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ABSTRACT

The purpose of this thesis is to determaine the power

relationship, through computer simulation, between the

parametric ANOV and non-parametric Wilson tests under con-

trolled cvný,itions of error non-normality.

Data is 3imulated using the 12 cell factorial-ANOV

model with three levels of factor A, four levels of factor

B, and six observations per cell. Interaction is charac-

terized such that its effect is proportional to the effect

of factor A with the constant of proportionality related to

factor B. Non-normality of the error term is characterized

in three distribution types: skewed, leptokurtic (peaked),

and piatykurtic' (flat). Four degrees of Lht thrt:c c..u. dis-

tribution types are utilized, each related to the Pearson I
family of frequency curves.

Three thousand-seven hundred sets of data are generated

for each degree of error type. Power is then estimated di-

rectly for both the ANOV F tests and Wilson Chi-square tests

for main effects and interaction. Comparison is then made

between corresponding tests showing the effect of error

non-aormality on the power of each.
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I. INTRODUCTION

A. PEARSON'S STUDY OF NON-NORMAL VARIATION

The normality of error assumption is a wall known re-

quirement when using Analysis of Variance (ANOV) techniques.

It has been shown, however, that this requirement is not

stringent when only type I error is the point of concern.

The literature does suggest that error normality is a re-

quirement relative to type II error and correct determination

of power of the test.

Pearson [1] studied error non-normality for a case in-

volving the one way ANOV classification. His study was

f based on the distribution of the correlation ratio n2 which,

as used, wus equivalent ýo Lihe F sLaLibLil.. Ei;• uriv- d15-

tributions were chesen with non-normality of error charac-

terized by Pearson coefficients a, and B21 and by Pearson

curve type 2 . Those chosen were:

0, =0.0 02 2.50 (Type II, symmetrical platykurtic),

,= 0.0 82 4.10 (Type VII, symmetrical 1cptokurtic),

$1 0.0 61 7.05 (Type V1I, symmetrical leptokurtic),

8, 0.2 02 a 3.3 (Type III, skew),

* 0.49 82 0 3.72 (Type MIt. skew),

81 =0.99 B0 3.93 (Type I, very skew with abrupt start).-

Pearson concluded that the distribution of ra, atnd thererorc

R Peferenca 2 defliids these c-oeffricents 8, l

0, 1 i/p/i, where 1i rep1:esents tho ith-central moment.

a Ref,'rence 3 transforms the 13 curve Lypes of Reference
2 into proability density Tunctior.s.



of F, within the range of the above six distributions ade-

quately met the "normality of error" requirement for Analysis

* of Variance. He further concluded that within this range

"there would be little chance of rejecting a true null hypoth-

esis because of non-normality, but that in the extreme cases

of non-normal variation there would always be a danger of

accepting a false null hypothesis. Thus, Pearson suggested
that extreme cases of error non-normality may result in a

reduction of power in the F test. He thereby raised the ques-

tion as to how error non-normality would affect the F test

power for a particular ANOV design.

Kirk [4], citing the above study by Pearson (1931) and

a study by Norton as reported by Lindquist [S], extended

Pearson's conclusion relating to type i error to all fixed

effects ANOV models utilizing the F distribution. Kirk hold

that, in general, unless the departure from normality is so

extreme that it can be readily detected by visual inspection

of the data, the departure will have little effect on the

probability associated with tne test of significance (type

I error). However, Kirk made no reference to the effect of

non-normality on the powar of the test.

B. A NON-PARAIETRIC ANOV TEST 3
The problem of-meeting the error normality assumption

for using the parametric ANOV F tests is avoided by choosing

a non-parametric test. A search of the literature was made

to find such a test which included a non-parametric method

for testinR interactions in the ANCV model. WIlson [6j

re



developed such a test, based on the Chi-square distribution,

for testing hypothesis in two-way, three-way, up to n-way

ANOV designs. The test procedure, applicable only to fixed

effects models, involves classifyJ1g the scores iii each

cell as above or below the overall median and using the fact

that a total Chi-square, like a sum of squares, can be de-

composed into additive parts. A new set of fo:'nulas are in-

troduced for working with factorial designs in. Chi-squarc

terms. A description of the test including the Chi-square

formulas is contained in Appendix A.

Sheffield [7] showed how the Wilson test could bc con-

vertod to a conventional ANOV procedure, whoreby the Wilson

Cbi-square formulation could be replaced with "non-parametric

F" tests.

McNemar [8] contrasted the outcomes of the Wilson test

and the parametric F test on seven batches of data, each in-

volving two-way classification. Based on 21 comparisons (A,

B, and AxB effects) he suggested that the power of the' Wilson

tests was lower than what could be reasonably expected. How-

ever, McNemar failed to determine what constituted "reason-

able" power for the Wilson test. In addition, he based his

conclusions on a small sample which he admittedly assumed

met the parametric %NOV requirements of normality -and homo-

scadacity. To the author's knowledge, the literature does

not report any other attempt to obtain an indication of powerf for the Wilson Chi-squaro tests.

7" A



C. TYPE OF INTERACTION

Williams [9] ,.tudied the problem of interpreting the

effects of different factors when those effects are not ad-

ditive. He pointed out that attention must be paid to the

way in which the factors interact. He suggested that a rea-

sonable assumption, in the two factor case, was to consider

that the interaction effect was proportional to the effect

of one factor with the constant of proportionality related

to the second factor (i.e., ()ij - aici). Williams

raised the question as to the effect of the type of inter-

action on power of the tests for hypotheses concerning main

effects as well as interaction in the factorial ANOV design.

D. POWER 01: THE TEST

Power of the test is defined as the probability of re-

jecting a false null hypothesis. Power functions have been

developed for parametric tests, since these tests are based

on assuued known distributions. Power curves for parametric

ANOV tests are contained in the Appendix to Reference 10.

One of the arguments for entering these curves is 0, a func-

tion of the factor non-centrality parameter and error vari-

ance. Formulas for obtaining the argument * for ANOV designs

involving interaction are contained in Reference 11.

