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Preface

This work represents the outcome of wmy attempt to solve either

exactly or approximately a realistic two aircraft combat encounter

viewed as a differential game. The aircraft are permitted to maneuver

in three-dimensions, and are not restricted, as has been the case with

most previous studies, to planar motion.

The work received its original inspiration and a lot of its guidance

from the Doctoral Dissertation and later unpublished studies of Major

William L. Othling Jr. of the Air Force Flight Dynamics Laboratory.

I should also like to. mention Professor Gerald M. Anderson of the Air

Force Institute of Technology and Captain Anthony L. Leatham of the

Flight Dynamics Laboratory who both gave me freely of their time and

advice.

Finally I should like to thank the United States Air Force for

allowing me extensive use of its computer facilities in the prepara-

tion of this study.

S.M.D. W-N
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Abstract

A practical two aircraft pursuit-evasion problem in three-dimen-

sional space is posed as a zero sum, perfect information differential

game. The purpose of the thesis is to solve this differential gae

and to obtain optimal or near optimal closed-loop control laws for the

two players.

Three models of the aircraft dynamics are used. The first nodel

is primarily a realistic one, and as the state equations are non-linear

and highly coupled, it is not possible to obtain optimal closed-loop

solutions. The second model is a simplified version of the first.

Using this model, the solution is carried further - the costate vari-

ables are eliminated from the controls - but closed-loop solutions

still cannot be found. The third model used has different controls

from the other two, but is roughly similar in nature. Optimal closed-

loop controls are obtained for this model. The results obtained from

--- these models show that the three-dimensional problem cannot be consi-

dered as a simple extension of the two-dimensional game. The necessary

inclusion of the bank angle or a similar control introduces an extra

order of complexity into the problem.

As exact optimal closed-loop control laws for the realistic model

are not available, the results of the analysis are presented in two ways.

Firstly, open-loop minimax solutions for all three models are generated

numerically by backward inteqration from a selection of terminal states.

Two-dimensional views.,of these three-dimensional trajectories are given

in both real and relative space. Secondly, pseudo optimal controls for

the realistic model are derived, based on the closed-loop controls ob-

vii



tained for the simplest of the three models. These pseudo controls are

then used with the standard dynamics to integrate forward in time from

the states reached by backward integration of the realistic open-loop

solutions. The pseudo closed-loop solutions give a good approximation

to the open-loop solutions for the realistic mviel under almost all the

conditions tested.

viii
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MMRD A DIFFERENTIAL GAME SOLUTION TO A PRICTICAL TWO-AIICRAFI

PURSUIT-EVASION PROBLEN IN THREE DIMENSIONAL SPACE

I., Introduction

The aerial dogfight is a problem for which no analytically derived

optimal maneuvers have yet been found. The knowledge of such maneuvers

would be of use both in the design and in the operation of any aircraft

that might be involved in aerial combat. In the field of design, the

value of some function such as the time to intercept from certain

4specified initial conditions, subject to optimal maneuvering by both

combatants, would provide a good numerical indicator for use in reach-

ing compromises between various aspects of performance. In the field

of operations, it might not be practicable to fly optimal trajectories

exactly, but a knowledge of them would be helpful in developing and

evaluating tactics.

A discussion of the merits and demerits of the various methods

which may be used to analyze the dogfight is given in Chapter I. This

thesis poses the dogfight as a zero sum, perfect information, pursuit-

evasion differential game. The purpose of the thesis is to analyze

this problem, and to proceed as far as possible with its solution.

In his doctoral dissertation (Ref 4), Othling considers the dog-

fight as a differential game where both players are restricted to two-

dimensional planar motion. He considers a realistic or standard model

of the aircraft dynamics for which he obtains open-loop controls, and

then goes on to consider various simplified dynamic models for which

ne is able to obtain closed-loop solutions. This thesis extends the

study to problems in which three-dimensional maneuvering is permitted.

f1
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~ It .... felt. that t.he ,wohem 2;-n three-Advnnns wld be-

similar to that in two-dimensions, and that it would in effect only re-

quire an increase in the number of equations to be handled. However,

it was found that the necessary inclusion of the direction of the lift

vector as one of the controls added considerably to the complexity of

the problem.

In order to analyze the problem, three models of the aircraft dy-

namics are developed. These models are described in Chapter III. The

first model is a realistic or standard representation. The second

model is a simplified version of the first model, but one which re-

tains the basic nature and controls of the standard. The third model

is a more drastically altered representation which is aimed primarily

at obtaining a closed-loop solution. In Chapter IV, the differential

game using the standard dynamic model is investigated, and the solution

carried as far as possible. In Chapter V, the same is done for the

second dynamic model. In Chapter VI, the differential gane using the

most simplified dynamic model is investigated, and closed-loop controls

are obtained.

The feasibility of usinq the closed-loon controls developed for

the simplest model as an approximation to closed-loop controls for the

standard model is examined in Chapter VII. A possible algorithm for

deriving near-optimal controls in a dogfight situation is also suaaes-

ted in this chapter.

In the course of attempting the solution of the first two dynamic

models, the author discovered a theorem which may well be of more

general use in problems where the costate differential equations are

not directly integrable. This theorem and its proof are given in

2
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Appendix A. I
Since it is not expected that the study of the aerial pursuit-

evasion problem will cease with this thesis, results which may be of

value to other workers on the problem are given in Appendices B and C.

These results are certain unsuccessful approximations to the open-loop

controls for the standard model, and a series of graphical plots of

typical trajectories in real and relative space for all three models.

Trajectories obtained by using the synthesized near-optimal controls

with the standard dynamics are also shown.

It is felt that this thesis makes a definite contribution towards

finding optimal controls for use in aerial encounters. Furthermore it

serves to show that the use of simplified models can be of great value

in examining realistic problems. Finally, for the first time in the

study of realistic differential game problems, results are obtained

which begin to look as though they might be of direct applicability.

3
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U. Outline of the Problem

Purpose of the Thesis

The purpose of this thesis is to solve a realistic two aircraft

pursuit-evasion differential game, where the players may maneuver

freely in three-dimensional space.

The problem is first defined in terms of two aircraft with dynamics

which approximate closely those found in real life. A closed-loop solu-

tion for this problem could not and probably cannot be found, so a se-

lection of open-loop minimax trajectories is generated numerically,

and then examined and compared with other more approximate solutions.

Once the most realistic or "standard" model has been investigated,

the aim is to find the aircraft model which is closest in its dynamic

representation to the standard and yet able to be solved completely.

With this in mind, two models are presented. The first is a fixed

velocity, zero gravity version of the standard model; only open-loop

solutions for this problem could be found, but the model is as simple

as it is possible to get whilst still retaining the basic nature of

the standard model. The model for which closed-loop controls could

be found is termed the "spherical vectogram model." As the usefulness

of this model is limited in so far as it approximates the standard

model, only a solution "in the small" (Ref 3:66) is presented. The

controls found from this model are used to synthesize pseudo-optimal

closed-loop controls for the standard model.

The above steps provide a significant advance in the development

of realistic control laws for the two aircraft pursuit-evasion problem.

However, there is still much work to do in refining these control laws,

i 4 4
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and so the final aim of this thesis is to serve a; a back7rm-om- for

future workers in the field, and to document some of the unproductive

lines of approach to the problem.

Reason for the Differential Game Approach

The reason for choosing the differential game approach to the two

aircraft pursuit-evasion problem is that there is no alternative approach

which offers the same possibilities.

The concept of energy maneuverability, which has received a lot of

attention in recent years, is only of use in putting a prospective com-

batant in an advantageous position from which to start an engagement,

and then in showing the best way in which to perform certain specific

predetermined maneuvers. There is no guidance available as to what

maneuvers should be performed in order to close with the opponent and

effect a kin.

Ordinary optimization technliues are not really applicable as they

credit only one player with the intelligence and ability to maneuver

other than along a predetermined flight path. This is not to say that

ordinary optimization techniques cannot yield useful results, but mere-

ly that these results are severely limited in nature.

"Seat of the pants" techniques are probably the best available,

but are unlikely to be optimal, and are highly subjective. Further-

more, even if an individual pilot were able to fly optimal trajectories,

he would find it most difficult to characterize these maneuvers so that

they could be followed by another pilot (human or automatic).

In a differential game both players may maneuver within the limits

set by the constraints on their controls. Both players strive to mini-

S
|
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6nIzej.e costs expressed ai some integral of the state variables and

controls during the progress of the game and some function of the states

at termination.

The three greatest drawbacks in approaching a dogfight as a dif-

ferential game are:

1. During the course of a game the roles of the players are

fixed, so that the evader may not become the pursuer nor

may the pursuer become the evader.

2. Closed-loop solutions are hard to obtain except with simpli-

fied dynamic representations, and oven-loop solutions are

not in general optimal against non-optimal maneuvers by

the other player.

3. Whatever conditions are chosen to determine capture, or the

end of a game, are final and unless some provision for it

is made in the cost function, there is no consideration of

the possibility of the need for a re-engagement.

However, it is felt that these drawbacks are easily outweighed by the

results that may be obtained using the differential game approach. It

must be stressed that this is the only method for treating an encounter

problem where the players have differing aims and are able to use con-

trols which affect the outcome of these aims.

The parameters of a two aircraft pursuit-evasion problem are such

that it may be posed as a two-player perfect information, zero-sum dif-

ferential game. Once the perfect information zero-sum game has been

solved, it may be of value to investigate the problem viewed as a non-

zero-sum game, and to examine the effects of imperfect information.

6I



However, the first priority is to obtain a solution to the perfect in-

formation zero-sum differential game, and it is towards this end that

this thesis is directed.

Necessary Conditions for a Solution

Necessary conditions for a saddle-point solution, or set of mini-

max strategies, to a zero-sum perfect information differential game

are given in a number of standard texts (Ref 1:277, Ref 3:67), and are

summarized below.

The differential game problem is defined by the dynamic system

S,(to) 0(2-1)

where i is the n-dimensional state vector, i is the m-vector pursuer's

control and r is the p-vector evader's control. and may or may not

be subject to constraints. The game has the terminal constraints

I ¥xl(tf),tf) - 0 (2-2)

which define an n-dimensional si-face in the (n + l)-dimensional space

consisting of the n components of (tf), and tf. The game has the

performance criterion, or payoff,

tf
J = * ((tf),tf) + f L(x,i,Vt) dt (2-3)

to

The aim is to find the controls u-- and * such that

J(uj*,v-) : J (u*,;*) S_ (,J*) (2-4)

If u-- and -* can be found, the pair (uj*,F*) is called a saddle point

of the game and J(u*,V*) is called the value of the game.

