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full-time meteorologist and an assistant meteoroclogist, five full-time computers,
and one half-time statistician., Also a research assistant was employed half-time
to investigate the literature and conduct numerous pilot stuvdies. Continual cone
tact was maintained with two scientists from the Geophysical Research Pirector-
ate, Messrs, Charles E. Anderson and Denjamin Davidson, Veekly conferences were
held with staff members. In addition, a conference was held in Vashington with
Weather Burcau personnel and with Colonel Benjamin G. Holzmang a personal inter-
view was had with Dr. Wallace E. Howell; and & conference was held with Captain
Philip D. Thompson and Captain VWilliam L. Jones,
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A POSSIBLE EXPERIMENTAL DESIGN .
FOR TESTIIG TIUE EFFECT OF ARTIFICIAL CLOUD SEEDING

Because of the inherent variab’ -ty of rainfall, it is very difficult
to determine whether or not the artificial seeding of clouds has produced pre-
cipitation over and above that which would be expected naturally. Current ar-
guments pro and con attest to this difficulty. Much disagreement can be avoid-
ed if the rules of experimental procedure and interpretation are laid down in

advance, for controversies are more difficult to resolve if the data are analyz-

ed after the fact. For this reason, we have endeavored to develop an experimen-
ta) design of such nature that a given outcome can be appralsed objectively on
the basis of the probability of obtaining such a result by chance, if seeding
were assumed ineffective,

For purposes of this report, we consider it unnecessary to present de-
tailed masses of meteorological information, since much cf this is common know-
ledge to all who have analyzed weather records. Drawing upon well established
facts, wc propose to discuss the logical and statistical issues involved in the
.design of experiments capable of determining, with reasonable assvrance, whether
or not seeding causes a significant increasc in rainfall. Besides giving expli-
cit dircctions for applying the technique which we have devised, we cite evi-
dence that its underlying assumptions are sound and show that it is sensitive
cnough to detect even a relatively small inercase over natural precipitation.

If it were possible to predict with perfect accuracy how much preci-
pitation would occur in the absence of seeding, it would be a simple matter to
determine thc effect of secding. Again, even without an accurate forecast of
rainfall aside from artificial modifications, it might still be possible to e~
valuate the contribution due to seceding, if the ensuing physical processcs were
procisely known. Unfortunately, neither condition is satisfied at present, and
in defanlt of both, the problem of testing the effect of seeding is statistical,
The natural pattern of rainfall ls extremely variable from one storm to ancther,
and evcen monthly averages are hithy‘ divergent from yecar to year; nevertheless,
under natural conditions, there exists a certain probability distribution of
rainfall. If seeding wore effective, the observed rainfall would show a greater
tendency toward larger values than under natural conditions. The technique of
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determining whether or not a real change has taken place comes undor the general
heading of the testing of statistical hypotheses, The province of experimental
design is to provide settings whercin valid tests can be made.

The statistical theory of ciperimental design boils dovm to the cone-
struction of a test variate satisfying twe conditions:
1., The test variate measures the relecvant cffect of the treatment in ques-
tion,

2. TIts probability distribution is lmowm under the null hypothesis that
the experimental treatment does not affect the test variate,

In ordinary analyses of observations cravn from a specified population, the task
of constructing an appropriate test variate is relatively simple, since onc can
usually hypothesize the independence of individual obscrvations, or at worst, a
form of dependence vhich presents no analytical obstacles. The aim of the tech-
nician is then to choose from several valid tests one which has maximum sensi-
tivity. Having performed the expérimcnt anc computed the statistic previously
decided upon, onc passes judgement as to the tenability of the null hypothesis.
If the value of the test variate is found to lic very far outside of the com-
mon interval of variation, the null hypothesis is rejected, and one concludes
that a significant effect has taken place,

Let us roview the two conditions upon which 2 valid test depends.
First, thc mcasurement must be relevant. This requirement rules cut both in-
cidental phenomena and significant effects apart from the experimental trecatment.
Any action whatever must have some kind of result, but unless the result cbtain-
cd is of the kind intended, it is beside the point. For examle, when 13 ploy-
ing cards arc dealt from a standard deck without jokers, it is certnain that the
outcome will be a legitimate hand of bridge. Now, the probability of obtaining
any prcassigncd hand as a random draw from the deck is about 10"22, and if the
hand were specified in advance, the event of drawing it would be overwhelming-
1y significant of skill., Unforsccn as a particular entity, the samc hand sig-
nifies nothing more nor less than the fact that somo permutation is bound to
occur. A continuous variate presents this situation in its logical extreme,
Here, provided the distribution function is continuous, the probability of ob-
taining any proassigned value exactly is serog therefore, one considers the
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probability of obtaining a value within a stated neighborhood of a given point,
Without reforencc to actual data, it must bo decided how the test variate will
be interpreted with regard to the intended operation of the treatment, This is
a logical issue which can be settled a priori. For instance, if the purpose of
the treatment is to increcase a certain variable, then it is appropriate to in-
terpret the experimental result in relation to the ¢lass of all values eqQual to
cr greater than the one cbtained.  Once an admissible standard of interpretation
has been defined, and a given cxperimental outcome proves to be highly improb-
able on the basis of the null hypothesis, the rcjection of the null hypothesis
is then reasonable, On the other h;.nd, a significant influence might be exert-
ed by some dominant factor other than the treatment deliberately applied.

