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RUNOFF FROM IMPERV IOUS SURFACES 1 

by 

Y. S. Yu2 and John S. McNown3 

Runoff of rain tal I ing on an impervious surface can be predicted 
by means of numerical computatio'1s. For the usually smal I slopes and 
depths which occur on highways Lr airstrips, the non-uniform flow is 
quasi-steady. Experiments conducted in the Los AngJ les District are 
adequate for the estimat ion of resistance coefficients for flows whi ch 
can be laminar or turbulent and rapid or tranquil, with al I four condi­
tions occurring simultaneously in some instances . Neither the analysis 
nor the experiments include case~ in which surface disturbances such as 
rol I waves may occur. 

The calculation· ~roceeds by steps in the direction of flow, be.­
ginning a1· the upstream end of the reach and with the incidence of 
ra:n; repeated computations provide predictions of depths and veloci-. 
ties at subsequent times. Beca~se most of the rain falling is stored 
on the surface initially, the flow approaches equi I ibrium q1..; i-te 

' rapidly. In fact , an acceptable estimate of the time to achieve a 
flow condition approximati_ng _equi I i.brlum is obtai,ned simply by di vi d­

ing the equ i I i br i um depth by t he ra ·ie of ra i nfa I I. If .the rate of 
rainfal I changes, the same set of equ1ations provide,s: inforl'llcltion on ". the trans it ion or recession curve. Other, more complex conditions 
can be taken in i'o aGcou ni" in a se,t of computa'tions if the requisite 

' ,, 

information is avai. lable. 
•• I 

1A study conducted under a contractual · agreemert with the U. S. Army 
Waterways Exper lmont Stat ion,. Con)s o'f Eng i ineers, Vicksburg, Ml ss i ss I pp i. 

2As soc iate ProfAssor , Department of Mechanics and Aerospoce Engineering, 
School of Engineering and Archit 1ect~re, the Unl.-..:iers i ty of Kansas, ,. 
Lawrence, Kansas . 

3 l1 ' ' I Dean I Schoo 'I of Eng l neer Ing, an1d Arch I f,ecture I Th'e ' Wn 1l1v,ers.'i +y 1<r1f Kah~ias, 
Lawr once , Kansas . ' 
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The computat ioris provide results whi ch correspond satisfactorily 

with hydrog raphs observed in the Los Angeles field tests for several 

complete runs, an d for parts of othe1r runs. The anc,malous increase in 

discharge whi ch often fol lowed the cessat ion of rain in these tests is 

a consequence of turbulent flow becom ing laminar when the battering of 

the rain ceases . The increase does not occur because the flow is no 

longer ~etarded by the rain, as originally hypothes ized. 

More precise determinations.of resistance coefficients and fully · 

detailed compar isons of experimental and theoretical results are not 

possible because the accuracy of the requisite measurements is .wel I 

beyond ordinary methods, however carefully performed. The lack of 

precision is not important in practice because the occurrence of rain 

in nature is so var i ab I e. Acceptab I e predictions can be made from the 

data provided by the Los Angeles tests and with the method of computa­

tion proposed. The refinement obtained in these tests is also sufficient 

for the explanation o-f the primary characteristics of the flows . 

Experimental Program of the bos Angeles District 

. During the period from 1948 to 1954, the Los Angoies District of 

the Co rps of Engineers conducted an extensive exp~rlmental study of 

air field drainage at Santa Monica, Cal lfornia. The purpose of the 

investi gation was to determine by means of control led experiments 

cP-1 .. :-a in. aspects of the relationship between rainfal I and runoff from 

bo,h paved surfaces and from surfaces which simulate turf. Simulated 

ra i nta 11 caused runoff from any of three, separate corlcrete charme Is, 

each 500 ft long and 3 ft wide, and with sle>p~s of ,0.5%, 1,0,%, ard 2.t/,, 

respectively. Various combinat ions of r~lnfail intensity, slop,, 
< • ' 

le~gt~ of channel, end swrf~ce roughne~s , led to a varl~ty of tiow pat-
, I I I • ' i)I I 

terns . Steady, uniform flo'tis without rair,'fa'l
1
I provided ,Ir.formation as 

' . ' 

to the resistance characteristics of various types ,~f su.rf.acen,ughness 

such as concre·i·e pavemen.t, natural grass, ~nd si imulated turf. t11e · 

rainfall intens ity ranged from 1/4 to 10 in. Rer hr. Th~ ,xperimentbi 
data i ilc lude 601 runoff nydrograp1hs and 153 ,depth, hydr~g[tap'hs4 ,whioh ' I 

, I I ii' I 

I 1 
I ,_ ..,,,,11'!'~ -­

'l'!,~•,I' 1:·,,ttF .1'"' 1":tr' "I ' ,,. , 
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a firm of- consulting engineers reviewud in 1955. 5 The review was not 

concl:J s ive , and contained a reccrnmendation for further analysis. Keule­

gan
6 

rli scussed the equations gover~1ng spatially variable flow, and 

lzzard
7 

app l led these equations to the computation of the surface pro­

file s at equi I ibriurn state and compared them with measurements; Woo 

and Brater8 studi ed various aspects of the equilibrium state. 

Numerous investigators have studied the iaw~ of resistance to flow 

in small open channels. Among the more recent are Owens9 , lwagakilO, 

Woo and Brater 11
, and Straub et al 12

. Experimental evidence indicates 

that, even in laminar flow, the resistance depends on the surface 

roughness , as wel I as on the channel slope, the channel cross section, 

and the ra inf a I I intensity. Woo and Brater found that for a mason i te 

surface with the rough side up the resistance coefficient ts 

given by f = 30.8/R, a~ . equation which yields larger values than does 

the generally accepted equation for smooth surfaces. For a -sand­

coated surface, they found the constant C to vary signifi cantly with 

the slope. They also ohserved some effect of rainfal I on resistance 

5 . 
"Review of dat,1 report on airfield drainage investi~ation 11 , ·by Dodson, 
Kitney and Lindblom, Consulting Engineers, October 1955. 

