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PREFACE

This study of the motion of earth satellite vehicles in trans-~
lunar space was undertaken at the request of the Directorate of Space,
DCS/Research and Development.. While it is sometimes possible to es-
tablish a satellite about the earth in a translunar ovbit that will
remain reasonably circular for as long as five years, it is desirable
to have an orbital correction capability te reduce orbital variations
caused by the sun and the moon. In this report, a method is described
for determining orbital injection conditions that minimize the devia-
tions of the orbit from circularity and a method of orbital correction
is presented that can be used to reduce variations from circularity
if they develop. The results ohtained and the methodology developed
herein should be of use in predicting and controlling the orbital mo-
tion of the satellite vehicles in regions where the gravitational
perturbation due to the moon and sun are significant in comparison
with the earth's gravitational attraction.
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This report investigates the problem of keeping a satellite in an

orbit around the earth at translunar distances from the earth. The

studv concentrates on distances between 300,709 and 500,000 n mi, since
in this range the earth's gravitational attraction is the dominant fac~-
tor in producing acceleration of a satellite vehicle rela..ve to the

earth., The approach to the problem involves formulation of the general

nonlinear equations of motion for an object under the gravitational at-

traction of the earth, the sun, and the moon. The solution of these

equations is in terms of the variation of the resulting motion from a

nominal unperturbed circular orbit, and is obtained by numerical inte-

gration of the equations of motion. The results indicate no instabil-

ity in the motion of the orbital plane, which is characterized by a

slow regression of the line of nodes in the ecliptic, while the inelin~

ation to the ecliptic remains essentially ccnstant. The investigation

of the motion in the orbital plane is restricted to orbits perpendicu-
lar to the ecliptic, since this tends to reduce the likelihood and du-

ration of near approaches of the satallite to the moon, thus decreasing

the resulting gravitational disturbance. Nevertheless, the in-piane

motion appears to be characterized by an instability that develops as

a divergent oscillation in the radial displacement of the satell{te

from the reference orbit. The onset of this oscillation is found o

be dependent on the initial geometry of sun, moon, and satellite rela-~
tive to the earth as well as on the orbital injection conditions. A
method 1s developed for computing these injection conditions in temms
of the initial geometry so that the development of instability is de-
layed for two to three years.

Although cases are found in which the radial variations from a
refevence orbital radius of 300,000 n mi remain less than 50,000 & mi

for as long as five years, it appears to be desirable to have an or-

bital zontrol capability. This is done by a modification of the methed

of determining orbital injection conditions. By means of this method
a satellite can be kept within a radial displacement of 26,000 n mi of
the reference orbit for a perfod of five years at an expenditure of

tess than 70 ft/sec per year in velocity correction.
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SYMBOLS

magritude of the satellite acceleration due to earth

magnitude of the maximum disturbing acceleration dur to the
sun :

magnitwle of ti\e xaximum disturbing acceleration due to the
moon

contribution of the driven galution to the steady-state value
of 6r/r°

contribution of the driven svlution to the coefficient of the
cos 0 term in Stlro

contribution of the driven solution to the coefficiert of the
sin 8 term in 6:/:0

senimgjor axis of the earth's orbit

normulized radfal component of the sun's disturbing accel-
eration

normelized horizontal cosponent of the sun's disturbing ac-
celeration

amplitude of the oscilistory term in ctlro vith frequency
semizmajor axis of the moon's orbit

normelized radial component of the moon's disturbing accel-
eration

normalized horfizontal component of the moon's dicturbing ac-
celersgtion

“y

13 from the
term of the binomisl expansica

contribution of rhe driven solution to che stuéy—ctiu value
of 486/48 o

13
coefficient of cos 18 in cthe Fourier ex;. msion of cos ¢

= confficieat of the term with frequency “ij in the expansion

of (a,/r,)3

Qij
amplitude of the oscillatory term in d&ﬁldﬁo vich frequency Qf.j
umiversel gravitaticnal ;onstant

satellite {7aquency harmonic number

unit vectors of the x,y,z coordinate systenm

mit vector along o

unit vectors of the X 0T y0%, coordinate system
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iunar frequency harmonic number

parameter in the binomial expansion of (am/rm)3

mass of the earth

mass of the sun

mass of the moon

maximum number of terms in binomial expansion of (am/rm)3
term number in the binomial expansion

maximum value for both 1 and j§

coefficient of the term in ag, with frequency Qij
coefficient of the term in a . with frequency wij

S6 1J
coefficient of the term in LS with frequency wij

coefficient of the term in a_, with frequencr
vector from the earth-moon barycenter to the center of the sun
vector from the center of the sun to the center of the earth
vector from the center of the earth to the satellite

vector from the center of the sun to the satellite

vector from the center of the moon to the satellite

radius of the circular reference orbit

unit vector along R

time

correction time

uvrbital injection velocity

horizontal component of V

radial component of V

reference orbital velocity

orbital cootainate system

nonrotating earth-centered coordinate system

orbital inclination to the ecliptic plane

orbital inclination to the equatorial plane

orbital inclination of the reference orbit to the ecliptic
plane

angle between the x_ and r when a, is zevo
orbital injection path angle
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orbital correction velocity

horizontal component of 1N

radial cowponent of AV

radial displacement of the satellite from the reference orbit
desired value of §r at time t
desired value of 8r' at time t

steady-state value of §r

initial value of 6r

initial derivative of 8r with respect to eo

amplitude of the orbital frequency component of &r

current value of §r at time ty

current value of 6r’ at time t

angular variation of the earth from its mean motion

variation of orbital inclination from a

variation of vy from its reference orbit value

angular variation of the satellite from the reference satellite
desired value of 80’ at time t
steady~-state value of 86
corrected value of 86’ at time t
variation of the moon from the mean motion

initial value of d66/d9o

amplitude of the orbital frejuency component of §6
value of 86 at time t

1
current value of 86’ at time t,

PN

variation of ¥ from that for the reference orbit, Wo
variation of w, from its reference value, eo
eccentricity of the earth's orbit

eccentricity of the moon's orbit

solar longitude ”
longitude of solar perigee
initial value of 8

mean orbital angular rate of the earth

AT AN e S

satellite orbital angle measured from the ascending node in
the ecliptic
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0(0) = initial value of &
em = longitude of the moon

emSO) = {nitial value of em

emo = mean orbital angular rate of the moon
8 = longitude of lunar perigee

Bmp(O) » {nitial velue of emp
6 = angular displacemeni of reference satellite in time t

f = orbital angular rate of reference orbit
6 = aqgle tetween r and p
9, = value of 80 at time ty
= {nclination of the equatorial plane to the ecliptic

M.+
mass ratio (‘E Mm)/}im
-rector from the center of the earth to the center of the muon

€ VEE >
]

regression anglé measured from the X, axis to the ascending
node in the ecliptic
y(0) = initial valve of ¥
Qij = normalized solar driving frequency
= normalized lunar driving frequency

W
13
Go = angular velocity of the x,y,z coordinate system relative to

inertial space
w, = component of ;o along the z axis

NUMERICAL CONSTANTS

e ettt Vot

7

ag = 8,0726 x 10" n mi

a - 207,428 n mi
ME/Mm ~ 81.27
)%/ME = 332,958

8 = 281°33' 53"

e, " 0.0172 rad/solar day

e = 0.01674

€n 0.0549

émo = 0.22998 rad/solar day
ém = 0.001944 rad/solar day

p
x = 23%°27
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I. JINTRODUCTION

If the total acceleration of a satellite vehicle relative to the
earth is due to a mutual inverse square law gravitational attraction
between the two bodies, tiie motion of the satellite relative to the
earth is said to be Keplerian. The resulting path is an ellipse with
one focus at the earth's center and a fixed orientation relative to
inertial space. As the satellite traverses this path, its orbital an~
gular rate varies inversely as the square of its distance from the
earth's center, thus masintaining a constant orbital angular momentum.

An actual earth satellite deviates from this idealized Keplerian
motion, since its acceleration relative to the earth is due not onlv
to the earth's inverse square law gravitaticnal attraction but also to
perturbing accelerations caused by residual atmospheric drag, solar
radiation pressure, the nonspherical mass distribution of the earth,
and the gravitational attraction of the sun and the moon. For alti-
tudes up to aicut 100,000 n mi, all of these perturbing accelerations
arz small compared to the inverse square term in the earth's attrac~
tion; however, their relative importance varies considerably with al-
titude., While residual atmospheric drag can result in orbital decay
and reentry for low-altitude satellites, its effect can be neglected

at altitudes above 300 n mi, The magnitude of the acceleration due to

solar radiation pressure is invariant with altitude, depending only on

the area-to-mass ratioc of the vehicle. For low values of this ratio

the radiation pressure effect can also be neglacted.

The accelsration due to the nonspherical mass distribution of the
earth varies inversely as the fourth or higher powers of the distance
from the earth's center and is negligible at distances greater than
50,000 n mi. At such distances from the earth the only significant
perturbing accelerations are thcse due to the sun and moon. However,
their magnitudes, even at a distance of 100,000 n mi{ from the earth,
are less than one percent of the earth's gravitational attraction. A
perturbing acceleration of this magnitude does not seem likely to re-
sult in orbital instability, and an examination of Ref, 1 indicates
a number of examples of satellites at altitudes of the order of

N R R A R ST BRI 26 v ST FNRETTNG
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70,000 n mi that have been in orbit for 8 to 12 years with no apparent
orbital instability.

As the orbital radius increases and becomes comparable with that
of the moon, the perturbing acceleration due to the moon may become as
large as or greater than the earth's gravitational acceleration at times
of close approach of the satzllite to the moon. Under these conditions
the vehicle can no longer be regarded as an earth satellite. However,
it can be shown that at translunar distances of the order of 300,000
to 500,000 n mi, the perturbing accelerations due to the sun and the
moon are again small compared tc the sarth's gravitational attraction.

This report presents the results of a study of the motion of a
satellite in translunar space to see whether a stable earth orbit can
be established at these distances. 1In view of the scarcity of experi-
mental data on transiunar earth-orbiting vehicles, the study is of ne-~
cessity analytical in nature. In Section II che general equations are
developed describing the motion relative to the earth of an object in
translunar space urder the influence of the gravitational attractions
of the earth, the sun, and the moorn. In Section III these equations
are used to determine the variations of the satellite motion froa a
nominal unperturbed circular orbit. A method is develaped for the de-
termination of orbital injection conditions that minimize these varia-
tions and produce acceptable, stable, circular, orbital motion for
several years. In the event that the variatizns from circularity ex-
ceed permissible tolerances, a method is also developed to compute the
required orbital velocity correction and its time of appliication.
Section IV presents the specific concinsions reached in this study in
regard to the feasibility of maintaining tran:lunar orbits éither pas-
sively or actively, while some of the details of the analytical devel~
opment of the orbital injection and correction technique are relegated
to Appendices A and B. The computing programs used are included as
Appendix C, together with a definition of terms and a description of
their operation.
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II. METHOD OF ANALYSIS

STATEMENT OF THE PROBLEM

Tne problem investigated in this report can be stated as follows:
Can an artificial earth satellite he established in a stahle translunar
earth orbit without active orbital control, and, if not, what 1s the
propulsion requirement to maintain such an orbit?

‘iu the formulation of this problem certain simplifications and as~-
sumptions can be made without seriously affecting the accuracy of the
results. The acceleration of the satellite relative to the earth can
be expressed as the vector sum of the following elements: (1) the ac~
celeration of the satellite due to the earth's gravitational attraction,
vhich can be represented as a simple inverse square law variation at
the agsumed translunar distances from the earth; (2) the differen:ial
acceleration of the satellite and the earth caused by the moon's gravi-
tationsl attraction; and (3) the differential acceleration of the sa-
tellite and the earth caused by the sun's gravitational attraction.

The motion of the earth relative to the sun is assumed to be an
elliptical orbit in the plane of the ecliptic with an eccentricity, €ps
of 0.01674, a mean orbital angular rate, 8,, of 0.0172 rad/solar day,
and a longitude of solar perigee, GP,“cf 281°33’53". Similarly, the
motion of the moon relative to the earth is also assumed to be an el-
liptical orbit in the plane of the ecliptic* with an eccentricity, €,
of 1.0549, a mean angular rate, émo’ s£ 0.22938 rad/solar day, ard an
advance of perigee, émp’ of 0.001944 rad/solar day.

It should be noted that in this representation the initial posi-
ticns of the earth and the moon in their orbits, as well as the initial
position of lunar perigee, are independently adjustable rather than be~
ing interrelated through an ephemeris. This facilitates the study of
the effect of the initial geometry of the sun, moon, and earth on the
sutellite so that the results need not depend on the particular geome-
try that may exist on a specific launch date.

*
This ignores the 5°33’ inclination of the moon's orbit te the
plare of the ecliptic, since fts effect on the satellite orhit is small
enough that the additional computation involved did not seem warranted.
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In Fig. 1 the vector relationships of the sun, earth, moon, and
satellite are shown schematically. As indicated previously, the sun,
moon, and sarth are assumed to lie in the plane of the ecliptic; how- 3

ever, there is no such restriction on the satellite.
The coordinate systems used in the formulation of the equations
of motion are shown in Fig. 2 where the Xy 1Y 02, 8%28 define an earth-

centered coordinate system with no rotation relative to inertial space.

The X Yo plane is the plane of the ecliptis and ihe %, axis is in the
direction of the first point of Aries. In this coordinate system the
sun and moon are in the direction of the lines 0OS and OM in the XY,
plane making ang1e§ cf ©® and em with the x, axis, The x,y,z axes define
an earth~centered coordinate system which moves in such a way that its

x axis is always along the radius vector r between the earth's center
and the satellite, while the xy plane is the instantaneous orbit plane.
The orientation of this system relative to che X 1Yy02, system 18 speci-
fied by three angles, ¥, a, and 6. The angle ¥ is the orbital regres-
sion angle measured from the X, axis to the line of nodes ON at the
intersection of the xy and XY planes, while a 1is therorbital inclina-
tion angle between the xy and xoyo‘planes and 8 is the angle between
the x axis and ON measured in the xy plane,

The nine direction cosines relating the unit vectors i,?,ﬁ of the
orbital system to the unit vectors Io,fo,ﬁo‘of the noarctating system
are given in Table 1 in terms of the angles ¥, «, and 6.

In addition, it 1is convenient to define two unit vectors ?1 and Im
in the direction of R and p, respectively, These can be expressed as

o RO O sl ot

N

LY SR

- i *
=1 cos 9+ j, sin 6 (1)

. . N T e R -« .
e T % N SR v WY

5

- . ”
Im =1 cosd +3 oin@ 2)

where the angles @ and 6m are tie solar and lunar longitudes.

