a = f «■('¡ldi 

1- 
q*cosh5, ns0 

1¾¾f+1¾¾ I2} 
(3.21) 

( see (B.3I) ) 

Q is evidently the total scattered energy per unit 

incident Intensity. Physically, it is a hypothetical line 

segment (for plane wave) normal to the Incident wave which 

intercepts an amount of Incident energy equal to the 

scattered engergy. 
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4. THE SCATTERING OF GRAVITY WAVES BY A STRAIGHT 

SHORELINE WITH A SEMI-ELLIPTIC PENINSULA 

The solutions for the elliptic 

cylinders can be used to construct 

the analogous solution for straight 

shoreline with a seml-elllptlc 

peninsula such as shown in fig. 

4.1(a). In order to satisfy 

the boundary condition on the 

shoreline, -2&I = 0, we can use 
’fa* 

the method of Images. If nr-o,) 

is the direction of the 

1 

1 

ï? 'T/TNI,»., 
» 

J* 

¿to 

incident wave of amplitude 

aj, then the velocity potential 

for semi-elliptic cylinder, 

, is 

Ffj. 4-.t (tt> 5«mielliptic 

with Tflftjor Mis perpendicular to 1b« 

sVm’.jWt shoreline , ¿b) Smietiftrc. 

cybuier with minor Mis per pend ku Ur* 

to Ibe stvoijUt shoreline • 

? $ •i-rr-O, 

where | is given in equatlon(3.7). we obtain 

ea<Xi cosbimeoe),."!** t 
ca cosbk.4 W.<1) (4.1) 

where f^.^) = f(V ,•) )[ + f(t.7)l 
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n 
= 22(-1) 

•{ (jCU.'i.) 

+ i(mOí.9,> 

(4.1a ) 

Note that an important property s ce^.q) = - ce^u-j.q), 

30^(^1 #q) = -se^/w-f ,q) has been used, (B.l?)» 

The corresponding pressure is, 

-l«Jt 

ph = -f#= 2eaifl ZT.T1 e~ MM1 
(4.2) 

equation (4.2) is symmetric with respect to the y-axls, so 

does the pressure Ph . 

The y-component force exerting on the semi-elliptic 

cylinder is 
V 

hy 

0 f f * 
t - j dz Jphcos(n,y)ds = -(hcosK^JdzjP,, sin^dyj 

Surf»*e o " » ï 

= -(2galfl)(dhooshf.)(i- [ (5.., )5.-.^7 
¿¿ ' -3 

using equation (4.1a), Wronskian (B.23) and equations (E.I6a,b) 

, we have 

I* ~ n+1 p.u’w) 
ktr^isin,^ = 2 £(-1) =^.,(¾.¾) (4.3) 

Hence, 
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.....»"Il" 

= ( 2aifg) (ZdhcoshJJ ()e 
-luJt 

• ^ (-1>n u'^^i'T) se»»*<>*'qi) 

taiwo 

, . i(«pY-wt) 
= (2aj f g) (2dhcosh^JCj£d ICpyl e 

(4.4) 

where , ^01,6 the same as e4uatlonS (3.12a,c), and is 
i* y 

given by (3.10a). 

Because of the symmetry of the waves and the geometry 

with respect to y-axls. It Is no surprise that the y-component 

force for a semlelllptlc cylinder, equation (4.4), Is the same 

as that for elliptic cylinder, equation (3.12)* 

The x-component force Is 

F = - fdz jphcos(n.x)ds = -(hslnhj.) [dz j^cosjd, ^ 

koiy wriet« . . * 
-IcJt 

My «Hffcc« 4 

= -(2ga1fl)(dhslnhS.)(J-f “1^ 

fh(?.*t)C0S1dt 

using (4.1a), Wronskian and (B.15a»t>)» we have 
i« .**»> 

» w. .(*»> * *d¿ 
[’ ,d (4.5) 

Therefore, 

' hx 
= (2aIg^)(2dhslnhJ,) (-)^-) (e 

-imt 

' {* i*-1 >nK’ -1'-1 >3+1Ä] ÄF 
(Zajgç) (2dhsinh5,)CICl<l I C^l e 
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where 

'hFx ChFx e 
l«hF, 

= 4\2(-l)nf4A‘r+ Xf-i )J+1_q() 

and 

lChFx|= ( (He{ChFxl]2 + (ImiChFx[) 

“1 > Ini {Gyp, I ^ 

2)* 

8^ = tan ( He|C^ 

(4.6a) 

(4.6b) 

(4.6c) 

The Z-, X-, y-components moments acting on the semi- 

elliptic cylinder are calculated as follows« 

K = idz 
hz J-4 

ri 

(- Phsln2i 
'^1 If.«. 

= -(2galfl)(^hf_)(l r^SfhkÇz^ _ 
^ d J coshkd ' 

*lfhv^’,!)sin2,ld1 
-i 

Using (4.1a), Vironsklan,and (E.16a,b), „e have 

fhU*7)sln2?d7 = 4* ^(-i)n+1-^-¿pásnse i* X 
Í 

Hence 
(4.7) 

X It* 
M = ( pß*« p W \ ✓ tânhkd -iwt r 
hz (2galf)( —H-£d-)e .,} 

1 nn** 

where 

= (2galf ><V(^-,|chi!z| 
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ChKz - l0hl'.z 

= I- l.'-1* TFîTu^l i-iÄ^ 
Lili 

(4.8a) 

and 

2 i5* 

|°hKZ| - [(R*ichKz}>2 + (ImlchMz}> ] 

. -1 / Im(ChMo) \ 

” an Re{C^zi 

And following the same procedure, we obtain 

Mhx = -f(z44)[-jphcos(n,y)ds]dz = -Fhydclvcy 

My iitrWff 

M = l(z+d) [-|phcos(n,x)ds] dz = F^^y 

hy i 

(4.8b) 

(4.8c) 

(4.9) 

(4.10) 

where C^y is given hy (3.13a). and Fhy. Fhx by (4.4). (4.6) 

respectively. 

By subtracting the incident wave and its image, which 

would be the wave potential of a perfectly reflecting sea wall 

without the peninsula, the scattering potential for the 

semlelllptic cylinder, fhs . 1= from equation (4.1a) 

$ hs = §s *=% + I ft= -8, 

4gax coshk(z-Kil e“lidt ^(-1) 
to coshkd 

n+1 

Í Mc^(^ ,q<)ce!ln(^,q,)ce„(^,q,) + 

I Mc¿(?.,q,) 
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+ 

(4.11) 

The elevation of the scattered wave, , Is 

C - —JLËi1 
^hs " "g at z=0 

-icjt oo n+1 
=4aTle’1,;,t 1(-1) 

JL ne« 

{ Mc*"(î’q-)ce^(^q')cet"(<’I,q') + 

+ 1 } 
(4.12) 

Using the asymptotic form for the modified Mathieu 

functions, the elevation of the scattered wave at far field ( 

5 large ) is 

where the scattering amplitude 

Ah(’ 

(4.13a) 
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The differential scattering cross section , (3^(^) , is 

Vi» = |Vl>|2 
16 

rq^cosh^ | ñv. 5(-1) n+1 

■{ ce“(i,q')ce"^*q') 

+ ätt) se^'!-q')se-i^q^}|: 
(4.14) 

By using the same procedure as in $B-ll and using eqs. 

(B.ló'a^.c), we then have the total scattering cross section, 

8 e . 
a*cosh£ n« * Si = j Sl1’!^ = qî 

.1 ' 

Í Ä^oe“(^'q*) + } 
(4.15) 

Using the same method, The case where the minor axis of 

the semi-elliptic cylinder is perpendicular to the shoreline, 

as shown in fig.4.1(b), can also be worked out1^ but omitted 

in this work. 
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5. RADIATED WAVE BY AN OSCILLATING ELLIPTIC CYLINDER

Gravity waves can be generated by the vibration of any 

solid body In contact with the fluid. The characteristics of 

the source determine the directional characteristics of the 

generated gravity wave field. Conversely, the directional 

properties of the wave field may be used to shed light on the 

nature of the source.

Although the radiation by a large body extending the whole 

depth Is of relatively little practical Interest In Itself, It 

provides a means of calculating the wave forces on a 

stationary body by a scattered wave through Hasklnd's theorem. 