Siegel [12] pt-oposed that the power of non-parametric

tests car be expressed by comparison with the most powerful

existing parametric test that is used for the same purpose

since no power functions exist for the "distribution-free"

non-parametric tests. Sivgol pointed out that the more



general the non-parametric test (the fewer the assumptions)

the less powerful the test will be in comparison with a

parametric test involving the same sample size. He fuw-ther

stated that the F test, because of its strong assumptions,

is the most powerful test of its type. Siegel called his

power comparison concept "power efficiency." It is a func-

tion of the increase in sample size of the non-parametric

test over that of the parametric test which is necessary

to make the two tests equally powerful.

Theoretically, the power of a statistical test, para-

metric or non-parametric, can also be estimated empirically

throuigh computer simulation. A simulation model for a par-

ticular ANOV design can be constructed and data generated

so that the de-.ired facLur :ud -iIILerautiu:L e'!ects aie pres-

ent in the data. The null bypothesis, that the "built-in"

effect is not present, is then tested at a desired level of

significance. Power at the desired level of significance

is measured by taking the ratio of the number of times the

false null hypothesis is rejected over the number of times

the test is conducted.

E. PURPOSE OF THESIS

The purpose of this thesis is to develop a computer

simulation model for obtaining a power comparison b-.twcen

the parametric ANOV F tests and the non-pararictric Wilson

Chi-square tests under varying conditions of unimodal error

non-normality. It is envisaged that che general method will

be applicable in determining the power of other non-paramet-

ric tests.
9
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Ii. METHOD

A. ANOV DESIGN AND GENERAL PLAN

A 3x4 ANOV design with six replications per cell was

chosen because of its general nature and because it was de-

sired to compare interaction detection capabilities of the

Wilson and F tests, as well as that of main effects. The

method developed is presented in five parts: characterizing

error, characterizing interaction, the data simulation model,

the computer program, and determination of test replications

for desired confidence.

B. CHARACTERIZING ERROR

Only unimodal error was considered. Error was charac-

terized as skewed, leptokurtic, and platykurtic. Four degrees

of each type were considered, from violent to almost normal.

The degenerate case for each error aistribution type was the

normal error distribution and this was considered as a fifth

degree. Each degree was identified by Pearson coefficients

01 and B2. For continuity with Pearson's work, some degrees

were chosen identical to the error distributions studied in

Reference 1. All error distributions were selected with a

mean of 0 and a variance of 4.

C. CHIARACTERI ZING INTERACTION

Interaction was characterized as follows:

()jl,.., 4  (1)

10



where cts were constants, evenly spaced, increasing and
C 0. (Note that the "evenly spaced" and "increasirlg"

features are not required.) This characterization resulted

in the interaction effect, (a8)ij, being proportional to

the effect of factor A, ai, and increasing with each level

of factor B.

D. THE DATA SIMULATION MODEL

1. The Mathematical Model

Yijk = (+ j + + zijk (2)

where

i =1,9 ,3; j le. ,4; k = 1,'. ,6.

zi... represents the error which under the ANOV assumption is

distributed N(O,o 2 ). It was the distribution of this error

term that was changed from normality, but with a constant

variance of a2 = 4, in order to detcrmine the effect of non-

normality on the Wilson and F tests. The development of

equation (2) into the twelve cell models shown below is con-

tained in Appendix B.

Model for cell one:

Yllk p +l + 1 + llk k=l,..,6. (3)

Model for cell two:
Yl2k + " I * 82 + (c'6ýI2 +z,,, k=l,..,6. (4)

Model for cell three:

Y13k a 1 + l 3 (")13 Zl 3 k k=],..,6. (S)

11



Model for cell four:

l4k + 2 3 (a) (a)12

- (a$) 1 3 + Zl4k k=l,..,6. (6)

Model for cell five:

Y21k = + a 2 + 81 + (a0) 2 1 + Z21k k=1,..,6. (7)

Model for cell six:

Y22k + '2 + 82 + (a3) 2 2 + Z22k kl,..,6. (8)

Model for cell seven:

Y23k = • + '2 + $3 + ('0) 2 3  Z23k k=lp*.,6. (9)

Model for cell eight:

Y24k 1 "2 - '1 - - "3 ( u21 -la"22

- (a3) ,3 + z24k k=l,..,6. (10)

Model for call nine:

31k 001 a1 - 2 ÷ 8l " (aO)ll (aO)21

+ Z~l
31kk=l,..,6. ()

Model for cell ten:

Y32k = " a ' a2  2 ("8) 1 2 - (08) 2 2

+ Z32k k-1, ,6. (12)

Model for cell eleven:

Y33k ' 1 a ' a2 ÷ 83 " (a$) 1 3  " (a)) 2 3

÷ Z33k k=l,..,6. (13) A

12



Model for cell twelve:

Y34k = -" 1 "2  - " - 2 (- -11 + (aa)12

+ (ao) 1 3 + (a") 2 1 + (a8) 2 2 + (a') 2 3 + z34k

k=l,..,6. (14)

Procedures for generating error variates zijk and

for determining the parameter values a 1 2 ''"'(aa)23 are

given below. It may be noted that several of the parameters

of equation (2) have dropped out of the twelve cell models

as explained in Appeodix B.

2. Generation of Error, Ziik

a. Normal Error Distribution

ance of 4, were generated by using the central limit approach

contained in Reference 13. A normal variate z was made by

applying the following simulation formula:

Sz = oz ri + •z(15)

whc re:

* desired mean of the normal error voriate (here=O),

a desired standard deviation of the normal error

variate (here=2),

r - a Uniform (0,1) random number, and

k - number of random variates desired for approximating

t a normal variate by the central limit approach. A value of

13



k=12 was chosen for convenience which reduced (15) to
S~12

"= z ri - 6.0). (16)

b. Skewed Error Distribution

The most violent degree of skewed error was an

exponential distribution and was generated using the expo-

nential generator shown in Reference 13. Advantage was taken

of the fact that

r exp z

and

z = -z log r, (17)

where z in this case is an exponential variate with desiredmea of i _.c o- Ph vriate
mean of and desired variance oX .- the vz

zz z

z was then transformed by the below formula to obtain a mean

of 0.

Z' = z -

The other three degrees of skewed error were

generated with the gamma (erlang) generator of Reference 13.