LR R N N
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It is agsumed that R and RE are narallel,
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Table 1

W &

A DIRECTION COSINES

(] jO kO

o A p

n "
Vian FRee 23 3 ded]

1 cos 6 cos ¥ cos 6 sin V¥ sin 9 sin «

[E NPT

~ 8in 0 cos a sin Y !+ sin 0 cos a cos ¥

S

3 - 8in 8 cos ¥ - 8in 6 sin ¥ cos @ sin a

- co8 8 cos a sin Y|+ cos 06 cos aa cos ¥

=

8in a sin ¥ - 8in a cos ¥ | cos a

FORMULATION OF THE EQUATIONS OF MOTION

General Equations

The acceleration of the satellite relstive to the earth can be

expressed in vector form using the approach of Ref. 2 as follows:

: ! | = My _ .2(‘53- - - -
4 ; r'-j-z-—i-!e- T 1-3(1't1)r1

[ o
7 T

CRoageitbat eacrb it

. S A s o VAT S BT PV KA AR IS A s T NS

-

A 22
p ) &\ 3 3 !
: ) e p2Of R0 T ~2_12 3 :
L (o) r31+ 1_3 r"n & :
y n n

A

.
R A L T

.uhere G = universal gravitational constant
!iB = mass of the earth

§ ATRAR e &

: . !(- = mass of the moon
z w= (ME + Mn.‘ma
g a = semimajor axis of the earth’s orbit

it A2 LA R

s, = seaimajcr axis of the moon's orbit

. The principal difference tetween Eq. (3} and the corresponding i
result given in Ref. 2 as Eq. (B-37) is that the last term in Eq. (3)
is an exact expression for the differentfal acceleration of the satel- ‘
1lite and the earth due to the moon, since the linearizatfon of this
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term used in Ref. 2 is not valid for the geometry of the present
problem. However, the linearization of the corresponding solar term

is still valid even for translunar orbits. t
3

In addition, the inclusion of the eccentricity of the orbits of é

the earth and the moon introduces the fa~tors aEIR and au/o which can %
be determined as a function of time by the following equations: ‘
;E--l-i»ezcos ® - 8p) )

. :

el 1+ ¢, cos (On-o-p) (5) 3

{

vhere ;
. é

(] 2 3

Q= (1 2)3 5 [1 + g cos @ - ep)] (6) i

T g

é 3
: 0 - 2 F

0- » (1 » e2)3 5 [1 + ¢, cos (8’ 0-’)] . (¢))
: ™

GP and O‘P being the longitudes of solar end lwar perigee.
In addition the ratio p/r_ is given by the relarion

g—;c[1+f;--3-"-(io‘i)]~ (B

The satellite acceleration can also be expressed as

= 2
Gl e RRLCE AR R
t

i [26,8) + w606, Dl

+ ;- 1 E PG, D]+ x D (-‘-,-i)fi )
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vhere ;'o {s the angular velocity of the x,y,z system relative to in-

ertial zspace. The components of ;o that appear in Ea. (9) are as
follows:

{;‘,'-i) =g cos 6 +Y 5in a sin @ (19)
(;lo‘i) « -a 5in 6 + ¥ sl a cos 8 11)
(5K} = 6+ ¥ coe a Qa2)

However, it can be shown that if the xy plane is the instantaneous

orbital pisne, then (;o-':i} must be identically zere. Thus, Eg. (9)
Secoues:

Te & _ :(.’.O-E)z i+ ‘.-1?:—:' [r2<;°-i)]3‘ +r@ DG OE (13

Cosbination of Eqs. (1C) and (11) with the three equations obtaincd
by equating cowponents of rqs. (3) and (13) resuits in the following
equations of motion for the satellite '

L S I S e £ .1
——;—- “’z - --r—z-—-- 1'8‘2,(;"')j ) O 3(:1‘1)27

de
o> 33 3
no ‘! 1 - -
-r T(;-) ﬁ-i + (1 - 5’)% (1-°i) 14)
| ] n
2:2
é_ ,2 2:2 (PN - - - - TO/8\] 3\, _ _
TRt ») =3 9:(‘—) (ryD(x,°9) - " (b— (1 - 3 )’; -9
% Q1s)
.2 \ -
. . 3 _ &% savd 3\ i
Tu 3in ¢ = sin 39:(;'-) (ry D)z %) - "?’(35) (1 - -:3-)% A, J
. 16

AR S 51 |
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) YA L %0 [ *m 3 03 0 - = .
wwy = cos 0 IRCAT) DO = SF T - 3 e Gu) @D
m
= w, - ¥ cos a %)

Variational Equations

A considerable improvement in computational accuracy can be
achieved if the equations of motion are expressed in terms of the
variations of r, W, 6, ¥, and o from their correspording values
along an unperturbed Keplerian reference orbit., Since there is no
apparent advanctage in selecting an eccentric reference orbit, it

can be specified as follows:

T=x (19)
w, = éo (20)
6 =6, (21)
y =0 (22)
@ =0 (23)

3 1/2
§ = |—Eaj In l‘_.:._l_) (24)
o 3 mo| .3 M
r r
0 o

In addition, it 1is also convenient to use 60 rather than the time,

t, as the independent variable where eo is given bv

G e M R & R e L R e A
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and represents the change in central angle along the reference orblt

during the time, t.

The dependent variables r, W, 8, ¥, and a, can oe expressed in

terms of their variations from their reference orbit values by the

following relations:

<o

whe:- ,(0), ¥(0), and a2(0) are the initial values of 0, ¥, and «

=06 + 08(0) + 66

¥(0) + &y

a(N) + Sa

when > fand 60) are zero.

Similarly the angles @, 6

m

%
8 =6, +a0)

eO

+ 80

(26)

27

(28)

(29)

(30)

31

(32)

(33)

, and emp can be expressed in terms
of the independent variable eo by the relations

(34)
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mno .

0 = : 0, + em(f)) + 60, (35)
(o]

Onp = o+ omp(o) (36)

0

where ©(0), 6 (0), and e (0) are the initial values of ©, @ n’ and

emp. The quantities 0 and 69 are the angular variations of the sun

and the moon from constant angular rate motion relative to the earth.
Substitution of Eqs. (26) through (36 into Egs. (14) through

(18) results in the following variational form of the esquations of

motion.

e- ,a 8* ,a \3[.3 3
of E - . _.mcf myip ~P_\2 (7 .3
éZ(R ) l.l 3(rped) ] 42 (o ) e ! ) (U b t
o u (o] m m 3
{37; P
d (Mz) 2 < 6wz> d [ér 3é§ ag ¢ 3
S 14 - )0--.—-'( )(r 1) (x,*3) : -
deo 3 (1 + 6r) 8 deo T, 62 R 1 1
o r o °
(4]
efw a\3 23 0 5.3 i 5
ué T
o) m
4486 . Gwz __8in 8 cos a
d6 . Sw
°o 8 1+ -——E sin a i
8o g
.2 .2 L
B” ,a,\3 ) a 3 3 3
| =S(E) G DEB -2 (-5 ) deb] o9
92 R 1 1 2 3 )r " 3
ne 9 1
o meq 3
3
J
,

PR SR N S

e
b
74
;
L s



Py

>

e
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déy sin 6
de Sw
° « =2 ) gin a
0
)
3é§ (%‘)3 - é:lO( m)3 o3\p - --l
*137 \R/ (D (ry 0k EVAY YA Ll b (im.k)J (40)
8 ub g
) o m
déa cos8 9
de Sw
° (1""7"{)
<]
a
.2 2
w a 3_ - - 6 a \3 3 - -
x w,-,-‘-’-(;ig) (ry-1) (x; k) - "%‘(5‘@) /1 '2-3- %(im'k) (41)
9; : ueo rm

where the dot products are given by the expressions

(L °%) = cos 6 cos (¥ - ) - cos a sin 8 sin (Y - 8) (42
(1 °3) = - sin 6 cos (¥ - ) - cos a cos 6 sin (¥ - 6,) (43)
(1 *k) ~ sin o sin (¥ - 8,) (44)
(r;°3) = cos 6 cos (¥ - 8) - cos a sin 6 sin (¥ - 0) (45)
(;1-3> » ~8in 6 cos (¥ -~ @ - cos a cos 6 sin (¥ - @)  (46)
(t; k) = sin a sin (v - @) (47)

Finally, the values of 8@ and sem can be obtained from Eqs. (6)
and (7) after substitution of Eqs. (34) through (36) to give
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ase O ) [L+ eg cos (@ - %’]2

de | éo (1 _ ei):alz

1 (48)

: 2
dGOm emo [1 + €, COS (em - emE?] )

EC 5 (1 _ ei):x/z

1 (49)

Equations (37) through (41) represent the complete equations of
motion applica’ le to satellites in translunar orbits. They consti-
tute a set of five coupled nonlinear differential equations in the
variables ér, Gwz, 80, 8¥Y, and 8a as functions of the independent
variable eo. It should be emphasized that this formulation puts no
limitation on the magnitude of any of the five dependent variables.

Determination of the orbital motion, in view of the nonlinear~
ity of the equations, requires simuitaneous numerical integration
not only of the five equations of motion but also of Eqs. (48} and
(49) to determine the values of 80 and 66m as a functiocn of the in-
dependent variable eo. While this can be done, it is found that cer-
tain approximations can be made that markedly reduce the solation
time without any significant change in the nature of the results.

Uncoupled Equations

Equations (40) and (41) describe the part of the motion that re-
sults in a change in the orientation of the orbital plane, while Egs.
(37) through (39) determine the motion in the orbital plane that re-
sults in changes of size and shape of the orbit. While these two
types of motion are not completely uncoupled, the coupling is weak
enough so that the motion of the orbital plane can be treated sepa-
rately by ignoring the effects of ér, &6, sz, aad Sa on the right
side of Eqs. (40) and (41). With the additional assumption that €n

and ¢, are zero, these equations become

E
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K } do = gin 6 "e‘—z" (rltl) sin (Y - @) - -y 1 - —3->-——- gin (V¥ - em)

k v
. o

= déu 3é§ - 3 %m0 ai *n
. E = cos 8 sin a(0) | w5~ (ryeD) sin (¥ - @) - —5 (1 -3 |7 sin (¥ ~ 0 )
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SR

(51)

These equations can be integrated numerically along with Eqs. (48)
and (49) to determine the variations in the orientation of the orbital
plane as given by ¥ and Sa. It is found, as will be shown in the sec-

tion on results, that the solution for 8¥ consists of a secular term

I MR 3o B A

e FPOEEAL AT

i with small oscillatory variations superposed, while Sa can be repre-
3 sented by a small negative bias term with small oscillatory terms
:, r superposed.
In a similar manner, the variation of the in-plane motion can
: also be determined independently by replacing a with its reference
’g ; value, a(0), and ¥ with itc secular variation in Eqs. (37) through (39).
:Q y These equations can also be integrated numerically along with Eqs. (48)
and (49) to give the in~plane variations of the motion as specified
by 6r, 66, and sz.
The in-plane motion can be further simplified for two special
cases Ehat are of interest, namely when the orbital iaclination to
; ‘ the ecliptic is either 0 or 90 deg.
: If a(0) is equal to 0 deg, the orbit lies in the plane of the eclip-
;i t tic and the line of nodes, ON, in Fig. 2 is indeterminate. As a re-
] sult, the angles 8 and ¥, as well as their variations &6 and &Y, are
! also indeterminate. However, the sum of ¢ and ¥ is determinate and
represents the angular displacement of the satellite about the zarth's

Pt

% center measured from the X, axis, If his ang.e is defined as y, then
; 3 by Eq. (18) y is equal to w, and Eq. (39) reduces to an identity,

P £ while Eqs. (37) and (38) become

B M SNARE A € OV RS RS I
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r
46 " D
o
°2
2 @ 3
dsy iél) __o(ir:_)[ } . ]
x (2 Sg- + (de 12 \X 1-3cos” (y~©)
o
-—.-“19-(-?-“-3)3 -934- 1-93- -e-cos( -8) (52)
62 P r3 r3 r Y m )
o m m

3
:z? ( h) (1 . ) (6:) ; _23_:_% (;E) sin 2(y - @)

62 3
mo (‘m) o2\e

+ 3 -6— il b= sin (y - em) (53)
e | T

Thus the in-plane motion 1is completely described by solving
these equations for 6r and 8y, since 6 and ¥ no longer occur sepa-
rately in the equations.

1f @ is 90 deg, then by Eq. (18) 8 1s equal to W, and Eq. (39}
again reduces to an identity, while Fqs. (37) and (38) take the form

2
dﬁe d66) - ._Q(‘E) (1 -3 c032 o co»2 9)

@ hyle @ e

*2 \R
o
9 3
- m; -—“-‘- L-&- 9—5’ gcosecose (54)
r T
o m m’
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P

2 3
2 ¥ sa
de ( Sr (1 + 90 ) do \r NVACY sin 26 cos” @
1 + — o 2

a 3
o m -2_1]2
+ ( ) 1 313 sin 8 cos em (55)
m

Thus the in-plane motion can again be Jescribed by solving Egs.
(54) and (55) for the variations 8r and §o.

L SEEEASLSS AT L 7R B wd PRt S A2 eF e

[P

et & ekl T O e Lt T e

P

PR PR YIS T




T ey T

ok Al il it

bty il

e

s as
b

ol st

pcup

rn @ "
SRR IS

WA AT 0] AR Y

E
:

i

-18-

1X1. RESULTS AND DISCUSSION

SELECTION OF A REFERENCE ORBIT

1f the orbit of a satellite about
1g necessary that its acceleration due to
attraction be large compared with t
the satellite and the earth
Thus an e:amination of
function of distance from the earth,
selection of the orbital radius of the re
the orbital variations are to be measured.
acceleration of the satellite and the earth
when the satellite and the mo
_earth’s center A=1).

maximum accele

i |a
R N r
n

where the eccentric
The ac
the expression

Ae =~ 2

Thus the relat
as the ratio of A__ to AB as follows:
nr

3:2 3 3
ﬁ!—t— - .--———-----r am f-! & 1 - -.-.- :—-
Ap u(?!g r3 r; r
n
Since e mo 1s given by the relation
»

he different
caused by either the sun of the moon.

An examination of Eq.
ration is along r and has a magnitude, A .

Mole™e

the magnitudes of these accelerations,
should give some basis for the

{arence orbit from which

the earth is to be stable, it
the earth's gravitational
jal accelerations of

as a

The maximum differantial
due to the mocn occurs

a
2
r

celeration of the satellite by the earth, Ag

{ve importance of the lunar effect can be de

on have a common direction from the
(3) shows that this

, given by

R M A T o 3 & A
o b4 CIFIG ST RIS S ATRINTS T e T ST e s s -
S TR SRS o T, VYT

(56)

ity of the moon's orbit is neglected.

, 1s given by

N

termined

(583
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uGM
'2 "
0, = 3 (59)
&
™
Eq. (58) becomes
A M tz(t -a) 2
B , n — L 4+ .1_'.5. (69)
AE ME T a”
m n

For 1 equal t> I-, r, is equsl to the sbsolute value cf (r - a ) and
Eq. {(60) can be written as

Anr H‘ r2 rZ
W9 + — (61)
AE "E . (r - an)

vhere the plus sign applies if r is greater than a and the minus sizn
for r less than a.

Similarly, the maxizum differential acceleration of the satellite
and the earth due to the sun occurs when the directions of the satel-~
lite and the sun, r:lative tc the center of the earth, ary either the
same or exactly opposite (I = '.-*.;1). In either case Eq. (3) shows that
this maximum acceleration is along r and has a magnitude, As . given by

B e 2L TR T}

oene

PRPTON

o™

&
ASr - 2!90 (62)

-~ &

vhere the eccentricity of che earth's orbit is alsc neglected. Since
i éo is given by the reiation

& s

t A (63

3
E

the ratio of ASt to ‘B can be expresszed in the form

vy

A 2 3
i p ﬁ}(i;) (64)
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3 Figure 3 £8 » plot of {
1 the absolute values of the $
20 =TT two ratios given by Egqs. (61) ~§
{, : A and (64) as functions of the i
5 i - distance from the zenter of ‘
E . AR the esrth, it is seen that 3
. s 1 T : + —t - :
Er. ! oo at distances from the earth
5 5 - up to 100,000 n mi the eolar 3
;. % [ and lunar effects are less
] o ‘ i - - than one percent of the earth's §
g i o gravitational sttractioz. t
- A In the vicintty of the moon :
os _1: i i // (r = 207,428 n m1) the lunar
: 5: \ g/w-_:j"’ % effect becomes dominant and
1 1 i can csuse drastic chages in P
3 :’ éé/)\ _>£'A ’{d::‘/ the natu~e of the sateliite's -f
o B e m X5 P % motion relative to the earth. ; ,
Fig. 3— Normalized solar and lunat However, av translunar dis- E
: ¥ pestebing aceclerations tances the lumar effect passes §
: through a minimum at 400,000 g ,
n mi, whife the soiar effect L
_ continues to increase as the cube of the distance from the earth. Con- ; j
. sequently, there {s a raage between 300,000 sad 500,000 n uf within % 4
which both the solar snd lunor effects are less than 15 perceat of the 3
5 earth's gravitational attraction. Beyond 500,000 n mi both the solsr 1
g and th. lunar effects continue to increase in impcrtance with the solar % :
3 effect beconing dominant at a discance of sbour 2,000,000 n mt from :
i the earth. i
E As_a result, if stable translunar orbits are possible, their or- ’ £
bital radii should be between 300,000 aud 500,000 n wi {f the solar and
lunar disturbances sre to be minimized. While orbits with various re-
E dii vithin this range vere examined, most of the data obtained is for :

a nominal 309,0%M-a mi orbital radius. The selection of 300,700 n ai
is predicated on the fact that although the maximm lunar d{sturbance
at this diatance is 15 percent of the earth's attraction, this occurs
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only during close approaches of the satellite to the moon. During the
rest of the otbit the average lunar effect is of the order of 6 percent

3 vt S RPRIT IV IRy

or about twice the average solar effect. Thus 1f the frequency of oc-
currence and the duration of these close approaches of the aatellite
to the moon can >e appreciably reduced h> a suftalie choice of the or-
bital orientu;ion. then the average idisturbance due to the moon can be
reduced end the possibility of a stable ortit enhanced.

Thus the Tefersnce orbit used for most of this study is a circular
orbi: with a radius of 300,000 n mi and a peried of 47.8 days. The
variation of this orbital period with orbizal radfus ir the translunar
region is shown in Fig. &.

e ; : / ONMPUTATIONAL PROCEDURE
?
© z }, In the previous section,
by it wvas shoun that s range of
"» : —
: /5/ transiunar distarces exists in
x 1;* which ke luner snd solar ef-

VORI P00y, SRR PN IO M 0 PRRM YIS 1 7 (VI Y %

fects are minimized relstive
to th: earzh's attraction.
Rowever, 1t 1is still necessar¥

T S

[OUEEVI QP e T ]

CING parind (deyri
| 4

© : to determine vhether, wnder
3 o / * the influence of these resid-
? a/ g : ; | usl disturbances, a suitsble
i stable orbiZz can exist. This
-~ —- _: et involves the solution of the
oL ‘ 1 : i i i} equations of wotion derived
Ot ratae < et 19 =t in Sectilon II. In view of the
Fig. 4— Oebital pegiod as 2 Seactivn of nonlinearity of these cquatiors,
otdhal radias it is obvious that the soluticn

mus? be ohtained vy numerical
integration. This is accomplished by prograsming the equations for
*
solution on the JOSS cosguter using & fourth crder Ruage-Kutta

*
JOSS is the trademark of the remote console, tiwe sharing coe-
puter .ystem developed at The Rsnd Corporstion.
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integration procedure. Initially, the completely general equations

as represented by Eqs (37) through (41) were programmed. However,
this involves the simultaneous integration of these five equations as
well 1s Eqs. (43) and (49) for the motion of the sun and the moon, and
the solutica time 1s found to be excessive, If the uncoupled form of
the equations of motion is used, then the determination of the motion
of the orbital plane involves the integration of Eqa. (50) and (51) to
obtain &Y and Sa, as well as Eqs. (48) and (49) to obtain 40 and eem.
The in-plane motion is determined independently by integrating the un-
coupled forms of Eqs. (37) through (39) to obtain §r, 6wz, and 46,
Comparison of the 1esults obtained from the uncoupled equations with
those from the more general form shows no significant difference in
the nature of the orbital motion. Thus, the uncoupled form of the

equations 1s used in all cases.