This Indirect procedure can be of great value when the 

pressure distribution on the body due to Incident waves Is 

difficult to obtain.

5-1 The Radiated Wave

Consider a rigid elliptic 

cylinder which vibrates as a 

unit with the translational 

velocity

0) and angular velocity

about an axis passing through 

the point 0* at the sea bottom
Pij- 5-1 Forces «n4 Memonit* of on 
occillcEtin] eil-'ytic cyl.'n^r .



, as shown in fig. 6.1. The total fluid velocity of a point 

on the cylinder is Ue”iwt 

where r=(x,y,z-Kl), therefore, 

Ux = vx + (z+dJ-^y - y Hi 

Uy = vy + xn,- (z^in, (5.! 

= y-H, - X Qy 

Applying the boundary condition on the normal velocity at 

the mean position of the solid, (equation (2.3)), the 

relation of coordinates systems! (equation (A.2)), and the 

outward unit normal (A.ll), we have 

= U • n 

= [Vx + (z+d)ny - yí7x] {hginh&os?) 

+[vy + xi2z - (z+d)í2x ] (hçoshífsiM) 
i 

Hence, 
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where is defined as the spatial part of velocity potential 

of the fluid, and equation (5.2) becomes the boundary 

condition on the body wall. 

The solution of governing equation vV,=0t together with 

boundary conditions at the sea bottom, and at the 

, and the radiation condition 

at far field, gives 

é = k £. coshk ,qJce„,U ,qj + 
IR Nao nisi m V. ‘ 

+ + 

+ s»m >’lSw»i( î * qj seantl ( i. qj + 

+ OC(^qJseM«(^qJ J (5.3) 

where cT. 3^’ are constant coefficients to be determined by 

using the boundary condition on the solid wall, equation (5*2) 

. We recall again q? > 0, and qm<- 0 (m*2). Here« , 

-2ÍS.| = k.2L coshkjjjíz+djfOlc^ít.qJce^írt ,qj + 

+ O'-C^.qJce^rj.qJ + 

+ + 

+ qj ] 

= [vx + ( z+d )-Qy3 ( hsinhf.cos^ ) + 

+ fVy ” (z+d)D^ (heoshf.sin’! ) + —Q^slnZ^ 
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(5.2-) 

In order to obtain the constants c * t s f we multiply 

coshkra(z-Ki) and cean(^,qj, ce^,, seatt(, se^j In turn on both 

sides of (5.2') and integrate from -d to 0 for z, and from 0 

to 2 tt for^ . Koreover, making use of orthogonal properties 

of coshk^z+d) in the interval [-d,0], (2.5) t and that of 

ce „ ( 'I »qj » se*(^,qj in the interval [0,2ir3, (B.12) with (B.2?) 

(B.28). We recall that the coefficients of periodic Kathieu 

function A( \ B( ^ are function of q only. Then we obtain 

tm) 
C an = 0 

_ hslnh^A 
— " ,, d)7. 

, <"*) 

. (**15 
’ **m 

/-0 

lJ- Fvy + (z+d)ily J coshk (z+d)dz 

hcoshiB*.^ [*rvv - (z-Kl)i¿„l coshk (z+d)dz 
LL y 

i, a ft 

-S--SJ— I r2.coshk_(z+d)dz 

( 5. * b » c » d ) 

where Nk is defined in equation (2.5). 

In the far field Kc"(;.qJ. KsÍtÇ.qJ (mî2) behave like 

modified Bessel function ^(k^J — O, (B.29). and give no 

contribution to the radiated wave potential. Physically, q'ms 

correspond to k¿s (m>2) which represent the evanescent modes 

having only local effects in the near field. Since K^kr) is 

small enough, if kr, say, is equal to (or greater than) 10. 
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i.e JL-iSI-=12-^,0(1), any distance longer than one wave 
L 2* 2-r 

length away from the body may be regarded as the far field. 

Hence, the velocity potential In the far field Is 

4) ^ coshk,(z-Hi)![(¿>lc35 ^.q,) + 
Kao ’0 

+ •*) + 

+ ^ (5,5) 

5-2 Hasklnd's Theorem and the Exciting forces on a stationary 

elliptic cylinder 

In chapter 3 we have demonstrated that in order to 

determine the forces exerting on the cylinder, we have to know 

not only the hydrodynamic pressure in the incident wave system 

, but also that in the scattered wave system. A useful 

theorem by Hasklnd (1957) on the exciting forces and moments 

on a fixed body in an incident wave field, gives an expression 

which does not require a knowledge of the scattered wave 

effects, but depends Instead on the velocity potential for the 

forced oscillation of the body in calm water. Moreover, the 

asymptotic characteristics of this velocity potential for 

large distance from the body is sufficient to determine the 

exciting forces for a given incident wave system. 

Hasklnd's theorem 31 states that 
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(5.6) = H»-1“* jf < Vi>- - 4>RJ|^)ds 
^<o 

where <|) is the velocity potential of the incident wave, d> 
Rj 

the velocity potential of the radiated wave field due to the 

Jth mode of oscillation, Xj the exciting force or moment 

relating to that mode of radiation. The precise correspond¬ 

ence is shown in Table 5.I, with n the unit normal vector into 

the fluid, and 3 the control surface at the far field. 

Table 5.I Correspondence between modes of forced 
motion and restoring forces 

The Jth mode of oscillation forces (or moments) 
in the Jth direction 

1 surge ( oscillation in X direction ) Ò *-component force X, 

2 Sway ( Oscillât ,0*1 |n y d'rection ) <b 
' '02 y - component force 

3 hGHVe ( oscilialriün in Z direction ) ¢) z - Component force Xj 

4 ^ rotational oscillât,on v . 

*bout K - ax , S ' Uf moment about x-ax¡s 

5 Pitch ( rot‘lt,on‘x’ oscillation . 
about y—axis ^ "PÇ rnoment about y-axis X5 

6 VQW ( Totot ,'onal oscillation . , 
yaW 1 atout 7-axis )(^6 Woment about z - axis 

In elliptic cylinder coordinates and for the far field, 

Yn = - , (A.7). Hence equation (5.6) 
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can be written as 

^ =-lu/, e-i^-dz j7 

« 1 5 “j 3Ç 'I “l 

SUrSe and <*e ^-component force 

(5.y) 

Consider the umt problem for the s, 
O ^ th rge mode only (V 1 =1?.. =0 ^ rc.. . iy lvx=1 y ~^z =0 )t From (5.4) 

C*" - s£= szZ= 0 

c‘” in» I 
, hsinhtA1,1—1 ,• u 
\ ,qjJiooshk '2-hi )dz = hsinhtA, sinhkd 

,. . k| kl substitute Into {5.5, Ke h ' 1 
v^O;, we have the radio*. ^ 

in the far field 6 velc,city potential 

C0Shk,(z-Ki)x fjiginh^ATsinhi^O 

•"(.VSî^TTTJ^ ^-9.)0 

(dhsinhj.) ( ÜIÜSÎ ) z 

.q() 

kjd 7 "«• cWl.q,) 

Substituting equations (3.3) ,, ,. 

we then have the v ’ 1 lnt0 e9uatlon (5.7) 
the x“comPonent force exerting , ’ 

cylinder. ns °n the stationary 

X1 = 
W M Ñ! c°shk(z+d)d2 

■l^e'^hS^Dit^Wsd. dhsinh, 

fr- ^ "iT- 

Kf"“i('l) R<^’(f0.)06^,^) + 

+ + 



thus , 

+ (-1)" 1 M^(T ^q^se^^.q,)] I . 

Ko»<í-¾^¾. .q^ce,,^,^) + 

+ (-iThs^í 5.,,)3^ .q^s^J^.q) + 

+ (-1) i ^c^íÍ^iJce^íj + 

+ (-111 1 .(1)8^1 .q^s^.q,)^. 

