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CHAPTER  I 

INTRODUCTION 

$ 
The mechanical admittance method or equlvalently the 

mechanical impedance method is a means of cnaracterizlng the 

dynamic behavior of a structure by observing its dynamic 

behavior at a finite number of locations.  In general, admit- 

tance and impedance are complex quanities defined for steady 

state, sinusoidal motion and are functions of the frequency 

of excitation.  The admittance method is primarily experi- 

mental in nature and versatile in its applications. 

Mechanical admittance embraces such diverse areas as 

accoustical transmission in structures to mode shape and 

resonant frequency determination.  Rubin uses admittance 

methods to reduce levels of engine noise transmitted to pas- 

senger compartments on commercial aircraft.  Admittance metn- 

ods are also applied to simple structures to determine reso- 
2 

nant frequencies and transmission matrices. 

Tne fundamental difference between an admittance mea- 

surement and an impedance measurement is the displacement 

boundary conditions imposed on the structure during the mea- 

surement.  For the purposes of this paper impedances are 

defined as the elements of the inverse of the admittance 

matrix.  For an in depth treatment of the differences be- 

tween admittance and impedance see reference 3. 

* Admittance is synonymous with the term mobility. 
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This paper treats the problem of predicting the admit- 

tances for a composite structure from the measured admit- 

tances of the constituent substructures.  In addition, mode 

shapes and resonant frequencies are estimated from the pre- 

dicted admittances of the composite structure. 

Chapter II deals with the mathematics involved in the 

admittance prediction technique.  Chapter III is a brief de- 

scription of the total experimental system and the function 

of the computer programs.  Described in Chapter IV is the 

use of the total system for predicting the admittances, mode 

shapes and resonant frequencies for two simple composite 

structures. 
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CHAPTER II 

ANALYTIC BASIS 

2.1 The Mechanical Admittance and Mechanical Impedance of 

a Structure 

For most structures of Interest their low frequency 

dynamic behavior can be modeled by a lumped parameter or 

a finite element Idealization. Attention Is focused on 

linear elastic structures undergoing steady state, sinusoidal, 

forced excitation.  This approach facilitates the derivation 

of general expressions for admittance and Impedance. 

{Q}=MW
+ [«Ku} t*-1' 

Equation 2.1 is the general equation of motion for a 

linear elastic structure.   V*J is a column vector of the 

applied forces and moments.   \Uj lg a column vector of the 

resultant local displacements and rotations of the structure. 

The mass matrix, l^J , and the stiffness matrix, IK] , are 

square symmetric matrices of the same order as the number of 

degrees of freedom of the structure. 

Schematic of the Degrees of Freedom of the Finite 

Element Idealization of a Continuous Structure 

Figure 2.1 
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Equation 2.1 Is rewritten for steady state, sinusoidal 

motion. 

hit 
(2.2) 

{u\ --^{uje1-* 12.5) 

If the mass and stiffness matrices are of order N, then 

tnere exist ft noaogeneous solutions, yp  V, of equation 2.2 

(o.}= [-«sin] tUiMf} <2-6) 

Tne homogeneous solutions,-|<p r, exist only for a 1'lnlte num- 

ber of non-negative frequencies of motion,Wn.  (o^ is de- 

fined as the n— resonant frequency of the structure.  i'ne 

column vector, \§ V, is defined as the n*~~ mode shape of the 

structure. 

In general the mode snapes are orthogonal to each other 

with respect to both the mass and stiffness matrices. Equa- 

tions 2.7 and 2.8 are the definitions of orthogonality. 

LVJMM-O- m '2-8> 
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The resultant motion of the structure for forced exci- 

tation Is assumed to be a linear combination of the mode 

shapes. 

The elements of the column vector, \&j» are the modal par- 

ticipation functions which are in general functions of fre- 

quency.  If the modal participation functions are determined, 

then the forced response of the structure can be determined. 

Substituting equation 2.9 into equation 2.2 and premul- 

tiplying both sides of equation 2.2 by lYJ , equation 2.10 

results. 

Invoking tne orthogonality of the mode shapes with respect 

to the mass and stiffness matrices, equations 2.7 and 2.8, 

the mass and stiffness matrices are transformed into diag- 

onal matrices. 

[tfM-MH3*&s]lM (2.11) 

Eacn modal participation function can now be solved lor al- 

gebraically. 

Lj£j {%) 
<**=  (-<^mn + Kn) 

l2-12) 

u . I/* (2.14) 
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Substituting the expression for the modal participation 

function, CLn , into equation 2.9 one can construct the forced 

response of the structure. 

Um * u.e^ = I^^iy   tm.i,a...N) (2.15) 

For steady atate, sinusoidal notion the resultant velocity 

at the m— degree of freedom of the structure,"\/ - can be 

expressed as a function of the resultant displacement,"Um, 

and the frequency of excitation, (O . 

Vw= i^uMe^ i ^lf^^a  (m.|,2...n) (2.16) 

O^y, = irwx (2.17) 

Th e admittance of a structure, A-Jf0' » is defined as the 

ratio of the resultant velocity at the m— degree of freedom 

th of the structure to the force at the I—1- degree of freedom, 

assuming all other forces equal to zero. 

This expression for admittance' is valid for applied 

moments and rotational velocities,  experimentally, admit- 

tances are usually measured only for point forces and trans- 

*   If the structure is modeled as a continuum, the expres- 

sion for admittance is altered slightly.   <b"   is replaced 

t Y- (f)^ tn by the n—- continuous mode shape, r    , evaluated at the m— 

degree of freedom of the structure. 



18 

lational velocities.  For the remainder of the paper admit- 

tance! are defined for point forces and translational veloc- 

ities. 

The admittances, \ (u>) , are usually manipulated in 

matrix form, since admittances are measured on the structure 

at a finite number of points.  Using superposition of veloc- 

ities, an admittance matrix relating a column vector of point 

forces, 1*1 ), to a column vector of translational velocities, 

\^J , can be formulated as in equation 2.19. 

A 

• 

«•« 

Y2,M Y22(co) 

ye*) 

'''IN 

Y^ 

rc\ •f, 

i*- 

(2.19) 

w-ww (2.20) 

All of the admittances must be evaluated at the same 

frequency, l**> , for the relationship to hold.  Elements on 

the principal diagonal of the admittance matrix are the mu- 

tual admittances.  All other elements of the admittance ma- 

trix are the cross admittances.  Using equation 2.18 one can 

show that the admittance matrix,LiJ , is symmetric. 

Y 
•LmJL 

(2.21) 

The  p— column of the  admittance matrixfY^°Hir S2-••*"0 ' 
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can be Interpreted as the resultant velocities at the N de- 

grees of freedom for a unit sinusoidal force at the p— de- 

gree of freedom with no forces applied at the other degrees 

of freedom.  Deleting the p— row and column of the admit- 

tance matrix is equivalent to setting the p— force equal to 

zero. 

The inverse of the admittance matrix is defined as the 

mechanical impedance matrix, \.^i . 

W - [Y]"M = \HA (2.22) 

Since the admittance matrix is symmetric, its inverse, the 

impedance matrix, is also symmetric.  The elements on the 

principal diagonal of the Impedance matrix are the mutual 

impedances. All other elements of the impedance matrix are 

the cross Impedances. 

/ 

V 

£, 

,(*>) Z„M IZV 

Z2,(<*0 Z22M 

Z <») 

Z M 
IN 

z<»> 
*N 

/ 

*\ 

vz 

V» 

(2.23) 

The p— column of the impedance matrix, "Z_.jp (j= l,Z ... |vJ) t 

can be interpreted as the resultant forces at the N degrees 

of freedom for a unit sinusoidal displacement at the p— de- 

gree of freedom with no velocity allowed at the other degrees 

of freedom.  Deleting the p— row and column of the impedance 
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matrix is equivalent to setting the p— velocity equal to 

zero. 

