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PREFACE

This study of the motion of earth satellite vehicles in trans-

lunar space was undertaken at the request of the Directorate of Space,

DCS/Research and Development. While it is sometimes possible to es-

tablish a satellite about the earth in a translunar orbit that will

remain reasonably circular for as long as five years, it is desirable

to have an orbital correction capability tc reduce orbital variations

caused by the sun and the moon. In this report, a method is described

for determining orbital injection conditions that minimize the devia-

tions of the orbit from circularity and a method of orbital correction

is presented that can be used to reduce variations from circularity

I if they develop. The results o'tained and the methodology developed

herein should be of use in predicting and controlling the orbital mo-

tion of the satellite vehicles in regions where the gravitational

perturbation due to the moon and sun are significant in comparison

with the earth's gravitational attraction.

I
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SI MARY

This report investigates the problem of keeping a satellite in an

orbit around the earth at translunar distances from the earth. The

study concentrates on distances between 300,)00 and 500,000 n mi, since

in this range the earth's gravitational attraction is the dominant fac-

tor in producing acceleration of a satellite vehicle rela.-ve to the

earth. The approach to the problem involves formulation of the general

nonlinear equations of motion for an object under the gravitational at-

traction of the earth, the sun, and the moon. The solution of these

equations is in terms of the variation of the resulting motion from a

nominal unperturbed circular orbit, and is obtained by numerical inte-

gration of the equations of motion. The results indicate no instabil-

ity in the motion of the orbital plane, which is characterized by a

slow regression of the line of nodes in the ecliptic, while the inclin-

ation to the ecliptic remains essentially constant. The investigation

of the motion in the orbital plane is restricted to orbits perpendicu-

lar to the ecliptic, since this tends to reduce the likelihood and du-

ration of near approaches of the satellite to the moon, thus decreasing

the resulting gravitational disturbance. Nevertheless, the in-plane

motion appears to be characterized by an instability that develops as

a divergent oscillation in the radial displacement of the satellite

from the reference orbit. The onset of this oscillation is found to

be dependent on the initial geometry of sun, moon, and satellite rela-

tive to the eeth as well as on the orbital injection conditions. A

method is developed for com'outing these injection conditions in terms

of the initial geometry so that the development of instability is de-

layed for two to three years.

Although cases are found in which the radial variations from a

reference orbital radius of 300,000 n mi remain less than 50,000 n mi

for as long as five years, it appears to be desirable to have an or-

bital control capability. This is done by a modification of the method

of determining orbital injection conditions. By means of this method

a satellite can be kept within a radial displacement of 26,000 n mi of

the reference orbit for a period of five years at an expenditure of

less than 70 ft/sec per yeat in velocity correction.
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SYMBOIS

AE - magnitude of the satellite acceleration due to earth
A-r a nagnitade of the maximum disturbing acceleration due to the

sun

A U -magnitude of the maxinm= disturbing acceleration due to the
moon

Ao - contribution of the driven twlution to the steady-state value
Sof r/r0

A - contribution of the driven solution to the coefficient of the"
I cos 0 term in Gr/r

A2 - contribution of the driven solution to the coefficient of the
in e term in dr/r o

P a M semimajor axis of the earth's orbit

aSr - normalized radial comiponent of the sun's disturbing accel-
eration

ase - normalized horizontal cosponent of the sun's distarbing ac-
celeration

- amplitude of the oscillatory term in 6r/r with frequency w j
am - semisJor axis of the mom's orbit

a - normalized-radial component of the =oo'a disturbing accel-
ai eration

a - normalized borlztutal component of the own's disturbing ac-ceteratn

3I as m9ltude of the oscllatory teM with frequency frol the=j n~n term of then binomti.A expesnc uiJ

B- contribution of the driven solution to -.:e steady-state value~of d69/68 o

bij - amplitude Of the oscilatory term in ror with frequeey 2i
bi - coefficient of cos iO in the Fourier e3r.iusion of €oie e
C Ij - coefflclenta of the tern with frequency a in te expansuom

of (aujrm) 3

Cii - amplitude of the oscillatory term in d6o0/d00 with frequency tJ

d i a amplitude of the oscillatory ter In 0dO/dO ° with frequency Q.,

G - mLversal Srsvitatlenal ijustant

L - satellite Iftaquency harmonic number

I.J unit vectors of the xyz coordinate system

- unit vector along i

to 0 - unit vectors of tht %,3y0 :) coordinate syste
i00

F



j Lunar frequency harmonic number

K parameter in the binomial expansion of (a M/r M)3

E mass of the earth

MS . mass of the sun

M - mass of the moon

N - maximum number of terms in binomial expansion of (a /r
n term number in the binomial expansion

no  maximum value for both i and j

P coefficient of the term in aSr with frequency ij

Pij -coefficient of the term in amr with frequency W

Qij - coefficient of the term in a., with frequenc nJ

qij - coefficient of the term in am, with frequency wij

- vector from the earth-moon barycenter to the center of the sun

RE - vector from the center of the sun to the center of the earth

r - vector from the center of the earth to the satellite

r vector from the center of the sun to the satellite
rs vector from the center of the mon to the satelliterm-vector from the center of the moon to the satellite
m
r -radius of the circular reference orbitro

rl- unit vector along K

t - time

t correction time

V urbital injection velocity

VH  horizontal component of V

Vt radial component of V

V - reference orbital velocity
0

x,yz - orbital coordinate system

xoyoz 0 - nonrotating earth-centered coordinate system

a - orbital inclination to the ecliptic plane

1G orbital inclination to the equatorial plane

m(O) - orbital inclination of the reference orbit to the ecliptic
plane

y - angle between the x0 and r when a is zero

7p W orbital injection path angle
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AV- orbital correction velocity

AV H - horizontal component of AV

AVR a radial component of AV

6r - radial displacement of the satellite from the reference orbit

Sr desired value of 6r at time t
D=1

Sr' -desired value of Sr' at time t
Srs -steady-state value of Sr

6r° = initial value of Sr

Sr' - initial derivative of 6r with respect to 8
0 0

6r osc  amplitude of the orbital frequency component of 6r
6r1  M current value of r at time tI
Sr' -current value of 6r' at time t

8SE) angular variation of the earth from its mean motion

6a variation of orbital inclination from a

Sy variation of y from its reference orbit value

68 - angular variation of the satellite from the reference satellite

6 -e desired value of 60' at time t
86as -steady-state value of 86

60I ' corrected value of 80' at time t
C

80 - variation of the moon from the mean motionm
88' - initial value of d6/d8

0 0
60 - amplitude of the orbital freluency component of 86osc
so Wvalue of 66 at time t1
68' - current value of 89' at time t

8T - variation of T from that for the reference orbit, 0

6 - variation of w, from its reference value, 6
z & 0

CE = eccentricity of the earth's orbit
e -eccentricity of the moon's orbit

- solar longitude

- longitude of solar perigee

9(O) -initial value of e

- mean orbital angular rate of the earth
60

8 - satellite orbital angle measured from the ascending node in
the ecliptic
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0(0) - initial value of e

6 - longitude of the moon

0 (0) - initial value of 6m

- mean orbital angular rate of the .r.on

m= longltude of lunar perigeeMP

mp0() -s initiai value of e
S= angular displacement of reference satellite in time t

.0
0 - orbital. angular rate of reference orbit0

e = angle between r and p

e1 value of 8o at time t 1
- inclination of the equatorial plane to the ecliptic

- mass ratio( + M)/M

= ,ector from the center of the earth to the center of the muon

- regression angle measured from the i% axis 
to the ascending

node in the ecliptic

y(0) - initial value of V

aij - normalized solar driving frequency

wii - normalized lunar driving frequency

- angular velocity of the x,yz coordinate system relative to

inertial space

wz S component of ; along the z axis
z 0

NUMERCAL CONSTANTS

a a 8.0726 x 107 n mi

a - 207,428 a mi

m- 81.27

f/My.- a332,958

E- - 281"33' 53A'

0 = 0.0172 rad/solar day

- 0.01674

em - 0.0549

- 0.22998 rad/solar day

mp 0.001944 rad/solor day

- 23"27'



I. INTRODUCTION

FIf the total acceleration of a satellite vehicle relative to the

earth is due to a mutual inverse square law gravitational attraction

between the two bodies, the motion of the satellite relative to the

earth is said to he Keplerian. The resulting path is an ellipse with

one focus at the earth's center and a fixed orientation relative to

Linertial space. As the satellite traverses this path, its orbital an-

gular rate varies inversely as the square of its distance from the

earth's center, thus maintaining a constant orbital angular momentum.

An actual earth satellite deviates from this idealized Keplerian

motion, since its acceleration relative to the earth is due not only

to the earth's inverse square law gravitational attraction but also to

perturbing accelerations caused by residual atmospheric drags solar

radiation pressure, the nonspherical mass distribution of the earth,

and the gravitational attraction of the sun and the moon. For alti-

tudes up to aLcut 100,000 n mi, all of these perturbing acceletations

are small compared to the inverse square term in the earth's attrac-

tion; however, their relative importance varies considerably with al-

titude. While residual atmospheric drag can result in orbital decay

and reentry for low-altitude satellites, its effect can be neglected

at altitudes above 300 n mi, The magnitude of the acceleration due to

solar radiation pressure is invariant with altitude, depending only on

the area-to-mass ratio of the vehicle. For low values of this ratio

the radiation pressure effect can also be neglected.

The acceleration due to the nonspherical mass distribution of the

earth varies inversely as the fourth or higher powers of the distance

from the earth's center and is negligible at distances greater than

50,000 n mi. At such distances from the earth the only significant

pertarbing accelerations are those due to the sun and moon. However,

their magnitudes, even at a distance of 100,000 n mi from the earth,

are less than one percent of the earth'3 grovitational attraction. A

perturbing acceleration of this magnitude does not seem likely to re-

sult in orbital instability, and an examination of Ref. 1 indicates

a number of examples of satellites at altitudes of the order of
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70,000 n mi that have been in orbit for 8 to 12 years with no apparent

orbital instability.

As the orbital radius increases and becomes comparable with that

of the moon, the perturbing acceleration due to the moon may become as

large as or greater than the earth's gravitational acceleration at times

of close approach of the satellite to the moon. Under these conditions

the vehicle can no longer be regarded as an earth satellite. However,

it can be shown that at translunar distances of the order of 300,000

to 500,000 n mi, the perturbing accelerations due to the sun and the

moon are again small compared to the earth's gravitational attraction.

This report presents the results of a study of the motion of a

satellite in translunar space to see whether a stable earth orbit can

be established at these distances. In view of the scarcity of experi-

mental data on translunar earth-orbiting vehicles, the study is of ne-

cessity analytical in nature. In Section II the general equations are

developed describing the motion relative to the earth of an object in

translunar space under the influence of the gravitational attractions

of the earth, the sun, and the moon. In Section III these equations

are used to determine the variations of the satellite motionf ron a

nominal unperturbed circular orbit. A method is developed for the de-

termination of orbital injection conditions that minimize these varia-

tions and produce acceptable, stable, circular, orbital motion for

several years. In the event that the variarns from circularity ex-

ceed permissible tolerances, a method is also developed to compute the

required orbital velocity correction and its time of application.

Section IV presents the specific conci, sions reached in this study in

regard to the feasibility of maintaining tranlunar orbits either pas-

sively or actively, while some of the details of the analytical devel-

opment of the orbital injection and correction technique are relegated

to Appendices A and B. The computing programa used are included as

Appendix C, together with a definiton of terms and a description of

their operation.
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II. METHOD OF ANALYSIS

STATEKNT OF THE PROBLEM

Tae problem investigated in this report can be stated as follows:

Can an artificial earth satellite be established in a stable translunar

earth orbit without active orbital control, and, if not, what is the

propulsion requirement to maintain such an orbit?

"a the formulation of this problem certain simplifications and as-

sumptions can be made without seriously affecting the accuracy of the

results. The acceleration of the satellite relative to the earth can

be expressed as the vector suma of the following elements: (1) the ac-

celerntion of the satellite due to the earth's gravitational attraction,

which can be represented as a simple inverse square law variation at

the assumed translunar distances from the earth; (2) the differenial

Iacceleration of the satellite and the earth caused by the moon's gravi-
tational attraction; and (3) the differential acceleration of the sa-

tellite and the earth caused by the sun's gravitational attraction.

The motion of the earth relative to the sun is assumed to be an

elliptical orbit in the plane of the ecliptic with an eccentricity, cE9

of 0.01674, a mean orbital angular rate, 8o, of 0.0172 rad/solar day,

and a longitude of-solar perigee, G9,, of 281033'53'. Similarly, the

motion of the moon relative to the earth is also assumed to be an el-

liptical orbit In the plane of the ecliptic with an eccentricity, Cm,

of 0).0549, a mean angular rate, imo' of 0.22998 rad/solar day, and an

advance of perigee, e , of 0.001944 rad/solar day.

It should be noted that in this representation the initial posi-

tions of the earth and the-moon in their orbits, as well as the initial

position of lunar perigee, are independently adjustable rather than be-

ing interrelated through an ephemeris. This facilitates the study of

the effect of the initial geometry of the sun, moon, and earth on the

satellite so that the results need not depend on the particular geome-

try that may exist on a specific launch date.

This ignores the 5*33' inclination of the moon's orbit to the
pla.e of the ecliptic, since its effect on the satellite orbit is small
enough that the additional computation involved did not seem warranted.
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COORDINATE SYSTEMS

In Fig. 1 the vector relationships of the sun, earth, moon, and

satellite are shown schematically. As indicated previously, the sun,

moon, and earth are assumed to lie in the plane of the ecliptic; how-
ever, there is no such restriction on the satellite.

The coordinate systems used in the formulation of the equations

of motion are shown in Fig. 2 where the x ,yZ 0 axes define an earth-

centered coordinate system with no rotation relative to inertial space.
The xyo° plane is the plane of the ecliptic and Lhe xo axis is in the

00

direction of the first point of Aries. In this coordinate system the

sun and moon are in the direction of the lines OS and OM in the xoY

plane making angles of ) and 0m with the x0 axis. The x,y,z axes define

an earth-centered coordinate system which moves in such a way that its

x axis is always along the radius vector r between the earth's center

and the satellite, while the xy plane is the instantaneous orbit plane.

The orientation of this system relative t2 the x oYoZ system is speci-

fied by three angles, If, a,, and e. The angle Y is the orbital regres-

sion angle measured from the x0 axis to the line of nodes ON at- the

intersection of the xy and xoy° planes, while a is the orbital indlina-

tion angle between the xy and xoy ° planes and 0 is the angle between

the x axis and ON measured in the xy plane.

The nine direction cosines relating the unit vectors 1,L, of the

orbital system to the unit vectors i ,Jk of the nonrtating system

are given in Table 1 in 'terms of the angles Y, a, and 0.

In addition, it is convenient to define two unit vectors fl and 13

in the direction of R and O, respectively. These can be. expressed as

i = oCos 0+ ]osin ()*!

C . o cos + -:in0 (2)
m 0 m 0 3

where the angles 9 and 6 are tie solar and lunar longitudes.

It is assumed that R and R are ,arallel.