"The simulation formula was developed from the probability

density function (pdf)

k (k-l) eczf~)=a z e
Z l e (18)

where a > 0, k is a positive integer, and z is a non-negative

erlang variate1 Here

U z
a z
°14



and
2

k z
02z

Erlang variates were made by taking the sum of k exponential

variates,
k

1 \
z - log ri,

which is equivalent to

1 log r i (19)

Since Vz had to be greater than 0 in the simulation equation

(19), the below transformation was used to transform the

variotc ' ' thait the sult;- e rcr di.tributin had a..

of 0.

I I z' z (20)

The three combinations of a and k chosen to generate the

three levels of erlang variates with mean 0 and variance 4

were:

a k

2.0 16

1.0 4

f/2 2.

c. Leptokurtic Error D)istribution

The four degrees of lcptokurtic error were gen-

orated by sampling from an empirical cumulative distributionj function (cdf). The below pdf equation for :3 type VII

Sis

Ii



Pearson curve (leptokurtic) was obtained frcm Reference

3.

Y "0 ?o (21)

where
582 -

aM 2~10

a 2 212 and 12 desired variance - 4,

_ N . r (m) and N number of desired

a AT r(m-½) variates in the
distribution

and

x - abscissa index value for the associated

ordinate density value, y.

One hundred index values from -12.0 to + 12.0, six standard

deviations, were used in making an empirical pdf by computer

simulation. A routine was incorporated into the program that

calculated the mean, variance, unbiased estimates 0 and ,

and frequencies at the 100 index points (i.e., histogram

frequencies). This was done to insure that the error gener-

ated was accurate. The pdf was converted to a cdf by succes-

sively sumRing the pdf values along the same horizontal axis

(-12.0 to +12.0). A Uniform (0,I) random number was then

generated and usodto sample from the empirical cdf. A

binary search techique was incorporated in the computer pro-

gram at this "sampling" stage to reduce computer time. The

error variate was determined b) interpolating between the.

two index points on the horizontal axis which bracketed the

16
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probability value from the cdf that corresponded to the sam-

pling random number.

d. Platykurtic Error Distribution

The four degrees of platykurtic erzor were gen-

erated by a similar empirical cdf sampling method. The pdf

equation determined from Reference 3 for a type II curve was:

Y o - ( (22)

where

a 2  2112 02 ' and2 , 9

a - n -

A similar routine for calculating mean, variance, 81 2

and histogram frequencies was also included in the computer

program for platykurtic error (and also for skewed and nor-

mal error) to insure that the results wcrc as desired. Se-

lectud computcr programs are attached following the appendices

to this thesis. Smooth histogram curves for the degrees of

each error type are shown in Appendix C.

3. Model Parameter Valuer

The Wilsor test was the first claimed distribution

free method for testing interactions in the ANOV model. The re-

fore, determining the power of such an interaction test was

a primary consideration* It was desired to chose parameters

for the 3xW model (equations (3" ttrough (14)) wlhich would

j 17



guarantee that the power of the parametric F test for in-

teraction would be in a sensitive range on the ANOV power

curve. After studying tne appropriate power curve, shown

in Appendix D, a desired interaction test power of .67 was

chosen. This gave a 0 (curve argument) value of 1.3. Work-

ing backwards from this, subject to the conditions given in

Appendix B and the chosen interaction characterizatirn, the

below parameter values were determined for equations (3)

through (14). See Appendix D for development and computa-

tions.

Ii = 100.00.

-1.03

* = 0.28

*1 = -1.03

82 -1.03

83 = 1.03

(OB)11 1.4832

0.4944

(aB) 1 3 ,, 0.4944

(ca) 2 1  -0.4032

022- -0.1344

(caB) 23  0.1344.

E. MTIR COMPUTER PROGRAPM

The generation .of error variaets was Incorporated into

the main computer program. A different "package" was written

for each degree of each error distribution type. Six different

i8

• -4



replication of error variates were then applied in each of

the 12 cell models to produce 72 observations for testing

by the parametric ANOV F tests and the Wilson Chi-square

tests.

Separate subroutines were written for the parametric

uANOV and Wilson tests. F and Chi-square statistic values

"were computed for main and interaction effects.

In the main program these computed values were compared

to the threshold values from the F and Chi-square tables at

the S per cent level of significance. If the calculated F

or Chi-square valie was greater than or equal to the thres-

hold value, the false null hypothesis was rejected and

"i "counted." The total count was then divided by the number

01 Lioies the Lu•,L was u.-idut.ted Lo olt-ain tVI- power oi. toh

test.

Flow charts of the main program, subroutine ANOV, and

i• subroutine Wilson are shown in Appendix E.

* F. DETEPUiNATION OF TEST REPLICATIONS FOR DESIRED CONFIDENCE

Stein (1945) showed how a sequential sampling procedure

could be used for establishing a confidence interval of fixed

length e for estimating the mean P having a confidence coef-

ficient > 1-a.

This procedure was used to establish t'.e number of test

replications (N) necessary to obtain at least 95 per cent

confidence of being within ±0.02 (o * 0.04)-in determiningjpower of the test for the three F tests and three (Chi-square

tests.

19



Stein's theorem and proof are contained in Reference

14. Application of the theorem to obtain N is shown in Ap-

penidix F. The computer program utilized is attached follow-

ing the appendices. The result was N - 3700. This was the

maximum of the replicatious required for the six tests.

The deciding test was the Wilson Chi-square test for the A

(row) effect.

20
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III. VALIDATION

A. DETERMINATION OF THEORETICAL POWER, ANOV TESTS

As stated above, a desired power of 0.67 for the ANOV

interaction test was used in determining the simulation

model parameters. Using the below equations from Reference

liI rnc ijl ai?ii 3. and (23)

02

nr 2 .-i 8e. (24)

and substituting applicable parameter values, theoretical

powers for the testing the A and B main effects by ANOV F

te~ t s w:c y( fou '.110 to -be C. LI -" . 0- all%! 9b feb• P u LLI vel),. cal -

culations and the applicable ANOV power curves are contained

in Appendix G.