From a practical point of view, making admittance mea- 

surements on a structure is easier than making impedance 

measurements.  To make an admittance measurement a force is 

applied at one degree of freedom and the resultant velocity 

is monitored at a degree of freedom with no velocity (dis- 

placement) boundary conditions imposed on the structure.  To 

make an impedance measurement a velocity must be produced at 

one degree of freedom while the remaining degrees of freedom 

are held fixed.  The reaction forces at the fixed degrees of 

freedom as well as the force at the point of excitation must 

be measured. 

The stiffness matrix, I rCj t  and the flexibility matrix, 

[Cj , used for static analysis of structures, are analogous 

to the impedance matrix, Ic] , and the admittance matrix, 

(.1 J , respectively.  Compare equations 2.22 and 2.20 with 

equations 2.24 and 2.25. 

{(] - \A{A <2-2*> 

M-[ctfO <».», 
IT J is a column vector of static loads and \* )   is a column 

vector of static displacements. 
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2.2 Assembling Substructures Into a Composite Structure 

Using Mechanical Impedance Notation 

Assuming that admittance matrices have been measured 

for a number of substructures to be physically assembled 

into a composite structute, one can predict the properties 

of the composite structure by mathematically assembling the 

substructures using impedance notation.  If the substructure 

admittance matrices are inverted to substructure impedance 

matrices, the substructure impedance matrices can be added 

to construct the composite structure impedance matrix. 

Region d]_    Region CQ_   Region C2   Region d2 

Substructure #1 Substructure #2 

Schematic of Substructures to be 

Assembled into a Composite Structure 

Figure 2.2 

Each substructure in Figure 2.2 Is partitioned by a 

broken line.  Those degrees of freedom that are to be Joined 

to degrees of freedom on the other substructure are parti- 

tioned from the other degrees of freedom in the substructure, 

The substructure Impedance matrices in equations 2.26 
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and 2.27 are partitioned in an analogous manner.  The 

elements of each impedance matrix corresponding to degrees 

of freedom that are to be Joined to degrees of freedom on 

the other substructure are partitioned from the elements of 

the matrix corresponding to the other degrees of freedom of 

the substructure. Regions c1 and c2 ia Figure 2.2 must have 

the same number of degrees of freedom to insure that \^ct\ . 

all have the same number of elements. foV (Mand (M 

V 
r 

c,d, c,c, 

( 

u a, 

CzC2 

d2c2 

c2<*2 

tfc 

v*, 

^j 

(2.26) 

(2.27) 

Equations 2.26 and 2.27 are separated Into four matrix 

equations for the forces in the four regions of Figure 2.2. 

to- iz^foWz^M (2.28) 

(2.29) 

(2.30) 

(2.3D 
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Using equilibrium between internal forces,ITC,J, \TC2r 

and applied forces, \Tc\f equations 2.29 and 2.30 can be 

added to give the applied forces in region c of the composite 

structure. 

(2.32) 

(2.33) 

Region d^ Region c Region d2 

Schematic of Assembled Composite Structure 

Pigure 2.3 

Invoking compatibility of velocities, equation 2.34, at 

the degrees of freedom common to both substructures in region 

c, equation 2.33 can be reduced to equation 2.35. 

[fc] = { tfc^ *{vc} (2.34) 

(fcl = [Zc,d,]K] + [Zc(c/Zc2c2Vc"\ + [ ZcadtlKI  (2.35) 

The impedance matrix for the composite structure is 
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constructed from equations 2.28, 2.31 and 2.35. 

i)- 
i 

•-) 

T7_                    "~Z /        > 

'-«.-'.   J   ^-c,c,     ^-C2Cjj   '-c,*, 
1 1TC » 

o. ;    zL e   ! Zj, 
d2c2                       d2d2 

(2.36) 

Since the measured admittances for the substructures 

are valid only for translational velocities, the substructure 

impedance matrices are valid only for translational velocities, 

Consequently, at the points of attachment of the substruc- 

tures one can insure the compatibility of translational 

velocities only, equation 2.34.  It follows that the attach- 

ment points of the first substructure are allowed to rotate 

independently from the attachment points of the second sub- 

structure. As a result of this limitation in assembling 

substructures analytically, composite structures that have 

large rotational impedances at the attachment points of 

their constituent subsrtuctures will not be accurately 

modeled by the composite structure Impedance matrix. 

Displacement boundary conditions are imposed on the 

composite structure by operations on the composite struc- 

ture's impedance matrix. One makes the velocity of the p— 
+ Vi 

degree of freedom zero by deleting the p— row and column 

of the impedance matrix.  Since impedances are available 

Just for translational velocities, only translational 
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velocities of the composite structure can be made zero. 

After the displacement boundary conditions are Imposed 

on the composite structure impedance matrix, it is inverted 

to the composite structure admittance matrix.  The resonant 

frequencies and accompanying mode shapes of the composite 

structure are estimated from the predicted admittance matrix 

for the composite structure as shown in section 2.4. 
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2.3 The Effect of Damping on Resonant Frequencies and 

Admittances 

In section 2.1 the resonant frequencies of a structure 

are defined as tOn  and the mode shapes are defined as|<P f. 

As the frequency of excitation, to , tends to 6Jvv , the 

forced response of the structure tends to infinity where the 

ratio of the response at one degree of freedom of the struc- 

ture to the response at another degree of freedom is defined 

by \V \• The property of damping exhibited in most real 

structures changes the definition of resonant frequencies. 

Consequently, damping affects the magnitude and phase of an 

admittance at or near a resonant frequency of the structure. 

To facilitate the discussion of damping it is assumed 

that the damping present in the structure is modal damping. 

Each mode Is assumed to exhibit damping Independently of the 

damping of other modes. 

This form of damping is represented mathematically by 

introducing a diagonal damping matrix into equation 2.11. 

fo}e
lMt=   [-co*N3 +Lu>[^+[K3)(a}e

;wt   (2. 37) 

The modal participation functions, &n , are solved for in the 

same manner as in section 2.1. 
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^n(<0)   =   Tnnn (2.39) 

%h(&) is the modal damping coefficient.  For viscous 

damping ^n((o)   is dno>n . For hysteretic damping &n(u) is of 

the form shown in equation 2.40. 

V4*)s "^sK (2-40) 

The admittance of a structure with modal damping is 

given in equation 2.41. 

YM :y*M__ = y %.» »> &.    -y, * (2 41) 

The admittance matrix for a structure with modal damping is 

symmetric. Consequently, the impedance matrix for a struc- 

ture with modal damping is also symmetric. 

The poles of equation 2.41 are the damped resonant 

frequencies of the structure, 3L , and are, in general, 

complex numbers. 

^tf2„Wl»+i(flJ;-«*?) = O. (2.42) 

The damped resonant frequencies can be solved for explicitly 

for viscous damping, equation 2.43, and hysteretic damping, 

equation 2.44. 
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The damping coefficient, dn » is much less than one for low 

frequencies of excitation in most structures. For hysteretlc 

and viscous damping dn is the G^ factor or the resonant 

quality of the n— mode. For the remainder of the chapter 

Wn is assumed to be 50. 

If the frequency of excitation is near the J— undamped 

resonant frequency, U)j , the $— term in equation 2.41 is 

most representative of the structure's admittance. 

x» S£_ 
(co) = i*i*i 

%{!*)&+iltf-(rf) 
+ e mH (2.45) 

(2.46) 

r\i 

£«JL represents the participation of all modes but the 

,th J— for co«t*)j .  The admittance matrix for the structure 

excited near the J— undamped resonant frequency is given in 

equation 2.47. 
(    \ 

{ 
V, 

X 

) = 
%p>)<»  +.1(^-0)?) 

