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Preface ;
This work represents the outcome of my attempt to solve either -
exactly or approximately a realistic two aircraft combat encounter
The aircraft are permitted to maneuver 4

viewed as a differential game.

in three-dimensions, and are not restricted, as has been the case with

most previous studies, to planar motion.
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from the Doctoral Dissertation and later unpublished studies of Major

William L. Othling Jr. of the Air Force Flight Dynamics Laboratory. 3

I should also like to. mention Professor Gerald M. Anderson of the Air

Force Institute of Technology and Captain Anthony L. Leatham of the
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3 Flight Dynamics Laboratory who bocth gave me freely of their time and
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. advice.
. 8 3
- Finally I should like to thank the United States Air Force for 3

allowing me extensive use of its computer facilities in the prepara-

tion of this study.

SQMQD. W-N

T R m&mwrrwwmmﬂﬂmfﬂiwﬁ“?““ﬂ*
. . -, - ’ .
. N M ’
AL
0 {EE Y
0 oo

:
(a




I.

3 II.

II1I.

VI.

VI1I.

GA/MC/T1-5

Contents

pre face - L] - - . L] o ® L] L ] * L] . L * * L ] L] * L] L ] - L] L] L ] [ ]
k. LiSt Of FIQUYES +« ¢ ¢ ¢ o o o s o o o o o s » ¢ o o o o s

Abstl'ac t e ® o @ o o ¢ & @ & @ O O & & o s O o s o o o o o

Introduc t ion - . L] * L] L] L2 L] * L] L ] L] * [ ] ® * L ] L] * L]
Outline of the Problem . « « v ¢ ¢« o o o ¢ o o o o

Purpose of the Thesis . ¢« « ¢ ¢ ¢ o ¢ ¢ o « ¢ o &
Reason for the Differential Game Approach . . . .
Necessary Conditions for a Solution . . . . . . &
Payoff and Termination Criteria . . . . « « . . .

Aircraft ModelS . ¢« o« o o o o « o o o o o o o o o o o

The Standard Model . . . ¢ « « ¢ o o ¢ s o o o @
The Zero Gravity and Fixed Velocity Model . . . .
The Spherical Acceleration Vectogram Model . . .

Pursuit-Evasion Differential Game ~ Standard Model .

Statement of the Problem . . . . « ¢ ¢ ¢ ¢ & o «
Necessary Conditions . . . ¢ « « ¢ ¢ o o o o o o
Partial Problem Solution . . . ¢ ¢ ¢ ¢ ¢ ¢ o o «
Examination of Open-loop Solutions . . . « . . .

Pursuit-Evasion Differential Game -~ Zero Gravity and
Fixed Velocity Model . . ¢ ¢ ¢ & ¢ o o ¢ o o o o o &

Statement of the Problem . . ¢« « ¢ ¢ ¢ ¢ o ¢ o &«
Necessary Conditions . . . . ¢ « ¢ ¢ ¢ o ¢ o o &
Partial Problem Solution . . « ¢ ¢ ¢ ¢ o o o o o
Examination of Open-loop Solutions . « . « « « &«

Pursuit-Evasion Differential Game -~ Spherical Acceleration

Vectooram Model . . ¢ ¢ ¢ ¢« o ¢ o o o o o o o o o o =

Statement of the Problem . . . ¢« ¢ ¢ ¢ ¢ ¢ o o &
Necessary Conditions . . . ¢ ¢ ¢ ¢ ¢« ¢ ¢ o o o &
Problem Solution . ¢« <« ¢ ¢ ¢ - ¢ o o o ¢ o o o o
Examination of Solutions . . « . « ¢ ¢ ¢ ¢ ¢ o o

Development of Pseudo Closed-Loop Minimax Controls for

the Standard Model . ¢« « ¢ o o ¢ o o o o o o o o o o

Best Control Approximation .« . «.¢ o« « o o o o

Page

ii

vii

-

O 30N

11
14
15

17

17
18
25
28

34
34
35
38
44
418
48
50
53
60
62

62




AR et foa o e A N 2 3015 gt T B A BV 3 13 s b Y . 7 T, T .
3 e EiaastE e A i rate e B st g T ma s R ae st A D A AL R e S S AR v

GA/MC/T1-5 ' 3

2lternative Control Aonroximations . . . . . . . . . . €5 E:
Suaqested Algorithm to Determine a Plavers 3
Controls During an Actual Encounter . . . . . . . . . EE£ p::
VIIXI. Conclusion and Recormendations . .« .« ¢« « ¢« v « o o« « o« « o €9 7

Conclusions .« ¢ ¢ ¢ ¢ o 4 ¢ c e 4 o e e e o s e e . . €9 -
RecommendationsS . ¢« & o« ¢ ¢ ¢ ¢ & e o o o a s « o« o.M f

Bibliograph¥ . ¢ ¢ o ¢ ¢ ¢ ¢ o ¢ = o o o ¢ o ¢ o o o o s e o « o 13

Appendix A: The Use of the One Plaver Ontirmization Technirues
in Certain Different Games « . « ¢ ¢ v « « = o o« « o 74

Appendix B: Some Unsuccessful Approximations to Closed-Loop ,
Minimax Controls for the Standard Model . .. . . . 78 ¢

Appendix C: Plots of Some Typical Minimax Trajectories . . . . . 83

Vita 4 & & & & & & 4 & 0 6 6 & °o & & 6 O @ © e & 6 & ® ® © o e e 11 3 ?

W o

oy rly s K
T

PR (N

M B
3
3
. 4
3
E
4
3
M A
29
2
L3 . 1
iv
3 ;

P )




~
+*

Gl o pitat i g,

3

3
2
N
g

GA/MC/71-5

Fiqure

10

12
13

14

15

16

17

18

19
20

21

List of Fioures

Definition of State Variables . « ¢« ¢« ¢« « ¢« o « «
Definition of Terminal Parameters . « « « « « « « o
Standard Model, Real Space, Run 1 e o o e o e o o

Zero Gravity, Fized Velocity Model, Real Space,

Runl.........o.oo..o.coc.o.

Spherical Vectooram Model, Real Space, Run 1l . . .
Standard Model, Relative Space, Run 1 . . . . . . .

Zero Gravity, Fixed Velocity Model, Relative Space,

Runl.ooono.oo!-.ooo..oooooc

Spherical Vectogram Model, Relative Space, 2un 1 .

Pseudo Controls with Standard Dynamics, Real Space,

R‘ml.......................

Standard Model, Real Space, RUn 2 . « o« « « o « o =

Zero Gravity, Fixed Velocity Model, Real Space,

Rnnz - - - L] - - - - * * - L] - - - - L] L] - - -~ - L J
Spherical Vectogram Model, Real Space, Run 2 . . .
Standard Model, Relative Space, Run 2 . . « « « « «

Zero Gravity, Pixed Velocity Model, Relative Space,
R\ln 2 - L] - - .. - L] - L] - - L] - - . * - - L - - - -

Spherical Vectogram Model, Relative Svace, Run 2 .

Pseudo Controls with Standard Dynamics, Real Space,

Runz.........-..........-.o

Standard Model, Real Space, RUn 3 . & o « 2 « o o «

Zero Gravity, Fixed Velocity Model, Real Svace,

R\m3.-...........-......-..

Spherical Vectogram Model, Real Space, Run 3 . . .
Standard Model, Relative Smace, Rin 3 . . . « « . .

Zero Gravity, Fixed Velocity Model, Relative Space,

Run3oo-o.o.ooooo...oo.oo.o-

Paae
12
29

85

86

87

89

20

91

92

93
94

95

9%

97

o8

99

100
101

102

103




. . ) . et ot AT ~y
- | PN [ oy o e - HLCHFTITZAY 4 oM AN Y
N i A AR T e P B = --, ; NS T R d [ KT P e R Y
1 AR IR Y RIOIE SRR D3RS KA T e R WIS RARY N s v

GA/MC/71-5

Figure Page
22 Spherical Vectogram Model, Relative Space, Run 3 . . . . 104
23 Pgeudo Controls with Standard Dynamics, Real Space,

RUN 3 . . o o ¢ « o o o 6 4 s s «a ¢ o 6 o ¢ o s o s o « 105
24 Standard Model, Real Space, Run 4 . . « ¢« « « ¢« » « + « 106

25 Zero Gravity, Pixed Velocity Model, Real Space
Run 4

@ ® & ©o @ @ @ ¢ & 4 @ ¢ & & o & & & o 4 e & o

.« « 107

26 Spherical Vectogram Model, Real Space, Run 4 . . . . . . 108

27 Standard Model, Relative Space, Run 4

: .......-.109
3 g ; 28 Zero Gravity, Fixed Velocity Model, Relative Space,
: 3 m 4 * ® L ] L ] - - * - * [ ] [ ] L] * L ] - L] - - » L J - L ] L] * [ ] 110
§ K 29 Spherical Vectogram Model, Relative Svace, Run 4 . . . . 111
: 4 ) 30 Pseudo Controls with Standard Dynamics, Real Space,
{}.{ - Rlln4..........‘...............112
3 (8 "

\
; g
! 3
E

© (NS Ve £ 0 ki ¢

vi

Norn ¥ Be . i, b ¢oiie i SR B3 VPR




PO

GA/MC/71-5

Abstract

A practical two aircraft pursuit-evasion problem in three-dimen-
sional space is posed as a zero sum, perfect information differential
game. The purpose of the thesis is to solve this differential qame
and to obtain optimal or near optimal closed-loop contrel laws for the
two players.

Three models of the aircraft dynamics are used. The first model
is primarily a realistic one, and as the state equations are non-linear
and highly coupled, it is not possible to obtain ootimal closed-lcop
solutions. The second model is a simplified version of the first.
Using this model, the solution is carried further - the costate vari-
ables are eliminated from the controls - but closed-loop solutions
still cannot be found. The third model used has different controls
from the other two, but is roughly similar in nature. Optimal closged-
lecop controls are obtained for this model. The results obtained from
these models show that the three-dimensional problem cannot be consi-
dered as a simple extension of the two-dimensional game. The necessary
inclusion of the bank angle or a similar control introduces an extra
order of complexity into the problem.

As exact optimal closed-loop control laws for the rzalistic model
are not available, the results of the analysis are presented in two ways.
Firstly, open-loop minimax solutions for all three models are generated
numerically by backward inteqration from a selection of terminal states.
Two-dimensional views of these three-dimensional trajectories are given
in both real and relative space. Secondly, pseudo optimal controls for

the realistic model are derived, based on the closed-loop controls ob-
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tained for the simplest of the three models. These pseudo controls are
then used with the standard dynamics to integrate forward in time from
the states reached by backward integration of the realistic open-loop

solutions. The pseudo closed-loop solutions give a good approximation

to the open-loop solutions for the realistic mcdel under almost all the

conditions tested.
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TONARD A DIFFERENTIAL GAME SOIUTION TO A PRACTICAL. TWO-AIRCRAFPT

PURSUIT-EVASION PROBLEM IN THREE DIMENSIONAL SPACE

I. Introduction

The aerial dogfight is a problem for which no analyticaily derived
optimal maneuvers have yet been found. The knowledge of such maneuvers
would be of use both in the design and in the operation of any aii:ctaft
that might be involved in aerial combat. ¥n the field of design, the
value of some function such as the time to intercept from certain
séecified initial conditions, subject to optimal maneuvering by both
combatants, would provide a good numerical indicator for use in reach-
ing compromises between various aspects of performance. In the field
of operations, it might not be practicable to fly optimal trajectories
exactly, but a knowledge of them wouild be helpful in developing and
evaluating tactics.