Sun

RE R

Satellite

Earth

a 
Moon

Fig. I-Position vectors
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z iO

X0 a

Fig. 2-oordunote systems
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Table I

? DIRECTION COSINES

0 0 _ _ _

Cos 0 Cos I Cos 0 sin T sin 0 sin a

- sin 0 cos a sin IF +sin 0 cos a cos

-sin 0 cos Y - sin e sin Y cos e sin a

- cos e cos a sin Y + cos 0 cos a cos

sin a sin -sin a cos . cos a

FORMUATION OF THE hQUATIONS OF M.DTION

General Equations

The acceleration of the satellite relative to the earth can be

expressed n vector form using the approach of Ref. 2 as follows:

321+ 3

(3)

where C - universal gravitational constant

- mass of the earth

. mss of the soon
a

E semimajor axis of the earth's orbit

a - semimajor axis of the moon's orbit

The principal differenwe. ietveen Eq. (3) and the corresponditlg

result given in Ref. 2 as Eq. (B-37) is that the last term in Eq. (3)
is an exact expression for the differential acceleration of the satel-

lite and the earth due to the moon, since the linearization of this
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term used in Ref. 2 is not valid for the geometry of the present

problem. However, the linearization of the corresponding solar term

is still valid even for translunar orbits.

In addition, the inclusion of the eccentricity of the orbits of

the earth and the moon introduces the fa:torv aEIR and am/P which can

be determined as a function of time by the following equations:

AE-- 1 + C; cos (e - (4)

+ Cos (0 - ) (5)
a up

where

89 + CO C O (6)

3 0og (7)

(s - c) 3I [' + co. . up

and 0 being the longitudes of solar and lunar perige.
upI

In addition the ratio P/r is given by the relation

rr (2 p nj .

The satellite acceleration can also be wpressed as

r -- r~uj -

+ I r L'(o-; + r(;o><')

+ - . + r(.>( ,<>t (,)I t
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where w is the angular velocity of the x,y,z system relative to in-
0

ertial spaca. The components of w that appear in Ea. (9) are as
0

follows:

"( .)s= cos e + Y sinp asine (10)

(a o') "- u oin e + sit a cos O (e1)
r0*

(~ ik + cot ai (12)
0

Hovever, it cam be shown that if the xy plane is t:e instantaneous
orbital plane, then ( -) at be identically zero. ,,us, Eq. (9)

0

becomes:

~rd2T 21 + [r2 - -

r dt 0(Of r dt (;0 r( 0 -1)(; -K)kc (3

Combinatioa of Eqs. (10) and (11) vith the three equations obtaiwd

by equating ccVuoents of iqs. (3) and (13) results in the following

equations of motion for the satellite

dr 2 
].

- t(1)1

) 
-

-
- )-

dt(r 9 R (is?))(15)

Ye. sin a sin 0P-S

ftfi
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~ a,\3 62 1a 3 3\I
z o rF mrI-

z

Variational Equations

A considerable improvement in computational accuracy can be

achieved if the equations of motion are expressed in terms of the

variations of r, wz, 0, ', and a from their corresponding values

along an unperturbed Keplerian reference orbit. Since there is no

apparent advantage in selecting an eccentric reference orbit, it

can be specified as follows:

-= r (19)

Wz 0o (20)

"0 e (21)

0 (22)

au0 (23)

where the mean orbital angular rate, 0 , is given by

F r[3 1/2

3= M (U 1 (24)

In addition, it is also convenient to use 0 rather than the time,o

t, as the independent variable where 0 is given by

0 -Ot ?5)
0
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and represents the change in central angle along the reference orbit

during the time, t.

The dependent variables r, w z, , ', and a, can oe expressed in

terms of their variations from their reference orbit values by the

following relations:

r r + 6r= r °  + ) (26)

0

z ;00+ 5CO- +6 1 (27)

; + = 1 + d6 (28)

- - dtSy (29)

~d6a a 8 6 - (30)

o dO
0

e6e80+ 0(0) + 6e (31)

- T(0) + S' (32)

a a(O) + 8a (33)

whe;- (O), (O), and m(O) are the initial values of 6, IV, and a

when (and e ) are zero.
46 0

Similarly the angles E, 0m , and 6 can be expressed in terts
m MP

of the independent variable 0 by the relations

9,.e +(0) + so (34)
0

0
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=MOO +0 (0)+60 (35)m * o in i

m 0
0

0 MIp 0 + 0 (0) (36)
mp o mp

0

where G(O), 0 (0), and 6 (0) are the initial values of 9, 0 And

0mp. The quantities SO and 0M are the angular variations of the sun

and the moon from constant angular rate motion relative to the eart.

Substitution of Eqs. (26) through (36' into Eqs. (14) through

(18) results in the following variational form of the equations of

motion.

d ( .( 16r 1 38r+ 31r r) + 1+ 2_
0T T)r\2

62aE 3r 32 a r /
-t- L- 3( ,i)2 - + -(p

0 0' 0

o (37"1

p 3/3

d Pw 1, z r). 2Eo (aE ;'D-
.0o0 , (+ L 0o 62 R

62

d58 z sin 6 os a

080 1 + sin o

36 32
(r.i(r.1 _ (I2 (39)
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M6Y sin 6

0 7-6w) sina

0

0 3.
-~ ( - - .21(1-~ (mi) (41)

0m m In

(?.j C s in co 0-O)-cs~c~ i '-)(3

.2 2
-J6 si r 3 si ( y -9 )k (4 )

M

Finally, the values of 89 and 58 can be obtained from Eqs. (6)
and (7) after substitution of Eqs. (34) through (36) to give



-14-

9 + CE Cos - (48)
0O 6(iC2)3/2)

dS 0m" mOr [l + ¢C°Cs (0 m- 0 mp)]2

d - 3/2 1 (49)

0

Equations (37) through (41) represent the complete equations of

motion applica' le to satellites in translunar orbits. They consti-

tute a set of five coupled nonlinear differential equations in the

variables Sr, Swz, 60, 6T, and Sa as functions of the independent

variable 0o . It should be emphasized that this formulation puts no

limitation on the magnitude of any of the five dependent variables.

Determination of the orbital motion, in view of the nonlinear-

ity of the equations, requires simultaneous numerical integration

not only of the five equations of motion but also of Eqs. (48) and

(49) to determine the values of 59 and 60 as a functien of the in-

dependent variable 0o . While this can be done, it is found that cer-

tain approximations can be made that markedly reduce the solition

time without any significant change in the nature of the results.

Uncoupled Equations

Equations (40) and (41) describe the part of the motion that re-

sults in a change in the orientation of the orbital plane, while Eqs.

(37) through (39) determine the motion in the orbital plane that re-

sults in changes of size and shape of the orbit. While these two

types of motion are not completely uncoupled, the coupling is weak

enough so that the motion of the orbital plane can be treated sepa-

rately by ignoring the effects of 8r, 50, Swz, and 8a on the right

side of Eqs. (40) and (41). With the additional assumption that Cm

and CE are zero, these equations become

iE
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(51)

These equations can be integrated numerically along with Eqs. (48)

and (49) to determine the variations in the orientation of the orbital

plane as given by 6T and Sa. It is found, as will be shown in the see-

tion on results, that the solution for 6 consists of a secular term

with small oscillatory variations superposed, while 6a can be repre-

sented by a small negative bias term with small oscillatory terms

superposed.
In a similar manner, the variation of the in-plane motion can

also be determined independently by replacing a with its reference

value, a(O), and It with its secular variation in Eqs. (37) through (39).
These equations can also be integrated numerically along with Eqs. (48)
and (49) to give the in-plane variations of the motion as specified
by Sr, Se, and Sw

z
The in-plane motion can be further sLmplified for two special

cases that are of interest, namely when the orbital inclination to

the ecliptic is either 0 or 90 deg.

If o(0) is equal to 0 deg, the orbit lies in the plane of the eclip-

tic and the line of nodes, ON, in Fig. 2 is indeterminate. As a re-

sult, the angles 8 and ', as well as their variations 68 and S', are

also indeterminate. However, the sum of 0 and T is determinate and

represents the angular displacement of the satellite about the earth's

center measured from the x axis. If his angle iq defined as y, then
by Eq. (18) y is equal to w z and Eq. (39) reduces to an identity,

while Eqs. (37) and (38) become
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Thus the in-plane motion is completely described by solving

these equations for Sr and Sy, since 6 and 7 no longer occur sepa-

rately in the equations.

fgan1 is 90 deg, then by Eq. (18) 6 is equal to wand Eq. (39)

aanreduces to an identity, whrile Eqs. (37) and (38) take the form

6rr +.. [ 3~ +r + +
28r r 0_r / kr-) (do 0  1'(+rY 0 0

0(

02 3
JES d208'd2682 )

- + -- K)( -3cos2 0con

62 (a3

2 - - !) --Co m (5-

IJ62r 3 1 r /
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d2 so 2 dSe\ d \ _ a 3

r O
0

a 3

-o p - -i-sin 0 cos 0 (55)
\PrI\ r r m

0m

Thus the in-plane motion can again be Jescribed by solving Eqs.

(54) and (55) for the variations Sr and So.

I.



-18-

III zRSULTS AND) DISCUSSION

SL'ECTION OF A REERECF. ORBIT

If the orbit of a satellite about ths earth is to be stable, it

is necessary that its acceleration due to the earth's gravitational

attraction be large compared with the differential 
accelerations of

the satellite and the earth caused by either the sun o( the moon.

Thus an e::amination of the magnitudes of these accelerations, as a

function of distance from the earth, should give some basis for the

selection of the orbital 
radius of the reiTf enee orbit from which

the orbital variations are 
to be measured. The maximum differentisl

acceleration of the satellite and the earth due to the moca occurs

when the satellite and the moon have a common direction from the

earth's center (1 - ?>. An examination of Eq. (3) shovs that this

maximum acceleration is along i and has a magnitude, A r given by

so a
A r + 

(56)

where the eccentricity of the moon's orbit is neglected.

The acceleration of the satellite by the earth, AE, is given by

the expression

r2

Thus the relative importance of the lunar effect can be detetvffled

as the ratio of A to as follows:

re A re
~3e2 a3  K I (

Since e m is given by the relation



: Eq. (58) becomes

AB N r ~' 2-- 
(60)

~2 -2
AE (E59)r-m M

For t. equal uo ie re is equal to the absolute value f (r - at) and

Eq. (60) can be wi tten as

A, H 2 2

.r ar, M r (62)

where the plus sign apple f r is greater than a and the minus sinc

faT r less than a.

; Simailarly, the inau dtfferentl acceleration off the .satellite

~and the earth due to the aen occurs when the directions of the satel-

i lite apd the sumn, zisative to the center of the earth, are either the

~same or exactly opposite (1. - cr1 ). In either case Eq. (3) shows that

this maimum aceeleration is along r and has a magnitude, A~r , given by

wher theeccentricity of the earth's orbit is also neglected. Since

is given by the relation

the ratio of ASr to A. can be expressed in the form

3(64)

AE "E a
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Figure 3 is f plot of

the absolute values of the

two ratios given by Eqs. (61)
I I I and (64) as functions of the....... --- distance from the *.enter of

, the earth. it is seen that

at dintances from the earthI'V ia --i t'up to 100,000 n :i the. :olarand lunar effects are less1. the -' -- n one pe.rcent of the earth's,
) ) igravitational attraction.

In the vicinity of the soon

O' I (r - 207,428 n at) the lunar
of fect becoms dominant and

-1 - - cuse drastic chsaes In

the natute of the satellit,'s
o. 1 . o ' "' otion relative to the earth.

Fig. 3--NormalIzed s lar and lunar U er at t sluns di-
pesturbing accellations tances tte lunar effect passes

through a sinima at 400,000

a at, while the solar effect

contin'jes to Increase as the cube of the distance from the earth. Con-

sequently, there is a range between 300,000 ad M. 0n ni within 1
which both the solar and lunar effects are less than 15 percest of the

earth's gravitational attraction. Beyond 500.000 it both the solar

and t& lunar effects continue to increase in inW.tance with the solar

effect becoming dobinant at a distance of about '.,M0,000 a at from

the earth.

As-a result, if stable transluar orbits are possible, thir or-

bitaj radii should be between 300,0(M aid 500,000 a mi If the solar and

lunar disturbances srs to be atnimimd. hile orbits with various ra-

dii within thls range were examined, most of the data obtained is for

a nominal 300,O0X--n mi orbital radius. The selection of 300,000 a at

is predicated on the fact that although the maxlma lunar disturbance

at this diatance is 15 percent of the earth's attraction, this occurs

i
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only during close approaches of the satellite to the moon. Ouring the

rest of the orbit the average lunar effect is of the order of 6 percent

or about twice the average solar effect. Thus if the frequency of oc-

currence and the duration of these close approaches of the satellite

to the uoon can ae appreciably reduced bz a suitale choice of the or-

bital orientation, then the average dlisturbance due to the woon can be

reduced and the possibility of a stable orhit enhanced.

Thus the refet-ace orbit used for most of this study is a circular

orbi: with a radius of 300,000 n i and a pertod of 47.8 days. The

variation of this orbital period vith orbital radius in the transln.ar
£ reion is show in g. .

OWUATIAL PROCEDW.

In t;-te previous section,

,f i 1 it vas shom that a range of

'a'translunar distames exists in

wahich thle lunar and solar ef-

- I, fects are nlaized relative
to tho earth's attraction.I /I

- ! However, it Is still necessary
I __I / -' . t 1 € - -'. , - : , to deternine wtd her, uder

_the Influence of these r
us ditracsasial

I stable orbit can exist. This

:L Ii , -- involves the solution of the

_____ .___ equations of sotion derived

In Section II. In view of the

fig- 4-0&t'.ia pvcv s2 ec;mo nonlineartt of these equations,
stbikaI rWigs it is obvious that the solution

vusz be obtained by numerical

integration. This is accompltshed by progrmaing the equations for

solution on the 0S* coafuter using a fourth order Ringe-Rutts

JOSS is the tradmark of the reamte console, ti-e sharing coe-
puter ,ystme developed at The anJ Corporatton.

r
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integration procedure. Initially, the completely general equations

as represented by Eqs (37) through (41) were programmed. However,

this involves the simultaneous integration of these five equations as

well is Eqs. (48) and (49) for the motion of the sun and the moon, and

the solutica time is found to be excessive. If the uncoupled form of

the equations of motion is used, then the determination of the motion

of the orbital plane involves the integration of Eqs. (50) and (51) to

obtain ST and So, as well as Eqs. (48) and (49) to obtain 69 and 8e .m

The in-plane motion is determined independently by integrating the un-

eoupled forms of Eqs. (37) through (39) to obtain Sr, wz, and 56.

Comparison of the results obtained from the uncoupled equations with

those from the more general form shows no significant difference in

the nature of the orbital motion. Thus, the uncoupled form of the

equations is used in all cases.

MOTION OF THE ORBITAL PLANE

Motion Relative to the Ecliptic Plane

An examination of Eqs. (50) and (51) shows that the right-hand

side of Eq. (50) averaged over 6 has a nonzero value, while a similar

average of the right side of Eq. (51) is zero. Thus, when the two

equations are integrated, 6T exhibits a secular variation with small

oscillatory variations superpn3ed, while 6S undergoes small oscilla-

tions about a small negative bias. Thus, to a good approximation, the

motion of the orbital plane can be described as a slow regression of

its line of nodes in the plane of the ecliptic, while its inclination

to the ecliptic remains constant. Figure 5 is a plot of the regres-

sion period as a function of orbital inclination to the ecliptic for

a 300,000-n mi orbital radius. It is seen that the period increases

monotonically with inclination heving a value of about five years at

0 dog and becoming infinite at 90-deg inclination to the ecliptic.

Thus for a 90-deg inclination the line of nodes simply executes small

angular oscillations about a fixed directien in the plane of the eclip-

tic. ro give some idea of the variation of regression period with

altitude, several points are shown in Fig. 5 for an orbital radius
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of 400,000 n mi. It is seen

that for a given inclination
,oo I 1lj the regression period decreases

90- - 1 with altitude, particularly at

~~1 ''7-""~ - the00 rersso peio decras
x , _, _ higher values of orbital in-70 Ix clnan.