MOTION OF THE ORBITAL PLANE

Motion Relative to the Ecliptic Plane

An examination of Eqs. (50) and (51) shows that the right~hand
side of Eq. (50) averaged over 60 has a nonzero value, while s similar
average cf the right side of Eq. (51) is zero. Thus, when the two
equations are integrated, &Y exhibits a secular variation with small
oscillatory variations superpnsed, while §a undergoes small oscilla-
tions about a small negative bias, Thus, to a good approximation, the
motion of the orhital plane can be described as a slow regression of
its line of nodes in the plane of the ecliptic, while its inclination
to the ecliptic remains constant, Figure 5 is a plot of the regres-
sion perind as a function of orbital inclination to the ecliptie for
a 300,000-n mi orhital radius. It is seen that the period increases
monotonically with inclination heving a value of about five vears at
0 deg and becoming infinite at 90-deg inclination to the eciiptic.
Thus for a 90~deg inclination the line of nodes simply executes small
angular oscillations about & fixed directicn in the plane of the eclip-
tic. To give some idea of the variation of regression period with
altitude, several points are shown in Fig, 5 for an orbital radius
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Onbital incliaohion to the ecliptic (deg)

Fig. 5-— Regression period as a function of
orbital inclination

of 400,700 n mi, It is seen
that for a given inclination
the regression period decreases
with altitude, particularly at
higher values of orbital in-
clination.

In Fig, 6 a plot of the
bias of the orkital inclina-
tion angle is shown as a func-
tion of the nominal inclination,
a(0). The bias also varies mono-
tonically from a value of ~ deg
when a(0) is zero, on t a value
of about -2.5 deg when a(0) is
equal to 90 deg. As in Fig. 5,
several points are shown for
an orbital radius of 400,000
n mi and it is seen that the
magnitude of the bias increases
with altitude, Since the am-

plitudes of the oscillatory terms in both §Y and §a, as well as the

steady-state regression rate appear to be bounded, the resulting mo-

Oxbiral inclination bias (deg)

-5
-4
e 300,000 6 mi orbit
X 400,000 n mi orbit )
-3
/——
2 L
3
-1 - //
0

0 10 20 k. «© 20 & R ] 90
Orbim) inclinotion to the euliptic (deg)

Fig. 6—Orbital inclination bias as a
function of crbital inclination

tion of the orbital plane does
not constitute an orbital
instability.

Motion Relative to the
Equatorial Plane

In the case of earth sat-
ellites, the earth's equatorial
plane, rather than the eclliptic,
is ordinarily used as a refer-
ence relative to which the mo-
tion of the orbital plane is
determined. If this is done in
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the case of the motion described in the previous section, it is found

3 that neither the orbital inclination nor the regression rate of the

node remain constant in this equatorial reference system., As an example,
J an orbit that is initially in the equatorial plane is inclined at an

3 angle of 2327’ to the ecliptic. From Fig. 5 the regression period of

3 the node in the ecliptic 13 6.7 years; thus after only 3.35 years, the

S ap e

orbital inclination relative to the equatorial plane would increase
from 0 deg to 46°54’. The orbital inclination to equatorial plane

can vemain constant only if its orientation relative to inertial space
remains constant, This condition is satisfied if the orbital inclina-
tion to the ecliptic is either O or 90 deg, If the inclination to the
ecliptic is 0 deg, the corresponding inclination to the equator is
uniquely determined as 23%27’. On the other hand, if the inclination
to the ecliptic is 90 deg, then the corresponding inclination to the

LGN

equatorial plane, s is giveu by the relation

; [+
: cos G

= cos ¥Y(0) sin A (65)

where ¥(0) = steady-state position of the line of nodes in the ecliptic
A = angle between the equatorial plane and the ecliptic.

: Thus, with a 90-deg inclination to the ecliptic, the constant equato-

E rial inclination may have a value anywhere from 66°33’ up to a 90-deg

g polar orbit.

g Although it may not be necessary to hold a fixed orbital inclina- §
5 tion to the equator, it does appear that an inclination c¢f 90 deg to
3 the ecliptic has certain advantages in minimizing the variations of i

; the in-plane motion resultirg from close approaches of the satellite
: to the moon. This is discussed further in the next section. f

o

3 Preferred Orbital inclination

; If a satellite is in & nominal 300,000-n mi orbit, Fig. 3 shows
that the maximum perturbing acceleration due to the moon is 15, per-

3 cent of the acceleration due to the earth. This maximum acceleration

occurs whenever the satellite and the moon are in the same direction
relative to the earth, At this time the separation of the satellite
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and the moon is equal to the difference of their orbital radii, 92,572
n mi, i1f the eccentricity of the moon's orbit is neglected. If the
sateilite's orbit and the moon's orbit lie in the same plane, then one
of these close approaches occurs each time the moon gains one complete
revolution relative to the satellite. This occurs with a periodicity.
of 63.47 days corresponding to the difference of the two orbital angu-
lar rates. The variation of the radial component of the moon's per-
turbing acceleration during one of these close approaches is shown in
Fig. 7, which is a plot of the lunar term of Eq. (52) as a function of
time, where zero time occurs at closest approach.

If the satellite's orbital plane has an inclinzation of 90 deg to
that of the moon, a close approach to the moon can only occur at the
two points of intersection of the satellite orbit with the plane of

o me e e e

the moon's orbit. If the orbital periods of the moon and the satel-

lite are incommensurate, the probability of a close anproach is much

' -2 — | T
; 300,000 n mi orbit 300,000 n mi orbiet l
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less than in the previous case where it could occur at any point along
the satellite orbit.

However, if both the satellite and the moon do arrive at the line
of intersection of the two orbital planes simultaneously, then the vari-
ation of the radial component of the perturbing acceleration with time
is shown in Fig. 8, which is a plot of the lunar term in Eq. (54). It
is seen that although the peak acceleration i3 the same as that in Fig.
7, the width of the peak i8 considerably less. Thus, the tatal impulse
as measured by the area under the curve is less. In addition, Fig. 9
shows the effect on this acceleration peak, if the arrival of the moon
at the intersection differs from that of the satellite, If the moon ar-
rives earlier than the satellite, the peak occurs slightly before the
satellite reaches the intersection and the height of the peak is reduced.
The height of the peak is similarly reduced for a late arrival of the
moon, but it occurs after the satellite has passed the intersection.

On the basis of a comparison
of Figs., 7, 8, and 9, it is
evident that the perturbing

-.20

B |

300,000 n e~ orbt

S

‘ acceleration due to the moon

{.
N
VeSS

is less severe for the 90-deg

PR S,

inclination. Thus, in the in-
vestigaiion of the in-plane

motion described in the next

§

§

R Y i section, the principal er .ha~

i | \E‘\. : sis is on orbits with this in-

4 5 . H

3 ;\}\\\ clination to the ecliptic.
(X0

-05

MOTION IN THE ORBITAL PLANE
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Time (3ays) The undisturbed in-plane
Fig. 9— Variation of lunar acceleration motion of the satellite along
with diff2rence in asival time (90° the 300,000-n mi radius refer-—

orbital inelinati n) ence orbit has an orbital ve-

locity of 2774.4 ft/sec, which
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results in an orbital angular rate of 0.13142 rad/day and an orbital
period of 47.81 days. The orbital inclination of 90 deg to the eclip-
tic precludes any significant change in orientation of the plane as
shown previously. The actual motion is determined relative to the
reference satellite by numerical integration of Eqs. (54) and (55)

for ér and §6, which represent the radlal and tangential displacements
of the actual satellite from its reference. At the same time, inte~
gration of Eqs. (48) and (49) determines the motion of the sun and

the moon relative to the earth., The input data required include the
initial values of @&, ©, em, §r, dsr/deo, and dGe/deo, the initial val-
ues of 86, %0, and cem being equal to zero. The equations were inte-
grated with a 0.5-day integration step size, while the result is
printed out at one-day intervals. The basic output ¢of the program
gives, as a function of time, the quantities Gr/ro, 56, and their
rates of change with respect to eo as well as the variations 4@ and
aem. These quantities, together with characteristics of the reference
orbit, are then sufficient to completely describe the motion of the
actual satellite relative to the earth. The description of the pro-
gram is given in Appendix C.

The in-plane motion of a satellite can be regarded as stable if
the magnitude of 6r never exceeds some preassigned value, thus main-
taining a reasonable approximation to a circular orbit. However, the
cost of Jemonstrating any such absolute stahility cf an orbit by ma-
chine solution becomes exorbitant. For the purpose of this report
the in-plane motion is consequently regarded as stable if the magni-
tude of 8r remains less than 50,000 n mi for a vneriod of five years.

As a first step in the study of this stabilityv, it is of interest
to determine whether the resulting motion is sensitive to the initial
geometry of the satellite, the sun, and the moon relative to the earth
as specificd by the initlal values of the angles 6, Q, and emo This
is investigated by varyving the initial value of 6 in steps of 10 deg
for the same initial poaitions of the sun and the moon. The initial
values of 8r, d6r/d6°, and d60/d6° are set equal to zerc with the re-
sult that in all cases the orbital injaction conditions are those of
the reference orbit.

BT T i At et e




~28~

An examination of the resulting orbital mot:ion shows a signifi-
cant variation depending on the position of orbital injection as speci-
fied by the initial value of 8., In Fig. 10 the wvariation of the radial
deviation, 8r, from the reference orbit is showm as a function of time
for two cases in which the only difference is an infitial value of 190
deg for 6 in the upper curve and a value of 20 deg in the lower curve.
f These two curves are roughly the extremes of the types of motion that
ff result. In the upper curve representing the worst case, an oscillation
in &r develops, reaching in amplitude i{n excess of 50,000 n mi within
250 days, while the frequency of the oscillation is approximately that
of the reference orbit. In the lower curve of Fig. 10, which represents

? (a)

3 +60

4 + A
i ~ 120 B(0) = 190~ VAN BVARN
3 E 4 S N[ [\
: S aolN_ZIN_/ I\ / \_/ i

; o = ~ A4 7/ 7

3 4 -40 \—/— \H

3 g -0

- I 50 100 150 200 250
: -~ Time (da )

: 8
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1 3 o IO B

| g —— ~——~_7"\J
: -20 - N
; ~40
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4 8, (0)=225°

g @ (0)=0

Fig. 10— Effect of initial geometry on orbital stability
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the best case, the amplitude of the oscillation in ér does not in-
crease as rapidly and its periodicity is more ~<omplex, involving os-
cillatione at frequencles higher than that of the reference orbit.

In addition to the radial variations showm in Fig. 10 there are
also tangentizl variations, which in both cases are characterized by
a slow dirft of the satellite ahead of the corresponding position on
the reference orbit, This constitutes a steadv-state increment in
the orbital zagular rate, which can be explained qualitatively by the
fact that the average radial acceleration of the satellite relative
to the earth is inrreased by the presence of the sun ».d the moon.
However, this change in orbital angular rate is not regarded as an
orbital instability, since it dces not alter the shape of the orbit,
On the other hand, the radial variations shown in the upper curve of
Fig. 10 have exceeded the 597,000-n mi stability limit in a little
over 160 days.

If & value of -50,000 n mi for 8t cccurs at the time of closest
approach of the satellite and the moon, the satellite is sbout 42,000
n mi from the moon and 250,000 n mi from the earth. An examination
of Fig. 2 shows that under these conditions the lunar gravitational
disturbance is about 45 percent of that due to the earth as compared
with 15 percent at 300,000 n mi. Such an increase in the disturbing
accelerztion can result in even greater divergence in the oscilla-
tion of &r.

From this discussion it is seen that the resulting orbizal mo-~
tion is a fuiction of the initial geometry of the satellite, the sun,
and the moon relative to the earth., While it is evideat that insta-
bility can cccur, it is not necessarily inevitable. Hopefully, by a
suitable choice of initfal geowmetry and orbital injection conditions,
a long duration stable orbit may be possible.

Long Duration Orbit

If the solution for case (b) shown in Fig. 10 is extend2d beyond
the 250 days, the resulting radicl variations are shown in the posi-
tive time region in Fig. 11. It 4e again seen that an osciliatory
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divergence develops at orbital frequency, and its amplitude exceads
50,000 n mi afcer 471 days. Since the computer has no compunction
about running time backward, it is possible, by using a negative com-
puting step size, tc determine the varistion of §r that would havs
occurred prior to zero time in order to achieve the spacified initial
conditions at zero time. The resulting solution is shown along the
negative time axis in Fig. 11. The magnitude of &r remains less than
50,000 n mi for 1362 days in the negative time direction. The values
of &r, d&rldeo, se, d&ﬁ/dec, %8, and 56  corresponding to any point
on this curve constitute a set of initial conditions for orbital in-
4ection on that day which will generate the curve in Fig. 11 2o the
right of the injection pojat. Thus, 1f a satellite had deen injected
into orbit at time ~1362 days with the initial conditions correspond-
ing to that point in Fig. 11, the resulting ér variation would have a
magnitude less than 50,000 n mi until +471 daye, a2 total interval of
1833 days or 5.02 years, thus satisfying the previous definition of
orbital stability. This procedure of detemmining initial conditions
7equires an accurate ephemeris of the motion of the moon snd the sun
relative to the earth for at least five years in advance of the pro-
i posed launch date. 1In additfon, a considerable smount of computing
‘ time might be required to find a time ir the future from which a stable
orbit could be established over a period including the five-year in-
terval starting from the desired launch time. Finally, even after the
initial conditions are determined the precizion required in vreali-ing
these conditiors so that the orbit would follow the computer versicn
for five yeasrs might be difficult to realize.

Determination of Initial Conditions

It fs found that by making ctmall changes in the orbital injection
conditions from those corresponding to the reference orbit, consider-~

R TP

able improvement in the resulting orbital motion can be achieved.

Py e

However, the use of an empirical cut and try mertod to improve the
injection conditions is rather uncertain and ‘xry time consuming.
While the specification of the optimum initial conditions for

hbtr e A

the complete nonlinear equations of motion is verv difficult, it is
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possible to make use of the linearized form of these equations for such
a determination. 1If the higher order terms in Bqs, (54) and {55) are
neglected, the result is the following set of linearfzed equations:

2 e
%(%)-3%‘--2%—:—0----;%(l-scoszecosze)
d9 o ) o 0
o (]
22 3 3
8 a a_ \s
-0 1R 1--2]2cos b cos® (66)
213 3)r n
ué I4 ) o [}
olLm n
3/ '2 3
v 2 )¢ ] s \a
2"“4: (%5- +-——-d§°--—-.‘2’sir;20cosze+% 1--';’ }‘-"'ﬁ"c""‘
o\Vo de 20 ué T o
o o ° b 67

where the eccentricity of the orbits of the earth and the moon are ig-
nored. In addition, it is assumed §0 remains ~.all so that it can be
neglected on tihe right side of Eqs. (65) and (67). ’

Appeftdix A shows that the terms on the right side of Eqs. (66)
and (67) can be expressad by a series expansicn as follows:

n+ln+l
o

=2 3 3 o
L) F a \a
mo{m nlm
--;-é—z- :-3-+ 1--:5 -;;conacoae- -Z E pucoo(io-i-jo.)
52 .3 . n°+1 n°+1
no alm
;3-2 1- -;-3- ;o- sin 0 sin 0'!l - Z E qij sin (10 4 jﬂ.) (69)
o n 1=0 je-(n °+1)
*2 2 2
- ;;g- (1 -3 cosz 0 <:os2 9) - Z Z PIJ cos (36 + 39) (70)
o =) ju-2




-33-

=2

S
si-\ 20 cos Q- Z Z Q“ sin (19 + 48) )
2’ f=0 4m-2

vhere the convergence of the series in Eqs. (68) and (o) is exceilent
for s value of 20 for n,.

Substitutfon for ¢, 8, and 0. in terms of oo by means of Eqs. (31),
(34), and (35) transforms Eqs. (66) and (67 to

& {8:) 18z, 880 Z 2 14 <08 {nuo + 16(0) + 18]

=0 =2

u°+1 n °+1

+ Z Z Py o8 [“ijoo + 10(0) + 100(0)]

120  je-(n_+1) (72)

2
4 8:) d’se co Z 2 Qy stn [Qﬂeo + 18(0) + 5960)]

o 120 §=-2

n°+1 n°+1

+ 2 Z qy, sin [“1j°o + 18(0) + j!,_,(o)]

1=0 j--(u°+1) 713



Thus, the driving functions of the equationes of motion are expressed
as summations of sinusoidal terms whose arguments are functions of 60.
By superpesition, the solution of Eqs. (72) and (73) can be ex-

pressed as the summation of the solutions for the individual driving
terms in the form

" Sr 36r°
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ro to o) ) ro o 1 o

O
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(In Egs. (76}, (77), (78), and (81) the summations do not include
the term for 1 = § = 0 if either wij or Qij occurs as a factor in the

denominator.)