•(¿AT1§^ =1-(1.¾)]) *( 

(-1)(2^ )(dhsinhf)(Í2í!SiSâ) e-'-t f” £. 
]<jd J o nma 

*{(-d" - Mcüjíy 
I ■ “ —» • 

KOf..q^ 

c^^*(l,)ce2<,t)(«I»q1) + [other terms with 

c^( 1»q.)cei (T.q,) and 0^(^,^)86. (.J.q,) l^2n+l)Jdj 

(2j»gaI)(2dhslnhX) (^2SW) e“Wt . 
kjd 

. .«**♦«> .n 1A, 
' S (-D =1-(¾.¾) 

X. = 
(2fgaI)(2dhsinhrí)(Í2£hM,e-1«t5(.1J' („ a) 

kld »'«» 7 Mc,b(r ,q ) W®i,q'} Dm«' i*’ 

(5.9) 
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5-2-2 ¿>way and the y-component force 

Following the same procedure, the radiated velocity 

potential due to unit sway only (Vy=l, others=0) gives 

-S^(z,td) (dhcoshj.) (SigM) . 

(5.10) 

and the y-component force is, 

^2 = j) (2dhcosh^) . 
k4 

k(-l)nr4fe 

««♦o 

3e^{e^q>) (5.11) 

5-2-3 Roll and the Moment about x'-axis 

For the roll mode with unit amplitude (1^= i, others=0) 

the radiated velocity potential leads to 

z+d2 (d}icos ) f gAgh^d , ^ cothkd 

^ ' kld k^d 
+ cgchkd\ 

kjd 

(5.12) 

and the moment about x'-axis at bottom is, 

-(2^:^^-) ^tanhk^d cothkid 

* kld k,d 
mm 1 /1 f* 00 V-J J 1 iMM) 

•e ^-i IF. 0 , , 

KCk.i.) *“(vq') 

cschk, d V 

kxd ' ' 

(5.13) 

5-2-4 Pitch and the moment about y'-axis 

For unit pitch mode (fly=l, others=0). the radiated 

velocity potential is 
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4?cosfrMstAl (dhsinhJJ (( 1 } * 

(5.1^) i A^^ÇaSxâi caM.q.) 
"*• 1 MCU.q.) 

and the moment about y'-axls at bottom is, 

X5 = (agfa^fZdhslnhî.) (^4)4(1-22^+6^). 

!'1“t^<-i)ni^Sjo^<*,,4j l5,15) 

5-2-5 Yaw and the moment about z'-axis 

For the yaw mode with unit amplitude (Qz=l, others=0), 

the radiated velocity potential is 

<PQ,„ coshk^iz+di(^dh2} (sinù^.) 1 Br^f5 
r6 Nki MtCli.'*) 

(5.16) 

and the moment about z'-axis at bottom is. 

X, = (2igaI)(4h2H«â)e-lat#.(-iriîJ^jse^«i,qJ 

(5.17) 

We note that equations (5*9)t (5*11)» (5*13)» (5*15) 

(5.17) are the same as equations (3*9). (3.1°)* (3*11)» (3.12) 

and (3.13) respectively. 

In this work we are not interested in the heaving mode 

(J=3). 
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5-3 Radiation Damping 

The restoring force on an oscillating body is defined as 

the force required to drive a body in harmonic oscillation 

about its mean position. It is usually taken as the negative 

of the hydrodynamic reaction on the body in forced motion and 

must be added to the hydrostatic buoyancy force in the 

equation of motion of a floation body. The hydrodynamic 

force can be written as 

X B 
J dt (5.18) 

where j corresponds to the jth mode, s is body displacement, 

and both and Bj are real. 

The term Aj is called the added mass coefficient and it 

amounts to an additional Inertia for having to accelerate the 

fluid near the body. Bj is defined as the damping coefficient 
*» _ 

and the term represents the force component in phase 

with the velocity of the body and accounts for energy 

irretrievably transfered to the fluid as outgoing waves. 

The knowledge of the far-field radiated wave potential, 

where only the propagating mode is significant, may be used to 

establish the damping coefficient through a consideration of 

energy balance. However, the added mass coefficient is 

associated with the near-field radiated wave potential and may 

be computed only by including all evanescent and propagating 
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rr? a mUOh larSer a"0Unt °f nUffierl°al Work needed Is not attempted m this work. 

If the body velocity is given by 

dsj _ IT ■ 

dt “ Uje 
(5.19) 

- -r -- -- - ». -,.. 

dE 
dt = - fx, T J. J 

¿¿i 
dt 

dt 
(5.20) 

where 
CJ • 

Substituting equations (5.18) io> . t , 

obtain th„ h 5 9) lnt° (5-2°)- "e can 
damping coefficient In teras of input energy, 

B, __2_ dj_ 

IUjl dt (5.21) 

in a quasi-steady motion of an Invlscid fmid, the mean 

energy Imparted to the fluid ,., 
radiar „ eXactlX equal to the energy 
radiated away by wave motion. The time a 

ihe time average rate of enercv 
flux across a large control surface S end . 

given by S* en0l0sln* the body is 

dEj 
dt = f|[f|He{Ä.jfle^ds]dt 

(5.22) 

itn ^ *■ ». „ma 
». ...,1., 1M1V » 

mode as demonstrated below. 
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..mm. 

5-3-1 Radiation Damping due to surge 

For the far field, equation (5.8) can be written as 

% Tlqr 

— A«"*v i i (¾ r_L2rit l)ïï -n- ) 

^ Ai ^r~rr e 1 2 4 ce^^q,) 
1 

(5.23) 

where rshcosh^ . 

The real parts of —j|^n. and are 
t>n 

-sinhkjd. / 2 Re{-|ä^} = (dhs s¿nhd 
1 •’ Nk, Ki“ V T k, r 

00 

’ WCt^.qJ+Vc^tL.q,) ' 

CJ . 

’ r ^lCaw( Î.*q,) s in (kt r--n- -^-^t)- 

- MÖf.»q,)cOS (k, r-2£±i TT -J--a,t ) ] 

(5.24) 

ReUikt ■23n Re 
l ar J 

£2£^ii^? (dhsinhI) () ÍM 
NjC] ’ kid /J irr 

<i»to 
A, 

^ MCW..q,)+^c;U.,q,) 

[- ^C2mi(Í.»q,)sin(k, r-~^l-it -i-.t) 
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(5.25) 

Kc^^.*qi)c°S (k1 ) j . 

• ce2J^q^ 

Substituting equation (5.24), (5.25) lnto (5.22) and integrate 

along a great ellipse in the far field from ^=0 to 2k 

z=-<3 to 0, equation (5.21) (with Uj=l) reduces to 

(5.26) 

where 

a) 

CbI~ ^ 
[A'rnŸ 

(5.26a) 

5-3-2 Radiation Damping due to other modes 

Following the same procedures, and from equations (5.10), 

(5.12), (5.14), (5.16), we can obtain the four other radiation 

damping coefficients, 

(1) Radiation Damping due to Sway 

p2 = 2 ?ui()2(dhcoshU2 ( pj-)CB (5.27) 

where 

c = ^ r Er” f 
BZ ^0T.,q)+Ks¿Ur,qi) 

0 

(2) Radiation Damping due to Roll 

= (dCit^^)2c 

where CkiXy is defined in equation (3.11a) 

(5.27a) 

B2 (5.28) 
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O 

(3) Radiation Damping due to Pitch 

(dhcoshJ#)2( —) (de,. )2c " K«* 5* N, v Hxy; ubi 
Ki 

(4) Radiation Damping due to Yaw 

B, = 2M^hllid)2(¿¿H-i-lC 
6 k;d ' ' 2 lN. ,<'B6 

Kl 

where 

C - 
26 

(5.29) 

(5.30) 

(5.30a) 

56 



COKFUTATlONAL ASPECTS AMD NUMERICAL RESULTS 

To an engineer or a physicist a formal solution is seldom 

sufficient, but is merely a stepping stone to quantatlve 

results. 

Although a considerable amount of analytical knowledge 

concerning the solutions of differential equations of the 

Mathieu type is available for almost over a hundred years, the 

existing numerical results of these solutions seem still 

incomplete and insufficient for applications. Furthermore, 

the various notations and definitions of the Mathieu functions 

due to different normalizations used by different authors 

increase tho Inconvenience of using these numerical results. 

ii 
Recently, Clemm (I969) published a rather complete computer 

program for all coefficients, characteristic values and 

various solutions and their first derivatives of both the 

Mathieu functions and the modified Mathieu functions. For a 

Justification of the method using in nis computer program, 

the reader is referred to Blanch's paper4. 

Je employ Clemm's program to calculate the values 

concerning the Mathieu functions. 