U "t, 

tii 

* a 

I 

CHI • 

'id 

'KM 

(2.47) 
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If all Gwa> are zero forCOfttOj, then the matrix, LJ J , 

is equal to the admittance matrix.  All of the elements of 

iTJ are either in phase, 0 radians, or out of phase,TC 

radians, with respect to each other forCOssk)' . All the 

elements of IT] have a local maximum at one frequency of 

excitation.  This frequency is the real part of the damped 

resonant frequency defined in equation 2.42. 

In general the participation of all modes except the 

J—, £mjL> is not zero for(*)»u)j. It follows that the ele- 

ments of the admittance matrix, U^j+G,^ » wil1 no-t have 

their local maxima at exactly the same frequency for o)»a)j . 

In addition the elements of the admittance matrix are not 

exactly in or out of phase with respect to each other for 

any frequency of excitation. 
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2.4 Estimating Resonant Frequencies and Mode Shapes for 

Composite Structures from Predicted Admittance Data 

The predicted admittances of a structure are the normal- 

ized levels of the forced response.  The levels of the forced 

response are normalized by the magnitudes of the applied 

forces. 

Equation 2.47 is representative of the behavior of an 
th 

admittance matrix at or near the J 

quency of the structure. 

undamped resonant fre- 

V 
/ = 

63. 
mj 

1G 

^•(i0)G + i((J--<*fl 

+ 

L it V, 

'21 >n 

^Nl 

(2.47) 

W-"[Y]{f>-[TH*Me]m (2.48) 

th d 
If the participation of all modes except the J—, tmjL , 

is very small compared to the participation of the J-= mode, 

then one can predict the J— resonant frequency and mode 

shape from the admittance matrix.  The frequency at which 

the elements of the admittance matrix have their J— local 
th 

maximum is the J— resonant frequency.  The rows and columns 



31 

of the admittance matrix are proportional to the J— mode 

shape,|<f>J}, forCoft:u>j. 

In general there are two cases where the participation 

of all modes except the J— is not small compared to the 

participation of the 3— mode for iO<3U>: .  First, if an 

admittance is predicted for a degree of freedom at or near 
"t* h 

a node of the j— mode shape, that admittance is more 

representative of the participation of modes other than the 
th 
3—.  Second, if two resonant frequencies or the structure 

are close together, the admittance matrix Is representative 

of the participation of both modes at either resonant 

frequency. 

If an element of the admittance matrix corresponds to a 

degree of freedom near a node of the J— mode snape and is 

dominated by the participation of modes other than the J—, 

then that element will not nave a well defined maximum in 

magnitude m the region of the 3— resonant frequency. 

- (2.46) 

The expression for the participation of all modes but the 

J—-,£n\SL»  does not have any poles near co| .  Therefore,there 

is no local maximum In magnitude or bm|, for (OisiO' , 

If two resonant frequencies of the structure are close 

together, then the admittance can be approximated by the 

participation of only tnose two modes for frequencies of 

excitation near the two resonant frequencies. 
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4L LM Tto> = - 
p ,*p iO: 

^p(U))a> + i(a>*-a)p-) 
(2.49) 

Evaluating the admittance at GO} one can solve for 

values of such that the magnitude of the participation 

of the p~ mode is oL   of the participation of the J— mode 
th 

at the 3— resonant frequency. 

oC 
^vKifu).*) 

mpQl 
%>(u>j)Wj+i(wJ-u>p) 

(2.50) 

The damping for both modes is assumed to be viscous. 

%pL(x>) - dpcop = 2y?P60p (2.52) 

>1 is the ratio of the damping of the mode to critical 

damping for that mode.  The ratio of the normalized modal 

products for the p— and J— modes is A . 

PS (2.53) 

Substituting equations 2.51, 2.52 and 2.53 into equa- 

tion 2.50 one can solve for values of -rf. 
l 

\2-  (2-4nJU + l- 4^ = 0. 
\     ^p 

J 

(2.54) 

(2.55) 
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&f;** -&f 

-I.S N 
\ 

dp3 Z\\f - .02 

/    a.,(M) = o 

c) (4frf. , 

04 

d) (M)2, 2.5 

Plots of Equation 2.54 for Different 
Values of the Parameters Jw »oc» andfi 

Figure 2.4 
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Figure 2.4 shows plots of equation 2.54 for different 

values of the parameters, Sn  » OC   and fi . Assuming the 

modal damping coefficients dn are .02, the ratio of the 

normalized modal products 6 is 1.0 and <X. is .1, the 

roots of equation 2.54 are given in equations 2.56 and 2.57. 

(2.56) X = «/ ~ 1.2 

(2.57) 

<*»• 
Thus,if "j^a is greater than .8 and less than 1.2, the 

J 

participation of the p— mode at the J— resonant frequency 

is greater than 10%. If ~^X  is less than .8 or greater than 

1.2, the participation of the p— mode at the J— resonant 

frequency is less than 10J6. 

.th The participation of the p— mode affects the phase of 

the admittance at the J— resonant frequency.  The two modal 

participation terms in equation 2.49 are treated as vectors 

in the complex plane. 

Y« =_AM__ + Mj|  
fjjfoXo * i (w1- of)      Vu*"+i (u2- u>pl) mil (2.49) 

imaomory 1  ±ota, 

adm it+cwce^. 
p - mode 

$V) ^ 
^eal a*is 

Figure 2.5 

The Modal Participation Vectors of the P^ and J— Modes in 

the Complex Plane 
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The phases of the two modal participation vectors evaluated 

at OJj are given in equations 2.58 through 2.61. 

lW=-W(ife£:l=0.     «>0 (2-58) 

If M, is the magnitude of the participation of the J— 

mode and M is the magnitude of the participation of the p— 

th 
mode, the phase of the admittance at the J— resonant fre- 

quency is given in equations 2.62 and 2.63. 

(2.62) $ Ico} = tan"' (j^L%Ll        $«*) - 0 

^ I-Mj + Mpcosifyj))   ^ ' TC (2.63) 

1*Vi 
The participation of the p~ mode affects the phase of 

the admittance most when   ^(a)j) = ±>5- . 

(j) (co-) = tan' {ijH  =  W^cx] *»cX      $(<%)*O        (2.64) 

$>CwO = TC + tan"' (±~p \ = tan f+ocl ^Tt ± <x (2.65) 
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th 
The effect of the p— mode on the phase of the admittance at 

the J— resonant frequency Is at most OC radians.  (X is 

defined in equation 2.50. 
th 

Assuming that the J— resonant frequency is not close 

to other resonant frequencies of the structure, the J— mode 

shape is calculated from the maximum values of the magnitudes 

for the admittances near the J-= resonant frequency. An ele- 

ment of the admittance matrix that does not have a local 

maximum in magnitude for Id^U): and is dominated by the 

participation of modes other than the J— is not used to 
th 

calculate the J— mode shape. 

The signs of the components of the mode shape vector, 

{<bft are determined by the relative phases of the admlt- 
th 

tances at the J— resonant frequency. Unfortunately, the 

admittance data is available only for a finite number of 

frequencies which may not coincide with the exact resonant 

frequencies of the composite structure. However, as long as 
th 

the participation of modes other than the J— is small for 
th u>«u>j , the relative phases of the admittances at the j— 

resonant frequency are approximately the same as their 
th 

relative phases near the j— resonant frequency. 

The matrix |_ J J Is approximately equal to the admit- 

tance matrix at the J— resonant frequency if the partlci- 
th       * 

pation of modes other than the J— is small.  Equations 2.66 

and 2.67 give the phases of elements of the matri:: l J J . 

* See equation 2.48. 
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ico) = - tan' l-^U <tf AS O    (2.66) 

(5(co) = IX -tan^ji^iLl        # <K < 0    (2.6?) 

The relative phases of the elements of the matrix IJ ] are 

0 or TU radians for all frequencies of excitation,CO .  These 

relative phases determine the signs of the components of the 

3— mode shape vector,<y Y and are approximately equal to 

the relative phases of the admittances at the J— resonant 

frequency of the structure. 
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CHAPTER III 

The Mechanical Admittance Measurement and Prediction System 

The primary function of the measurement and prediction 

system is to predict the admittances of a composite structure 

from admittance measurements made on the constituent sub- 

structures.  The admittance measurements for the substruc- 

tures are made in analog form and then converted to digital 

form to construct the substructure admittance matrices. 

