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ABSTRACT 

An analytical expression is obtained for the radar reflection 

coefficient from a one-dimensional plasma. The formulation includes the 

effects of electron-neutral and electron-ion collisions and is applicable 

for either an exponential variation of the electron density with position 

or a variation of the form n (x) • n 11 + e-x/d). 
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Sec. I 

I, INTRODUCTION 

A gas will be ionized whenever its temperature is sufficiently 

high and/or its density is sufficiently low. This state of matter (a 

plasma) is ubiquitous on the scale of the universe but is comparatively 

rare on earth. In the vicinity of the earth plasmas occur naturally in 

the ionosphere and in the wake of meteors, and are produced by lightning. 

The activities of man create plasmas in gas discharge tubes, in internal 

combustion engines, during satellite reentry, and upon the detonation of 

nuclear weapons. Although these examples are by no means inclusive they 

indicate that the plasma state is sufficiently prevalent to be of interest 

to astronomers, radio and radar engineers, and many othecs. In many 

instances the most important consequence of a plasma is its effect on the 

propagation of electromagnetic waves. As in many other fields of scien­

tific endeavor the existence of exact mathematical solutions to idealized 

problems facilitates the development of that precious faculty, "physical 

intuition," 

In this paper we shall discuss an exactly solubl~ problem concerning 

the interaction of an electromagnetic wave (polarized nl rmal to the gradient 

of the electron density) with a plasma whose properties vary only in one 

direction, The model seems unique in that it includes the effects of both 

electron-neutral and electron-ion collisions, The electron density pro­

files considered are n (x) • n ex/d and n (x) s n k1 + e-x/d) • The e o e ~/ 1 

latter profile is probably a reasonable approximation to the electron 

density occurring in many physical problems. This feature, and the fact 

that electron-ion collisions are included as well as the electron-neutral 

collisions, should make the model of great interest in situations where 

the electron densities are sufficiently high so that ion-electron collisions 

are important. 
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Sec. I 

1 
The general form of the equation to be solved is 

iE 2 2 - 2 + k q (x)E • 0 
dx 

(1) 

Solutions of this equation are known for an extremely broad class 

of functions q, and many examples relevant to the propagation of radio 

waves in the ionosphere are discussed in Ref. 1. Indeed the example we 

consider is a special case (£ 3 • 0 in the notation of Ref. 1, p. 376) of 

the "Epstein" profile. The major contribution of the present paper is 

the observation that this particular soluble problem has a physically 

interesting interpretation. I n ~ddition the derivation we give is 

somewhat simpler than is possible in the more general case of an "Epstein" 

profile. 

2 



Sec. II 

II. DERIVATION OF RESULT 

Consider an infinite plasma such that the electron density n (x) 
e 

depends only on a single coordinate x. An electromagnetic wave plane­

polarized in the y direction is incident on the system with angle of 

incidence 0
1 

• The electric field component 

E • eik(ct-Sz) E(x) 
y 

E has the form y 

(2) 

where we use the symbols C and 

of incidence. The function E(x) 

S for the cosine and sine of the angle 
1 satisfies the equation 

2 ( n (x) ) _d_E• -klC2+k2 e E 
d 2 vl v2 

x n (1 - i - - i - n (x)] er w w e 

where w • kc and v1 is the electron-neutral collision frequency, 

v 2ne(x) is the electron-ion collision frequency, and ncr is the 

* critical electron density at the frequency w. 

We now note that in the two cases 

Case I: 

Case II: 

n (x) 
e • n 

0 

** the equation is of the form 

x/d 
e 

*Thus n • (f/8970) 2 cm- 3 with f the frequency in Hertz. 
** er 

Where only the ratios P:Q:R are relevant. 

(3) 

(4) 

(5) 
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Sec. II 

where 

Case I: 
n 

p - ...2.... n er 

n 
00 

Case II: P • -
n er 

iv 2 
Q - - -- n 

W 0 

Q - 1 
iv

1 --w 

R • 1 - i 
\1 1 

w 

iv 2 --n R • 1 
w 00 

In order to solve Eq. S we introduce the expansion 
00 

+ikCxE ± nx/d • e a e n 
n•O 

i v
1 --w 

where E+ corresponds to the incoming wave and E is the reflected 

wave. Substituting this form into Eq. Sand equating coefficients of 

e+ikCx x e(n-l)x/d indicates that the coefficients an satisfy the 

recursion relation 

Q(n - l)(n - 1 + 2ikCd)an-l + Rn(n + 2ikCd)a • k2d2Pa n n-1 

or 

Rn(n + 2ikCd)an • -Q(n - 1 + ikCd + a)(n - 1 

• where 

Thus we have the expansion 
00 

+ ikCd - a )a l n-

n 

( 6) 