B. ANOV POWER SIMULATION RESULTS, N(0,4) ERROR

Three thousand-seven hundred data cases with N(0,4)

error and the predetermined model parameters were tested

with the ANOV subroutine. Power was cc puted and compared

with theoreticcl power.

EFFECT A B AxB

Theoretical W/ 0.81 0.96 0.67
N(0,4) Error

Simulated W1 0.808 0.960 0.665
N(0,4) Error

21
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C. ACCURACY CHECK OF WILSON SUBROUTINE

One hundred data cases with N(0,4) error and predeter-

mined model parameters were tested with the WILSON subrou-

tine. Printout was made on median calculation, contingency

table, and Chi-square valup- (total, A, B, AxB). Five of

the cases were then selected at random and the same values

were calculated by hand. Results wer3 exactly the same.

D. SIMULATION OF LEVELS OF SIGNIFICANCE

Parameters of the simulation model, other than the over-

all mean, were set equal to zero. Then 3700 data sets were

produced with N(0,4) error and tests conducted with the ANOV

and WILSON subroutines. Based. on this sample size the true

level of significance was estimated within plus or minus

0.02 with 95 per cent confidence. That is, by choosing F

and Chi-square threshold values for rejection at the 5 a.d

1 0 per cent significance level, the chance percentage of

rejections should have been equivalent, within the criteria,

to 0.05 and 0.10 for each of the ANOV F and Wilson Chi-square

tests. Results were:

5 PER CENT REJECTION THRESHOLD

EFFECTS A B AxB

ANOV F .0565 .0535 .0508

WILSON ." ,0586 .0486 .0411

10 PER CENT REJECTION THRESHOL.D

EFFECTS A B AxB

ANOV F .1051 .1089 .09•S

WILSON X1 .0754 .0884 .0954
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iV. RESULTS

Three thousand-seven hundred data cases for each of the

four degrees of skewed, leptokurtic, and "latykurtic error

were tested with the ANOV and WILSON subroutines. Results

are given below in three tables. Each table gives the

power of the test for the three effects hypotheses with a

particular type error. Pearson coefficients are shown for

reference, as well as the actual means and variances of the

error distributions generated. The last column of each

table gives the power of the test with N(0,4) error for

convenience of comparison. Error degrees shown correspond

to the curves of Appendix C.
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1 2 3 4 5
ERROR DEGREES

SKEWED 0 -3.97 a -1.95 0 -0.99 8 =0.26 0 .0.00

ERROR a239.03 02 =5.96 02-4.S7 02=3.47 02=2.95

DIST'N (EXPON) _(NORMAL)
COMPUTED DIST'NMED 0.00 0.00 0.00 0.00 0.00

MEAN
COMPUTED DISFr'N

VARIANCE 3.97 3.98 3.98 3.97 3.98

H E: 0"8 =0

oo

HA: £ •i0~
A3

POWER ANOV 0.82 0.81 0.82 0.82 0.81

POWER WILSON 0.74 0.64 0.58 0.78 0.47

H: z (c0.POWER ANOV 0.96 0.95 0.96 0.96 0.96

POW\ER WILSON 0.97 0.91 0.85 0.78 0.74

Hto 0 E (cfa)ij 0

H• U: (a8)ij 0

POWlER ANOV 0.68 0.67 0.66 0.66 0.66

POWER WILSON 0.36 0.30 0.27 0.25 0.25
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ERROR DEGREES

1 2 4 S

LEPTOKURTIC BI=0.00 $=0.00 I-0.00 =0.00 .0.00

ERROR 02=20.00 827,D5 24.10 $23.40 022.95

DIST'N (NOR.MAL)

COMPUTED DIST'N -0.10 -0.11 -0.12 -0.1Z 0.00
MEAN

COMPUTED DIST'N 3.86 3.93 3.96 3.97 3.98
VAR!iANCE

SH Z ai = 0

10E 1V~SN05 .0 08 04I: HA:H Z ~0 ______0__

POWER ANOV 0.82 0.81 0.81 0.81 0.81

SPOWER WILSON 0.56 0.53 0 50 0.48 0.47

Ho: Z •j2=0

0 0

POWER &NOV 0.96 0.95 0 96 0.96 0.96

POWER WILSON 0.86 0.82 0.78 0.75 0.74

H : EE (Ca) ij. 0
0

rHA: ZZ (aB) i 0

POWER ANOV 0.68 0.67 0.66 0.66 0.66

POWER WILSON 0.30 0.29 0.26 0.25 0.25

I2
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ERROR DEGREES

1 2 3 4 S

PLATYKURTIC $=0 .00 00 81 =0.00 01-0.00 BI=0.00

ERROR 02-1.80 a2=2.00 82-2.25 a2=2.50 0822.95

DJST'N (UNIFORM) (NORMAL)
COMPUTED DIST'NMEAN 0.00 -0.03 -0.05 -0.06 0.00

COMPUTED DIST'NCOMPUTED 3.97 3.97 3.97 3.97 3.98
VARI AN CE

HA: Z ai C)

POWER ANOV 0.81 0.81 0.82 0.82 0.81

POWER WILSON 0.37 0.40 0.42 0.44 0.47

0 3HA: Z 8• = 0

POWER ANOV 0.96 0.96 0.96 0.96 0.96

POWER WILSON 0.55 0.60 0.65 0.68 0.74

iH 0I: EE (aý)ij 0
ZZ (aý)jj = 0

POWER ANOV 0.65 0.65 0.65 0.65 0.66

POWER WILSON 0.18 0.20 0.21 0.23 0.25
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Il
V. ANALYSIS AND INTEPPRETATION OF RESULTS

A. HYPOTHESIS TEST POWER CURVES

Figures 1, 2, and 3, which ire attached following this

section, compare the power of the ANOV F and Wilson Chi-square

tests by the null hypothesis being tested. Each figure con-

tains three sets of curves, one for each error distribution

type. The horizontal argument of "error degree" corresponds

to the degree of non-normal error distribution type shown in

the distribution curves of Appendix C.

