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ABSTRACT

A rationaIl analysis of wire strand in 
tension is .4-ade

through the use of exact gometrical 
relationship aiid theory of

mechanics of materials. The calculxted strainf, deformations and

end-rotations of a strand agree well with the experimetel 
dv.ta.

Effect of the end-rotation on tte load 
distribution in the wires

of a strend is sbovu in detail. It was also found that the gap

between the core anI helical wires 
had a surprisingly high effect

on the load distribution in the wires 
and the an'sunt of end-rotation. 

A

The present construction of strands 
is critically analyzed and possible

improved design is indicated. Finally, a truly non-spinning strand

design is presented on the basis of 
this new method o, analysis.
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INTRODUCTION

The widespread use of wire strands and ropes in industry demnads

a constant updating of the knowledge of the design and construction.

Today, a large seletion of strands and ropes are available for various

field applications~lj. To select a proper type of ropes for a specific

job, the designer must be thoroughly familiar with their operating

characteristics. This paper deals with one of these - the behavior

of a muli-wire ttrand subjected to an axial tension.

Method of stress analysis of strands and ropes was presented by

Hruskat2,3,4] . More recent investigators, with po"sible exception of

Starkey and his students[5,61J, still essentially follow his approaeh

[7,8]. Cowever, his method was boed on the assumptions that the

deformation and end-rotation are small aund the radiur of the strand

or rope remains constant during loading. These assumptions are

perhaps valid for steel strands and ropes having solid cores and,

f.ar strands and ropes of moderate lengths,the calculated stresses and

deformations are perhaps adequate for practical purposes. In the

modern technology, synthetic fiber ropes are used extensively; even

for steel ropes, the core is ust.ily, made of fiber; for deep ocean

studies, steel ropes as long as 15,000 feet are in common use. For

these .a.plicatf':ons a more precise method of analysis should be deve-

loped to socuratoly predict it' behavior.

A strand is made of a single, straight core wire wrapped around by

one or more layers of helical wires. The total nuxb*r of wires in a

strand is 3n(m+l)+ls where a is the number of layers. One-layered strand

is called the guy strand or prestressing strand while that has two or

more layers, the bridge strand, The helical wires in each layer make a

constant amgleowith the section of the stran The distance of one8.1.



lay is called the pitch and is denoted by p. The total length of the strand,

which is the same as the length of the roie wire, is denoted by L. The number

ot turns of the helical wires are denoted by n and are equal to L/p. The radius

of the stcand is defined as the distance from the axis of the strand to the

center of a helical wir. and Ls denoted by R. The arc length of a helical wire

is lenoted by S.

When a tensile load P is applied to the strand, its length is increased by S.

and, at the same time, if it is not restricted from turning, the end of the

strand - Iso unlays by an angle #. Geometrical consideration leads us to

conclude that a helix describes a developable surface and the developed surface

is a triangle OAB (Fig. 1).

After the load P is applied the developed surface becomes the triangle

OA' '. We shall use the primed symbols for deformed state throughout. The

undeformed and the deformed lengths of the helical wire are, respectively,

L
7.

LS

where Sin O' --" L L )(PCL+ JL 4 p"I( L €. .t/R- )().

The tensile strain in the helical wire is

5--

Sin at1/(4 E4)L + I (2)

where IE /L = tensile strain in the core wire and
c

KI  R'
R
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We note in passing that Eq. (2) is an exact geometrical relation between

the engineering strains in the helical and core wires, valid for any number of

layers in the strand, any lay angle and any amount of end-rotations of the strand.

It is interesting to demonstrate that this expression includes previously avail-

able results as special cases. For instance, setting K, = 1 and 0- 0, we reduce

Eq. (2) to

FUsing binomial expansion and retaining only the first order term, we obtain
C Sint 0( (2A)

which is the relation first postulated by Griffith and Bragg [91 and derived by

Hruska [2]. Essentially the same relationship has been the basis of the exten-

sive application to the stress analysis of strands and ropes at least up to 1969

(5,6,7,8).