A discussion of the merits and demerits of the various methods
which may be used to analyze the dogfight is given in Chapter 1I. This
thesis poses the dogfight as a zero sum, perfect information, pursuit-
evasion differential game. The purpose of the thesis is to analyze
this problem, and to proceed as far as possible with its solution.

In his doctoral dissertation (Ref 4), Othling considers the dog-
fight as a differential game where both players are restricted to two-
dimensional planar motion. He coasiders a realistic or standard model
of the aircraft dynamics for which he obtains open-loop controls, and
3 then goes on to consider various simplified dynamic models for which
‘ ne is able to obtain closed-loop solutions. ' This thesis extends the

study to problems in which three-dimensional maneuvering is permitted.

)
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Originally it wans felt that the nrohlem in three-dimensions would be

similar to that in two-dimensions, and that it would in effect only re-
quire an increase in the number of equations to be handled. Eowever,
it was found that the necessary inclusion of the direction of the lift
vector as one of the controls added considerably to the complexity of
the problenm.

In oxder to analyze the pfoblem, three models of the aircraft dy-
namics are developed. These models are described in Chapter III. The
first model is a realistic or standard representation. The second
model is a simplified version of the first model, but one which re-
tains the basic nature and controls of the standard. The third model
is a more drastically altered representation which is aimed porimarily
at obtaining a closed-loop solution. In Chapter IV, the differential
game using the standard dynamic medel is investigated, and the solution
carried as far as possible. In Chapter V, the same is cdone for the
second dynamic model. In Chapter VI, the aiffer:antial gane using the
most simplified dynamic model is investigated, and closed-loop controls
are obtained.

The feasibility of using the closed-loon controls developed for
the simplest model as an approximation to closed-loop controls for the
standard model is examined in Chapter VII. A possible algorithm for
deriving near-optimal controls in a dogficht situation is also sugges-
ted in this chapter.

In the course of attempting the solution of the first two dynamic
.models, the author discovered a theorem which may well be of more
general use in problems where the costate differential equations are

not directly integrable. This theorem and its proof are given in

Pkl 8 b s & S Sotifs 2
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Appendix A.

Since it is not expected that the study of the aerial pursuit-
evasion problem will cease with this thesis, results whic.h may be of
value to other workers on the problem are given in Appendices B and C.
These results are certain unsuccessful approximations to the open-loop
controls for the standard model, and a series of graphical plots of
typical trajectories in real and relative space for all three models.
Trajectories obtained by using the synthesized near-optimal controls
with the standard dynamics are also shown.

It is felt that this thesis makes a definite contribution towards
finding optimal controls for use in aerial encounters. PFPurthermore it
serves to show that the use of simplified models can be of great value
in examining realistic problems. Finally, for the first time in the
study of realistic differential game problems, results are obtained

which begin to look as though they might be of direct applicability.
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Purpose of the Thesis

The purpose of this thesis is to solve a realistic two aircraft
pursuit-evasion differentizl game, where the players may maneuver
freely in three-dimensional space.

The problem ig first defined in terms of two aircraft with dynamics
vhich approximate closely those found in real life. A closed-loop solu-
tion for this problem could not and probably cannot be found, so a se-
lection of open-loop minimax trajectories is generated numerically,
and then examined and compared with other more approximate solutions.

Once the most realistic or “standard™ model has been investigated,
the aim is to find the aircraft model which is closest in its dynamic
representation to the standard and yet able to be solved completely.
With this in mind, two models are presented. The first is a fixed
velocity, zero gravity version of the standard model; only open-loop
solutions for this problem could be found, but the model is as simple
as it is possible to get whilst still x;'ostaining the basic nature of
the standard model. The model for which closed-loop controls could
be found is termed the "spherical vectogram model."” As the usefulness
of this model is limited in so far as it approximates the standard
model, only a solution "in the small" (Ref 3:66) is presented. The
controls found from this model are used to synthesize pseudo-optimal g
closed-loop controls for the standard model.

The above steps provide a significant advance in the development
of realistic control laws for the two aircraft pursuit-evasion problem.

However, there is still much work to do in refining *hese control laws,
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and so the final aim of this thesis is to serve asz a backgrornd for
future workers in the field, and to document some of the unproductive

lines of approach to the problenm.

Reason for the Differential Game Approach

The reason for choosing the differential came approach to the two
aircraft pursuit-evasion problem is that there is no alternative approach
which offers the same possibilities.

The concept of energy maneuverability, which has received a lot of
attention in recent years, is only of use in putting a prospective com-
batant in an advantageous position from which to start an engagement,
and then in showing the best way in which to perform certain specific
predetermined maneuvers. There is no guidance available as to what
maneuvers should be performed in order to close with the opponent and
effect a kill.

Ordinary optimization technitues are not really applicable as they
credit only one player with the intelligence and ability to maneuver
other than along a predetermined flight path. This is not to say that
ordinary optimization techniques cannot yield useful results, but mere-~
ly that these results are severely limited in nature.

“Seat of the pants"” techniques are probably the best available,
but are unlikely to be optimal, and are highly subjective. Purther-
more, even if an individual pilot were able to fly optimal trajectories,
he would find it most difficult to characterize these maneuvers so that
they could be followed by another pilot (human or automatic).

' In a differential game both players may maneuver within the limits

set by the constraints on their controls. Both rlayers strive to mini-




mize their costs expressed a3 some integral of the state variables and
controls during the progress of the game and some function of the states
at termination.

The three greatest drawbacks in approaching a dogfight as a dif-
ferential game are:

1. During the course of a game the roles of the players are

fixed, so that the evader may not become the pursuer nor
may the pursuer become the evader.

2. Closed-lcop solutions are hard to obtain ex«cept with simpli-

fied dynamic represeantations, and open-loop solutions are
not in general optimal against non-optimal maneuvers by
the other player.

5. Whatever conditions are chosen to determine capture, or the

end of a game, are final and unless some provicion for it

is made in the cost function, there is no consideration of

the possibility of the need for a re-engagement.
However, it is felt that these drawbacks are easily outweighed by the
results. that may be obtained using the differential game approach. It
must be stressed that this is the only method for treating an encounter
problem where the players have differing aims and are able to use con-
trols which affect the outcome of these aims.

The parameters of a two aircraft pursuit-evasion problem are such
that it may be posed as a t;io-playet perfect information, zero-sum dif-
ferential game. Once the perfect information zero-sum game has been
solved, it may be of value to investigate the problem viewed as a non-

zero-sum game, and to examine the effects of imperfect information.
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However, the first priority is to obtain a solution to the perfect in~
formation zero-sum differential game, and it is towards this end that

this thesis is directed.

Necegsary Conditions for a Solution

Necessary conditions for a saddle-point solution, or set of mini-
max strategies, to a zero-sum perfect information differential game
are given in a number of standard texts (Ref 1:277, Ref 3:67), and are
summarized below.

The differential game problem is defined by the dynamic system

LK

= T, V,t); X(ty) =X (2-1)

where X is the n-dimensional state vector, U is the m-vector pursuer's
control and 7 is the p-vector evader's control. u and Vv may or may not

be subject to constraints. The game has the terminal constraints
Y(x(tg),tg) = O (2-2)

which define an n-dimensional susface in the (n + 1)-dimensional space
consisting of the n components of x (tg), and tg. The game has the

performance criterion, or payoff,

te
J=¢ (Xlte)te) + [ LE,ET,L) at (2-3)
to

The aim is to find the controls u* and v* such that
J({{*.\_Y) 5_ Jﬁ*'v.) _<_ J(‘T';*) (2"4)

If u* and V* can be found, the pair (u*,v*) is called a saddle point

of the game and J(u*,v*) is called the value of the game.
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The existence of a solution is depef;dent on the fact that

Min Max J(u,v) = Max Min J@,V) (2-5)
u v v u

A necessary condition for a saddle point solution of the above

differential game is that the Hamiltonian defined by

T

H{t, X, ,u,v) =2 £+ 1L (2-6)

must be minimized over the set of admissible u and maximized over the
set of admissible v and that

H* = Max Mir H = Min Max B
v u u v

(2-7)

A is the n-dimensional costate vector, and the costate differential

equations are

i_ = -}q .- (2-8)
the transversality conditions are given by

H(tg) = -0, (tg);  X(tg) = *—ite) (2-9)

vhere ¥ (x(te),tg) = ¢ + v ¥ (2-10)

and v = arbitrary constant

If ¢t d&es not appear explicitly in either H cr the control con-
straiats, then H is constant,

It was previously stated that the optimal solution to the dif-
;‘.etential game probiem ig the pair of controls (u*,v*) which provides

a saddle point of J. . If the psir {G*,7*) is given as (u*(t),v*(t)},

S aalag
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one speaks of an open-loop soluticn. If the controls are expressed as

functions of the instantaneous state and time

u*t = ky(x,t) (2-11)
vV = ky(x.t) (2-12)

one has what is known as a feedback or closed-loop control law.

Payoff and Termination Criteria

The basic type of encounter for which the approach outlined in this
thesis is most appropriate is one between two fighter aircraft. The
armament of such aircraft would normally be either air-to-air missiles,
or canmnons, or both. It was decided to use as terminal surface a
typical launch envelope for a next-generation short-range missile. One
such missile might have a maximum target range of 5000 ft and a minimum
target range of 1500 £t at launch. The missile could be fired while
maneuvering at high load factors (e.g., up to 8g) and the target should
lie within approximately 120° c{ the attacking aircraft's velocity vec-
tor at the instant of firing. To simplify the problem the terminal
murface considered as equivalent to this is taken as a sphere of radius
R = 5000 ft centered at the pursuer. Because of the large arc of fire,
the loss of realism by not considering the angular restrictions is
small, as, with the roles of the aircraft fixed, there will be very
few minimax trajectories in which the evader flies into the capture

region from behind. The terminal surface may thus be written as

*:s (x-x)|2 + (y -y )2 + z-2)|2 -RZ=0 (2-13)
xEthstf EVP s Eptstf
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vhere in this problem R = 5000 ft. -
The payoff is taken as time to capture, expressed for the purposes

of this thesis as

ts .

J=f at (2-14)

to .
Payoffs which include the relative erergies of the two players at
termination as well as the time to capture may be useful later, but

for the present the aim is to find a solution to the realistic problem

without unnecessary complications.
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IIXI. Aircraft Models

The purpose of this chapter is to derive and Justify the state

differential equations used in the three models presented in this

thesis.

The Standard Model

The aim of this model is to give as realistic a representation of

the aircraft dynamics as possible without undue complications of the

equations of motion. With this in mind, the following assumptions are

made:
1.

2.

3.

4.

S.

The aircraft are considered to be point masses.

The earth is flat and the acceleration of gravity is
constant.