I In Fig. 6 aplot of the

- -0 bias of the orl'ital inclina-

4 tion angle is shown as a func-SC-- -- --

tion of the nominal inclination,

-a(O). The bias also varies mono-

30 tonically from a value of ' deg

2j when c(O) is zero, on t a value

to of about -2.5 deg when m(0) is

IC L ii11  1~. equal to 90 deg. As in Fig. 5,
0 several points are shown for0 15o 20 30 40 60 70 80 90

ob;tol to t .eclpt.c " ) an orbital radius of 400,000

Fig. 5-Regression period as a ftunction of n mi and it is seen that the
orbital inclination magnitude of the bias increases

with altitude. Since the am-

plitudes of the oscillatory terms in both ST and 8a, as well as the

steady-state regression rate appear to be bounded, the resulting mo-

tion of the orbital plane does

-5 7 ~ lf not constitute an orbital

..L... instability.
0 ~ . 300,OCMnn. orbit

I X400,0004n. ti

I "Motion Relative to the
S-2 Equatorial Plane

' - /.In the case of earth sat-
0, 1 40 111 ellites, the earth's equatorial

S0 1
0 20 W 0 V o At N plane, rather than the ecliptic,

Ofb,I.,I ;inOtion to the .(iitk Idiri

Fig. -Obital inclination has as is ordinarily used as a refer-

function of c-.rbital inclination ence relative to which the mo-

tion of the orbital plane is

determined, If this is done in
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the case of the motion described in the previous section, it is foumd

that neither the orbital inclination nor the regression rate of the

node remain constant in this equatorial reference system. As an example,

an orbit that is initially in the equatorial plane is inclined at an

angle of 23'27" to the ecliptic. From Fig. 5 the regression period of

the node in the ecliptic is 6.7 years; thus after only 3.35 years, th a

orbital inclination relative to the equatorial plane would increase

from 0 deg to 46*54'. The orbital inclination to equatorial plane

can remain constant only if its orientation relative to inertial space

remains constant. This condition is satisfied if the orbital inclina-

tion to the ecliptic is either 0 or 90 deg. If the inclination to the

ecliptic is 0 deg, the corresponding inclination to the equator is

uniquely determined as 23*27'. On the other hand, if the inclination

to the ecliptic is 90 deg, then the corresponding inclination to the

equatorial plane, aG' is give: by the relation

cos a. G cos T(0) sin X (65)

where T(O) - steady-state position of the line of nodes in the ecliptic

X - angle between the equatorial plane and the ecliptic.

Thus, with a 90-deg inclination to the ecliptic, the constant equato-

rial inclination may have a value anywhere from 66"33' up to a 90-deg

polar orbit.

Although it may not be necessary to hold a fixed orbital inclina-

tion to the equator, it does appear that an inclination of 90 deg to

the ecliptic has certain advantages in minimizing the variations of

the in-plane motion resultig from close approaches of the satellite

to the moon. This is discussed further in the next section.

Preferred Orbital inclination

If a satellite is in a nominal 300,000-n mi orbit, Fig. 3 shows

that the maximum perturbing acceleration due to the moon is 15. per-

cent of the acceleration due to the earth. This maximum acceleration

occurs whenever the satellite and the moon are in the same direction

relative to the earth. At this time the separation of the satellite
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and the moon is equal to the difference of their orbital radii, 92,572

n mi, If the eccentricity of the moon's orbit is neglected. If the

satellite's orbit and the moon's orbit lie in the same plane, then one

of these close approaches occurs each time the moon gains one complete

revolution relative to the satellite. This occurs with a periodicity.

of 63.47 days corresponding to the difference of the two orbital angu-

lar rates. The variation of the radial component of the moon's per-

turbing acceleration during one of these close approaches is shown in

Fig. 7, which is a plot of the lunar term of Eq. (52) as a function of

time, where zero time occurs at closest approach.

If the satellite's orbital plane has an inclination of 90 deg to

that of the moon, a close approach to the moon can only occur at the

two points of intersection of the satellite orbit with the plane of

the moon's orbit. If the orbital periods of the moon and the satel-

lite are incommensurate, the probability of a close approach is much

0 1 9 1/I i\I!
-.15 _

.8 - .6 4 -2 0 2 4 6 8 ., -6 -4 -2 0 2 4 6 S

i;M (duoi) UCId

Fig. 8
Radial component of luuar perturbing acceleraTion as a function of time

[
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less than in the previous case where it could occur at any point along

the satellite orbit.

However, if both the satellite and the moon do arrive at the line

of intersection of the two orbital planes simultaneously, then the vari-

ation of the radial component oi the perturbing acceleration with time

is shown in Fig. 8, which is a plot of the lunar term in Eq. (54). It

is seen that although the peak acceleration ii the same as that in Fig.
7, the width of the peak is considerably less. Thus, the tQtal impulse

as measured by the area under the curve is less. In addition, Fig. 9

shows the effect on this acceleration peak, if the arrival of the moon

at the intersection differs from that of the satellite. If the moon ar-

rives earlier than the satellite, the peak occurs slightly before the

satellite reaches the intersection and the height of the peak is reduced.

The height of the peak is similarly reduced for a late arrival of the

moon, but it occurs after the satellite has passed the intersection.

On the basis of a comparison

-.20 *...' of Figs. 7, 8, and 9, it is|I- I i Ii
300,000- ba evident that the perturbing

acceleration due to the moon

- is less severe for the 90-deg

I I I inclination. Thus, in the in-
~ - vestigation of the in-plane

4 - I i

Lmd 0 ,do motion described in the next

6. s~-j-} ection, the principal er ~ha-
sis is on orbits with this in-

z [clination to the ecliptic.
I

I MOTION IN THE ORBITAL PLANE

" ' . |" i Preliminary Results

- - -4 -2 0 2 6
The undisturbed in-plane

Fig. 9-Variation of lunar acceleration motion of the satellite along

with diff. reacn in a::ival time (90" the 300,000-n mi radius refer-
orhita inclinati ,n) ence orbit has an orbital ve-

locity of 2774.4 ft/sec, which
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results in an orbital angular rate of 0.13142 rad/day and an orbital

period of 47.81 days. The orbital inclination of 90 deg to the eclip-

tic precludes any significant change in orientation of the plane as

shown previously. The actual motion is determined relative to the

reference satellite by numerical integration of Eqs. (54) and (55)

for Sr and 50, which represent the radial and tangential displacements

of the actual satellite from its reference. At the same time, inte-

gration of Eqs. (48) and (49) determines the motion of the sun and

the moon relative to the earth. The input data required include the

initial values of e, e, 8 , Sr, dgr/d 0o , and dge/deo, the initial val-

ues of s8, 19, and 68 being equal to zero. The equations were inte-

grated with a 0.5-day integration step size, while the result is

printed out at one-day intervals. The basic output of the program

gives, as a function of time, the quantities Sr/r 0 , 680, and their

rates of change with respect to 0 as well as the variations 60 and0

68 m These quantities, together with characteristics of the reference

orbit, are then sufficient to completely describe the motion of the

actual satellite relative to the earth. The description of the pro-

gram is given in Appendix C.

The in-plane motion of a satellite can be regarded as stable if

the magnitude of 8r never exceeds some preassigned value, thus main-

taining a reasonable approximation to a circular orbit. However, the

cost of demonstrating any such absolute stability cf an orbit by ma-

chine solution becomes exorbitant. For the purpose of this report

the in-plane motion is consequently regarded as stable if the magni-

tude of 8r remains less than 50,000 n mi for a period of five years.

As a first step in the study of this stability, it is of interest

to determine whether the resulting motion is sensitive to the initial.

geometry of the satellite, the sun, and the moon relative to the earth

as specified by the initial values of the angles e, (3, and 8mc This

is investigated by varying the initial value of 8 in steps of 10 deg

for the same initial positions of the sun and the moon. The initial

values of Sr, d6r/d8 0, and d68/dO0 are uet equal to zero with the re-

sult that in all cases the orbital injection conditions are those of

the reference orbit.
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An examination of the resulting orbital motion shows a signifi-

cant variation depending on the position of orbital injection as speci-

fled by the initial value of 0. In Fig, 10 the variation of the radial

deviation, Sr, from the reference orbit is shown as a function of time

for two cases in which the only difference is an initial value of 190

deg for 0 in the upper curve and a value of 20 deg in the lower curve.

These two curves are roughly the extremes of the types of motion that

result. In the upper curve representing the worst case, an oscillation

in Sr develops, reaching in amplitude in excess of 50,000 n Yui within

250 days, while the frequency of the oscillation is approximately that

of the reference orbit. In the lower curve of Fig. 10, which represents

__________ (a) _ _ _ _

+60 _

+40 G )=10
S+20

CO00 -2o0 ,

g-60 0 50 100 150 200 250

0 v Time (do

6.

• +40 . .

._ +20
0 8 (0) 20-r

-40
O 50 100 150 200 250

Time (days)

r = 300,000 n mi

am (0)= 225'

0 (0) = A

Fig. 10- Effect of initial geometry on orbital stability
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the best c&se, the amplitude of the osciltlation in Sr does not in-

crease as rapidly and its periodicity is more tomplex, involving os-

cillatione at frequencies higher than that of the reference orbit.

In addition to the radial variations shown ii Fig. 10 there are

also tangential variations, which in both cases are characterized by

a slow dirft of the satellite ahead of the corresponding position on

the reference orbit. This constitutes a steady-state increment in

the orbital zngular rate, which can be explained qua!itatively by the

fact that the average radial acceleration of the satelltte relative

to the earth is increased by the presence of the sun ad the moon.

However, this change in orbital angular rate is not regarded as an

orbital instability, since it does not alter the shape of the orbit.

On the other hand, the radial variations shown in the upper curve of

Fig. 10 have exceeded the 51,000-n mi stability limit in a little

over 160 days.

If a value of -50,000 n mi for Sr occurs at the time of closest

approach of the satellite and the moon, the satellite is about 42,000

n mi from the moon and 250,000 n mi from the earth. An examination

of Fig. 3 shows that under these conditions the lunar gravitational

disturbance is about 45 percent of that due to the earth as compared

with 15 percent at 300,000 n .i. Such an increase in the disturbing

acceleration can result in even greater divergence in the oscilla-

ttion of 8r.

From this discussion it is seen that the resulting orb ital mo-

tion is a function of the initial geometry of the satellite, the sun,

and the moon relative to the earth. While it is evideat that insta-

bility can occur, it is not necessarily inevitable. Hopefully, by a

suitable choice of initial geometry and orbital injection conditions,

a long duration stable orbit may be possible.

Lons Duration Obit

If the solution for case (b) shown in Fig. 10 is entenOcd beyond

the 250 days, the resulting radial variations are shown in'-the posi-

tive time region in Fig. 11. It is again seen that an oscillatory

I
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divergence develops at orbital frequency, and its amplitude exceeds

50,000 n mt after 471 days. Since the computer has no compunction

about running time backward, it is possible, by using a negative com-

puting step size, tc determine the varlAtion of 6r that would ha.

occurred prior to zero time in order to achieve the specified initial

conditions at zero time. The resulting solution is show. along the

negative time axis in Fig. 11. The magnitude of Sr remains less than

50,000 n ml for 1362 days in the negative time direction. The values

of 8r, dgr/de 0, 60. d/d8O a, 38, and SO m corresponding to any point

on this curve constitute a set of initial conditions for orbital in-

jection on that day which will generate the curve in Fig. 11 to the

right of the injection point. Thus, if a satellite had been injected

into orbit at time -1362 days with the nitial conditions correspond-

Ing to that point in Fig. 11. the resulting Sr variation would have a

magnitude less than 50,000 a mi until +471 dayr, a total interval of

1833 days or 5.02 years, thus satisfying the previods definition of

orbital stability. This procedure of determining initial conditions

requires an accurate ephemeris of the motion of the moon and the sun

relative to the earth for at least five years An advance of the pro-

posed launch date. In addition, a considerable amount of computing

time might be required to find a time in the future from whic'A a stable

orbit could be established over a period inclading the five-year in-

terval starting from the desired lAunch tim. Finally, even after the

Initial conditions are determined the preclion required in rea.i-iing

these conditioes so that the otbit would follow the computer version

for five years might be difficult to realize.

Determination of Initial Conditions

It is found that by making eall changes in the orbital injection

conditions from those corresponding to the reference orbit, consider-

able improvement In the resulting orbital motion can be achieved.

However, the use of an empirical cut and try method to improve the

injection conditions is rather uncertain and very tine consuming.

While the specification of the optimum initial conditions for

te complete nonlinear equations of motion is very difficult, it is

I
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possible to make use of the linearized form of these equations for such

a determination. If the higher order terms in Eqs 0 (54) and (55) are

neglected, the result is the folloving set of linear4 zed equations:

d2 (Lr) 3 5r - 2 A .42k(1 -3 Cos 2  8 Cos 2')
0 0

- [ - Cos Cs 0 COS (66)
11; r°  r3/to

di N io ,2k -Am ° oo'
0 0 O 2 26.2( -, T io COS0 0 (67)

where the eccentricity of the orbits of the earth and the moon are Ig-

nored. In addition, it is assumed 60 remainS t-all so that it can be

neglected on the right side of Eqs. (66) and (67).

Appendix A shows that the terms on the right side of Eqs. (66)

and (67) can be expressed by a series expansien as follows:

3 r- --r r
110L m 9m j. e-(n +1) (8

0 (8

2 3 an +1 n0 +l

,f Co q osi (I.6+ J,) (70)

22 co 2 m 2.
0 1-0 J--2
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2 2 sin 28 cos 2 e - Q sin (te+d j) (7.)

o 1-0 J--2

where the convergence of the series n Eqs. (68) and (;0) is excellent

for s value of 20 for n
0

Substitution for e, e. and 0a in terms of 00 by means of Eqs. (31),

(34), and (35) transforms Eqs. (66) and (67 to

2 2 2
: d2 ',,T -  ro" d~O i'Pj

0 0-0 J--2.

n 0+1 n a+1
+ 0 Cos [W"Jo+ (0) + ja,(0)]

.o JA-(n+I) (72)

2 2± + ,60 + ].
d d60 - sn Qi s in [.+ (o+i( (0)]

0 0 1-0 J-

a +1 n +1
*0 0

+ sin INsis + 1"(0) + 103(0]
1-0 Ji-(no+l) (73)

' fil " +(73)where

0

a I + (74

+ (75)
•j ;e0
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Thus, the driving functions of the equations of moLion are expressed

as summations of sinusoidal terms whose arguments are functions of 6
By superpr:ition, the solution of Eqs. (72) and (73) can be ex-

pressed as the summation of the solutions for the individual driving

terms in the form

6r Sr /36r0
-r7A + 26 ) A, cos8

0 r 0  0

n +1 n +1r~0' 0
+[r 0 + A2  sin 0° + a o a co ijo + i(o) 4 lem(o)

1= 2]-( 1-0 J--(no0+1)

2+j2 0 0

2 2

+ E E bij cos[ij0o + i(O) + J1(O)] (76)

1-0 j--2
S~2 #j 0

F (6r Sl~ r 03' (2 3 + Sol + BO] 2 3 .0o+ 2S0 + A,] Cos

do L r 0/0)L ro o1 o

- 2 + A2 sin 0

n +1 n +1

+ Lj cosWjo + i(O) + ji8(0)]

1-0 J--(n +1)
2 2i +j #0

2 2+ d i dj Cos [a iJo + i0()i(O)]J6 (77)

1-O J=-2

i 2 j 20
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where

n +1 n +1
0 0

A p+ 2 qi O i()+ B(
0 00-i

2 a J-(n 0+1)

~2 2 + G()

+ p + 2 E f Q OB c(16(0) (78)0)

00 1-0 J--2 Slij

1 2 +

n +1 n +1

A1 -j -2~ 2w lij Co [o + ie(O)J
1-0 J--(n +1) W11

2 2 (P COB -1~ (79)j
+E E 2l 1  CoQli (0 + J( l(9

L-0 ju-2 -1

ni 41 n +10 0 (2qi 1 -C)I!sirJf JfAl

I'.0 J--(n 0+1) 11

2 (2Q f l P 1( 0
+ E 112 1~sin 16e(0) + JEW0) (80

1-0 J--2 1j

ni +1 nl +1
0 0

B -2 -3 q' cos (18(0) + i8m(0)]

1-0 J--(n +1) I

12 +2 00

2 2 * COB (6) + P]
-2PO - 3 -l1

1-0 J--2 11

12 + 2 0
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(In Eqs. (76), (77), (78), and (81) the suimations do not include

the term for i = J 0 if either wiJ or 0ij occurs as a factor in the

denominator.)

a = 2 - (82)
'ij( ij -i

b - P J (83)

lj ( j

2

c M - (qiiij - 2piJwij + 3qi1 ) (84)ij .2 -1

(Q il2 - 2 i +23 )
d - 2 _ 1 1) (85)

P-ij (j 1)

An examination of the linearized solutions for 6r/r and d6e/de0

given by Eqs. (76) and (77) shows that the choice of the initial con-*
ditions Sro , 6r', and 68' appear in the constant terms and the coef-

0 0 0
ficients of sin 0 and cos 0 but not in the coefficients of theo o
driven solution ai, bij, cil, and dij.