To include the effect of end-rotation we retain the term Involving in

Eq. (2). By a similar procedure as above, we obtain,

- Cofd) to the first approximation (25)Sh L

which is the same as the result by Hruska [41, using an elementary approach.

Solving for It in Eq. (2) and setting h and K1 to zero and unity, respec-

tively, we have, by a similar procedure

&II RC t40C(2c)

L iona

which was obtains! also by Bruska j4, for a rigid rotation of the helical wire.

For any fixed values of K, and a(, Eq. (2) can be used to determine the re-

lation between # and Ic using R # as a parameter. Fig. 2 shows such plots with
L

1 and al- 82043', which is typical for a 5/16-in. steel strand. We see thatK1

these curves are very nearly straight lines having a slope approximately equal to

-3-



Sin 2at, as indicated by Eqs. (2B).

We note also that the above discussion is valid for any layer of helical

wires in a strand with reference to thp core wire. There is no restriction of

the number of layers. Of course, R' and a may be different from one layer to

the next and the outcome of Eq. (2) would also be different. I
I

EQUATIONS OF EQUILIBRIUM

Now we proceed to write down the equilibrium equations for a prestrossIn9

stratd. Let N be the number of helical wires and Pc and Ph are the resultants

in the core and the helical wires, respectively. The equilibrium of loads re-

quires that

P + NPh Sin P (3)
c h

The equilibrium of moments requires that

M-N (bCos s('+M Sin O(') +M (4)

where M - applied torsion, which, following Hruska [41, can be determined by

the following:

M = NPhR' Cos a(, as modified with the consideration of changing

radius and pitch. mad

M- bending moment in each helical wire

Mt - torsional moment in each helical wire and

M - torsional moment in the core wire.
c

I
-4-



The first quantity above is the product of flexural rigidity and the hange

of curvature and can be shown to be the following:

N 'i,- EIk ( C"s'1 - s "0( ' )
(5)

where Ih = moment of inertia of the helical wire and

E = Young's modulus

The other two quantities are the product of the torsional constant and the

angle of twist or change of torsion, whichever the case may be. It can be shown

that

M t =G J6(c,,.s d Cos s,-.' (6)

L

where Jh and J are the polar moments of inertia of the helical and core wires,

respectively and G is the sheac- modulus.

METHOD OF SOLUTION

Eqs. (2), (3), and (4) can be solved for the rknowns Ph" P and #, with

the considerations of Eqs. (2), (5), (6), and (7). Unfortunately, these are

non-linear, transcendental, implicit algebraic equations. No general procedure

is available for its analytical solution. We therefore resort to a graphical

method.

For gt'-tter generality, we cast Eqs. (3) and (4) in nondimensional form

as follvws:

Ka A Sin.) - (8)

f5



+ ) K, C.ost1 -  COS ad)-4- ( C, C-034 sn.(-Cos NC S;ne,')+ov'j

4_____P6 R

1 N Cosa' L (9
GI

where A and A are the cross-sectional areas of the helical and core wires,
c

respectively, K2 is a constant which is equal to 1 if there is a core wire

and equal to zero for a hollow core and V - Poisson's ratio.

P 2
Fig. 3 shows the plots of h R1 vs. C , having R14 as parameter and with

G J c L

prescribed values of Kl, Ce, N and Jc/Jh' We note that curves are again very

nearly straight lines, having a very flat slope. This shows that, at least

for the constants used in this case, the end rotation is roughly proportional
P RIL

to -h-.... Since the latter :isin turn, proportional to we can conclude

Ch

that # is also roughly proportional to Eh. This is not surpriging, inasmuch a

M is proportional to Ph We have labeled Ch on the ordinate in Fig. 3, suitable

for the 5/16-in. strand.

Now we proceed to discuss the ?roposed graphical method. For definiteness,

suppose we choose the following problem:

Specimen = 5/16 in.,steel, 7 - wire strand..