2y 7 Pyyeqy

a (82)
1 wij(mij - 1)
2Q,, - P,.Q
by, = —H AL (83)
Ry405; - 1)
2
ALt T Ui SR UL o
13 wij(wij -1)
2
o = Syl T 2Py * Y 85
"1 Qij(ﬂij -1

An examination of the linearized solutions for 6r/roland dse;deo
given by Eqs. (76) and (77) shows that the choice of the initial con-
ditions* Gro, 6rg, and 663 appear in the constant terms and the coef-
ficients of sin 60 and cos eo but not in the coefficients of the

If these initial conditions are set equal to zero, the orbital

driven solution a

injection conditions are those for the reference orbit. Under these
conditions, Grss, the constant bias term in 6r, is equal to rvo,
while Bo is the steady-state rate term in dGe/deo. The amplitude of
the orbital frequency oscillatory term in 6r/ro is given by

Sr Y
as¢ / 2 2
T \V Al + A5 (85)
; —
* ’ 14
: Crc and 660 are the initial values of th/deo and d(&e)/deo.
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while the corresponding amplitude in dGO/deo is twice this value,

For 6(0) equal to zero the value of this oscillatory amplitude in
Gr/ro due to the lunar terms is plotted in Fig. 12a as a function of
the initial lurar longitnde em(o); Fig. 12b is the amplitude due to
the solar terms plotted as a function of the initfal solar longitude
®(0). The curves are plotted only up to 180 deg, since both are even
f£.mctions of the respective latitudes. The reason for the observed
sensitivity of the orbital motion to the initial geometry of the sum,
moon, and satellite is evident from Figs. 12a and 12b,

However, considerable improvement in the orbitsl motion can be
achieved by an appropriate choice of initial conditions. Since the
development of orbital instability seems to be characterized by the
buildup of a divergent oscillation in &ér at orbital freque ey, 1t
gecms desirable to reduce the initial amplitude of this osciilation
to zero. This can be accomplished in both £qs. (76) and (77) by sat~
isfying the relations

Gro
3 Pram + 266:, - Al (87)
o

Gr;
T "M
o]

(88)

In addition, the assumption that 88 remains small cannot be satisfied
if there 1s a steady-state term in Eq. (77). This can also be made
zero by satisfying the relation

6:0 Bo
Z-r--+ 593-3—- (89)
o

Eque .ions (87) through (89) can be solved to give the desired
ini¢lial c.aditions in the form

&r 2B ~ 3
o__o Al (90)

r k}
o
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Fig. 12—Amplitude of the orbital frequency component of 8¢ due to the
sun and the moon us functions of the initial values of @ and 6
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660 2A1 - Bo {92)

With these iunitial conditions, Eqs. (76) and (77) can be re-

duced to

1
r. " "3 (oo * Foo
n+ln 4+l
o o
+Z Z a,, cos [“’1590 + 16(0) + jem(O)]

i) = (no+1)

2+ b0

2 2
2 2 buy oo [y + 100 + s00)] (93)

1m0 4m-2
Z+4%40

and

no+1 n°+1
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i=0 §r-(n o-i'l)
12 + jz $0

+ 9 D 4y cos [a0, + 1000 + s000)] (94)
1w fu-2

whers the terms of the homogenecus solution present in Eqe. (76) and
(77) are eliminated with the exception of a small biss term in ér.
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It must be emphasized, however, that these linearized solutions
are used only as a basis for determining initial conditions and not
as a substitute for the numerical integration of the actual nonlinear
equations,

Equations (90) through (92) express the desired initial condi-
tions in terms of Al’ A2’ and Bo’ which are all functions of the ini-
tial values of 9, 8. and 8. An examination of Eqe. (79) through (81)
shows that Al, Az, and Bo are each summations of about 480 tems:
these expresions can be programmed for evaluation by JOSS so that
St , Gr;, and 66; can be determined.

As a check on the foregoing analysis the following case is

considered:

Reference Orbit

Orbital radius, r, - 303,000 n m4
Orbital period, To = 48,53 days
Orbital velocity, v, = 2761 ft/sec

Initial Geometry

Orbital angle, 8{0) = 0 deg
Luar longitude, 6_(0) w 40 deg
Solar longituda, Q(0) = 0 deg

Table 2 presents a comparison of the reference orbital injec-
tion conditions and those computed from Eqs. (90) through (92) as
well as the values >f crosc ans S:gs, which should result in each case.

Table 2
OPBITAL INJECTION CONDITIONS \
(Case #1) i

Perameter Reference | Computed

Kadial increment, r, (n wi) 0 21 :
Horizontal veloctiy ?ft/sec) 2761 2860 3
Vertical velocity (ft/sec) 0 -61 4
Osciilatory smplitude, L . (n mi) 22,845 0 b
Steady-szate blas, drgg {n mi) -~20,359 1522 ;

Tals Meadi S vabod
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Figure 13a shows the resulting orbital variation when the refer-
ence orbital injection conditions are used. It 1is seen tha% during
the initial nart of the orbit the bias and oscillatory amplitude are
in good agreement with the values tabulated for Grss and Gr‘mc; how-
ever, as time goes on, the amplitude increases and ezceeds the 50,000~
n mi stability limit after 187 days. In comparison, Fig, 13b shows
the corresponding orbital motion when the computed injection condi-
tions are used, The resulting magnitude cf S§r remains less than
17,000 n mi for 250 days with no indication of an orbital frequency

oscillation, From Table 2 it is seen that this marked improvement

+60
+40 mrl{ g 1. 2161 fi/ £
- Oof1Z. .
so0 b Rad. vl c fi/s AN /A AR\

N " Rad. disp. '\Onmi/\ 7\
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e
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~20 | Rad. vel -61ft/s —
40 Rad_disp. 2l ami
0 50 100 130 200
Time (days)
(b) Corvected
ro = 303,000 n mi
8,,(0)= 40°
9. ,= 0°

Fig, 12— Improvement in orbital stability by alteration
of initiai conditions
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is achieved for an increase of about 100 ft/sec in injection velocity
and 21 n mi in injection altitude.

In the application «f this method of determining injection condi-
tions, there are certain restrictions on the aelection of the refer-
ence orbital radius. An examination of Eqs. (78) through (85) shows
14 13 nearly equal to either 0 or %1 cen result
in very large terms in the summations. Thus it is necessary that r,
be seclected so that the cOftesponding orbital angular rate eo is in-
comnensurate with euo and 85‘ This selection is discussed in moYe
detail in Appendix B.

that values of w,, or 9

Orbital Correction Prozedure

It must be recognized that the initfalization method described
above {8 based on a linearization of the equatfons of motion and its
usefulnees in estabiishing a stable orbit depends on how rapidly tue
nonlinear effects begin tc appear. It is found that the development
of a divergent oscillation at orbital frequency does nst ordinarily
occur until at least a year after orbital injection, and stability
in the sense of not exceeding 50,006 n mi for 8r may last for 2 to
3 years. Hcwever, it appears that even with the initialization proce-
dure, instability can occur in less than five years unless further
corrective action is taken.

Orbital correction can be achie 24 by a modification of the
method used to Jetermine the orbital injection condition at time ¢
equal to zero. If & is the time at which the corrzction is to be
made, then the l.acarized solution in the vicinity of tl 1is given by
the expressions

2 40 2251]-"-0-66: + A + |- 6r1+“' + A cos (8 -~ 8.)
to r, 1 o T, 1 1 c r
1 t=t tet.
L; 1 1
E ﬁt‘i ) Y
3 + ;—--+ Az) sin (e° - 01) + driven soluticns 95)
3 ° tet,

LI car e
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ér dx
40 _ ol 1y g P B (S0 Gy
deo - 3(2 ro + 661) + Bo 2 ( ro + 2561> + Al
t"tl t"tl
6:'1
x cos (Go - 01) -2 ‘r—o-"f' A2 sin (eo - 91)
t‘tl
4+ driven solutions {96)
where
8y = 85t on

wvhile 6r1, Gri, and 60;_ are the variations existing at time tl. and
the values of Ao’ Al’ Az, and B o ATe determined by Eqs. (78) through
f81), also evaluated at tim> t,s. The driven solutions ars the sane
« those appearing in Eqs. (76) and (77), since they are independent
of the value of .

Since oxrbital instabiiity is characterized by a buildup of an
oscillation in both &r and d86/d8_ at orbital frequency, the current
amplitude of this oscillation can be used as a criterion for initist-
ing an orbital correction. This amplitude at time, tes is given by

r 36:1 , 2 Gr'l 2)%
Cro.c "S-\ + 2691 +1\1 + }:-"4' Az (og)

o
(t'tl)

When this smplitude exceeds some presssigned limit the necessity of an
orbital correction is indicated.

Application of Eqs. (90) through (92) at time t gives the fol-
loving set of desired initial conditions:

8r, 2B -2
D-( - 1) (99)
tet

4
° 1
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’

Sr
D
(-4,)

z (100)
o

t’tl

890 = (2A; - B)) ot (101)
As before, if these values are substituted for 6:1/ro, 6r1/r°.
and 661 in Eqs. (95) and (96) the amplitude of the orbital frequency
oscillations and the steady-state term in Eq. (96) vanish.
Unfortunately, this procedure is only possible when the current
value of 6:1 happens to be equal to the computed value of GtD, since
step changes in Grl are not possible. However, sn impulsive velocity
change can produce step changes in both Gri and 561. By changing
these two quantities, it is possible to reduce the coefficient of
sin (eo - 91) in Eqs. (95) ané (96) to zero as well as the constant
term in Eq. (85). The corrected values of 5:1 and 89, are given by

1
5r;
—— = (~A,) (102)
to 2 t-t1
B 8r
r {0 _,_1
cec (3 2 T ) (3103)
t-tl

Substitution of Eqs. {(99) through (102) intc Eqs. (95) aad (96)
results in the following form of the linearized solution in the vicin-
ity of t

p_+P (5: 8r, )
8r 00 0C 1 D
T = ( 3 ) + -3 cos (Oo - 01) + driven solutions

° %o o (104)
$r .34
68 , {-f1,. "o -
16 2 (ro + T ) cos (3 eo) 4+ driven solutions (105)
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Examination of Eqs. (104) and (105) shows that if the current
value 61:1 2quals the desired value GtD computed from Eq. (99), tihen
the linearized solutions are similar to those given previcusly fu
Eqs. (93) and (94) with no orbital frequency oscillatfion and no con-
stant teram in dééldﬂo. 1f 6r1
value of 6‘:0“ i3 equal to their difference,

and GrD are not equal, the resulting

The horizontal and radial velocity changes required to accom-
piish this correction xre given by the relations

. 6:1 l- (1N 6:1 , ’.I
AV'l - roeo 14 T 2 s -;- + (GQD - 631) (196)
o/ \o ) i
8r’ sr’)
» D 1
AV, o 8 |—— - —= {io?
R o0 (ro ro

The correction time t; can b2 determined by computing the val-
ues of th and &rD as functions of time for several days in advance,
thus permitting the selection of a value of tl such that 6:1 snd étn
are equal.

This procedure is applied using values of 303,444 n mni for L
158.8 deg for a.(O), 0 deg for 6(0), and 10,700 n mi for the threshold
value of “osc' The resulting variation of ¢r as a function of time
is shown in Fig. 14, wvhere the positions at wkich ccrrectfons are ap-
plied are indicated by a vertical line. After each correction the
solid curve represents the corrected motion, while the dotted curwe
shtows the motion that results i{f no correction is male.

The initial conditions at orbical injection, as weil as th -e
for the reference orbit, are shown in Teble 3, vhiie Table & shows
the details of the four corrections applied including the time of
application, the horizoutal and vertical components of the welocity
increment, its totsal magnitude and the accumulated magnitude of all
of the increments.

From Fig. 14 and Tabie & 1t ie seen that for s total welocity
correction of 342.6 ft/sec, the magnitude ¢ ® §r remains less than

[y

[ W T
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Table 3
ORBLTAL INJECTION CONDITIONS
(Case #2)
Parameter Computed | Reference |Correction

Orbital radius (a mi) 305,762.4 | 303,444.0 2318.4
Horizontal velocity (ft/sec) 2790.09 2758.59 31.50
Vertical velocity (ft/sec) 9.80 0 9.80

Table 4

CRBITAL CORRECTIONS
(Case #2)

Velocity Increment

Time |Horizontal | Vertical| Tctal Accumulated
Number | (daye) | (ft/scc) | (ft/sec) | (ft/sec) (ft/sec)

1 235.5 3.2 ~56.4 65,3 65.3
2 501.5 -18.8 115.8 117.3 182.6
3 902.0 19.2 -67.3 69.9 252.5
4 1413.5 25.4 86.5 90,1 342.6

25,000 n» mi for a period of five years. This represents an expendi-
ture of 68.5 ft/sec per year.

The choice of a threshold value of 10,000 n mi for the value of
Grosc ot vhich orbital correction is initiated msy seem low in view
of the 50,000~n mi stability limit on &r specified earlier. Rowever,
an examination of Table 4 shows that the majcr part of the correction
is involved in reducing the magnitude of the radial velocity. If the
oscillation at orbital frequency reaches an amplitude of 50,000 n mi,
the maximum radial velocity is of the order of 450 ft/sec and occurs
when ér 1is n2ar zero. Since the correction also occurs when ér is
small, a considerable fraction of this 450 £t/sec is required as a
corrective velocity impulse to reduce this radial velocity. This 1s
more than the accumulated value of 342.6 ft/sec showm in Table 4 for
the four corrections applied in that case. This magnitude of correc-
tive {impuise in itself is not important, if the buildup of the




oscillation is linear. Under such conditions, it is Ssmsterial whather
the orbital correctior is achieved by small velocity impulaes at short
intervala or large impulses at longer intervals, since the sccumulatad
impulise is the sase. However, it is found that the buiidup is not
linear, and thus it 1is more economical to correct more frajuently. In
addition, this procedure results in maximm vslues for &r considerably
less than the 50,000-n mi limit originally specified.
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IV. CONCLUSIONS

On the bagis of the foregeing results and discussion, the follow-
ing specific corclusions can be stated regarding the motion of earth

v:tet " .r at translunar distances frem the 2arth.

0 The existence of stable earth ordits in translunar space seems
more likely st distances betueea 300,00G - S00,000 n mi from
the earth, since in this range the maximum gravitational dis-

turbance due to the sun and the moon is minimized relaiive to
the earth's attraction.

; ] o A value of orbital radius closer to the 300,000-n mi limit ap-
pearg to be preferable, since the average gravitational dis-
turbance duz to the moon is considerably less than its maximum
r during a clcse gpproach of the satellite to the moon.

o The steady-state motion of the orbital plane of 5 translunar
esrth satellite is a slow regression at constant inclination
to the plane of the ecliptic with small oscillarory veriations
in regression rate and inclination superposed. Since the or~
bital planes of near-earth satellites are subject to similar

motions, this cen hardly be regarded as orbital instability.
o The period of orbital regression increasas monotonically with

inclination to the ecliptic, ranging from five years at O deg

inclination to infinity at 90 deg and being relatively ineen-

sitive to the value of orbital radius in the 300,000~ to
500,000~-n mt rangec.

The orbital inclination to the equatorial plane {s not neces-~

surily constant and may vary as wuch as 45 deg in Aintervals
as short as three or more years.

s g S
[+

WA

i
[+]

Th» only conéitions under which the orbital inciination to the
equator can remain constant are those for sn orbital plane in
1 the ecliptic or perpendicular to it.