6Keulegan, G. K., •11 spatial ly varia.bh1 dis<;:harge over a sloping p'lane", 
Trans. AGU, Vol. 25, pp. 956-959, 1944. 

7 . ' I 

Izzard, C. F. , 111he surface prof i I e of over I and f I ow", Tranf , .AGU, 
• < 

Vol. 2~, pp. 959-;68, 1944. 

8
woo, D.C., aod Brater, E.F., "Spatially varied flow from contrc;it'led 
rainfal I", Proc . ASCE Vol, 86, . No. H.Y. 8, Part 11, p·p. ~1-56, Nov. 1962. 

9owen, W,Mq "Laminar 1·0 turbuleJit th,~~ in ,a wlide open channel", Trs,ns. 
ASCE Vol. 119, pp. 1157-1175, 1954. 

I0
1wagaki, Y., 110n the laws ot resistance 't~ turbulent flow io ppen 
channe ls'' , Proc . 4th Japgn Nat. Gong. l\pgI,. Mec~q :pp. 229-~3.~, 1954, 

I 

11
woo , D.C. l'!nd Brater, E.f., "~amlnar fl ,ow i,1,:l ,roughrect~hQUt ,,r channefsW-
J r. 9.tonh ys r:•(l: !~!. . , Vo I ,, 66 , No. I' 2, pp. 4l207,-41~ 'I i7, Oe¢ ~ II &61 . ' ' 

I II I' : i' I I 1: 111 "1 I I I : ! I, 
,11 1 I I 1 

"Qp~n cha1nne I f I ow ~'I" 
·' ' 
.ii 
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fc,r · th,-ee rainfall intens iti es and over a limited rnnge of Reynolds 

number . The vari ation of C with roughness is incons istent with the 

genera I I y dccepted premi se th,1 t the I av,s of I am i nar f I ow a pp I y equa I I y 

to rough an d smooth surfaces. However, Hie 1·0 I at i ve roughness of f I ow 

in thln sheets over a rough surface can be so high as to resul t in in­

cons ist encies if usual defi ni t ions of these quantities are used. In 

the wor k c ited ,
11 

the roughness was a signitican+ t raction of t he depth 

in some cases; the velocity di stribution must surely have been affected. 
In the Los Angeles experiments, sprinklers supp li ed an artif ic ial 

and uni form rainfal I over an entire channel, and an ogee-shaped weir 

in a weir box , which was placed five feet downstream from the end of 

the channel, made possible the measurement of the runoff. A floa t in 

the sti I I ing wel I of the weir box, con .acted to an electric recorder, 

reg istered the var iat!on of the head on the weir. A volumetric tank 

served for the cal lbration of the weir. The effect of storage in the 

weir box is neg I igible as shown in the Los Angeles District report4. 

The repor t also contains detail s of the instruments and t he procedures 

fol lowed in mea sur ing t he depth both in gage wel Is and directly over 

the channe I to an accuracy of a tew ten-thousandths o:f a foot. 

Depth and discharge measurements for steady, uniform f low without 

ralntal I supp l led data for the determination of values of the resistance 

coefficient f , wh l ch is equa I to e·gs h/u2 *. FI gtJ!-e I contains the re-­

su It i ng res istance co(~ff i c i ents for the concrete surface p I otted ag~ inst 

the Reynolds number (R = uh/v ). The experlmentail points, whh:h include 

only a limited range of Reynolds number, indicate rmuc 1h higher resdstance 
' " 

I ' ' 

coeffici ents than those for a ·smooth ,tl<;1t pie/re. , :Ou 1e tci ': l~ck pf experi ·-

mG:1ta l data in the transition regi ,on,. .Jhe curVe wh.ich capinects the mean 

curve for turbu I ent t low and the lemln~,r reslttence <:ii.u·ve ( f = 24/R) 

wa s drawn somewhat arbitrarily; A $lml.lpr' c:r,u:rva in ,Flg. ·,i pt'lz!!>~nts , 

da t a obta i ned in the steindy ... stm:1-Ell' runs wi1~~ r:i~in,t~:11 .. fadfhaugh 1th~ data 

are rather scattered , the correspond ('t19 re,sr; 1 S:,itanc;ie qoef f ie Jent.:; tn tne 

transit ion region are C I ear I y _h i 9her__w I th_ 1l~rl ~i :tha,n tho~r$ tar :u,9~1 W1 th-
\ ' -- - ,, · . 

ou t r c:i"i n. The few except iona l ly low po,lrrts lp flt,, ,. 2 wer e i,gnor:ttq, b~"" 

cause mos i · o f- tht1m occurred +or 01i,e p ilzoin~fer Ctlite t arit )(: l!f J.3~ , 

-~· 
Symbo ls are defined in Apptndlx ·I 
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the No. I chann e I with a s I ope o f 0. s:O. The curves drawn in Fi gs. 

and 2 con stitute the res istance relations hips used in computing runoff 

hydrographs . Because of the foregoing somewhat arbit rary dec is ion, the 

two curves differ only in the trans ition region, 200<R<IOOO. 

Data for flow over s imul ated turf surfaces with three different 

slopes are pl otted in Fig. 3 for flow both with and without rainfal I. 