B. ANOV F TESTS

Figures 1 through 3 show Lhat for a 3x4 factorial. with in-

jteraction and 6 observations per cell the power of the F test for

main effects and interaction effects hypotheses are unaffected

4 by the th.-ne types of error non-normaility. The range of poier

change from the es.imated power with normal error is only

- 0.01 to + 0.02 over all three hypotheses. It appears that

there should be no concern relative to degradation of the

power of the F test because of error non-normality, even in

extreme cases, as long as the data is unimodal.I C. WILSON CHI-SQUARE TESTS

The below curves indicate that the Wilson Chi-sqiare

tests are not "distribution free" as claimed. The power of

the tests for main effects anid interaction effects are sen-

sitive to the shape of the error distribution.

The normal error power estimate for the W'ilson A effect

test was 0.47. Non-normnal error ir that the test resulted

27
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F

j in a range of power change of -0.10 (violent platykurtic) to

+0.27 (violent skewed) from the normal value. For the B ef-

fect test the range of power change from the normal error

estimate of 0.74 was -0.19 (violent platykurtic) to +0.23

(violent skewed). For the AxB effect test the range of

power change from a norm of 0.25 was -0.07 to +0.11, with

the same error type extremes as before.

In general as expected the power of the Wilson Chi-square

tests were lower than the power of the comparable F tests.

When the error distribution was N(0,4) for both, the power

of the Chi-square test for A effect was 58 per cent of the

power of the comparable F test, the power of the Chi-square

test for B effect was 77 per cent of the power of the F test,

an.d the powcr of thc Chi-square test -ior Axjca effect was 38

per cent of that of the P test. However, there was one case

where the power of the Chi-square test was higher than that

of the F test (0.97 versus 0.M5 in the test for B effect un-

der the condition of violent skewed error).

The error effect trend for a particular error type was

consistent over the three hypotheses tested. Note the simi-

larit)' in shape, for example, of the skewed error Wilson

power curve in Figures 1 through 3. The rate of change in

power with respect to error degree (as error varied from

normality) was, however, significantly less for the Chi-

squpi&'. test for interaction under the three error types than

it was in the Chi-square tests for both main effects under

equivalent error types.
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VI. DISCUSSION

A. WILSON TEST SHAPE SENSITIVITY

It is apparent from Figures 1 through 3 that the dis-

tributions of the Wilson Chi-square test statistics under

the alternate hypotheses are sensitive to the shape of the

error distribution. The question arises as to whether the

distributions of these statistics under the null hypotheses

are also sensitive to the shape of the error distribution;

that is, whether the type I error (alpha) is changing with

evhi degree oC error distribution.

To investilate this, level of significance estimates

were made under the four degrees of skewed error distribu-

tion by detcrnining power with hi modeI L Ue 7ficiuwILL sti.

equal to zero and Chi-square threshold values set for

alpha = 0.05. Results were obtained and compared to level

of significance results with N(0,4) error.

A B AxB

1WILSON SKEW 91 .0624 .0524 .0489

WILSON SKI-h P2 .0659 .0530 .0432

WILSON SKEW 03 .0659 .0530 .0432

WILSON SKEW #4 .0649 .0524 .0454

WILSON N(0,4) .0586 .0486 .0411

Altho}ugh the true levels of significance were slightly higher

under th,: sAexied ereor, they were higher by approximately the

samc ;wl,,ount in all cases. On this basis it is concluded that
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the distributions of the Wil, n Chi-square statics are only

sensitive to the error distribution under the alternate hy-

potheses.

Since the test as proposed by Wilson uses the Chi-square

as the approximate distribution oi the test statistics it is

evident that this approximation does hold under the null

hy:?othesis (at least in the right hand tail of the distribu-

tion) but that the degree of approximation of the non-central

Chi-square under the alternate hypothesis is sensitive to

changes in the error distribution. Sawrey [15] has labeled

such tests as "semi-nonparainetric."

B. USE OF THE WILSON TEST

The above should not be interpreted to mean that the

Wilson test is invalid and nhould be avoided. It is obvious-

ly inferi r to the ANOV F test and should not be chosen when

the data permits utilization of the parametric ANOV. How-

ever, the Wilson test, to the author's knowledge, is the

simplest of only two procedures applicable to testing for

interaction when the data is qualitative and measurements have

been obtained only on an ordinal scale (see Mood [16) for the

other). It should be used in such cases with the realization

that its accuracy depends upon the shape of the underlying

error distribution. After histogramming tlh- data, the re-

sults of this paper may be used to provide general insight

relative to the question of what power to expect, Pertinent

power estimates for a particular design imay be obtained by

employing the comptu.-r simulation method presctted herein,
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provided that the error distribution (unimodal) can be iden-

tified from the data and the type interaction can be charac-

terized. Twenty-eight and one half minutes on an IBM 360

computer were required on the average in this study for ob- J
taining power estimates for the normal case and one non-

normal error distribution.

C. AREAS FOR FURTHER STUDY

1. Power Efficiency

A typical question facing a prospective user of the

Wilson test is that of how many replications are necessary

with a particular desioA to attain a desired power, given

a particular error distribution based on preliminary sampling.

This is a problem in estimating power efficiency for the

Wilson test and is a natural extension of this study. The

same simulation model could be used.

2. Different p of Interaction

The present research could be extended to include

other characterizations of interaction. In the course of

this study the author at one stage characterized interaction

by cx. c.. + b.. Incomplete results, based on onlyby •8)j i 'j. J*

200 batches of data, indicated that the estimated power for

the F tests was the same as that for the characterization

stated herein (i.e., (aB)ij 0 i c ), but that the estimated

power for tue Wilson Chi-squarc tests was considerably dif-

ferent from that under the present characterization.

3. Effect of Ilomoscadacity on Power

It is believed that a computer simulation method,,

similar to the one used here relative to non-normality, could
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be used to study the effect on power of the parametric ANOV

requirement of homoscadacity. Error distributions could be

generated with different degrees of error variance, data

tested by the ANOV and WILSON subroutines, and the results

analyzed.

4. Semi-Nonparametric Tests

Another research area recomrmended is that of "semi-

nonparametric" tests. An appropriate thesis might consist

of extracting all such tests from the literature and then

showing why they are semi-nonparametric with resulting im-

plications. Reference 15 would be a good starting point

for such a thesis.