Where it is fclt that a situation of this sort might exist, great carec mist be
exercised in the construction of the test variate, in order that the measured
cffect be properly attributable to the experimentzl trecatment alone. This is
ont of thc most vulnerable points in the design of experiments, TcchniQues of
controlling or at least accounting for extraneous sources of variability are ine-
troduced to prevent inflation of the supposed effect of the experimental treat-
ment. Such techniques, vhon correctly employed, have the further advantage of
making the test more sensitive. In addition to direct methods of control, a
safeguard against unsuspected or unmanageable factors is supplicd by randomiz-
ation. Randomization does not eliminate disturbing influences but corrects for
them in 2 probability scnse by affording an opportunity for the test variate to
be decreased as often as increased by their presence. A more cogent reason for
randomization, however, is that the whole structure of the statistical testing
of hypotheses is built upon the concept of randon sampling.

The secend condition for validity is that the probability distribution
of the test variate be known under the null hypothesis. To meet this reQuire-
ment, it is ordinarily necessary to procced in steps. The measwrements that can
be made directly are usually found to involve several sources of variation at
once. The first step, therefore, is to design the c‘xperiment in such a wgy that
the net effect of the experimental treatment can be derived from the direct mea-
surcments. As a rule, thc probability distribution of the synthetic variable
thus constructed will be known theoretically in its general character, but there
will be some unknown parameters which will have to be specified before the dis-
tribution function can be evaluated quantitatively. Almost without exception,
however, it is impossible to determine the exact value of a paramotor from ob-
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servational data, Thercfore, the statistician procceds to the next stage of
his solution. Throuzh a combinatiocn of ingenuity and good fortune, it frequente
1y happens that one can find a function which incorporates the synthetic varia-
ble previously derived in such a way as to preserve the property of relevance
and yet elindnate the unknown paramcters, without introducing any ncw ones. The
probability distribution of the resulting duantity will then bo determinate. A
function of this sort is called a paramcter-free variatc and is the only type
suitable for the cxact testing of statistical hyvotheses wherc the parent distri-
bution has unknovm parameters, In the construction of a parameter-free variate,
the statistical independence of the component parts is so nearly essential that
one seldom cncounters a solvable problen whercin the components are not indepen-
dent. To derive the probability distribution of 2 function of two or more vare
iables, their joint distribution must be utilized either explicitly or implic-
itly. Now, the joint distributiou of statistically indcpendent variates can be
obtained immediately from their scparatc distributions. Otherwise, the joint
distribution function would have to be known in its own right, and this would be
a remarkable coincidence., o

Quitc understandably, many people distrust conclusions based upon sta-
tistical cvidence, Their suspicion is due in part to previous expcrience with
fallacious argunents and faulty handling of data, but it is duc in large measure
also to the inherent subtlety which characterizes the field of probability,
Without being able to place the tag of sophistry upon any particular step of a
denonstration, cne frequently fecls an intuitive awarcness that a proof is un-
sound, Barring acts of deliberatc misrcprescntation, such as culling the data
to find support for a preconceived thesis, one still can vitiate a statistical
argunent by failing to observe the conditions upon which validity dcpends. But
if disturbing influences have been elininated from the snalysis, so that the
test variate measurcs what it purports to mcasure; if the correct probability
¢istribution has been cmployed; and if the sample has been drawm with due re-
gard for randomization-~then it is unreasonable to deny the conclusion reached.
For under these conditions, the result for the data in question will be unique,
and all competent statisticians will obtain the same answer.

In common with other meteorological elements, rain is distributed in
a nonrandom fashion both in space and in time. Trus, the climatological dis-
tribution of rainfall abt & given point incorporates the existing serial corre-
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lation, so that the empirical probability of the occurrcnce of any stated range
of values is faithfully represented by the corresponding climatological rela-
tive frequency. MNevertheless, the joint probability of the occurrence of a
particular sct of values cannot be derived from the climatological distribution
of individual obscrvations, because thc data are not statistically independent,
end at the present time too little is known about their stochastic rclation-
ships. Thercfore, the problem of obtaining a test variate having a knowm pro-
bability distribution is complicated. therc individual values of a seQuence
are not collcctively at random, striking phcnorena are apt to happen. Thus,
apparent periodicities are easily found in restricted portions of a time series,
and well defined patterns show up in spatial distributions. Such events are
definitely not in harmony with statistical independence, and, of course, a sta-
tistical test involving the tacit assurption of indepcndence will indicate a
significant divergence from the null hypothesis. 1ith reference to precipita-
tion, for instance, relatively large amounts of rainfall almost always occur in
some locality or other during nearly every rainstorm of wide extent, and unless
one pinpoints in advance thc area being considered, a supposed effect can usual-
1y be found, ’

Besides the diffieulties caused by statistical dependence, the question
of proper allocation of effects is a scrious one. Unless the amount of rainfall
that would cccur naturally can be taken into aceount in some equitable wgy, the
effect of seeding cannot be appraised.