The substructure admittance matrices are used to calculate 

the composite structure admittance matrix. 

The admittances of a substructure are constructed from 

force and acceleration measurements made on the substruc- 

ture.  The force and acceleration measured are resultants 

of a force input to the structure generated by an electro- 

magnetic shaker.  The resultant force imparted to the sub- 

structure is measured by a very stiff, lightweight strain 

gauge mounted between the shaker and the substructure.  Tne 

resultant acceleration Is measured by an accelerometer 

mounted behind the strain gauge or at some location on the 

substructure. 

The force input to the structure generated by the shaker 

is proportional to the deflection of the strain gauge. 

Because the alloy in which the strain gauge is embedded is 

stiff and lightweight, the acceleration measured behind the 

strain gauge is the local acceleration of the substructure 
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The Mechanical Admittance Measurement and Prediction System 

Figure 3.1 
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in front of the strain gauge except at very high frequencies 

of excitation. 

"POWER INPUT TO 

SHAKER. FROM   SDICHA 

Cvc) 

SHAKER 
MASS 

ACCELERATION OUTPUT (A) 

TO   cwARee   AMPLIFIERS 

AND    5DIOIA   FILTERS 

SEMSmve 
AXIS 

SU.BSTR.UCTa«£- 

Schematic of Shaker and Impedance Head 

Figure 3.2 

A strain gauge with an accelerometer mounted behind it 

as in Figure 3.2 is referred to as an "impedance head". The 

device used in the following experiments is a Z602 impedance 

head made by Wllcoxon Research. The shaker is a F3 "wrap 
* 

around" shaker also made by Wllcoxon Research. 

The admittances of a substructure are measured over a 

finite frequency range by varying the frequency of the input 

to the shaker from the SD104A sweep oscillator.  The resul- 

tant force and acceleration signals are amplified and put 

into the analog impedance equipment.  These signals are band 

pass filtered before they are used to calculate the 

log (magnitude) and phase of the measured admittance. 
10 

Each SD101A filter Is made of many band pass filters. 

* The specifications for these instruments appear in 

reference 5. 



41 

Schematic of the SD1002B-33 Automatic Mechanical Impedance 

System in the Mechanical Admittance Mode 

Figure 3.3 
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* For a complete description of the SD1002B-33 Automatic 

Mechanical Impedance System, see reference 7. 
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Each band pass filter has a unique center frequency and is 

active over a finite frequency range that includes its 

center frequency. The active ranges of the band pass fil- 

ters cover a broad frequency range, 5 Hz. to 10 kilo-Hz., 

and they do not overlap. 

1. 

GMN 

/l 

ACT/VE    RAVG£ 
of   FIRST   FlLTElS 

ACTIVE   KAWGE 
or SECOND FILTER 

( 
1 
1 
1 
/ 
I 

1 !      i i 
1                       ' ' l 

<*>• 
LOz 

FREQUPi >if^   np 

\OTC 
SEC. 

EXOTATION 

Schematic of the Transfer Function of a 

SD101A Filter in the Frequency Domain 

Figure 3.4 

Only one band pass filter is active for a given fre- 

quency of excitation generated by the SD104A sweep oscil- 

lator.  The resultant force and acceleration signals 

generated by the impedance head should have the same fre- 

quency as the frequency of excitation for the shaker 

generated by the SD104A.  If other frequencies are present 

in the force and acceleration signals outside the band of 

the active filter, they are eliminated from the signals. 

This filtering is done to make more accurate phase and mag. 

nitude calculations for the admittance. 

The filtered acceleration signal is divided by the 

frequency of excitation and shifted in phase by -~  radians 
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to yield the velocity of the substructure. The velocity 

signal and the filtered force signal are used to calculate 

the admittance of the structure.  The SD112 log converter 

generates a voltage proportional to the log (magnitude) of 

the admittance.  The 329BSD phase meter generates a voltage 

proportional to the phase of the admittance. 

The voltages proportional to phase and log- (magnitude) 

are plotted on a 136AR Hewlett Packard X Y, Y Recorder. 

Tnese voltages are also preampllfied and put into a Radiation 

analog-to-digital (A/D) converter. 

Tne A/D converter has one analog input cnannel and 

generates 12 bit digital words from the Input voltage.  Tne 

input voltage range is -2 volts to+2 volts. With a twelve 

bit register the A/D converter can generate 409b different 

numbers corresponding to the four volt input range or roughly 

one number for every millivolt input. 

The outputs from the analog impedance system are 

typically 50 millivolts.  To achieve any accuracy in the 

digital data these signals must be preampllfied before they 

are put into the A/D converter. After making a preliminary 

frequency sweep to establish the maximum and minimum values 

of the voltage output from the Impedance system, the bias 

and gain are adjusted on the preamplifier to take full 

advantage of the A/D converter's four volt input range. 

* For a complete description of the Radiation A/D converter 

see reference 6. 
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The SD1002B-33 Automatic Mechanical 
Impedance System and Charge Amplifiers 

Figure 3.5 
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A second frequency sweep Is made to sample and convert the 

amplified analog signal from the impedance system, and the 

digital data is stored on magnetic tape. 

Because the A/D converter has only one input channel 

the log (magnitude) and the phase of the admittance are 

converted on two seperate frequency sweeps.  The digital 

data is converted in format from 12 bit words to 32 bit 

words that the IBM 360 computer can understand.  Each 12 

hit word is padded with 20 extra bits without changing the 

value of the number in the word by the computer program 

CONVERT. 

The digital data is scaled from the analog plots made 

on the Hewlett Packard recorder.  Two values of the pnase or 

magnitude from a plot, P^ and P2» are compared to two values 

of the digital data, D^ and D2, for corresponding frequencies 

of excitation.  The gain and Dlas Introduced into the digital 

data by the preamplifier are calculated. 

GAIN = (Pi- P.) (3-D 

* If a two track tape recorder is available it is better to 

record phase and log,0(magnitude) on the same frequency 

sweep and then to put the analog signals into the A/D con- 

verter one track at a time. 
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All of the digital data corresponding to the analog plot is 

scaled using the calculated gain and bias.  D is the 

unsealed value of the digital data for the m— frequency of 

excitation.  S„ is the scaled value of D_. m m 

SM= -(B^S)+CGMN)-'DM= F> - ^T^(DM-D,) (3.3) 

This scaling process must be done twice for each admittance, 

once for phase and once for magnitude. All scaling is done 

by the computer program SCALE. 

The scaled data is used to construct the substructure 

admittance matrix for the sampled frequencies of excitation. 

After all of the substructure admittance matrices are con- 
* 

structed they are inverted to substructure impedance matri- 

ces.  The substructure Impedance matrices are assembled Into 

the composite structure impedance matrix. All matrix inver- 

sion and assembling is done by the computer program ADMIT. 

The mode shapes and resonant frequencies of the com- 

posite structure are estimated from the admittances of the 

composite structure as shown in section 2.4. 

* The method of matrix inversion is described in Appendix A, 
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CHAPTER IV 

EXPERIMENTAL RESULTS 

4.1 Introduction to Experimental Results 

The admittance measurement and prediction system is 

applied to two composite structures.  The first composite 

structure is an 80-inch free rod assembled from two 40-Inch 

free rods.  The second composite structure is two 32-inch 

beams pinned together. 

f© 4O-IKICH 
ROD 

~ ~- — - 
•* 

Its 
t®- ^-^ 

3* 

1?- 4O-INCH 

ROD 

^r 

|(D 

© 

® FREE   ROD 

f§> |® © 
32-INCM   BEAM 

42-IMCH   COMPOStTE 
BEAM 

(3) 
*l 

d> 4 © 

(D J@ J(D 
52-INCH BEAM 

Schematic of Assembling Two Composite Structures 

from Their Constituent Substructures 

Figure 4.1 

Admittance measurements are made only on the substruc- 

tures.  The "predicted" admittances are the admittances of 

the composite structure predicted by the computer program 

ADMIT.  The "calculated" admittances are generated by 

analytical modal models of the structures and are used only 

for comparison with the "measured" and "predicted" admittances. 
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0* 
> 

. 