The scatter of po int s is great but the effect of slope on the res1stance 

coefficient is unob scured. The points for S = 0.010 and 0.020 are 

close but the points for S = 0.005 fal I significantly be,ow those for 

S::.: 0.020. Therefore two straight I ines are drawn in the figure, one 

for S = 0.005 with C = 56.6 and n = 0.687 in f = C/Rn, and the 

other I ine for both S = 0.010 and 0,020, wi t h C = 117 and n = 0.681, 

These values are aga in somewhat arbitrary. 

Analysis 
The one-dimens ional equation or motion for the runoff of rain which 

fal Is on an impervious surface (with reference to Fig. 4) is as fol lows: 

~u t u au = g ( s _ rut) T u u a r ~ · ax .. 1n .... ,r . 
( I ) 

in which t' is the shearing stress at the boundary, U' ,is the rainfal I 

intensity; p is . the mass den& i ty of water, h is t i·, ,1 depth of water 

and u i~ the average velocity at a section. The two terms on the left 

side of Eq. ( I} are the local and the convective accelerations. The 

forces acting on a unit mass, on the righ~ side, are those due to 

gr ~vity, boundary sHear, and the retarding effect of the rainfal I. The 

slope of i'he boundary is usually smal I enough in any practical ap,pl ica­

tion to justify the usual approximations fqr small angles. 

The equation of continuity, 

~ '(Uh)_ 
z, )( -

11' 

I I 



/, 

jl: 
I~ I~ 

" ,, 

6 

relates the rote of change of discharge along the channe l to the dif­

ference between t he rate of ra infa l I and the rate of storage . In gene­

ra I , u , h , T' and CT i n E q s . ( I ) and ( 2 ) depend on both t i me a n d 

di stance. For a known rate ot rainfal I, three unknown quantities re­

main in the two equations. The add it i ona I information needed to com-

p I eta t he analys is is an empiri cal relati onsh ip between f and R 

such as Fig. I, 2, or 3. 

The initial condition for the tests, a dry channel and no rainfal I, 

described mathematically, are u = O, h = 0 at t < 0 tor O ~ x ~ L. 

The boundary conditions at the upstream end is u = 0 f0r t ~O, but 

the depth h at this point can change with time. For simplicity in 

the computati on , the value of h at x = 0 ,s taken to be the same 

as that at x = ~ x. Since both the upstream depth and the: channe l 

slope are smal I, the effects of the error implicit in this assumption 

and of ignor ing the smal I pool -of water which forms upstream from x = 0 

are neg I .igible. 

If the rain is uniformly distri buted and fal Is at a constant rate, 

the motion soon becomes steady. The term ~u/-ait is 0 then zero in 

Eq. (I), and oh/ at is zero in Eq. (2). If the rain c;tops, o- becomes 
zero in both equat ions . 

For the useful range, _represented by the range of the tests con­

ducted by the Los Angeles District, the orders of magnitude of the terms 

in Eqs. (I) and (2) differ greatly. One finds that four terms - the two 

atcelerated terms, the term describing chang~s in depth g( ~h/ax) and 
the 

are 

for 

for 

term accounting for the _deficieAcy in momentu'Tl of the fa lling ra,in -

each less than 1/100 of the other gravitational term and the term 

resistance. If these terms are omitted and if to2/B is substituteu 

T Ip , Eq. (I) reduces to 

h = T Ji_ 
~ = .8gs · , 

simp ly the resi stance equat ion for steady, u~iform flow . The flow i$ 

therefore quas i -st ea dy and I oca I l y u:n i form, Tl1e orders of magn I tude of 

II II 

I '.' 
!.J' I 

111, 
1!ii1: 

1:' 
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iJ I I 111rc!(} i c rin '..> in Eq. ( 2) can be the same, so a I I enter into the compu­
tat i c ::, From this examination, one concludes that Eqs. (2) and (3), to­
gc: ::1:r i:i rl, ·t l1 t · r es i stance curves and the initial and boundary conditions, 
cor 1s ldufo an cidequate basis for numerical determinations of the depi·h 
a11d 11,e .. 1elocity (or the discharge) as functions of time and distance. 

l he f irsl· step in the computation is the d<~termination of h and 
u fur equi I ibrium conditions from Eq s . (2) and (3). Since u is .known, 
the di ~c ha1·ge per foot of width, uh, at any section comes from Eq. (2). 
The P· ·yr10 Ids number at the sect ion is then known for an appropriate 
valu e of the 'ki nerrotic viscosity 11, and the resistance coefficient f 
is avd ilable from Fig. 2. The simultaneous solution of Eqs. (2) and 
(3) then supplies a pair of values for the depth and the velocity at 
the se c: tinn. These values are the limits for the initiai transient 
s1agt~, a11d occu,- i f the rain persists long enough for steady flow to occu r . 

The results for the transient flows are calculated by means of a 
step mothod Gased on a finite difference form of Eq. (2). 

uh = ( a- - 6. h ) fl x f u
0 

h
0 

, 
6. t (4) 

in v:hich er is a constant, and 6. x and 6.t are arbitr'ari ly selected 
iritc.,rvc:1 ls of distance and of time. The computation in the x-t plane 
begin~; [,l t the origin, x = 0, t = 0, and proceeds first in . the x-
d i r(;c -J' ion. For a given 6.t, a trial-and-error procedure . is necess~ry 
only for the fi rst pair of values of · u an~ h which. satisfy Eqs. (3) 
and (4-) and -I-lie graphical relationship between ·f and R. For the 
tir :~ ~ x-stop from x = 0 to x = /lx, ·the flow entering the section is 
zero . O:in assumes a value of /lh; computes trial valuos of q, u and 
thr:=i f~ c y110 Id ~. number; sets h = fl h in the first ti me i nterva I, obtains 
thu r es i~ta ncc coe fficient from~ig. 2 for the tri a l value of the 
r~E,yno l (~ ~; 1,um!i(:) r; and computes another value of u from Eq. · (3). If 
~he::,: i'.-1t. va luc:s of u are not accep-t-c.bly close, he assumes a better 
vD I Ut' f : Jr ~ 11 iHld repeoi·s the proce~.s uht i i S\J ff i c i ent I y accurate r:-e.,.. 