In designing experiments to study the effect of seeding upon rainfall,
one is first led to the idea of sctting up a control arca and an area to be secd-
ed., It would bc advisable, of course, to dcternine from climatology the charac-
teristics of these two arcas and try to adjust thenm so that they are as nearly
as possible equally affectcd by any given rainstorm. This involves the problem
of how large the arcas should be and also how close tpgether they should be. It
is often suggested that one area be used as a prediction for the second area, so
that an estimate might be obtained as to what should occur in the second arca,
assunming no effcct of the seeding. TProm the basic climatology of the arcas in-
volved, it is possiblc tc compute linear or nonlinear regression functicns con-
neeting various groups of stations, as well as the conditional and simultancous
probabilitics of the occurrcnce of rainfall at any tiwo stations or areas as func-
tions of the distance between them, This form of analysis was examined in great
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detail and rcjected on the ground of onc scrious objection vhich makes this

typo of axporimcntation undceirable, cven whon tho arcas to be soeded arc docid-
ed each time by the toss of a coin. Although statistically it is possible to
conpute overall corrclations or probabilities from extended records, the overall
values are poor approxinmations to current stochastic relatinnships. Both the
correlations and thc probabilities vary widely fron ycer to year as functions of
the wreather processes vhich arc prevalent at the tine considered. ConseGuently
any experimcntation utilizing this sort of technique must be continued over a
good nany years, in order to take intec account the variations in the parameters
fron year to year, It must be rerniembered that there exzist such things as weather
processes which arc the dorinant feature in dctermining the regression lines for
a specific period, and thereforc, the amount of rainfall at various stations de-
pends upon these characteristics, For this reason, the arca being considered
mst itsclf act as a control area as well as an arca of seeding, in order to car-
ry out the expcrinents in a rcasonable length of tine,

Yhen the Geophysical Rescarch Directorate approachcd us with a specifi-
cation for this rcport, thcy intinated that the work shovld be dene so that the
possibility of conducting these cxperiments during the latter part of the stn-
mer of 1951 was not excluded, TFor this rcason, the actral computation and anale
yses were nmacde on 37 years of data for the surmer months, June, July, and August,
although our expericnce, which has been relatively great, would indicate that.
without doubt the same difficulties would occur duiing any period of the year,
and the data would perform analogous]y; In order to have availablc for analysis
large areas vwhich were relatively free of orographical and sea effccts, we chose

Towa and South Dakota as locations. We examined very closely the distribution of
rainfall over a sQuare arca 165 riles on a side, vherc the reccording stations
were very dense. The area was subdivided into a sqQuarc grid 15 miles on a side,
and the rainfall velues at the intcrsection peints of the grid were estimetod by
interpolation. This was done for hourly, weekly, ang monthly observations. The
crphasis was placed upon hourly data, since the behavier of individual storms
could be studied most affectively. ‘

Attempts were pade to characterize the precipitation patterns ty util-
izing orthogonal polynomials--a technique which had proved fruitful in previous
work with pressurc maps. Unfortuhate]y, the precipitation pattcrns wore so com-

) plicated that a workable nunber of polynonials failod even to represont morce than
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70 pereent of the variability, cven vhen the data were smoothed in a rcasonable
foshion', Furthcrmore, when largo amounts of rainfall wero added to various sec-
tions of the grid, in order to represent a hypothetical seeding cffect, it was
not possitle to observe a choracteristic change in the polynomials. ConseQuent-
1y, the polynonials could not be used to indicatc changes in the rainfall dis-
tribution.

It would readily occur to anyone that vbrld.ng with smaller areas would
mitigate the difficulty of characterization, and that perhaps simple tests of
significance could then be devised. Granting this, it is still difficult to
determine what size the area should bey .for there must be room enough to seed one
portion and reserve the rest for control, and yet the area must be compact cnough
to permit a feasible analytical represcintation of the observed rainfall, under
natural conditions. Iowever, it is along this direction that we finally decided
upon a test which appears to be satisfactory. Standard experimental designs were
critically examined, and even some nonlincar hypotheses were explored. Particu-
lar consideration was given to these designs which lend themselves to the use of
mean sQuare successive differcnces and other schemes for eliminating pronounced
local trends in the rainfall pattern. All of these experimentel designs were
found to be unsound in.the light of the observed behavior of rainfall, if the
area were at all large,