Measuring the Cross Admittance 
of a 40-Inch Steel Rod 

Figure 4.2 
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4.2 The Effects of the Suspension System, Impedance Head 

and Shaker on the Measured Admittances of a 40-Inch Free Rod 

A rubber band suspension system shown In Figure 4.2 Is 

used to simulate a free rod for frequencies of excitation,cO , 

well above the resonant frequency of the suspension system. 

The resonant frequency of the rod and rubber band ensemble 

is 1.2 c.p.s., which is well below the lowest frequency for 

which admittance measurements are made on the rod i^z.^- 50 

c.p.s.). 

In order to estimate the effect of the rubber band on 

the measured admittances, the rod and rubber band are modeled 

as a two degree of freedom, lumped parameter system. See 

Figure 4.3. Because the model has only two degrees of free- 

dom it will be representative of the system for frequencies 

of excitation up to, and including, the second resonant 

frequency of the rod and rubber band ensemble.  However, 

this two-degree of freedom model will give some indication 

of the effects of the rubber band suspension system on the 

measured admittances of the rod. 

I .   Ic-n - the stiffness of the rubber band 

fff2 |"^|    
C
B " "  damping 

i kR    fcj, - the stiffness of the rod 

iif. m - the lumped masses of the rod 

The Lumped Parameter Model of the Rubber 
Figure 4.3 

Band and Rod Ensemble 
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The impedance matrix, 12J , of the ensemble is written 

as the sum of a mass matrix,LMj , a damping matrix, l^ ] , 

and a stiffness matrix,IrC] . The damping in the rod is 

assumed to be zero; the damping in the rubber band is assumed 

to be viscous. 

[Z]= ico[M] *[C] 4(uof[K] (4.1) 

[2] = uo m   0. 
+ 0.    0. 

+ (iurf1 »<R   -KR 

O.     TT) Lo.   CBJ ;KR Kg*YB 

(4.2) 

The admittance matrix for the system is found by invert- 

ing the impedance matrix.  The elements of the admittance 

matrix are shown In equations 4.5 through 4.7, and the 

parameters w, and w2 are defined in equations 4.3 and 4.4. 

Y2,M = 

Y22(«) 

2 m 

w[^-j('*^1 
»^-u) -2u> ^-W^i-^-jJ^CB 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 
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4KR w; 
(4.8) 

For comparison the admittances of a free rod, modeled 

by a spring and two masses, are given In equations 4.9 and 

4.10. 

fJ_fc[ 
f*R 

Lumped Parameter Model of a Free Rod 

Figure 4.4 

<*L(Jt£  -_L\ 
Y((j) = Y (tJ) =   *"S*2   z) 

-i.fci 

^•Y^-T#5) 

(4.9) 

(4.10) 

C*>* is the first resonant frequency of the free rod 

for elastic motion. 

CO? = Wz = 
# 

fc 
(4.11) 

Wi     « If -yj and Cg are zero, the admittances for the rod 

and rubber band ensemble are equal to the admittances for 

the free rod.  For the system shown in Figure 4.2, r^a, is 

5.6 X 10"7 and cB is .403 
lb;~sec' .  This value of cc is & in. B 

17$ of critical damping. 
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-ff2  is derived using a calculated stiffness for the rod 

and a measured stiffness for the rubber band. 

I<R=^= I/O X 10* ik (4.12) 

k8 = -33 £ (4.13) 

$.J&L.- «*»* (4.w) 

cB is calculated by observing the rate of decay of motion 

for the rod and rubber band ensemble oscillating in its 

first mode. 

By substituting the values of ^ and cB into equations 

4.5 through 4.7 the effect of the rubber band support system 

on the admittances is determined. 

l«      ~  K{$:^-<...2x.oJ').wfV(^-^.4o3 
(4.15) 

(4.16) "V/^ -Veto) = ^^ "2 m  
^   ^   i(^ -^-•<a\...2x,d*)-v*) + ($-±)£.<03 

Yto) =   , 4^[^-iO*M"o'^  

If (0 , the circular frequency of excitation, is much 

greater than w^, the admittances are affected very slightly 

by the stiffnesB of the rubber band. At the first resonant 
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frequency of the free rod, ^t  "the magnitudes of the admit- 

tances are very sensitive to the values of cB. 

The additional mass of the shaker and impedance head 

attached to the lower end of the rod, Figure 4.2, also 

affects the measured admittances. The Impedance matrix for 

a two-degree of freedom,free rod with the mass of the shaker 

and impedance head, m_, added is given in equation 4.18. 

[Z]=(M 
m + Tns O. 

O. m 
+ («»>) 

-i 

"KR   KR 

(4.18) 

The expression for the first resonant frequency for 

elastic motion is CO, . 

m 1 '  m 
. = CO 

••ft 
(4.19) 

mr\, If ~*« 1, the resonant frequency of the rod with the shaker 

and impedance head attached is not appreciably affected by 

the additional mass, ms. However , -r-* for the ensemble in 

Figure 4.2 is .786, and the first resonant frequency for the 

40-lnch rod with the shaker and impedance head attached 

should be significantly lower than tOz. 

CO, = .886 co* (4.20) 

By modeling the rod with more degrees of freedom it can be 
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shown that the higher resonant frequencies of the rod will 

be lower if the shaker and impedance head are attached. 

The magnitude and phase of the measured admittances are 

affected appreciably by the mass of the shaker and impedance 

head when ti) - cO, . 

YM = - -Ml 
(4.21) 

(4.22) 

By comparing the measured admittances for the total 

ensemble of the rod, rubber band, shaker and impedance head 

to admittances calculated for a 40-inch free rod, the effects 

of the suspension system, shaker and impedance head on the 

measured admittances are evident. See Figures 4.6 through 

4.9. 

The calculated admittances are generated by solving 

equation 4.23 for a free rod. 

aft u 1- p2k- 
9x2 at* = o. 

= o. 

dx 

(4.23) 

(4.24) 

(4.25) 

f k 
• u 

^2 

L. 

Schematic of 

a Free Rod 

Figure 4.5 
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Note:     On all admittance  plots  of the  type  shown above, 
the  broken line  is  phase  and  the  solid line  is magnitude 



56 

en 
z < 

< 
ct 

Ld 

< 
I 
Q. 

QD 

I 

IS) - 

< 
I 

o 

4   000 ADMITTANCEC11D   CALCULATED r0R   40   IN.    ROD 

- — 

toot 

- 

1   000 

( ,-v 

1  oot i \ 
i i 

* 

• 

j 

0 

I 

1 \ 
1    001 1 

' i 1 
/            / V I 

-^ ̂  \ 1 
1   000 N \ 1 

\, V 
1   000 

— 

4    000 

L0G-FRE0   CCPS] 

Figure 4.7 



^7 

en 

< 
a: 
UJ 
in 
< 
x 
Q_ 

Q 
Z 
< 

CD 

I 

en 

ID 
^ -ItM r 
CD 
O 

ADMITTANCEC21)  MEASURED FOR 40 INCH ROD 

1 

!| 1 

\ 
N 

\ I 
J\\ J\ 
l\ \ \ 

-^ X   . 
"" . """   

  

LOG-FREQ CCPS) 

Figure 4.8 



53 

4 ooo ADMITTANCEC21]   CALCULATED 70R   40   IN.    ROD 

- 

1   000 

i—» 
* 
t 

2 
< i 
Q    I.IM w 
< 

 -^ 
Ul 
C/1 

P
H

A
 

] 

Q 
z 

t 
<—* 

_l 

(_) 
LU 
to-' •••• 

z 
t < 

ID 
<Z  -|   ooo 

    -.. 

i! 

i 
ID 

* 
<   

O 

-1   000 

-   -     • 

-«   000 

LOG-FREQ   (CPS) 

Figure 4.9 



^ 

u is the axial displacement of the rod and is a function of 

the location, x, and time, t. 