The thrust of each aircraft is constant and tangent to
its flight path.

The weight of each aircraft is constant.

Lift and drag forces are respectively normal and tangent
to the flight path.

The aircraft equations of motion may then be written as

x =V cos Yy cos X {(3-1)
;r-Vcosvsinx (3-2)
z =V siny (3-3)
\;a%lT-D-Wsinyl (3-4)
Y = g5 [L cos » - # cos ) | (3-5)

11
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x® —% e (L sin 1)

(3-6)
VW cos v

The state variables are defined in FPig. 1. x,y,z are the coordinates

of the aircraft's center of mass with respect to a set of inertial axes.
V is the aircraft's velocity. vy is the flight path inclination, and
X the aircraft heading angle. T is the thrust, D the drag, W the

weight and L the 1ift of the aircraft. u is the roll angle of the air-

craft about its velocity vector, and is under the pilot's control.

The aerodynamic forces are defined by
p=%kpviac, r=%pviac (3-7)

where p is the air density, A a reference area, Cp the drag coefficient

and Cy the 1lift coefficient.
The following further assumptions are now made:
.‘» 3 1. The air densiiy p is considered to be constant throughout
3 _ the airspace used in the encounter.
] 3 2. The pilot of each aircraft has direct control over the

lift coefficient Cj,.

3. The aircraft have parabolic drag polars so that
Cp = kp + ki O (3-8)
D 0 I ‘L

E 3 where kg is the zero-lift drag coefficient and ky the induced drag

3 factor.

3 - Por notational simplicity it is convenient to define the constants

kg = Tg/W (3-9)

13




“kp = p Ag/2W (3-10)

I/ It is also convenient to consider that p is restricted to the rance
-%/2 < p £ /2, and that Cp, may be pos:lti\‘re or necative. Limits on

maneuverability are set by constraining Cp such that

3 3 < C C -

3 Since inverted flight is possible it is sensible to set

C . =-C (3-12)

WYV S

vwhich is equivalent to

3 | legl < e (3-13)

The aircraft equations of motion are now

- x = V cos ¥ cos (3-14)
, ; =V cos v sin x {3-15)
3 =V sin y (3-16)
V.I-rk.r-kn(ko-l-klci)vz-gsiny (3-17)
b‘ ; = kpVCp, cos u - g cos Y/V (3-18)
' : ;( = kpVCy, sin u/cos y (3-19)

The Zero Gravity and FPixed Velocity-Model

The aim of this model is essentially to simplify the standard

model as much as possible without losing the basic nature of the model.

ek 7w i IR Bie e At
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: The gravitational force on the aircraft is neglected since it may

% be argued that it is present only as an acceleration which affects both

players equally.
' , 4 ’ Each aircraft is assumed to have a velocity fixed in magnitude.
: This may be justified on the basis that fighter aircraft cften operate
, close to the velocity that is the maximum allowable with external
stores. Changes in the magnitude of each aircraft's velocity are there-
V ) fore small.
' With these two additional assumptions, the aircraft equations of
: motion are
1 3 ;: =V cOS Y COS X {3-20)
3 y = V cos y sin (3-21)
4, .
hall z=V siny {3-22)
] Y = kVC, cos u (3-23)
3

).( = kDVCL sin y/cos vy (3-24)

The Spherical Acceleration Vectogram Model

The purpose of this model is to yield a differential game which
can be solved in closed form, and yet has dynamics that are not too
unrealistic. A model that satisfies these requirements is one in
which each aircraft is considered to be in dynamic equilibrium except
for a maneuvering force of constant magnitude which the pilot mav

apply in any direction at will.

The dynamic equations of this model are

x =V, (3-25)

15
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y= VY (3-26)

z =V, (3-27)
V, = PL, (3-28)
o - z - hd
v, = F1; (3-29)
v, = Ft3 (3-30)

vhere Vy, Vy, Vz are the components of the aircraft's velocity in the
x,Y.2 directions. P is the specific excess force and is constant in
magnitude. £,,%,,%3 are the direction cosines of the maneuvering force

and are the player's controls.
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V. Pursuit-Evasion niffarantial Gama - Standard Model

The purpose of this chapter is to solve a differential game problem
using the aircraft dynamics derived in Chapter III for the standard
aircraft model. The author was unable to solve the game comvletely.
and so closed-loop controls are not found. For the benefit of any
future workers on this problem, the details of the partial sclution
are given, and there is a brief discussion of computer generated open-

loop solutions.

Statement of the Problem

The problem is to determine a saddle point of

te )
Jtg) = [ at (4-1)
to
subject to
Xp = Vp cOS Yp COS Xp - 4-2)
irp = Vp cos Yp ein Xp (4-3)
2p = Vp sin v, (4-4)
Vp = kpp - kpp (kgp + K1p Cip) Vi - g sin vp (4-5)
).(P = kpp Vp Crp sin uP/cos Yp (4-7)
and
;(E = Vg cOS Y €OS Xp . (4-8)

17
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3.'3 = Vg cos Yg sin xp (4-9)

zg = Vg sin vg (4-10)

g = kpe Vg Cpg cos up - g cos YEIVE {(4-12)

Xg = kpe Vg Cpe sin ug/cos vg (4-13)

with a terminal surface given by

Yz (xp-xp) |2 4 (ypoyp) |2 4+ (zpozp)|?2 -RZ =0 (4-14)
tatg t=te tet,

The subscripts P and E refer to the pursuer and the evader respectively.
The pursuer's controls are Cyp and up, and the evader's controls are

Cyp and ug. The controls are subject to the constraints
'Cz.pl < Crpmax (4-15)
loel < CLE i (4-16)
and for convenience it is considered that
~%/2 < up £ /2 ) (4-17)
-%/2 < up < 1/2 (4-18)
All the above state variables and constants are defined in Chapter III.

Necessary Conditions

Applying the necessary conditions for a saddle point solution, the

18




GA/MC/71-25

Hamiltonian H is given by

H= 1 4 AypVp cOs Yp cos Xp + AypVp €03 vp 8in Xp + Azp¥p sin vp

+ dyp Dkgp - kpp (kop + kyp Cfp) V3 - g sin vp)

+ AyP (kppVpCyp cOS Up - g cos Yp/Vpl + AkaDPVPcLP sin pp/cos Yp'

+ AgpVE cO0s Yp cos Xp + AygVp cos Yg sin xg + AgpVp sin vg

+ AYE [kDEVECm coSs ]JE - g COs Yg/vEl

(4-19?

The Hamiltonian is to be minimized with respect to the pursuer's con-

trols, and maximized with respect to the evader's controls.

not linear in any of the controls, the possibility of singular controls

is not investigated.

As H is

If Cpp is in the interior of its admissible range, then it is

necessary that

Applying these conditions,

an = g2
acry 2 ‘wekopkreCreVp + AypkpeVp cos up

+ AkaDéVP sin uP/cos Yp

=0

19
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3%H
ackp

vhich gives

2 .

ELP = (AYP COs lp COS YP + Axp sin l.lp)/z AvkaPvP cOoSs YP

{4-24)
and, since kpp, kyp and v% are positive,
AVP <0 (4-25)
Thus the admissible control Cyp* that minimizes H is
CLP‘ =
+ CLPmax if the above conditions are not
met, according to whichever
gives the smaller value of H (4-26)

Similarly, if Cp;p is in the interior of its admissible range, then

it is necessary that

oH

=0 —27
o (4-27)
and
2
e : S (4-28)
ac?
LE

Applying these conditions,

= (XYE cOS U, €OS Y, + AXE sin 1p)/2 )k Vo cos vg

B

{4-29)

20
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Thus the admissible control Cpp* that maximizes H is |
ELE if I-C-m,:l < Cp and Ay 2. © l

+C if the above conditions are not
TAX  mat. according to whichever gives
the smaller value of H (4-31)

It is further necessary that

—= ) (4-32)

and

U TT LIRSy IR e 1]

3% 5 o (2-33)

o8 _ _ yPkDPVPCLP sin u; + AkaDPVPCLP cos uP/cos Yp =90

(4-34)
and

a%n _ _ 3 !
u )
P .

Ay AR I 20 b St (i Y 3 2 o 23

{4-35)

aMed IR b0

These conditions are satisfied if Cyp = 0, in which case the value of

Z

up has no physical significance. Ctherwise the adrissiltle control u;

that minimizes H is given by

xP ‘YP

POSNNTI IR § 2T WIS LR R Sy

. * . 2 2 2 -
sin up Axp sgn { Cyp cOS yp]/ A+ )¢ cos Yp (4-36)

21
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]
cos p* = <1 __ cos v, sgn | Cyp coS ¥ ] /'\/A2 + 22 cos? y ;
P ¥P Lp P xP YP P :
7
> 3 ¢
-4 It is also necessary that 3
‘ E _3_}}_ = 0 {4-38) 3
3 dug . §
: and g
3 1 2 ' 3

?__‘21 <0 (4-39)

» g

Applying these conditions, the admissible control uE that maximizes

11 is given by

. x _ 2 2 2 -
sin uE = AxE sgn [CLE cos YE] ///xxE + AYE cos® yg (4-40)

3 3 * 2 2 2
: A c = A cos sgn { C,.. cos + A Cco.
3 ' oS ¥e = NE e [ LE YE} xE T My 9% Yg

’ {4-41)

4 3 If both of the pursuer's controls are on the interior of their

admissible sets it is further necessary.that the matrix

g 32n 92n
2
3 .
3 L : a%n
E 3 2
4 E auPBCLP Bup
E. ¥ N -

is non-negative definite. In order to examine this, it is noted that

3 3 32 .

: 3 ;E—-g——-= -AYPkDpr sin up + AkaDpr cos up/cos Yp

Lp°Vp

: aH '

3 E = __/Cip (4-42)

aup

Cmm e aa
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But
g L S (4-43)
3 dup
E 3 so that
: E: 2 32
] . om  _ %W _ (@-sd)
pdCrp  3Cpp3up
J;

and thus satisfaction of the individual necessary conditions on Crp
and pp ensures that the above matrix is non -negative definite. A

similar proof holds for the evader's controls.