After the examination of a great deal of data in the arca chosen, the
plan presented in the Appendix appeared to be the only workable one which com-
bined a tenable hypothesis with a sufficient reduction of the mcteorologiéal
variablility, so that if secding has any effect it should be observable with a
reasonable number of cxperiments. Particular deotails of the experiment are open
to change and can be modificd in ways that seem practical. It is,'of course, pos=-
sible that thc actval seeding cannot bc performed adequately for this type of con-
figuration and that adjustments will hewve to be made in®*the light of practicality
which will reduce the efficiency of the test,

*In the method ulticately dcveloped, smoothing was not coployed,
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The final plan, which sccms most adaptable to the experiments, utilizes
a square grid containing nine cbscrvation stations, located about 15 miles apart.
The station at the center of the grid and the onc in the middle of the cdge which
is directly downwind arc the two stations to be secded. The actual rainfall to
be oxpected at these two stations, exclusive of sceding effects, can be estimat-
ed very well from the remaining scven stations. Therefore, the deviations of
tho actual from estimated valuecs at these two stations provide the basis for the
test variate,

In owr view, this design eliminates the cause of statistical dependence,
“le identify the spatial correlation from point to point with an underlying con-
tinuous geometrical distribution of rainfall cxisting at the time of observation,
and we attribute the scrial corrclation to the persistence of this pattern.
Therefore ve have hypothesized that the removal of the geometrical idecalization
would leave residuals which are individvally and collectively at random. Lack-
ing rainfall obscrvations located exactly in a square array, we checked the hy-
pc t: 28ized distribution of the test variatc as best we could with data rcad from
contour maps of actual rainfall. ¥e wish to call cxplicit attention to this fact
and recommend that a ferr trinls be made with direct observations without sceding,
Using 50 scts of nine values, we found that the Kolmogorov-Smirnmov test for good~
ness of fit* supported the hypothesis at “etter than the 20 percent lcvel of sig-
nificance,

liany of these scts were taken from contiguous (though nonoverlapping)
areas and from consecutive hours, but we edvise a differcnt sampling proccdure
in field practice. If a great mony observations werc taken over the experimen-
tal area, the shape of thc geomctrical surface covld then be determined within
any preassigned tolerance. In that event, it should not matter how densc the
samples are in space or time. As a practical expedient, however, we have approX-
-{nated the true surface by a properly oriented plane. This approximation should
be Quitc satisfactory for the limitcd area considercd, but it introduces the pos-
" 8ibility of a small systematic errvor, if the samples are too close together,
Thercefore, randomization should be employod in actual opcrations.

*prank J. Massey, Jr.: "The Kolmogorov-Smirnov Test for Goodness of Fit%,
Jomgel:l of the American Statistical Association, Vol. L6, No. 253, March, 1951,
P 78,




With regard to the degree of approximation attainable with a planc sur-
face, we have found that the multiple corrclation is very high. In about 35 per-
" ecnt of thc cascs, the miltiple corrclation execcded .95, in about 55 percent, it
oxcceded .90; in about 65 percent, it excceded .85; and in about 75 percent, it
exceoded ,80. Accordingly, it would bc feasible to restrict tho formal analysis
to those samplcs for wnich the planc surface is a good fit. This can be done Yy
having a fow samplcs to sparg and it docs not violate any principles of rigor,
because the selection will be made cntirely without reference to the amounts of
rainfall at the test points,

If sceding incrcascs rainfall to any appreciable extent, the test vari-
ate should respond unmistakably. The kind of rosponse available in a typical
sample is exhibited in Table I. Herc the valuc of the test variate was computed
in five cases from rainfall data chtaincd as previously stated.

Table I
Values of Test Variate Under Threc Conditions
Case Natural Addition of .05 in, Addition of .10 in.
Conditions at Test Points at Test Points
1 -.li2 3.40 ' 6.17
2 1.75 2.90 ' 3.92
3 =94 L.91 9.69
L L5 3.33 5.42
5 -.76 7.83 13.60

Then the original rainfall at the two hypothetically sceded points was arbitrar-
11y inercased by .05 in,, and the corresponding valuc of the test variate was rce
computed; finally, the original rainfall at the two points was arbitrarily in-
crcased by .10 in., and the corresponding value of the test variate was computod
again. The test variate is strongly affected in every case, although not to a
uniform degrec, inasmuch as the internal variability of the actual data is also
involved. The probability levels associated with cach value of the test variate
arc showmn in Table II. Even the individual valuesobbained from the modified raine
fall amounts are significants the collective significance levels*, however, would