' 

',I• 
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The va I ue of 6 h determined for the f- i rst x-step is an accep t ub I e 

approximati on to the va I ue of 6 h to be used for the next x-step with­

out sub sequ ent trials. Because uh , the flow entering the section 
0 0 

from upstream, is also known from the previous x-step, the computation of 

u and h is also direct. The proces~ is then repea ted for subsequent 

x-steps unti I either (a) the va lue of 6 h/6t is equal to <T, or (b) 

x = L. The rate of rainfal I, O' is a proper upper I imit for the val ue 

of 6 h/ 6 t even though sma 11 inaccuracies in the computat iona I procedure· 

can cause the rate of rise to exceed the rate of rainfal I. The same step 

computation along x provides results tor subsequent time steps, and 

is continued unti I the flow rate at x = L is essentially equal to the 

steady-state discharge (9B% of <TL in these computations ).* The result­

ing grid of valu es for u and h as fun ctions of x and t is a 

complete account of the rising branch of the depth and the runoff hydro­

graphs. Also, at a given time the surface detention can be readily 

computed from the known depth profile. 

Steady, non-uniform flow wi I I persist unti I a change in the rate · 

of ra intal I brings about another transient stage. The step method ex­

plained in the preceding section is again applicable. If the rain 

stops, -~he recess ion branch of a- hydrograph is just another case with 

<T = O, but the values of f are obtained from Fig. I, instead of from 
Fi 9.. 2. 

Pomparisons of Analysis and Experiment 

Computations of the depth and t he runcff hydrographs for . four cases 

with different combinations of sl upe, rou0hness and rainfal I form the 

basis for a comparison between theoretical and experimental results. 

The following four cases represent quite diverse coiiditions of flow. · 

Case I - concrete surface, ~ainfal I intensity= 7.44 in/hr, 

slope = 0.,02 

L = 500 ft. 

* . 
Compu tat ion was done on the IBM 1620 of the U. S. Army En g I neer 
Di stri ct , Kansas City, Mis souri. 

I, 
! 

11 
I 
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Ca se ll - concrete:: surface , rainf a ll intens ity = 1.98 in/hr, 

s lope= 0.005 , 

L = 500 ft. 

Ca se Ill- simul ated turf surface , rainfall intens ity = 2.00 in/hr, 

slope = 0.005, 

L = 500 ft. 

Case IV - concrete surface, initial raintal I intensity= 

1.7 in/hr increases to 3.77 in/hr at t = 6 min, de­

creases to I. 75 in/hr at t = 18 min, and ceases at 

t = 32 min. 

slope= 0.005, 

• L = 252 tt. 

Figures 5. and 6 contain the computed and the measured hydrographs tor . 

Ca~e 1, ~rgs~ 7 and 8 for Case I I, Figs. 9 and 10 tor Case Ill, and 

Fig. II for Ga.se IV. The 't":onoft hydrogr;Jphs were me·a$ured at th,e end 
. . 

of the channe I or1 I y, and the depth hrdrographs were obta i n:ed at the 
- I, I 

varieus stations indicated in · th'e figure,s. • ,, , 
' • I~ II ' I I ' I ' :' • I '· ' 

' ' • . , I • 1 ' , I la ' ' , ' j ' ~,; 

Tnesc<~ ~ets of curves. to I I OW ~ 'Cons I s1r13nt ,pqt1t~l".1J1. Both dep:t~ and 

'rur;otf' i ;~rease monotonical ly with f imE!I afte/ 'th~ ~~
1

ln,f1a:l ,l1 : ~tiiti·t~~ a.n~ 
, I I , 

1 
1'•' 1 , 1·, 1, ·,· ~ ,I I t 

c losal'y i;!p'prqximat~ steady f,low aMer, :.a per lc>d ot ffme,. , fhe computed . 

) ur~·es· reach stead/'s.+ate qu I te rapid I y eV'e~ fhough:~h~ i 'r ·, a,ppr~~ch is I 

0 

!'I,, 

asy'!1pfotic; the -~ethod u~ed tor '
1

the st~e:: ~OT~,Htatjdn:,i ~xa~se~,ate,s ·som~~ 
~ , 1 I, I . 'I j, I . I ·j , I . 1 ., I • I , ' I, 

what the rapidity of this apptoac;h towarld tM1

~ ;l .i:i~;j:f,ing1., d@hditlqb. •, Atf~ri 
,, • ' • '' '1 . 11 I _'I • I 'I,· I 1,i i' I I ,· 

-~· the ra i 11 stops i both the dep.th and tne runot f d~cnea'se ', l'll(!)Haton ,i c;a I, ,I y ' ,j 
i " i i 11 ~ r ,1 I 1 · 1 1 111, II I i I i I I 11 , r+ • 

!, l j ! I I I I ii:.i ~ I I I t' I j :t I 

Case · I, as one wou Id expect. However, in Cas~
1
s I I' I 1:aAd I" , an,d i, i',n ~n ' ' ' r: I " I I)' ,1 I t i I I 

• •• • ',: ~ . ' I J I I~ 1i ]lr' qi :11 I~ 1:~1r11J1 .I ~111.11 I I ]1 l . I J~ 1' 

~ther cases the mea sured ·ruriott . ~.FI gs. 7 , a•~~ii , I, I) ,r 11 
h:er ,, ,~u,1,ck l,1 