E - Young's Modulus 29.8*10 psi 

1 - Gross Sectional Area .198 in? 

L - 

Density 

Length 

.284 i^t 
in? 

40. in. 

Properties of a 40- •Inch 

Steel Rod 

Table 4.1 

The solutions to equation 4.23 incorporating the boundary 

conditions in equations 4.24 and 4.25 are given in equation 

4.26. 

0"(X) = COS ^P- (4.26) 

The admittances of the free rod are constructed in a 

manner similar to the method used in section 2.1. 

Y(a» = f  £n gfrg) M**) (4.27) 

m^[ pA cos'^pdx (4-28) 

%„(&)- .02ca„ (4.30) 
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The admittances of the free rod are calculated for 242 

frequencies from 50 c.p.s. to 5000 c.p.s.  These are the 

same frequencies at which the measured admittances are sam- 

pled and scaled.  The damping is equivalent to 1%  of critical 

damping. 
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4.3 Predicting the Admittances. Resonant Frequencies and 

Mode Shapes for an 80-Inoh Free Rod 

The mutual and cross admittances for a 4o-inch free rod 

are measured as shown in Figure 4.10. The mutual admittance 

is measured using the accelerometer in the impedance head. 

The cross admittance is measured using an accelerometer 

attached to the top end of the rod. 

ACCELEROMcTHR 

a.) 

IMPEDANCE 
HbAD ?~~ 

SfUKER 

40-INCH 
' Roo t».) 

£L 

vc 
FTTTA 

A 

0-)   MUTUAL   ADMITTANCE 

\o)    CROSS    ADMITTANCE 

vc 

Schematic of Measuring the Admittances for a 40-Inch Rod 

Figure 4.10 

Having measured the mutual and cross admittances is 

sufficient to construct two identical,2x2, substructure 

admittance matrices. The mutual admittance of one end of the 

rod is the same as the mutual admittance of the other end; 

the cross admittances are the same due to symmetry In the 

admittance matrix. Assuming that admittance measurements 

made on one 40-lnch rod should not, In principle, differ 

from admittance measurements made on a second 40-inch rod, 

two identical substructure admittance matrices are con- 

structed from admittance measurements made on one 40-inch 

rod. 
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The two admittance matrices for the 40-inch rod sub- 

structures are inverted to substructure impedance matrioes. 

The substructure impedance matrioes are assembled, as shown 

in section 2.2, to yield the impedance matrix of the compos- 

ite structure, an 80-inch free rod. 

®f  t® 

40-INCH. 
ftoos 

1^--—' 

Ik-- 

t© 80 - INCH 

HOD 

1© 

Schematic of Assembling an 80-Inch Rod from Two 40-Inch Rods 

Figure 4.11 

The impedance matrix for the 80-inch rod is inverted to 

the composite structure admittance matrix.  The four unique 

elements of the composite structure admittance matrix are 

plotted as a function of the frequency of excitation in 

Figures 4.12 through 4.15.  Figures 4.16 through 4.19 are 

calculated admittances for an 80-inch free rod.  These admit- 

tances are calculated using equation 4.27.  The damping in 

the calculated admittances is 1%  of critical damping. 

The admittance matrix of the composite structure is 

used to estimate resonant frequencies and mode shapes of the 

composite structure as shown in section 2.4.  The predicted 

mode shapes for the 80-inch rod that have corresponding 

resonant frequencies that coincide with resonant frequencies 

of the substructures are not accurate.  See Table 4.2. 
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Calculated and Predicted Mode Shapes 

and Resonant Frequencies 

Table 4.2 

Location 

Admittance 

Mode 
Shape 

1 

11 

2 

21 

3 

31 
Resonant 
Frequency 
(c.p.s.) 

Predicted 
1 

Calculated 

1.0 

1.0 

.053* 

0.0 

- .998 

- 1.0 

1134. 

1257. 

Predicted 
2 

Calculated 

1.0 -.238 .142 
»# 

2422. 

1.0 -1.0 1.0 2515. 

Predicted 
3 

Calculated 

.996 

1.0 

# 
.025 

0.0 

-1.0 

- 1.0 

3527. 

3772. 

Predicted 1.0 -.012 .012 4815!* 

Calculated 1.0   -1.0     1.0 5030. 

* No local maxima appear in this element of the predicted 

admittance matrix at or near this frequency. See section 

2.4. 

** These frequencies are very close to resonant frequencies 

of the substructures. 
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Equations 4.15 through 4.17 show that the measured 

admittances of the 40-inch rod substructure are affected by 

the damping of the suspension system at the first resonant 

frequency of the free rod. In addition equation 4.22 shows 

that the mass of the shaker and impedance head also distorts 

the admittances at the frequency.fc>2 .  Consequently, the 

admittances predicted from admittance measurements made near 

the resonant frequencies of the substructures are not accur- 

ate.  Therefore, if a resonant frequency of a substructure 

is close to a resonant frequency of the composite structure, 

one should not expect to predict accurately the corresponding 

mode shape for the composite structure. 

In Table 4.2 the calculated mode shapes,900 > are de- 

fined in equation 4.26 with L equal to 80 inches.  The 

calculated resonant frequencies are defined as followss 

= <**.  = :* filY2 (4.31) n   2TT: ~ HApJ 

The predicted mode shapes and resonant frequencies are calcu- 

lated as shown in section 2.4. 
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4,4 The Effects of the Suspension System on the Measured 

Admittances of a 32-Inch Free Beeji 

The Beam is suspended on three lengths of £-inch shock 

cord to simulate a free beam. The shock oord hangs parallel 

to the I axis In figure 4,33* See also figures 4.20 and 

4.21.  The beam is suspended on the shock eord such that the 

majority of the weight of the beam is balanced by the reac- 

tion force in the length of oord attached to the beam nearest 

to the point of forced excitation. Consequently, the suspen- 

sion is changed every time the shaker and impedance head are 

attached at a new location. 

figure 4.23 is an analog plot of the mutual admittance 

of location 2 on the 32-inch beam using a suspension system 

similar to the one shown in figure 4.20. figure 4.24 is an 

analog plot of the same admittance measured using a suspen- 

sion system that supports the majority of the weight of the 

beam at locations not near the point of forced excitation. 

Two lightweight bolts, 1.5 inches long, are put into 

the beam some distance away from and on both sides of the 

shaker and impedance head attachment point. One length of 

shock cord is attached to the upper flange of the beam just 

above the impedance head and shaker, and the other two 

lengths of cord are attached to the ends of the bolts, 

figure 4.25 shows an Z,T plane projection of the suspension 

system with the shaker and impedance head attached to the 

beam. 



7^ 

t 

llttt : 

Suspension System Used to Measure the 
Admittances of a 32-Inch Free Beam 

Figure 4.20 
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2   BOLTS-Zr-jJ 

CF) 

CA) 

Cvc) 

SHAKER    AND        ^ 
IMPEDANCE HEAD 

-X 

v; 
w, 

X AXIS 

BEAM 

Schematic of 32-Inch Beam Suspension System 

Figure 4.25 

R^_ is the deadweight reaction force in the shock cord 

attached to the beam near the point of forced excitation. 

Rp is the sum of the deadweight reaction forces in the shock 

cords attached to the two bolts. W, and W2 are the weights 

of the shaker with impedance head and the beam, respectively, 

The location of the center of gravity for the beam, shaker 

and impedance head is Xi. 