3 - 3 The costate equations are
4 Ap = -2 -0 (4-45)
E Xp
3 - a
: Ayp = - _.;‘_. =0 (4-46)
P
2 Agp = = __.::P =0 (4-47)
: :: Y w - OH = -2 - s
. : Avp avp xp CO5 Yp €OS Xp ~Ayp COS Yp SIN Xp
3 ~Azp sin Yp + 2Aypkpp Giop + kzpCip) Vp
3 -. )
4 ~Ayp 9 cos Yp/Vp ~AypkppCrp cos up
3 -\ pkppCyp Sin wp/cos vp (4-48)
s -3H _ . b s :
S AYP = ;y_; = AxpVp Sin yp cos xp + A‘:P\P sin yp sin xp
- -AZPVP cos yp + XVP g cos Y, —AYP g sin YP/VP
“AkaDPVPCI.P sin pp sin Yl,/cos2 Yp (4-49)
A, =8 wv i - AV v, cos (4-50)
/ j xp--s.)-(-;- xpVp €OS Yp sin xp yoUp €OS Y, €OS Xp :

AL Taarasd ke hee
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3xp (4-51)
im = 5:':7:‘ =0 (4-52)
Agg = T;':'E =0 (4-53)
g = 20

avg ~ “AXE ©0S Yp cOS ¥ -Ayp cos Yg sin xp
“Aze sin Y + 2gpkpp (kop + kpp C2
E op + kg Cpp) Vg
“AyEkpECrLy cos up -Ayg g cos Yp/VE

"xxEkDECLE sin up/cos yg

(4-54)
i F = :.?!i = A YV, s‘
YE oY XE'E SIM Yp €OS Xp + AypVp sin Yg sin xg
=AgpVn co
ZE'E ©9S Yg *+ Adyz g cos vg “Ayg 9 sin yg/vy
“AxE*pEVECLE Sin g sin yp/cos? YE {4-55)

-oH
=B 3 v i
XE axg XEE CoS Yy sin x. “AggVg cos Y €Os X, (4-56)

The transversality conditions cive

H(tf) =H(t) = 0

{4-57)
Aplte) = 2 x)! =
XP 2V (x X ) = -
Ayp (te) = 2 -
vp (tg vV (vp=vp) | = aunity)
P, velte {3-59)
Apnlte) = 2v (2 -z_)]
op (s z5-2.) = ~don (te) :
= -tf zZe f (1“6(’)
Aplts) =0 = Age (tg) {4-61)
AYP(tf) =0= XYE(tf) (4-62)
24
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where v is an arbitrary constant.

Partial Problem Solution

o
I

In order to evaluate v, the terminal values of the state and co-

state variables are substituted into H, to give

: H(tg) =1 + 2v [(xp-xp) Vp cos yp cos xp} |
t=tg¢

o fvny

Yp sin Xy]l

E + 2v [(yp-yg) Vp co
: % : t‘tf

1o

- ' g + 2v [(zp-zg) Vp sin YP”
: t=tg

= 2v {(xp-xg) Vp cos yp cos Xgll
3 t:al‘l:f '

- 2v [lyp-yg) Vg cos vg sin xgl|
t=t,

£ B AN W e e

3 - 2v [(zp-zg) Vg sin vgl1|
: 3 t=tg

=0 : (4-67)

and hence

2v = 1/{ (xp-xg) (Vg cos yg cos xg - Vp cos Yp cos xp)
+ (yp-Yg) (Vg cos yp sin xg - Vp cos vp sin xp)
2 + (2zp-zg) (Vg sin yg - Vp sin yp)}| (4-68)
2 ; t=tf
or more simply
2v = =1/ (xpmxp) (xmxp) + (yp-yp) (Yp-vp) + (2p7z) (zE-zP)}Ltf

(4-69)
25
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Integration of Eqs (4-45), (4-46), (4-47), (4-51), (4-52) and (4-53)

TFIIRLAN W B s?ﬁ.ﬁww—a
3
It
*
£
4
o
b
v
%
Z
<
E:
4
F
P
&
3
e

gives
Agp(t) = Ayp(te) (4-70)
’ Agp(t) = Ayp(ty) (4-71)
Agp(t) = Agp(te) (4-72)
Agp(t) = Ayp(te) (4-73)
Ayp(t) = Ayp(te) - (4-74)
Agp(t) = Ayp(te) (4-75)
Eq (4-50) may be written as

Ayp = dxp yp - Avp xp _ (4-76)
which may be integrated to give

Ap(t) = Agplte) [yp(t) - yplte)) —Ayplte) [xplt) - xplte))

(4-77)

Similarly
XxE(t) = Aixplte) lyp(t) - yplte)) -Ayplte) Ixg(t) - xg(te)]
(4-78)

One further relationship may be obtained by using the fact that the
part of the Hamiltonian which contains only the pursuer's states re-

mains constant (see Appendix A for details), or

26
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-. [Agpxp + Ayp¥p + AgpZp + AypVp + AypYp + Apxpl |
t
1 = [MypXp + Ayp¥p + Agpzpl| (4-79)
k' t‘tf ’
' which gives
2 2 .
Ayp(t) [kyp = kpp (kop *+ kppCrp) Vp = 9 sin Yp]l
E + Ayp(t) [kppVpCyrp cos up - g cos YP/VP]L
= Axp(te) [Vp cos yp cos xpl - Vp cos yp cos xpll
3 =te t
+ Ayp(te) [Vp cos vp sin Xpl - Vp cos yp sin Xp']
3 tztf t
+ Agplte) [Vp sin yp| - Vp sin vp|) (4-80)
t“tf t
Similarly.
2 .
Mg(t) kg - kpp (ko + kpeCrp) Vg - g sin YB]L
+ A p(t) [KpeVECrp cOS g - g cos YE/VE]L
3 = Ayp(te) [V, cos v, cos xEI - ¥, cos yg cos xEl]
4 t=tf t
] + Ayp(te) [Vg cos yp sin x}:l ~ Vp cos yp sin th
t=tf t
+ Agplte) Vo sin yp| = v sin vl (4-81)
t=t. t
The author was unable to find a method of intearating Eags (4-48),
' (4-49), (4-54) and (4-55) other than numerically.
2 27
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Examination of Open-loop Solutions E

i At this stage the coordinate axes are still free to be located
4 anywhere in space. In order to examine the minimum number of para- :
1 ,; meters required to define the terminal states, it is convenient to

: locate the origin of the coordinate axes at the terminal position of
the pursuer. The direction of the z-axis is fixed by the local gravity,
but the x-axis may be rotated about the z-axis until the direction of 4
the pursuer's velocity vector at termination lies in the xz-plane.
There are then seven parameters required to define the terminal values
of the state variables. The seven parameters S; to Sy are shown in

FPig. 2. s) and S give the magnitude and direction of the pursuer’s

bt gad i e

velocity; S3 and S, give the position of the evader relative to the
pursuer; Ss, Sg and Sy give the magnitude ani direction of the evader's:

velocity.

In terms of these parameters the values of the state variables at

termination are given by

L) SO0l gadgsy

xpltg) = 0 ' (4-82)
Yplte) = 0 (4-83) 3
zplte) = 0 (4-84)
Vplte) = 5 (4-85) ;
Yp(tf) =5y (4-86) i
Xplte) =0 (4-87) -
xE(tf) = R cos Sy cos S, ) (4-88) :

28
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4 .
] P is pursuer's position
3 . . E is evader's position

3 *igure 2., Definition of Termiral Paraneiers
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yp(tg) = R cos S3 sin S,

(4-89)
zpltg) = R sin S3 (4-90)
Vp(te) = Sg (4-91)
Yp(tg) = Sg (4-92)
xp(te) = S7 (4~93)

A requirement for the useable part of the terminal surface (Ref

3:83) is that

min max r<o (4-94)
CLpo Up CLE' up

where r = & (4-95)

and r? = (xE--xP)2 + (yg-yp)? + (zp-zp) 2 (4-96)

However, the instantaneous value of r is independent of either the
pursuer's or the evader's controls, and so the above condition merely
states that the pursuer. must be closing on the evader at termination.

In terms of the terminal parameters, the boundary of the useable part
is given by

Sglsin S3 sin Sg + cos S3 cos Sg cos (S4=S,)]

= S)[sin S, sin S3 + cos S, cos S3 cos S,] {(4-97)
As the author has been unable to solve the problem for closed-

loop control laws, the next step is to examine a number of open loop

30
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mi;nimx trajectories integrated backwards in time from the terminal
surface. This does not constitute a solution of the problem, as with
seven terminal parameters it is quite impractical to map all of free
space. However, the solutions oktained are of use in examining the
validity of simplified models, and in determining the sensitivity of
the solutions to the individual terminal parameters.

Projections of four typical trajectories are shown in Appendix C.
The projections were plotted using the three-dimensional Calcomp rom-
tine (Ref 2:1 et seq). The trajectories are shown both in real space,
and in relative space where the origin is fixed at the pursuer.

Examination of a large number of trajectories by the author re-
vealed no discernible pattern in the values of the bank angles. Moving
forward in time, the coefficients of 1lift remained at their maxima
(either positive or negative) unless a tail-chase situation was bei;xg
approached, when they reduced smoothly and monotonicaily towards zero.
The pursuer's and the evader's lift controls did not in general move
away from their limits at the same _istant. In-plane approximations
to the solution are not considered vzlid, as even a small out of plane
component at termination indicated large out of plane maneuvers had
been performed. Trajectories terminating with angular parameters in
the order of 1 radian away from the tail-chase confiquration could
only be integrated backwards in time for a few seconds (typically
about 5 sec) before the aircraft velocities became unrealistically
large.

It had been hoped as an alternative approach to fit artifically
generated closed-loop controls to these trajectories by a least

squares fit. A number of possible controi laws were fitted to one

3N
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trajectory (s2e Appendix B for details) and then tested on other tra-

jectéries. Unfortunately, although it was possible to fit some of the

tria® functions to any onec of the open-1lonp solutions with an error in

the synthesized controls of less than 1%, the approximation became very

poor (typical evror 1008) wken the terminal parameters were altered

significantly.
Before passing the problem to the computer for solution, it should

be noticed that the lift and bank angle controls are at present unde-

fined at t = tg. Applying L'Hospital's rule

Crp(te) = 1im {(Ap cos up c0S Yp + Ayp Sin up)/2Aypkyp¥p oS Yp)

t‘-"tf
(4-98)
and
tan pi(te) = lim {A,p/Ayp cos Ypl}
t'ﬂ:f
= [J\xp/lyp cos Y H (4-99)
t’tf
Similarly
=t
£
(4-100)
and
(4-101)

tan ll*'(tf) = [xxg/xyg cos Y ”
t'tf

In certain cases, one such being S; = S3 =8, = Sg

32
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expressions are still undefined since Ax = Ay = 0. This corresponds

to the case of terminating with singular controls. The possibility of
sinqular controls was not investigated fv:\rthet, since in the time avail-
able it was considered more desirable to continue the search for a solu-
tion "in the small"” than to investigate the various surfaces. However,
if the reader is himself investigating any trajectories terminating

near the direct tail-chase- he should beware of this problen.

33




. i
o Vi

Rl L

T e A S e N T KR DA R R 9 AR SRR R R R A D TR N e G IR L Y BT AT SNSRI A AT IR ey T T

GA/MC/71-5

V. Pursuit-Evasion Differential Game-Zero Gravity and
Fixed Velocity Model

The purpose of this chapter is to solve a differential game problem
using the aircraft dynamics derived in Chapter JII for the zero gravity
and fixed velocity model. Although this is the most drastically simpli-
fied model which can be found that retains the basic nature of the
standard model and its controls, the author was still unable to solve
for closed-loop controls. It is, however, possible to solve for the
controls in terms of the terminal values of the state variables, by

eliminating the costate variables from the problem.