(7) 

(8) 

(9) 

(10) 

+ikCx r p + 2ikCd) ~n + + ikCd)r (n - • ikCd) 
E • ± e r<a + ikCd)r (-a + E ( Q x/d) ikCd) - Re r (n + l) r (n + 1 + 2ikCd) 

• 

n•O 
(11) 

It is obvious. even before the cAlculation has begun. that in Case I the 
value of n0 does not influence the absolute value of the reflection coeffi­
cient. It is easily seen that a does not depend on n0 • The phase of the 
reflection coefficient is. however. influenced in a trivial and under­
standable way by the value of n0 • 

4 



Sec. II 

where the solution has been normalized so that as x -• - 00 

E.._ " e +- ikCx (12) 

The series converges for x < d n 1%1• 

The physically acceptable solution of Eq. 5 is that linear combination 

E • E + RE + 

which goes to zero as x • +oo. Thus the reflection coefficient 

lim E+ 
R • - x--•a, E 

Fortunately the series in Eq. 11 is readily recognizable as a 

hypergeometric function so that 

E • e - ikCx r(a i ikCd ± , - a+ ikCd· 1 + 2ikCd· - g_ ex/d) 
• ' R 

* which can be analytically continued with the aid of the well known 

relation 

f' (c)r(b - a) -a -1 
F(a,b;c;z) • r (b) r (c _ a) (-z) F(a, 1 - c + a; 1 - b + a; z ) 

(13) 

(14) 

(15) 

+ r (c) r (a - b) (-z)-bF(b, 1 - c + b; 1 - a+ b; z-1) (16) 
r (a) r (c - b) 

If we choose the square root in Eq. 10 so that the real part of 

** a is positive we find that as x • 00 

E+ ~ exa/d (g_R)a! ikCd r (a ~(1 i 2ikCd)r(2a) 
+ ikCd)f(a + 1 + ikCd) 

* 

(17) 

Reference 2, p. 539. However, the usually reliable Whittaker and Watson 
gives the result inccw rectly (Ref. 3, p. 289). 

** Note that F(a,b;c;O) • 1. 

5 



Sec, II 

and 

R • _ (g_) 2ikCd r(l - 2ikCd) ! (a + ikCd) _r .,_(_+_lc__+_ik_C_d_,_) 
R r (l + 2ikCd) r (a - ikCd) r ( + 1 - ikCd) 

Since the gamma function is easily calculated numerically, this is 

generally a very convenient form. 

(18) 

It is interesting to verify that Eq, 18 behaves properly at vanish-

ing collision frequencies. Thus for v1 • 

provided that 

v2 • 0 and Case II, is real 

and positive and IRJ • 1 
2 when n < n C, a is 

00 er 

2 
n > n C • 

00 - er 
a positive imaginary number and 

On the other hand 

IRI < 1. These, 

of course, are the results to be expected. In Case I it is expected that 

for v
1 • v

2 
• O, IRI ., 1. 

Verification of this last result is slightly tricky for Case I. 

When v2 • 0, Q2 • 0 and a • 00 so that Eq. 18 is an indeterminate 

* form. However, as Jal • 00 

so that 

r(a + v) 
r (a) 

V 
• a 

R • -(Qa2
)

2
ikCd r (l - 2ikCd) 

R r (l + 2ikCd) 

( )

2ikCd 
• _ k2d

2
P r (l - 2ikCd) 

R r (l + 2ikCd) 
(19) 

Thus when ne(x) • n
0 

e x/d and V = Q 
2 we have the very simple 

well-known result "" 
( 2 2 rkCd r(l- 2ikCd R • k d P 

(20) 
vl r (l + 2ikCd) 

1 - i -
w 

* Equation 8 is also significantly altered so the solutions change their 
form from a hypergeometri function to a Bessel function. 

** Reference 1, p, 357. 
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Sec. II 

and 

\RI• expl-2kdC arctan(:1)j (21) 

The extreme simplicity of this result makes its use attractive in 
* cases where it may be applicabl e. 

A very striking property of Eq. 21 is that the reflection coefficient 

does not go to zero as v1 • 00 but instead approaches a finite lower 

bound 

IR I - exp(-kdCn) vl • ao 
(22) 

As we shall see below, this behavior is unphysical and is due to the 

mathematical idealization involved in an electron density which becomes 

infinite as x becomes infinite. 