Using force equilibrium in the Y direotion, equation 

4.32, and moment equilibrium in the Z direction, equation 

4.33, the deadweight reaction forces, R^ and R2, are deter- 

mined. 

(4.32) 

(4.33) 

(4.34) 



Rz= CW!+W»)(i,*jiI) (4.35) 

Because R2 is the sum of the two deadweight reaction 

forces in the shock cords attached to the bolts and each of 

the two deadweight reaction forces at the bolts must be pos- 

itive for the suspension system to be statically stable, B^ 

is the largest possible force in either of the two shock 

cords attached to the bolts. In general, the deadweight 

reaction forces in the cords attached to the bolts are dif- 

ferent. 

During the forced excitation of the beam the force in 

the shock cord changes very little, assuming that the motion 

of the shock cord is small.  Assuming the angle between the 

shock cord and the vertical,0 , is a function of the dis- 

placement of the beam where the cord is attached, one can 

solve for the force exerted in the X direction by the cord 

on the beam, ¥  . 
A 

SHOCK 
CORD 

y AXIS 

/////> ////// 

Q<^ 1 
FR~ i • ^&a2-   AXIS 

6 fc^BEA.M 

Schematic of the Reaction Forces in the Suspension System 

Figure 4.26 
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FR = -% <*•*> 

7p is proportional to the deadweight reaction force, R, and 

the local displacement of the bean, €. • 

To simulate a free beam it is best to make the dead- 

weight reaction forces as small as possible.  The suspension 

system shown in Figure 4.21 is an attempt to minimize R2 and 

make R.^IL+W . Therefore, the reaction forces, ?«, are 

small at locations away from the point of excitation and the 

reaotion force at the point of excitation is, hopefully, 

much smaller than the force applied by the shaker. 

If ?g is the foroe applied to the beam in the Z direc- 

tion by the shaker and Pas is the reaotion force in the X 

direction exerted on the beam by the shock cord attached at 

the point of excitation, one can solve for the measured 

mutual admittance. 

^-1 

YM -    ^T^ measured lu)£< 
(4.37) 

Ks ^s 

Gs is the local displacement of the beam at the point of 

excitation and £g is the deadweight reaction force in the 

shock cord attached to the beam at the point of excitation. 

If R = Wv*"^* a bound for the effect of the shock cord 

on the measured mutual admittance is established. 
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For higher frequencies of excitation the effect of the dead- 

weight reaction force, Eg> is very small except at resonant 

frequencies of the beam.where 1^*>) is also very small. 
true 

Consequently, the suspension system affects the admittance 

measurements more at or near the lover resonant frequencies 

of the 32-inch beam. 

The frequencies of local maxima in the measured admit- 

tances that have an accompanying phase shift of 7X radians 

are compared to calculated resonant frequencies for the 32- 

inch free beam. 

Resonant g 
Frequency Calculated Measured 

1 224. c.p.s. 206. c.p.s. 

2 628. c.p.s. 549. c.p.s. 

Comparison of Measured and Calculated Resonant 

Frequencies for a 32-Inch Free Beam 

Table 4.3 

* See reference 8 for the calculated admittances of a free 

beam. 
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4.5 Predicting the Admittances. ReBonant Frequencies and 

Mode Shapes for a 42-Inoh Oomposite Beam 

The admittances of a 42-inch composite beam are pre- 

dicted from admittance measurements made on a 32-inch beam. 

The 32-inch beam has a channel cross-section and is made of 

steel. > 1 

T 
2." 

.23 AVERAGE 

.28 

Hp-1 

Half Soale Gross Section of the Channel 

figure 4.32 

[yy - Moment of Area .079 in4. 

A - Cross-Sectional Area .751 in? 

E - Young's Modulus 29.8x 106 psi 

p   - Density •~8» 
L - Length 32.0 in. 

Physical Properties of a 32-Inch Beam 

Table 4.4 

Admittance measurements are made at three locations on 

the 32-inch beam in the X direction as shown in Figure 4.33, 



89 

In general, nine admittances, three mutual admittances and 

six CTOSB admittances, are needed to construct a 3*3 sub- 

structure admittance matrix. Because the admittance matrix 

is symmetric, one needs to measure only six admittances. 

>- z 

The Locations of the Measured Admittances for a 32-Inch 

Beam 

Figure 4.33 

The mutual admittance at location 1 is the same as the 

mutual admittance at location 3, so the number of admittances 

that need to be measured is reduced to five.  The five 

measured and sampled admittances are in Figures 4.27 through 

4.31.  Each admittance is sampled for 249 frequencies be- 

tween 50 c.p.s. and 1000 c.p.s. 

Two identical substructure admittance matrices are con- 

structed from the measured admittances of the 32-inch beam. 

The substructure admittance matrices are inverted to sub- 

structure impedance matrices which are assembled into a 

composite structure impedance matrix as shown in section 2.2. 
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The composite structure is shown schematically in Figure 

4.34. 

(OUT OP 

32-INCH BEAM 

42-INCH 
COMPOSITE 

BEAM 

32- INCH BFAM 

Assembling a 42-Inch Composite Beam 

from Two 32-Inch Free Beams 

Figure 4.34 

The composite structure is made of two beams pinned 

together at two points. It these two points of attachment 

the beams have compatible X displacements; however, the beams 

rotate independently about the I axis at these two points. 

Compatibility of displacement in the Z direction at the 

attachment points is not necessary, since the composite 

structure has no degrees of freedom in the Z direction. 

The composite structure Impedance matrix is inverted to 

a composite structure admittance matrix and the mode shapes 

and resonant frequencies of the composite structure are 

estimated as shown in section 2.4.  The unique elements of 

the composite structure admittance matrix appear in Figures 

4.35 through 4.40. 

The predicted resonant frequencies and mode shapes for 



91 

CO 

a < 

Ld 
to 
< 
I 
Q. 

a 
< 

ao 
i u 

CO 

CD 
< 
H 

I 
CD 
O 

*    000 ADMITTANCEC11D   PREDICTEC )  FOR 42 IN. BEAM 

I.Mfl 

!, 

•  • •• 

  VJ      _p 

i i 'it ./'     H . T 
I.Mt ii '' i i -4-- 

•« "-1 / \ ^ i 

1    i)     . 
it     . 

\ • 
• A \ ; 

\ 
1     i 
1     i 

y s \ / 
\ ~TiI 

V ,/• 
/ •vJ 'M     r V ; i\, -L 

\ •i W\/ ;        -v s. /N —iK 
1   ••• ?V :/ in \ ! 

:$R V J ! V-M ', :; ,', SS£- —•       • i 3i! 
1    0 00 

| 
• 

, : 

1    000 \ 

4    000 

LOG-FREQ   CCPSD 

Figure 4.35 



•:>2 

z 
< 
* 4 

o 
< 
^^ 
111 
CO 
< 
I 
Q- 

Q 

< 
•—» 
ca 
_i 
i 

<_> 
u 
en • 
v. 

< . 
2: 

1 

o 

ADMITTANCEC21D PREDICTED FOR 42 IN. BEAM 

1 ) 
I 

L- \ *\ '  — ̂ lt 
[ i ; 1   "1 

1   •> 

!          I 1 i 1   •> 
1   »l 

N ,          1 1   "1 

i : 1   1*1 

1 >    '• 

, ;       / 1 

'  I1'   : 

:         / / 's / •        / (I      1 Vi --\J :    S Vr /1 
\ 

W 
IM  ' 1 

/     1 V •"—L ml 1     1 ,.-~ ~ •« K--p.l ^B£ 
'1 

V \ \ 
i \ + 

;! 1 1 

1 

LOG-FREQ CCPS) 

Figure 4.36 



93 

FAMNINQ Ot« 

ADMITTANCEC31) PREDICTED FOR 42 IN. BEAM 

to 

< 
o 

UJ 
en 
x 
a_ 
o 
z 
< 

CD 

UJ 
CO 

CD 
<-• r 

i 
ID 
O 

e :\ 
i i 

... III      ^    — ' 
IK 
1  —j &,— 

' ,V 
! 
i 

• : I 
• i 1    !  !     ' i i 3 

1 p i 
i c 

i ii [• \ i 
It 

\\\\ It \ i i * 
!! !           J 1 i 

w 

': ! i 1         / •1 i                / \ 
!•! : \    y i V 

V 
!Ur f        \f i   Vs 

\ 
ta 

;/V; u! V 
X ̂  f i I -\ if 

\ V ' 11 ^\£ 
\   :; T 
v    i: i 

i 1 i 

LOG-FREQ CCPS) 

Figure 4.37 



9^ 

ADMITTANCEC4 ID- PREDICTED FOR 42 IN. BEAM 
PANMINO    401 

CO 
z 
< 
a • < 
w 
LU 
CO 

0. 