S. Effect of Samplc Size on Non-normality Effect

A final extension of this study might be to analyze

the effect of sample size (replications per cell) on the power

o" the ANOV F and Wilson Chi-square tests under the same con-

ditions of error non-normality. Would a doubling or tripling

of sample size tend to flatten out the Wilson power curves

shown in Figures 1, 2, and 3 of Section V or would they just

be shifted upwards? Would the ANOV F tests still be unaf-

fected by error non-normality if tl)c sample size were only

two replications per cell?
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VII. SUMMARY

A complete simulation method has been presented for

estimating power for both parametric ANOV tests and Wilson

non-parametric ANOV tests. A 3x4 ANOV simulation model

was used with six replications per cell. Interaction was

characterized by (r']ij= ai cj with c.'s constant, in-

creasing, evenly spaced, and E c. = 0. Error non-normality

was characterized in fov.r degrees of three unimodal error

distribution types: skewed, leptokurtic, and platykurtic.

It was shown that when the error was normal the Wilson Chii-

square test for A effect was 58 per cent of that for the

comparable F test, the Chi-square test for B effect was 77

per cent of that for thu F Lest, und Lhie CiJ.-quarc- LesL

ior AxB effect was 38 per cent of that for the comparable

F test. It was further shown that the Wilson Chi-square

tests were not distribution free as claimed by Wilson but

were sensitive to the parent distribution shape. Lepto-

kurtic and skewed error 'Jistributions increased the power

of the Chi-square tests above that estimated with normal

error. Platykurtic error distributions decreased the power

of the Chi-square tests from that estimated with normal

error. The power of the ANOV F tests were unaffected by

even the extreme cases of error non-normality.
3i
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APPENDIX A: DESCRIPTION OF THE WILSON TEST

1. The median value, 1d, for the entire set of n ob-

servations is determined. The number of observations less

than Md, represented by nb, is then calculated.

2. A 2xrxc contingency table is constructed where r

and c represent the number of rows and columns of the de-

sign and the "third diwension 2" corresponds to the divi-

sion of scores by Md. The frequency entries for the

contingency table are represented by bfij, the number of

observations less than Md for the cell in row i and column

j of the table. It follows that

i j 1

The below contingency table example is given for the purpose

of clarifying notation:

M= 100.54851

FACTOR A

1 2 3 4 bfi

1 5 6 2 2 15
FACTOR

B 2 3 2 4 2 11

3 4 4 1 1 10

b f 12 12 7 5 36

all

ni. - 6
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r =3

c =4

b• ij = # observations < Md

nb =36

n =72.[ 3. Since the number of observations for each rell in

the ANO" design of interest are all equal and Md can be cal-

culated such that nb = n/2, the total Chi-square value can

j be computed as follows:

4 (f.. " -- (1-2)
n2 b ij Zrc

where n/2rc represents the expected frequency under the null

hypothesis that the main effects and interaction effects

produce no change in the distribution of scores. X2 has

(rc-l) degrees of freedom.

4. The Chi-square values of the row effects and column

effects are computed using the marginal totals of the 2xrxc

contingency table.

X 2 bfi. 77• (1-3)

and

n)2
X•I= ) 2b .±- (1-4)

where bfi = i bfi " and bf.; f As before, the expec-
b i- ij b*j b j

ted frequencies for the main effects, n/2r and n/2c, are ob-

tained for the null hypotheses that the distributions of

scores are identical for all levels of the row or column
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effects. X1 and X1 have (r-1) and (c-1) degrees of freedom

respectively.

5. The Chi-square value for the interaction effect is

computed by subtraction.

X2= 4 2 (1-5)X

X has (r-1)(c-1) degrees of freedom.

6. The tests for the main effects and interaction are

made by comparing the obtained values of X2, X2 , and X withR C, I
values from the cumulative Chi-square distribution for the

appropriate degrees of freedom and desired significance

level.

7. Wilson [6], citing Rao (1952) and Cochran (1954)

CC'�f �~iJv;;.hat thCre. w.a, nc " c n concrnine-.s~al .x-

pected frequencies as long as the contingency table has 30

or more degrees of freedom, lie further concluded that

ordinary Chi-square tables were applicable as long as the

30 degrees of freedom criteria held.

8. Wilson (6) included formulation for Chi-square

values when na, the number of observations greater than or

equal to Md' is not equal nb and when the nij are not all

equal. In addition he extended application of his test to

experimental designs with other than two factors.

39



APPENDIX B: DEVELOPMENT OF 12 CELL MODELS

•, 1. The Mathematical Model

Yijk ai + + ()ij + Zijk

i=1,..,3; j=1,..,4; k=l,..,6

is expressed in matrix notation asIY = B + ?-
FZ

Yl, I 1 0 0 1 1 /A/ Pill
AIt1 00 1 1 CAI

* , .:* , , a

S1 001 03

Y!1  _100 I I 01

* . . . . I S ,

Y,6 I 1 00 i i

Y, 1 00 iI
_ 1100 I0 lI _;94

y1, 11 0 I IYI4• * S.,• l(Y1-10 10 1 9I

1 0 O __ _

_mI o I I } j

.vz, I(0(0 I [ 3:I 'Yý4 6 1 010
! 00

9.. O I •m,4

173x) . 7x25 2xI 7x1

1 11"3111~ 100 1

1z 100 1 1

Y6100 1 1

1 00

Y.346 1 001 1 2 346

(72xl) (72x20) (20xi) (72xl)
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2. Model conditions are:

aI+a 5=0 (2)2
~1 2 3

01 + 2 + 0 = 0 (2-3)

+ (ao)12 + (a8) 1 3 + (aa)1 4 - 0 (2-4)

(ca)21 + (")22 + (")23 + (aB)24 = 0 (2-5)

3+ C8)32 + (ca) 3 3 + (a$)34 ( 0 (2-6)

(aB)11 + (a$8) 2 1 + (c.8) 3 . = 0 (2-7)

(a$) 1 . + (aB)2, + (")32 = 0 (2-8)

(")13 + ("g) 2 3 + (caa) 3 3  (2-9)

( +")14 + (c8) 3 4  (2-10)

3. Rewriting the above and eliminating duplication:

3 1 2 (2-11)

4 - 1 2 - 83 (2-12)

(at)14 = -(aa)11- (cxa) 1 2  (c4) 1 3  (2-13)

(aB)24 = -(a8)21 - (aB) 2 2  (•') 2 3  (214)

(CaS)3l = -(a)l1 - CW), (2-is)

(CaB) 32 = -(ao)12 aS)22 (2-16)

(QB) 3 3 ,-(018)13 - (a)23 -i7)

( -(0)34 -- (08)I4- 14 -(2-18)
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Thus thc matrix equation can be reduced to an equation in

only :12 parameters (vice 20).