LA e

¢ An orbit in the ecliptic maintains a constant equatcrial in-
clination of 23°27’, while the corresponding constant inclina-
tion for an orbit perpendicular to the ecliptic mav have any

LAY At e
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value between 66°32’ and 90 deg deperniding on the fixed orien-
tation of its lire of nodes in the ecliptiec.

o The choice of an orbital plane perpendicular to the 2cliptic
tends to reduce the magnitude of the disturbance due to the
moon both by decreasing the probability of a near approach to
the moon and by reducing its duration if it does occur. This
should in turn improve the characteristics of the motion of
the satellite in the orbital »lane.

o Orbital instzbility can develop In connection with the in-
piane motion of the satellite and is charscterized by a di-
vergent orbital frequency oscillsation in the rad{al displace-
ment from a nominal circular orbit.

o By a cut and try approach, initial conditions can sometimes
be found so that the amplitude of the radial oscillations re-
mains Jess than 50,000 n mi for periods as long as five yegrs,

o The orbital injection conditious can be determined in terms
of the initial positions cf the satellite, the sun, and the
moon relative to the earth so that the development of the os-
cillatory instability is delayed for two to three years.

o It is aiso possible, if instability begins to develop, to de-
termine the sagnitude and time of application of an impulsive
veloscity correction to reduce the oscillation.

o Application of this method of crbital correction indicates
that it is possible to keep the smplitude of the radial os-
ciliation below 25,000 n =i for a period of five years at sn
expenditure of 58.5 ft/sec per year in velocity impulse,

To summarize these conclusions, it appears that although orbits
can be determined that have satisfactory stability over a fiwe-yearx
interval, the actual realization of such an crbit may be highly sen-
sitive to the accuracy with which the orbitzal injection conditione are
achieved. As a result, it seems advisable to provide an orbital cor-

rect.on capability to insure the desired performance.
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Appendix A

SERIES EXPANSION OF THE SOLAR AND LUNAR
DISTURBING ACCELERATIONS

Afaait oS Dl d s

EQUATICHS OF MOTION

A linearized form of the equations for the in-plane motion of a
satellite with a 90-dey arbital inclinaticn to the ezliptic is devel-
oped in the body 2f this report a3z Eas. (66) and (67) in the form

Oy s A e ey

turbing accelerations due to the sun and the moon.
are espressed as

|
|

2
d (51:\ Sr dse .
— -3 -2>="ag  +a (A-1)
3 deZ rol r deo Sr nr
C 0
4 [sr). d’se
230 \r ) a6, " se t %ws (+-2)

where a5 > B0 8gy 8, aTE the normalirzed vedial and tangential dis-
These quantities

a ~ - -_% (1 -3 c:cm2 o cos’ 8) (A-3)
ec
%] 2
8., ™ -~ —= sin 26 cos‘ O (a-4)
S9 *2
28
¢
2 - 6:0 ‘: /.._:. 1:-‘- ) 8 (A~S5]
1 *ar 62 3 3 r C03 U co¥ O, )
- v r r o
: o LUm n
ol %
‘ﬂﬁ---:-i —5'-1 -;—ainﬂcos em (A"G)
uoo tu o
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For use in Lqs. (A-1) and (A-2) {t 1is more convenient to express these
normalized accelerations 2s a summation of sinuscids in terms of the

independent variable eo. This i{s done in the following subsections.

SOLAR ACCELERATIOM

The desired expansion of the sclar terms {s a3 follows:

o

|

{3. - % (1 + cns 2€)}{1 4+ cos 28)]

Do
o~

22
[
-_.-——c-’-—(l-3c0328-3c0029~3c0326c6329)

462
o]

é2

---9.7[1-3&3 26 - 3 cos 28-—2-1:03 2(6 - 8} -%coc 2(» +e)]

“o (A-7)

which can be written as
2 2
“, - Z Z P ; cos (10 + 36) (A-8)
is0 J§=-2

where the nonzero values of Pij ace

eO
-2 4f {e0méj=0
$f 1+]>2sdid] (A-9)

13 452
o

1f di=2and 4] =2




sin 26 (1 4+ cos 28)

= - —2 (stn 26 + sin 20 cos 23)

0-—[3111 20 +%01n 2(6 + &) 4'%'!1!1 2(9-—8)]

(]

which can be writtea as

2 2
‘sa'z Z Qq sia (18 + 30)

1= J=-2

vhere the ronzerv values of 0_,’:| are

1f 1=2andj=0

-—3 1if 1=2end [yl -2
(]

JAMAR ACCELERATION

(A-10)

(A-11)

(A-12)

The corresponding expansion for the lunsr tervs is coneiderably
mare complicated due to the large variations of the guantity (allt-)

vhich appears cubed in both the radial snd Zangern::al components.

This ratio is given by the relat{on
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AY 4., 2 , =3/2 )
-;;} -a (ro + a,6 - 2= a cos 6 cos en) (4-13)
which becomes
3 3/2 a
.~2/2
(1'-) .(_K:!) (1 -X 208 8 cos & ) / (A-14)
T 2r - n
n 0
vhere
28 ¥
¥ e —20 (A-15)
a +r
n o

Equation (A-1%4) can be erpressed as a binomial expansion in the fom
of an infinite series as

/a 3 Ka 322
2) {2 E {20+ ! K2 cos® 6 cos” @ (k-16}
4 2r 2n 2 n
» o Z" " (nl)
i)
which cun be approximated by truncating the series after the first N
terné as
a\ /ra 32 %
(—'-) - —-:-) E . 2n ¥ 1)1 & cos” © cos” 6 (A-17)
r, \2r 2n 2 n
“m =0 2" (m?)

Since the value of X for a 300,000-n =i orbit is 0.9356&, the con-
vergence of the series is nmot rapid, particulsrly if 8§ end 0. are both
2qual to either O or 130 deg. As a result, & value of at least 100
for N is required to give a satisfactory approximetior. to the actual
funccion.

Fquatforn (A-17) caa be further expanded by making use of the
Fourier expansion of cos” 8 snd cos” O. in the form




Py —— Gl iog ren )
oINS

tad
[ .,....'w-w

T PP TPV Pl ar i aia s Sy Ty

TR oo

vnerv2

n 2 :
cos 6 = bni cos 18 (A-18)

2%
--]*—S cosr' 0 45

no 2
°
(0 1f n 18 odd
- (A-19)
nl .
lzn (_l_l,. 3 if n f1 even
7
2%
b -iS cos” 8 cos 18 d¢
ni =
[
0 if i>norca-11s cdd
(a~-29)

These coefficients are related by the following recursion form:las:
i 4 n=9

t = (0 1f o is o0dd (A-21)

an-1
bn_z.n(——;—-) ¢f n #0 and is even
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/1 1if n=1

bu] « [0 1f n is even (A-22)
\bn-Z,l (;-—:—-—i-) if n ¥ 1 and is odd
’2!11_1 1f 1=n

bni = < bn,:l.--2 (B__;_:_%_}_?.) if 142 (A-23)
\no(n227) £ 1i=2

Equation (A~17) can now become

3 3/2 N
——‘m) ( ) _(______)_____Zn 1)K ‘/ b , cos 16 b , cos
. AL
(lm g ( 2) ZO Z

(A-24)
The product of the two inner summations can be expressed in terms
of sums and differences of th: anglee 16 and 16, so that Eq. (A-24)
becomes

3/2 n n
r—“-) (7‘9-—) -i%;‘:—(i'—:l— & g;ﬂ Bgy co8 (10 + 39 25
vaags
1’%—!,-‘-‘1 1f 3140
Bni 5 = (A~26)

b b, if =0

By revarainr the order of the summations in Eq. (A~25) it can be
tawr{ .n a8
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( ) Z Z C cos (10 + je) (A-27)

1=0 j'-—n
where
3/2
C ( ) Z (2n + 12 B » (4-28)
n-O ( !)

and n, is the highest harmonic of tte 0 and em motien necessary to
give an accurate expansion of the function (a /r ) It is found
that a value of 20 for n, is satisfactory.

Equation (A-27) is the desired expansion For the first temm of
a . as given in Eq. (A~5), and can be used to obtain a similar expan-
sion of the second term as follows:

=) 3>
;;}: cos 6 cos 8, "'"' Z ucos(re-i-se)

r-O B.'K\

. [cos (8 +0) + cos (6 - Qm)]
2

Z E {coa [(r +1)6 + (s + 1)em]

r-O s--n

1

-t

+ cos [(r =16+ (s - 1o

-

+ cos [(r +1)6 + (s - 1)6

+ cos [(r -1)0 + (s + l)emj}
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.
-2 ‘; E Ci-1,3-1

%11=1 j==(n -1)

n-1n-1
) o

+ Z Z Cir1,441

fu-1 =-(n_+1)

n*ln-l
() (o)

* Z E Cia1,341

{=] f=- (n°+1)

n-1ln<+l
[o] [}

* Z Z Cit1,5-1| 08 (16 + 38.) (A-29)
im-1 J=-(n-1)

Since C“ can have a nonzero value only 1f 0 € 1 < m and -, < i< n.»

Eq. (A-29) can be rewritten as

n+l n +1

a /a 3 a o ()

-@-(-ﬂ) cos & cos 6_ = 70 Z Z (C +C

r, \r, ™ ln:o i-1,3-1 {41,441
1=0 j--(n°+1)

+ (:1._1“4_1 + Ci+1,j-1) cos (16 + jem)

no+1
+ Z (co,j+1 + Co,j-l) cos {6 ~ jem)
j"-'(n°+1)
n 4+l n 1

(o]
a
m
- ZTE Z Dij cos (16 + 3em) (A-30)

© ia0 3=-(n 41}
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where
€, 4-1 * Caar,g41 ¥ Cr-1,300 * O g i 141
Dy, = (A-31)
3
2C0'3-1+C2’3+I+ZC0’3+1+62’3_1 if i=1
Substitution of Eqs. (A~25) and (A-30) in Eq. (A-5) gives
. (mg*LngH
%o :; : :E : 4n
amr - - -é—i- Cij - 7:;’:; Di'!/ cos (ie + jem)
¥o (1m0 3=-(n +1)
%m
+ i;; cos (8 + em) + cos (0 - em)
n°+1 no+1
= E E pij cos (16 + jeng (A-32)
i=0 4=-(n +1)
0
where
‘o a,..
=2 |- S5 * 50 Dy 1f |13] 41
ué o
0
pij - (A"33)
+2
L . {D | 1f J13l =1
2 |~ 13 T Py 1
ueo o

{s the desired expansion of a . as a summation

Equstion (A-32)
es of the

of sinusoidal terms with arguments thxc Ar2 suy and differenc

first n, harmonics of 6 and em.
The quantity a.q c80 be expanded in a similar wanner, its first

term from Eq. (A-6) being given by
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) 3
2n (’m
—_—{ sinecose-——— C cos(re+se)
x[sm(e+e)+sn(e-o)] (A-34)

which can be transformed by the same methods used on Eq. (A-20)} to the
following expression:

3 n+1n+]

a (a )
m{m
E ‘rm 8in 0 cos 6 F E (ci-l.j-l - c1+1,j+1

iw) jm=- (n +1)

£ g - °1+1,5-1) sin (16 + 36 )

n°+1

+ E (co,j+1 + co,j-l) sin (6 - jem)
j--(no-i-l)

n+ln+l

P e S

- 2 L.y sin (16 + 36)) (A=35)
© {0 j==(n_+1)

where

Ci1,4-1 = Caa,q41 ¥ Coop g41 " Caaq 41 M 1F1
zij - (A-36)
?' 20 4 = Cpge1 ¥ 20 pu1 = Cppgey A =1
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Substitution of Eq. (A-35) in Eq. (A-5) givee the following expres-
sion for a
md

n+ln4l
o °

85 ) % 3D
a, "= _EE e . Eij gin (16 + jem)
¥ ° 120 y=-(n_+1)

a

o 5 -8
+ 2r° [%1n (6 + em, + sin (6 Gm)]
)}
n°+1 n°+l

D 3D TRy T

i=0 j--(n°+1)

where

[ - (A"38)

ACCURACY

In the development of the series expansion for - and ae above,
the binowial expansion in Eq. (A-17) is terminated after 100 terms.
In addition, harmonics cf 6 and em ahove the twenty-first are neglected
in the Fourier series for each of the terms of the binomial expansion.
As a check on the accuracy of this truncation, Table 5 gives a compari-
son between the values of a . computed from the series of Eq. (A-32)
and from the exact expression given by Eq. (A-5). Table 6 represents

a similar comparison between Eqs. (A-6) and (A~37) for a These eval-

3.
uations are made for a 300,000-n mi orbit in the vicinity of a close

approach where 60 and em are both zero, and even under this extyreme

cendition, the series expansion 13 in error by less than 0.5 percent.




-62-

Table 5

ACCURACY OF a

r

TR S T AT

4nr
8 (deg) | 8_ (deg) Series Exact
0 0 -0,154226 -0.154966
1 1.75 -0.152744 | -0.153405
2 3.50 ~0.1484558 | ~0.148919
3 5.25 ~0,141819 | -0.142047
4 7.00 ~-0.133474 | -0.133523
5 8.75 -0.124143 | ~-0.124107
6 10.50 -0.114499 | -0.114461
7 12,25 -0.105080 | -0.105080
8 14,00 -0.096248 | -0.096284
9 15.75 -0.088197 | -0.088242
10 17.50 -0.080983 | -0.08101¢%
15 26.25 -0.055594 | -0.055585
290 35.00 ~0.041447 | -0.041450
25 43.75 ~0.032389 | -0.032388
30 52.50 -0.025632 | -0.025631
Table 6
ACCURACY OF a
mo
“me
8 (deg) 8, (deg) Series Exact
0 0.00 0.000000 | -0.000000
1 1.75 ~0.004509 | -0.004535
2 3.50 -0.008634 | -0.008670
3 5.25 ~0.012064 | -0.012091
4 7.00 ~0.014609 | ~0.014617
5 8.75 ~0.016217 | ~0.016211
6 10.50 ~0.016955 | -0,015947
7 12.25 ~0.016965 | -0.016966
8 14,00 ~0,016420 | -0,016429
9 15,75 -0,015483 | ~0,015497
10 17.50 -0.014292 | -3.014303
15 26.25 -0.G07352 | -0.007349
20 35.00 -0.001749 -0.001750
25 43,75 +0,001865 | +0.001865
30 52,50 +0.003839 | +0.003839
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Appendix B

SELECTION OF A REFERENCE ORBITAL RADIUS

In the body of the report, a method is described for the determi-
nation of the orbital injection conditicns 6ro, Gr;, and 603 in terms
of three summations Al’ Az and B0 given by Eqs. (79) through (81}. An
examination of these equations shows that if any of the values of mij
or “13 are near zero the corresponding term in Ao tends toward infinity.
Similarly, {if wij or 013 approach either +1 or -1, the corresponding
terms in Al and A2 can become infinite. In either case the injection
conditions computed from Eqs. (90) through (92) are not valid. The
reason for this hehavior can be seen by examining the driven solution

for a single frequency, wy 3 whe:-e

2q P,y - 20,,q,,)
%£ - ;—ii cos ¢1j + 1] 2 13 1 cos ¢i. cos 6
o “ij Wiy - 1 4 °

» 84y 7 Paytyy
2

sin ¢ij sin eo

wij -1
2q,, = PyaW
2134 (”ijeo + ‘ij) (8-1)
wy (w2, - 1)
31}
and
-‘-’é—e- = . zq—il cos ’ + 2(2w11q£j ~ pij) c08 ¢ cos 0
da° mij 13 “ij -1 13 o
2q, . - w, P
-2( ijz 11~1j) sin ¢ij sin 60
w,, =1
13
(q,,w%, -~ 2p. .0 +q,.)
S 5 il 1) 3k cos (wije° + ¢ij) (B-2)

wij(uij -1
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where

¢1j = 18(0) + ij(O) {B-3)

Ordinarily the first term in Eq. (B-1l) is included in the summation for

Ao’ while the coefficients of cos eo and sin ’o are included in Al and

A2, respectively. Likewise, rhe first term of Eq. (B-2) 1is part of the

summation for Bo' However, a3 w,, approaches 0, the above solution be-

ij
comes indeterminate and Eqs. (B-1) and (B-2) approach the forms

or

2. z -
r, qijwija cos ’ij (B-4)
and
a8 3 L 62 -
d% zq“gue cos¢ij (B-5)

Similarly, if mij approaches either +1 or ~1, the solutions become

2q, )
-J———-L 8 sin (0 + ’13 (B-6)
o
and
28 p. F2q,.)0 sin (8 F 4..) (8-7)
a_ = Py T 29y b4y

Since the values of pij and qij Aare much less than 1, the resulting so-
lutions for 6r/to and dée/deo in Eqs. (B-4) through (B-7) diverge from
¢ very slowly even though in each case the solutions are the difference
of two large quantities. As a result, it does not seem reasonsble to
inciude one of these large terms in Ao, Al. Az, oY Bo to be cancelled
by the choice of initial conditions when this leaves a nearly equal
term uncompensated in the driven solution.

However, these resonance conditions can be avoided by a suitable
choice of che reference orbital radius. From Eqs. (24), (74) and (75)
the dependence of uy and Q,, on r, is given as

3 1}
8

wgy =1+ 4 -53-'53 (8-8)
[o}

SRR
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e
[
nij = { + jz: (B-9)
where
rordy %‘
. . o
% - "m["r‘—"] (3-10)
am(u -1)

For the range of values of T, considered in this report and the

values of i and j involved, 2,, never becumes equal to either 0 or * 1.