7
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The existence of a solution is dependent on the fact that

min Max J(,) M ax Kin (,v-) (2-5)
i! u v u

A necessary condition for a saddle point solution of the above

differential game is that the Hamiltonian defined by

T_

H(t,F,1,uv) - IF + L (2-6)

must be minimized over the set of admissible u and maximized over the

set of admissible ; and that

H*= Max Mr H Min Max H (2-7)

v U U F

lis the n-dimensional costate vector, and the costate differential

equations are

1--nj *.(2-8)

the transersality conditions are given by

H(tf) -t(tf) 1 (tf) - tf) (2-9)t x

where *(x(tf),tf) = * + v 7 (2-10)

and v = arbitrary constant

If t does not appear explicitly in either H or the control con-

strai4ts, then H is constant.

It was previously stated that the optimal solution to the dif-

ferential game problem is the pair of controls (u*,F*) which provides

a saddle point of J.. If the pair (j*,V*) is given as (u*(t),F*(t)),

8
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one speaks of an open-loop solution. If the controls are expressed as

functions of the instantaneous state and time

U - kuCit) (2-11)

"i Ev ax, t) (2-12)

one has what is known as a feedback or closed-loop control law.

payoff and Termination Criteria

The basic type of encounter for which the approach outlined in this

thesis is most appropriate is one between two fighter aircraft. The

armament of such aircraft would normally be either air-to-air missiles,

or cannons, or both. It was decided to use as terminal surface a

typical launch envelope for a next-generation short-range missile. One

such missile might have a maximum target range of 5000 ft and a minimum

target range of 1500 ft at launch. The missile could be fired while

maneuvering at high load factors (e.g., up to 8a) and the target should

lie within approximately 120* c. the attacking aircraft's velocity vec-

tor at the instant of firing. To simplify the problem the terminal

turface considered as equivalent to this is taken as a sphere of radius

R - 5000 ft centered at the pursuer. Because of the large arc of fire,

the loss of realism by not considering the angular restrictions is

small, as, with the roles of the aircraft fixed, there will be very

few minimax trajectories in which the evader flies into the capture

region from behind. The terminal surface may thus be written as

y= (X,_Xl) 12 + (yEy- ) 12 + .tZZ 12 -R2 = 0 (2-13)
t-tf t=tf t-tf

9
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where in this problem R 5000 ft.

The payoff is taken as time to capture, expressed for the purposes

of this thesis as

tf
I dt (2-14)
to

Payoffs which include the relative, energies of the two players at

termination as well as the time to capture may be useful later, but

for the present the .aim is to find a solution to the realistic problem

without unnecessary complications.

10
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III. Aircraft Models

The purpose of this chapter is to derive and justify the state

differential equations used in the three models presented in this

thesis.

The Standard Model

The aim of this model is to give as realistic a representation of

the aircraft dynamics as possible without undue complications of the

equations of motion. with this in mind, the following assumptions are

Cmade:

1. The aircraft are considered to be point masses.

2. The earth is flat and the acceleration of gravity is

constant.

3. The thrust of each aircraft is constant and tangent to

its flight path.

4. The weight of each aircraft is constant.

5. Lift and drag forces are respectively normal and tangent

to the flight path.

The aircraft equations of motion may then be written as

x = V os Y cos X (3-1)

y - V cos y sin X (3-2)

-4

V sin y (3-3)

V [T - D - W sin YJ (3-4)

g IL cos v - V cos Y] (3-5)

_qi11
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z

Lis PerPendicu3.-r" to ;i~planforn, and

GCU is perpen~ic-zlar to c, ad in vertical plane

Mimzre 1. Deinton of Stat1-e Variables
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X - . (L sin P1 (3-6)
VW cos y

The state variables are defined in Fig. 1. x,y,z are the coordinates

of the aircraft's center of mass with respect to a set of inertial axes.

V is the aircraft's velocity. y is the flight path inclination, and

X the aircraft heading angle. T is the thrust, D the drag, W the

weight and L the lift of the aircraft. p is the roll angle of the air-

craft about its velocity vector, and is under the pilot's control.

The aerodynamic forces are defined by

D p V 2 A %, L p V2 A C L  (3-7)

where p is the air density, A a reference area, CD the drag coefficient

and CL the lift coefficient.

The following further assumptions are now made:

1. The ir density p is considered to be constant throughout

the airspace used in the encounter.

2. The pilot of each aircraft has direct control over the

lift coefficient CL.

3. The aircraft have parabolic drag polars so that

CD ko + kI C2 (3-8)

where k 0 is the zero-lift drag coefficient and kI the induced drag

factor.

For notational simplicity it Is convenient to define the constants

k- Tg/W (3-9)

13
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kD -0 Ag/2W (3-10)

It is also convenient to consider that P is restricted to the range

-w/2 <. p 5_ /2, and that CL may be positive or negative. Limits on

maneuverability are set by constraining CL such that

C %( ~(3-11)CLzi n :5- CL _ Lma x 13n

Since inverted flight is possible it is sensible to set

C (3-12)

which is equivalent to

CL (3-13)

The aircraft equations of motion are now

x - V cosT cos X (3-14)

y - V cos y sin x (3-15)

z -V sin y (3-16)

-k-k -+k 2 V2 g sin y (3-17)

Y- kDVCL cos P - g cos Y/V (3-18)

. = kDVCL sin p/cos y (3-19)

The Zero Gravity and Fixed Velocity-Model

The aim of this model is essentially to simplify the standard

model as much as possible without losing the basic nature of the model.

14
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The gravitational force on the aircraft is neglected since it may

be argued that it is present only as an acceleration which affects both

players equally.

Each aircraft is assumed to have a velocity fixed in magnitude.

This may be justified on the basis that fighter aircraft cften operate

close to the velocity that is the maximum allowable with external

stores. Changes in the magnitude of each aircraft's velocity aethere-

fore small1.

With these two additional assumptions, the aircraft equations of

motion are

X-V Cos Y Cos X (3-20)

y-V Cos Y sin X (3-21)

mmV sin y (3-22)

y kiVC L cos ii (3-23)

x-kJDVCL sin p/cos Y (3-24)

The Spherical Acceleration Vectogram Model 1
The purpose of this model is to yield a differential game which

can be solved in closed form, and yet has dynamics that are not too

unrealistic. A moxdel that satisfies these requirements is one in

which each aircraft is considered to be in dynamic equilibrium except

for a maneuvering force of constant magnitude which the pilot may

apply in any direction at will.

The dynamic equations of this model are

x-VX (3-25)

15
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y - Vy (3-26)

.z -V (3-27)

ix F 1  (3-28)

y - F 2  
(3-29)

Vz - FL3 (3-30)

where Vx , Vy, Vz are the components of the aircraft's velocity in the

x,y,z directions. F is the specific excess force and is constant in

magnitude. 11,12,13 are the direction cosines of the maneuvering force

and are the player's controls.

16



G"/C/71-5

-- .,. ........s... n a1 -Am standard ModelI

The purpose of this chapter is to solve a differential game problem

using the aircraft dynamics derived in Chapter III for the standard

aircraft model. The author was unable to solve the game comuletely,

and so closed-loop controls are not found. For the benefit of any

future workers on this problem, the details of the 
partial solution

are given, and there is a brief discussion of computer 
generated open-

loop solutions.

Statement of the Problem

The problem is to determine a saddle point of

tf
J(tf) J dt 

(4-1)

to

subject to

x -cS c Xp(4-2);P - vp os YP os xP 42

yp = Vp cos yp sin Xp(4-3)

zp - Vp sin f (4-4)

4p - k - kDp (kp + kip C ) V - g sin Yp (4-5)

yp = kDP VP CLP cos Up - q cos Yp/Vp (4-6)

= kDp VP CLP sin v /cos yp (4-7)

and

xE=VEcOs YEC°S XE 
(4-8)

17
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- VE cos YE sin x. (4-9)

zE - VE sin Y. (4-10)

VE- T - kD (k 3  + k 3 ,ci) vi sin y (4-11)

YE - kDE VE CLE cos i - g cos yE/VE (4-12)

XE - kDE VE CLE sin E/cos yF (4-13)

with a terminal surface given by

(Xp- X ) 12 + (yp-yE) 12 + (Zp-Z) 12 -R 2  0 (4-14)
titf ttf ttf

The subscripts P and E refer to the pursuer and the evader respectively.

-- The pursuer's controls are CLP and pp, and the evader's controls are

CLE and u." The controls are subject to the constraints

ICw 5. . (4-15)

IcLE l (4-16)

and for convenience it is considered that

-w/2 < up -- f/2 (4-17)

-:/2 <. uE < :/2 (4-18)

All the above state variables and constants are defined in Chapter IIl.

Necessary Conditions

Applying the necessary conditions for a saddle point solution, the

18
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Hamiltonian H is given by

H 1 + AXpVp cos p cos Xp + XypVp cos p sin Xp + XpVp sin Kp
+AVp [kc -kp (k op +k )V -kg siny p

+ A-fp [kDpVpCLp cos Up - g cos yp/Vpl + AXpkDpVpCLp sin Up/cos Yp

+ AXEVE Cos E Cos XE + AyV 7 cos yE sin XE + AZEE sin TE

2 2
+ AV [kr - kD. (koE + kIE Cj) VE - g sin YE)

+ AYE [kDEVECLE cos UE - g cos YE/VE ]

+ IXEkDEVECLE sin vE/ Cos TE  (4-19)

The Hamiltonian is to be minimized with respect to the pursuer's con-

trols, and maximized with respect to the evader's controls. As H is

not linear in any of the controls, the possibility of singular controls

is not investigated.