¥Ihe collcctive significance level.is not the product of the separate probabili-
Hes, For exposition, see Appendix,
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Table II
Associated Probzbility Levels
Case t.zr;d. Addition of .05 in. Addition of .10 in,
Conditions at Test Points - at Test Points
1 65 0Ll ) .0018
2 +08 .022 »0087
3 .80 .00l «0003
L 3l .01L .0028
S .75 .001 0001

be utterly conclusive, For naturzl conditions, the collective significance lewel
is .52, which comfortably sustains the null hypothesis; for the addition of .05 in.
the collective significance level is about 2.4 x 10"‘7, vhich indicates that the
nell hypothesis is most definitcly untenables and for the addition of .10 in.,

" the colloctive significance level is about 8.5 x 101, vwhich is so small that it
would be prepostcrous to entertain the null hypothesis,

One might ask whether .05 in. and .10 in. represent uncommonly large
hourly rainfall amounts in themselves. In the area considered, the empirical
distributions of hourly rainfall during the month of July were obtained for five
regular weather stations, Table III presents the relative freQuencies with which
the hourly rainfall, when it docs rain, equals or exceeds .05 in. and .10 in., re-

Table III

Relative Frequencies with which July Rainstorms at Five Stations in Iowa
Produce Hourly Amounts of Stated Magnitudes

ravion | ST | BT | BT | KT
, | Burlington 51 ¢33 «26 ¥l
Coon Rapids b .26 .18 .13
Des Hoines 43 29 .20 Jdh
Keokuk L9 33 " 420 016
Washington «56 37 26 19

'spect:lwly, as well as the same information for .15 in. and .20 in, From the
table, it is ovident that-an hour's accumulation of rain freQuently amounts to as
mich as .05 in, or .10 in.

M
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Because the proposed experimental areas are sufficliently small, they
can be located in many places, and any number of them can be pooled to obtain a
combined measure of significance, as described in the Appendix, Although this
set-up is probably not the only one which might work, we hold that any valid sys-
tem mould have to preserve tho essential attributes of this design.




APPENDIX

MATHEVATICAL ANALYSIS OF PROPOSED EXPERIMENT
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The contemplated statistical test calls for a criterion variate which .
is approximately normally distributed. Hourly rainfall is & cross betwesn a Cis-
crete and continuous variate, having a fairly larre probability of the occurrence
of exactly zero, an appreciable probability of a trace of rainfall, and in the
measurable i‘ange, a skewed probability density function of rainfall as a contin-
uous variate. To obtain a statistically manageable variate, we shall exclude
from consideration values of hourly rainfall less than ,05 in, and to reduce the
skewness we shall work with the natural logarithm of the observed rainfall,

As a cormpromise between the requirements of keeping the test area small
enough to be statistically homogeneous and large enough to support a subdivision
into seeded and nonseeded portions, we have chosen to work with experimental plots
containing nine observation points. Idezlly these plots should be sQuare in shape
and subdivided into quadrants, with the observations lying at the corners of the
grid squares, as shown in Figure 1. The actual orientation of the plot must be

Ry Rio B3

21 Ro2 R

B Ry Ry

Figure 1

such that the prevailing wind direction during the hour of observation is paral-
lel to the line segment R22R12, with 312 dovnwind from 822. We shall consider
first the ideal pattern and later take up the modifications necessary in case
the square grid becomes operationally impracticable.
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In Figure 1, the symbols H:I.:] (1,3 = 1, 2, 3) represcnt the nine otserva-
tions of rainfall and indicate, at the same time, the locations of the observa-
tion points. Choose a rectangular coordinate system with origin at the center of
the square (Rzz), tho X-axis coinciding with the lins 321322R23’ and the Y-aocds ﬁ
coinciding with the line R12R22R32. Taking the side of a grid square as the unit
of length, we set up the X-Y coordinate pattern shown in Figure 2,

(-1,1) (0,1) (1,1)

(=,0) ___ (0,0)! (1,0)

(=1,-1) _ (0,-1) (1,-1)
Figure 2

Within the test plot, the natural logarithm :‘1‘1 ‘of the rainfall nij at the point
(xi,yd) is assumed to satisfy a linear regression equation given by

’pij'ao*alxi*pzyd

Here we make the standard assumptions, namely that

Ti3 2 Piy * %ay

where the $'s are independent normally distributed variates with gero mean and
common variance o°. | ‘

Three points should be borne in mind with rcgaxrd to the regression funce
tion p. First, and most important, is the fact $hat we do not have to assums that
the paramoters po, pl, 92 are invariant Crom place to place on the map, or from
storm to storn at & fixed location. Rhatever the parameters might be for the




A 3

storm and test plot in question, we shall estimate them from the observational
data talen from thet one time and place, without dependence upon climatological

records, Second, the statistical test of significance will be parameter-free;
thet is, it will be a determinate function of observable quantities, Third,
even if the distribution of the logarithm of rainfall is not very ncarly nonnai,
it is still quitec reasonable to assume a normal distribution for the residual
variate 2, because the rcmoval of a definite geometric pattern p from r could
vell leave normally distributed random deviations.‘

The hypothetical regression function .p will be approximated by a sim-
ilar function r" where '

3t
r -b°+b1x+b2y

and the constants 'bo, bl, b2 will be determined from the data., Seeding will be
confined to two points, (0,0) and (0,1)., The remaining seven points will be used
to fit the constants. Since these points will not be seeded, the function r'
will provide an estimate of the amount of rainfall which would occur naturally.
Briefly, the objcct of the dosign is this: The experimental control will be furn.
ished by the regression function, and the measurc of effectiveness will be based
upon the deviations of actual rainfall from the regression function at the two
seeded points. The experiment will be replicatcd as often as necessary to build
up a conclusive body of evidence, The statistical theory and computation«l pro-
cedure are prescnted in the following paragraphs.