This is not the case witijwij as can be seen from Fig. 15 where
the values of 1 are plotted horizontally and those of -j vertically.
The points on the i,j plane represent the combination of integral val-
uves of 1 and j for which an mij exists. The three parallel lines origi-
nating at ~1, 0, and +1 on the 1 axis represent the contours in the 1,3§
plane along which wij is equal to -1, 0, and +1, respectively, and are

given by Eq. (B~8) as

i = .—jt‘g - 1 (5-11)

1=-ig— (3-12)

i = _3399 +1 (B-13)

where the slope of these lines is a function of r, through Eq. (B-10).
To avoid the resonance conditions it is necessavy to select a value of
r, so that none of the three parallel ilines past through any of the fre-
quency points in the i,j plane. A simplified version of this determina-
tion is shown in Fig. 16 where all of the integer combinations of i and
j are indicated as frequency points instead of just those for which i
and j are both even or both odd. Thus, {f a straight line from the
origin misses all of these frequencies, then Egqs. (B-1l, through B-13)
are satisfied and the intersection of this line with the vertical T

scale decermines an accep*rahie reference orbital radius.
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L e )

Fig. 15~—Possible resonant frequencies in the {,i plane
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At first glance it may appear that it is impossible to avoid coming
close to some of these frequency points. However, the values of pij and
qij’ whizh occur {n the ' umerators of the terms in Eqs. (B-1) and (B-2),
are much less than unity and the resulting resonance is very sharp. As
an example, the value 300,000 n mi for r, turns out to be a poor choice,
since the corresponding ratio of émo/éo is equul to 1.74998782, which
is a good approximetiun to 7/4., An examination of Fig. 16 shows that a
line from the origin to the 300,000-n mi position on the orbital radius
scale passes very close to the points (L = 7, j = ~4), (1 = 14, § = -8),
and (1 = 21, j = -12). This indicates that the following resonances are
possible

“14, -8

wzo’ -12 - ..1

In Table 7. the amplitudes aij and cij of the last terms in Eqs.
(B-1) and (B-2) are tabulated for all terms with a value of Iwijl less
than 1.5 for an orbital radius of 300,000 n mi. It is seen that all
four of the predicted resonances ... t, but the resulting amplitudes are
much smgller for the higher values of i and j. This is primarily due

to the fact that the quantities pij and qij’ which appear in the numer-

ators of aij and Cij’ descrease rapidl, as 1 and j become lavrger. In

g comparison, Table 8 gives the corresponding amplitudes when the value
of T, is shifted from 300,000 to 303,000 n mi and shows no significant
resonance.

Thus, by a relatively small shift in the reference orhital radius,
the resonances can be avoided and the method described for congputing

orbital injection conditions can be used.
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Table 7

RESONANCE EFFECTS
(ro = 300,000 n mi)

T B T R B L TR T Al Ty TR s T AR
.

1 3 lmijl a3 ¢y

1 -1 0.74999 0.00612 0.00052
2 -2 1.49998 0.00594 0.0w258
3 -1 1.25001 0.00149 0.00507
4 -2 0.50002 0.00583 0.00847
5 -3 0.24996 0.00934 0.01490
£ =4 0.99995 18.68356 37.36635
8 -4 1.00005 2.62238 5.24508
S -5 0.25006 0.00135 0.00195
10 -6 0.49993 0.00077 0.00131
11 -7 1.24991 0.00033 0.00071
13 -7 0.75009 0.00013 0.00020
14 -8 0.60010 0.44030 0.66043
15 -4 0.74989 0.00011 0.83021
16 -10 1.49988 0.00002 0.07004
17 -9 1.25011 0.00001 0.00062
18 -10 0.50012 0.0u002 0.000C2
19 -11 0.24987 0.00002 €.0090¢4
20 -12 0.99985 €.03023 0.06041%

Table 8
RESONANCE EFFECTS
(ro = 303,000 n mi)

i k| lwijl nij cij

1 -1 0.77630 0.00617 0.00065
3 -1 1.22370 0.00181 0.00569
4 -2 0.443739 0.00615 0.00888
5 -3 0.32891 0.00738 0.01204
6 -4 1.10521 0.00725 0.01497
8 -4 0.89479 0.00151 0.00271
9 -5 0.11848 0.00268 0.00394
10 -6 0.65782 0.00074 0.00133
11 -7 1.43412 0.00014 0.00033
12 -6 1.34218 0.00002 0.00008
13 -7 0.56588 0.00011 0.00016
14 -8 0.21043 0.00021 0.00032
15 -9 0.95673 0.00131 6.00261
17 -9 1.01327 0.00019 0.00038
18 -10 0.22697 0.00003 0.0C004
19 -11 0.53933 0.00001 0.00002
20 -12 1.31564 0.00001 0.00002
21 -11 1.46067 0.00000 0.00001
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Appendix C

*
JOSS COMPUTING PROGRAMS

This appendix includes the programs used for the Runge-Kutta Inte-
gration of the Orbital Equations and for the computation of Orbital
injection and Correction. Following each program is a sample of the
output, an identification of JOSS terms, and a description of the in~
dividual parts of the orcgram.

*
JOS5 1is the trademark and service mark of The Rand Corporation
for its computer program and services using that program.
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Runge-Kutta Integration of Orbital Equations
ARARRARRARRRRAARRURARRARAARAARRARARNRARRG AR AR

1.001 *Initiation (Do part 1.)

1.03
1.04
1,05
1.06
1.07
1,08
1,08
.10
1.11
1.12
1.13
1,14
1,15
1.16
1.17
1,18
1,19
1.20
1.21
1.22
1,23
1.24
1,25

Demand A(0) as "Reference Orbital Radius (n mi)".
Demand A(1) as "Starting Time (days)".

Demand A(2) as "Terminal Time (days)".

Demand A(3) as "Orbital Inclination to Eciiptic (deg)".
Demand A(%) as "Computing Step Size (days)"”.

Demand A(5) as "Printout Step Size (days)".

Demand A(61) as "Initial Orbital Central Angle (deg)".
Set A(62)=A(51)-arg(-1,0)/180,

Demand A(6) as "Initial Lunar Longitude (deg)".
Demand A(7) as "Initial Solar Longitude (deg)*.
Demand A(52) as "Initial Longitude of Lunar Perigee (deg)”.
Demand z(1,0) as *"dr/R".

Demand z(1,1) as "d(dr/R}/dQ".

Demand z(2,0) as "dq (rad)"™ if A(1)=0,

Set z(2,0)=0 if A(1)=0,

Demand z(2,1) as "d(dq)/dQ".

Demand z(3,0) as "dq(M) (r&d)" if A{1)=z0,

Set 2(3,0)=0 if A(1)=0,

Demand z(4,0) as "dq(S) (rad)” if A(1)=0,

Set z(4,0)=0 if A(1)=0.

Do part 2.

Do part 3.

Do P.rt S,

2.001 *Evaluation of Parameters

2,01
2,02
2,03
2,04
2,05
2,06
2,07
2.08
2,09
2,10
2.11
2.12
2,13
2.1%
2,15
2.16
2.17
2.18
2.19
2.20
2.21
2.22
2,23
2.24

Set A(8)=82,27,

Set A(9)=zarg(-1,0).

Set A(10)=A(8)/180,

Set A{11)=238857+5280/6089,

Set A(12)=9,3+10%7+5280/6080,
Set A{13)=,05u9,

Set A(14)=,01E74,

Set A(15)=~0°19“370

Set A(16)=[281+33/60+453/3600]1+A(10),
Set A(17)=A(0)-6080,

Set A(18)=,22998+sqrt[(A(8)-1)/A(8)+A(11)%3/A(0)%3].,
Set A(18)=A(18)/86u00,

Set A(20)=A(17)+A(19).

Set A(21)=A(17)+A(19)%2,

Set A{22)22.A(9)/A(18).

Set A(23)=,22998,

Set A(Z“)‘001720

Set A(25)=(A(23)/A(18))%2/A\8).
Set A(26)=(A(24)/A(18))*2,

Set t‘A(i)o

Set qzA(1)+A 28).

Set A(30)=0,

Set A(31)=A(23)/A(18).

Set A(32)=A(2u)/A(18),
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2,25 Set A(33)=A(15)/A(18),
2426 Set A(34)=A(31)-A(33),
2,27 Set A(53)=A(52)+A(20),

1 3,001 *Format

3 3.01 Paga,

’ 3,02 Typ. A(0) in form 1.
. 3,03 Type A(3) in form 2,
3,04 Type A(18) in form 3,
3 3,05 Typ. A(22) in form 4,
B 3,06 Type A(21) in form 5,
3 3,07 Type A(4) in form 6,
; 3,08 Type [A(61)<0:A(61)+3603A(61)] in form 18,
? 3,09 Type [A(6)<0:A(6)+3603A(6)] in form 22,
3 3,10 Type {A(7)<0:A(7)+3603A(7)] in form 23,
3.11 Type A(52) in form 2%,
3+12 Line,
3,13 Do part & Lf t=A(1),
3,14 Type form 30, form 7,form 8,form 31,

E 4,001 *Initial Condition Printout
g 4,01 Type t in form 14,

f %402 Line,
y 4,03 Type %(1,0},2(1,0;:A(0) in form 10,
A2 4,04 Type x(1,1),2(1,1)°A(20) in form 1%,

: 4,05 Type %(2,0),2(2,0)/A(10) in form 12,
e 4,06 Type z(2,1),(2(2,1)+1)er(x)+A(20) in foam 13,
a 4,07 Type %(3,0) in form 20,
> 4,08 Type z(4,0) in form 21,
A 809 Line,
’_' 8,10 Done if 6(30)'1.
" 4e11 Do part 3 Lf [t=-A(2)]esgn(A(4))<0 and t=A(1),

5,001 #Control of Computation a:i Printcut

. 8 5,01 Do part 6 {f fp{t/A(5)]=0,

5002 Set A(29)sdisi[(t-A(2})+sgn(A(4})20,con3[A(30)=1,Ep[t/A(5)]=0]],
3 5403 Typs form 31, 1f A(29) or $=u3,

5 2,08 Do part & if A(29) or $=u5,

3 5,05 Done if A(29),

; $.,06 Do part 7 for 1#9,01(,01)9.¢3,

: 5,07 Set tat+A(s),
E: 5,09 To step 5,01,

64001 #*Printout
6,01 Set 1(1)=x(1,0)A(0),
6,02 Set 1(2)=z(2,0)/A(10),
; 6,03 Set 1(3)=M(q,2)/A(10)+tv(M(q,2)<C)360,
. 4 6,04 Set {(4)=S(q,2z)/A(10)+tv(S(q,z)<0)*350,
6,05 Set 1(S5)=arglx(M,q,z),sqrt({1-x{M,q,2)22)]1/A(10),
5406 Set 1(6)=z(1,1)sA(20),
6407 Set i{7)ab(q,zJ,
5,08 Sat £(8)=r(z)+[N(x,q,2z)~A(25)*d(q) p(q,z)~A(26)e{q)].
65,09 Set £(9)=2(z(2,1)+1)<r(z)+A(20),

2o tote
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6410 Set §(1)=D(q,z)s
6011 Set 3(2)=N(y,q,2).
6.12 Type t,i(i),1?6),1(7),1(8),1(9).ﬁ(1).3(2),i(2),1(3),1(“),1(5) in form 15,

7,001 #Variable Selection
7.01 Do part 8 for k=1(1)4,

8,001 #*Derivative Selection
8,01 Do step i for j=0,1 if k<3,
8,02 Do step 1 for j=sC if k23,

9,001 *Runge~Kutta Integration

9,01 Set K(1,k,§)sheJ{q,z).

9,02 Set Z(k,3)=z(k,3)+K(1,k,3)/2.

9,03 Set K(2,k,j)=heJ(q+h/2,2).

9,04 Sat Z(k,3)=z(k,J)+K(2,k,5)/2.

9.05 S‘t K(3.k ’j )‘h.J(q*h/2’Z).

8,06 Set Z(k,j)=z(k,})+K(3,k,5),

9,07 Set K(4,k,j)=heJiq+h,Z).

9,08 Set z(k,i)=z(k,3)+[Ki1,k,3)42eK(2,k,5)+2eK(3,k,4)+K(4,k,3)]1/6,

B(q,z): [j»1:2(1,3+1);b(q,2)]
C(q,z): [jm1:2(2,9+1)3;D(q,z)]
D(q,z): =2¢(1+2(2,1)}/r(z)*2(1,1)4N(y,q,2)
F(q,z): A(31)e[14A(13)ec(M(q,2)~A(33)+q=A(53))]*2/(1-A(13)%2)%*1,5-1])
J(q,2)s [k=1:B(q,2)3k=2:C(q,2)3%=3:F(q,z) ;k=k:L(q,2)]
1(qez)s A(32)e[[1+A724)ec(S(q,2)=~A(16))]%2/(1-A(14)H2)%]1,5-1]
M(q,z): f£pL(A(31)eq+A(6)+4(10)+2(3,0))/2/4(9)]+2+A(9)
N(y,q,2): A(25)+d(q)*[p(q,z)-1)/R(q,2)*y(M,q,2)+0(y,q,2)
0(y,q,2): 3°A(26)+e(q)*x(S,q,2)°y(S,q,2)
Q(q,z): £pL(A(62)+q+2(2,0))/2/A(9)]+24A(9)
R{q,2)s A(0)er(z)/A(11)+d(q)*(1/3)
S(q,z): £pl[(A(32)eq+a(7)A(10)+2(4,0))/2/A(9)]e24(9)
T(qe2): 202(2,1)+2(2,2)%2-A(25)+d(q) ep(q,z)+N(x,q,2)-A(26)e(q)
at A(3)+A(10)
b(qez): 2(1,0)/r(z)82{34302(1,0)+2(1,0)*23+x(2)+*T(q,2z)
c(x)s cos(x)
d{q): [[1+A(13)ec(M(q,2z)~A(33)+q-A(53))]/(1-A(13)%2]543
e(q): [[1+A(38)°c(8(q,2)=A(16))]/[1-A(14)#2]]#*3
h: A(4)+A(18)
p(q,2z): [1+4R(q,2)#2~2+R(q,z)*x(M,q,2)]%(~1,5)
r(z): 1+2(1,0)
s(x): sin(x)
x(m,q,2)1 c(Q(?.z))°c(u(?.z))+s(Q(q.z))oa(n(q,z))'c(a)
y(m,q,2): «8(Q(q;2z))c(in(q,z))+c(Q(q,z)) s(n(q,2))c(a)
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Form 1:
Orbital Radius

" 7.

nui

Form 23
Orbital Inclination to the Ecliptic

Forsa 3:
Kaar, Orbital Rate

Form 4
Orbital Period

—r deg.
_e rad/solar day

° d.ya

Form $:
Normal Orbital Acceleration

Form 6:
Computing Stap Size

Form 73

o~ ft/sec/sec

. days

It | dr {V(r)] a(r) IF(r)miv(q)] alq) IF(q)/ml dq lQ(M)IQ(S)iQ(swm)]

Form B:
| days | n mi [£t/s| | 1£t/a] | | degl deg| deg| deg |
Form 10:

d&r/R 2 0000000000000 dr = nui
Form 11:

d(dr/R)/AQ ® seessesescscos V(r) = . ft/s
Form 12:

dq (rad) 2 g00c0r000c0r0e dq = e deg
Form 13:

d(dq)/dQ = cecececssccnce V(Q) = ._ ft/s
Form 14:
Initial Conditions at t= o_ days,
Form 15:
| | | IS | e ! | . l_e i | | I i
Form 18:
Initial Orbital Central Angle o_ dog
Form 203

dQ(H) % 0000000500000
Forn 21:

dQ(S) 3 ses00css00000e
Form 22:
Initial Lunar Longitude o deg

s T e




Form 23:
Initial Solar Longitude

Form 24:
Initial Lunar Parigee Longituds

Form 30:

-75-

Form 31:
! | | | |
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Orbital Radius 300000 n mi

Orbital Inclination to the Ecliptiz 90,00 deg,

Mean Orbital Rate +13142 rad/solar day
Orbital Period 47,811 days

Normal Orbital Acceleration 2004220 ft/sec/sec
Computing Step Size «500 days

Initial Orbital Central Angle 20,0 deg

Initial Lunar Longitude 225,0 deg

Initial Solar Longitude 66,0 deg

Infitial Lunar Periges Longitude 180,0 deg

Initial Conditions at t= +0 days,

dr/R = 0 dr = 0nmi
d(dr/R)/dQ = O V(r) = 0 £t/s
dq (rad) = © aQq = 00 deg
a(dq)/aq = © V(q) = 2774.4 f£t/s
dq(M) = 0
dq(Ss) = 0
=T T & V(o) a(r) 1F(r)/=lviq)] alq) 1F(q)/ol dq TQ{M)IQ(3)Tq(sm)|

days = n ni |£t/s] | |£t/s| | | degl degi degl| deg |

: i | - I | I |
| Ll 01~ 01 ,0043| (00431 277k|=,0088]=-,00881~ 01 225 o6l 132l
| 1l 3| 0§-.0059]-,0035!2771]~,0087}-,0089] 0| 239] 67 117]
| 2]  -25| <u|-,0158]-,0114|2768|~.00n1|-,0072] 0] 253] 68] 104
| 3l ~134) -12|-,0240|-,0185]2767] .G042|-.0041] O 266] 69] 93
] 8| -368] -21}~.0295|-,0241]2769] ,0151]-,0003] 0} 2e0] 70| 8u|
| 5| <750 -33j=,0316|-,027912773} ,0272] ,0035] ol 292 71| 78|
| 6] -1296] -44{-,0300]-,0295|2780| ,0393] ,0072| o] 0S| 72| 76|
| 7} -1996] -St!-,0248{-,0290]2790| ,0506] ,0108] o} 3171 73] 77|
= 8| -2822| -62|-,0164|-,0269]|2802]{ ,0602| .0144] o] 3201 74| 82l
l
|
I
|
|
|
|
I
l

9] -3733| ~-66|~-,0056|~,0236|:816] ,0667| ,0174| 0| w1l 75| 88|
10| =-4672| -66| ,0065|-,0199]2832| ,0691| ,0193] 1] 353 76| 96|
11| -5577| -61]| ,0190§-,0162|2848] ,0667] ,0199] 1| S| 77| 108|
12| ~6383] -52| ,0307|-.0129]2862] ,0593| ,0:90{ 1} 17| 77| 111}
13} ~7032} ~39] ,0405|-,0106{2075| ,0472] 03168 2| 29| 78] 116|
14} ~7872| -23| ,0475|-,0096{2885} ,0315| .,0136] 2| w1l 79| 117|
15| -7667| ~5| ,0509|-,0102J2891} ,0134i ,0098] 3| 53] 80| 415|
16| -7599{ 14| ,050%{-,0127|2893]-,0052] ,0058] 3| 66] 81| 109]
17= -7273{ 32= .0“58:-.0170{2891{-.0225; .002“: M: 78; 82: 100:

Initia) Conditions at t= 17,0 days.

dr/R ® =2,42u23402-02 dr » 7273wl
d(dr/R)/4Q =  1,14210033-02 V(r} = 31,7 ft/s
43 (red) = 6,56216631-02 dq = 3,76 dex
4(dq)/8Q = 6,80574022-02 V(q) = 28914 ft/s
dq(M) » -1,84920476-01
dq(s) s -8,47662480-03
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Orbital Radius 300000 n mi

Orbital Inclination vo the Ecliptic 90,00 deg.