4. The new new matrix equation is expressed on page

43. The following cell models are obtained by expanding the

new matrix equation.

Model for cell one:

Sllk • + al + 81 + (ao3ll1 + Zllk k'l,..,6. (2-19)

Model for cell two: 1

Y = + i + z k=l,..,6. (2-20)
~l2k + "' 8 2 + ("08)12 +1z2k

,Model for cell three:

l3k = + 'l + 3 + ("1)13 + Zl3k k=l,-.,6. (2-21)

Model for cell four:
Y, + a, 0, - a. -8,- (cx8)

- (a8)l 2 - •)13 + z14k k=l,..,6. (2-22)

Model for cell five:

Y21k 21 + ?+ 01+ + Z2 tk k=l,..,6. (2-23)

Moel for cell six:

Y22k = + "2 + 2 + ( 22 + Z22k k=l,,6. (24)

Model for cell seven:

Y237: 2 + (C')23 Z23k k=l,..,6. (2-25)

Model for cell eight:

Y24k 0 + 02 - 1 2 8

(0a) 2 2 - (023 Z24k kal,1.,6. (2-26)

Model for cell nine:
Y31k '1 '2 I (0a) 11 " (aB) 2 1

S3ik k-l,• ,6. (2-27)
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Model for cell ten:

Y32k - ' - "l -2 + 82 - (0') 1 2 "(0')22

+ Z32k kl,..,6. (2-28)

Model for cell eleven:

Y33k 1- ' "2 + 33 " (")13  )23

33k k=10,-6. (2-29)

Model for cell twelve:

Y34k - al - B1 -2 - 83 + (a1)ll

+ (cao) 1 2 + ("S)1 3 + (a) 2 1 + 22r + (a)2 3 +34k k1l,..,6. (2-30)
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APPENDIX D: DEVELOPIMENT OF MODEL PARAMETERS

1. The power curve for determining theoretical power

for the test of interaction, 3x4 ANOV model, is attached

o this appendix. Numerator degrees of freedom are 6,

(r-l)(c-l), and denominator degrees of freedom are 60,

rc(n-l); where r is -the number of rows (3), c is the num-

ber of columns (4), and n is the number of replications

per cell (6). For a desired power of 0.67 at a level of

significance of 0.05, • 1.3.

2. From Reference 11

r c
2 n 1_21axB '(r- c-"l)+ 1i (1.3)2

= 1.69. (4-1)

Since a variance of 3.98 was actually obtained in simulation

of the N(0,4) error, this value was substituted for a'.

Values for r, c, and n stated above were also substituted.

Then, rearranging (4-1)

3 4Z Z 3 •Bij• -7(3.98)_(1.6916 7.8387.° (4-2) i

i-1 j=l

.3. Any combination of (a8)ij's such that (4-2) holds

will give the desired power. But the interaction was char-
acterized by (a)i3 ac w4i " cW's* evenly spaced, constant,

increasing with O., and • c. - 0, 1n0.ti.I values for c. were

also arbitrarily chosen as c, -3, c2 - 1, c 3  1, and c4
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3. Initial values for a. were also arbitrarily chosen,

subject to the condition ai. 0, to be a, = -1.03,
11

a 2 = 0.28, a 3 = 0.75.

4. Subsituting these values for a. and c.

ZZ (aW)ij- E (a.c.) = ((-1.03) (-3))

f+*+ ((0.75)(3) = 34.0360.

Thus each value of the initial selection for c. was too

large by the multiple (34.0360/7.8387).½ 2.0837. Initial

cj's were then divided by 2.0837 to obtain:

C1 = -1.4 J71 = -1.44

I c2 -- o.•:,:.o - -o..i&

c3 = 0.47990 : 0.48

c4 = 1.43971 = 1.44.

S. Using the original ai's and the adjusted c. s,

values of (aS)ij (aicj) were calculated to be

OR) = alcI - 1.4832

(aB) 1 2  alc 2  0.4944

(aB) 1 3  lC 3 •-0.4944

(aB) 1 4 =aC 4 ,-1.4832

() a2 c * -0.4032

(a8)Zz a 2C z .0.1344
* 0.1344

(ao)23 a2 ';3
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(aa)24 : a2c4 = 0.4032

(W831 -= a3Cl = -1.0800

('5)32 = " 3 c2 = -0.3600

()33 - 013C3 = 0.3600

(")34 = a 3 c 4 = 1.0800.

These values of (a$)ij met the model conditions stated in
Appendix B (i.e., • (as)ij = 0, i=l,., 3 , and E (c8)ij = 0,

13 i
I;. j-l,.. ,4).

6. Values of 0. were then chosen arbitrarily subject

to the condition £0 = 0. Values were selected in the

neighborhood of the a values so that no single main ef-
iJ

= -1.03, a = 1.03, B = 1.03.

7. The overall mean, represented by v in equations[S) through (14), was chosen arbitrarily to be 100.00.

so
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APPENDIX E: COMPUTER FLOW DIAGRAMS

1.Main Program_______

[PARAMETERS
___ __p_ N-TIMES

*MAKE 72IERROR VARIATESIMAKE 6 DIFFERENT OBS.
FOR EACH CELL USING

EQNS (3) - (14)

CALL SUBROUTINE ANOV --

RETURN

ARE FAK ,

CUTCOUNTf

JI

POWER FAB = TOTAL COUNT FAB/N

CAL UBROUTINE WILSON -

DON IT NO >THIRESHOLD VALUES Y S

COUXTCUUN

S2



SPOWER X2A -TOTAL COUNT x 2AIN

POWER X 2B = TOTAL COUNT X'B/N
POWER X 2AXB = TOTAL COUNT X'AXB/N

_ N TIMES

NOTES:

*This package was changed for each level of each typeS~error,

Selected computer programs used are attached follow-
ing appendices.