I I f'. •I" I 'I 

to a peak .:rcirte apprec jab I y greater th~n 1the C egu1

I fi' f e b'e,foce ,' 
~I I I ' ! I' 1, j I I t I i t I ~ I I 1 II 

I I I "I I Fl I 111 I 

9 l nn Ing the regu I ar .decr,ease. :me pip i's 1seeo 1 'l ll 1 ,, 1 . , ,, • but+, i,' s ho 
, • 11 1 1 , 

1 
1 11[ 1 r 1 

1
lf
1 

1 
1 ' 1 

s,een !'Ii tho computed cur¥'81 shown! in Ip i a: 11 t I ,,,~:, tne ;:1:r~t-te'r' .ca~I~ rH:~ 
. . . •• 1,. · 'I,"' 1,'' 1', ,I"" I ''1,qiit',' I ,1 ,11111,,,1' ,1 I''', 

time step (/::,. t =I• 80 sS1t) take,n iin the ~ompli1f ,it,lo~ :,i'tH , 'fH~ ''recesai I 

I I I 11 I 11 u I 11 11 i ~ j ,l I I ~ 

branch h,, the former' Wps' too· h;iirQ~ tµ , r~v~9:1 'l'~h is :, \~~d p ; ,1

1

: ,Th 
• I • I . t l 11,J11 r :: 11 ! 1 ! rl111 

tlqn of this kino of pe,ak, for anof~,er'1• IJl(l)l'° O I:> '•,e~~e,) ,s ' 
' 'I ' I ,, 'I 1' ·1'' 11,1 I 

in the .f o ll owing section, ond shows dl-ear11y 1r.~e ,ct ijS8, 1a •li)~
1 ar, ,1

1,01 
• '• I n I , i I I l:;}ij r I ( IH I ' '1' , 

' , . • I I I I I I n 11 , I \ I , r I I I ~ ! 
of thi s anoma ly. The pips s~own 1n t h~1, flle<ru~tjre9 ' 

" ,· I I I H 

~ ~ 467 ft and l o1, f-t- In Fi 19. ,er alfEI ,lnco~si 1
' 'I • 

t I I I , ,~ l I 

' I ! I' . I 1111 
and tenrn:.,t be expl~ ineq except ' 

' 

arror . 

'II' 
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The computed curves shown in Figs. 9 and 10 for the simulated turf 

surface correspond we l I with the measured runoff and depth hydrographs. 

The re sults of the Los An ge les experiments for a two-step function for 

the rainf a! l intens ity yi e ld the type of superpositions of runoff shown 

in Fig. I I which one would expect. Again the overal I correspondence is 

good. The discrepancy in the first few minutes of the rising branch is 

probably due to inaccuracies of discharge mea sureme nts in this interval. 

The time to wet a dry surface and the time tor the water front to 

travel the five feet th rough the collecting channel and then through 

th~ ~~Ir tank undoubtedly caused a delay of some seconds between the 

commencement of rain and the first recorded runoff, as shown in Figs. 

5 and 7. As a con~equence, the rising branch of the measured hydrographs 

lags behind the corresponding computed curves. A similar but probabty · 

smaller lag also exists in the runoff hydrograph aft,r th~ rain .stops. 

During steady flow, the discharge at any section x is simp~y ~x. 
' Therefore, the measured and the computed runoff shouJ d be the same. 

They are a I most equa I but not qu It,. In Fig. 5, .the measured steady run­

off is about O. 5% I ess thc;1n the computed va I u·e, and in ft'i g. 7, the 

measured steady r1,.1noff is. about 2$ higher than the computed value. 

These di screpancies in steady · state discharge occur bietwee.n, the spec i -

f i ed ra i nfa 11 and the observed stead.Y runoff, r~i;her than between pre-

d I ct ion and observation. 

In the earl y stag.es ~t .. the ·· e~tap I i 'Shrr,ent of t I ow: most :~t t~e ra I 11 
' I / I/ I ; '1 I, 1 'I ,I 

goes into stora£,e on the s1,u·fa.c,~ ~:o that t~e , initla:I 'rat~ ~f increa,e, of 

deptr. .is approximately equal to 'tht rate· ,of; rai ,11f,~:li ,~ / ; :fh(;!I r~t~ pf • ,, 
I I ' t· ''.: Ii :li I· i ' I ' I ·I, k I 1·' I ,, !' 

change of depth sub.sequent I y decr~~s:~s ,·; of <;:?ur;-~e 11 1,fJl:s r~~of f
1 
~~g Ins, an~ , 

'. I I I:' .r1' , I I I 'I ' I 

becomes zero' when steaqy flow j~ ,establ,, lshe,d, ,, The,1sl 'op~ 11,~ ,~1~r :, cf ,,tht'f 

r Ising branch of the depth hydrograi:ih • s:,ou I'd neveb :e~c;:e~~ , fh~,, 11~-f;e ,, ot' 
' ' II I ' I I I ' . I ,, ' 

1' '1µi 1: I ,, ' I , ' ;! Ii :1 I I I" 111 11,i ;11, I 

ra i nfa 11, and i,r, ltla 11 y the . s
1

I;op$$ of t~e dE;)pfh hMdrQgraRh$: t~~e:n ·at 
I , i I I i11; .. : I , ii. i; I '~ r , : j1, . f i i ; ' , i i 11 , 

different stations a Ions tlie cbahh~l·,l; sh9vlt1' ~~ re~r 11\1 t~~ ~~~~ ifs i 1n1 1the 
computed curves .In Flci. 8,, ' lo ,~aqt, ,:: A 1hi/A~