If CLp is in the interior of its admissible range, then it is

necessary that

3( 0 (4-20)
3CLp

and
32H

> 0 (4-21)

Applying these conditions,

3"-- -2 AVpkD pCLpvi + AypkDpVp cos UP

+ sin p o/s Y

-0 (4-22)

19



and
a.- -2 XvpkDpkIPVP > 0 (4-23;
Delp

which gives

CLP =c(A" P COS Up COS Yp + xP sin p)/2 AvpkipVp cos yp

(4-24)

and. since kDp, k 1 p and VP are positive,

xp < 0 (4-25)

Thus the admissible control CLp* that minimizes H is

CELp if IFLp I :.CLp.and XVp 5.0

C LP

-CLPM if the above conditions are not
met, according to whichever
gives the smaller value of H (4-26)

Similarly, if CLE is in the interior of its admissible range, then

it is necessary that

S3H

-- = 0 (4-27)
"-- aCLE

and

a2 H < 0 (4-28)
2-3Ciz

*Applying these conditions,

C LE =  )yE Cos 1E Cos YE + AxE sin u )/2 I-EkIEE cos y.

s(4-29)

20
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and

XVE > 0 (4-30)

Thus the admissible control CLE* that maximizes H is

FLE if IFLE I E L and XV 2 >0

LE
CL± if the above conditions are not.mLEiax met. according to whichever gives

the smaller value of H (4-31)

It is fuzrther necessary that

0 (4-32)

and

H 0 (4-33)
~p

Applying these conditions,

aH = -AypkDpVpCLp sin up + Axk VpCLP Cos U/coS Vp 0

(4-34)

and

- -AypkDpVpCLp cos Up -AxpkDpVpCI. sin v_ /cos yp 0 0

p

(4-35)

These conditions are satisfied if CLp = 0, in which case the value of

up has no physical significance. Otherwise the admissible control v
p

that minimnizes H is given by

sin = - ,Ps [ C, Cos Y,./VA Cos (4-36)

21
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* Cos 4* -A Cos Ysgn CL Ccos Y] /A + co 2 Y

(4-37)

It is also necessary that

i-- 0 (4-38)

and

12H 0 (4-39)

E

Applying these conditions, the admissible control u. that maximizes

11 is given by

sin p sgn [~cs~ 1 /AE+ cs E (-0

Cos = cos y sgn cos Cos [ 2 + ),2 ,--
E yE E L ~' XE YE

(4-41)

If both of the pursuer's controls are on the interior of their

admissible sets it is further necessary.that the matrix

a2H 32H
OC2 8CLpapP

32H  32Hauacjp ac~P 1

p C~p

is non-negative definite. In order to examine this, it is noted that

32H
= AypkDpVp sin up + AxpkDpVp cos ip/cos Yp

3CLPajP

* 1 _ CLp (4-42)

app
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iii

:m But

0 (4-43)
aP

so that
i 9 2H 32H

-0 (4-44)
iippCLp actpap

and thus satisfaction of the individual necessary conditions on CLP

and Pp ensures that the above matrix is non-negative definite. A

similar proof holds for the evader's controls.

The costate equations are

- 0 (4-45)

H= - =0 (4-46)
i P : yp

3H 0 (4-47)

"VP = -- -

- p xP COSyp Cos Xp X Cos yp sin Xp

Xzp sin Yp + 2 XVpkD, (kop + kjVC) VP

22
-Ayp g cos yp/vp -XypkDpC cos vp

-lxpkDpCLp sin pp/cos yp (4-48)

yP - -H = p sin Yp cos Xp + AypVp sin yp. sin Xp

Zp P cos yp + AVp g cos yp -Xyp g sin yp/Vp

-AxpkDpVpCLp sin up sti Yp/COS 2 yp (4-49)

Ax 2 a V CosY sin XP XV cos Y Cos X (4-50)
XP 3XP XPP cyDP
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XE 
(4-510

YE ~ m 0(4 -52 )

AZ= 0

3 E (4-53)

* -aH
VE 'V -AkX Cos YE Cos )XE -XYE Co YE Sin X

2ZE Si E + 2 )LVEkDE ()COE + kIE Cix) VE

AYIDECLE ~ E~YE g COS YEAEi

XXk'DECLE Sinf uEfcos TfE 
(4-54)

BYE EV Sinl T Cos XE + )LyjVy. sinl y., sinl P

-AZEvr VE CO +A Cos yE -XY

-AXkDv~c Asn IIE Sin yE/s T (4-55)

XE aXv C .sin XE -AyEVE COS YE Co XE (4-56)

Mhe transversality condtions aIve

H (tf) H (t) 0 
(4-57)

Ayp (tf) = 2v XE Ar (tf) (4-58)
ttf

A~ (tf) = 2v (z -z J -= t) 4-0
tt

A.v (tf) =0= A (tf) 
(-1

Ayp f ) = Ct) 
(4-62)
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XXP(tf) = 0 = AXE(tf) (4-63)

where v is an arbitrary constant.

Partial Problem Solution

In order to evaluate v, the terminal values of the state and co-

state variables are substituted into H, to give

H(tf) = 1 * 2v [(xp-xE) Vp cos yp cos Xp]j
t-tf

+ 2v [(yp-yE) Vp cos yp sin xpJi

ttf

+ 2v [(zp-zE) Vp sin ypli
t-tf

- 2v ((xp-xE) VE cos YE cos XE.]

tmtf
- 2v [(YP-YE) VE cos YE sin XE]JI

t-tf

- 2v [(zp-zE) VE sin Y'E)
t-tf

=0 (4-67)

adhence

2v = 1/(xp-E)(VE cos yE cos XE - Vp cos yp cos Xp)

+ (yp-yE)(V E cos y2 sin XE - Vp cos Yp sin Xp)

+ (zp-zE)(VE sin YE -Vp sin yp)}I (4-68)
t-tf

or more simply

2v = -/{ (1EXp - (yE7) (XE-EP) + (zE zP) (E-P))l
t-tf

(4-69)
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Integration of Eqs (4-45), (4-46), (4-47 (4-51), (4-52) and (4-53)

gives

Xxplt) A xp(tf) (4-70)

XY It) - XY (tf) (4-71)

Xplt) = XZP(tf) (4-72)

XX = t (tf) (4-73)

AYE(t) = XyE(tf) (4-74)

ZEC(t) = tZE(tf) (4-75)

Eq (4-50) may be written as

i = LX * - XY P(4-76)

which may be integrated to give

kXp(t) = XP(tf) [yp(t) - yp(tf)] -yp(tf) [Xp(t) - Xp(tf)]

(4-77)

Similarly

AXE(t) = AXE(tf) [YE(t) - yEltf)] -AyE(tf) [xE(t)- xE(tf) ]

(4-78)

One further relationship may be obtained by using the fact that the

part of the Hamiltonian which contains only the pursuer's states re-

mains constant (see Appendix A for details), or
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Ok XpXp + Aypyp + AZpzp + AvpVp + X 4Y XX~
t

~~XPCP ~ * l~~pI(4-79)

which gives

Aip(t) [km - k~ DP 0 Mo k1 pc~p) Vj - g sin rYJII
t

+ Ay~t [kDpVpCLp cos llp - g cos ypfVpJ I
t

= AXP(tf) [Vp Cos Yp Cos XpI - VP Cos Yp 008 XpIJ
tintf t

+ yp(tf) [VP Cos Yp sin XpI - Vp Cos Yp sinl XPI)

+ A~t)[~ i p - Vp sin YPIJ (4-80)

Similarly.

AiE(t) [k.E - kDE (kOE + kIECi) Vj - g sin YE I

t

.XEtf) [WE Cos YE Cos XE! - VE Cs YE Cos XE!]
t-tf

+ AyE(tf) [VE cos yE sin XE! - cos yTE sin XE!]
t-tf t

+ A2 (tf [VE sin IrI - vE sin YE1D (4-81)
tt t

The author was unable to find a method of integrating Eas (4-48),

(4-49), (4-54) and (4-55) other than numerically.
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Examination of Open-Loop Solutions

At this stage the coordinate axes are still free to be located

anywhere in space. In order to examine the minimum number of para-

meters required to define the terminal states, it is convenient to

locate the origin of the coordinate axes at the terminal position of

the pursuer. The direction of the z-axis is fixed by the local gravity,

but the x-axis may be rotated about the z-axis until the direction of

the pursuer's velocity vector at termination lies in the xz-plane.

There are then seven parameters required to define the terminal values

of the state variables. The seven parameters S1 to S 7 are shown in

Fig. 2. S1 and S2 give the magnitude and direction of the pursuer's

velocity; S3 and S4 give the position of the evader relative to the

pursuer; $5, S 6 and S7 give the magnitude ani direction of the evader's,

velocity.

In terms of these parameters the values of the state variables at

termination are given by

xp(tf) - 0 (4-82)

yP(tf) - 0 (4-83)

zP(tf) = 0 (4-84)

vP(tf) = S, (4-85)

Yp(tf) = S2  (4-86)

xp(tf) = 0 (4-87)

xE(tf) = R cos S3 cos S4 (4-88)

28
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7-

gg~

P is pursuer's position

B is evader's position

gtgxre 2. Definition of Terminala Parameters
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YE(tf) - R COS 53 Sin S4  (4-89)

ZE(tf) - R sin S3  (4-90)

VE(tf) = s5 (4-91)

YE(tf) = S6  (4-92)

xE(tf) - S7 (4-93)

A requirement for the useable part of the terminal surface (Re!

3:83) ;.s that

min max r<0 (4-94)
CLP, Pp CLE, VE

" dr
where r = - (4-95)dt

and r2 = (xE-xp) 2 + {yE-yp) 2 + (ZE-Zp) 2  (4-96)

However, the instantaneous value of r is independent of either the

pursuer's or the evader's controls, and so the above condition merely

states that the pursuer must be closing on the evader at termination.

In terms of the terminal parameters, the boundary of the useable Part

is given by

S5sin S3 sin S6 + COS S3 cos S6 COS 1S7-S4)1

=Sit s i n Sz sin S3 + cos S2 COS S3 cos S43 (4-97)

As the author has been unable to solve the problem for closed-

loop control laws, the next step is to examine a number of open loop
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minimax trajectories integrated backwards in time from the terminal

surface. This does not constitute a solution of the problem, as with

seven terminal parameters it is quite impractical to map all of free

space. However, the solutions obtained are of use in examining the

validity of simplified models, and in determining the sensitivity of

the solutions to the individual terminal parameters.

Projections of four typical trajectories are shown in Appendix C.

*The projections were plotted using the three-dimensional Calcomp rou-

*tine (Ref 2:1 et seq). The trajectories are shown both in real space,

and in relative space where the origin is fixed at the pursuer.

Examination of a large number of trajectories by the author re-

vealed no discernible pattern in the values of the bank angles. moving

* forward in time, the coefficients of lift remained at their maxima

(either positive or negative) unless a tail-chase situation was being

approached, when they reduced smoothly and monotonically towards zero.