Mean Orbital Rate «13142 rad/solar day
Orbital Pericd 47,811 days

Normal Orbital Acceleration 004220 ft/sec/sec
Computing Step Size «500 days

Initial Orbital Central Angls 20,0 deg

Initial Lunar Longitude 225,0 deg

Initial Solar Longitude 66,0 deg

Initial Lunar lerigee Longitude 180,0 deg

1T T de [V(v)] al(r} IF(r)/n[V(q)] alq} [F(q)/ml| dg [Q(M)|Q(S)iQ(sm)|
{ days | n mi ;ft/a; : I'ﬁ/.= iI ; dog} dcgll dcgll deg 'I

e ——

|

18] -6711} 47| ,0376|-,6232|2886|-,0368| 00001 &| 91l 83| 89|
19 -5955| 59| ,0265|=,0309]2879]|-,0467}-,0010] 5§ 105} s8u} 75}
20] -5063] 66] ,0132|~,0403]2870]=,051%}~,0005] 5| 119! 85| 61}
21] 4104} 68]=,0022}-,0518|2860]-,0518] ,0003] 6| 133} 86] 47|
22] -3157| 64}~,0210}~,0663]2851}-,0506]~,0021f 6| 17} 87| 35!
23] -2320] 53}-,0409]-,0817}2841]-,0508|~,0114] 6| 162] 88| 26|
24] «1687] 36|=,0454]=,0801]2P29]=,0614}-,0145] 6] 1761 88| 27|
25| -1282] 21|-,0347}-,0653]2822}-,0199|-,0041} 6] 191} 90} 36|
26| «1057] 11]=,0220]~,0520]2820]=,0027] ,0054} 7] 206! 91| u8}
27] ~947| 5]-,0103]-,0420}2822} ,0059] ,0097] 7} 220} 92! 61}
28} -891} 3] ,0000]-,0342}2825] ,0072] ,0097} 7| 23u| 93| 72|
29| -836] 5| ,0080|-,0283]2828] ,0034| ,0070) 7| 2u8} o9u| 81|
30, -0} 9} ,0128|-,0245{2829|-,0038{ ,0027] 7| 262 95! 88|
3i] ~580] 14| ,0141|-,0227}|2827{-,0122{=,0021] 7} 2751 9€| 91|
-349| 19| ,0119|-,0228|2824|~,0202|-,0065| 8] 288f 97] 9ol
33 =57 22| ,0068]~,0246{2818]-,0261}-,0099] 8} 301| 98] 87|
3u| 270| 23]-,0005}-,0278]2811}-,0288}-,0118] 8] 31| 98] 81|
35} 593] 22{-,0089}-,0318({2803]~,0275j~,0518] 8} 32€| 99! 72|
36} 873] 417]1-,01751=,036612797{~,0216]-,0695| 8| 338l 300! €3]
371 1058] 9}-,0254]-,0419]2792{-,0113]-,0048] 8| 350! 101] 5u|
38 1114| -1i-,0317}-,0476}2791| 6027} ,0017] 8] 2| 102] 6l
39] 1007} -14}-,0350]|-,0525{2794| .0169| .c070! 8| 13! 103] %0}
40| 722| «26]=,0330}=,0535]2799] ,0258] 0068} 8| 25| 10u4] 39|
31} 267| -37]-,0256]~,0490}2805! ,0296f ,0026] 8] 37| 105| M3
2] ~319] -u5|-,0161}-,0418]2811} ,032°! ,0000f 8] u9} 106} S1|
43] ~989| ~48]-,0062]|-,0343]2817! ,0357]|-,00031 81 62| 1071 62!
44| «1690| -u9| .ooaal-.ozsalzazni .03661 00001 9] 7u= 103: 7&:
| | | | | | ! |

e ————— S

Initiai Conditions at t= 44,0 days,

— ST e S S S G S T SIS G G W GRS WS Gm W SHS SRS S A G P G
(73
N

dr/R = «5,63352144-03 ar = ~1690 n mi
d(d>/R)/4AQ = =1.77619235-02 Vir) = =48,3 ft/s
dq (rad) = 1,40M46267-01 dq s 8,51 deg
d(dq)/dQ = 2,36641115-02 V(q) = 2824,0 ft/s
dq(N) £ =1,81743453-01
dq(s) = ~2,3823162-~02
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Orbital Radiug 300000 n =i
Orbital Inclination to the Ecliptic 90,00 deg.

Maan Orbitazl Rate

+13182 rad/solar day

Orbital Period ¥7,811 days
Normal Orbital Acceleration 004220 f£t/sec/sec
Computing Step Size +500 days
Initial Orbital Central Angle 2040 dag
Initial Lunar Longitude 225,0 deg
Initial Solar Longitude 66,0 deg
Infitial Lunar Periges Longitude 180,0 deg
T 1 & TV a(r) [E(r)/alViq)] alq) Tiq)/al 4 {Q(M)IQls)Iq(sm)}
days i nai %ﬁln} i I £e/s) } } dull d‘lg d-:{ deg i

451
46|
&7}
48|
%9}
30|

|

| | }
«2372% ~46! ¢01371~o0105]12830| .0333|-,00051 91 871 109} 87}
~2982} -39] ,0225|-,0126}2336} ,0271{-,0025{ S| 100! 110] 1200(
«~3879] -20] ,0292)-,0066)2839] ,0165}-,0061] 9] 118 111} 112}
~3825] -19] (0228|~,0021)2839) ,0031j-,0108] 9} 12a} 132} 122}
-8002] -7} ,0322] ,0004)2836}-,0118}~,0163} 30} 1v2] 213} 1%8]
-uoasg u} .oz'mg .wou;zm}-.ozna;-.ozxs% 10: 155{ un{ mg

Initial Conditions at t= 50,0 days,

dr/R ® =1,33028949-02 é&r = W15 nmf
d(dr/R)/dQ =  1,60698M5~03 W) e %5 ft/s
dq (rad) = 1,78872W43-01 d&q s 10,00 deg
4(dq)/aQ = 3,3686235%7-02 Y(c) = 2829.% ft/s
dq(N) ® «1,28558426-01
4q(s) 5 =2,68203919-02
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IDENTIFICATION OF JOSS TERMS

The followiug list definks the terms appearing in the preceding

program in terms of the variables used in the body of the report

wherever possible.

Joss
a

t
A(0)
A1)
A(2)
AQQ)
A(4)
A(5)
A(6)
A(7)
A(8)
A(9)
A(10)
A(11)
A(12)
A(13)
A{14)
A(15)
A(1€)
A(1Y)
A(18)
A(29)
A29)
A(21)
A(22)
Al23)
A(24)
A(25)
A(26)

Defirition
60 (red)
t (days)
¥, (n =i)

starting value of ¢t
terwinal value of t

o4 (deg)

computing step size (days)
priatout step zize (lays)
8 (9)

8(0) (deg)

M

w

w180 (rad/day)

a-ﬁn =l)

ay(n =t)

£
& (cad/deg)
&_(ral)
r_ (ft)
6 (rad/day)
ée (rad/s~c)
vnperturded orbitel velocity (ft/sec)
unperturbed orbital scceleration (f:lsecz)
unperturbed crbital perioé (days)
?-o (rad/duy)
8¢ (raé/day)
$o k8
°
&1

0"‘
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Definition
printout control parameter
termination control parameter
6mo/éo
6o/60
émp/éo
(émo = émp)/ét)

Bmp(0) (deg)
emp(O) (rad)
8(0) (deg)
0(0) (rad)

6r (n mi)

56 (deg)

O (deg)

@ (deg)

cos™! (- )
d(6r)/dt (ft/s)
42(6:/r°)/de§

agy tay.

8
42(59)/de§
a9 tapg
6x/x,
d(sr/ry)/d6,
66 (rad)
d(80)/d8,
66y (rad)
z(4, 0) 60 (rad)

Functions
D(q, z) xight side of Eq. (55)
F(q, 2) right side of Eq. (49)
L(q, 2) right side of Eq. (48)
M(q, z) 8p (rad)
Q{q, 2) 0 (rad)

= ST A P N CF L
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JOsS D2finition
R{q, z) r/p

5(q, z) @ (rad)

a ¥, (rad)

b{q, z) right side of Eq. (54)
d(q) (an/p)3

e(q) (ag/R)?

h computing step (rad)
p(a, z) (p/rp)3

r(z) r/rg

xM, q, z2) (- ip)
x(S, q, z) d . fl)
yM, q, 2) (5 ¢ iw)
y(s, @, 2) (- 1)

It should be emphasized that the ab.re definitions apply only to
the program for Runge-Kutta Integration of Orbital Equations.

PROGRAM DESCRIPTION

Part 1

The input data required in the execution of this part specify
the following aspects of the problem:

o Reference orbit
o Starting time, t,
o Initial geometry at t = 0 (injection)

o Starting values of &r/ry, 60, 6r'/ry, 86/, 80, 3z

?

Part Z

In this part, the parameters necessary in the solution are
evaluated.

Part 3
This part controls the printout of the material from Orbital

Radius down to the first line of output data (see sample printcut).
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Part 4
This part results in the printout of the values of the dependent

variables §r/ry, 80, 6x'/ry, 867, 80 , and &0 at the current time, t,
as well as ér(n, mi), 66(deg), Vg (ft/s) and Vy (ft/s).

Part 5
This part controls the integration procedure, the printout of

the data at the end of each printout interval, and finally, advances
the independeat variables q and t, after which the procedure is re-

peeted until the terminal time is reached.

Part 6
This part computes the output quantities and prints them as one

line in the output table in the following order: ¢t (days), 6r (n mi),
2 ,

VR (£t/s), d°(5r/r,)id0f, ag. + agp, Yy (Et/s), 68 (deg), 6 (deg),

® (deg), 65y (deg).

Part 7
This part speci{ies the dependent vaziable to be evaluated in

the integration as follows:

k Variable
1 6r/xq

2 66

3 80,

4 60

Part 8
This part specifies the order of the derivative of the dependent

variable bty the wvalu> of j.

i Rdag a

Yart 9
Each step of this part is executed for 6r/ry, §3, 6r'/ry, 667,

TR

aem, and 88 before advancing to the next step, Step 9.08 completes
the Runge-Kutta Integration over one computing interval for the six

quantities listed in the previous sentence,

T R T T R P TR I T TIR




T AN R Mt

e

-83-~

Orbital Injection and Correction Program
ARARARAAARARARARARAARARARARNRARAARARRAAANA

Main Control Program
ARAARARARAAAACARAAARAR

1,001 #*Initiation (Do part 1,)

1,02 Demand A(0) as "Reference Orbital Radius (n mi)",
1,03 Demand A(8) as "Initial Orbital Central Angle (deg)",
1,04 Demand A(6) as "Initial Lunar Longitude (deg)",

1,05 Demand A(7) as "Initial Solar Longitude (deg)",

1,06 Demand t as "Current Time (days)",

1,07 temand 2(1,0) as "Current dr/R",

1,08 Demand Z(1,1) as "Current d(dr/R)/dQ",

1,09 Demand Z(2,0) as "Current dq (rad)".

1,10 Domand 2(2,1) as "Current d(dq)/dQ",

1,13 Demand Z(3,0) as "Current dq(M) (rad)".

1.312 bemand Z(4,0) as “Current dq(S) (rad)",

1,43 Type "The computation can be shortened if the reference radius®,
1434 Type "is the same as in the previous case,",

1045 Line,

1,45 Denand B as "The radius is the same as before, {true or false)",
1,17 Recall item 12 (initA) if not B,

1418 Recall item 13 (initB) if B,

1.19 To ‘t‘p 1.25 1f B.

1420 Do part 26

1,21 Do part 3,

1.22 Do part 4 for n=0(1)100,

1,23 Do plrt 16 for 132(1)70

1,24 Recall item 13 (initBk) if not B,

1,25 Do part 8,

1,26 Page,

1027 De part 13,

1,28 Do part 16 for 1=8(1)11,13(1)15,

1,29 Delete all forms,all formulas,

16,01 Delete part i,

Item 12 (initA)

Computation of Coefficients in Series Expansion
RORRARAAAAAAARAAARARARAAAAARAAARAARLARARARAR AR AR

2,001 *Evaluation of Parsmeters

2,01 Set a=82,27,

2,02 Set o=arg(~1,0)/180,

2,03 Set A(1)%238857+5280/6080,

2,04 Set A(2)=1/sqrt{(m-1)/meA(1)#3/A(0)%3],
2,05 Set A(%4)=,22998/A(2),

2,96 Set A(5)=,0172/A(4),

T re TR T A e SR IR
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2,07 Set K=20A{0)+A(1)/[A(0)%2+A(1)%2],
2,08 Sst VsA(4)eA(0)+6080/85400,

2,09 Set k=[A(1)eK/2/A(0)]%1,5,

%2410 Set ¢(0,0)=0,

2411 Dalete C,

2,12 Set €(0,0)z0,

2413 Let C be sparae,

2.1“ Set b(o)’OO

2415 Let b be sparse,

3,001 *Determinstion of P(i,j) and Q(i,J)
3,01 Set P(0,0)==A(5)%2/4,
3,02 Set P(2,0)=-3.P(0,0),
3,03 Set P(0,2)=P{2,0),
3,04 3et P(2,2)=P(2,0)/2,
3,05 Set P(2,-2)=P(2,2).
3,06 Set ((2,0)=~P(2,0),
3,07 Set Q(2,2)=-P(2,2),
3.08 Set Q(2,~-2)=Q(2,2),
3,09 Let P be sparse,

3,10 Let Q be sparse,

4,001 *Determination of b(n,i)

4,002 Type n if £p(n/10)=0,

4,01 Set b(0)=[n=0:1;b(0)e(n=-1)/n] if £p(n/2)=0,
4,02 Set b{1)=[n=1:13b(1)en/(n+1)] 1€ fp(n/2)x»0,
4,03 Do part 5 if n=0 or nsi,

4,04 Done if nx0 or n=i,

44,05 Set i=[fp(n/2)=0:2;3],

4,06 Set b(1i)#(i=n:1/2%(n-1)3b(L=2)e(n=142)/(n+i)+{1=2:2;1]],

4,07 Set A(9)=disj[4=20,i=19,i=n],
4,08 Do part 5 if A(9),

4,09 Done if A(S),

4,10 Set 1a28+2,

P&.ii To .tﬂp “005.

5.001 #Determination of C(i,j) {Parts 5,56,7)
501 Set A{10)=[n=0:13A(10)¢(2+n+1)eK/2/n],
5,02 Set A(11)=[£p(n/2)=0:0311,

5,03 Set A(i2)=[£p(n/2)=0:20519],

5.04 Do part 6 for 1=A(11)(2)A(12),

6.01 Do part 7 for J=A(11)(2)A(12),

7,03 Set C(1,3)2C(4,5)+keA(10)eb(L)eb(4)e[§20:1;,5],

ARGk 24 o 1T ¢
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Iter 13 (initB)

Computation of Orbital Injection or Correction
REARARAARK S IRARSARAARARARARANRRLIARARARASAAARALR

6,001 *Initializatior of Siummations

8401 Set A(16)=£p[(A(6)+,22998°t/0)/36G]*360,

8,02 Set A(17}=£pl(A(7)+,0272¢t/0)/360]360,

8403 Sat A(13)=£p[(A(8)+a{%)o2/0+2(2,0}/0)/360]+360,
8404 Set A(21)x3,

8,05 Set A(22)=0,

8,06 Set A(23)=0,

8,07 Do part ¢ for i=0(1)21,

9,001 *Range of j in Summations

9,01 Type 1 if £p(i/5)=0,

9,02 Set A(13)={£p(1/2)=0:20;21],
9,03 Do part 10 for j=-A(13)(2)A(13).