1
. :,qoe~ :E> xeee4, fr , 1+slg~,if1- , , 

' ' ' w 11 I 11, ~ 'i I 'I: I I I I 1 I, 1·1· I 
,, j I 11· I :· '·: 111 I 11 1 ·, I 

cantly in some ln terv~ls, a CO'hdltio, W1~:jch1i ~S ,ln'qb11~'11stent' Wl1~ t,he ¢gh+1 

Jl,1 'i" ' 'I ,i ' If I+ "t. ,JI ·1111:f : ', I "I, 
ditions of f low es alrAady stated~ ~l:sq', i ,~ Fi ~. ;'.8',, T Me 1

1
m~qafu,M,fll~ ,·$i·,~q,,-\ 

I :, I 'I I ', ,1 I I , , ' 11 ' I I 

s·la t e depth at X = 333 ft ' is aPn~id~r~19;I y oelbw' th~1 compu1~fd i~ij h,11~1, I ;
1 

• , I I , • ,i" 'J , ,1 r, u!' ,, 1: :11 ,111t • ,, , 1 ii, 
whereas t hose at the other ,two st ~ft i'O,~S ' ceirre·~1p~f111ij1' rp,t~~~I I wr :11 111~11 I~ ~tft~ I 

• : I I I I 111 111 1 ,l 11 j ·l1j I 1111 l I I II I I 

coml,)uted va lues . l10adjn9s of ·lrh(jl ~1o~fh, obt~line~ ~r9m ' ifll 'is, P,' 'rrieiijje,r; ;~ 
I I I~ 'I' I I l'I' I I II I 1[ 1,1,;I' ' 11 I 11 
I I I 1, I I :1 i' ,1'1 ,11 ' '111 I il1 I I I II:, I I 1: I 1 I II 

I "I 11 111 'I I 111 ,j, ·'I I 111 I I 11 I', ' I ', I,' l'I I ,. 11,,,, 11, ,1 ,1f I ' ,1 'Ii '1111 1, ' I 
I I I I I II ' I 

I' . 1, ' •11 n til 1 , , '1 ., 
1·

11 '11 I I 1,_, _____ ... _ __ .....,..~ ............. ....,,..., ......... ~~-r:l'.'l"l"'-&'~~ 



j the No, I channel {0 .5% s lope) were consi stently low, as stated in a preced ing sect ion. 

111 spite of ev idence of imper fec tions in the experiments , the com­
puted runoff hydrograp hs based on the s implified analysis correspond 
surpri s ingly wel I with the mea ~ured curves . The computed depth hydro­
graphs correspond somewhat less wel I, For Case I, the recession branch 
of the computed depth hydrograph is higher than the measured curve, and 
the di screpancy increases with time, an inconsiste0cy for whi ch the cause is not known. 

A point of qua I itative correspondence in the recession branches of 
the computed and measured hydrogra phs in Fi gs. 5 and 7 is the point of . 
inflection and bump whi ch occur sometime after cessation of rain. The 
corresponding Reynolds numbers indicate that the change is related to 
the ·transition from turbu I ent to I am I nar f I ow. 

The Anoma lous Pip on the Runoff H~drograph 
On many of the runoff hydrographs, as mentioned In the preceding 

section, the discharge increases immediately after the rain stops in a 
manner shown in Fig. 12. The disturbance caused by the raindrops, not . 
the momentum eff ect described by Eq. (1), is the reason for this intrigu-
ing effect. Although the rain does enter the stream with no net momentum 
in the di rect ion of f I ow, and thus retard the f I ow, the magnitude of the 
retarda t ion is so sma l I that its cessation could not cause this ratter 
dramatic occurrence. The/ pips occur primari,ly for flows in which the 
Reyno Ids number can be 8 I ther I am I nar or turbu I ent. Evident I y, t ·he 
tal I ingra in causes flows Which would otherwise be laminar fo beco~e 
turbulent. The good correspondence of observation .and prediction irt 
Fig. 12 supports thi s hypothesis. 

, I The heights of those pips whieh occurred aff)Ong the 150 runoff hydro-
gre~hs , obta ined in the concrete channels with uniform ~ainfall, ls 
r~ther loosely dependent upon the Re,ynolds number at the end ot the 
channel ( • L/11 ) ar, shmm i,n Fig. 13, Thq Reynolds numbe in the plot 
vari es from abou·~ 100 1"u 7600, and the maximum relative, height of the· 
pip ob.::ervcd' i s over 20% of the equ i I i br i um discharge, a ~.urpr Is i rig I y 
large clwn~ El . N) pips oc urr ..,d for Reyno lds numbers larger than 2400 

I 
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less than 150. In contrast, pips always occurred for Reynolds numbers 
between 350 and I 150. Clearly, the pip is related to a trans ition from 
turbulent to laminar ilow near the downstream end of the channe l. No 
simple relationship exists because the :~eynolds number varies a long the 
channel and the degree of disturbance depends a lso on the rate of rain­
fal I and the depth. 

The data in Figs. I and 2 indicate a significant effect ot rain on 
the resistance coefficient in the transition region despite their con­
siderable scatter. Thus when the rain ceases and the turbulent flow 
becomes laminar, the corresponding resistance reduces considerab ly. The 
rate of flow is higher than the equilibrium rate for a brief period be­
cause the velocity increases more than the depth decreases; the extra 
flow must como, of course, from ·storage. If a zone of turbulent flow 
close to the discharge measuring station becomes laminar, a pip shows on 
the discharge hydrograph. If the transition is farther upstream, the 
norma-1 draw-down ef feet w i 11 cause a decrease in discharge which the 
local increase can not offset. The pip may occur at Som€ point upstream 
without affect in~ .materially the flow at the downstream end of the 
cha t nel. The resistance in the fully turbulent region is essentially 
the same with and without rain; consequently, no pip occurs for these 
large Reynolds numbers. 