The pursuer's and the evader's lift controls did not in general move

away from their limits at the same - istant. In-plane approximations

to the solution are not considered valid, as even a small out of plane

component at termination indicated large out of plane maneuvers had

been performed. Trajectories terminating with angular parameters in

the order of 1 radian away from the tail-chase configuration could

only be integrated backwards in time for a few seconds (typically

about 5 sec) before the aircraft velocities became unrealistically

large.

It had been hoped as an alternative approach to fit artifically

generated closed-loop controls to these trajectories by a least

squares fit. A number of possible control laws were fitted to one
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trajectory (sae Appendix B for details) and then tested on other ta-

Sjectories. UnfortunatelY, although it was possible to fit some of 
the

tria- functions to ar.y one of the open-loop solutions with a:, error in

the synthesized controls of less than 1%, the approximation became very

poor (typical eTror 100%) when the terminal pa meters were altered

significantly.

Before passing the problem to the computer for solution, it should

4 be noticed that the lift and bank angle controls are at present unde-

fined at t = tf. Applying LIHospital's rule

f  [(yp cos p cos Yp + Alp sin Up)/2XpkpVp cos Tp

C' , coi ( Ijp cos p +05 Yp + sin ip)/2iVpkipVp cos Ypl
ttf

(4-98)

and

tan tl(tf) = i{uxp/xyp cos Tp)
Pt-,tf

=o COS 1 (4-99)

t-tf

Similarly

(CEIZf)  1[(yE cos E os YE + AX E i /2AkVE

ttf

(4-100)

and

tan *I'(tf) = [xE/YE os Y (4-101)

t-tf

In certain cases, one suc being S2 = S= = S6 = S7  0, the above

32
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expressions are still undefined since l Y - 0. This corresponds

to the case of terminating with singular controls. The possibility of

singula:: controls was not investigated further, since in the time avail-

able it was considered more desirable to continue the search for a solu-

tion "in the small" than to investigate the various surfaces. However,

if the reader is himself investigating any trajectories terminating

neav- the direct tail-hase he should beware of this problem.

33
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V. Pursuit-Evasion Differential Game-Zero Gravity and
Fixed Velocity Model

The purpose of this chapter is to solve a differential game problem

using the aircraft dynamics derived in Chapter T1l for the zero gravity

and fixed velocity model. Although this is the most drastically simpli-

fied model which can be found that retains the basic nature of the

standard model and its controls, the author was still unable to solve

-- 3 for closed-loop controls. It is, however, possible to solve for the

controls in terms of the terminal values of the state variables, by

eliminating the costate variables from the problem.

Statement of the Problem

The problem is to determine a saddle point of

tf
Jltf) f t (5-1)

subject to

x. =V os Yp os X (5-2)

yp =VP Cos Yp sin Xp (5-3)

;p Vp sin -p (5-4)

= kp VpCu, osk (5-5)
-PPL CoU

XPP-A sin /cosyp (5-6)

and

XE  VE cos Y E cos XE (5-7)
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YE - VE cos YE sin XE (5-8)

zE - V. sin y. (5-9)

yE - kDEVECLE Cos E (5-10)

XE - kDEVECLE Sin vE/cos TE (5-U)

where VE and Vp are constant, and where the terminal surface is given

Y (xp-XE)I 2 + yp-yE ) I
2 + (zpZE)1 2  - R= 0 (5-12)

t-tf t-tf t-tf

The subscripts P and E refer to the pursuer and the evader respectively.

'The pursuer's controls are CLp and up and the evader's controls are CLE

and I1E" The controls are subject to the constraints

ICLpI5 CLPU.a (5-13)

lCLEI <C (5-14

and as before it is considered that

- 2 < pp <. v/2 (5-15)

-v/2 < pE < w/2 (5-16)

Necessary Conditions

Applying the necessary conditions for a saddle point solution, the

Hamiltonian H is given by
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H I + pjVp COS Yp COS Xp + ypVp COS yp sin Xp + zpVp sin Yp

+ xypkDpVpCLp Cos l p + lXpkDpVpCLp sin up/cos yp

+ XEVE COS TE COS XE + )TEVE COS YE sin XE + AZVE sin YE

+ Ay~kDEVECJ.E os PE + AxEkDEVECLE sin uE / c s E (5-17)

The Hamiltonian is to be minimized with respect to the pursuer's con-

trols, and maximized with respect to the evader's controls.

Exactly as in Chapter IV with the standard model, the necessary

conditions on up are satisfied if %p = 0, in which case the value of

ip has no physical significance. otherwise the admissible control lp

j that minimizes H is given by

cos u* - -[p Cos p cg CT COS P p +s p (5-19)

/X~ yP cs

with the possibility of a singular control in tip if Ayp = AXp = 0 for

a finite time. Similarly the necessary conditions on VE are satisfied

if CLE = 0, in which case the value of uE has no physical significance.

SOtherwise the admissible control uE that maximizes H is given by
E

sin p1 =1 sgn Cr . o TEI/IE + 12

i XE + yE cosy (5-20)

Ecos =yE cos yE sgn L TLl/XE + E 0s YE (5-21)

with the possibility of a singular control in UE if = A = 0 or

I -a finite time.

-3
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Both CLp and CLr appear linearly in P', so it is convenient to de- j
fine switchinq functions Sp and SE such that

Sp = A.p cos up + Axp sin up/Cos Yp (5-22)

and

SE  AYE cns PE + AXE sin PE/COS yE (5-23)

The minimax controls CL are then given by

CLp* = CLPmax sgn [SpI (5-24)

CLik = C sgn ISE ]  (5-25)

with the possibility of singular controls in CLp and CLE if Sp = 0,

or SE =0 for a finite time.

The costate equations are

ixp = 0 (5-26)

S= 0 (5-27)

=iz 0 (5-28)

Ip =xPVP sin y cos X. + AvP si. sin xp

-XzpVP Cos Yp -AXpkDPVPCLP sin up sin yp/cos 2 Yp (5-29)

Axp XXpVp cos p sin Xp -Xy'vp cos 'rP cos xp (5-30)

and

AXE = 0 (5-31) 1

Ii
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.AyE -0 (5-32)

AZE -0 (5-33)

'YE = AXEVE sin YE Cos XE + SYiVE sin SE sin XE

-XZ E Cos TE -AXEkDEVECLE sin vE sin YE/COS TE YE -34

AXE - AXEVE cos YE sin XE -XyEVE cos TE COS XE

The transversality conditions give

H(tf) = H(t) = 0 (5-36)

Axp(tf) = 2v (Xp-xE) i = -AXE(tf) (5-37)

ttf

Xypltf)= 2v (yp-yE) I = -XyE(tf) (5-38)
t-tf

XZp(tf) = 2v (zp-zE)l I = -AZE(tf) (5-39)
t-tf

A p(tf) = 0 X YE(tf) (5-40)

AxP(tf) = 0 =AxEtf) (5-41)

where v is an arbitrary constant.

Partial Problem Solution

The possibility of singular controls is first investicated. -ne

necessary condition for a singular control in CLp is that Sp 0 for

a finite time, which gives

838
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Sp - CTp Cos Up + AXP sin u fcos Yp " 0 (5-42)

or

tan up = -Ayp COS 7p/Axp (5-43)

However, for CLp 1 0, and non-singular up

t AU (5-44)
p A Cos Yp

which gives

X2 =-X2 cos 2 y (5-45)
XP YP P

This can only be satisfied if AXp= Ayp = 0, since cos Yp = 0 is a

point of singularity in the state equation, and so must be discounted.

No, if Axp = Ayp = 0 for a finite time, which it should be noted

is also the condition for a singular control in pp,

xxp =.Xpp cos yp sin Xp -AypVp cos yp cos Xp 0 (5-46)

or

tan Xp= A =AXp const& (5-47)

and

p =AXpVp sin yp cos Xp + XypVp sin Yp sin Xp -XZpVp cos yp = 0

(5-48)

or
tan yp LZp/{),Xp cos Xp + A sin Xp = const. (5-49)

This neans that X. = 0, and the only way this can be true is if

CLP 0.
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Thus the only possibility for a singular control in CLp is

CLp* 0, u of no significance (5-50)

An identical argument may be used to show that the only possibility for

a singular control in CLE is

CIE* - 0, P4 of no significance (5-51)

Now in order to solve the costate equations it is necessary to

evaluate v, which must satisfy the following equation:

H(tf) = 1 -2v [(xE-xp) Vp cos "p cos x
tntf

-2v [(yE-yp) Vp cos Yp sin Xpli -2v I(zE-zp) Vp sin yplJ
t--tf t-tf,

+2v [(E- xP) VE COS YE COS XE)l
ttf

+2v [(y.-Y.l VE cos E sin XE] I  +2v [zEzp) VE sin y.11
ttf ttf

0 (5-52)

and hence

2v = -/{ (xExp) (xE-xp) + (yE-yp) (yE-yp) + (ZE-ZP) (ZEZp)l!
t-tf

(5-53)

Integration of Eqs (5-26), (5-27), (5-28), (5-31), (5-32) and (5-53)

gives

i P (t) = xp(t f }  (5-54)
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yp(t)= yp(tf) (5-55)

Lzp(t) = Xzp(tf) (5-56)

AXE(t) AXE (tf) (5-57)

X YE(t) = yE(tf) (5-58)

X (t) = AzE(tf) (5-59)

Eq (5-30) may be rewritten as

X Ax (5-60)
iXp AXPYP -LP

which nay be integrated to give

Axp (t) AXp (tf) [Yp (t)-yp (tf)] -;Lyp (tf) [xp (t)-Xp (tf) ]

(5-61)

Similarly

AXE(t) = AXE(tf) [YE(t)-yE(tf)] -AYE(tf) [XE(t)-xF(tf)]

(5-62)

The remaining costate variables may now be found by using the fact

that that part of the Hamiltonian which contains only the pursuer's

(evader's) states remains constant (see Appendix A for details), or

[XXp + XYY + X~ZpZ + XYY + AXxp] 1I
t

= [Ax P + XAyP + AzpJ I (563)
t-tf

V f

which gives, on non-singular arcs
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j iptf) [pC)VVt + A ~(tf) [Y (tf)-y (t))

+ Xzp(tf) (Zp(tf)-Zp(t)] -)'(tO) [Y,(t)-Yp(tf)] Xp(t)

+ XypCtf) [Xp(t)-Xp(tf)I Xp(t)J A, (t) (5-64)

where all the above tern~s are known as functions of the current and

terminal values of the states, and of the controls. The known values

have not been inserted in Ea (5-64) for the benefit of clarity.