Statement of the Problem

The problem is to cdetermine a saddle point of

te
I(eg) = [ at (5-1)
to
subject to
X, = V, cos yp, cos X, ) (5-2)
Yp = Vp cos vp sin xp (5-3)
zp = Vp sin v, (5-4)
Yp = kppVpCrp ©0S ¥p (5-5)
X =% VC_ sin -
Xp DP P IE "P’eos Y (5-6)
and
Xp = Vp cos Yp cos xp ’ (5-7)
34
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; 3 . Yg = Vg cos Yg sin xg . (5-8)

1 ;E = Vp sin vp (5-9)
;E = kDEvECLE cos up (5-10)
Xg = kpeVeCrg Sin wg/cos vg (5-11)

where Vg and Vp are constant, and where the terminal surface is given

3 Y= (xpxp) |2 + (yp-yp)|2 + (zp-2zp)]2 -RZ =0 (5-12)
' 3 t=tg t=te tatg

E 3 The subscripts P and E refer to the pursuer and the evader respectively.

The pursuer's controls are Cyp and up and the evader's controls are Cyp

and up. The controls are subject to the constraints

leel < cpp ) (5-13)

*

ferel < CLE . (5-14)

and as before it is considered that
‘-1/2 < up S /2 (5-15)
~%/2 < pp < /2 {5-16)

. Necessary Conditions

Applying the necessary conditions for a saddle point solution, the

Hamiltonian H is given by
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H=1 + AypVp cOs Yp cOS Xp + AypVp cOS Yp sin xp + AgzpVp sin vp
+ XYPkDPvPCLP coOSs ]JP + xxkaPvPch sin IIP/ cos YP
+ MAypVE cos Yp cos Xg + AypVg €0S Yg sin Xg + AzgVg sin vp

+ AgkppVECLE ©OS Mg + AypknpVgCpg Sin wp/cos vg (5-17)

The Hamiltnnian is to be minimized with respect to the pursuer's con-
trols, and maximized with respect to the evader's controls.
Exactly as in Chapter IV with the standard model, the necessary

conditions on up are satisfied if Cip = 0, in which case the value of
up has no physical significance. Otherwise the admissible control uf,

that minimizes H is given by

sin uf = -A,p son [ Cyp cos YP] /01)2(9 + "%P cos? yp (5-18)

cos up = -Ayp COs Yp sgn [ CLp cos Yp] /{/A)z(p + A%P cos? yp (5-19}

with the possibility of a sincular control in yp if A.{p = AXP = 0 for

a finite time. Similarly the necessary conditions on pp are satisfied

if C;p = 0, in vwhich case the value of vz has no physical significance.

Otherwise the admissible control u; that maximizes H is given by

. * . 2 2 -
sin u} XxE sgn [ C;p coOs YE] /</AXE + XYE cosy Yy {5-20)

* r 2 2 2 -
cos uE = AyE COS Yy Sgn LCLE cos YE]//A)(E + AYE cos® g (5-21)

with the possibility of a singuiar control in ug if AyE = ;‘xE = 0 for

a finite time.
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g
[ 3
i3
{2

Both Cyp and Cyj appear linearly in H, so it is convenient to de-

; fine switchinqg functions Sp and Sg such that

: ) . SP = AYP coSs HP + lxp sin HP/COS YP (5-22)
4 v and
Sg = AYE ons up + AxE sin ug/cos yp (5-23)
The minimax controis Cj, are then given by
3 CLp* = - CLPpax S9n [SpP] (5-24)
t -
3 Crg* = Cpp . SN S (5-25)
f : with the possibility of singular controls in Cpp and Cpp if Sp = 9,
§. ; or Sp = 0 for a finite time. !
; The costate equations are
E 3 Axp = © (5-26)
» Agp = 0 (5-28)
f- ; AyP = AXPVP sin y, cos X, + Ayévp sir v, sin Xp

AL R e ¢

> e

xP = AxpVp cos Yp sin xp =Ayp¥p €OS Yy COS Xp (5-30)

3
3
<

>

xg = O (5-31)
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Ayg = 0 (5-32)
4
3 E Agp = O (5-33)
XVE = AxgVE Sin Yp cos Xp + AypVp sin yg sin xgp
3 =AppVE €OS Yg “xxEkDEVBcLE sin pp sin YE/cos2 Yg (5-34)
: ; 3
f AxE = AypVE €08 Yg sin Xg -AypVg €OS Y cos xg (5-35)
: 3 The transversality conditions give 1
1 : H(tg) = H(t) = 0 (5-36)
Agplte) = 2v (xp-xp) | = -Ayp(te) (5-37) .
: t=te 3
: 3 Ayplte) = 2v (yp-yp)| = -Agplte) (5-38) 3
. tstf ke
f 3 Agplte) = 2v (zp-2g)| = =Agp(te) (5-39) ]
3 t"'—tf ‘
3 XYP(tf) =0 = AYE(tf) (5-40)
2 Aplte) = 0 = A,plte) (5-11)
\' vhere v is an arbitrary constant. 3
Partial Problem Solution 4
‘. 2 The possibility of singular controls is first investiagated. ™ne 3
“ . 8 necessary condition for a singular control in Crp is that Sp = 0 for
. a finite time, which gives . e
3 \' 4
38 E
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Sp = A?p cos up + Axp sin uP/cos Yp = 0 (5-42)
; 1 or

tan pp = —AYP cos yp/Axp (5-43)
: ? However, for Cip # O, and non-singular up
] A
3 ; P
E 4 tan up = X (5-44)
] 3 Ayp cOs Yp

4 which gives
22 =22 cos? vy (5-45) :

xP yP 2 ;

This can only be satisfied if Ayp = Ayp = O, since cos Yp = 0 is a

point of sinqularity in the state eguation, and so must be discounted.

Now if pr = AYP = 0 for a finite time, which it should be noted

is also the condition for a singular control in Upsr

iXP = MypVp €OS Yp Sin Xxp -AypVp cOs Yp cOs xp = O (5~-46)
or i
tan x, = AYP/AXP = const: (5-47) |
and %
in = AxpVp Sin Yp cos Xp + AypVp Sin vp sin xp -AgpVp cos yp = O
(5-43)
or

tan yp = Ayp/{dyp cOs Xp + Ayp sin xp} = const. (5-49)

This means that x, = Yp = 0, and the only way this can be true is if
CLP = o -
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Thus the only possibility for a singular control in Crp is

Cip* = 0, up of no significance (5-50)

An identical argument may be used to show that the only possibility for

a singular control in CLE is

Cig* = 0, g of no significance . (5-51)

Now in order to solve the costate equations it is necessary to

evaluate v, which must satisfy the following equation:

H(tg) = 1 -2v {(xg-xp) Vp cos vp cos x 1|
t=tg

~2v [(yg-yp) Vp cos yp sin xpll -2v {(zp-2zp) Vp sin vpl|
t=tg t=tg,

+2v [(xp-x,) V, cos Yp cos XE”
t=tf

+2v [(yE-yP) Vp cos Yg sin xE]| +2v [zE-zP) Vg sin YE]'
t=tf t=tf

= 0 (5-52)
and hence
2v = -3/{ (xp-xp) (xp-%p) + (yp-yp) (yp-vp) + (zp-zp) (22 )}
t=t
£

(5-53)

Integration of Egs (5-26), (5-27). (5-28), (5-31), (5-32) and (5-53)

gives

Agp(t) = Agplt.) : (5-54)
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Ayp it (5-55)

. Ayplt) =
Azp(t) = Agp(te) | (5-56)
Agp(t) = Agp(te) (5-57)
Agp(t) = Ay (te) (5-58)
Ape (€)= A (te) (5-59)

Eq (5-30) may be rewritten as

which may be intearated to give

Ayp(t) = Agp(te) [yp(t)-yplte)] ~Ayplte) Ixp(t)-xp(te))

(5-61)

Similarly

AXE (t) AXE (tf) [YE (t) 4 o (tf) )] -AYE (tf) [xB (t) ~Xg (tf) ]
(5-62)
The remaining costate variables may now be found by using the fact

that that part of the Hamiltonian which contains only the pursuer's

{(evader's) states remains constant (see Appendix A for details), or
[Axpxp + Aypyp + AgpZp + AypYp + "xpxpll

= Dgpxp + AypYp + Azpzpl| (5-63)

£

which gives, on non-singular arcs
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~r
!

{ﬁxpitfi [ (t) =%, (£)] + A (te) [y, (te)-yp(t)]

+

+

Ayplte) [xp(£)=xp (tg)) ip(t)] /¥p () (5-64)

vhere all the above terms are known as functions of the current and
terminal values of the states, and of the controls. The known values
have not been inserted in Eq (5-64) for the benefit of clarity.

Similarly

Mg = [szgtf) x5 (te) =% ()] + Ay (Eg) Ty (te)-yg (8))

+ Agplte) [2p(te)=z=(£)] —dynlte) [ve(t)-ve(te)] xp(t)

+ dyplte) Ixg(t)-x;(tg)] iE(t)] /15 () (5-65)

Substitution of these values of the costates into the expression

for the bank anagles, when not on a singqular arc yields
sin u; = kppVpCyp* [(xE-xP)l . [yp (t)-yp(te)) - (yE-yp)l . [xp(t)~xp(tf))}
= f =t

Jeos vp | Gerxp) | [xplee)=xp(0)] + (ypvp)|  Iyp(te)-yp(t)]

+ (zE-zP)l (zp(tf)-zp(t)]] (5-66)
. t=te

where Cip* = 2 CLPnax’ and

42
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* . » Y T P LS R WO | Te ()= E

: sin e koeVeClis {:(xﬁ xp)é.t fygled-vpltell - tyg YP,L:t ixp(t) xE(tf))l
: ; b 3 £ -
3 : 'cos YE [i(xg-xp)l [xE(tf)-xE(t)] + (YE-Y?)I [yE(tf)-YE(t)]
. t=te tat,
L + (zgzp)|  [zp(tg)-zp(t)) (5-67)
S t=te :
a‘ !
E k: where Cyp* = + Cyp .
: 1 |
ks Now in order to investigate the switching function Sp, on non-
3 E sinqular arcs
f .'3 Sp = cos up (Ayp + Ayp tan pp/cos vp)
3 ] = coS Yp ( 22 cos? Yo + a2 )/)_,. cos? Y (5-68)

P> Typ P Txp?Typ P

and since -%/2 < u, < /2

Sp>0if Ayp >0

f {5-69)
: -z Sp < 0if Ap <O (5-70)
E. ; where *79 is agiven by Eq (5-64). Similarly

" ; Sg > 0 if Ayp > 0 (5-71)
j Sp < 0 if Ayg > 0 (5-72)

where xyE is given by Eq (5-65).

On singular arcs, the condition that that part of the Hamiltonian

containing only the pursuer's states should remain constant gives,

since xyP = AXP = 0

43




RIIVOUREPI AT PRI A TR PPN &= s

GA/MC/71-5

Agp(te) [y (E)=X5(Ee)] + A lte) [yp(E)-y,(te)]
+ Azp(tf) [;p(t)‘ép‘tf)] = 0 (5-73)

or

(xg-xp) | [xp(t)=xp ()] + (ypoyp)|  [yp(t)-yplte))
tatf tatf

+ (zE-zP)Lat [zp(t)~2p(te)] = O (5-74)
£

and, similarly for the evader

ox )] I ()% (te)] + (yooy)| (9 (E)-vo(te)]
"E"pt___tf"z Xe EPtgth g'te

+ (zgzp) | (2p(e)-z ()] = 0 (5-75)
t=tg
Both the pursuer's and the evader's controls and asshciated
switching functions, both on and off singqular arcs, have now been

expressed in terms of the current and terminal values of the state

variables,.