Because of the scatter in Figs. I, 2, and 13, the .foregoing expla­
nation is •plausible rather than conclusive. The experimental data 
fol low rather consistent trends for a given set of experimental condi­
tions. For example, the black points on Fig. 13 represent two similar 
runs with almost equal rainfall intensities (1.85 in/hr and 1.87 ·in/hr 
for l = !68 ft and S = 0.5$). The re lative heights of the two pips are 
21 % ari d 15.t. These computed va I ues depend on the d'it ference between the 
peak discharge and equi I ibrium discharge which is only a few ten thou­
sandths of a cubi c foot per second per foot of · width compared to ~n ac­
curacy of measurement of on ly 0.0001 cfs/ft; better correspondence 
should not be expected , Thus, even though individual item$ .are in~~f­
ficiently preci se to be convincing, a variety of experimental evidence 
supp )rt~ the forego ing expl anati on of f he occurrence ot tHe pips. 
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Di s~uss ion of Procedure an d Results 

Tho forego i ng deta il ed analysis and the comparisons with experiment 

revea I both the ut i I i ty ot the computat i ona I methods emp I oyed and I i mi ta­

ti ons on the i r app l i cab i I ity. The t echnic.i~e developed makes possible 

the prediction ot runoff for a variety of circumstances. Al so , the com­

putations ca n inc lude effects due to var iations of rainfa ll, slope and 

r cughness , or to addit i ona l f actors such as wind and inf I itration. The 

j ust ifi cat i on for further complication of the computational process de­

pends upon both the ut ility of the additlonal information and the rel l­

ab i l i t y of the support i ng i nformat ion. 

Certa in quite e l ementary slmpl ificatlons are usually justifiable. 

One of these is the reduction of the problem to one of quasi-steady, 

locally-uniform flow tor the establishing of a relationship between the 

resistance coefficient and the Reynolds number. The de~ths are usually 

small and approach t he values for steady flows quit'e t·apidly. ·in tact, 

the equi I ibrium depth divided by the rate of rainfal I yields a time. at 

which the depth is pr6bably betw~en BO and 95% of the equilibrium depth -

·often an accept ab ly c lose approximation to the time to reach equ1 I ibrium. 

An estimate of the time requjred to reach eqt;1i I ibrium also -serves 

the function of providing a tirr•e sca l1e, Th11:, selecti 1on of a value for 

8t depends on the a.ccuracy _Which can be just i,f i ed _and on the I ength 

of the per iod being studi ed. A value ~s great as · ane tlfth of the 

equi I ibri um time i s so long as fiQ dis"i·ort the ~alculations; .. a value 

sma ll er than one twenty-fifth would pri0bably lncr~se ttrie 1,, total ~mo1,int 

of work unjust it i t.ibl y. Also, it the ~e1ic;1l led ~ariatlori' of, a part of ,a 
., I I' 

hydrograph Is 1·o be de,i"erml ned, then if:,. t must b~ s,nq'I I enough to 111Efet 

the spec ia l requi rement . For example, i,n f 'he ooinputa-r :lon ,p f th,e pip, 

fl t was 15 sec. in compar i,son +o a ~hne of cor\Cf;?ntr~'tion of 16 min. 

The appropr i ate vi:Jlue for Ax appec)r-$ 1o b~~r about 1-:he sam~ re ,lation~ 

ship to L as 6 t does t o the equ i 'I i briu:m time. The v~lues of A x 
used (17, 25 , and 33 feet, or about L/20), pro~~d to be i:;ati~h~'ctpry 

i n the computations presented herei n. · 

I n some insta nces , the va lt,1 es of 4. x atf<;?ctis J1Ji1¢Hr.~~t llY t he vai l11ua , 

of the r es i ,;t a nee coeH i c i en·t ust:1d In ~he sttBp com,p~~~1'tior . • I\ 'f;ar 

I I 
,1 

I I 

I 
I, ii 
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the Reyno ld s number ot the step is in the transit ion region, Fig. I, a 

large va lue of l::,. x cou ld cau se a significant change in R, f and 

consequ ent ly in h. This abrupt change of h would then propagat e 
along both x and t. 

Analysis of the resu lts of the exper iment s with sheet flow con­

ducted by the Los Angeles Di strict indi cates that refinement to t he 

d~gree of re lat ive accuracy usually attainable in con t ro l led tests would 

require a precision of construction whi ch is impracticab ly dif f icult to 

attain. For depths whi ch are less than a few hundredths of a foot, care­

fu 11 y prepared concrete surfaces are probab I y I ess I i ke a smooth s I ab 

than they are I ike a ser ies of depressions and rapids characteristic of 

a river. The experimenters pointed out the difficulties they encountered, 

writing for examp le of "bird ba tl,s" which remained after the slabs were 

drained. Since 01,e infers therefore that regions existed jn whi ch the 

slope was zero or negative, locaJ values for the ·slope must have varied 

by as much as.±. 100%. From another point of view, the pre,cision of 

loca 1I e levations raquired to maintain an accuracy of only 10% <;> f the 

depth for a fl x of one toot ( a reach which i s many ti mes the depth) 

is 0. 0005 tt for the flattest slope used (0.5%). A~h ievement of such a 

preci s ion in a concrete s lab ove~ a distance of 500 feet wou ld be exceed­

ingly dif f icul t . The desi red accuracy of measurement of the depth was 

also difficult to achieve . The data fbr indiv idua l piezom~ters are in­

consistent, not on an abso lute sca le, because the, errors a,re, remarkab ly 

sma l I, but on a sca le re' .;1 tive, to the dep1:hs: and s lopes whi'ch mu st be 
computed or predicted. 