6~1 Mathieu functions 

We use Ince's normalization for the Mathieu functions and 

Blanch's definition for the modified Mathieu functions which 

were adopted in previous chapters of this work. 
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The periodic Mathieu functions; ce^.q), sem(fj,q), have 

been calculated by Ince only for the ranges q = 1, (1) , 10; 

m = 0, (1) , 5 for cem(^,q) and m up to 6 for sem(r(,q). 

The modified Mathieu functions and its first derivatives; 

KCro($,q), Ms^iç.q) and Mc^^.q), Ms^i$,q), (1=1,2), have 

been calculated by Blanch for q=0.00, (0.05) t 1? m=0, 

(1) t 15; Ç = 0.00, (0.01) , 1. For our purposes, these 

tabulated results are still incomplete in the fineness of 

Intervals and insufficient in range, and new calculations are 

necessary. 

We computed the characteristic values a^q), the 

coefficients Al^(q), B^(q), cem(T|,q), sem(^,q), Kc^i^.q) and 

Ks^'íí.q) (1=1,2), with arguements as follows: 

(1) Since large body-sizes (comparing with the wavelength) 

are of interest and since for q = 10, — ~0(1), we chose 

q = 0.5, (0.5), 10. We als} computed some values for q=0.1, 

0.2, O.226717, in order to compare with Burke's results etc. 

It is possible to perform calculations for higher q. But for 

higher q, we tend to encounter overflow or underflow in 

computer execution in calculating A^(q), B^q), Mc^(£,q) and 

KS^ .q). 
0 

(2) m = 0, (1) , 20: Since there are two sets of 

solutions ? ce2rt( ,q ), ce2ntl(i],q) ... etc. this is equivalent 

to first orders of either odd-ordered or even-ordered 

Mathieu functions. In calculating quantities such as forces, 
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Scattering cross-sections and radiation damping coefficients, 

m í20 are sufficiently accurate for the series to converge 

except for large y ( J -3) with large q. We also have some 

values with m = 21 , (1) , 40 in order to study the 

convergence of the series for £ =3. 
0 

(3) 0.0*, (7.50) f 90'j values greater than 90 with 

same interval can be obtained by using Heduction formulae 

(B.17). 
0 

(4) £ = 0.0 , 0.2 , 0.6 ,1,3* For £= 0.0 , the ratio 

of minor axis radius to major axis radius is = 0. The 
a 

ellipse reduces to a plate with length 2h j For £=3, 

~ = 0.99505 t the ellipse almost reduces to a circle. Even 

for £=1 , — = O.76159 , the ellipse is not far from a 

circle. We also computed some values for £= 0.01 , 0,55 for 

comparison with other published results. Because of the slow 

convergence of the series for £=3, most calculations of the 

series are carried out for £= 0.0 ~1. 

The Mathieu functions with parameters in the range of 

Ince s and Blanch's tables have been checked and are correct. 

Total execution computer time for these functions with the 

range of the various parameters metioned above is 

approximately 45 min. It takes longer time to compute the 

modified Mathieu functions than the Mathieu functions. The 

properties of Mathieu functions are first computed and stored 

for the stated range of parameters, use is then made of these 
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values to compute the physical quantities. 

Cnee we have the numerical results of I'athleu functions, 

the calculation of the physical quantities ( forces, scatter¬ 

ing cross sections, and the radiation damping coefficients ) 

becomes straightforward. In order to avoid overflow or 

underflow in computer execution, the values of Kathleu 

solutions less than 10"^ is considered to be zero. All 

series tend to converge very slowly for large £ and q . 

Kethods of linear and parabolic extrapolations used bv 

Garrett 13 are used to calculate the series. The method 

states that we can use SN , the sum of first N-terms in a 

series, and as the Cartesian coordinates, then extrapolate 

l!r=^' aS s^own When the two methods give 

indistinguishable results, the series convergence is good. 

In our cases, the maximum 

N is N=10. 

In most cases in this work 

N=10 is sufficiently accurate 

for the series to converge 

except for large ^ (^=3) and 

large q. 

6.1 Extrapolation 
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6-2 Forces and Koments 

The quantities of |cr I, Q |r I ö ., 
' Fxl e?X - lCfy|- 0fy . |CKZ|. 

Kz> Ue- (3.10C), (3.10d), (3.12b), (3.12c), 

(3.16b), (3.16c), are calculated and shorn In Figs (6.3)- 

(6.16). 

These series converge very fast even for £=3 and q,=10 

Py using 3-terms through 10-terms of these series the 

results are the same. 

■10 note that If „e use asymptotic forms with h^0 

and hcoshOhslnh^ r. for Mathieu furetions, <m this 

limit case, the ellipse reduces to a circle), the forces, 

scattering cross sections and radiation damping coefficients 

for the elliptical cylinder should reduce to those for the 

circular cylinder. (Appendix C) 

Since the ellipse is almost a circle for 5.=3, the 

results of the force systems of f -3 with fin« 
5. J with ©j=0 are compared 

with the results which are directly obtained from the 

clicular cylinder (C.5a). The comparisons are shown In 

Tables 6., . 6.2 , and the results are in very good agreement 

with only slight discrepancy In phase angles. 

For a seml-elllptlc cylinder protruding from a straight 

ooast, the results given by equations (4.6b), (4.6c), (4.8b), 

I hFx| • ehlx ■ l^hMz)• ehHz ■ are shown In figures 
(7.1)-(7.2). 
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f-3 Differential Scattering Cross Section 

lhe results of differential scattering cross section, 

(T (rp; equation (3.20), are shown in figure 6.1? . Equation 

(3.20) converges very well for ^1. ( no calculations were 

made ior 5; > 1, for which convergence is expected to 

deteriorate ). The numerical results show that the 6-terms, 

8-terms, and 10-terms of the series are almost the same. Even 

for £.=1» ^=10. the difference between the results by using 

linear extrapolation and those by using parabolic extrapola¬ 

tion is within 5%. The results of small q is consitent with 

Burke’s . Burke used the low-frequency approximation ( 

ka 0, ^ q small ) for the Mathieu functions in his study of 

electromagnetic waves. 

It is interesting to note from the results that the change 

in directionality of the scattered waves as the wavelength is 

changed. For long wavelength compared with the dimension of 

the body ( q^O.l ) little is scattered. As the wavelength 

decreases ( q( increases ), the distribution in angle becomes 

more and more complicated , scattering peaks appear and move 

forward. For very short wavelengths a very sharp peak is 

concentrated in the forward direction. In some unsymmetrical 

cases there is also a sharp peak as a reflected wave. It is 

usual to call the half of the scattered wave spreading 

backward as the reflected wave, and the forward half as the 

shadow-forming wave. 
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iotal Scattering Cross-section 

results of total scattering cross-section, 

equation (3.21), is shown in Fig 6.13. The numerical 

behavior of (3.21) ls allnost the same as (3_20)< ^ ai__o ^ 

the case of 5,=3, but the oonvergence of (3,2,) for lg 

so poor that using 10-te™ In the series is stm not' enough 

to get an accurate result by extrapolation. It is Interesting 

to note that the total scattering cross section , 4 . for 

V3 is â lino So ¿í » wh 1 o Vi 1 c* +-~ 
. mien is the asymptotic lirait of Q for 

a full circular cylinder. 

We checked the results for small q, ( 0< q,<; , wlth 

Barakat's2'7, and there are some discrepancies. i„ Barakafs 

results the labeling In certain figures appears to be wrong. 

6-5 Differential Scattering Cross Section and Total Scattering 

Cross Section of Semi-Elliptic Cylinder 

The results of differential and total scattering cross 

sections, (4.14,. (4.15, , W• S, • of a seml-elliptic 

cylinder with straight shoreline for 6,=45- are shown ln 

figures (7.3), (7.4)# 

6-6 Radiation Damping 

The results of damping coefficients . (5.26a,,‘(5.27a,. 