From established principles of mathematical expectation, it can be
proved that an unbiased estimate of the residual variance 02 is given Yy 82,
where

2 _ E(ri:j - r*i )2 ) 1':(::':1‘,1 - r*il)_z.
N-3 L

Being a function of random variables, the statistic s2,1s itsclf a random varisble,

Its probability distribution is simply rclated to that of chi-square, inasmuch as

tho variate hsz/oz is distributed precisely as chi-squarc with four degrees of

freedom,

.

If, under the assumptions stated, a statistically derived regression
function r" is applied to fresh data, the attendant deviation r“ - r*u, regard-
ed as a random variable, will be nommally distributed with goro mean, but its
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variance will be a function of the sampling variances and covariances of the es-
timated regression constants b o bl, bz. The variance of riJ - r‘"':l_.1 is

E(rid - r*’_d)z - E(rid - Pid)z * Ek,*id - Pij)z
# 2
-4 E(r 14 - pij)
By direct substitution
E(r*ij - pij)z - E[(bo - po) + (bi - ﬁl)xi + (bz - BZ)YJ]Z

To evaluate this quadratic, matrix notation is convenient. Introduce the matrix

)

N x Xy
Am x sz >y
¥y >

and denote its inverse by A"l. The first element N of the matrix A represents
the sample size, which in this case is 7. Define the row vector

ve(l x y‘,)

and let v! stand for its transpose. Then it can be demonstrated that

E[(b, = By) + (by = ByJxy + (by = Bylyy)? = o va~hve

: 18

3
Hence the variance of rij-r 15

E(

Tyy - r"":"‘,,)2 - 02(1 + vA'lvl)

The latter Quantity in parentheses is a numerical constant which can be computed
without reference to the rainfall amounts,

Consider now the deviations

+*
Yom T2 =¥ 22

[ 3
LET 2Ty
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2 Ly A
The variance of u o is koc and that of W is l.lo where

k = (1+vA"1v' )
() ) )

-1
k1 (1+v1ﬁ. \'1)

in which v = (1 0 0), v, = (L 0 1). We have cbserved that u, and 1y

are normal variates, each having a mean of zero, If we now construct the linear
conbination

s AL A

this .too will be normally distributed with zero mean and its variance will be
2
o¢/2.

The two statistics 82 and 1 are independently distributed. Accordingly,
if we set

u /02 2 uf
t - / = ‘/EE
v 82/0’2 v s
we arrive at a parameter-free statistic having the well-known t-distribution with

four degrees of freedom. In other words, the probability density function of ¢
is

-5/2 -5/2
£(t) = %(1 + t2/) 5/ . 2204 + %) /

If seeding increases rainfall then u, and consequently t, should tend to exceed
zero. Therefore, the appropriate measure of significance is the probability
(under the null hypothesis) that a value of t at least as great algebraically as .
the one obtained in the seeding experiment would ocevr by chance, Specifically,
1f in the experiment we find that ¢ = 1, then the measure of significance p(t) is
given by .

p(x) = [P1(t)it =3 (1 - %6;1%72- ]

+ 1%)

While the foregoing equation gives the exact value of p, numerical work cen be
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reducod Yy referring to suitable tables.” The curve of Figure 3 ropresents the
density function f(t), and the shaded portion under the curve represents the prob-
ability p(x).

£(t)

»(7)

Figure 3

The experiment can be extended indefinitely by replication-~that is,
applying the same scheme over and over, Several nonoverlapping plols can be used
in the same storm, and repeated samples can be taken from the same plot in differ-
ent storms. The total evidence can then be pooled by the standard procedure of
combining probabilities from independent tests. Although the technique is simple,
and to a statistician intuitively clear, the non-statistician is apt to experience
difficulbty in appreciating its validity. Therefore we shall sketch a derivation of
the method from first principles.