Similarly

A(t) = .[ tf) (Etf) -xE(t)I + AYE (tf) 3Y t Y t

+ A ZE(tf) (zr(t;:)-Zt(t)] -)xyr-tf) rVF:(t)-vv(tf)] Xr:(t)

+ XCt) [XE(t)-YE(tf)] /YEt(t) (5-65)

Substitution of these values of the costates into the expression

for the bank angles, when not on a singular arc yields

sin ii* = kDpVpC~p* [X-XPI) yP(t)-YP(tfJ-(-yi [Xt)pf]1:
ttf t-tf

/Cos Yp [(xi-xP)I [Xp(tf)-xp(t)] + (YEYp~I [yp(tf)-Y*(t)]
I. t-tf ttf

+ (z-zp) I [z.(t)-z p(t)]I (5-66)
-- t f

fwhere CLP*+C LPax ,and
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E 1* r(t) I,- ,Ef, - cE- 11 [xE(t) cXEtf)) i
Lttf t-tf

S/OSE [E (t) + (y.y) f [;E (tf)_ (t)

ttf ttf

+ (ZE-ZP) I [zE(tf)-zE Ct)] (5-67)
ttf

where CLE= + CLEMa x .

Now in order to investigate the switching function Sp, on non-

singular arcs

Sp - Cos up (AXp + Axp tan pp/COS Tp)

_ Cos pp (X COS yp .+ A2 )/A COS 2 Yp (5-68)

and since -n/2 5. pi 5_ /2

Sp > 0 if Ap > 0 (5-69)

SP < 0 if X p < 0 (5-70)

where AP is given by Eq (5-64). Similarly

SE > 0 if AYE > 0 (5-71)

SE < 0 if AyE > 0 (5-72)

where AYE is given by Eq (5-65).

On singular arcs, the condition that that part of the Hamiltonian

containing only the pursuer's states should remain constant gives,

since -Ap A 0
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+ AzP(tf) [Zp(t)-Zp(tf)} 0 (5-73)

or

(XEXP) I [xp(t)-x(tf)] + (YE'YP) j [y*pt)-y;p(tf)3
t-tf t-tf

+ (ZE-Zp)I [zp(t)_p(tf)] 0 (5-74)
t-tf

and, similarly for the evader

(xeyxp I fV*E (t) X (tf) I + (Y.Y~ 6 (t) ~E(f
t--tf ttf

+ (Z (ZE(t)-ZE(tf)] = 0 (5-75)

Both the pursuer's and the evader's controls and ass.ciated

switching functions, both on and off singular arcs, have now been

expressed in terms of the current and terminal values of the state

variables,.

Examination of Open Loop Solutions

At first sight it would seem that the fact that the costate

variables have been eliminated from the solution of this problem would

greatly simplify the mapping of free space. However, closer scrutiny

reveals that unless it is possible to integrate the state equations

forward in time and so eliminate the values of the states at termina-

tion, no great simplification ensues. The author was only able to

integrate the state equations forward along the singular arcs, which

are of constant velocity vector, and so open-loop solutions for any-

thing other than trajectories composed only of singular arcs must still
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be generated by backward nierical integration fron the term-.- I  ,,

face.

For cormarison with the results of the standard model it is con-

venient to use the same terminal parameters as in Chapter IV (see

Fig. 2). In this case S1 and SS are not terminal parameters but prob-

lem parameters. The values of the state variables at termination, and

the boundary of the useable part at termination are exactly as given

in Eqs (4-82) to (4-97).

On the terminal surface, Sp = 0 instantaneously so CL (tf) is

given by

C~pa Sp(tf) > 0

c *(tf) = Sa(t < 0

0 SP(tf) = 0 (5-76)

and similarly

CLEmax SE(tf) < 0

CL (tf) = -CLa 4(tf) > 0

LE f max

0 S(tf) = ( (5-77)

As with the standard model

tan P*(tf) = [)xp/Yp COS Yp1 (5-78)
an t=tf

and
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tan ltf) [XE/ATE COS YE l  (5-79)
tmtf

When comparing the trajectories obtained from this model with

those of the standard model, it should be remembered that gravity has

been neglected in this case since it affects both players almost

equally.. Thus the backward trajectories for the zero gravity case

should be imagined displaced vertically a distance k o (tf-t)2 when

viewed in real space. With this fact in mind, the trajectories ob-

tained from this model and the standard model are in most cases very

similar. The exceptions are those trajectories finishing very close

to a horizontal tail chase configuration (Figs. 3 and 4). The reason

for this is felt to be that in these cases the singular arcs have been

very closely approached, and bearing in mind that the integrations

were performed backwards in time the trajectories are determined by

the perturbations off the singular arc. A small vertical perturbation

corresponds to trajectories that are predominatly in a vertical plane,

Z: and a small horizontal perturbation corresponds to trajectories that

are predominately in a horizontal plane. Thus with the standard nodal,

S gravity is sufficient to force most of the near tail chase trajectories

into the vertical plane, whereas with the zero gravity model the snall

terminal parameters and integration errors dictate the direction theI trajectories will take.

<I The author feels that if closed-loot control laws for this model

I could be found, then 4going forward in time the trajectories generated

by using these control laws with the standard model dynamics would

quite closely approximate the trajectories produced by backward inte-
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------------ 49 1 &*-aw- 9o%- IA4

cult for this hypothesis to be checked by the use of a hybrid computer,

or for a limited number of cases by using a gradient technique on a

digital computer. The advantage of using the zero gravity fixed velo-

city model in this case is that the number of terminal parameters has

been reduced by two from the case of the standard model, so that the

effort involved in generating an open-loop solution forward in time

is considerably reduced.

47
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VI. Pursuit-Evasion Differential Game-Spherical
Acceleration Vectogram Model

The purpose of this chapter is to solve a differential game prob-

lem using the aircraft dynamics derived in Chapter III for the spheri-

cal acceleration vectogran model. This represe.its the best model for

which the author was able to obtain closed-loop control laws. The

derivation of the closed-loop control laws is given, representing a

"solution in the small", but no attempt is made to investigate the

various surfaces which would represent a "solution in the large".

The reason for this is that the solution of this differential game

is not an end in itself, but merely a tool with which to attack the

solution of the standard model.

Statement of the Problem

The problem is to determine a saddle point of

J(tf) I dt (6-1)

to

subject to

XP 'V X (6-2)

L I y~VYP (6-3)

P- VzP (6-4)

Vxp - Pt 1  (6-5)

,ji ~F~Z 2 (6-6)
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zP " p3 (6-7)

and

xE - VXE (6-8)

VYE (6-9)

ZE V 6-10)

VXE r em, (6-11)

V1E FE 2  (6-12)

VZE " FP3 (6-13)

where Pp and FE are the magnitudes of the specific excess thrust and

are constant, and Li and mj are the dir-ction cosines of the pursuer's

and evaier's specific excess thrust vectors respectively, and represent

the two players' controls.

The controls are subject to the constraints Li real and

VI + 2 + 13- 1 (6-14)

and mi real and

~2 ~2 2= (6-15)

As with the other models, the terminal surface is given by

Y (Xp-XE)l 2 + (yp_yE)2 + (zpZE) 12 - R2  0 (6-16)
t-tf t-tf t-tf
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and the subscripts P and E refer to the pursuer and the evader resrec-

tiveiy.

Necessar Conditions

Rather than adjoin the control constraints, it is convenient to

make the substitutions

£3 - ( 1 - - - 4 (6-17)

and
2 2

M3 M? 4M- A (6-18)1 2

With these substitutions, the Hamiltonian, H, is given by

H I + AXpVxp 4, AypVyp + AzpVzp + AVXpFp'l + AvypFpt 2

± X Vpq I-L2-Z+
1 2 AXEVXE + )YYE+ XZEYZ

+ VXEFEr2 + )VYPEu ±V~E1 M (6-19)

The Hamiltonian is to be minimized with respect to the pursuer's con-

trols, and maximized with re:.;ect to the evader's controls.

Applying the first necessary conditions

1 2

-0 (6-20)

or

A2  (1 2 Z2) X2 (6-21

VXP1 2~ VZ (-1

and

5o
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Ivy!P " •ZPP'2/ 1-

-0 (6-22)

or

14-112 1) A2  12 (6-23)
1 2 VZP 2

Therefore

1 = 2/A,1 (6-24)

and by symetry

3 2 4P/X~w(6-25)

Substitution into Eq (6-14) gives

± AXP/ (6-2g. ,62)~z

and similar expressions may be obtained for 12, 13. Applying the

second necessary condition

32H 0 (6-27)

is merely checking that 11 minimizes rather than raximizes H. This is

more €.easily established by substituting for 11, 12 and 13 in H, when

it is obvious that to mininize H, since Fp > 0,

= ~~ + A2y + A2~ 6-8

L* -XAP/\'A2 + X2 + ), (6-29)

2 + A2 + 2~ (6-30)3 ;
-/
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I A similar argument may be used t( show that

VYE VZE (6-32)

M3= + ,vzE/ X + ,+ . (6-33)

The costate equations are

1X=0
(6-34.)

(6-35)

1 
(6-36)

(6-37)

(6-38)

1VZP -P 
(6-39)

and

A XE =0 (6-40)

iYE0 = 0 ( 6 - 4 1 )

AZE= 0
(6-42)

~XE (6-43)
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*VY -AYE (6-44)

imZ -A ZE (6-45)

The transversality conditions give

H(tf) =H(t) =0 (6-46)

AXI(tf) 2v (Xp-XE) I -AXE(tf) (6-47)
t-tf

x =p(f 2v (Y-Y~ =t -A YE(tf) (6-48)
tit

A~p (tf) 2v (ZP-zE) I =-XZ (tf) (6-49)
t-tf

XV4CP(tf) =0 = AX,(tf) (6-50)

=VP~f 0 = kM(tf) (6-51)

I'M p~f) =0 kq3E(tf) (-2

where v is a constant which must satisfy the above conditions.