In order to better understand this behavior it is illuminating to 

consider an alternative derivation of Eq. 21 which does not require an 

explicit solution of the differential equation, Eq. 5. 

Thus in Case I (for the moment we retain v
2

; 0) Eq. 5 may be 

rewritten 

-k2C2E + -~--k_,,2_E ___ _ 
-(x-x ) /d (23) 

e O 
- iv n 2 er 

where 

* 

X 
0 - -d 

(24) 

However, it should be noted that this requires that the electron density 
exponentially increase to a value much larger than the critical density 
and yet have the electron-ion collision frequency remain small compared 
to the electron-neutral collision frequency. 

7 



Sec. II 

The solutions satisfying the asymptotic condition given by Eq. 12 

must have the form 

+ikCx 
0 ( 25) 

where f ± has the asymptotic behavior as x 

f ±(x) 
+ikCx 

"' e ( 26) 

and f ±(x) is independent of v1• 

* The reflection coefficient therefore is 

R • -e 
-2ikCx 

0 (27) 

Since IRI • 1 when v 1 • v 2 • 0 and since all the dependence on v1 
is in the exponential factor it is clear that 

lim lim 
v2-+0 x-+00 - 1 (28) 

so that Eq. 21 has been proven. 

From the form of the solution (Eq. 25) it is clear that, as v 1 
increases, the region where the reflection occurs moves over to the right 

with the real part of x 
0 

That is, the reflections occur from regions 

where the electron density is of the order of 

* 

~ vi)l/2 
n 1 + -er 2 

w 

It is easily verified that Eq, 18 has the general form in Case I . The 
fact that the line f+/f_ is independent of x0 fo llows immed ia tely from 
the observation that the general solution of Eq. 23 di ff ers from the 
desired solution by a function which is unbounded as x 

8 



Sec, II 

In all the other cases (Case I, v2 • 00 , and Case II, v1 or v2 • 00 ) 

the reflection coefficient goes to zero as the collision frequency goes 
* to infinity, This type of behavior is more reasonable physically since 

at high collision frequencies the electric field does not have time to 

accelerate the electrons and is therefore unable to do any work on them. 

* When the real part of 
then easy to see that 

is positive so is the imaginary part. It is 
• ikCd and R O since r (O) • 00 , 

9 
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Sec. III 

Ill. PRESENTATION OF RESULTS 

The reflection coefficient is a function of several vari ~bles , so 

that it is difficult to present the results in a limited space . 

For the exponential case the reflection coefficient depends on the 

dimensionless parameters kd, v1/w, and v2ncr/w . The power loss upon 

reflection (-20 log10 iRI) is tabulated in Table 1 f 1r several combinati ons 

of these parameters being "small" or "large" (where a decade represents 

the distinction between nominal values and large or small values). 

Similarly for Case II the reflection coefficient depends en the 

dimensionless combinations kd, v1/w, v2n
00

/ w , and n
00
/ncr. The reflec­

tion coefficient for a sampling of large and small values of these 

dimensionless parameters is presented in Tables 2, 3, and 4. 

For the convenience of the reader who would like to survey some 

segment of the parameter space in more detail, the FORTRAN listing of a 

" computer program which calculates the reflection coefficient is given as 

an appendix. 

" Written for the TRW Timeshare System using a CDC 6500 computer. 