If these initial conditions are set equal to zero, the orbital

injection conditions are those for the reference orbit. Under these

conditions, Srs, the constant bias term in 6r, is equal to roA ,

while B is the steady-state rate term in d68/d8o . The amplitude of

the orbital frequency oscillatory term in 6r/r is given by

S 12 -2
7-- 1 + A (86)

0

*6r' and 60' are the initial values of d6r/dO and d(68)/d0 ,
0 a 0 0
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while the corresponding amplitude in d66/d0 is twice this value.0

For 0(0) equal to zero the value of this oscillatory amplitude in

6r/r due to the lunar terms is plotted in Fig. 12a as a function of

the initial lurar longitude er (0); Fig. 12b is the amplitude due to

the solar terms plotted as a function of the initial solar longitude

O(0). The curves are plotted only up to 180 deg, since both are even

i-.-nctions of the respective latitudes. The reason for the observed

sensitivity of the orbital notion to the initial geometry of the sun,

moon, and satellite is evident from Figs. 12a and 12b.

However, considerable improvement in the orbital motion can be

achieved by an appropriate choice of initial conditions. Since the

development of orbital instability seems to be characterized by the

buildup of a divergent oscillation in Sr at orbital frequecy, it

seems desirable to reduce the initial amplitude of this oscillation

to zero. This can be accomplished in both 8qs. (76) and (77) by sat-

isfying the relations

8r
3 o1 20 A, (87)

6r'
- -A2  (88)

In addition, the assumption that 86 remains small cannot be satisfied

if there is a steady-state term in Eq. (77). This can also be made

zero by satisfying the relation

6rB2 _-R + 80' 0- (89)
00

Eque .ions (87) through (89) can be solved to give the desired

initial c .. ditions in the form

6r 2Bo - 3A(
__ ~ (90)

30
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o -A20

60' - 2A1 -B (92)
o 0

With these Initial conditions, Eqs. (76) and (77) can be re-

duced to

6r 1 (p +Pr- 3 (oo 00oo

n +1 n +1

o o

+E E aij coo [wi1 eo + ie(O) + jem(o)]

1-o J--(n +1)

+ 2 + ~ Jo2 O()+j~o](3
2 2+E 2: b ij Cos [nieo+ i8(o) + JO(o)l (93)

1-0 J--2

1 2 +J 2  00

and

n +1 n +1o 0d6 - os [ijeo+ ie(O) + em(O)
do C-o CO- L(+

0 J;-( +1)
1 2 + j2 0 0

2 2

+ 2 a dtj Cos [rtje + io(0) + jf(0)] (94)

tao j--2

wher- the terms of the homogeneous solution present in Bq-. (76) and

(77) are eliminated with the exception of a small bias term in 8r.
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It must be emphasized, however, that these linearized solutions

are used only as a basis for determining initial conditions and not

as a substitute for the numerical integration of the actual nonlinear

equations.

Equations (90) through (92) express the desired initial condi-

tions in terms of A1, A2 , and B0 , which are all functions of the ini-

tial values of 0, 0 m, and 8. An examination of Eqs. (79) through (81)

shows that A1, A2 , and B. are each sunmations of about 480 terms;

these expresions can be programmed for evaluation by JOSS so that

Sro , SrI, and 8e' can be determined.
0 00

As a check on the foregoing analysis the following case is

considered:

Reference Orbit

Orbital radius, r0  303,000 n mi

Orbital period, T 0 48.53 days0

Orbital velocity, V 0 2761 ft/sec0

Initial Geometry

Orbital angle, e(0) - 0 deg

Lunar longitude, 0 m(0) - 40 deg

Solar longituda, e(0) - 0 deg

Table 2 presents a couparison of the reference oybital injec-

tion conditions and those coikpated from Eqs. (90) through (92) as

well as the values )f 8r s c an' Irss, which should result in each case.

Table 2

OPBITAI INJECTION CONDITIONS
(Case #1)

Parameter Reference Cosputed

kadial increcent, 6r (n mi) 0 21
Horizontal veloctiy ?ft/sec) 2761 2860
Vertical velocity (ft/sec) 0 -61
Osctilaton, amplitude, 6rosc (n ml) 22,849 0

Steady-state bias, 6 rSS (n mi) -20,359 1522
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Figure 13a shows the resulting orbital variation when the refer-

ence orbital injection conditiors are used. It is seen that during

the nitial part of the orbit the bias and oscillatory amplitude are

in good agreement with the values tabulated for Sr s and r oc; how-

ever, as time goes on, the amplitude increases and exceeds the 50,000-

n mi stability limit after 187 days. In comparison, Fig. 13b shows

the correspondtng orbital motion when the computed injection condi-

tions are used. The resulting magnitude of Sr remains less than

17,000 n mi for 250 days with no indication of an orbital frequency

oscillation. From Table 2 it is seen that this marked improvement

+60+40 - [nt. c.,d.
-- Horiz. vel. 2761 ft/sRad. vel. C ft/S /

E+20 Rad. disp. 0 ni

C +20
040-20

~-40__ _ __ _

-60 Al
0 50 100 150 200 250

Time (days)
0 (a) Uncorrected

0

> +40
+20 __.

c~ 0
14nl .o l0

-20 Rad. veL -61 f/iRa40 Rad dip. 21 n mi ....

0 50 100 150 200 250

Time (days)

(b) Corrected

r = 303,000 n mi

Om(O) = 40c
9: ./ =  00

Fig. 13- Improvement in orbital stability by alteration
of initial conditions
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is achieved for an increase of about 100 ft/sec in injection velocity

and 21 r. mi in injection altitude.

In the application of this method of determining injection condi-

tions, there are certain restrictions on the selection of the refer-

ence orbital radius. An examination of Eqs. (78) through (85) shows

that values of w j or S1i nearly equal to either 0 or ±1 can result

in very large terms in the summations. Thus it is necessary t.at r.
be selected so that the corresponding orbital angular rate 8o is in-

commensurate with 8 o and 0. This selection is discussed in more
detail in Appendix B.

Orbital Correction Procedure

It must be recognized that the initialization method described

above is based on a linearization of the equations of motion and its

usefulness in establishing a stable orbit depends on how rapidly tlte

nonlinear effects begin to appear. It is found that the development

of a divergent oscillation at orbital frequency does not ordinarily

occur until at least a year after orbital injection, and stability

in the sense of not exceeding 50,000 n ui for 8r may last for 2 to

3 years. Hcvever, it appears that even vith the initialization proce-

dure, instability can occur in less than five years unless further

corrective action is taken.

Orbital correction can be achier d by a modification of the

method used to determine the orbital injection condition at time t

equal to zero. If t 1 is the time at which the corraction is to be

made, then the !...iearized solution in the vicinity of tl is given by

the expressions

r 1 t+ +

+ + sin (e- 01) + driven solutions (95)
00 tat1

p
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dM 3 (j [ 0 +R2-(3 i + 260' + A]

o~ ~ t- t 1  t" t1

d6Om~~~~~ [-( * O1 +B 2 )

Co ( o - 
+  sin (eo -e 1)

tt1

+ driven solutions (96)

where

o

Vhile 6rl, ar', and 60 are the variations existing at time t,, and

the values of A., A, A2 , and B0 are determined by Eqs. (78) through

'81), also evaluated at tink . t.. The driven solutions are the same

those appearing in Eqs. (76) and (77), since they are independent

of the value of t 1 .

Sice orbital instability i characterized by a buildup of an

oscillation in both Cr and d8e/d6o at orbital frequency, the current

auplitude of this oscillation can be used as a criterion for initiat-

ing an orbital correction. This amplitude at tie, tl, is given by

tos m + 2CO + +~' + 12g
1i- +' 2CO A2(9

a~a0 " \% +L (t-t )

When this amplitude exceeds some preasigned limit the necessity of an

orbital correction is Indicated.

Application of Eqs. (90) through (92) at time t1 gives the fol-

lowing met of desired initial conditions:

6rD -Bo -- 3A 1 99)V 0 3 /tt
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r- (-A2)t2 tl (100)

So" (2A 1 - B) t - t l  (101)

As before, if these values are substituted for Sr31r0, 6r Ir.

and 88' in Eqs. (95) and (96) the amplitude of the orbital frequency

oscillations and the steady-state term in Eq. (96) vanish.

Unfortunately, this procedure is only possible when the current

value of SrI happens to be equal to the computed vklue of 6r t since

step changes in 6r1 are not possible. However, an impulsive velocity

change can produce step changes in both 6r* and 80'. By changing

these two quantities, it is possible to reduce the coefficient of

sin ( 0 o - 01) in Eqs. (95) and (96) to zero as well as the constant

term in Eq. (95). The corrected values o! Sr' and 89' are given by

6r'
c (-A (102)

t0t1

Substitution of Eqs. (99) through (103) into Eqs. (95) and (96)

results in the following forn of the linearized solution in the vicin-

ity of tl

8r D) cod60 2  + co(9 - So) + driven solutions (105)

de 0 ro ro
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Examination of Eq*. (104) and (105) shows that if the current

value 8r, equals the desired value Sr0 computed from Eq. (99). tOwn

the linearized solutions are similar to those given previously ft

Eqs. (93) and (94) with ao orbital frequency oscillation and no con.-

stant term In dBOdO . If Sr 1and Sr. are not equal, the resulting

value of 6sr is equal to the ir difference.

The horizontal and radial velocity changes required to accom

plish this correction #,re given by the relations

"R ro'O (1 + r~[( 5 - 18 (106)
S 0 L V 0

r' KerU'1
AVR - ro; 0  r.1j(17

The: correction time t 1 can be determined by computing the val-

us of dr1 and SrD as functions of tim for several days In advance,

thus permitting the selection of a value of t I such that Sr, and 6r,
are equal.

This procedure Is applied using values of 303,444 n at forr

158.8 deg for 8 (0), 0 deg for S(0), and 10,M0 n ai for t!'e threshold
Vtalue of 6r~s The resulting variation of dr as a function of time

is shasn In Fig. 14, where the posit.ions at witch corrections are ap-

plied are indicated by a verticil line. After each correction the

solid curve represents the corrected motion, while the dotted curve

shown the motion that results If no correction :is male.

The initial conditions at orbital Injection, as well as thr -e

for the referente orbit, are shown in Table 3, while Table 4 shows

the details of the four corrections applied including the tims of

application, the horizontal and vertical components of the velocity

Increment, Its total magnitude and the accumulated magnitude of all

of the Increments.

Friom PIS. 14 and Table 4 It is seen that for a total velocity

correction of 342.6 ft/eec, the magitude c! S r rmains less, than
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Table 3

ORI'ITAL INJECTION CONDITIONS
(Case #2)

Parameter Computed Reference Correction

Orbital radius (n ml) 305,762.4 303,444.0 2318.4
Horizontal velocity (ft/sec) 2790.09 2758.59 31.50
Vertical velocity (ft/seci 9.80 0 9.80

Table 4

ORBITAL CORRECTIONS
(Case #2)

_ Velocity Increment

Time Horizontal Vertical Total Accumulated
Number (days) (ft/soc) (ft/sec) (ft/sec) (ft/see)

1 235.5 32.2 -36.4 65,3 65.3
2 501.5 -18.8 115.8 117.3 182.6
3 909.0 19.2 -67.3 69.9 252.5
4 1413.5 25.4 86.5 90.1 342.6

25,000 P. ml for a period of five years. This represents an expendi-

ture of 68.5 ft/sec pcr year.

The choice of a threshold value of 10,000 n mi for the val.ue of

Or ose t which orbital correction is initiated may seem low in view

of the 50,000-n mi stability limit on dr specified earlier. However,

an examination of Table 4 shows that the major part of the correction

is involved In reducing the magnitude of the radial velocity. If the

oscillation at orbital frequan-, reaches an amplitude of 50,000 n Mi,

the maximum radial velocity is of the order of 450 ft/sec and occurs

when Sr is near zero. Since the correction also occurs when 6r is

small, a considerable fraction of this 450 ft/sec is required as a

corrective velocity impulse to reduce this radial velocity. This is

more than the accumulated value of 342.6 ft/sec shown in Table 4 for

the four corrections applied in that case. This magnitude of correc-

tive impulse In itself is not important, if the buildup of the
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oscillation is linear. Under sich conditions, it is uimnttrial whether

the orbital correctio, is achievad by mall velocity Impulses at short

intervals or large impulses at longer Intervals, since the accumulatid

impulse is the same. However. it iv found tbat the buildup is not

linear, and thus it is more econmical to correct more fraquently. In

addition, this procedure results in nauxt= values for Sr considerably

less than the 50,000-n mi limit originally specified.

4

4.

--

.4r
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IW. CONCLUSIONS

On the basis of the foregoing results and discussion, the follov-

ing ape-ific conclusions can be stated regarding the motion of earth

' It trAnslunar distances from the 2arth.

o The existence of stable earth orbits In translunar space seems

more likely at distances betwee 300,000 .O0,O O n ml from

the earth, since In this range the maximum gravitational dis-

turbance due to the sun and the moon is minimized relaLive to

the earth's attraction.

o A value of orbital radius closer to the 300,000-n mi lUmit ap-

pears to be preferable, since the average gravitational dis-

turbance dus to the moon is considerably less than its maximum

during a clcse approach of the satellite to the moon.

o The steady-state motion of the orbital plane of a translunar

earth satellite is a slow regression at constant inclination

to the plane of the ecliptic with mall oscillat:ory veriations

in regression rate and inclination superposed. Since the or-

bital planes of near-earth satellites are subject to similar

motions, this c@A hardly be regarded as orbital instability.

o The period of orbital regression increases monotonically with

inclination to the ecliptic, ranging from five years at 0 deg

inclination to ftfinity at 90 deg and belng relatively nsen-

sitive to the value of orbital radius in the 300,000- to

500,000-n alt rangc.

o The orbital inclination to the equatorial plane is not neces-

sarily constant and may vary as much as 45 deg in intervals

as short as three or more years.