Q 
z < 

OD 
_l 

I 
u 
LU 
co- 

CD 
<-• r 

a 

» 
, * j 

 *   „_ ._-,     s 1 r,          n* 
"!•••                M 

1   1 ' i,                   H (i              ; 
i , 1                                 1 

I ' ' 1                              1 
1                        1 I    i 

A ,\i : \— +    3- rs_ jy V~7 t~ *      4 f^j IV %    \, 

•\= 

|       N : 17 
1  1  -rr -* •* — • 

1 
i 
-v  f  

j: • 
• 

LOG-FREQ   CCPS) 

Figure 4.38 



95 

en 

< 

a 
< 

UJ 
en 
< 
i 
0- 

CD 

I 

en 

CD < r 
i 

13 
O 

*   080 ADMITTANCEC22)   PREDICTEC FOR 42 IN . BEAM 

1008 

•    ••• 

^^ „ J c 
I ! ! 

IT. 
1"       1 

1    0 00 I i^__L 
it   , i •ij   i 

1")    , 

• i i |MS 

1 

u— EE ; 

<U !| 
N- f\ i\ i •   • 

I.IH v ̂  \   J \ U-i- v i   V \ S I 
\ i   , 11 1   * lU   V / n ̂ iiy 

|.AM \ %i-\- 
\ i-X f-l r 

I    000 

' 

«   000 

L06-FREQ   CCPSD 

Figure 4.39 



pAisis  ;    014 

CO 

a 
< 

UJ 

< 
X 
0- 

0Q 

O 

< 
I 

o 

l.fltt ADMITTANCEC32)   PREDICTEC FOR 42 IN. BEAM 

1 ••• 

• ••• 

i ^ - J " s  
1 

l.ttl 
'i 1 1 

\ 1 

u E J 
1 

• : E 1 1 

; (i » * 
!•                     / , \ /:[• i 5 
I'                  ' v\   y i\ /!' V * 

t.ttt 
; v J !\ 

i 
i j 1 

•A ^ \f ! 
i \ I !       V i >, 

X ~* "   ^ ^\! 11 K 1 ^ 
•   Ml I / •V x~ '( \ "i \ \ 

\ 
\ 

1  ••• 

I.HI 

LOG-FREQ   CCPSD 

Figure 4.40 



97 

the composite structure are compared to resonant frequencies 

and mode shapes calculated for the composite structure. 

The calculated data Is generated by a finite-element com- 

puter program, STRUDL II, developed by the MIT Civil Engi- 

neering Department.     A listing of the predicted and cal- 

culated data appears in Table 4.5. 

Two of the predicted resonant frequencies of the com- 

posite structure are very close to resonant frequencies of 

the substructures. As shown in section 4.3 the predicted 

mode shapes for these two resonant frequencies of the com- 

posite structure should not be accurate due to the distortion 

of the measured admittances at the substructure resonant 

frequencies.  The two resonant frequencies of the composite 

structure that are near resonant frequencies of the sub- 

structures correspond to the second and fourth mode shapes 

in Table 4.5. 

Equation 4.39 shows that the effect of the suspension 

system on the admittance measurements should decrease with 

increasing frequency of excitation.  If the suspension 

system is responsible for the inaccuracy of the second and 

fourth predicted mode shapes, the second mode shape should 

be less accurate than the fourth mode shape.  The data in 

Table 4.5 shows that the second predicted mode shape at 202 

c.p.s. is less accurate than the fourth predicted mode shape 

at 549 c.p.s. 

The calculated resonant frequencies for the composite 

structure are, in general, higher than the resonant frequen- 
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Calculated and Predicted Mode Shapes and Resonant 

Frequencies for a 42-Inch Composite Beam 

Table 4.5 

Location 

Admittance 

1 

11 

2 

21 

3 

31 

4 

41 

Resonant 
Frequency 
(c.p.s.) 

Mode 
Shape 

1 Predicted 
Calculated 

1.0 
1.0 

- .052 
-.059 

-.052 
-.059 

1.0 
1.0 

130. 
147. 

2 Predicted 
Calculated 

-1.0 
-1.0 

-.828 
.676 

.669 
-.676 

- .715 
1.0 

** 
202. 
205. 

3 Predicted 
Calculated 

-.998 
-1.0 

.454 

.496 
-.453 
-.496 

1.0 
1.0 

305. 
415. 

4 Predicted 
Calculated 

-.893 
-.986 

.839 
1.0 

.578 
1.0 

-1.0 
-.986 

549. 
567. 

5 Predicted 
Calculated 

.996 
1.0 

-.325 
.178 

-.330 
.178 

1.0 
1.0 

851. 
1022. 

6 Predicted 
Calculated 

- .971 
-1.0 

.391 

.294 
.406 

-.294 
-1.0 
1.0 

870. 
1037. 

* The admittances are used only for the predicted data. 

** These frequencies are near resonant frequencies of the 

32-inch beam substructure. 
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cles predicted by the admittance data.  The composite struc- 

ture is modeled using the assumed displacement method which 

should yield calculated resonant frequencies that are upper 

bounds for the resonant frequencies of the real structure. 
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4.6 Conclusions 

The resonant frequencies and mode shapes of a composite 

structure can be predicted using admittance measurements 

made on the constituent substructures if certain conditions 

are met.  First, the shaker must be able to produce enough 

force to measure the admittances of the substructures over 

the frequency range of interest.  Second, the composite must 

not have resonant frequencies that are very close together. 

Third, the suspension system must not alter the admittance 

measurements on the substructures.  Finally, the composite 

structure must not have resonant frequencies that coincide 

with resonant frequencies of the constituent substructures. 
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Appendix A 

The method of matrix inversion used in the computer 

program ADMIT is "triangular decomposition.    This method 

of matrix inversion entails decomposing a square symmetric 

matrix LYj into the matrix product of a matrix l^i and its 

transpose. 

M • [D1(D]T <*•» 

The satrlz l^J is constructed such that all elements to the 

right of the principal diagonal are zero.  There are the same 

number of unique elements in IDJ as there are unique ele- 

ments in LYJ *  The elements of 10] are solved for using 

equations A.2 through A.5. 

<J„=Y„,/j„ (A.3) 

Aw" I*w»~&^"^i*i/j,»  m>w (A.5) 

The  Inverse of IY 1   is written as a product of the  in- 

verse of \E>J   and the transpose of the inverse of IVJ • 

[Y)"- [D]T"(D]~* (1.6) 

[E}=[DT
S (A.7) 
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The elements of the matrix IE] are solved for using the 

definition of an Inverse matrix, equation A.8. 

[0][0r- [D)[E}= [1] (A.8) 

Since all of the elements of 1&1 to the right of its 

principal diagonal are zero, it can be shown that all of the 

elements of IE] to the right of the principal diagonal are 

zero.  Given all the elements of lyi  , one can solve for the 

elements in [EJ using equations 1.9 and A.10. 

e - ,1"' (A-9) 

»-i 

em--{-Idwiei^/clnn     •>YL U.10) 
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Appendix B 

Computer Program Listings 
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