10 



Sec. III 
Table 1 

TABLE 1 

POWER LOSS UPON REFLECTION (dB): EXPONENTIAL PROFILE 

v2n / w er 
v/ w 0.01 0.1 1 10 100 

kd • 0.1 

0.01 0.31 2.23 11.15 29.91 49.89 

0.1 0.46 2.38 11. 30 30.06 SO.OS 

1 1.66 3.57 12.49 31.25 51.24 

10 2.85 4. 77 13.68 32.44 52.43 

100 3.00 4.92 13.84 32. 60 52.59 

kd • 1 

0.01 0.32 1.62 12. 57 36.47 57 .41 

0.1 1.87 3.18 14 .13 38.03 58.96 

1 13.79 15.09 26.04 49.94 70.88 

10 25.70 27.00 37 .95 61.86 82.79 

100 27.26 28.56 39. 51 63 .41 84.35 

kd • 10 

0.01 2.89 13.32 99.47 236.92 281.60 

0.1 18.48 28.90 115.05 252.50 297.18 

1 137.60 148.02 234 .17 371.62 416.30 

10 256.72 267.14 353. 30 490.75 534.43 

100 272. 30 282. 72 368.87 506.32 551.00 

11 



Sec. ' III 
Table 2 

0.01 

0.1 

1 

10 

100 

0.01 

0.1 

1 

10 

100 

0.01 

0.1 

1 

10 

100 

TABLE 2 

POWER LOSS UPON REFLECTION (dB): 
"EPSTEIN" PROFILE• n /n • 0 .1 er 

0.01 0.1 1 

kd • 0.1 

32.1 32.0 34.0 

32.2 32.1 34.6 

35.4 35.7 38.9 

52.6 52.7 53.4 

72.6 72.6 72.7 

kd • 1 

62.8 61.2 52.8 

62.7 61.3 54.1 

66.2 66.0 65.3 

84.5 84.6 85.2 

104.6 104.6 104.7 

kd • 10 

515 498 381 

513 496 390 

515 509 472 

553 553 552 

575 576 576 

10 100 

50.0 69.9 

so. 3 70.1 

52.2 71.3 

58.5 73.3 

73.4 78.6 

59.2 77. 7 

60.8 79.2 

73.3 91.2 

89.7 103.8 

105.4 110.6 

298 306 

314 321 

433 440 

552 561 

576 580 

12 



Sec. III 
Table 3 

TABLE 3 

POWER LOSS UPON REFLECTION (dB): 
"EPSTEIN" PROFILE 1 n /n • 1 

00 er 

v2n,)w 

v/w 0.01 0.1 1 10 100 

kd • 0.1 

0.01 1.78 4.10 12.4 30.1 49.9 

0.1 4.26 5.66 13.1 30.3 50.1 

1 13.8 14.3 18.4 32.2 51.3 

10 32.6 32.7 33.4 38.5 53.3 

100 52.6 52.6 52.7 53.4 58.6 

kd • 1 

0.01 5.08 10.2 21.4 38.1 57.6 

0.1 11.8 14.3 23.5 39. 7 59.1 

1 34.9 35.4 39.4 52.3 71.1 

10 63.5 63.6 64.2 69.2 83.8 f 
' 100 84.5 84.5 84.6 85.3 90.5 

kd • 10 

0.01 49.9 98.2 186 253 283 

0.1 114 136 205 269 299 

1 321 325 346 389 418 

10 507 507 509 518 538 

100 553 553 553 554 559 

13 



Sec. Ill 
Table 4 

0.01 

0.1 
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10 

100 

0.01 

0.1 

1 

10 

100 

0.01 

0.1 

1 

10 

100 

TABLE 4 

POWER LOSS UPON REFLECTION (dR): 
"EPSTEIN" PROFILE n /n = 10 

, co er 

0.01 0.1 1 

kd • 0.1 

0.0536 0.217 1. 78 

0.372 0.535 2.09 

3.13 3.28 4.64 

13.6 13.6 14.2 

32.6 32.6 32.7 

kd • 1 

0.205 o. 344 1. 73 

1.90 2.04 3.43 

15.2 15.3 16.7 

38.5 38.6 39.4 

63.6 63.6 63.7 

kd • 10 

1.99 3.13 14.4 

18.7 19.8 31.2 

149 150 161 

359 360 365 

508 508 508 

10 100 

11.03 29.9 

11.3 30.1 

13.1 31.4 

18.8 33.3 

33.4 38.6 

13.1 36.6 

14.8 38.2 

27.5 50.2 

45.6 62.9 

64.5 70.0 

105 239 

121 254 

247 374 

410 495 

511 526 

14 
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APPENDIX* 

FORTRAN LISTING OF REFLECTION COEFFICIENT PROGRAM 
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111\ 'III r 1 r1;,, 00 1? ? S!· I OI 
f:(1V PI ~ V 7J '\I • 
, ,,., , ,, ·, ., .,,,.., c 1., n. 11 

'\lf\~ • L l J I t, ~ • I f'II J • l ' f" U, .,, 1 YP F. , Nl l l , 1"t t? ,1 1, ·"1 1-.1• 
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l lf ~ P l.A Y• ~ lYP F c O P l' G" A1•1 TFH"I J'4 tl l • :::, e 
l tl 5 •1LA)' •NTl'PF" • I) FX t 10 1\JfN 'I IAI • 
li l SP Lt\ Y•NlY P •- •II ' ' t P S r t l:..N ' ' • 

11 1 ~ 1-'L >I VO l •- ~M('I/IH Li lll/1 Hfl.lJ Wl 'I H ~ !il ~ :'I• 
r' f'J 'l l l:'l ll f 