Problem Solution

Integration of the costate differential equations qives

A~p (t) = )p (ti) 2v (xp-xE) 1(6-53)
tintf

A At) XP(tf) 2v ypE)(6-54)
t-tf
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? jAZp(t) X Zptf) u2v (ZP-ZE)I (6-55)J t-tf

A.vp(t) 2v (x-x~ I tf-t) (6-56)
t-tf

XMvp t) 2v (ZpZyE) i (tf-t) (6-57)
tt

tt

XV.p(t) = v A(f-) -2v t (6-60)
tt~t

ft

)LXE (t) =LX -2v -2v (tf-tE)l(-3
tt~tf

1 ZE (t) X= t -2v (zp t-tE) (6-61)

t-tf

Substitution of the costate variables into the minimax controls

gives
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tj -2v (xp-xE)I (tf-t)/I12v (t-t)Ri£ - t:tf

-xE-xp) sgn (v)/R (6-65)
ttf

It (YE'YP)I son (v)/R (6-66)
t-tf

3= (ZE-ZP)j sgn (v)/R '(6-67)
tmtf

and

M!a -- 2v (xp-xE)I (1-0/12v (tf-t)RI
t-tf

= (XE-xp)I sgn (v)/R (6-68)
t-tf

- sgn (v)/R (6-69)
t=tf

m*3 (zg-zp)l sgn V l /R (6-70)
tltf

It is interesting to note tliat the pursuer's and the evader's controls

are identical and constant. Further, the ratio of the components of

the controls is the same as the ratio of the corresponding relative

coordinates at termination.

Now using the fact that H(tf) = 0 gives

H(tf) = [2v (xp-xE) .txp-VxE) I
f~t-tf

+ [2v (yp-yE) (Vyp-VyE) ] I + [2v (ZP-ZE) (Vzp-VZE) ] I
titf titf

=0 (6-71)
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or

2V -i/f(xE-xp) (VXE-VXp) + (yE-yp) (VyE-Vyp)

+ (ZE-zp) (V-Vzp) I (6-72)
ttf

Now if is defined as a vector from the pursuer to the evader, and

i, k are unit vectors in the x, y, z-directions

?-(XE-xp) i + (yE-yp) J + (zE-zp) k (6-73)

r (V=-V) £1 + (VYL.-V') J + CVZ-V~p) k (6-74)

and from basic dynamics (differeniate rr=r 2 )

rr =r-r (6-75)

so that

r (tf) = fV~7VXP) (XE~xP) + (V-VYP) YE-YP)

+ (VZ-VZP) (ZE~zP) )I /R' (6-76)
tintf

miwever, for capture to occur it is necessary that r (tf) < 0 and so

(VIMf W (xErXP) + (1VYE-VYP) (Yt-YO (VzE-VZP) (ZE-Ep) < 0
4 t-tf

(6-77)

and hence from Eq (6-72)

V > 0

The mdnijuax controls are thus

I* tmm _70(xu /R (6-79)
tltf
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#-;= m2 - E-YPI /R (6-80)

1* -* (ZE-2p) /R ('6-81)
tintf

Using these controls, the state equations are integrated backwards

in time from' tf, which vives

4,P

r-~)VX~f (XE-XP) I (t-tf) (6-82)
tltf

P
VyP (t) - VYP(tf) = R YP (t-t;) (6-83)

t-t

PP
VP(t) -VP(tf) = -(ZE-zP) I (t-tf) (6-84)

Xp (t) -XP (tf) Fp (XE-xp)l (t-tf)2 +. VXP (tf) (t-tf)

$ (6-85)

YP(t) -YP(tf) =2 tf .V~(f tf

t-tf

(6-86)

PP
ZP(t) -ZP(tf) - (ZE-zP) I (t-tf)2 +. VZP(tf) (t-tf)

t--tf

(6-87)

and sinilar expressions for the evader. Since this is a perfect in-

formation game the values of the state varia les are known" at time t,

and the ain is to el iminate their values at tf. Substitu~tion of Eq

(6-82) into Eq (6-85) yields
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dP~lt) X1P(tf) -2R XPEx) tfI +V(t) ~~f
tintf

Fp
-(XE-XP)I (t-tf)2

t-ttf

x Vxpt (t)t) (t-t - t- (Ex)2 (-5B BE~x fEf 2 (6-88)
t~ttf

Subtracting Eq (6-89) from Eq (6-88)

(XE-XP)l 1 1 + (tf-t) 2 (Fp-FE)/2RJ= (xE~xp) + (VXE-v") (tf-)3
* ttf

(6-90)

and similarly

(Y~p 1 [1 + (tf-t)2 (Fp-FE)/2RJ = EYp + Cv -vyp(ft
t-tfYE (ft

(6-91)

(zE7zp)l I[ + Ctf-t)2 (Fp-rE)/2Rl (z -zp) + (VzeVz) (tf-t)
t-tf

(6-92)

Squaring and adding Eqs (6-90), (6-91), (6-92)

R2 [1 + (tf-t) 2 (FP-FE) /2RI 2  1 [(XE _xp) + (VX-VXP) (tr-t) 12

+ 1(Vj-yp) + (VmEVyp _tt) 12 + t (zp-zp) (1 (z-Vlzp)/ (tf-tj

(6-93)

or
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(tf-tl 4 (Fp-FEr + (tf-t) 2 (p-FE) R- (VytVxp) 2  (Vv _Vyp) 2

4 Y

- 'ZE-VZP)2 -2 (tf-t) (xE-xp) (VXE-VXp) + (yEyp)(VyEJ-Vyp )

4 (ZEZP) (VZE-Vp) ] 4 - (XEXp) 2  (YE-Yp)2 (ZrZp)2 ,, 0

(6-94)

This may be more convenierst3y expressed using the notation of Eqs (6-73),

(6-74. and (6-75) as

(tf-t) ) 2 r (tf-t) 2 [(Pp-FE) R -

-2 (tf-t)rr + (R2-r2 ) = 0 (6-95)

This is a quartic which may be solved at any time t to give (tf-t)

which is the only unknown in the equation. This value of (tf-t),

normally the smallest positive root of the quartic, may then be used

to evaluate the controls at time t, which, using- Eqs (6-90). (6-91)

and (6-92) are

t* M ! ((xE-- + (VxE-VXp) (tf-t) /[R + 1 (FpFE (tf-t) 2 )

(6-96)

12 = = (Yp-Yp) + (VyE-Vyp) tf-t)]/R + (pFE) (tf-t) 2 1

(6-97)

3 = m3 = [(ZE-Zp) + (V=-Vzp) (tf-t)I/[R + (F-PE ) (t-t) 2 1

(6-98)

Thus open-loop controls are found by solving for (tf-t) from Eq (6-95)
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at some initial time to, evaluating 11, 1*, 1*, rt, m* and mf*ror,

Eqs (6-96), (6-97) and (6-98) and keeping them constant. Since con-

tinuously updatable open-loop solutions are equivalent to closed-loop

solutions, closed-loon controls are found by solving for (tf-t) con-

tinuously and using this value to determine the direction cosines at

each instant.

SExamination of Solutions

In order to compare the minimax solutions for this model with those

of the standard model, runs were made backwards in time for the same

terminal states as were used for the oven-loop standard model solutions.

The magnitude of the specific excess thrust for each player was made

equal to that player's maximum specific lift force at termination, so

that

Pp kDp [Vp(tf)]2 CLimax = kDPSI CLPmax  (6-99)

and

E = kDE [VE(tf)]2 CS = kDS2 CL 1a (6-100)

Some typical runs are shown in Appendix C. At first sight it

would appear that there is little similarity between the solution to

the spherical vectogram model and the solitions to the standard model.

However, subject to two restrictions the solutions to the two models

show enough similarity to indicate that the model should be of use.

The first restriction is that gravity has been ignored, so that as

with the zero gravity, fixed velocity model solutions, the trajectories

should be considered as being displaced a distance g(tf-t)2 verti-

60

A

I



GA/,4C/71-5

cally when viewed in real space. The s.eond restriction 4- th--at ther I
is no constraint to stop the player's velocities dropping to unrealis-

tically low values. This is most obvious in Fig. 5 where both players

fly out and back along the same line in space, and actually come to

rest at one point.

Notwithstanding the above restrictions, the solutions to this

spherical vetogram model display to a significant degree some of the

general characteristics of the standard solutions. Since in addition

this is the only model for which closed-loop control laws could be

found and which did display any similarity at all with the standard *

model, the solution to this spherical vectogram modc-.1 is used as a

basis for formulating near-optimal controls for the standard model.

Finally, it is interesting to note that the above solution not

only extends some previous two-dimensional work (Ref 5:1463) into

three-dimensions, but also provides equivalent closed-loop controls

which were not obtained for the two-dimensional study.
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VIZ. Development of Pseudo Closed-Loop Minimax Controls

for the Standard Model

The purpose of this chapter is to derive an approximation to the

closed-loop control laws for the standard model based on the solution

obtained in Chapter Vl to the spherical acceleration vectogram model.

Best Control Approximation

The most successful method the author has found is to solve Eas

(6-95), (6-96), (6-97) and (6-98) at every instant in time. This

yields the controls 11 , 12 , L3, =I, 2, m3 that would be optimal if

the dynamics were in fact those of the spherical acceleration vecto-

gram model. Denoting either player's specific excess force as a

vector F, one may think of its component normal to V as being equiva-

lent to the specific lift gL/W. Thus u is chosen so that

L-(x V 0. (7-1)

and CL is chosen so that

+ up 2  (7-2)

Substituting the values of L, F, and V into Ea (7-1), qives for

the pursuer

(-cos up sin Yp cos xp - sin up sin x.) (1 2Vp-t 3 Vyp)

+ (-cos P. sin Y. sin Xp + sin u1p cos Xp) (-LiVZp + 13Vxp)

+ (cos v cos Yp) (1 tv,- 2V1) = 0 (7-3)

or more simply
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tan Up [(t 2VzP- 3Vyp) sin yp cos Xp + (3Vxp-LlVzp) sin Yp sin Xp

- (Vyp--2VXp)cos p /[(t3Vp-1Vzp) cos Xp

- (L 2 VzP-1 3 VYp) sin Xp] (7-4)

and similarly for the evader

taf"E [(m2VZE3Vh) sin E COS XE + 13VXE-:VZE) sin yE sin XE

S- (nlVy 1 - 2 V~X) Cos 1E (mVx =-V __) cos E

- (n 2 VZE-m3VyE) sin XE] (7-5)

If F is chosen so that at any instant

F=kD V 2 Cmax (7-6)

then Eq (7-2) becomes, for the pursuer,

(t 1 VXp + *Vyp + t 3 Vzp)2 /V2 + (CLIp/CLpX) 2 = 1 (7-7)

or

CLp = - CLP [1 -IVXP + 12VYP + t 3VZp)2/Vl]k (7-8)

Sinilarly, for the evader,

CLE -CLr [1- (mIVxE + M 2VYE + m3VE)2fV2] 17-9)

The signs of CLp and CLE are chosen so as to make L act in the same

direction along the three axes as F. Thus for the pursuer's x-comoonent,

it is necessary that 11 and CLp (-cos lip sin yp cos Yp - sin up sin Xp)

are both positive or both negative. Similarly for the evader's
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~~~~~x-componento it is neces"..ry t~hat n,1 a-- r {c8 AE -- "Eos E

sin E Sin XE) have the same sign.

using these pseudo controls, the standard dynamics may be inte-

grated forwards a small time At. The pseudo controls are then evalua-

ted again and the process repeated until such time as capture occurs

or is obviously not going to.