Suppose that two independent tests resulted in the significance measures
(probabilities) Py amd P, respectively. Loosely speaking, the probability of ob-
taining such an outcoms by chance is the product PyPoe lore precisely, however,
this product is really a probability density, because P and p, are both continu~
ous variates. As a matter of fact, it can be shown that 12 and p, are rectangular-
1y distributed, and since they obviously range from zero to 1, the constant density
value of each is unity. Construct a rect.antular coordinate system, as in Figure L,
with horizontal axis p, and vertical axis p,. Under the mull hypothesis the points
(Pl’pz)’ representing the results of any pair of tests, are uniformly distributed
over the unit square in the first quadrant. The rectangular hyperbola PP, = A
defines the probability locus of all pairs of test results having equal likelihood,
The combined significance measure of any pair of tests for which PP, = A\ is equal
to the area of that portion of the unit square which lies below the hyperbola, for

*II. G. Kendall, The Advanced Theory of Statistics, Vol, 1l; London, Charles Griffin
and Co. Appendix, Tablc 3; p.LLO. 7The mmbers in this table, for four degrees of
freedém, give the appropriate significance probabilities when subtracted from
\miwo

- R
. o e e




this area represents the total probability of obtalning some palr of values for
which the likelihood is equal to or less than \. Denoting the corbined signifi-
cance by P, we have -

Pel- g ,/%/pl dpydp, = M1 - 1n})

Similarly, for three independent tests, the sample space is a unit cute, within
which all points have unit density. The likelihood contour is the hyperbolic sur-
face plpzp3 = %, and the combined significance measure is

Pl h L A ppdnitegey = M 11 - 1nde B -

In general, for n tests it is easy to show that the combined significance measure
is
P=Al-1n) +L1%"_£_L1_‘1.’;.L3+ . ( 1)“"1{1“")“"1]
[} 3] soe - n-1){

where N equals the product of the pts. Since very good. tables of logarithms are
available, P can bc computed directly from the foregoing equation., However, most
of the arithmetic can be avoided by using tables of the chi-square integral. For
2n degrees of freedom, the density function of chi-square is

1 z)n-;l. e-XZ/ 2

2"I'(n) x

g(x%) =

araod oy
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and it turns out that the corresponding probability integral 1is

2 27242 2 75\2 2,,\n~1 i
/2 a0 )R = o X2 (10 () DL LKLY {H- # ﬁ

X

2
Now, if we make the substitution \ = e~X /2 vwe cobtain

2 2,002 27043 2/t ":
P=eX/2[1 4 (x3/2) +$l<.ﬁ/£L " ie;,lﬁl.. *ee g-_{%% ] = Ji‘; g(?) &l

Therefore, the combined significance reasure P can be evaluated from the integral
of chi-square with 2n degrees of freedom if we define

%2 = -2InA

A statistician arrives at this conclusion much more expeditiously by associating
with each probability p; 2 chi-square equal to -21ln P; and having two degrees of
freedom, By the reproductive property of chi-square, the sum of these is another
chi-square but with 2n degrees of freedom. The step of defining an individual
chi-square as -21n Py is justified by the fact that for two degreces of frecdom,
chi-square 18 precisely equal to minus twice the logarithm of its own probability
integral.

Proceeding now to specific computational details, we present a comprehen-
sive r_mmerical routine for the proposed grid system. The corresponding values of
Xg» yj, and r:lJ arc exhibited in Table 1, and the entries of A are

NHe?7, =0, Zy=-1, X° =6, Xy = 0, y° =5

Hence
7 0 -1
A=|l o 6. © '
-1 0 §
and the :I.nverée matrix is _
30 0 6
AA

-5& o 3l o’
6 o 12|
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Tablo 1
Corresponding Values cf Variates

E T T
0 O
n A 1 oy,
13 1 1 T4
2l -1 0 Yooy
23 T o 1*23
31 -1 -l r31
32 0 -1 r32
33 1 -1 Ty3

The matrices A and A"} are, of course, independent of the rainfall data. In addi-

tion, we need four functions of the obscrvations——namely:
G ™ Wy = (rpy + ¥y *Ty) + (134 Ty +Ty) v Ty

Cp = BxyTyy ™ =(ryg + Ty *Tyy) + (73 + Ty +7y5)

c, = ’3’3’13 - (rn + r13) - (r31 +ry,t r33)

2 .. 2 2 2 2 2 2 2
Ty =T Ty tTy Ty tTy tTy tTyp

Formally, the estimated regression constaats arc given by

cc‘l |

A'l c

[
L ! p
L [°2

%o

In this case the solution is




A-:Lo. ;

!
L el *

b, = c¢> M 7°2

2 T 3 ;
The residual sum of squares is . 3

* 2 .2

Z:(ru -r 13) z:rij - (b°<:O +bye, + bzcz)

amd so

2 .
2 Z'ru - (1:>c.c0 + blcl + b2°2)
) N
At any point (xi,yi) the regression function is

3
Tyy " By * by¥g *+ byy

Therefore, the prediction r"".,'_,2 for the point (0,0) reduces to

{
)

Accordingly
Uy ™ To2 - b,

W = Ty =b, by
Gvnv,=(1 0 0), v;=(1 O 1), the cuantities vA™vt are

2, .5 dee o T

Thereupon ths constanta ko and k1 are

Leleg=Bs riafhed
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The remaining quantities are

If no interest attaches to u and 32 in themselves, the calculation of t can be
shortened by combining terms in a different way obtaining

Wo\lo + Wl‘l)l

t -
Ve, s - T

w, = /2/k° - /68/39 - 1.32

'1-\/—2/71- /3);/2h-1.1§

: #* 42 2 .
and, of course, z(rij -r 13) - }.‘.:-i‘1 - (boco + byey + b2c2). To 8ix decimals the
weights w , w, are 1,320L451, 1.190238 respcctively. Thus the figures given above
are aciually good to three decimals, which should suffice forpractical purposes.