10,001 #*Lunar Terms in Summations
10,01 Set A(21)=A(21)+F(p,q,w,u)e
10,02 Set A(22)=A(22)4G(p,q,W,u)e
10,03 Set A(23)=A(23)+H(p,q,W,8).
10,04 Do part 11 if disjlcon§(i=0,0<3<2),coni(ix2,-25§52)],
10,05 Done if disj[i=21,4=21],
10,051 “Determination of Injection Conditions
10,06 Set z{1,0)=2+A(21)-A(22),
10,07 Set z(1,1)=A(23),
10,08 Set z(2,0)=2(2,0),
10,09 Set 2(2,1)==3¢A(21}+2+A(22),
10,20 Set z(3,0)=%(3,0),
10,11 Set z(%4,0)=2(u4,0).
10.12 Set A(24)=-[p(0,0)+P(0,0)]1+A(0)/3,
10,13 Set A(29)5z(2,1)=2¢(Z{1,0)-2z(1,0)),
10,14 Set A(30)=(1+42(1,0))+(1+42(2,1))eV,
10,35 Set A(31)2(142(1,0))+(1+A(29))+V,
30,16 Set A(32)220A(6)[2(Z(1,0)~2(1,0))+2(2,1)-2(2,1)1+A(24),
10,17 Set A(33)3-30[22(1,0)+2(2,1)=A(21)]+A(H),
10,48 Set A(34)=[32(1,0)+42+2(2,1)=A(22)]+A(0),
10419 Set A(35)=[2(1,1)-~A(23)]+A(0),
10,26 Set A(36)=A(31)~-A(30),
10,21 Set A(37)=(2z(1,1)~2(1,1))+V,
10,22 Set A(38)'lqrt[h(36)*2+A(37)‘2].

’ 10,23 Set A(39)=sqrt[A(3u)*2+A(35)%2],

¢ 10,24 Set A(40)=2:A(39)/A(0)+A(H),
16,25 Set A(41)=(142{1,0))+{1+2(2,1))eV,
10,26 Set A(u2)=z(1,1)0V,
10,27 Sot A(43)xaqrtl{A(41)82+2(1,1)82.V42],
10,28 Set A(4u4)marglA(®1),2z(1,1)eV]/0,

11,0031 #Solar Terms in Summations
: 11,01 Seat A(21)=A(21)+F(P,Q,¥W,U).
E 11,02 Sat A(22)=A(22)4G(P,Q,¥,U).
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11,03 Set A(23)=A(23)+H(P,Q,W,S)e

13,001 #Printout

13,01 Type "Orbital Injection™ if t=0,
13,02 Type "Orbital Correction™ if tw0,
13,03 Type _,form 1, o

13,04 Type A(0) in form 2,

13,05 Type form 27,

13.06 Typs V in form 3,

13,07 Type A(6) in form 5,

13,08 Type A(7) in form 6,

13,09 Typs A(8) in form 4,

13,10 Line,

13.11 Type t in form 34 +tv(t=0),
13,12 Do part 14 if t=0,

13,13 Do part 15 {f t=0,

14,001 *Prin.out of Injection Conditions
14,01 Type ,form 7,form 24, ,

14,02 Type %(1,0)¢A(0),z(1,0Y+A(0) in form 8,
14,04 Type 2(1,1)ev,2(1,1)+V in form 10,
14,05 Type A(32),A(25) in form 11,

14,06 Type A(33),0 in form 12,

14,07 Type A(39),0 in form 13,

14,08 Type A(40),0 in form 14,

14,09 Line,

14,10 Type A(43) in form 30,

14,11 Type A(44) in form 31,

14,12 m. 9 ’for. 25,f01'l 26, o

14,13 Type 2(71,0),2(1,0) in form 18,
14,14 Type Z(1,1),2(1,1) in form 19,
14,15 Type 2(2,0),2(2,0) in form 20,
14,16 Type 2(2,1),2(2,1) in form 21,
14,17 Type 2(3,0),2(3,0) in form 22,
14,18 Type Z(4,0),2(4,0) in form 23,

15,001 #Printout of Correction Conditions

15,01 Type .form 7,form 24, .

15,02 Type Z(1,0)+A{0),%2(1,0)°A(0) in form 8,
15,03 Type A(30),A(31) in fom 9,

15,04 Type Z(1,i)eV,2(1,1)eV in form 10,

15,05 Type A(32),A(24) in form 11,

15,06 Typs A(33),0 in form 12,

15,07 Type A(39),(2(1,0)-2(1,0))¢A(0) in fcrm 13,
15,08 Typa A(40),2¢(2(1,0)~2(1,0))+A(4) in form 14,
15,08 Line,

15,10 Type A(36) in form 1S,

15,11 TyP. A(37) in form 16,

15,i2 Type (3€) in form 17,

15,13 Type , ,form 25,form 26, o

15,14 Type %(1,0),2(1,0) in form 18,

15,15 Type Z(1,1),2(1,1) in form 19,

15,16 Type 2(2,0),2(2,0) in form 20,
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15,17 Type 2(2,1),A(29) in form 21,
15,18 Type 2(3,0),2(3,0) in form 22,
15,19 Type Z(%,0),2(4,0) in form 23,

F(pyqeWyauls =1/3eL|8}+|31=0:2¢p(0,0);3¢q(d,J)eu(i,§)/w(i,])]
G(p,q,wsu):  (p(i,3)=22q(i,3)ew(i,§))/(w(i,§)*2-1)eu(i,q)
H(p,qsw,ou):  (p(is3)ew(i,§)=20q(1,§) 2 eu(L,4)/(w(i,f)R2~1)

S(1,3): sin(h{i,3§))

U(i,3): ces(h(i,3))

W(i,3): L+J+A(S)

(i) c(i,141)

d(i,3): ~A(1)/A(0)/4e[smlr=|]l+1,]15l-1:c(i=-1,r)=c(i+1,r)]-2(i,])]
e(i,3): A(13/8(0)/ue[smlrei+l,i-1:sum{s=|§|+1,l5]-1:¢(r,s)]]-1(1,9)]

g{i,3): £p{{1+A(18)+3+A(16))/360)*360°0

h(i,3): £p({1+A(18)+3«A(17))/360)+360¢0

1(4,3): [11-31=1:2;0)-[i=2:c{0,1§i+1)4c(0,l5]1=1);0]
pl{i,3): [~c(i,j)re(i,3)]eA(2)%2/m

ql{i,3): a(i,j)ea(2)*2/n

s(i,3): sin(g(i,i))

u(izj): cos(g(i,s))

w(i,ji): Lejer(2)

Form 1:
Raference Condition

Form 2:
Reference Orbital Radius (n mi)

Form 3:
Reference Orbital Velocity (ft/s) o
Form b
Initial Orbital Central Angle (deg) o
Form 5@
Initial Lunar Longitude (deg) o
Form 6
Initial Solar Longitude (deg) o
Foras 73
Current Corrected
Fom 8:
Incremssnt in Orbital Radfus (n mi) .o o
Foim 9
Horizontal Yelocity (ft/s) .o .
Form 10:
Radial Voiocity (£t/s) > __




Form 11:

Average Radial Increment (n mi)

Form 12:

~88-

Average Orbital Rats Increment (rad/day)

Torm 13:

Oscillatory Amplitude in dr (n mi)

Form 1u:

Oscillatory Amplitude in d(dq)/dt (rad/day}

Form 15:

fiorizontal VYalocity Correction (ft/s)

Form i6:

Radial Velocity Correction (#/s)

Form 17:

Total Velocity Correction (£t/s)

Form 18:
dr/R

Form 19:
d(dr/R)/4Q

Forwm 20:
dq

Foxm 21:
d(dq)/4Q

Tormm 22:

dq(M)

Form 23:
dq(s)

Form 24:
Form 25:

form 26:

Form 27:

0000003000000

0000600000000

0060000000000

0000060000008 00

0HO6000ONGGIOIOIOS

Current

Value

0000000000000

09 0000c0000008

0000000000000

0090 VOGGOGOGIOIONIIOGS

0090083000300

000000 CcsOOUROGS

Correctel

Value

Orbitil Inclination to Ecliptic (day)

Form 3C:

Injection Velocity (f£t/s)

Value

90

Value
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Fors 31:
Injection Path Angle {deg)

Form 3u:
Injection at _ days

Form 35:
Correction at o_ days
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Orbital Injection
Reference Condition

Referance Orbital Radius (n mi)
Orbital Inclination to Ecliptic (deg)
Raference Orbital Velocity (ft/s)
Initial Lunar Longitude (deg)

Initial Solar Longitude (deg)

Initial Orbital Central Angle (deg)

Inje: tion at 0 days

Increment in Orbital Radius (n mf)
Norizontal Velocity (f£t/s)

Redial Velocity (£t/s)

Average Radial Increment (n mf)

50~

Average Orbital Rate Incrament (rzd/day)

Oscillatory Amplitude in dr (n m»i)

Oscillatory Amplitude in d(dq)/dt {ral/day)

Injection Yelocity (f£t/s)
Injection Path Angle (deg)

AR03uky
90
2758,59
i58,80
«00

«00

Current
Value

«00
2758,59
00
~-10021,8%
«007375%
9293,12
20079128

Current Correrted
Value Value
4dr/R 0 7.68029580-03
da(dr/R)/dQ 0 3,552%3699-03
dq o L
4(4q)/40 0 3,754893350-03
dq(x) o ()
dq(s) (] 0

ETIEr =l v skt s SO 1 B ALe e A @ oy Dupp e, Sl SRS Solicn s 6 S

Corrected
Valus

2318.%0
2730,09
9.80
1526,93
«0000000
«00
+0000000

2790.11
0202




LEEERA T A
.

orbital Correction

Reference rondition

Raferencs Orbital Radius (n mi)
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Orbital lnciination to Xcliptic {deg)
Reference Orbital Velocity {ft/z)

Initial Lunar Longitude (deg)
Initial Solar Lougitude (deg)
Initial Orbital Central Angle (deg)

Corraction at

235,.5 days

Incremant ia Ordital Radius (n =mf)
Horizontal Veiocity (ft/s)
Radial Veiocity (f£t/s)

Averege Radial increment (n mf)

Average trbital Jats Incremsnt (red/dsy)

Oscillatory

Amplitude in dr (n i)

Oscillatory Amplitude in d(dq)/dt (rad/day)

Horizoctel Yelosity Correctica (f£t/s)
Radial Velocity Correction (ft/s)

Total Velocity Correctizon (ft/s)

& /R

d(ér/n)/8Q

o
4(dq)/R
dqiN)
aq(S)

Carrent
Talue

45459000903
-$,79625278-03
$,22008691-01
«1.91000992-03
7.188%0936-02
5,97 /90258-02

Corrected
Vaiue

65859000503
=2,73623055-02
Ce22908691-02
9,69517132-03
7.18080935-02
«~5,92090258-C2

30u4n
80
2758,59
158,89
60

.00

Current
Yalue

1866,31
2771,3%
-18,7%
=5558,00
+O0NN976
922%,58
+0080256

Corrected
Yzlue

1986,31
2802,57
=75,48
1526,93
20000000
20,28
«0000172

32,22
-56.7~
$5.25
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IDENTIFICATION OF JOSS TERMS

TOALE ST SPRECE S B 8 T A e TN AN A T e e e

The following list defines the terms aypearing in the preceding

program in terms of the variables used ir the body ofi the report

wherever possible,

JOSS

Pttt

K
\

k

A(0)
A(1)
A(2)
A(4)
A(5)
A(6)
A7)
A(8)
A(16)
A(17)
A(18)
A(21)
A(22)
A(23)
A(24)
A(29)
A(30)
A(31)
A(32)
A(33)
A(36)
A(37)

Definition

K
(%dm)s/z
2r,
V]
n
/180 rad/deg
t; (days)
Xy (n mi)
ap (n mi)
Smo/80
8, (rad/day)
00/80
On(0) (deg)
€(0) (deg)
8(0) (deg)
Op(t1) (deg)
9(ty) (deg)
9(t,) (deg)
By/3
Al
Ay
8rge (corrected) (n mi)
66!
Vg (current) (ft/eec)
Vy (corrected) (ft/sec)
brgg (current) (n mi)
Géss (current) (rcd/day)
AVy (ft/sec)
AVR (ft/sec)

R e b e S
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JOoss
A(38)
A(39)
A(40)
A(4l)
A(42)
A(43)
A(44)
b(i)
c(, 1)
P(i, 3})
Q(i, j)
z2(1, 0)
z(1, 1)
Z(2, 0)
Z(2, 1)
Z(3, 0)
Z(4, 0)
z(1, 0)
z(1, 1)
z(2, 0)
z(2, 1)
z(3, 0)
z(4, 0)

Functions

F(p,q,w,u)
G(p,q,v,u)
K(p,q,w,8)
8(1,3)
u(i,3)
Ww(t,3)
e(i,3)
g(i,3)
h(i,J)

AR ML St L SR ARSI L

Definition
AV (ft/sec)
éfosc (current) (n mi)
80,5c (current) (rad/day)
Vy (injection) (ft/sec)
Vg (injection) (ft/sec)
V (injection) (ft/sec)
Yp (injection) (deg)
bni
cij
Pij
Qij
6ry/r,
6ry/xg
661 (rad)
661
68y (rad)
68 (rad)
6rp/rg
6rp/x,
66p (rad)
666
66y (rad)
6@ (rad)

1j increment to B,/3
1] increment to Aj

1j increment to -Ap
sin (18(ty) + 1©(t1))
cos (16(ty) + §8(ty))
Qij

Ciy

16(ty) + j6p(ty) (rad)
16(ty) + 19(t) (rad)
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JOss Definition
p(i,]) Pis
q(i, ) 4 3
s(i,3) sin ¢i0(ty) + j0,(t))
u(i,j) cos (i8(ty) + jOp(tq1))
w(i,j) ®y 5

As before, these definitions apply only to the Orbital Injection

and Correction Program,

PROGRAM DESCRIPTION

Part 1
The input data required in the execution of this part specify
the following aspects of the problem:

o Reference orbit

o Initial geometry (t = 0) (injection)

2 Current time, ty

0 Current values uf the dependent variables, 6r1/r°, 601,

! !
Erliro, 661, aem, and 60

Next, Ttem 12 (initA), which includes parts 2 through 7, is executed
if the values of Cij corresponding to this referen. . orbit are not
already available in storage; otherwise the control is transferred

directly to Item 13 (initB), which includes parts 8 through 18.

Ttem 12 (initA)

This subroutine evaluates the coefficients Cij in the series

. : 3
expansion of (am/ro) .

2 Part 2
In this part, the parameters necessary in the solution are

evaluated.

Part 3
This part evaluated the coefflcients Pij and Qij in the expan-

sion of the solar perturbing functions agy anil 8,09 respectively.
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Part &
This part evaluates the coefficients b,; of tne Fourier ewpan-

sion of

where n takes on all integer values from G to 100, while imax is equal
to 20 or n, whichever is smaller. After this part is completed for a
given value of n, parts 5, 6, and 7 are executed before advancing to

the next valu: ot n.

Part 5

This part determines the values cf i considered in the evalua-

tion of Cjij.

Part 6
This part determines the values of j considered in the evalua-

tion of Cjj.
Parv 7
This part evaluates the contribution of the nth term of the

binomial expansion of (am/ro)3 to eac: of Cj; elements.

item 13 (initB)

This subroutine determines the orbital injection conditions if

t = 0, and the orbital correction conditiomns if t # 0.

Part 8

This part determines the current geometry at time t; by evalua-
ting 9(t1), Op(ty) and &(ty) and initiates the summations involved
in determining A;, Aj and B,.

SRR TNV R TRIT TR RS LT Y DV LR R TR R Py
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Part 9

This part specifies the values of j included in the summations
for Al’ Az, Boo

Part 10
In this part, the values of 21 4A,, and Bo are computed and then
used to determine the quantities érp/r , GrB/ro, and 666 after which

various other output quantities are computed,

Part 11

This part computes the contiibutions of the solar terms to A;,
Az, and Bo.

Part 13

This pert controls the printout through the value of the Initial
Orbitsl Central Angle (see sample printout), after which control is
transferred to part 14 if orbital injection 1s being determined
(t1 = 0), or to part 15 if an orbital correction is required (tl ¢ 0).

Part 14
This part controls the printout of the orbital injection condi-

tions as follows:
o The current and corrected values of ér (n mi), Vh (ft/sec),

Vg (ft/sec), 8ry, (n mi), 88 (rad/day), 6r_  (n mi), and
Géosc (rad/day).

0 Thz orbital injection velocity, Vv (ft/sec), and the orbital
injection path angle, yp (deg).

o The current and corrected values of 6r/ro, Sr'/to, 50, 8¢/,
sem, and 88 in the form needed as input to the Runge-Kutta
integration program,

Part 15

This part controls the priatout of the orbital correction condi-
tions. It differs from part 14 ia printing the horizontal and radial
components of the corrrntion velocity, 4Vy and AVg, as well as its
total magnitude AV, all in ft/sec rather than ¥V and yp.
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