Calcomp plots of for such runs forward in time from the states

reached after 10 seconds backward integration of minimax solutions to

the standard model are shown in Figs. 9, 16, 23 and 30. The Value of

the game for each of these runs should be 10.0 secs. The actual

Values obtained were

Run 1 Value = 10.0 secs

Run 2 Value - 6.0 secs

Run 3 Value = 10.0 secs

Run 4 Valre - 10.1 secs

Considering Runs I and 4 first, the agreement between the approxi-

mate forward solutions and the open-loop backward solutions is remark-

ably good. The two runs are very different in nature and yet in both

cases the approximate trajectories follow very closely the open-loop

trajectories. Furthermore, the Value for both approximate runs is very

close to the standard Value of 10.0 secs. The roots of (tf-t) evalu-

ated at each instant for the approximate model are generally rather

lower than the true time to capture (typically 6 secs instead of 10

secs), so they cannot be used as an instantaneous estimate of the Value

of a game. However, the controls based on these roots closely approxi-

mate the open-loop controls.
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At first sight the results in Run 3 appear as good as those for

Runs 1 and 4, but there is one qualificatiorn. For all practical pur-

poses, the pursuer may be assumed to capture the evader at 10.0 secs

after starting, but he is in fact still 5014 ft from the evader

(R - 5000 ft), and starts to move away again after this time of closest

approach. This moving away again is first forecast from the solution

of Eq (6-95) for (tf-t). At 9.0 secs after to the sallest positive

root of the quartic takes a d.scontinuous jump from 1.11 secs to

104.20 secs. This corresponds to a change from the quartic having

three real positive roots to its having only one. Examination of

Eq (6-95) shows that it always bas at least one real positive root,

but whether or not it has three depends on the sign and magnitude of

the coefficients of (tf-t) 2 and (tf-t).

In Run 2, the general form of the approximate and the opoen-loop

trajectories is the same. However, capture occurs after only 6.0 secs.

The reason for this is that at the start of the game in the approximate

forward solution, the evader this he can escape on the first pass

since the value obtained for (tf-t) is 46.89 secs. The evader thus

does not turn quite sharply enough (CLE = 0.70 instead of CLE = 0.75)

and so flies into the pursuer. Then at 0.6 secs after to, the evader

finds that the value of (tf-t) jumps from 48.04 secs to 6.83 secs, and

capture is inevitable.

It should be stressed that the four runs presented and compared

above were not chosen so as to show the approximate controls to any

*particular advantage or disadvantage. The runs were chosen so as to

be typical of different types of open-loop solutions, or to show the
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effect of velocity variations on the trajectories.

It thus seems that these pseudo optimal controls are a good approxi-

mation except where the solution of Eq %6-95) yields only one real posi-

tive root. A deeper investigation of this equation and an attempt at

a solution of the game of kind for the spherical acceleration vectogram

model might yield a better understanding of the precise conditions under

which the pseudo control approximation is valid.

Alternative Control Aproximations

In an attempt tu improve the approximation of the above model, two

variations were tried. However, the effect of both variations was

found to be generally detrimental.

The first variation tried was to use the values of v as calculated

before, but to use the results of the zero gravity, fixed velocity

model in calculating CL. The lift coefficient was then set to CLMax,

0, or -CLmax. The result of this was to make the trajectories in space

for Runs 1 and 4 look slightly better, but change the Values obtained

to 10.8 and 8.7 secs respectively. The change in the Values was due

to the slower velocities because of the greater induced drag. In Runs

2 and 3 capture failed to occur.

The second variation tried was to modify Pp and FE so as to give

some influence to the differences in potential energy. This was ef-

fected by setting

Fp = k CPa [Vax - g (ZE-Zp)] (7-10)

and

E kDE C [V2 + g (ZEZp)I (7-11)
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Tbis is :qivalent to basing F on the total energy rather than just the

kinetic energy. Using this model the Values obtained for Runs 1 and 4

were 10.0 and 7.6 secs respectively. Again capture failed to occur in

Runs 2 and 3.

Suggested Algorithm to Determine a Player's Controls During an Actual
Encounter

It seems that the pseudo closed-loop controls developed in Eqs

(7-4), (7-5), (7-8) and (7-9) are a good approximation to the optimal

closed-loop controls in most circumstances.

The following algorithm, which could be used by the pursuer in an

encounter, seems reasonable, but has not yet been tested:

1. Using energy maneuverability considerations fly in such

a way as to arrive in the general vicinity of the evader

with as large a velocity as possible.

2. once positioned, set Fp - kDp C V2 and FE = kDE C V2

3. Solve Eq (6-95) for the smallest positive root of (tf-t).

4. Use this value of (tf-t) in Eqs (6-96), (6-97) and (6-98)

to find ti, 12, 13-

5. Evaluate CLp and vp using Eqs (7-8) and (7-4).

6. Use these controls for a short time interval, and then

return to Step 2 to evaluate new controls.

An algorithm that the evader could use might be:

1. Using energy maneuverability considerations fly in such

a way as to avoid for as long as possible arriving in the

general vicinity of the pursuer with a velocity disadvan-

tage.
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2. As soon as Step 1 fails, or if it becomes obvious that the

pursuer has started some form of terminal guidance, set

2- and E . kDE CI V2 .
PkDP CLP. VPad~D L E

3. Solve Eq (6-95) for the smallest positive root of (tf-t).

4. Use this value of (tf-t) in Eqs (6-96), (6-97) and (6-98)

tO find I1 2# 3 .

5. Evaluate CrZ and PE using Eqs (7-9) and (7-5).

6. Use these controls for a short time interval, and then

return to Step 2 to evaluate new controls.

A knowledge of a solution to the game of kind (Ref 3:8) as well

as solutions to the game of degree would also provide both players

with valuable information about regions in space that they should

avoid or aim for in their preliminary maneuvering. Limitations of

both space and time have precluded any investigation of the game of

kind as part of this study.
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VIII. Conclusions and Reco-mendations

Conclusions

A realistic two aircraft combat encounter has been posed as a zero

sum, perfect information differential game. In analyzing the problem,

three models of the aircraft dynamics have been used. These three

models were the standard model; the zero gravity, fixed velocity model;

and the spherical acceleration vectogram model.

For the standard model, the author obtained open-loop solutions,

but was unable to find closed-loop control laws. In order to investi-

gate the nature of the open-loop solutions, a number of them were

generated numerically and the trajectories plotted. The controls used

in this model were the lift coefficient and the bank angle. The ex-

pressions for these controls contained the current values of both the

state and costate variables. Examination of a number of numerical

solutions showed that the value of each player's lift coefficient

would remain at its maximum (either positive or negative) unless a

direct tail-chase situation was being approached in which case the

coefficient would reduce smoothly and monotonically towards zero. The

author was unable to characterize or detect any pattern in the behavior

of the bank angle. The only real conclusion formed was that two-dizen-

sional planar assumptions were completely invalid because most trajec-

tories observed showed violent out of plane maneuvers.

For the zero qravity, fixed velocity model, the author aaair. ob-

tained open-loop solutions. As with the standard model, closed-loop

control laws could not be found; but in this case it %as ossible to

eliminate t ,_ costate variables from the solutions and express the
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nu

controls as fI-'utions of the current and terminal values of the state

variables alone. This provides a considerable simplification in the

solution of the two point boundary value problem. Open-loop solutions

for this model were generated numerically and plotted for comparison

with the standard model. Subject to the limitations of the vertical

displacement in space because of the absence of gravity, and the sensi-

tivity of solutions produced by backward integration to initial small

disturbances, the solutions to this model showed good agreement with

those obtained for the standard model.

For the spherical acceleration vectogram model, the author was

able to obtain closed-loop control laws. The controls used in this

model were, however, no longer the lift coefficient and the bank angle,

but the direction cosines of a specific excess thrust instead. For

purposes of comparison with the standard model, a number of open-loop

solutions for this model were generated numerically and the trajec-

tories plotted. The solutions were subject to the same limitations as

were those for the zero gravity, fixed velocity model, and in addition

had the more serious limitation that the aircraft velocities could drop

to unrealistically low values. This meant that impossibly sharp turns

could be executed. Notwithstanding these limitations, this model is

the closest dynamic representation for which closed-loop solutions

have been found. Further, the solutions show sufficient similarity to

the standard model solutions to indicate that the model should be of

considerable value in formulating approximate closed-loop controls for

the standard model.

Finally, approximate closed-loop controls for the standard model

were produced from the spherical acceleration vectogram model solution.
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A number of methods of finding equivalent controls were tried, and

each method was tested by integrating the standard dynaics forward in

time using these approximate controls. The integrations were started

from the states reached by back'iard integration of open-loop solutions

to the standard model. Thus the accuracy of the approximation could

be determined from the closeness with which the pseudo optimal trajec-

tories followed the true optimal trajectoies. The most effective of

the approximations gave good agreement under almost all the conditions

tested. However, it is felt that caution should be exercised when

considering problems where there is a large altitude difference be-

tween the players, since the model makes no allowance for potential

energy advantages. Apart from this restriction, the author feels

that the approximate controls given in Chapter VII could form the

basis for some very good approximations to optimal controls for use

in dogfight situations.

Recommendations

The author's main recouendation is that the study of this problem

should continue. This thesis has laid the groundwork for obtaining

practical approximate solutions to the three-dinensional pursuit-eva-

sion problem, and has shown that such solutions do exist.