" Th only conditions under which the orbital inc^.inatlon to the

equator can remain constant are those for an orbital plane in

the ecliptic or perpendicular to it.

o An orbit in the ecliptic maintains a constant equatorial In-

clination of 23"27', while the corresponding constant inclina-

tion for an orbit perpendicular to the ecliptic may have any
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value between 66"33' and 90 deg depending on the fixed orien-

tation of its line of nodes in the ecliptic.

" The choice of an orbital plane perpendicular to the ecliptic

ttnds to reduce the magnitude of the disturbance due to the

moon both by decreasing the probability of a near approach to

the moon and by reducing its duration if it does occur. This

should in turn improve the charscteristics of the motion of

the satellite in the orbital plane.

o Orbital instability can develop In connection with the in-

plane motion of the satellite and is characterized by a di-

vergent orbital frequency oscillation in the radial displece-

ment from a nominal circular orbit,

o By a cut and try approach, initial conditions can sometimes

be found so that the amplitude of the radial oscillations re-

mains less than 50,000 n mi for periods as long as five years.

o The orbital injection conditious can be determined in term

of the initial positions of the satellite, the sun, and the

moon relative to the earth so that the development of the os-

cillatory instability it delayed for two to three years.

o It is also possible, if instability begins to develop, to de-

termine the magnitude and time oZ application of an impulsive

velocity correction to reduce the oscillation.

o Application of this method of orbital correction indicates

that it is Poss, ble to keep the amplitade of the radial os-

cillation below 25,000 n qi for a period of five years at an

expenditure of 68.5 ft/see per year in velocity impulse.

To summarize these conclusions, it appears that although orbits

can be determinei that have satisfactory stability over a f!'we-year

interval, the actual realization of such an orbit may be highly sen-

sitive to the accuracy with which the orbital injection conditions are

achieved. As a result, it seems advisable to provide an orbital cor-

reation capability to insure the desired performance.
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A;pendix A

SERIES EXPANSION OF THE SOLAR AMI LUNAR
DISTURBING ACCELERATIONS

EQUATIONS OF DTXION

A linearized form of the equations for the in-plane motion of a

satellite vith a 90-deg arbital Inclination to the ecliptic is de.vel-

oped in the body of this report as Eas. (66) and (67) in the folu

4 (4r\ Sr dae

d 2  r 6 r + d R r+ mr (A-2)

o2

do r ) o + %
2 dO~r)"d8 S6 ame (-2

where &Sr, aw., *s. a9 are the normalized r'adial and tangential dis-

turbing accelerations due to the sun and the moon. These quantities

are expressed as

492
sr - . (1-3 co 2 e cos2 ) (A-3)

0

a ± sin 20 cos 2 e (A-4)
se 20

No

it - 2( - r co e (A-6)

mr 6213°
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For use in tqa. (A-1) and (A-2) it is more convenient to express these

normalized accelerations as a sumtion of sinusoids in terms of the

independent variable 0 . This is done in the following subsections.
0

SOLAR ACCELERATIOM

The desired expansion of the solar teris is as follows:

- 1- -1 (1 + 20n- 2e (1 + con 29)]

o

0

.2

-- 1- 3 cos 20 - 3 con 2 - 3cos 28 c -2(

0

0-- I cos 20 3 c am 20 -2 co s ( - W, - c e 2 0 +
0 (A-7)

vhich can be written as

2 2
E.r; - ,! cos (10 + j) (,-8)

1-0 j--2

ihere the noutero values of Pij are

;02
--- if i- 0 andj 0-

0

P If 0 + 1 j -2 and i j (A-9)
ij 4i2

0

82 if 1n2 and !J1 2
0

!0
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Siailarly,

*2
SO - h n I2e (I + os 2)

so 02si
0

*2° (s-n 20 + sin 20 coB ?8)

.2 r ,]
* 0 in 20 + Isn 2(0+ ) + sin 2(- (A-10)

which can be written as

aE Q 11 sin (is6 jig) (A-i1)
i-o j-

where the rcouero values of Qi, are

0- if 42inman

0

-2 
(k-12)

-0 if I- 2 and lt2

LA ACCELERATION

The corresponding expansion for the Imar te-s is considerably

mre complicated due to the large variations of the quantity (a/r )

which appears cubed in both the radial and tangent-.al couponents.

This ratio is given by the rtlatfin
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-3/2
(a2)3 m&(r + an 2r.a cos 8 coB (A-13

which becomes

(a3 312 .K (-312

-(t ) (1-Kos L%-,

2a r
2302 (A-15)

m 0

Equation (A-i'.) can be e-presse4 as a binomial expansion in the form

of an Infinite series as

/a a3 2 O + W) in Coon 6 cos n ~ (-6
-r--) ) 1: 2,(a!)2

w.h cam be approximated by trzocating the series after the first N

te" as

an3 "a31216

%i) 2r5/) 5 (2r, + 1)! 1"cw scm *(-7

Since the value of K for 4 300,000-n =i orbit is 0.9356, the coc-

verqeuce of the series is not rapid, particularly if 0 sad oa are both

equal to either 0 or 180 deg. As a result, a value of at least 100
for N is required to give a satisfactory approixdution to the actual

function.

Equatlw). (A-17) can be further expanded by making use of the
Fourier expansion of coon 0 and coon B in the form
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Cosn e- bn1 cosi8 (A-bC)

1-0

vhere

brio --- Cos 0 dr

0

(0 if n is odd

S  -2 if n L eve(A-19)

2

0 If i 31 u or a - I is odd

2 n! -n - ' - s evenoi In i,~~is

k Y2' 2 see

These coefficients are related by the folloving rursion formilm:

I if n - 0

bo- 0 if a i odd (A-21)

kb, cf a # 0 ad is eve
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1 if n-1

b 0 if n is even (A-22)

b if n 0 1 and is odd

1
if i -n2 n-I

Sb (n i + 2) if 1 4 2 (A-23)bni = n,i-2 (n + i )

b (n - ) if i - 2
n,o n+ 2

Equation (A-17) can now become

(am3 ( mK3/2 (Z e ,!..(bni CnS

- Zno \;o b Co

(A-24)

The product of the two inner summations can be expressed in terms

of sums and differences of tht angles i and JOm so that Eq. (A-24)

becomes

3 3/2 Nn n
-a-1\ ~ .~~)K B Cos (io + jIU 2r0o 2 2n(nl) 2~ a- S (A-25)

2

B ni- . (A-26)

Ibnbno if :10
ni n

By r ,vir .ti he order of the summations in Eq. (A-25) it can be

:.n as
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r/ = iC cos (io + ]om  (A-27)
1-0 J--nO0

where

Sam K 3/2 N ( 2n + 1) nn (A-28)
uij \2/ E 22n (nt)2  ni(

n-0O

and no is the highest harmonic of tl'.e 0 and e motion necessary to

give an accurate expansion of the function (amirm) . It is found

that a value of 20 for n0 is satisfactory,

Equation (A-27) is the desired expansion for the first term of

a., as given in Eq. (A-5), and can be used to obtain a similar expan-

sion of the second term as followst

n0 U 0 --
firam a 1 o (G+s

r,,O o'-uz
0

S. + o s ( e - )

a no n
m ors jos [(r + 1)e + (s + 1)em

rvO s--n0 C 1 r50

+ cos [(r-1) + (a - 1) er]

+ cos r+ 1)0 + (s- 1)e8

+ coo [ _(r 1) + (e + 1)em]
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Fl 1n 0 -
am 

C
0 m -(o1

n 0-1 n -1

no 0 -

+ Fa Ci-i, J +I
jm --(n +1)

n 0-1 n +1

+ d C Cos (16 + je ) (A-29)

Since C i!can have a nonzero value only if 0 1 gm 0and -no 0

Eq. (A-29) can be rewritten as

V30 0

r 0 Co j-ose-4r(n0 r+l)j- il~+

+ c 1i - 1~ + c 4 - 1 ,J) Cos Ue + Jem)

n0 +l n+1

amD Cos (16 + je ) (A-3)

0imo jn-(n 0 +l)



-59-

where

Cil~+ Ci~ ~ + ci~ ~~ + ilj 1 if i 1C-1

2Coj-1 + C2,.I+i + 2C0,,+%+l + C2,J-1 if i-I

Substitution of Eqs. (A-25) and (A-30) in Eq. (A-5) gives

2( +1 n +1

ao / a M ) Cos (io + je)
amr '2 Ed Faii 4r 0,0m 1- g° J-.(no+l)  .

+ - [Os (6 + e + Cos (0 - em)
2r0 IC (

n0 +1 n0 +1

E 1: Pij Cos (1 + jem) (A-32)

i-a j--'n +3.)
J-0

where

mo Ci if Iiii

(A-33)

il~to C + (Dij 2)] i IiJI

Equation (A-32) is the desired ex~anston of amr as a summation

of sinusoidal term with arguments t1', ar- s."'- and differences of the

first n harmonics of e and em ,

The quantity am, can be expanded in a similar manner, its first

term from Eq. (A-6) being given by



m sin (8 co eme 0-e) ~ 4

following expresaion:

% m 3 iotjo

1- iuOJ--(n +1)

+.il~~ - C±+ 1 ...1) sin (i0 + J03 )

n +1

+ (c0,j+l + C,1...1) sin (8 -~m

nj+1(n +1

i7 E I sin (is0+ JO~ 10)]35

0 J-3 in(n,+1)

where

(c i'- C i ~ + -jlc lj if i11

E (A-36)

, ~- C 2 ,j~ +2ICM O,~ -C 2 ,J 1 if i I
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Substitution of Eq. (A-35) it Eq. (A--6) gives the following expres-

sion for ame

62 n 0+1 n 0+1

amtro

a0 _M - _m E.J sin (H8 + J~m)

o i-=0 J=-(no+I)

+2am in (8 + 8 ) + sin (8 -
2r L I m

n +1 n0+1

" 1 qij sin (ie + JO.) (A-37)

1-0 J--(n0+1)

where

- )E.. if fijf #1

1 2 '.'r 1 1
0 0

o (A-38)

Mo I-M.) (Euj - 2) if 10i -1

0

ACCURACY

In the development of the series expansion for amr and ame above,

the binomial expansion in Eq. (A-17) is terminated after 100 terms.

In addition, harmonics cf 0 and 8 above the twenty-first are neglectedm

n the Fourier series for each of the terms of the binomial expansion.

As a check on the accuracy of this truncation, Table 5 gives a compari-

son between the values of amr computed from the series of Eq. (A-32)

and from the exact expression given by Eq. (A-5). Table 6 represents

a similar comparison between Eqs. (A-6) Lnd (A-37) for ame. These eval-

uations are made for a 300,000-n mi orbit in the vicinity of a close

approach where e and eM are both zero, and even under this extreme

cendition, the series expansion is in error by less than 0.5 percent.
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Table 5

ACCURACY OF a
mr

amr

e (deg) 0m (deg) Series Exact

0 0 -0.154226 -0.154966
1 1.75 -0.152744 -0.153405
2 3.50 -0.148458 -0.148919
3 5.25 -0.141819 -0.142047
4 7.00 -0.133474 -0.133523
5 8.75 -0.124143 -0.124107
6 10.50 -0.114499 -0.114461
7 1?..25 -0.105080 -0.105080
8 114.00 -0.096248 -0.096284
9 15.75 -0.088197 -0.088242,
10 17.50 -0.080983 -0.081015
15 26.25 -0.055594 -0.055585
20 35.00 -0.041447 -0.041450
25 43.75 -0.032389 -0.032388
30 52.50 -0.025632 -0.025631

Table 6

ACCURACY OF ao

ame

8 (deg) 8m (deg) Series Exact

0 0.00 0.000000 -0.000000
1 1.75 -0.004509 -0.004535
2 3.50 -0.008634 -0.008670
3 5.25 -0.012064 -0.012091
4 7.00 -0.014609 -0.014617
5 8.75 -0.016217 -0.016211
6 10.50 -0.016955 -0.016947
7 12.25 -0.016965 -0.016966
8 11-.00 -0.016420 -0.016429
9 15.75 -0.015483 -0.015497

10 17.50 -0.014292 -3.014303
15 26.25 -0.007352 -0.007349
20 35.00 -0.001749 -0.001750
25 43.75 +0.001865 40.001865
30 52.50 +0.003839 +0.003839
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Appendix B

SELECTION OF A REFERENCE ORBITAL RADIUS

In the body of the report, a method is described for the determi-

nation of the orbital injection conditions Sro, 6r', and 60' in terms
0 0 0

of three sumrations A1, A2 and B0 given by Eqs. (79) through (81). An

examination of these equations shows that if any of the values of W J
or CiJ are near zero the corresponding term in A tends tow'ard infinity.

Similarly, if wij or n., approach either +1 or -1, the corresponding

terms in A1 and A2 can become infinite. In either case the injection

conditions computed from Eqs. (90) through (92) are not valid. The

reason for this beh&vior can be seen by examining the driven solution

for a single frequency, wiJo whe:-e

PJ2q - 2w1iqiJ)6r 2qij Cos O + i iiiCos Cos

r0  w iJ + 2 -ij

2qiJ -p

+ 2J-l sin 0 sin 8
iji

2q+j - Pij j)
+Cos (ijeo(B-l)

WiJ(w.J - C1)

o ij ii
and

__. _ 2(2tq sin

deo 0 WiJCo 'iJ + 2 _ I  Cos Oij Cos eo

-2 W 2 air. 0 iJ sin 6

... Cos + i ) (B-2)
W iJ ( W iJ
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where

iJ- ie(O) + jOm(O) (B-3)

Ordinarily the first term in Eq. (B-i) is included in the summation for

A, while the coefficients of cos e and sin o are included in A1 and

A2, respectively. Likewise, the first term of Eq. (B-2) is part of the

summation for B . However, aa wjj approaches 0, the above solution be-

comes indeterminate and Eqs. (B-i) and (B-2) approach the forms

6r j wqji 2 Cos *# (B-4)

and

d68 3 2 CO

dO-9 " ijuje (B-5)

Similarly, if Wij approaches either +1 or -1, the solutions become

6r(pij T 2q1 1 )6r 8 (Pi 6 sin (8 + (B-6)
r0 2

and
d6e8(7
d -, _(Pi 2 ij)e sin (8 T ) (B-7)
d

Since the values of pij and qij are much less than 1, the resulting so-

lutions for 6r/r and de/d in Eqs. (B-4) thvough (B-7) diverge from

0 very slowly even though In each case the solutions are the difference

of two large quantities. As a result, it does not seen reasonable to

include one of these large terms in A0 , A1 , A2 , or B0 to be cancelled

by the choice of initial conditions when this leaves a nearly equal

term uncompensated in the driven solution.

However, these resonance conditions can be avoided by a suitable

choice of the reference orbital radius. From Eqs. (24), (74) and (75)

the dependence of u and Ql on ro is given as
ij O ij 0

oW ij i+ j 0 ' (B-8)
0
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ij i + J 0 (B-9)
0

where

0 0 0 - -10)

For the range of values of r considered in this report and the

values of i and j involved, Qij never becomes equal to either 0 or + 1.

This is not the case with w as can be seett from Fig. 15 where

the values of i are plotted horizontally and those of -J vertically.

The points on the ij plane represent the combination of integral val-

ues of i and j for which an w exists. The three parallel lines origi-

nating at -1, 0, and +1 on the i axis represent the contours in the i,j

plane along which wij is equal to -1, 0, and +1, respectively, and are

given by Eq. (B-8) as

i -J - 1 (B-11)
0

i =-j30 (B-12)
0

i = -Jl- + I (B-13)
0

where the slope of these lines is a function of r through Eq. (B-10).