Examination of Open loop Solutions

At first sight it would seem that the fact that the costate
variables have been eliminated from the solution of this problem would

greatly simplify the mapping of free space. However, closer scrutiny

reveals that unless it is possible to integrate the state equations
forward in time and so eliminate the values of the states at termina-

tion, no great simplification ensues. The author was only able to

integrate the state equations forward along the sinqular arcs, which

are of constant velocity vector, and so open-loop solutions for anv-

thing other than trajectories composed only of singular arcs must still
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be generated bv backward nunerical integration from the termina 1y

face.

For comparison with the results of the standard nodel it is con~

venient to use the same terminal parameters as in Chapter IV (sece

Fig. 2). In this case S; and Sg are not terminal parameters but prob-

lem parameters. The values of the state variables at termination, and

the boundary of the useable part at termination are exactly as given

in Eqs (4-82) to (4-97).

"On the terminal surface, Sp = O instantaneously so Cpp*{t;) is

given by

Cropay Spltg) > O
C k) = LBy Spltg) < 0

0 Sp(tg) = 0 (5-76) :

and similarly é

[ Cie ., ég(tf) <o .

C et lty) = ﬁ < Splte) > 0 ;

w Sglte) = 0 (5-77)

As with the standard model ;

(5-78) 3

tan ug(tg) = (A p/Ayp cos YP”
t=t :
£ 13
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tan u;(te) = Dyp/Ayg cos v, 1] (5-79)
t‘tf

kY
13
kY
Iz
%
«

%When comparing the trajectories obtained from this model with
those of the standard model, it should be remembered that gravity has
been neglected in this case since it affects botn players almost

equally.. Thus the backward trajectories for the zero aravity case

-3 should be imagined displaced vertically a distance % a(tg-t)2 when
" -3 viewed in real space. With this fact in mind, the trajectories ob- 3

tained from this model and the standard model are in most cases very

“ § similar. The exceptions are those trajectories finishina verv close ’ 3
- to a horizontal tail chase configuration (Figs. 3 and 4). ‘ihe reason ‘
3 ; for this is felt to be that in these cases the singular arcs have been |
3 very closely approached, and bearing in mind that the integrations 1 R

. ; were performed backwards in time the trajectories are determined by

] . ‘: the perturbations off the singular arc. A small vertical perturbation

N ‘ corresponds to trajectories that are predominatly in a vertical plane,

and a small horizontal pverturbation corresponds to trajecteries that ~‘

are predominately in a horizontal plane. Thus with the standard model, f

gravity is sufficient to force most of the near tail chase trajectories t ;‘

( ‘- X into the vertical plane, whereas with the zero gravity model the small
T terminal parameters and integration errors dictate the direction the ) 3
E 3 trajectories will take. E

The author feels that if closed-loop control laws for this model

3 could be found, then coing forward in time the trajectories generated

‘ .3 ‘ by using these control laws with the standard model dynamics would 3
{ : quite closely approximate the trajectories produced by backward inte- #
46
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cult for this hypothesis to be checked by the use of a hvbrid computer,
or for a limited number of cases by using & gradient technique on a
digital computer. The advantage of using the zero gravity fixed velo-
city model in this case is that the number of terminal parameters has
been reduced by two from the case of the standard model, so that the
effort involved in generating an open-ioop solution forward in time

is considerably reduced.
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VI. Pursuit-Evasion Differential Game-Spherical
A 3 Acceleration Vectogram Model

e - The purpose of this chapter is to scive a differential game prob-

: lem using the aircraft dynamics derived in Chapter III for the spheri-
§,'_ : ' cal acceleration vectogran model. This represe.ats the best model for 3
which the author was able to obtain closed-loop control laws. The

derivation of the closed-loop control laws is given, representing a
"solution in the small”, but no attempt is made to investijate the
various surfaces which would represent a "solution in the large". ;
The reason for this is that the solution of this differential game

is not an end in itself, but merely a tool with which to attack the

solution of the standard model.

Statement of the Problem

The problem is to determine a saddle point of

te :
I(te) = [ at (6-1) 3
to ',"
! 3
subject to :
x, = Vyp (6-2) 1
¥p = Vyp _ (6~3)
Zp = Vazp (6-4)
Vyp = Ppl, (6-5)
Vyp = Fpls (6-6)
48 !




o ,: .:.\'v‘\m’h‘* VP" 1"\")\‘-,3%“ AV, "e\ SRR DAt Ea it S R f Gt
T
GA/MC/71-5 '
e 3 Vzp = Fpls (6-7)
.
‘ 2] and
2 XE bd VXE (6'8)
T" 7
’ . 'b‘ .
» ." L]
7 3 Zp = Vo (6-10) :
: 5
E 3 Vxg = Fgm (6-11) |
3 = i
5 3 j
? .
3 E Vyp = Fgl2 (6-12)
3 Vyp = Fpng (5-13)
E 1 ’ where Fp and Fp are the magnitudes of the specific excess thrust and
B 3
E 5 are constant, and 2; and m; are the direction cosines of the pursuer's
; and evader's specific excess thrust vectors respectively, and represent
ke the two players' controls. ;
!
¢ The controls are subject to the constraints £; real and '
. 2 g2 4920
» : and m; real and
.. mf + m% + n§ =2 (6-15)
3 As with the other models, the terminal surface is given by
. Y= (xpxp) |2+ lyp-yp)|2 + (zp-zp)|2 -RZ=0 (6-16)
= : t=te tute t=t
] 49
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and the subscripts P and E refer to the pursuer and the evader respec-

tively.

Necessary Conditions

Rather than adjoin the control constraints, it is convenient to

make the substitutions

232t V1- 22 - 43

(6-17)

masivl-mf-mi

{6-18)
With these substitutions, the Hamiltonian, H, is given by
H=1+ "xp"xp-*' AypVyp + AzpVop + AyxpFpl; + AyypPptls
+ "VZP?Pm + AxpVxp + AypVye + AzpVap
+ AyypFEmy + MAyysPEm % AygeFp V1 - m2 = mp  (6-19)
The Hamiltonian is to ko minimized with respect to the pursuer's con-

trols, and maximized with resdect to the evader's controls.

Applying the first necessary conditions

3H T Vi
—— = AyxpFp + Ayzpfply/ V 1 - 2 - 2,

3!.1
=0 {6-20)
or
2 _ 92 _ 2 2 2
SRR S AR M (6-21)
and
50
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[ I8
v~2
=0 (6-22)
or
A2, (1= 22122 =22 22 (6-23)
Therefore
2492 2 2
217%5 = Nxo/Nvp (6-24)

and by symmetry
/82 = 2l (6-25)

Substitution into Eq (6-14) aives

2 2 2 -
£ = 2 N/ V¥ Moyp *+ Nozp (6-28
and similar expressions may be obtained for 2,, 23. Applying the

second necessary condition

32
| 4

=

20 ) (6-27)

o
=N

is merely checking that £; minimizes rather than raximizes H. This is
more casily established by substituting for £;, £, and &4 in H, when

it is obvious that to minimize H, since PP >0,

11 = ~hyxp/ Viixp + Myp + Mizp (6~-28)
® _ _ /32 2 2 -
12 = “Ayyp/ Yiep + Nyp * Nozp (6-23)
. _ iz 3 3 _
23 = Ao/ Vo + Agvp + Nzp (6-30)
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& A similar argument may be used t show that

| }

T

1 ny =+ AV Mg + Moop + A2 e (6~31)
:

3 : g =+ v/ V A + Nve * Mg (6-32)
]

2 E: *

. ; n3 = + Aygp/V Aéxs + A‘Z,YE + xgzg (6~33)
L 9

- ¥ The costate equations are

k- 3

wp = O (6-34)

YP = 0 (6'-35)

!
AN

op = 0 {6-35) ,

12N TR
,‘V\Zw “‘11 SR

S
S»

t

{

o
3

(6~37)

B bt B e

REURE I Epr Dty

vzp = “Agp . (6-39)

and ‘

(6~-41)

(6-42)

AVXE o -AXE (6-43)
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Avye = ~Me
Avze = “Azg
The transversality conditions give

H(te) = H(t) = 0

Ayp(te) = 2v (xp=xp) | = -Agp(te)
t'tf

Agplte) = 2v (ypmyp)| = =Ag (k)
tate

Agplte) = 2v (zp-zp)| = -Agp(te)
. tatf

vap(tf) =0= Avxg(tf)
AVYP(tf) =0= AVYE(tf)
Ayzp (Eg) = 0 = Ayoplte)

where v is a constant which must satisfy the above conditions.

Problem Solution

Integration of the costate differential equations gives

Ap(t) = Ayplte) = 2v (xp-xp) |
t=te

Ayp(E) = Ayp(te) = 2v (y,~yp) | -
t=t,

83

(6-44)

(6-45)

(6--46)

(6-47)

(6-48)

(6-49)

(6-50)

(6-51)

(6-52)

(6-53)

(6-54)
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and

Agp(t) = Agplte) = 2v (zp-2zp) |
t’tf

Ayxp(t) = 2v (p=xg) | {tg-t)
t=tg

(t) = 2v (y.-y )l (te~t)
"vvp P stztf £

Ayzp(t) = 2v (zp=zp)|  (te-t)
=te

Aelt) = Agglte) = -2v (xp=xg) |
t’—"tf

Ay (t) = A (te) = =2v (y,-y.) |
YE YE P Bt=tf

Agp(t) = Agplte) = ~2v (zp-zp) |
t=te

Agp(t) = =2v (x| (te-t)
t=tg

(t) = -2v (y,-yo)|  (te-t)
xVYE PEt=tf

Agge () = -2v (zp-zE)I (te-t)
t=tf

(6~55)

(6-56)

(6-57)

(6--58)

{6-59)

(6-60)

(6-61)

(6-62)

(6-63)

(6-64)

Substitution of the costate variables intoc the minimax controls

gives
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27 = -2v (xp=xp)| (te~t)/j2v (te-tIR]

tﬂtf
- "‘n"‘p’l sqn (v)/R (6-65)
t.tf

,'

25 = (yg-vp)| som (VI/R (6-66)

tﬂtf
2; = (zE-zP)l san (v)/R ‘(6-67)
tﬂtf

and ~'
my = -2v (p=xp) | (g-c)/|2v (gp-t)R] 3
t=tf
.
= (xg~xp)| son (VI/R (6-68) =
t:=t:f 3
' :
m) = (yp-vp)| son (vI/R (6-69) 3
t=tf :
m§ = (zg-zp)| som (vI/R (6-70)
t’tf 5"
It is interesting to note that the pursuer's and the evader's controls
are identical and constant. Further, the ratio of the components of

the controls is the same as the ratio of the corresponding relative .
coordirates at termination.