Diameter of core wire - 0.145 in.

Diameter of helical wire - 0.140 in.

Pitch (lay) = 7 in.

Length = 36 in.

load = 5000 lb.

-6-
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From the above data, we can plot Eq. (8) in both Figs. 2 and 3 as the "qolurion

lines". The correct results must lie on these lines and also must be compatible

in E, n and R' +/L. FroM Fig..2 with the consideration of the solution
C

curve in it, we cannot be sure about either ( nor R' #/L since they can vary in
C

wide range. However, we are certain that E should not differ much from 0.0015.
h

With this value for Gh, the solution curve in Fig. 3 leads us to conclude

th,..t E and R' +/L must be 0.00195 and 0.0032, respectively. Using the latterc

two values, we go back to Fig. 2 to find the corresponding value of Eh. Continuing

this process we obtain finally,

= 0.00149
h

= 0.00195

R4b - 0.0032

from which, the following can be determined,

Ph = 678 lb.

P = 920 lb.
a

= 0.807 = 46.2*

=j ffi 0.0737 in.

The last value includes a "structural stretch" of 0.0001 per in. as determined

experimentally. From Eq. (1) we can also compute Sin a and then, from Eq. (5), we

found that Mb is 3.91 lb-in. which produces a flexural strain in the helical wire

by the amount of +.0049. Combining the flexural strain and fh shown above we see

that the strains in the helical wire, due to combined bending and tension, vary

from 1980 down to 1000 micro-in, per in. In addition, M is determined to be
t

10.1 lb, in. The corresponding shearing strain is 1660 micro-in, per in.

-7-



VALIDATION OF THEORY

Tests have been carried out by Dr. Durelli and his associates (103 on a

5/16-in. strand and the experimental results are shown in Figs. 4, 5, and 6.

The theoretical results are also presented there for comparison purposes. Fig.

4 shows the relation between load and deformation and the theoretical and experi-

mental results are in a reasonable agreement, Fig. 5 shows the relation between

load and longitudinal strains in helical wires. The strain gages were mounted

approximately where the minimtun combined strains are expected to occur, The

measured strains show a considerable scatter and differ from wire to wire.

Nevertheless, the analytical results run approximately through the mean value Of the i
data from six gages. Fig. 6 shows the relation between loads and end-

rotations. It is seen that the theoretical values are in good agreement with the

experimental results.

Because of the agreement between the analytical and the experimental results

and the proper degeneration of Eq. (2) into the known results in the literature

as shown in the last section, we have considerable confidence on the theory given

above. In the following we shall apply the theory to obtain new results which

may be interesting and useful.

APPLICATIONS

1. Effect of the end rotation on the stress distribution among wires.

It is well-known that the end rotation has a profound effect on the

allocation of loads between the helical and the core wires. Some calculations

to this effect were made both for strands and 'or wire ropes [4, 7, 8]. Fig. 7

shows in detail the variation of the strain in the helical wires of a strand vs.

pitch angles with R' 4/L as a parameter. It is seen that, for a fixed level of

the strain in the core wire, and for a fixed pitch angle, the strain in the helical

wires in general decreases with an increase of R and the former can be made to
L

vanish at a moderate end rotation; in other words, at certain combinations of

-8-



parameters the load P can be made to apply only to the core wire and the helical

wires are free from direct tension. The effect of end rotation is more pronounced

for small pitch angles and, as the angle increases, the effect of end rotation

diminishes steadily. When the pitch angle is very nearly 90, however, rotation

may produce an increase in the tensile strains in the helical wires, exceeding

that in the core wire.

Fig. 8 is a typical chart which shows the variation of the strains in the

helical and core wires at different load levels. It clearly shows that, at least

for the factors considered therein, a moderate amount of end rotation can increase

the strains in the core wire by as much as 80%. It is interesting to note that

the end rotation also causes a slight decrease of the strains in the helical wires.