(5.30a) t Cr,* C n 
B1 ' B2 » B6 * are shown in figure 6.19. These 

series converge as well as the coefficients of the forces, _ 

equations (3.10c,— (3.16c,. 
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6-7 Sumnary of numerical results 

(1) Symbols : 

1 k 

d 

0. 

a 

b 

¿ave number of the Incident wave = 2Vwavelength 

Still water depth 

Angle'of incidence with respect to a principal 

axis of the ellipse 

Half length of major axis of ellipse 

Half length of minor axis of ellipse 

Parameter characterizing the ellipticity of the 

cross section, b/a = tanh ^ 

b/a 0 
piste 

0.2 

0.197 

0.55 

0.500 

0.6 

0.537 

, a/í 

1 

0.762 

2 

. _3 
0.955 

CO 

1 
c.;rc\a 

h : Focal distance of ellipse. A/a - b 

qi = (k^h/2)' 

(2) List of Figures : 

Figure 

6.2 

Elliptic cylinder 

Caption 

Cv , s Depth factor for 
V rx , F ¿ >;z 

Cv .rv: Depth factor for 
KljCy K, Sc Hv 
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elliptic cylinder (cont'd) 

Figvre 

6.3- 
6.6 

6.?- 

6.12- 

6.1?a- 
6.17f 

Caption 

x-component force 
coefficient 

|CPx| : ma^n^tU(^e 

e 
Fx phas; 

y-component force 
coefficient 

|Cpy| : magnitude 

eFy s phase 

Foment about z-axis 

|C;.Z {magnitude 

0pz :phase 

Differential cross 
section 

Equation 

3.10c 

3.10d 

3.12b 

3.12c 

3.16b 

3.16c 

3.20 

Parameters 

ei=0, 

05°), 

90° 

q1=o, 

(0.5). 

10 

?.=o, 
0.2, 

0.6, 

i, 3 

VO', 45a , 

90 

*1 
q1-o.i, 

0.2, 

0.5. i, 

4, 10 

f0 =0, 

0.2, 

0.6, 1 
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Jlliptic cylinder (cont'd) 
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Elliptic cylinder (cont'd) 

Figure 

6.19c 

Caption 

Radiation damping 
coefficient, yawing 
about z-axis 

CD6 

Equation 

5.30a 

Parameters 

I =0, 0.2, 

0.6, 1, 

3 

Semi-elliptic cylinder on a straight coast 
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Serai-elliptic cylinder on a straight coast (cont'd) 

Figure 

7.4 

Caption 

Total scattering cross 
section 

h 

69 

Equation 

4.15 

Parameters 

6 = 450 
I 

q1=o, 

(0.5), 

10 

$-.0, 0.2, 

0.6 

-.........-.......... 
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Kost of the material here Is taken from McLachlan 
24 

, and Is Included here for the convenience of the reader. In 

appendices A and B, q Is defined to be positive. 

APPENDIX A. ELLIPTICAL COORDINATES SYSTEM 

A-l Elliptical Coordinates 

The ellipse can be described by 

^ + 42 = 1 
a* b* 

or 

F : b2 x2+a2 y2-a2 b1 = 0 

(A.l) 

The relationship between 

carterlan coordinates (x,y) 

and elliptical coordinates 

(Ç.7) is 

X = hcosh^cosif 

y = hsinhçsln^ 

or (A.2) 

x+iy = hcosh($+l*| ) 

thus 

JlL_ ^ 1 

O - X 

Fig. A.l OAhogonally intersecting 

contoc*! ellipses and hyperbolas 

f*r elliptic»! coordinates . 

h1 cas^rj h1 Sin1^ 

(A.3) 

(A.4) 
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I 

(A.3) represents a famlly of confocal elllpses Mlth 

ares a.hcc^, seœi-mlnor aJ£es b=hslnhç< the 

being the points (±h,0). (A.4) represents a family of 

confocal hyperbolas with the same foci, as Illustrated in 

171-6• (A.l), Evidently h=(a*-be )**. 

'Vhen and finite h. then a=h, b=0. This is the limit 

case that a long elliptical cylinder degenerates to a ribbon 

Of length 2h. If h is a constant, asa,b-r, see (A.9), 

so that the confocal ellipses tend to become concentric 

circles. If _ o in such a way that ie< . r„ the ellipse 

becomes a circle of radius r . Wow (a 
xj z ^ ° Wow (A.4) may be written as 

- rihi = h*. As h,0, y/x * ±tan,, so the confocal 

hyperbolas ultimately become radii of the circle and make 

angles 0 with x-axls. 

A-2 Arc lengths ds, , ds, , and Radius vector r 

The hyperbolic and elliptic arc lengths are respectively, 

d*. '((-if-!1 

(A.5) 

taking use of (A.2), each 

bracketed member In (A.5) is 
^yp^boiic (ds, ). «I|!ptíc c<Js. 

r; ^ . vector and aL c<Ms' 
T nt! c byt Prtrs of ovrtli; 
'/ confocal 6ll,p**S arvJ ^ ^ 
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ÿ 
h(cosh2ç sln2»| + slnh^cos*^ )* 

is 

= h(cosh*5 - cos*»j r 

=-L.(cOSh25- COS21 J-4 (A.6) 

we can also notice that ds, Is along the direction of the 

normal (n) to the ellipse. Hsnce (A.5) becomes 

ds. = 1. d< = dn 
’ (A.?) 

ds2 = 1, di£ 

The distance of any point from the origin, expressed In 

elliptical coordinates, is 

i 
r* i/ 

r = (xt+y2') = h(cosh*^ cos +sinh*5 S'n2,l ) 

i 
= h(cosh*5 -sin2^ ) 

^ (A.8) 

= ^(cOSh2^+COS2^ ) 

when ^ is large enough and h constant, we have 

lj ~ hcosh^ ^hsinhj— ^he'-^ r (A.9) 

hence we may write 

dSj ^ rdj ~ dr j dsÄ ~ rd^ j dSj ds4 - rdrd^ (A. 10) 

which coincide with the expressions for cylindrical polar 

coordinates . 



A-3 The Unit Outward Normal Vector to the Ellipse 

The ellipse is described by (A.l), therefore the normal 

vector to the ellipse is 

VF = 2b* xi + 2a*yJ' 

hence outward unit vector 

n = -ff~- = ■^(hsinhJcor.Tji + hcoshpir^j) (A.ll') 

where ljis given in (A.6), and outward directional cosine of 

the normal to the ellipse with repeat to x-, y-axes 

therefore is 

(cos (n,x), cos (n,y) ) = (t^!ÚÚ£S1t bífiáliisJ) (A.ll) 
li 

124 



APPENDIX E. »JAVE EQUATION IN ELLIPTICAL COOR¬ 

DINATES AND MATHIEU SOLUTIONS 

The two dimensional wave equation in cartesian coordinates 

is given by 

(B.l) 

B-l Transformation of equation (B.l) to elliptical coordinates 

(M>- 

>.v (A.n), write z = x+ly = hcosMÇ+l'p, ¿ = x-iy = 

=hcosh($-l<£ ), then zz = xi+yz, and 

= JL- + 2L» 
'i'l1 (B.2) 

Putting Ç= Ç+i^ , ç=$-i^ , we get z = hcoshÇ , 

z= hcoshç , and 5^= ^ + , thus 

2L - 1 ■3Ç 1 ». V - , 4* ’ + ^ 
^ hslnhç 3ï hslnhç ’ 

^ 2_t 2__ 
hslnhS - hsinh^ -»ç 

/x_2!_^_ V 
- —TT + T7« - ,Tr- azaï ax* ""r hsinhÇsinhç 

K(oosh2f-cos2^)l'*ï* + (E‘3> 

Applying (E.3) to (B.l) leads to the equation 

+ ^ + 2k2 (cosh2^ -cos2^)(|) = 0 (b.4) 

with k=-~. Then (B.4) is the two dimensional wave equation 

125 



expressed in elliptical coordinates. 

B-2 Kathieu equations 

By the method of separation of variables <$>=X(£)Y(^) 

it follows that X(^) and Y(rj) must satisfy respectively the 

equations : 

+ (a-2qcos2^ ) Y = 

and 

where 

J * \s 

-7TT - (a-2qcosh2nx 
d5 

q = K = { 

(B.5) 

(b.6) 

(B. 7) 

representing the square of the ratio of body geometry length 

oo the wave length ( v k1h~~), is an important physical 

parameter. "a" is the separation constant and is called the 

characteristic number of the Kathieu function. 