... • &.n ( 'J, kF p, PA 1 ) 
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~~ LJ :fl • ll ~f GA l r L 1 
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-, O'll ,',/l 11',flJf 
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A I ,•C fl ,, 1, l•N lJ I/Of"f Cfi,AMP, P ~ .$ ) 
10 CON'll ',/ UF' 

Ut SPLAY•~ hf0 1J ENCV•, f ~FO, • r-..r F•, '-rt• , •NU I•, ,'1U I, 
A •~1 1;.,e, :-.u~ 

ll l ".PL AY•lflA ~ S l'l ION Lf:,GlH•, ll 
I) I Sl'LAY• /\"PL l'I LI IH •, ~'°'f'• • PMASF•, PMS 
G0 1~ :c' 

• C0 ',/l l :'l llf 
IJ I S PLAY• fP S IIF N PFOl'ILf .~ I N• INllH,Nt ,~1 
lf<N!Nf', f(1 , f) ,l .I HJ I :' 
CALL RfF L C~i(l 1,<1,,n,l•N INFIN l.: t-,l,•C O.,l,>l~ :'i Fv A 
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\.. ' = <n., I. >• l.oJ LAMC I•• en., C • >• S~L•> 
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... f"J, 1: c o ., 2 . l• S o4. I • f LOf'i ()-4/ C l• en., ? , l• ~,c 

t' •~f" • S11H (ALPN, S-<1 1} 
• 1'0 Nl l 1 Uf 

l\ ~P=?n .• ~PFe n ,£ J ~? q~~ , ,q nJ? ~t • ? ~ 
PHSsC O,,•I• l•~ f f"•PI 
ff i lJPN 

? r0N 1 INLlf 
IF r • •· 1, ,n1.n. l GJ l J 1, 

PF'r : c n ., ?. . >•W'IC•c n ., ? . l•S-<t 1•CL J(., ( !),(IJ • !:JKl)•fi/C) 

G:1 1 :1 " 
I, r <1 Nl I NIJ• 

Al".P: PM S: r,, 
l< r] IJ ,'I 

p f'O Nl ( ',/(I f" 

1\1.1 ' •! :0:Sr.R I ( (A • ~ll~ 

J •~ CALP M, L I . n . l AL~~••ALP ... 
r '" • • rL J C c Cf\L l' .. oc n ,,-1, l )/CfiLt' H•(l 1,, 1., )) 
( ,II HJ • 
P l /I 

* Note that inputs must be in CGS units. 

' 
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App. 

' '.,J 41P I r:-- til l ,'tlf' I J O~ t•' r Sttt-- rr.1 , C:11( 11\ 

1' J ~·•.1L • 'IC 4L.L0GAM 
h l-l- ~1 IJh = LJ ' AM ( t\l •l••< n .,l.)• '." to( l 1l•l ,I 1~ 1t\fl•l •l• ·( lt o, 

/\ I• l • S'< P > 
Ffftl!Aa:C:U) G CC I\L•C .,t.l• ~ li( l1)/fAl. •r n. ,1.l• t; ..C!>ll 

r • ~• • f•li~II~ 
H'll!HI 
f ' j f) 

f'.UM rLF: ~ FUNrl ION I '1 GA" 7' 
roM 0 L F )( •, 1\llo1, 1\-,St.r-
~ATA 11 11 a .1 ~ 1 ~q ?~~J~~41Q l~' L/ 
IJ AJ fl Cfll, 9 I PO~P 5 3 320" 1 72 7M 
JNfli• n 
l.OUAf'i:() 
~ :r -! W• 7. 
IFIF'•GI .n.) G:l ,a ~ 

7W•l•·Z~ 
,J~FC • I 

? r •JIJ'I J.'jilf 
I F'" f h • G 1 • I (1 • > t, 1,J ·1 U ~ 

u, 1; /l"• Lrlr. """ r U l C( 7 1") 
f.. = 7 ~ • J.'. al• I 
~.! 1C 2 

c0•n I 'l l lf 
n J30NI• I• l'l'wlllW 

I OG III" • c• 1-. -n.~1• CLOGc ~ . )- 2 ~• (' 0 • 

I\ 1.,,~.•r1.11 ? .- ~~ SOM•<l,/Jf.l1•'-SOi"'1•<I,/ 
i,. l '?f. r'l,. , 1,.5 r.,r-, /ll<JH"l .)))•l .(1(;liM 

I F <. JN~ li •F'.'J • ' ll ~ r111f. ,~ 
I f1G /\"A:ruHif 1-' J/r!-l t •J O J Je / \ )-1 ~, ee l" 
H 'fl'i•'I 
f 'I U 
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