This implies that the end rotation should also reduce the twisting moment some-

what and the bending moment and torsional moment in the helical wires must also

be reduced accordingly.

2. Effect of reduction in the radius of the strand on the stress distribution

between the wires.

f We remark here that the radii of a strand in the deformed and undeformed states
r

are not usually the same. The reduction in radius may be induced by any combina-

tion of three causes: (1) There is usually a small gap between the helical and

core wires of a strand in the unloaded state such that a thin paper can be slipped

through; (2) the elongation of the helical wire tends to decrease the radius of

the helix, especially for a strand with a hollow or a soft core; (3) the tensile strains

strains in the core and the helical wires tend to reduce the radii of these wires

due to Poisson's effect. All three causes can easily produce a reduction in radius

of the order of a few thousands of an inch; in other words, KI is usually appreciably

lower than unity and may produce a considerable effect in the relative strains in

the core and helical wires. To show this, we expand the radical in Eq. (2), keep-

ing the linear term as before and obtain:

-8-



Ek *j EC sin~L - Cost.( 1 6 0(20

If the effect of a small rotation is also included, we obtain, by a similar pro-

cedure, the following:

I- CL5K,' 0 ( ( D

Eq. (2D) can be used for small C and R'4. It is not applicable to the
c L

plastic and fiber strands, of which either or both may be large. Setting K1

to unity in Eq. (2D), it reduces to Eq. (2B) which is valid only for rigid core

with no initial gap.

We have made extensive calculations about this effect. Typical results

are shown in Fig. 9 where we see that the ratio of radii have a surprisingly

high effect on the strain in the strands. For any given E, a 10% reduction in

radius, a reduction of the strand can reduce the strain in the helical wires

by 50%.

3. Effect of number of helical wires on the tensile response of a strand.

Traditionally, a one-layer strand has six helical wires surrounding

the core wire. It is interesting to investigate whether this is an optimum

solution from the point of view of structural mechanics.

We shall use the 5/16-in. seven-wire strar"4 described previously as the re-

ference. The alternative constructions shall have the same pitch angle and same

amount of metallic volume per unit length as the reference strand, except that

the number of the helical wires can vary from five to twelve. The diameters of

the helical and core wires, for constructions with N - 5 through 12, turn out

to be: a:
-9-



N 5 6 7 8 9 10 11 12

0.1582 0.139S 0.1254 0.1136 0.1037 0.0954 0.0883 0.0821

d 0.1157 0.1450 0.1688 0.1885 0.2050 0.2187 0.2306 0.2408
C

Unit: inch

When the strands havirig diameters of wires as shown above are loaded by

the same tensile load P (5,000 lb.), their response can be determined by the

same method as before. It is obvious that Eq. (2) stays unchanged but Eqs.

(8) and (9) change considerably due to the variation of N and the cross-sec-

tional areas of the wires. The details need not be elaborated here and we merely

list the results as follows:

N 5 6 7 8 9 10 11 12

Lb 0.00154 0.00149 0.00147 0.00144 0.00143 0.00142 0.00142 0.00142

C 0.00185 0.00195 0.00191 0.00187 0.00185 0.00180 0.00174 0.00173C

#R/L 0.0023 0.0033 0.0033 0.0032 0.0030 0.0030 0.0023 0.0020

For the above it is seen that the strain in the helical wire decreases

monotonically by. a small amount as N increases, but is virtually asymtotic to

a constant value for N greater than 9. The spread of strains, i.e., (E-eh), is

widest :-or N - 6, at 0.00036 and narrowest for N - 12, at 0.00031. The strain

in the core wire and the end rotation are plotted in Figs. 10 and 11, respec-

tively. We swe that both of them increase as N increases from 5 and reach maxima

between N - 6 and 7 and then both of them decrease steadily for higher N.