(B.5) is known as Kathieu equation. We adopt, as the 

canonical form , 

(a-2qcos2z)y = 0 (È.8) 

and corresponding to (B.6) we have 

-j-r - (a-2qcosh2z)y = 0 
(B.9) 
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'e note that (I-.a) transforms into ('• o) a„rt , 
xnzo U.9), and vice versa 

il z is replaced by iz 

■ - 3 Periodic solutions of Nathleu equation 

Corresponding to a prescribed value of o and 
constant "a" „hich lE „ «paratlon 
, ,, , function of q only and one of an 
Inilnlte sequence of characteristic v 

eristic numbers, (e.ö) has 
periodic solutions (n fi\ i 

‘ ’ alS° haE non-Perlodic solutions 
rfhlch, for physical reasons, are not of int 

are not of interest in this work 
he corresponding solutions fall int 

to tt, , °Ur ClaSSes’ wording 

-sine the notations of Ince'»-f these functions are , ^ 

«Sn^.q) = 5 K‘";cos2rz 

= ;t„ ''“.“cos '2r+l )z 

#,Oln(2rtl)z 

Se“**<Z’q) = ,¾ Oln(2r+2)z 

“here A' >. P< -are coefficient^ and 

set»„(2.q) = ± Bf*’- 

the corresponding 
characteristic numbers 

(a2n) 

(a2n+l) 

(E.lOa.b, 
b2n+l^ c,d^ 

^2x1+2^ 

are function of q only. 
Ehe normalization used by incfe i o < r2" 

y lnce ls given by _L v2d7-i so that Trj yaz-3, 

[A“i+,T[4’j = i.[Arj= i[C]=i[E“~'’j‘= i 
(B.ll) 
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B-4 Orthogonality of the periodic function ceni , sera 

The orthogonality of cem(z,q) , sem(z,q) In the interval 

[0,2tt] for z Is given here, the reader Is referred to 

[ref. 24, p.22-25 3 • 

rce2»tiZ,q)c<WZ,q)dZ = {o 

f2TT joc€Wz,q)se2n*f(z.q)dz = 0 

1 f m=n & = ^ 
1 f m*n or ^ ^ 

(ri.12a) 

(B.12b) 

fse^z.qise^z.qjdz =(^ 
o 

If m=n & * = ? iE.l2c) 
if m^n or c* * ^ 

where w, ^ are defined to be 0 or 1 in corresponding to four 

classes of Kathleu functions. 

Some integrations concerning cem , sem which appear in 

this work are given below : 

r2n 
oe2nJz,q)coszâz 

r~ 00 (.U***) s. “I = [Z A.._cos(2j4e<)z ] coszdz 
Jg )»• J -1 

= -S cos (2J+<*)zcoszdz 
j=0 J J‘ 

-{ 

.a"«-') 
TT A, if ol=l 

if Ot 

j se2BJ(z,q)coszdz = j [ i iÇsin(2j+o()z] coszdz 

<» ai*«j 
BljXK 

J= 

ITT 

sin (2 j+oc) zcoszdz 

(B.13a) 

= 0 (B.13b) 
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C.Jz.qlslnCîJ+l» )zdZ = ![*l*Öos(21+-)z]Eln(23+f)zdz 

0 r* 

= jcos(21+oi)zSln(2J + ^)zdZ 

= 0 
(b.l4a) 

Ue,„(z.q)sln(23+f)zdz = ]_ [i sln(23+f )zdz 

= (Ísin(2i+«í)zsln(2j+^)zdz 
J, 

_ TT 

. " I 0 ^ 

(b.l4b) 

l*P 

ce, 
-E 
X 

(z,q)coszdz = J [f.A2j’cos2izlcoszdz 

I 
_ j cosajzcoszdz 

- .«-Usin(2.1-1 )z . slni^mlzl 
= i.A2ll 2(2j:Tr 2(21+1 ) ^ 

^(-1^ 
' (2j-l)(21+l) 

, ¿»l »*"> 
p.«") £ LzlL2Aa_ 

= 2A- + ^ 43*-1 
(B.15a) 

w y 

se^z.qicozzdz = jtt[*C,Sln(23+1)^COSzdZ 

5 ' Î 
= X j sin(21+l)zcoszdz 

= 0 
(B.15b) 

T 

iceM(z,q)sln(23+f )dz = jj| Ccos2iz]sln(2i+f)zd7 
w 'T ^ 

= Î. rcos2izsln(21+^ )zdz = 0 
•iE 1 
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(B.16a) 

i Seí«+,(z*q)slnzdz = i 
Jj j«o sln (2J+1 )2j sinzdz 

_ _i 

~ í-V )?sinzdz 
■ i 

_ ir 
2 üi 

r! 

!f . = o 

»>üL±a¿*r 
J a^jtaj J»° -f j*o 

[sa_(z,q,Sln2zd2 =f[f^ln(2J+1)zj sln?zd¡, 

n 

5r 
]s^n(2j+l)zsln2zdz 
J-¥ 

(B.16b) 

- “?»í 
CC-Mili - mUfeiCj = ^ 

% 

-¾ 

since, 
J” (2.1-1) (2j+3) (B.l6c) 

▼ 

r * 

9 ceMí'(»q)cei(l,(7 ,q)d*| 

“ iee,"(V,)Ce“(1lï)d1 - ^-7.í)c^(.-7.,),i? 

- )06^.(,.,)^ + Ircejvq)ceij7iq)d1 
,•% ,» 

- I. ' J ce»(7'q)ceím(7.q)d . f 
» ° 11 

0 rn %n 

tr 
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For the same reason 

(E.16'a) 

(B.ló’b) 

j^s^(l.q)86^ q,q = (B.16'c) 

B-5 Reduction formulae of Mathieu functions 

From equations (&-10a,b,c,d) , we can find the following 

relationships : 

cea„(z,q) = CGi-i^-Zjq) = ce^ir+z.q) = cean(-z,q) 

ce^/z.q) = -cCjJ^-z ,q ) = -c^Jir+z.q) = c^J-z.q) 

(B.l?) 

s<WZiCl) - s^lw(Tr“Z.q) = -s^J^+z.q) = -se^J-.z.q) 

s^m(z»(î) = = sei.J^+Z.q) = -S^ni-Zrq) 

Modified Mathieu functions 

(1) First solution of (B.9) ; Modified Mathieu function of the 

first kind. 

Since (B.8) is transformed Into (B.9) by writing i2 for z 

, the solution of (B.9) can be obtained Just by writing lz 

for z in equations (E.10a,bfcd ). Other expressions in terms 

of Bessel functions have also been developed 

ce2n(z,q) = cetn(iz,q) = ãÈÁ^coshErz 



.. mm» 

¿(-ifOariZkcoshz) 

= ~*n^9,ci2 V il**. 
aT »• A’uJqr ( 2ks Inhz ) 

jajO.q )06,^-^.0 ) X. . . ji*o , ., [ A,r> ]* (“l^rJrOfe )Jr (ke* ) 

= ^»„flZtq) = ^^^osh(2r+l) 

=- -¿â^iial 
kA, f»« ^4wi4fM(2kcoshz ) 

= SS*^°othz S (2r+l)Ct,/2ks1nhz) 

= ^g«»ii0>q)cqML/-f:,q ) 
1 ) A* 

f*o 
f (»n«; 

*rti k[A',~*J 

' [ Jr (ke1 ) Jr^(ke* ) + J„,(kë* )Jr (ke’)} 

3%Jz-<l) =- = 'iseiJlz"5> = ,¾ 0lnh(2r+l)z 

' ki*’"^tanhz S^’^^+uCL^kcoshzi 

=S-^ #.a,(^lnhz, 

= .q ) 2 Í 1 if 
r«. * 

’ [ Jr (kë2 )JrJkex ) - J .(ke* (ke )Jr(ke* )) 

Se,Jz-<)> "-Is^Uz.q) = |.^slnh(2r+2)z 

=‘~^l*rtanh2 ^ (-li(2r+2)Clj2kcoshz) 
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^ i pQ»*o c o t h z ( 2 r 2 )CL,( 2ksinhz) 

. se««¿9.t^ )seiMÍTfli / ^ (-1 ÍCl1' • 
r’# 

• [ Jr (ke'* )Jr,l(kex ) - ^,(kë* )JT (ke* )] 

(B.l8a,b,c,d) 

where primes denote derivatives with respect to z. The series 

involving Bessel functions converge absolutely and uniformly 

for all finite value of z. The rate of convergence of those 

involving products of Bessel functions increases with 

increasing z. 