Now using the fact that H(tg) = 0 gives " 3

A(te) = 1 + [2v (xp-xg) Wyp-Vyp)|

tote ]
+ [2v (yp-vg) (Vyp=Vyp)l] + [2v (zp-zp) (Vyp-Vyr)1 | 4
tet, t=tg :

=0 ' (6-71)
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or
2v = ~1/{ (xg=%p) (Vyp-Vyp) + (¥g=yp) (Vyp=Vyp)

+ (2p~2p) (Vgg-Vap) }} (6-72)
. t=te

Now if T is defined as a vector from the pursuer to the evader, and

;., 3. )2 are unit vectors in the x, y, z-directions
T = (xg=xp) i + (yg-yp) 3 + (2p-zp) k (6-73)

T = (Vyp-Vyp) i + (Vyp-Vyp) 3 + (Vgp-Vgp) k (6-74)

N g R

and from basic dynamics (differeniate r-T = r?)

[ROPPIVREIE N

rrY = Lo (6-75)

[FPIRE

£(te) = { (Vyp-Vyp) (xp-xp) + (Vyp~Vyp) (yg-yp)

+ (Vzp-Vap) (zp-zp) }Ltf /R (6-76)

However, for capture to occur it is necessary that r(tg) < 0 and so

{ (Vgp=Vxp) (xp~%p) + {Vyp-Vyp) (ypg-¥p) + (Vzp-Vyzp) (zg-2p)}| < ©

H

i

t=t¢ ;

b

&

(6-77)

and hence from Eq (6-72) ‘
v>0 (6-"2)

'i‘he ninimax controls are thus

L] = my = (xp=xp)| /R (6-79)

tate
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z; = m; - (}'E-yp)l /R (6-80)
tat,

2} =nf = (zg-zp)| /R (6-81)
t.tf

Using these controls, the state equations are integrated backwards

in time from tg, which cives

P
Vep(t) - Vp(te) = g (xg=xp)|  (t-tg) (6-82)
tet,
Fp
Vyp(t) - Vyplte) = 3= (vp-vp)|  (t-ty) (6-83)
t=t, -
Fp
Vzp(t) = Vgplte) = 5= (2p-zp)|  (t-ty) (6-34)

t=tf

P
xplt) - xplte) = 5= Gp=xp) | (t-t0)2 + Vyp(tg) (t-tp)
t=tf
(6-85)

F
P
yp(t) = vplte) = 50 (ypvp) | (t-tp)? + v, (te) (t-tg)
. t=t
(6-86)
Pp
zp(t) - zp(te) = 5 (220 | (E=tp)2 + v (tg) (E-tp)
t=t
£

(6-87)

and sinilar expressions for the evadar. Since this is a perfect in-
formation game the values of the state variables are known at time t,
and the aim is to eliminate their values at te. Substitution of Eq

(6-82) into Eo (6-85) yields
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Fp ) 3
Xp(t) = xplte) = op Gpxp) | (t-tp)? + v, (6) (t-t,) :
t=te 3
P 2
= 2 (xpxp) | (e-tg)2 f
R t=tg E
=V (t)(t—t)-PP( -xp)|  (t-t)2 3
Xp £ 7 5 ET¥*p te (6-88) q
- tztf - 2
and similarly for the evader
FE 2
XE (t) had xE (tf) = VXE(t) (t“tf) - i—l-i- (XE-XP)| (t-tf) (6"89) 3
t=t¢
e
Subtracting Eq (6-89) £rom Eq (6-~88) 3
tztf . H
(6-90) 2
and similarly 3
- )2 (F - = ty - - -
(gyp) | [+ (6002 (P FLI/2R) = (y~y) + (Vv ) (tpt) 3
t=t, .
_ (6-91) . 3
: 3 - - 2 o _ - . _ '
: pzp)| 114 (te0)2 EPL/2R) = (22 + VgV (te—t) 4
3 3 t=te -
‘ o 7
: (6-92)
Squaring and adding Eqs (6-90), (6-91), (6-92) 4
= R% [1 + (te-t)? (Fp-FE)/2R1Z = [lxgxp) + (Vyp—Vyp) (t,-t)12
- 3 + [vpmyp) + (yp-Vyp) (£-))2 + [(2p-zp) * (Vpp-Vyp)/(te-t]7 -
T (6-93)
T or
; s8 :
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IRy
-0 ETE L (ee)? 1P R -

v 12
veVyp)

- (V=Vyp)?
= (MgpVzp)?] -2 (te-t) [(xp=xp) (Vyp~Vyp) + (yp-vp) (Vyp~Vyp)

+ (2p-2p) (Vzp-Vsp)) + R2 = (xp-xp)2 - (yp-yp)2 «zp-zp)2 = O

{6-94)

This may be more conveniently expressed using the notation of Eqs (6-73),
(6-74) and (6-75) as

(Pp-Fgp) 2 .
(tet)* — " ¢ (tg-t)? [(FpFg) R - T-T)

-2 (te-t)rr + (R2-r2) = 0 (6-95)

This is a quartic which inay be solved at any time t to give (tg-t)

vhich is the only unknown in the equation. This value of (te-t),

normally the smallest positive root of the quartic, may then be used

to evaluate the controls at time t, which, using Eqs (6-~90),
and (6-92) are

(6-91)

2] = my = [{xg=3xp) + (Vyp-Vyp) (te~t)1/IR + % (Fp-Fp) (te-t)2)

{6-96)

"; = “; = [{yg-yp} + (Vyp—Vyp) te-t)1/(R + (Pp-F) (tf.t,zl

(6-97)

23 = my = [(zg-zp) + (Vzp—Vgp) (te-t)I/IR + % (Fp-Fp) (t-t)?)

(6-98)

Thus open-loop controls are found by solving for (te-t) from Eq (6-95)
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at some initial time t,, evaluating z’;, 2‘2'. !.‘3'. m‘;. n; and n; fron

Eqs (6-96), (6-97) and (6-98) and keering then constant. Since con-
tinuvously updatahle open-loop sclutions are equivalent to closed-loop
solutions, ciosed-loop controls are found by solving fer (te-t) con-

tinuously and using this value to determine the direction cosines at

each instant.

Exanination of Solutions

In order to compare the minimax solutions for this model with those
of the standard model, runs were made backwards in time for the same
terminal states as were used for the oven-loop standard model solutions.
The magnitude of the specific excess thrust for each player was made

equal to that player's maximum specific lift force at termination, so

that

and -

Fg = kpp [Vp(te)1? Cip kpgS2 Crr; (6-100)

Some typical runs are shown in Apvendix C. At first sight it
would appear that there is little similarity between the solution to
the spherical vectogram model and the solntions to the standard model.
However, subject to two restrictions the solutions to the two models
show enough similarity to indicate that the model should@ be of use.
The first restriction is that aravity has been ignored, so that as

with the zero gravity, fixed velocity model solutions, the trajectories

should be considered as being displaced a distance 35 g(tf-t:)z verti-
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cally when viewed in recal space. The second restriction

fe

e that there

-- e 8

~f is no constraint to stop the player's velocities dropping to unrealis-
tically low values. This is most obvious in Fig. 5 where both players ,
.- fly out and back along the same line in space, and actually come to \

g rest at one point. ;

Notwithstanding the above restrictions, the solutions to this :

-v‘ spherical vectogram model display to a significant deqree some of the

A 3 general characteristics of the standard solutions. Since in addition

Gi

this is the only model for which closed-loop control laws could be

kS bt
.

found and which did display any similarity at all with the standard

model, the solution to this spherical vectogram mod:l is used as a

e ot i

basis for formulating near-optimal controls for the standard model.
Finally, it is interesting to note that the above solution not
only extends some previous two-dimensional work (Ref 5:1463) into

three-dimensions, but also provides equivalent closed-loop controls

which were not obtained for the two-dimensional study. E -

i
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VIXI. Development of Pseudo Closed-loop Minimax Controls
for the Standard Model

The purpose of this chapter is to derive an approximation to the
closed-loop control laws for the standard model based on the solution

obtained in Chapter VI to the spherical acceleration vectogram model.

Best Control Approximation

The most successful method the author has found is to solve Eas

(6-95), (6-96), (6-97) and (6-98) at every instant in time. This

yvields the controls £;, £, £3, m;, my, My that would be optimal if
the dynamics were in fact those of the spherical acceleration vecto-
gram model. Denoting either player's specific excess force as a

vector F, one may think of its component normal to V as being equiva-

lent to the specific lift g'f/w. Thus p» is chosen so that

LFxV) =0 (7-1)

and Cj, is chosen so that
[’E.‘l’-] + [3-‘1] = 2 (7-2)
v W
Substituting the values of L, ¥, and V into Eg (7-1), gives for

the pursuer

(-cos up sin Yp ©0S Xp - sin up sin xp) (zzvzp-zgvn)

+ (~cos yy sin vy sin xp + sin up cos xp) (-21Vyp + 23Vyp)
+ {cos up cos YP) "’lvyp"'zvxp) =0

(7-3)

or more simply
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tan up = [(lzvzp-lgv‘yp) sin yp cos xp + (23Vyp—=21Vyp) sin vp sin xp

- (zlvyp-zzvxp) cos YP}/ [(Lgvxp-zlvzp) cos Xp

- (22Vzp-23Vyp) sin xp (7-4)
and sinilarly for the evader

tan u, = [(‘“z"zg"“‘a"yg’ sin Y €OS Xp + (m3vm~n:\’zz) sin e sin Xg

- (MVye-mpVgs) cos v, ] / [ (naVye-mVo=) cos x,.

- (myVgp-myVygp) sin XE] (7-5)
If F is chesen so that at any instant
Fo=kp V2 Cp (7-6)
then Eq (7-2) becomes, for the pursuer,

(2Vyp + LVyp + L3Vpp) 2V + (Crp/Crp . )2 =12 (7-7)
or

Similarly, for the evader,
Cog = * Cpp (1 = (Vg + mpVyp + maVpp) 20215 (7-9)

The sions of Crp and Cpp are chosen so as to make L act in the same

direction along the three axes as F. Thus for the pursuer's x-component,

it is necessary that ) and Cpp (-cos ky sin v, cos v, =~ sin u, sin yp)

are both positive or both negative. Similarly for the evader's
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sin pp sin xE) have the same sign.

3 Using these pseudo controls, the standard dynamics may be inte-

. grated forwards a small time At. The pseudo controls are then evalua-
4 . ted again and the process repeated until such time as capture occurs

' or is obviously not going to.

E @ Calcomp plots of four such runs forward in time from the states
- E: reached after 10 seconds backward integration of minimax solutions to
S the standard model are shown in Figs. 9, 16, 23 and 30. The Value of
' the game for each of these runs shculd be 10.0 secs. The actual

Values obtained were

4 e Run 1 Value = 10.0 secs
‘, - i Run 2 Value = 6.0 secs '

‘: Run 3 Value = 10.0 secs

/ Run 4 Vaive = 10.1 secs

Considering Runs 1 and 4 first, the agreement between the approxi-

mate forward solutions and the open-loop backward solutions is remark-

R N b R A

ably good. The two runs are very different in nature and yet in both
cases the approximate trajectories follow very closely the open-loop
trajectories. Furthermore, the Value for both approximate runs is very
close to the standard Value of 10.0 secs. The roots of (tg-t) evalu-
ated at each instant for the approximate model are generally rather
lower than the true time to capture (typically 6 secs instead of 10
secs), so they cannot be used as an instantaneous estimate of the Value
of a game. However, the controls based on these roots closely approxi-

mate the open-loop controls.
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At first sight the results in Run 3 appear as good as those for

Runs 1 and 4, but there is one gmalificaticn. For all practical pur- u

poses, the pursuer may be assumed to capture the evader at 10.0 secs

after starting, but he is in fact still 5014 ft from the evader

s GAEUS SUEERE

{R = 5000 £t), and starts to move away again after this tine of closest

approach. This moving away again is first forecast from the solution 3

of Eq (6-95) for (tg-t).