The plots of the uni form 11o~ used tor de+•rm inations Qf the re-, 
sistance, coeff ic ients 'are addltlcmal evidence, ot the ditfioul"tles en- · 

countered in experiment s of this kind; ■ ,an d the slmul ateo rainfall IT19de 

the resu I, ts even more €·r rati c. Uodoub'ted I y, both the depth and the 

s I ope var I ed cons i derab I y from place to p I ace. Fortuna1te I y ~ the averag-
1 

Ing of these effects in both time and di stance provides retu lts whl~h 

are acceptabl y consistent . In spi •te of tho extreme diff ictiilties en­

counter ed in the eKperiment s and the evident inconsl 5tencleij in some 

det a i I s , t he over a I I resu I t s ar e s igh I t 11 cant. None ol the i nev l ·tab I e 

fl m1 s proven-is t he pr imary: €!I nd (1S$1ijntl ~:d re,sults from showi ng up c l eartl'y 
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and cons isten1·1y. For example , the refinements ach ieved by the experi­

menters to show both the ex istence of pips at the cessation of rai nfal I 

and the ir cause 111 tile transit ion from laminar to turbu len t are remark­

ab le. Fur thermore these results were obtained for flows which could a lso 

be in transition between sub- a~d super-critical velocities. It fur ther 

refinements are required, they should probab ly be sought through the 

conduct of contro l led laboratory tests on comparati ve ly short sections 

of precisely plane surfaces . The techniques of constr uction and mea3ure­

ment wou Id hav t:i to be more precise than the U!:;ua I ones by factors of per­

haps ten. The results would undoubtedly provi de add iti onal insights into 

detai Is of such f lows , but would probab ly not Increase· one's ab i I ity to 

predict runoff from surfaces constructed in the field. 

Con c I u s i on s 

Numer ica l procedures form a basis for predicting the runoff from 

impervious sur faces which accords satisfactorily with the results of ex­

tens ive fleld studles undertaken by the Corps of En~ineers around 1950. 

The equations of continuity and of steady, uniform flow are sufficient 

if Information is a lso avai lable as to the surface resistance. The pro­

posed equat ions are s imp ler than originally expected because a number of 

otherwi se comp I i cat ing terms are negl lgible for flow in thin sheets. A 

program i s ava il able in order to make computations on an 'IBM 162.0 computer. 

Because the depths are sma l I for the G~ses studied, otherwise unim­

portant irregularities affect s ignificantly the accuracy of the experimen­

tal results. The avail a1ble data on res istance sc~tter considerably even 

though they do define a useful rnean · value. The predicted and observed 

trends for the variatior:s of depth and discharge n:ever1the1 less correspond 

remarkab ly we l I. F.ve n the pip, ari incr ,eese in flo~ immed iate ly fol .lowing 

the -cessation of ra infal I, is preclictab te. It resu 'lts from the change to 

t he laminar sii,te of a flow which had for mer ly been ~de tur bulent by the 

batter ing of ra in dro ps . The technique ~f o.ornputatlon, prQ:posed Is surely 

adequate for the des ign of alrf le l,ds QMd highways •pr~V:i~ed tna,t s,lopes are 

not so grea ·1· as to cau se ro 11 waves . Further ref i neme1nfs e i -tner of 'the 

theory or of the experi ments ~re probab ly not justifiable m1 pra,9inatic 

grounds . The va~pr i cs of i'he de::dgn ·s torm and ot the struchJ,re make a 

more rigorous de~d gn impractlc,11 . 
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APPENDIX l 

LIST OF SYMBOLS 

C - Constant coefficient . 
t - Resistance ccefficient . 

2 g - Gravitational acce leration, ft/sec. 
h - Local water depth, ft. 

L Total length of surface subjected to rainfal I, ft. 
n • Exponent 

q - Local discharge per foot of width, cfs/ft. 
q - Equilibrium discharge e 

~q - Maxi mum increase in discharge after cessation of ra 1 nfa I 1 •. 
S - Slope of surface 
t - Time, sec. 

u - Velocity in x-direction , average over section , ft/sec. 
x - Distance measured in direction ot flow, ft. 
R - Loca l Reynolds number defined as uh/v 
V - Kinemat ic viscosity of water, ft2/sec. 

3 P - Mass density ot water, s lug/ft. 
u - Rainfal i intensity, ft/sec or in/hr. 
r Boundary shear stress, lb/tt2. 
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Fig. 6 

Fig. 7 
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Fig. 10 
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APPENDIX 11 

LI ST OF FIGURES 

Resistance to Sheet Flow on a Concrete Surface Without Rainfal I. 

Resistance to Sheet Flow on a Concrete Surface With Rainfal I. 

Resistance to Sheet Flow on a Simulated Turf Surface. 

Definition Sketch. 

Runoff Hydrographs, Case I, S = 2$,CT = 7.44 in/hr. 

Depth Hydrographs, Case I, S = 2%, CT= 7.44 in/hr, x = 467 ft. 

Runoff Hydrographs , Case 11, S = O. 5$, CT = I. 98 In/hr. 

Depth Hydrographs, Case 11, S = O. 5%, CT = I. 98 in/hr. 

Runoff Hydrographs, Case 111, S = 0. 5%, <T = 2. 00 in/hr, 
S irru lated Turf Surface. 

Depth Hydrographs, Case Ill, S = 0.5t, '7 = 2.00 in/hr, 
x = '-}67 ft, Si mu I ated Turf Surface. 

Runoff Hydrographs, Case IV, S = 0.005, x = 252 ft. 
An Example of a Pip on Runoff Hydrograph, S = 0.51, ~ = 0.851 
in/hr. 

Fi g. 13 Rel at ive Height of Pip as a Function of Reynolds Numbe,·. 
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