2. Subroutine ANOV

LOAD 72 OBS IN lxSMATRIX. MATRIX ROWqSLAD7 S Ni4!

1-6 EQUIV TO DESIGN
ROW 1, ETC.

CALCULATE SUM OF EACH
OBSERVATION SQUARED

YSQ (IT,)

CALCULATE SUM OF EACH
OF 4 DESIGN COLUMNS

AND ITS SQUARE.
TDJP1(J), TDJI)SQ(J)

CALoULATE SUM OF
EACH OF 12 DESIGN CELLS

AND ITS SQUARE
TIJD(J), TIJDSQ(J)

S3



CALCULATE SUM OF EACH
OF 3 DESIGN ROWS

AND ITS SQUARE
i ~TIDD(l), TIDDSQ (I)

COMPUTE OVERALL SUM
OF OBS. SQUARE IT. DIVIDE

BY 72 TO GET CORRECTION
FACTOR

COR. TDDDSQ/72

COMPUTE TOTAL SUM OF SQUARES
TSS Z£ YSQ(I,J) - COR

CO[PUTE B SUM OF SQUARES
BSS =iTDJDSQ(j.)/18- COR

J '

COMPUTE A SUM OF SQUARES
ASS- TIDD(I)/24 -COR

-" - Il i

COMPUTE AxB SUM OF SQUARES

12 TrJDSQ(M)/6 -ASS BSS .CR

CVOIPUTE, ERROR Stj.% or. SQUARE•S
ESS " TSS -(ASS E SS- AxBSS)' I.



• ICOMPUTE A MEAN SQUARE IM S/

AMS - ASS/21

COMPUTE AB MEAN SQUARE

rCOMPUTE AB MEAN SQUARE
AxBMS AxBSS/6 J

COMPUTE ERROR MEAN SQUAREI

KENMS = ESS/60

COMPUTE F RATIOS
FA = AMS/EMS
FB BMS/EMS

FAxB = AxBMS/EMS

#ETURN

END

3. Subroutine Wilson
ORDER72 OBS IN-

COLUM-N VECTOR

FIND MEDIAN OF 72 ORS
XMED - (YOIBS(36) + YOBS(37))/_

IN EACH CLl. OF 2x~xl
CONNTINGENCY TARLE

JIF(YBSI)LT..%~r:.)Nss AaVSr.4



FIND CONTINGENCY TABLE ROW SUMS4NBFID -- EZ NBF(I,J) I=1,..3 ]•

J= 1_____________

FIND CONTINGENCY TABLE COLUMN SUMS
3

NBFID = • NBF(I,J) J=1,..4
1=1

FIND TOTAL CHI-SQUARE VALUT 1
x )T 34)(1 (4) ZE(B(,)- 72 )

T72 ='IJ (2)(3)(4)

FIND CHI-SQUARE A VALUE

Sl•INiD CIII-SQUARE B• VALUE

FIIND CHI-SQUARE AxB VALU E
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APPENDIX F: DETERLMINTNG TEST REPLICATIONS

1. Ten ANOV and ten WILSON subroutines were executed

on data generated with the simulation model, N(0,4) error.

Power of each of the F and Chi-square statistical tests

for main effects and interaction was com~puted by the method

shown in Appendi: E. The subroutines were then execute-d

ten more times and power computed in a similar manner. This

was repeated until 200 ANOV's and WILSON subroutines had

been executed consecutively giving a sample size of 20 power

values per test, each power value based on the number of

false null hypotheses rejected out of ten triAs.

2. Sample variance was then computed for each test.

20
$ 2 _ n 1i. ! (Xi -) (6-1)

where X. is the ith power value and 7 is sam'ple mean power

value based on the 20 Xi s. 1 = 20.

3. Using the student's t distribution table, the

value for k was determined so that the following equation

held.-

Prob e < - 1-0 (6-2)

whore e = .04, n 0-1 - 19, and 1-ac .95.

4. For each of the six statistical tests invol\-ed N-

the ,umber of replications required for desired confidence

on the val'te of X, was determined b):

57



Ny Max +ýF 1, nlu (6-3)

where [S 2 /k] represents the greatest integer < the ratio.

5. The value obtained for NX uraVs then multiplied by

ten to obtain N, the number of WILSON and ANOV subroutines

to be executed for desired confidence. The multiplication

was necessary since ten replications were required for each

value of Xi,

6. The maximum of the N values for the six tests in-

volved was then determined and rounded up to the nearest

]00. Results are summarized below:

A B AxB

N,ANOV Max (1560, 520, 1670) = 1670 (6-4)

,L - .,. k3J10, 2•30, i0 0 - 3610 -
N =3700 (6-6)

7. Detcrmining test wvs the Chi-square test for A ef-

fect. The computer progranl utilized is attached following

the appendices.

$8



APPENDIX G: THEORETICAL POWER, ANOV MAIN EFFECTS TEST,

1. Reference 11 gives r|
nc02 = .

A (7-1)02r

Here n = number of replications, 6; c number of design

columns, 4; r = number o:f design rows, 3; a2 desired

variance, 4; and Z E. sum of the squared a parametersi i

from Appendix D. Substituting

(6)(4)(1. 701S) 3.0

and

d. l.P5.

The applicable newer curve, attached to this apipe dix, has

numerator degrees of freedom = r-I 2, and denominator

degrees of freedom = rc(n-l) = 60. Power of the test, as

read from the curve, is 0.S1 at the 5 per cont level of

significance.

nr .4 i
o2 = (7-2)

"Here su of the squared . from Appendix )-) 4.2436.

Substituting

2 2 .116 4*77
(4) (4)

and

S 2.18.

S9



The applicalle power curve, with numerator degrees of free-

dorm = 3 and deonominator degrees of freedom = 60, gives

power of this test = 0.96. The power curve is attached.
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