At 9.0 secs after tg the smallest positive

s T R
LS ISR O AL RS

root of the quartic takes a discontinuous Jjump from 1.11 secs to

104.20 secs. This corresponds to a change from the quartic having

three real positive roots to its having only one. Examination of

S i o .b;;.\:{ LN W_‘:

Eq (6-95) shows that it always has at least one real positive root,

R AGR ST TRE

but whether or not it has three depends on the sign and magnitude of
the coefficients of (tg-t)2 and (te-t).

In Run 2, the general form of the approximate and the open-loop

trajectories is the same. However, capf:ure occurs after only 6.0 secs. e/

The reason for this is that at the start of the game in the approximate
forward solution, the evader thinrks he can escape on the first pass

since the value obtained for (tg-t) is 46.89 secs. The evader thus

yodat Sih LN 2y
3

does not turn quite sharply enough (Cyr = 0.70 instead of Crg = 0.75)

eagndt

i)

and so flies into the pursuer. Then at 0.6 secs after tg, the evader

finds that the value of (tg-t) jumps from 48.04 secs to 6.83 secs, and i

capture is inevitable.

It should be stressed that the four runs presented and compared

above were not chosen so as to show the approximate controls to any

particular advantage or disadvantage. The runs were chosen so as to

AN
b

be typical of different types of open-loop solutions, or to show the

A S A
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effect of velocity variations on the trajecteries.

It thus seems that these pseudo optimal controls are a good approxi- ;

mation except where the solution of Eq {6~95) yields only one real posi-

PR

tive root. A deeper investigation of this equation and an attempt at

& solution of the game of kind for the spherical acceleration vectogram £

v

model might yield a better understanding of the precise conditions under 3

which the pseudo control approximation is valid.

Alternative Control Approximations

In an attempt tc improve the approximation of the above model, two
variations were tried. However, the effect of both variations was

found to be generally detrimental.

E A, P AERVEY
LA el o

A

The first variation tried was to use the values of u as calculated

¥ e
AL

before, but to use the results of the zero gravity, fixed velocity

4y gas

model in calculating Cj. The lift coefficient was then set to o’
0, or ~Cy . The result of this was to make the trajectories in space 4

for Runs 1 and 4 look slightly better, but change the Values obtained 4
tc 10.8 and 8.7 secs respectively. The change in the Values was due

to the slower velocities because of the greater induced drag. In Runs

2 and 3 capture failed to occur.

. »! L6352 & st
wy it A

The second variation tried was to modify Fp and Pg so as to give
some influence to the differences in poéential energy. This was ef-

fected by setting

PP = kDP Cmeax [V% - g (ZE’ZP)] (7-10)

Pg = kpg Crp V2 + g (zp-zp)) (7-11)
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Thie ic zquivalent to basing F on the total energy rather than just the
kinetic energy. Using this model the Values obtained for Runs 1 and 4
were 10.0 and 7.6 secs respectively. Again capture failed to occur in
Runs 2 and 3,

Suggested Algorithm to Determine a Player's Controls During an Actual
Encounter

It seems that the pseudo closed-loop controls developed in Eqs
(7-4), (7-5), (7-8) and (7-9) are a good approximation to the optimal
closed-loop controls in most circumstances.

The following algorithm, which could be used by the pursuer in an-
encounter, seems reasonable, but has not yet been tested:

1. Using enercy maneuverability considerations fly in such

a way as to arrive in the general vicinity of. the evader
with as large a velocity as possible.

2. Once positioned, set Fp = kpp C;jp Vlz, and Fp = kpp Crp v%.

3. Solve Eq (6-95) for the smallest positive root of (te-t).
4. Use this value of (tg-t) in Bgs (6-96), (6-97) and (6-98)

tO find zi' ,02' 23.
5. Evaluate Cyp and pp using Egs (7-8) and (7-4).

6. Use these controls for a short time interval, and then
return to Step 2 to evaluate new controls.
An algorithm that the evader could use might be:
1. Using energy maneuverability considerations fly in such
& way as to avoid for as long a3z possible arriving in the
general vicinity of the pursuer with a velocity disagvan-

tage.,
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2. As soon as Step 1 fails, or if it becomes obvious that the ki
pursuer has started some form of terminal guidance, set
?P - kDP cm’max Vg and FE = ,CDE CIB x V%.
3. Solve Eq (6-95) for the smallest positive root of (tg-t).

4. Use this value of (tg~t) in Eqs (6-96), (6-97) and (6-98)

to find mlg mz, m3. ‘
5. Evaluate Cpp and up using Eqs (7-9) and (7-5). '
6. Use these controls for a short time interval, and then
return to Step 2 to evaluate new controls. 2

A knowledge of a solution to the game of kind (Ref 3:8) as well

as solutions to the game of degree would also provide both players

with valuable information about regions in space that they should ’
avoid or aim for in their preliminary maneuvering. Limitations of
both space and time have precluded any investigation of the game of E

kind as part of this study.
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VIIXI. Conclusions and Recormendations

Conclusions

A realistic two aircraft combat encounter has been posed as a 'zeto
sum, perfect information differential game. In analyzing the problenm,
three models of the aircraft dynamics have been used. These three
models were the standard model; the zero gravity, fixed velocity model;
and the spherical acceleration vectogram model.

For the standard model, the author obtained open-loop solutions,
but was unable to find closed-loop control laws. In order to investi-
gate the nature of the open~loop solutions, a number of them were
generated numerically and the trajectories plotted. The controls used
in this model were the lift coefficient and the bank angle. The ex-
pressions for these controls contained the current values of both the
state ang costate variables. Examination of a number of numerical
solutions showed that the value of each player’'s lift coefficient
would remain at its maximum (either positive or negative) unless a
direct tail-chase situation was being approached in which case the
coefficient would reduce smoothly and@ monotonically towards zero. The
author was unable to characterize or detect anv pattern in the behavior
of the bank angle. ‘The only real conclusion formed was that two-dimen-
sional planar assumptions were completely invalid rkecause most trajec-
tories observed showed violent out of plane maneuvers.

For the zero gravity, fixed velocity model, the author acair ob-
tained open-loop solutions. As with the standard model, closed-loop
control laws could not be found; but in this case it was possible to

eliminate te costate variables from the solutions and express the
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tions ofi the current and terminal values of the state
variables alone. This provides a considerable simplification in the
solution of the two point boundary value problem. Open-loop solutions
for this model were generated numerically and plotted for comparison
with the standard model. Subject to the limitations of the vertical
displacement in space because of tic absence of gravity, and the sensi-
tivity of solutions produced by backward integration to initial small
disturbances, the solutions to this model showed good agreement with ;
those obtained for the standard model.
For the spherical acceleration vectogram model, the author was
able to obtain closed-loop control laws. The controls used in this
model were, however, no longer the lift coefficient ax_nd the bank andgle,
but the direction cosines of a specific excess thrust instead. For '
purposes of comparison with the standard model, a number of open-loop
solutions for this model were generated numerically and the trajec-

tories plotted. The solutions were subject to the same limitations as

were those for the zero gravity, fixed velocity model, and in addition f
had the more serious limitation that the aircraft velocities could drop
to unrealistically low values. This meant that impossibly sharp turns E

i

could be executed. Notwithstanding these limitations, this model is

Zakra¥ed
et

the closest dynamic representation for which closed-loop solutions

Tk ariiel

have been found. Further, the solutions show sufficient similarity to

the standard model solutions tc indicate that the model should be of

o
Kats BIYT

considerable value in formulating avproximate closed-loop controls for

the standard model.

S TN

Finally, approximate closed-loop controls for the standard model

were produced from the spherical acceleration vectogram model solution.
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A number of methods of finding equivalex;t controls were tried, and
each method was tested by integrating the standard dvnamics forward in
time using these approximate controls. The integrations were started

from the states reached by backward integration of open-loop solutions

to the standard model. Thus the accuracy of the approximation could

be determined from the closeness with which the pseudo optimal trajec-

tories followed the true optimal trajectories. The most effective of

the approximations gave good agreement under almost all the conditions
tested. However, it is felt that caution shnuld be exercised when
considering problems where there is a large altitude d'iffetence be-
tween the players, since the model makes no allowance for potential
energy advantages. Apart from this restriction, the author feels

that the approximate controls given in Chapter VII could form the

basis for some very good approximations to optimal controls for use
in dogfight situations.

Recommendations

The author's main recommendation is that the study of this problem
should continue. This thesis has laid the aroundwork for obtaininc
practical approximate solutions to the three-dimensional pursuit-eva-~
sion problem, and has shown that such solutions do exist.

The author feels that two further aporoaches to the problem should
be tried. These are:

1. The use of a hybrid computer to investigate the possibility

of rapidly obtaining open-loop solutions to either the

standard or the zero gravity, fixed velocity model. If

these solutions could be obtzined rapidly enouch, then con-
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_A__p_gendix A

The Use of One Player Optimization Techniques in Certain
Differential Games 3

In both Chapters IV and V use was made of the fact that that part

S
3
b
b
£
p
5
N4
.
-3
<)
5

.‘ . of the Hamiltonian containing only the pursuer's (evader's) state ;

e

bt
AT RNTY

variables and controls remains constant. The circumstances under which

e Sl

this is true and a proof of the theorem are given in this apnendix.

e

One of the difficulties in obtaining solutions to realistic dif-

SARALS

SRR e S A A AL AR A |

My
Guiny

ferential games is in integrating the costate differential equations.

Hence, it is felt that the theorem given below may be of great use in

that it avoids the need for integration of at least one of the costate

equations.

ok
(s s

s

7

Theorem

Consider a zero-sum perfect information differential game with a

A2 oy b

pasoff of time to capture, or a function of the ;tates at termination, . 4
or a combination of both. If the state equations can be written so
thzt the pursuer's {evader's) state variables are independent of both

the evader's (pursuer's) state variables and controls; time does not E

- ?

appear explicitly in the Hamiltonian; and all the control constraints

gt

are time invariant, then for solutions in the small that part of the

Hamiltonian that consists of the terms containing only the pursuver's

(304 AN M T, 0

(evader's) state and costate variables, and the pursuer's (evader's)

controls remains constant along minimax trajectories.

Proof

If the pursuer's evader's state equations are independent, it is

possible to express the dynamics of a differential game as E
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Xp = Tp (KpeU,t) (A-1)
Xp = Bp (X¥,t) (a-2)

The theorem is restricted to payoffs of the form

- te
J=¢ (x(te),tg) + [ cat (r-3)
€
vwhere C is consta