(2) Second solution of (B.9) 

Since the Bessel functions J and Y satisfy the same 

differential equations and recurrence formula, and by virtue 

of (B.9) , (E.l8a,b,c,d) , we have as the solution of (B.9) 

Fey2n(z,q) = 2(-1 ^„(Bkcoshz) ,|coshz|>l 
A# *• 

= 3Ê ¿£xir(2ksinhz) ^ |sinhz|>l, Re{z}>0 
A„ 

f A,**> 3* 'nr* ' r' 

Fcy^z.q) =- rfo(-l)rO»^2kcoshz) , U#s».*l>1 

= ^Sai.^x^cothz 5: (2r+l J^Jlf^Bksinhz) 

_ ce^O,q)ce^f,q_) . 

1J3 



1' w / . ' '- / -~T 

Geymi(z,q) 

Ce?Jz.q) 

^iíârtanhz Z(-l)'(2r+l)Çnj;2kooshz) 

t?. d»(2kslnhz) ■ I“*. > I > I 

f ' , IS'^Zl >1 / R* {Z ^ >1 

^Ug.q)seMH(-&,q) £ , / (MH1) 

'»J1 r^. ;b2f. * 

* [ J r ( ke * ) Yr*,( ke* ) - j,„( këz ) Y, ( ke* ) ] 

k^E^*7”tanhz r^ó^“1 ^ (2r+2 )^$W21íc°shz ) 

,. . . Icoshzl> 1 
seU0’<l> « tWfJI 
kiB^2, cothz ^(2r+2)BtniYmi(2ksinhz) 

. )slnhz|> 1 , Re{z}>0 

_ £áé¿2ll!£SMÍÍl3Í i(-i 
kEjht0 & 1} fcir« * 

* [ Jr (ke* ) Y^,(ke2 ) ks* ) Yr ( ke2 ) ] 

(B.19afb,ctd) 

(B.iça.b.c.d) are obtained from (B.13a,b,c,d) by putting ï(ke*) 

instead of J(ke2). 

(3) Combination solution (third kind) of (B.9) 

Anologous to the relationship between the Bessel functions 

and Hanke1 functions ( ref.24 P.25O), we can define 

w,w 
Kem (z,q) = Cem(zfq) + 1 Feyjz.q) (am) 

(B.20a,b) 

Nem ^z,q^ = S^iz.q) + 1 Geym(z>q) (bm) 
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These are used to represent incoming and outgoing waves in 

problems pertralning to en elliptic cylinder. 

E-7 Notations of Blanch for the solutions of (B.9) 

The notation of the solutions of (B.9) given by Blanch are 

Nc^z.q) and Ms^z.q) 1=1,2,3,4, and are called the radial 

Nathieu functions of first, second, third and fourth kinds 

which correspond respectively to Cem(z,q) and Sem(z,q), 

Feym(z,q) and Geym(z,q), and Me‘¿¡(z,q) and Ne^(z,q), 1=1,2. 

Since the most recent and comprehensive tables and computer 

programs were published by Blanch and Clemm, we use their 

notations here, The relationships are 

CeIn (z,q) . ^ ce^jT.qJceMtO.q) (’lV‘CM(z,q) 

Fey2n(z,q) 3 TÍTÃ?*5 iNc^z.q) 

GeIn (z,q) 

Feyln(z,q) 

Ce^.íz.q) I ^ ce^-f-.qjcQa^tO.q) f ) 

Fe3iJz.q) 3 (-I'T'q*a?**" lMC(z,q) 

Ce^, (z ,q ) 

Fe3iJz.q) 

(B.21a,b,c,d) 

Sc^Jz.q) i s^u(|,q)se^jO>q) r'’^Jz»q) 

Ge%Hi(z.q) ^ " Tlfq B?1’ M^z,q) 

Seiw>l(z,q) 

and 

= Kc"’(z,q) + 1 Nc^(z,q) 

= Fs'^(z,q) + 1 Ms^iz.q) 
(E.22) 
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E-8 Wronsklans 

The Wronsklans of the two independent solution of (B.9) 

are 

W [Kcm’(z’q) • Kc^(2'<l) ) = 

= Ho^(z,q)Mc'^(z,q) - Mo‘“(z,q)Mo"’(z,q) = ~ 

or 

W [Mcm(z,q) ’ J = 

= Mc<J(z,q)Kc^>/(z,q) - Mc^(z,q)Mc^(z,q) = ~ 

( B. 2 3a, b ) 

where the prime indicates the derivatives with respect to z. 

Similarly, Mcj can be replaced by Ms1*5 throughout (B.23a, 

b). 

E-9 Approximations for small q, q -► 0 

(1) Mathieu functions 

When the fundamental ellipse tends to a circle or the 

wavelength is sufficiently large, q = ¿k.V —* 0. then 

A* 

E” ’ J -»• Sn,. (m*0) 

. <•> 

cen(r{.q) — 

sen(i£,q) — 

4T 

(B.24) 

cosnrj = cosne 

sinnrj = sinn© 

1J6 



(r.e) are the cylindrical polar coordinates. 

(2) ffidlal Mathieu functlo,. ^ ^ , r 

As ^ and r • 
. -, *~rr flfsaenerat® ''oCî^s 

hcosh^ . 

B.10 Wthleu solutions for (ref> , p.„8_ 

The following equation ^ ^ 

rtpr is also referred to the 
739), The reader is 

(Î) The Characteristic numbers 
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(b.26) 
a2rí-q) = a2r(q) * = b2r(q) 

a2r+/-q) = t>2TH(q) * = ami(q^ 

(2) The Periodic Mathieu functions 

ceir(z,-q) = (-D1* cej^^-z,q) 

cqrti2 • “q) = (-1) sett*i 
™ (B.2?) 

sen»iZ,"<1^ = Ce2^ T“z'q) 

se^z.-q) = (-Dr senví Í'2-41 

(3) The coefficients associated with periodic Mathieu function 

C’l-q) = (-ir¿>> ' 

Al^(^) = . B^-q) = (-irC(q) 

(b.28) 

(4) The Modified Mathieu functions of third kind 

Since -q < 0 corresponds to imaginary value ik^ ( q = 

= ik^h2 ). We can use -q, ik^^ instead of q, k1 respectively 

in (B.18)—(B.25) to obtain the Mathieu solutions with -q . 

Therefore, as ^ , from (B.25), we have 

Mcm($,-q) 

t*). . 

. nn 
e“'2 K„(k^r) (B.29) 
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'Jhe reader is also referred to (ref. 24 p.251, p.369, 

P.I63 J for details. 

B-11 Detailed oalculatton of Total Scattering Cross Section 

From equation (3.20) 

(Tin) = - . 
1 "q^coshç, 

I^(hc§( {.’^) oe»( l,qJ ce!.(«„q,)+ ,q^c^.,(«i,i) 

I- 111^. - 

TqYcosh5# 
Z ns0 

r _ 
I Mcin( i.q,) +1 Mc^'d,,q() + 

+_wc£iî..q,) 

"^(r..a)+iNs¿Íj0(qi)se^ + 

+ — Ks&n.q.) , x ,1 

Trq¡»cosh(# ' 

2( Mcm ( Qi) 
ce»( + 

Mi 

Mtíf.,q.) 

Ms;'A..q.) 