The author feels that two further approaches to the problem s.ould

be tried. These are:

1. The use of a hybrid computer to investiaate the possibility

of rapidly obtaining open-loop solutions to either the

standard or the zero gravity, fixed velocity model. If

these solutions could be obtained rapidly enough, then con-
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V.. ler.J.J~A. SoI It.ofls

might be practicable.

2. An investigation of the game of kind for the spherical

vectogram model, with particular attention to the number

and form of solutions obtained from Eq (6-95).
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Appndix A

The Use of One Player Optimization Techniques in Certain
Differential Games

In both Chapters IV and V use was made of the fact that that part

of the Hamiltonian containing only the pursuer's (evader's) state

variables and controls remains constant. The circumstances under which

this is true and a proof of the theorem are given in this appendix.

One of the difficulties in obtaining solutions to realistic dif-

ferential games is in integrating the costate differential equations.

Hence, it is felt that the theorem given below may be of great use in

that it avoids the need for integration of at least one of the costate

equations.

Theorem

Consider a zero-sum perfect information differential game with a

pa, off of time to capture, or a function of the states at termination,

or a combination of both. If the state equations can be written so

tha.t the pursuer's (evader's) state variables are independent of both

the evader's (pursuer's) state variables and controls; time does not

appear explicitly in the Hamiltonian; and all the control constraints

are time invariant, then for solutions in the small that part of the

Hamiltonian that consists of the terms containing only the pursuer's

(evader's) state and costate variables, and the pursuer's (evader's)

controls remains constant along minimax trajectories.

Proof

If the pursuer's evader's state equations are independent, it is

possible to express the dynamics of a differential game as
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RP c/ - F- -R'i A1

Y-E - E (xE'V't) (A-2)

The theorem is restricted to payoffs of the form

tf
j. - G(tf),tf) + C dt (A-3)

to

where C is constant.

The Hamiltonian is then

H -A f + C =A f + A E f + C (A-4)

Denote that part of the Hamiltonian that consists of the terms con-

taining only the pursuer s state and costate variables and the pur-

sufr' s controls as Hp. Then

_T_ _T_
Hp f f A (A-5)

and

-- -- d• +- - -- + -- d- -P dt (A-6)

dt ap-- dt dp at aj dt at dt

Now if t does not appear explicitly in H, it cannot appear explicitly

in o, so

-- = (A-7)

at

Since the Hamiltonian is being evaluated along a minimax trajectory

described in the small, either the ith coaponent of the control vector
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* j is internal, in which case

! 0 (A-8)Ou aui

or the control is on the limit, which is time invariant, and so

du 0 (A-9)

Using EcAs (A-8), (A-9) on each component of the control vector gives

t (A-10)d t

Now the necessary conditions give

3XE

Substitution of Eqs (A-7), (A-10) and (A-1i into Eq (A-6) gives

dt 9 7 aip3Vjpaj dt

allHp -n

=-f .- +--.f -0 (A-12)

and so

Hp = constant (A-13)

An exactly similar argument may be used to show that

= constant (A-14)
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'ject to the restrictions specified in the theorem, lp and HE remain

constant.
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* Apmendix B

Some Unsuccessful Approximations to Closed-Loop Minimax
Controls for the Standard Model

There are two basic approaches which may be taken in attempting to

find approximate closed-loop controls for a differential game which

would otherwise be insoluble. The first and most usual of these methods

is that of using an approximate model of the true dynamics, and solving

the differential game based on this model. This was done in the main

body of this report. The other method has the possibility of a truer

representation but is less certain of success, and is highly dependent

on intuition and luck. This method consists of somehow formulatinq a

proposed control law and then comparing it with numerically evaluated

open-loop solutions of the standard model.

In his study of possible approaches to the solution of the standard

model, the author tried a number of these artifically generated control

laws. Although some of them could be fitted closely to any one tra-

jectory, any significant change in the terminal conditions meant the

fit could no longer be considered satisfactory. All but two of the

artificial control laws tried were generated by constructing a poly-

nomial from terms that it would appear to be reasonable for the partic-

ular control being investigated to depend on. The constants in the

polynomial were generated using a least squares fit to a particular

open-loop solution. This approximate closed-loop control was then corn-

pared with the controls generated by other open-loop solutions. The

reason for using a polynomial was that in the absence of any definite

reason for using other functions, it was the most convenient form to

use in a least squares fit, and most of the common trigonometric and

73



GA/MC/71-5

exponential functions can be approximated by sufficient terms of a

polynomial.

One of the exceptions to the above method of formulating trial

controls was an analytically derived control law based on the principle

that the pursuer (evader) would want to use those controls that would

tend at every instant to minimize (maximize) the rate of :aange of the

distance between the two players. The other exception was to congider

that at each instant in time the game was about to terminate, and

evaluate the controls as though on a terminal surface.

Before listing the trial controls that the author tried, it is

convenient to define the following variables:

is a unit vector in the z-direction

is the radius vector from P to E

r is the magnitude of

r is the rate of change of r

Vp is the pursuer's velocity vector

Vrel is the velocity of E relative to P

Fn is the component of F normal to Vp

Vn is the component of Vrel normal to Vp

90 is a reference gravitational acceleration.

Since CL and P are both non-dimensional, it seemed logical to non-

dimensionalize those terms being used in the various polynomial fits.

The polynomials that were tried in an attempt to synthesize CLP

were fitted to CLp rather than CLp*. The trial polynomials were

1. C1 ~ A + A2 Fn!! + A3  z-Z A4 ;Fn' sgn (ZE-Zp)LP All 2
(B-l)
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9g2- -Lp r "3 r ]g- Z-P
[A- -" O os7

I;VnrX *F n

~LP~*gO cosy Tp % ~~I~EP

+A 4  rvX j sgn (zE-zp - r sin Yp) (-3)

4. ICLpl -'A-, - + A rVp, + An3  (B-4)

rA1  ~ rVp

S. ICLI =Al + A2  + A3  (B-5)
R RVp RVp

where the Ai are arbitrary constants. The fit to the magnitude of

CLp could be kept within about 10% with all of the above provided the

terminal conditions were not varied too much. The greatest difficulty

encountered was in trying to match the switching function which deter-

mines the sign of CLp. None of the switching functions used in the

above controls was even close to determining the correct sign on CLP.

The polynomials that were used in a trial fit for up were

1. p= A, tanI1 [E +A 2 tan_1 [P]+Ax+ X- (B-6)

2. up = A1 sin-I n  VP) + A2 (XE-Ap) (3-7)

YE YP3. tan Up A I  + A+2 3 tan (yE-X
XE Cos Yp Xp cos Yp

4. tan p A1 f 
+ A2 f2  A3 ff 2  A f+A 5 f 2 (f-Af

-o0
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where fl -\(xE x)2 + (YE -yp)2 sgn[ tan- -E XPl,

(ZE-z P ) cos p (B-CS)

f2 V (VXy-VXP)2 + (V -Vyp) 2 sqn [XE-XPJ/

(VE-Vzp) COS yp (B-il)

None of the above expressions for up even aproximated the correct

values on trajectories other than those used in evaluating the Ai .

In evaluating the controls that minimize (maximize) r at any

instant it should be noted that

r =(VL,.F - V-.r)/r (-2

does not explicitly contain the controls. However, the controls

appear explicitly in r. Thus to minimize the value of r an instant

later the pursuer must minimize i. Using the standard model dynamics,

and setting

0, 2> o.

_r = o, 3 2 .o
3CLP aCi

gives
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tan up = [(xE-xp) sin Xp - YP) cos Xp]/

[(xE-xp) sin yp cos Xp + (YE"yp} sin yp sin Xp

- (zE-zp) cos yP] (B-13)

and

- [(XE-xp) (cos lp sin Vp cos Xp + sin lp sin Xp)

+ (yE-yp)(cos lp sin yp sin Xp - sin tip cos Xp)

- (..-zp) cos up Cos Yp]/

2kip[(XE-XP ) Cos 'p Cos Xp + (YE-Yp) COS p sin xp

+ (zE-zP) sin ypJ (B-14)

Similar expressions may be obtained for the eveder's controls.

The above expressions were evaluated at a number of points on the

open-loop minimax trajectories for the standard model and compared

with the open-loop controls. This comparison showed that the above

expressions and the actual controls bore little or no resemblance to

each other. An error in the value of up of 120* was not unusual and

neither the sign nor the magnitude of CLp were in agreement.

The method of considering each instant in time as corresponding

to termination meant that by continuously updating the transversality

conditions the controls could be evaluated. Agreement with the open-

loop minimax controls was no better than using the method of minimizing

r. The two methods are in fact probably equivalent to each other.
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Appndix C

Plots of Some Typical ginmax Trajectories

This appendix contains plots of the minimax trajectories for all

three models integrated backwards in time for 10 seconds starting

from four different terminal states. The plots are shown with the

trajectories in both real and relative space. Additionally there are

four plots forward in time in real space obtained using the pseudo

controls developed in Chapter VII with the standard dynamics. These

last four trajectories were obtained using as starting values of the

state variables values obtained at the end of 10 seconds backward

integration of the standard model.

The plots were obtained using the Three-D Calcomp routine (Ref 2:1

et seq). The values of the terminal parameters used for the four

different runs were chosen to be typical of different classes of

solutions to the standard model, and not so as to show any of the

models to particular advantage or disadvantage.

For the plots in real space, the origin of the axes is at the

point where the pursuer is located at termination. In order to give

a better feel for the orientation of the trajectories in space, a

ground track is plotted as well as the actual trajectory, and vertical

shading is provided between the two. The vertical shading lines are

given at intervals of 0.4 seconds. The Calcomp routine rescales the

axes for each plot; so, in order to give an idea of this scale, each

axis is drawn between the maximum and minimum values of that coordinate

used in the trajectories. These maximum and minimum values are shown

at the top of each plot, where the numbers correspond to feet in actual
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*h plots n- relative space show the path oi the evader relative to

the pursuer. The position of the pursuer at every instant is taken as

the origin of the axes. The other details of these relative space

plots are the same as for the plots in real space.

In order to simplify comparisons between the models for a particu-

lar set of terminal parameters, the plots are grouped according to

parameters used, or "Run", and not according to model.

The aircraft performance parameters used in obtaining the plots are

=~ kTZ 13.416 (C-1)

kDp - kDE - 0.0002 (C-2)

kOp = kOE -0.04 (C-3)

k = = 0.2 (C-4)
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