To avoid the resonance conditions it is necessarv to select a value of

r so that none of the three parallel lines pass through any of the fre-

quency points in the ij plane. A simplified version of this determina-

tion is shown in Fig. 16 where all of the integer combinations of i and

j are indicated as frequency points instead of just those for which i

and j are both even or both odd. Thus, if a straight line from the

origin misses all of these frequencies, then Eqs. (B-11) through B-13)

are satisfied and the intersection of this line with the vertical r
0

scale decermines an accewzA)1e reference orbital r-adius.
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Fig. 16-Detemination reference radius :.- avoid resonance
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At first glance it may appear that it is impossible to avoid coming

close to some of these frequency points. However, the values of p.J and

qlj' which occur tn the umerators of the terms in Eqs. (B-i) and (B-2),

are much less than unity and the resulting resonance is very sharp. As

an example, the value 300,000 n mi for r turns out to bn a poor choice,

since the corresponding ratio of Bmo/o is equal to 1.74998782, which

is a good approxim-t!rn to 7/4. An examination of Fig. 16 shows that a

line from the origin to the 300,000-n mi position on the orbital radius

scale passes very close to the points (i - 7, J = -4), (i - 14, J - -8),

and (i - 21, j - -12). This indicates that the following resonances are

possible

W8, -4 =1

~ 6, -4 = -

W14, -8 0

W20, -12--1

In Table 7. the amplitudes alj and ciJ of the last terms in Eqs.

(B-i) and (B-2) are tabulated for all terms with a value of IwJI less

than 1.5 for an orbital radius of 300,000 n mi. It is seen that all

four of the predicted resonances .-. t, but the resulting amplitudes are

much smaller for the higher values of i and J. This is primarily due

to the fact that the quantities pij and qiJ. which appear in the numer-

ators of a j and cii, descrease rapidl;' as i and J become larger. In

comparison, Table 8 gives the corresponding amplitudes when the value

of r is shifted from 300,000 to 303,000 n ml and shows no significant0

resonance.

Thus, by a relatively small shift in the reference orbital radius,

the resonances can be avoided and the method described for computing

orbital injection conditions can be used.
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Table 7

RESONANCE EFFECTS
(r - 300,000 n mi)

0

j IjjI aj c j

1 -1 0.74999 0.00612 0.00052
2 -2 1.49998 0.00594 0.01350
3 -1 1.25001 0.00149 0.00507
4 -2 0.50002 0.00583 0.00847
5 -3 0.24996 0.00934 0.01490
6 -4 0.99995 18.68356 37.36655
8 -4 1.00005 2.62238 5.24508
9 -5 0.25006 0.00135 0.00195
10 -6 0.49993 0.00077 0.00131
11 -7 1.24991 0.00033 0.00071
13 -7 0.750C9 0.00013 0.00020
14 -8 0.00010 0.44030 0.66043
15 -9 0.74989 0.00011 0.03021
16 -10 1.49988 0.00002 0.01004
17 -9 1.25011 0.00001 0.0000.
18 -10 0.50012 0.0U002 0.O00oCZ
19 -11 0.24987 0.00002 0.00004
20 -12 0.99985 0.03023 ,06046

Table 8

RESONANCE EFFECTS
(r° - 303,000 n ml)

i w l I ajj ci
U j_ _ _ _ _ ij1 -1 0.77630 0.00617 0.00065

3 -1 1.22370 0.00181 0.00569
4 -2 0.44739 0.00615 0.00888
5 -3 0.32891 0.00738 0.01204
6 -4 1.10521 0.00725 0.01497
8 -4 0.89479 0.00151 0.00271
9 -5 0.11848 0.00268 0.00394
10 -6 0.65782 0.00074 0.00133
11 -7 1.43412 0.00014 0.00033
12 -6 1.34218 0.00002 0.00008
13 -7 0.56588 0.00011 0.00016
14 -8 0.21043 0.00021 0.00032
15 -9 0.99673 0.00131 0.00261
17 -9 1.01327 0.00019 0.00038
18 -10 0.23697 0.00003 0.00004
19 -11 0.53933 0.00001 0.00002
20 -3.2 1.31564 0.00001 0.00002
21 -11 1.46067 0.00000 0.00001
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Appendix C
-3 *

JOSS COMPUTING PROGRAMS

This appendix includes the programs used for the Runge-Kutta Inte-
gration of the Orbital Equations and for the computation of Orbital
Injection and Correction. Following each program is a sample of the

output, an identification of JOSS terms, and a description of the in-
dividual parts of the vrogram.

JOSS is the trademark and service mark of The Rand Corporation
for its computer program and services using that program.

i =

2'i
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Runge-Kutta Integration of Orbital Equations

1.001 *Initiation (Do part 1.)
1.03 Demand A(M) as "Reference Orbital Radius (n mr)".
1.04 Demand A(1) as "Starting Time (days)".
1.05 Demand A(2) as "Terminal Time (days)".
1.06 Demand A(3) as "Orbital Inclination to Ecliptic (deg)".
1.07 Demand A(M) as "Computing Step Size (daya)".
1.08 Demand A(M) as "Printout Step Size (days)".
1.09 Demand A(61) as "Initial Orbital Central Angle (deg)".
1.10 Set A(62)=A(61)oarg(-1,0)/180.
1.11 Demand A(6) as "Initial Lunar Longitude (deg)".
1.12 Demand A(7) as "Initial Solar Longitude (dig)".
1.13 Demand A(52) as "Initial Longitude of Lunar Perigee (dog)".
1.14 Demand z(1,0) as "dr/R".
1.15 Demand z(1,1) as "d(dr/R)/dQ".
1.16 Demand z(2,0) as "dq (rad)" if A(1)#O.
1.17 Set z(2,0)=0 if A(1)sO.
1.18 Demand z(2.1) as "d(dq)/dQ".
1.19 Demand z(3.0) as "dq(M) (rad)" if A(1)0.
1.20 Set z(3,0)O if A(1)=0.
1.21 Demand z(4,O) as "dq(S) (rad)" if A(1)0.
1.22 Set z(4,0)=O if A(1)=0.
1.23 Do part 2.
1.24 Do part 3.
1.25 Do part 5.

2.001 *Evaluation of Parameters
2.01 Set A(8)a82.27.
2.02 Set A(9)zarg(-1,0).
2.03 Set A(10)&A(M)/180.
2.04 Set A(11)=238857o5260/6080.
2.05 Set A(12)x9.3.10*7*5280/6080.
2.06 Set A(13)x.0549.
2.07 Set A(14)=.0174.
2.08 Set A(15)m,0019437.
2.09 Set A(16)4[281+33/60t53/3600]-A(10).
2.10 Set A(17)=A(0).6080.
2.11 Set A(18)z.22998.sqt[(A(8)-1)/A(8).A(11)*3/A(O)*3].
2.12 Set A(19)xA(18)/86400.
2.13 Set A(20)xA(17)oA(19).
2.14 Set A(21)=A(17)oA(19)*2.
2.15 Set A(22)z2.A(9)/A(18).
2.16 Set A(23)s.22998.
2.17 Set A(24)x.0172.
2.16 Set A(25)x(A(23)/A(18))2/A%8).
2.19 Set A(26)z(A(24)/A(18))*2.
2.20 Set tzA(1).
2.21 Set qxA(1).A18).
2.22 Set A(30)O.
2.23 Set A(31)xA(23)/A(18).
2.24 Set A(32)sA(24)/A(18).
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2,25 Set A(33)wA(15)/A(Ia).,
2.26 Set A(34)mA(31)-A(33).
2.27 Set A(53)sA(52)sA(10),

3.001 *Format
3.01 Paga.#
3.02 Type AMO in form 1.
3.03 Type A(3) in form 2.
3e011 Type A(18) in form 3.
3.05 Type A(22) in form 4.
3.06 TYpe A(21) in form S*
3.07 Type A(41) In form 6.
3.08 Type (A(61)<0:A(61)+360;A(61)J in form is.
3.09 Type [A(6)<0:A(6).360;A(6)] in form 22.
3*10 Type rA(7)<0:A(7)+360;A(7)J in form 23.
3.11 Type A(52) in form 24.
3.12 Line,
3.13 Do part 41 if txA(1).
3.14 Type form 30, form 79form 8,form 31.

4.001 *Initial Condition Printout
4.01 Type t in form 14.
4.02 Line.
4,03 Type x(1,O),z(1,0).(0) in for, 10.
4.04 Type z(1,1),z(1,1)'A(20) in form 11.
4.05 Type x(2,0),z(2,0)/A(10) in form 12.
4.06 Type x(2,1),(x(2,1)+1).r(x)*A20) in form 13.
4.07 Type z(390) in form 20.
4.08 Type xi(4.0) in form 21.
4.09 Lime.
4.10 Done If A(30)ml.
4.11 Do part 3 If [t-A(2)J-sgn(A(4))40o and tvA(1).

5.001 *Contr~ol of Computation a-&! Printcut
5.01 Do part S if fptt/A(5)]u0.
5.02 Set A(29)sdisJE(t-A(2)).sgn(A(4))k0,conj[A(30)ulfp~t/A(5)Ju0JJ.
5.03 Type form 319 if A(29) or $x43.
C#04 Do part 4 If W(29) or z45
5.05 Done if A(22)o
5.06 Do part 7 for iu9s01(*01)9~. 9
5*07 Set tntiA(4)o
5.08 Set qmqoh*
5.09 To step 5.01.

6.001 *Printout
6.01 Set i(1)uz(1,0).()
6.02 Set i(2)ax(2,0)/A(10).
6.03 Set i(3)uK(q,z)/A(10)9tvOI(qz)'0).360,
6.04 Set i(4)uS(q,s)/A(10)etv(S(q.z)<0).360*
6.05 Set i(S)zarg~x(N,q,s) ,sqrt(1-x(M,q,z)*2)J/A(10).
6.06 Set i(6)=(1,1)*A(20).
6.07 Sot i(7)xb(q,z).
6.08 Set i(8)=r(z).(N(x,q,z)-A(25).d(q).p(q,z)-A(26).e(q)].
6.09 Set i(9)m(z(2,1)+1)&r(2),A(20).
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6.10 Set J(1)*D(q,z),
6.11 Set J(2)aN(y.q xz)
6.12 Type t()( )(),()(9,()()(),()1').()in form 15.

7.001 *Variable Selection
7.01 Do part 8 for kxl(1)4.

8.001 *Derivative Selection
8.01 Do step i. for JxOgI if k(3.
8.02 Do step I for Js0 if k2:3.

9.001 *Runge-Kutta Integration
49.01 Set K(1,kgj)zh*J(q,,z).

9.02 Set Z(kgj)az(k,j)+K(1,k,j)/2*
9o03 Set K(20kgj)nh*J(q+h/2,Z),
9.04 Set Z(k,,j)zz~k,j)+K(2,k,,J)/2.ii9.05 Set K(3,kgj)sh*J(q+h/2,Z).
9,06 Set Z(klj)ux(k,j)iK(3,,k,j).
9.07 Set K(49k,J)xh*Jq+hZ),.
9.08 Set z(k,J).z(k,j)i{K',1,k,j)4.2.K(2,k,j)+2.K(3,k,j)+K(4,k,,J)J/6,

C(q,z): [Jual:z(1,j+I);b(q,z)J

D(q,z): -2.(1.'z(2,1))/r(z).z(1,1)4N(y,qtz)

J(q:Z): Eku1:B(q,z)-kx2:C(qgz);cu3:F(q,vz);kx4:L(q.z)J

K(y,q,z): A(25).d(q)'tp(q,z)-13/R(q,z).y(m,q,z)4O(y,q,z)
O(y,q,z): 3.A(26)0e(q).x(s,q,z).y(S,q,z)
Q(q,z): fp((A(62)+qiz(2,0))/2/A(9)J.2.A(9)
R(q,z)% A(0).r(z)/A(l1).d(q)*(1/3)
S(q,z): pr,(A(32)eq+A(7).A(10).z(4,0))/2/A(9)J.2.A(9)

a: A(3)*A(10)
b(q,z): z(1,0)/r(:)*2.(3i3.:(1,0)+s(1,0)*21r(:).T(q,z)

cWx) coe(x)

h: A(4)*A(IS)

r(z): i+z(1,O)
X(x): siA(x)

y(n,q~z): .s(Q (q ,z)) .c(ui(q ,z) )c(Q(q,z) ).s(u(q,z)).c(a)
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Form 1:
Orbital Radius n mt

Form 2:
Orbital Inclination to the Ecliptic - deg*

Fom 3:
Kear, Orbital Rate ___ad/solar day

Form 4:
Orbital Period * days

Form 5:
Normal Orbital Acceleration * ft/sec/sec

Form 6:
Computing Stop Size - days

Form 7:
1 t I dr IV(r)j a(r) JF(r)/xIV(q)1 a(q) IF(q)/nI dq IQ(N)IQ(S)IQ(su)I

Form 8:
I dayu I n Ift/al I I t/al I I degl degl degl deg I

For"m 10:
da/R ....... . d a n u1

Form 11:
d(dr/R)/dQ w .... .,, V(r) a ft/s

Form 12:
dq (red) a ***,****dq a dog

Form 13:
d(dq)/dQ a.......,, V(q) a _ ft/

Form 14:
Initial Conditions at ta . days.

Form 15:

Form IS:
Initial Orbital Central Angle . dog

Form 20:
dq(M)

Form 21:
dq(S)

Form 22:
Initial Lunar Longitude _ dog
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Foru 23:
Initial Solar Longitude _ deg

Form 24:
Initial Lunar Perigee Longitude _ deg

Form 30:

Fozm 31:I I I I I I I I II
# - - -- - -- m - -lmngm

V
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Orbital Radius 300000 n mi
Orbital Inclination to the Ecliptic 90.00 dog.
Mean Orbital Rate .13142 rad/solar day
Orbital Period 47.811 days
Normal Orbital Acceleratioo .004220 ft/sec/Asc
Computing Stop Size .500 days
Initial Orbital Central Angle 20.0 dog
Initial Lunmar Longitude 225.0 dog
Initial Solar Longitude 66.0 dog
Initial Lumar Periges Longitude 180.0 dog

Initial Conditions at ta .0 days.

dr/R x 0 dr 2 0 n mi
d(dr/R)/dQ £ 0 V(r) .0 ft/s
dq (rad) 0 dq a 00 dog
d(dq)/dQ - 0 V(q) 2774.4 ft/s

dq(S) 0

I r d. IV(r)l a() i F(r)/lV(q)l a(q) IF(q)/nl dq IQ(N)IQ(S)IQ(sm)l
I days I n l Ift/sl I Ift/sl I I degl degl degl dog I

I I I I I I I I I I I I"-" 1 I 1, .0"0'"1 .JOP l RI -.--'l"II -,-6I --06" -" 1-"1"-!'i

11 31 0I-.00591-,0035127711-.00871-,00891 01 2391 671 1171
21 -251 -4I.01581-.0114127681-I00,il-.00721 01 2531 691 1041

1 31 -1341 -121-.0240I-.0185127671 .00421-.0041I 01 2661 691 931
1 41 -3661 -21I-.02951-.0241127691 01511-,00031 01 2801 701 841

51 7501 -331-,03161-.0279127731 .02721 .00351 01 2921 711 781

1 61 -12961 -441-.03001-.0295127901 .03931 .00721 01 3051 721 761
1 71 -19961 -5k:!-02481-.0290127901 .05061 .01081 01 3171 731 771
1 81 -28221 -621-.01641-,0269128021 .06021 .01441 01 3291 741 821
1 91 -37331 -661-,00561-,02361^8161 .06671 o01741 01 3411 751 881
1 10! -46721 -661 .oo651-.0199128321 .06911 .01931 11 3531 761 961
1 111 -55771 -611 ,01901-,0162128481 06671 .01991 11 51 771 1041
1 121 -63831 -521 ,03071-,0129128621 ,05931 .0.901 11 171 771 1111
1 131 -7032: -391 .04051-00106120751 .04721 .01681 21 291 781 1161
1 141 -74721 -231 .04751-.0096128851 .03151 .01361 21 411 791 1171
1 151 -76671 -51 .05091-,0102128911 .01341 .00981 31 531 801 1151
1 161 -75991 141 .05041-,0127128931-.00521 900591 31 661 Oil 1091
1 17! -72731 321 .04581-.0170128911-*02251 .00241 41 781 821 1001.I _ _ I I _ I I- 1 _ . . .I_ I I I I__ .. 1._ _ _ _ _1