^Í}5..Õ)+K^f.,qJ Se»»< + 

+ JiâltlîJMçSk.O,) 

^1.0,)+^.(35..¾ c^1iq')c4~<«.-^ + 

Mí 

1 
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+ + 

+ )J} 
■ITq»coshi0" 

ce“(6"qJce“(Tq'+ 

+ ‘<K°^^cU.q,) oe*”K'q’)°e^’!'q'> + 

+ _, M^rá?!>».^L- se^.líL.q.íseN <7,q,) 1 + 

+ [cross terms; cem(^,q,)seB( ^.q,), ce^i^.q,)- 

•c^^.q,). se2i(Vq.)s^,('î.q.)]} 

(B.30) 

Using the orthogonality of cem , sem functions In the 

Interval [0 , 2it] , ¿quations 'B.12a,b,c). Hence, we have 

= J(T(t()d»| 

{(*)** 
^ T-■ - cel\(et,ql) + 
n=* UCU.,q,)+Mc^U.,qi) 

+ wC^.q,) ^ , + 

+ + 

+ K«ír..ÍHH¿iír.;q,j se"Je"q')) } 
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(B.31a) 

or 

q? cosh*. n*° I 5.,¾) 

,2 
ce^.q.) + 

+ 

+ 

+ 

M<(5..q,) 

iJlSslkii 
I MC(5..q,) 

ce_(^,q,) I 

|X 

86^(¾.¾) + 
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APPENDIX C. SCATTERING AND RADIAT ION CF WATER 

WAVES BY A CIRCULAR CYLINDER 

The scattering and radiation of gravity wave by a cir¬ 

cular cylinder are summarized here for the sake of comparison 

with the results of elliptic cylinder. 

(Î) Scattering problem 

MacCamy and Fuchs (1952) have worked out this problem 

The reader may be referred to their paper for details. 

The velocity potential of the Incident wave of amplitude 

aj » travelling in the x-dlrection, can be written as 

^(r.e.z.t) = 4>l(r,8,z) e“ltJt 

gat coshk,(d+z) ikpc -icot 
w coshkfi e 

_ gat coshk,(d+z) Ik^rcos« -iwt ““ 6 0 CJ coshk^i 

gat coshk/d+z) -lut - .n. . 
' " 'ooshud-» -5- J„0v)cosn« 

It 90 n 

(C.l) 

where 1 , €„=2 ( n ^ 1 ). 

The total velocity potential at any point In the water 

domain Is 

£ = + $c 

. gât._Ç°shk,(z-Ki) -mts nr , , ..,.,1 
“ coshKd e Si*"1 |JnHnOv)jcosni 
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(C.2 ) 

From Bernoulli's equation, The pressure Is 

p = -¡Ü- 
■at 

fÇoshkjíz+d) V -iwt 
= isaif k<^> 

•cosne (C-3) 

Hence, the x-, y-component forces and moments about x-, 

y-, z-axls are 

= - (pcosejdS = -jdz Í Pcossade 
S '»»T. id J» 

= (aajfgxaadxl^)«-1“^ 

where 

(C.it) 

(C.4a) 

and 
• -tw 

My = -J(z-Kl)Pcos®dS = -ajdz Í (z-Ki)Pcosedo 
s \ 

= F dC, x Igcy 

where C^y is defined In (3.13a). 

and 

(C.5) 

F is M = M = 0 
y Z X 

(C.6) 

The elevation of the scattered waves at far field is 

<_Li!> 
- g at 
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= ia e'i0t ^ €n in cosne 
I »»o H^Ow;) n 

since h"W) ~ Jt^c 1 *^ * ' 

where A(e) Is the scattering amplitude. Hence 

A(e) = 1/^6-1^¾^ cosne 

(kA) 
.[He1*?:* ^ 
-J'Kr. ^ 

-- cosn# 
Wù 

(c .7 ) 

Therefore the differential scattering cross section Is 

2 o i » i7 i vt> ^ i 2 

= |A(e)l2 = íiélp-S) cosnsl 
= 4{(#-sw^)cosn^ + 

! i*r„ Y,'(fc,f.) cosn«^!. 
I"'* JiOwi+Y^lw) JJ 

(C.8) 

(C.8a) 

— —7 cos2ne] + 
•nk^U"''0 J^lw) +Y„ (ko;) J 

+ ^ terms with cosj© ] j- 

^ ""-y*“. 

no contribution after Integration 
e from 0 to 2t. 

and the total cross section area Is 

in 
^(«)de 

= ( 
2 r 2j;a(kA) 

= ^ [JIY^)+y7 (¾¾) 
^ -a 
Wal ¿7ta)+Y;;(kii;) 

(C.9) 
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or 

(C.9a) 

(2) Radiation problem 

The total spatial velocity of any point on the circular 

cylinder is given by (5.1). Now we are dealing with circular 

cylinder coordinates : x = reos© , y = rsine . Hence (5*1) 

gives 

Ux = Vx + (z+d)!^ - rsln«iîz 

(C.10) Uy = Vy + rcos«i)z - (z4d)Qx 

rsinei]x - rcoseQy U z 

Raking use of the boundary condition on the normal velo¬ 

city at mean position of the solid rigid wall r=r , with the 

unit outward normal vector to the circle n = (cos© , sin©), 

(2.3) leads to 

U -n 

= [Vx + (z+d)i7y]cose + [Vy - (z+d)Qx]sine (c.ll) 

where 4»^ is defined as the spatial part of velocity poten- 
n 

tial of the fluid. (C.ll) is the boundary condition of the 

fluid on the body. 

The solution of Laplace ecuation : = 0 , with 

boundary condition at bottom and at free surface : -5^1 = 0 
'2 
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and -pfc _ 
az 

distances is 
' T+h = t. - ^ the radiation condition at large 

~ 2E C coshk (z+d ) « «a. n ft-mv¿+a; cosne 
(C.12) 

where are constant coefficlents to be dete^lned through 

the boundary condition on the body wall : (C.ll). ^ recall 

kl iS real and ^ ls imaginary (n^2). 

Substituting (C.12) into (c.ll) 

tH = 1 1 
Irsr, "*• to*' c'Xcoshkm ( z-Ki ) ^’(k^ricosct 

= Evx + U+d)Qy]cosS t [vy - (z+dsine (c.13) 

Kultipling coShkffi(z+d) and oosne ln both sldes of (c 

and integrating z from -d to 0. and a fro. 0 to 2,. By 

orthogonality of coshk^ztd) , (2.5) and of cosna , si„„e . 

we obtain, ’ 

(m) _ 

cn = 0 n ^ i 

ftf 
ij = +(^44)12,,] coshk^(z+d 

Kkr.kmHl° (^inrj 

= csc,W.d n2 
ri, il unr —)d lvkwKm Ha (k rj 

(C.14) 

we have, 

Uaing the definition of ,3.13a) , Ck y,1.Äd+£^ 

Kma kmd ’ 
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L g r ( —) ( Vjfd+Qxi* - Y ) i . 
‘ ~ K. 'k r) JcoshkrD(2-Ki)hi(kmr)cose 

411 '"■tu1»' 

(C.15) 

recall that (m^-2) are Imaginary, and (x) = 1^6^- 

•K^(ix). Thus In the far field H^^r ) - K1 (-ikmr ) - 0 for 

m>2, and they do not contribute to the radiated wave 

potential, 

t~ X xx)cosh 

1 Kjt k ^ r,) 
cose 

( 

since Hj‘>(k1r)~^~; e1^klr"'ír) 

K3^iMt^.)Ch"'Y>ooshki(z'Hi,^el<klI"^L)' 

slnhk.d 

cose (C.16) 

Now the radiation damping coefficients: (5.21) and (5.22). 

By differentiation, 

- k 2 ^i (k, r-?-(ot) 
Mcjr 

cose 

/Sinhk,d X^.^ ,2_ 
/V—— ) (Vxd+i)vd Cif.Yv). 

ar ~ NkikiH^k^J Jcoshk^z-Ki) . 

. J-2k> gKkjr-f-wt) 
cose 

hence the average rate of energy flux across a control volume 

at infinity is 

14? 
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and (5.21) gives the damping coefficient 

E = - 
2 dE_ 
IUI* dt 

- '»»p**'?**" H-asas 

(c.l?) 

The damping coefficient for the surge mode 5 Vx=l , 

Vy=i],= i2,= fV=0 is 

Bi = (2ftJ)(si^kd)()Í (w/dv;)r-*-(w,'(r](c,18) 

The damping coefficient for the pitch mode ; 0^1 , others=0 

is , 

E5 = (2?«) i^lc-• 

[ k^))* + CW.'i k,^)f 

all the damping coefficients of other modes vanish : 

(C.I9) 

B2 = e3 = e4 = E6 = 0 . 

We note that In the limit , h-*0 and hcosh^ ~ hslnh^ 

~^he^~ 9 the fórmalas In chapter 3 » 5 » reduce to the 

corresponding formulas In this appendix. If the sane incident 
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wave and conditions are given, as the elliptical cylinder 

reduces to a circular cylinder. 
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