From 6ie above results we see that among all alternatives the seven-wire

strand has the widest spread of strains among the wires, the largest elongation

and the largest amount of end-rotation. If the criteria of "superior" construc-

tion of a strand re as follows:

- 10 -



- " - - ' - = J ' 2-' -.- -- z : .. . . ... , -

(i) As nearly uniform distribution of stress among the wires as possible.

(2) As high an effective modulus of elasticity as possible.

(3) As small an end rotation as posstble,

then the seven-wire strands are close to the worst possible in performance.

To be fair to the stravd manufacturers, there are other factors which must

also be considered in the selection of a strand, such as the flexibility, dura-

bility, fatigue and corrosion, etc., to which we areAaddressed. It is also true

that sever.-wire strands are used primarily as guy strands and prestressed concrete

tendons, of which the ends are prevented from rotation so that the above discussion

is not strictly applicable.

4. Design of Non-spinning Strands.

For many engineering applications, including deep-ocean work, a truly non-

spinning construction is desirable. Needless to say, all seven-wire strands have

end-rotation. So let us try to modify the nineteen-wire bridge strand. This

strand consists of 2 layers of helical wires of the same size. In order to be

non-spinning these two layers must have opposite lays. Since the inner layer

produces a much smaller twisting moment, the pitch angle should be chosen such

that a maximum twisting moment is delivered. It can be easily shown that the

desired pitch angle is 54*45 t.

For definiteness, let us assume the diameter of helical wires be 0.14 in.

and Ic be 0.006. We can compute the twisting moment due to the inner layer by

the following expression:

M =(fh ) RCos
Mtl hI AhE)6 R 1

where = strain in inner layer helical wires, which can be determined by Eq. (2).

R = radius of strand measured to the inner layer = 0.1425 in.

In order that the strand is non-spinning, this moment must be balanced by the

twisting moment produced by the outer layer.

- 11 -



The latter can be expressed by

M*jLin h2 Ac E) 12 R C-0S

in which the subscripts 2 indic,.te the quantities referring to the outer layer.

By a trial and error method using Eq. (2), we obtain the unk-Mowns as follows:
( } h2 - 0.00591

Cos O2 - 0.0985 or l - 84*21'

We believe that the construction sugested here is feasible for manufacturing.

Comparing with the conventional construction, the modified design requires of

slightly larger metallic volume per unit length, which is believed to be a small

price to pay for such a desirable property as non-spinning, provided, of course,

that the scheme which looks good on paper, vork out well in practice.

CONCLUDING MRKS

The method presented in this paper appears to be accurate enough for practical

purposes. Various applications are touched upon to illustrate its usefulness.

A more systematic study for each application indicated above would undoubtedly

enhance the understanding of the beh,.vior of the wire strands.

Perhaps more importantly, the method should be extended to the structural
analysis of wire rope, in which more variables are involved and the situation

becomes much more complex. Ultimately, a viscoelastic analysis of plastic fiber

wire ropes, in somewhat more refined manner than the pioneer work by Paul [11]

should be a very rewarding undertaking.

;? 1
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NATIONAL TRANSPORTATION SAFETY BOARD
Washington, D. C. 20591

SA-None File No. A-0003

AIRCRAFT ACCIDENT REPORT
ALITALIA AIRLINES

MCDONNELL-DOUGLAS DC-8-62, I-DIWZ
(ITALIAN REGISTRY)

JOHN F. KENNEDY INTERNATIONAL AIRPORT
JAMAICA, NEW YORK
SEPTEMBER 15, 1970

Adoptet APRIL 28. 1971

ERRATA

The following changes should be made to the subject report:

Page 10, column 1, lines 10 - 12 delete "at a point approximately
0.1 mile before reaching the outer marker (approximately 2.9
niles from the end of the runway)." and insert: "at a point
approximately 2.8 miles from the end of the runway."

Page 11, column 2, (b) Probable Cause, Line 6 insert: "high"
following" . . uncorrectable".

REPORT NUMBER: NTSB AAR-71-9
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