Initia), Conditions at tx 17.0 days.

dr/R • -2.42423402-02 di w -7273 n ml
d(dr/R)/dQ u 1.14110033-02 V(r) a 31.7 ft/
4q (rad) * 6,56216631-02 dq x 3.76 dog
d(dq)/dQ x 6.80574022-02 V(q) s 2891.4 ft/s
dq(M) a -1,84920476-01
dq(S) a -8.47662480-03
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Orbital Radius 300000 n mL
Orbital Inclination :o the Ecliptic 90.00 deg.
Mean Orbital Rat .13142 rad/solar day
Orbital Period 47.811 days
Normal Orbital Acceleration .004220 ft/sec/sec
Computing Step Size .500 days
Initial Orbital Central Angl. 20.0 deg
Initial Lunar Longitude 225.0 dog
Initial Solar Longitude 66.0 dog
Initial Lunar rerigee Longitude 180.0 deg

t Idr iV a(r) I F(r)/m|V(q)' a(q) 1F(q)/muI dq IQ(R)IQ(S)IQ(sM)I
days I n ml Ift/al I Ift/aI I I degl degl degl dog I

I,.- I .-- OI 6712-4T'I . 9 .001-4- - 831-1

.03 6I-0232128 6-*03681 .0 0 I u 91I 1 891
1 191 -59551 591 .0265l-00309128791-004671-.00101 51 1051 841 751
I 201 -50631 661 .01321-.0403l28701-.0514i-.00051 51 1191 851 611
I 211 -41041 681-.00221-.0518128601-.05181 .00031 61 1331 861 471
1 221 -31571 641-.02101-.066a12851l-.0506-.00211 61 1471 871 351

0231-23201 53-.04091-.0817128411-.05081-.01141 61 1621 881 261

1 241 -16871 36I-.04541-.0801I2P291-.O~l.- I.O51 61 1761 891 271
1 251 -12821 211-.03471-.0653128221-.01991-.00411 61 1911 901 361
I 261 -10571 11i-.o2201-.052028201-.00271 .o00541 71 2061 911 481
1 271 -9471 51-.01031-.0420128221 .00591 .00971 71 2201 921 611
I 281 -8911 31 .00001-.0342128251 .00721 .00971 71 2341 931 721
1 291 -8361 5 .00801-.0283128281 .o0341 .00701 71 2481 94I 81l
1 301 -7401 91 001281-,0245128291-0038 .00271 71 2621 951 881
1 311 -5801 141 .01411-.0227128271-.01221-.00211 71 2751 961 911
1 321 -3491 191 .01191-.0228128241-.0202I-.00651 8I 2881 971 901
1 331 -571 221 .00681-.0246i2818l-.02611-o00991 81 3011 981 871
I 341 2701 231-,00051-,0278128111-,02881-.01181 81 3141 981 Oil
1 351 5931 221-.00891-.0318128031-.02751-.01181 8I 321 99! 721
1 361 8711 271-.01751-.036612797i-.02161-.0095 81 3381 1001 631
I 371 10581 91-o02541-.0419127921-o01131-,00481 81 3501 1011 541
1 381 11141 -Ii-o03171-o0476127911 .00271 000171 el 21 1021 461
1 391 10071 -141-o03501-o0525127941 o01691 .00701 81 131 1031 401
1 401 7221 -261-o03301-.0535127991 °02581 000681 S1 251 1041 391
I 411 2671 -371-.02561-o0490128051 o02961 o00261 eI 371 1051 431

421 -3191 -451-.01611-.0418128111 0032-M, .00001 1 491 1061 511
1 431 -9891 -491-°00621-.034312817! 003571-o00031 81 621 1071 621
1 441 -16901 -491 .00381-.0268128241 .0361 .ooo001 91 741 1081 741

Initial Conditions at ts 44.0 days.

dr/. a -5°C33S2144-03 dr a -1690 n ml
d(d-./R)IdQ = -1.77619235-02 V{r) a -49.3 ft/s
dq (rad) a 1.4846267-01 dq x 8.51 deL
d(dq)/dQ a 2°36641115-02 V(q) a 2824.0 ft/s
dq(M) a -1.81743453-01
dq(S) a -2.34823162-02



Orbital Radius 300000 n i
Orbital Inclination to the Ecliptic 90.0 dog*
Mean Orbital Rate e13142 red/solar day
Orbital Period 47,811 days
Normal Orbital Acceleration .004220 ftfsec/sec
Computing Step Size ,500 days
Initial Orbital Central Angle 20.0 dog
Initial Lunar Lonitude 225,0 dog
Initial Solax Longitude 66.0 dog
Initial Lunar Perigp Longitude 180.0 dog

I - .t.I.&- IV(2-)l a(r) I -fr)/xmlV(q~j a(q) jFq)/M dq 1Q(N)1Q(Siq(sm)I
Idays I U ai, ft/as I I ft/si I ldegi deg, degi 4ag I

, . !__7 _211 . I I 1

1 461 -29831 -39i .02251-.0o26128361 .02711-.00251 91 1001 1101 1001
1 471 -34791 -301 02921-.os128391 .o1s-:0ool 91 1i.1 1111 1121
1 lis1 -3251 -191 03281*0021128391 ,00311-,01091 91 128w 1121 1221
1 W.91 -40021 -71 .03221 000128l361-011,01631 01 1421 1131 1281
1 SO -40151 41 02721 .0041128291-,02481-02151 101 1561 11 1291

I I I I I I I I I 1 1

Initial Conditions at ta 50.0 days.

dw/R z -1*3382,99-02 dr a -015 a U1
d(dr/R)/d a 1.606g11f5-03 V(.) a 4,.5 ft/s
dq (wad) a 1.7 721111-01 dik a 10900 dog
4(dq)/dQ a 3.3662357-02 V(Q) a 2M9.4 t/s
dq(N) a -1*.255"26-01
4%(S) a -268203919-02
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IDEDTIFICATIO( OF JOSS TERMS

The followiug list defines the terms appearing in the preceding

program in terms of the variables used in the body of the report

wherever possible.

JOSS Defin!tton

q 0 (red)

t t (days)

A(O) ro (f mi)

A(l) starting value oi t

A(2) terwinal value of t

A(3) a,(deg)

A(&) computinS step size (days)

A(5) printout step size (days)

A(6) GU(0)

A(7) 8(0) (deg)

A(S)

A(9)

A(10) -r/180 (red/day)

A(lI) a (a mi)

A(13) Ca

A(14) 1E

A(lS) 4 (rad/lf)

A(16) a (ra)
p

A(17) r0 (ft)

0A(18) 60 (tad/dy)

A(19) a (rad/sec)

A(20) unperturbed orbital velocity (ft/sec)

A(21) ;%*perturbed orbital acceleration (ft/sec)

A(22) unperturbed crbital perlod (days)

A23) 6 (radiday).00

A(24) So (rah/day)

A(25) 64,2
0

A(26) e§
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JOSS Definition

A(29) printout control parameter

A(30) termination control parameter
A(31) OMo I0o

A(32) 8o/o

A(33) rAp/o

A(34) (8oo - 0mp)/ 0 o

A(52) emp(O) (deg)

A(53) amp(O) (rad)

A(61) 0(0) (deg)

A(62) 0(0) (rad)

i(1) 6r (n ml)

1(2) 60 (deg)

1(3) 0m (deg)

1(4) @ (deg)

1(5) cos "I (y - )
1(6) d(6r)/dt (ft/s)

1(7) d2(6r/ro)/d02

1(8) asr +a=

i(9) A

J() d2(60)/de
2

0

J(2) age +&w

z(l, 0) 6r/r o

z(l, 1) d(6r/ro)!d0o

z(2, 0) 60 (rad)

z(2 , 1) d(60)/deo

Z(3, 0) 60m (rad)

z(4, 0) 69 (rad)

Functions

D(q, z) 'right side of Eq. (55)

F(q, z) right side of Eq. (49)

L(q, z) right side of Eq. (48)

M(q, z) 0m (rad)

Q(q, z) 0 (rad)
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JOSs Definition

R(q, z) r/p

S(q, z) E (rad)

a o (rad)

b(q, z) right side of Eq. (54)

d(q) (am/P) 3

e(q) (aE/R)3

h computing step (rad)

p(q, z) (p/rm) 3

r(z) r/r0

x(M, q, z) (i Im)
, x(S, q, z) ( l

y(M, q, z) 6i 1m)

y(S, q, z) ( l)

It should be emphasized that the abate definitions apply only to

the program for Runge-Kutta Integration of Orbital Equations.

PROGRAM DESCRIPTION

Part 1

The input data required in the execution of this part specify

the following aspects of the problem:

o Reference orbit

o Starting time, t1

o Initial geometry at t - 0 (injec~tion)

o Starting values of 6r/ro, 60, 6r'/ro, 0', 8 8 86

Part 2

In this part, the parameters necessary in the solution are

evaluated.

Part 3

This part controls the printout of the material from Orbital

Radius down to the first line of output data (see sample printout).
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Part 4

This part results in the printout of the values of the dependent

variables Sr/ro, 68, 6r'/ro, 68', SOm , and 69 at the current tire, t,

as well as 6r(n, mi), 66(deg), VR (ft/s) and VH (ft/s).

Part 5

This part controls the integration procedure, the printout of

the data at the end of each printout interval, and finally, advances

the independent variables q and t, after which the procedure is re-

peeted until ihe terminal time is reached.

Part 6

This part computes the output quantities and prints them as one

line in the output table in the following order: t (days), 6r (n mi),
2 .2

VR (ft/s), d 2(6r!r,)/d9, am. + asr, Vij (ft/s), 68 (deg), 8m (deg),

9 (deg), Osm (deg).

Part 7

This port specifies the dependent variable to be evaluated in

tha integration as follows:

k Variable

I 6r/ro
2 60

3 8OM

4 69

Part 8
This part spt' 1ffes the order of the derivative of the dependent

variable by the valui of J.

?art 9

Each step of this part is executed for 6r/ro, 683, 6r'/r o , 68',
dom, and 68 before advancing to the next step. Step 9.08 completes

the Runge-Kutta Integration over one computing, interval for the six
quantities listed in the previous sentence.
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Orbital Injection and Correction Program

Main Control Program

1.001 *Initiation (Do part 10)
1.02 Demand AM0 as "Reference Orbital Radius (n ut)"
1.03 Demand A(M as "Initial Orbital Central Angle (deg)",
1.04 Demand AM6 as "Initial Lunar Longitude (deg)",
1.05 Demand A(7 as "Initial Solar Longituade (deg)",
1.06 Demand t as "Current Tim (days)".
1.07 D~uand Z(190) as "Current dr/R"e
1.08 Demand Z(191) as "Current d(dr/R)/dQ".
1.09 Demand Z(2,0) as "Currant dq (rad)".
1,10 Demand Z(2.1) as "Current d(dq)/dQ".
1,11 1taand Z(390) as "Current dq(M) (red)".
1.12 Deo1und Z(490) as "Current dq(S) (red)".
1,13 Type "The computation can be shortened if the reference radius".
1*1 T ype "is the ame as in the previous case.".

1,6 Demand B as "The radius is the same as before., (true or false)".
1.17 Recall item 12 (inItA) if not B,
1.18 Recall item 13 (initB) if B.
1.19 To step 1.25 if Bo
1.20 Do part 2.
1.21 Do part 3.
1.22 Do part '4 for n's0(1)100.
1.23 Do part 16 for ix2(1)7.
1,24 Recall item 13 (inItB) if not Bo
1.25 Do part 8.
1.26 ?ago.
1.27 Do part 13.
1.28 Do part 16 for inS(1113(1)15*
1.29 Delete all fowms,all formulase

16.01 Delete part is

Item 12 (inItA)

Computation of Coefficients in Series Expiansion

2.001 *Evaluation of Parameters
2.01 Set m=82*27*
2.02 Set ouarg(-1,0O)/130,
2.03 Set A(1)*23885795280/6080.
2.04 Set A(2)u1/sqrt((u..1)/m.A()'3/A(0)*3J.
2.05 Set A(4)*2299B/A(2),
2.06 Set A(5)ze0172/A(4)*
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2.07 Set Kz2*A(0)*A(l)/[A(0)*2.A(1)*2J,
2,08 Set VxA(4)-A(0)*6O80/86400c
2.09 Set kw(A(l)OK/2/A(0)J*1.5*
2"1l0 set C(OO)sO.
2.11 Delete Co
2,12 Set C(090)JO.
2.13 Let C be sparse.
2*14 Set b(0)xO#
2.15 Lot b be spars**

3.001 *Determiation of PU,j) and QUiJ)
3.01 Set P( 00)x-A(S)*2/-,4,
3.02 Set P(2,0)x-3.,P(0,0).
3.03 Set P(01,2)=P(290),
3,04 Set P(2,2)=P(290)/2.
3.05 Set P(29-2)WP(2,2).
3.06 Set Q(290)s-P(2,0).
3.07 Set Q(2.2)x-P(2.2).
3.08 Set Q(26-2)uQ(292).
3.09 Let P be sparse.
3.10 Let Q be sparse*

4.001 *Deterination of b(n,i)
4.002 Type ni if fp(n/10)xO*
'1.01 Set b(O)zCrnu:1;b(0)*(n-1)/nJ if fp(n/2)x0.
4.02 Set b(l)s[n::;b(1)-n/(n+1)J if fp(n/2W0O.
4.03 Do part 5 if nzO or nalo
4.041 Done if nwO or ynuj,

4.05 Set in~fp(n/2)x0:2;3J.
4.06 Set b(i)"tun:1/2*(n-1);b(i-2). (n..i+2)/(n+i).Eiu2:2;1JJ.
4,07 Set A(9)udisj~ix20,Siu19,iznJ.
4.08 Do part 5 if A(9).
4.09 Done if AM*)
4.10 Set isi+2.
4.11 To step 4.06.

5.001 *Determination of CUi,j) (Parts 5,6,7)
5.01 Set A(10)=CnuO:1;A(10).(2.n+1).K/2/nJ.
5.02 Set A(11)x~fp(n/2)xO:0;1J.
5.03 Set A(12)u~fp(n/2)aO:20;191.
5.04 Do part 6 for ixA(11)(2)A(12)0

6.01 Do part 7 for JwA(ll)(2)A(12).

7.01 Set C(igj)aC(i,j)+k.A(10)b(i)'b(j)'(JsO:1;.5J.



Item 13 (mnitB)

Computation of Orbital Injection or Correction

8.001 0 Ilitializatlon. of Suinations
8.01 Set A(16)wfpE(A(6)t.22998't/o)/360J'360.
8.02 Set A(17)00zfr{(A(?)+,C1?2.t/o)/360].360.
8.03 Set A(18)x*p[(M8)+A(4&)t./oeZ(290)/o)/360J.360.
8,084 Set A(21)xO,
8.05 Set A(22W0.*
8.06 Set A(23)x0.
8.07 Do part 9 for Siu0(1)21*

9,001 *R~ange of J in Suinations
9.01 Type i if fp(i/5)zO.
9.02 Set A(13)x~fp(i/2)xO:20;21J.
9.03 Do part 10 for j=-A(13)(2)A(13)e

10.00 1 *Luar Terus in Sisuations
10.01 Set A(21)sA(21)+F(p~qtvtu)*
10.02 Set A(22)xA(22)+G(p qw,u).
10.03 Set A(23)=A(23)+H(p,q,w,a).
10.04 Do part 11 if disjtconj(is0,0"jI2),conj(iz2,-2sj-s2)J.
10.05 Done if disj~i#216j021J.
100051 *Determination of injection Conditions
10406 Set z(1,0)x2*A(21)-A(22)#
10.07 Set z(1,1)vA(23).
10.08 Set z(2,0)uZ(2,0),
10.09 Set z(2,1)-3*A(21)eA(22)e
10.10 Set z(3,0)uZ(3,0)e
10.11 Set zQ4,0)uZ(4,0O)e
10.42 Set A(2')s-[p(0,0)+P(0,0)J.A(0)/3,
10.13 Set A(29)asz(2,1)-2.(Z,0)-z(1,0)).
30*1'4 Set A(30)x(1+Z(1,0))-(ItZ(2.1)).V.
10415 Sqkt A(31)=(1+Z(,0,))-(1+A(29))*V.
30.16 Set A(32)=22A(0).(2.(Z(1,0).'z(1,0))+Z(2,1)-z(2,1)}A(24),
104l7 Set A(33)u-3[2'Z(1,0)+Z(291)-A(21).A(4).
10*18 Set A(34)x[3.Z(1,0)+2.Z(2,1)-A(22)3.A(0).
10.15k Set A(35)w[Z(1,,1)-A(23)].A(0)*
10.20 Set A(36)zA(31)-A(30)*
10421 Set A(37)=(z(l,1)-Z(1,1I))*Vo
10.22 Set A(38)muqrt[A(36)*2+A(37)*2J.
10.23 Set A(39)usqrt[A(34)*2+A(35)*23,
10.284 Set A(4O)*2*A(39)/A(0)*A(4)s
10.25 Set AQ41)v(11z(1,O))-(14z(2,1)).V.
10,26 Set A('42)az(1,i)-V,
13e.27 Set A(43):sqrt[A(841)*21.z(1,1)*2.V*2j.
10.28 Set A(414) arg(Q1),z(1,1)eV3/o.

11.001 *Solar Terms in Stinations
11.01 Set A(21)uA(21)+F(P5QWqU).
11.02 Set A(22)uA(22)+G(PsQ*W6U).
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11.03 Set A(23)zA(23)iH(P,Q,W,S),

13.001 *Printout
13.01 Type "Orbital Injention" if tz0.
13.02 Type "Orbital Correction" if t#0,
13.03 Type ,form 1, o
13.04 Type 'K(0) in form 2.
13.05 Type fora 27.
13006 Type V in foza 3.
13.07 Type AM6 in form 5,
13.08 Type AM7 in form 6.
13.09 Type AM8 in form 4.
13.10 Line.
13.11 Type t in form 314 +tv(t*0).
13.12 Do part 14i if tmO,
£3.13 Do part 15 i~f t*0.

14.001 *Prin,,out of Injection Conditions
14.01 Type ,form 7,form 214,
14,02 Type T(1,0).A(0)qz(I,0T-A(0) in form 8e
14.03 Type A(30),A(141) in form 9,
14&.014 Type Z(1,1).V,z(1,1)eV in forn 10.
14,05 Type A(32),A(24) in form 11.
14.06 Type A(33),0 in forms 12,
14.07 Type A(39).0 in foru 13.
14.08 Type A(140).0 in form 14.
14.09 Line.
14.10 Type A(143) in forms 30.
14.11 Type A(144) in form 31.
14.12 Type . ,farm 25,form 269.
14.13 Type Z(ffO),s(Iv0) in form 18,
14,14 Type Z(191),sz(1,) in form 19.
14.15 Type Z(290)*z(290) in form 20.
14.16 Type Z(201),z(2,1) in form 21.
14,17 Type Z(390)qz(390) in foru 22,
14.18 Type Z(14,0),u.(4,0) in form 23.

15.001 *Printourt of Correction Conditions
15.01 Type gfam 7,form 24,.*
15.02 Type T(1l,0)-A(0),Z(1,O-T-A(0) in form 8.
15.03 Type A(30),A(31) in farm 9.
15.04 Type Z(1,1)-V,x(1,1)-V in form 10.
15.05 Type A(32),A(24) in form Ile
15.06 Type A(33).0 in form 12.
15.07 Type A(39) (Z(1 0)-z(1,0))-A(0) in form 13.
15.08 Type A('0):2.(Z1,0)-z(1,0))9A(4) in form 14.
15.09 Line.
15.10 Type A(36) in form 15,
15,11 Type A(37) in form 16.
15012 Tyipe .06) in form 17.
15.13 Typo , ,form 25,form 26.
15.14 Type !(T,0),z(i,0o) in form is.
15.15 Type Z(1,1),z(1,1) in form 19.
15.16 Type Z(2,0),Z(2.0) in form 20.
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15,17 Type Z(2,1),A(29) In form 21.
15.18 Typs Z(3,O),Z(3,,O) in fa'm 22.
15,19 Type Z(4,O),Z(4,O) in form~ 23.

F(p~q,w,u): -1/3.11i14IjlzO:2-p(O,,O);3.q(I,J).u(i,,J)/W(i,j)]

SUi,j): sin(h(i,j))
tUi,j): cos(h(i,j))
U(i,j): i+J.A(5)

g(i,j): fp((i-A(18)+J.A(16))/360)e360-o
h(i,j):- fp((i.A(18)ej.,A(17))/360).360.o

q(i,j): d(i,j)*A(2)*2/h
9(i,j): sin(g(ij))
uUi,j): coe(g(i,j))
w(ij): ieJ*A(2)

Form 1:
Reference Condition

Form 2:
Reference Orbital Radius (n mi) ____

Form 3:
Reference Orbital Velocity (ft/s)

Form 4:
Initial Orbital Central Angle (dog)

Form 5:
Initial Lamar Longitude (deg)

Form 6:
Initial Solar Longitude (&eg)

Form 7:
Cuwr'ent Corrected

Form 8:
Increawnt in Orbital Radius (n mi)

FoSm. 9:
Horizontal Velocity (ft/9)

Form 10:
Radial Velocity (ft/9)



-88-

Form 11:
Average Radial Increment (n ml)

Form 12:
Average Orbital Rate Increment (rad/day) -

For% 13:
oscillatory Amplitude in dr (n ml)

Form 14&:
oscillatory Amplitude in d(dq)/dt (wad/day) *

Fors IS:
Horizontal Vlocity Correction (ft/s)

For% 16:
Radial Velocity Correction (ftIs)

Yorm 17:
Total Velocity Correction (ft/a)

Form 18:
dw/R.**.**** .*.....

Form 19:
d(dr/R)/dQ ******* *******

Fs~ 20:
dq *0.*0000090 000090000.0000

Fove' 21:
d(dq)/dQ 0040000*000000 000OV0000.*...

Form 22:
dqN 0*00000*00** 000* 00 *000*

Form 23:
dq(S) 0000900*00000. 0*0**9*..*.

Form 241:
Value value

Form 25:
Curent corrected

rm 26:
value value

Form 27:
Orbitil Inclination to Ecliptic (dog) 9

Form 30:
Injection Velocity (ft/a)
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Frmw 311
InJection Path Angle (dog)

rams 34I:
InJection at _ days

Form 35:
CorrectionI at *days
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Orbital Injection

Reference Condition

Reference Orbital Radius (n mi) 303444
Orbital Incli-ation to Ecliptic (deg) 90
Reference Orbital Velocity (ft/s) 2758.59
Initial Lunar Longitude (deg) 158.90
Initial Solar Longitude (dog) .00
Initial Orbital Central Angle (dog) .00

Inj" ton at 0 days

Current Corrected
Value Value

Incremnt in Orbital Radius (n mil) 00 2318.40
Horizontal Velocity (ft/a) 2750,59 2790.09
Rdial Velocity (ft/a) .00 9.0
Average Radial Ir.crqment (r ml) -10021.86 1526.93
Average Orbital Rate Increment (redl/day) *0073751 .0000000
Oscillatory Amplitude in dr (n *) 9293,12 *00
Oscillatory Amplituds in d(dq)/dt (rad/day) .0079128 .0000000

Injection Velocity (ft/a) 2790.11
Injection Path Angle (deg) .201

Current Corrected
value value

dr/R 0 7,64029580-03
d(dr/R)/dQ 0 3.55213699-03
dq 0
d(4q)/dq 0 3.7,093350-03
dq(N) 0 0
dq(S) 0 0

+:+p

F:
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Orbital Correction

Refereno Orbital Radius (n i) 3034"
Orbital Inclination to Ecliptic (dog) 90
aft-ee Orbital Velocity (ft/s) 2758.59
Initial Lutwi Loagitud (dog) 158.0
Initial Sola Longitude (dog) .00
Initial Orbital Central Angle (dog) .00

Correctia at 235.5 dayu

Current Corected
Value value

Incre, a 1mn:2 O ftaL Radius (a mi) 1286*31 1996031

Hwizontal Veol.@ty (ft/s) 2771.3 28030.57
Radial Velocity (ft/s) -1s.74 -7S,48
Avwege Radial- Xse t (n Li) -5516.00 1526.93
Average tsl kte Incrent (redfday) .00q976 .0000000
Oscillate',' Lupit ude in dr (a Wi 9425,59 20*24
oscilUlatr Am tude in d(dq)/dt (rad/day) .0080256 .0000172

Nwimotal Veloaity Coerectica (ft/) 32.22
Radial Velocity Casyction (ft/x) -56.,7
Total Velocity CawectLm (ft/a) 65,,2S

Comat Cwmted
value Value

dr/* 4,S590009-03 GoS45900@g-03
d(dz'/R)/dQ -&,7"25279-03 -2*7362355S-02

di 6.2M0W91-01 6*2240491-O1
.. 9092-.0; 9.69"17132-03

di'K)7.18M092-02 7,18M~0936~-02
dq(S) -59WS4-02 -5992M9254-02

rmer
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IDENTIFICATION OF JOSS TERMS

The following list defines the terms appearing in the preceding

program in terms of the variables used in the body of the report

wherever possible.

JOSS Definition

K K

V Vo

k 
( o K ) 3/2

m

n n

0 n/180 rad/deg

t t1 (days)

A(O) ro (n ml)

A(l) am (n mi)

A(2) 6mo/6o

A(4) 6o (rad/day)

A(5) 60/60

A(6) em(O) (deg)

A(7) 4)(0) (deg)

A(8) G(0) (deg)

A/16) em(tl) (deg)

A(17) 0(tl) (deg)

A(18) 9(tl) (deg)

A(21) Bo/3

A(22) Al

A(23) -A2

A(24) 6rse (corrected) (n mi)

A(29) 60 .

A(30) VH (current) (ft/sec)

A(31) VH (corrected) (ft/sec)

A(32) 6rss (current) (n mi)

A(33) 68ss (current) (rd/day)

A(36) AVH (ft/sec)

A(37) AVR (ft/sec)
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Joss Definition

A(38) AV (ft/see)

A(39) 6r (current) (n mi)

A(40) Ses (current) (rad/day)

A(41) VH (injection) (ftfsec)

A(42) VR (injection) (ftfsec)

A(43) V (injection) (ftfsec)

A(44) yp, (injection) (deg)

b(i) bni

C(i, Dj)i

P(i, D) Pij

Q(i, D) Qij
Z(1, 0) 5rl/rO

Z(1, 1) 6rl/r1,
Z(2, 0) 601 (rad)

Z(2, 1) 60,

Z(3, 0) 60m (rad)

Z(4, 0) 89 (tad)

Z(1, 0) 6rD/ro

Z(1, 1) 6 r
z(2, 0) 60D (rad)

z(2, 1) 60 D

z(3, 0) SOm (tad)

z(4, 0) 69 (tad)

Functions

F(pq,w,u) ij increment to B0/3

G(p,q,w,u) ij increment to Al

H(pq,'ws) iJ increment to -A2
S(i,j) sin (1.0(tl) + jO(tl))

U(i~j) Cos (iO(t1 ) + jO(tQ))

W(ilj) i

c(i~j) C1.1
g(i,j) 1.8(tl) + Jem(ti) (tad)
h(i,j) 1.8(tl) + JO(tl) (tad)
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JOSS Definition
p(i ,j) p..

q(i,j) qij

s(ij) sin (ie(tl) + jem(ti))

u(i,j) cos (io(tl) + jem(ti))

w(i,j)

As before, these definitions apply only to the Orbital Injection

and Correction Program.

PROGRAM DESCRIPTION

Part I

The input data required in the execution of this part specify

the following aspects of the problem:

o Reference orbit

o Initial geometry (t = 0) (injection)

o Current time, tI

" Current values of the dependent variables, 6rl/ro, 601,

8r'/r , 661, 6o , and 69

Next, Item 12 (initA), which includes parts 2 through 7, is executed

if the values of Cij corresponding to this referen . orbit are not

already available in storage; otherwise the control is transferred

directly to Item 13 (initB), which includes parts 8 through 18.

Item 12 (initA)

This subroutine evaluates the coefficients Cij in the series

expansion of (ai/ro)3 .

Part 2

In this part, the parameters necessary in the so]ution are

evaluated.

Part 3

This part evaluated the coefficients Pij and Qij in the expan-

sion of the solar perturbing functions asr and aso' respectively.
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Part 4

This part evaluates the coefficients bni of the Fourier e-zpan-

sion of

i
max

cosn 0 b . cos i9
i=

where n takes on all integer values from 0 to 100, while imax is equal

to 20 or n, whichever is smaller. After this part is completed for a

given value of n, parts 5, 6, and 7 are executed before advancing to

the next value ot n.

Dart 5

This part determines the values of i considered in the evalua-

tion of Cij.

Part 6

This part determines the values of j considered in the evalua-

tion of Cij.

Part 7

This part evaluates the contribution of the nth term of the

binomial expansion of (em/ro)3 to eac.: of Cij elements.

item 13 Jinitp)

This subroutine determines the orbital injection conditions if

t = 0, and the orbital correction conditions if t # 0.

Part 8

This part determines the current geometry at time t, by evalua-

ting 9(tl), em(tl) and e(tl) and initiates the summations involved

in determining A1 , A2 and Bo .
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Part 9

This part specifies the values of j included in the summations

for A1, A2 , Bo .

Part 10

In this part, the values of "1' A2, and B. are computed and then

used to determine the quantities 6rD/ro, 6r'/r o , and 8' after whichrD o D
various other output quantities are computed.

Part 11

This part computes the contiibutions of the solar terms to Al,

A2, and B°.

Part 13

This part zontrols the printout through the value of the Initial

Orbital Central Angle (see sample printout), after which control is

transferred to part 14 if orbital injection is being determl.ned

(t 1 = 0), or to part 15 if an orbital correction is required (t1 # 0).

Part 14

This part controls the printout of the orbital injection condi-

tions as follows:

o The current and corrected values of 6r (n mi), VH (ft/sec),

VR (ft/sec), Sr., (n mi), 66.. (rad/day), Sr 0: (n mi), and

6 ose (rad/day).
o The orbital injection velocity, V (ft/sec), and the orbital

injection path angle, yp (deg).

o The current and corrected values of Sr/r0, ar/ro, do, 68',
0M , and 66 in the form needed as Input to the Runge-Kutta

integration program.

Par't 15

This part controls the printout of the orbital correction condi-

tions. It differs from part 14 in printing the horizontal and radial

components of the corrretion velocity, AVH and AVR, as well as its

total magnitude V, all in ft!sec rsther than V and y p.
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