Operational considerations might dictate the use of a fixed network of
points for all expcriments, In that case the test plots could be chosen as small
compact areas containing nine points, with the two test points oriented as before,
An importent condition to be satisfied is that none of the nonsceded points mest
be downvind from the test points. Because the network is no longer assumed to be
strictly regular, the double subscript notation is irappropriate, Instead, we
shall number the points 0, 1, 2,..,., 8, the first two being the test points, This
schems is represcented in Table 2.
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Table 2
Fixed Network Scheme

xs ys rS Nonseeded

@w N O nNOEwN

Klthough the regression constants b_, b, b, and the inverse matrix A™L are formal-
1y involved in the dotermination of s2, §, and t, they need not be derived explicit~
1y. An efficient computational procedurc is as follows: .
Compute the sums of first powers, squares, and cross products--

8 "8 8 828282'8 "8 -8

2., Iy, Ir Xy., ZIr X Vg 2K X2y I,T

s Fv o Py Fo Foo e Tt Finy
Then set up the initiel matrix as shown below, it being understood that all sum-
mations go from 2 to 8, '

® .

7 ¥ ox 1,1
x 22 by M ox, X
mga | ¥ W ¥ owr oy, 7
mtrix " | o By By e - -
1 Xy Yo == o= =
!y oy - - -
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In the lower right hand corner of the initial matrix, the dashes represcnt blanks,
which are to be ignored in the computations. Now derive thc Crout auxiliary mate
rix according to the dircctions given in Marchant lethods, MM 182, Representing
tho general clement of this auwxiliary matrix by tho symbol 013 we have
12 %13 % %15 6
21 %22 23 % S5 %%
°31 %32 °33 3 °3  °3%6
“ Ohl ehe (.h3 ——— —eman ————
°%1 %2 %3 -~ -
| %1 %62 %3 — - —

°11

Auxiliary
Hatrix

Then 8 8 .
Ls? = }z‘(ri - r'”'i)"2 - ?‘12 - (emem *+ €080, * °h3°3h)

v, =T, - r*o =r, - (051e1h *+ egoey) * e53e3h)
wory - e r - (o + g0y ¢ 263831,
k =1 +cp.e.0 + €..€ + e_.06

o 51715 52725 53°35

k) =1 *eg®6 * C6%26 * 63°36

The rcst of the calculations arc performed as previously. The mathcmatical justi-
fication of this computational short-cut reduires too much matrix thcory to be
gone into herc, but a numerical verification is furnished by the following cxargic:

A square plot, 30 miles on a sidc, was chosen in central Iowa. As pre-
viously discusscd, this was subdivided into four grid sQuares 15 milecs on a side.
From a contour map of hourly precipitation as of 4 a.m. on 18 Junc 1950 the rain-
fall amounts werc rcad at the intcrsection points of the grid. The actual values
are shovn in Figure Sa, and the corresponding natural logarithms, each increasod
by 10, are indicated in Figure 5b., It is legitimatc to add 10,.or any other ar-
bitrary constant, to the logarithms, because the rcgression function adjusts to
any linear change of variablec; one should be carcfuvl, howcver, not to forget to
add 10 to the logarithm when the rainfall amount exceeds unity. Ve shall perform

the computations first by the method given for the sQuare grid and then by the gen-
cral mcthod using the Crout auxiliary matrix. In order to insure numerical agree-
ment between the two systems, we shall carry more figures than would otherwise be

necded,

I A PO e P68 91 . e 598 < e
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X A =i
Rjy=19 R ,=18 R;,=10 8.339 8.285 8.285
Y .3_.!
';
i Rpy[*e27  Rpple23 Ry =.p2 8.491 8.530 8.186
i
f Ry |=.32 332r-;3o Ryy= b7 8.@ 8.126 8.491
Figure 5b

, Figure 5a

Since all nine of the observations represent natural precipitation, we should ex-
pect the value of t to support the null hypothesis that ordinary circumstances are

in force.

The functions Cys Cy» etc. are
co - 6001149

cl - -Ch29
02 - -9.72’4

? «517,14621

The regression constants are

Sc + ¢,
b = - 22%1 - 8.959hhl

(3
LA '-ﬁszz--,mlsoo

c + Te
b, = 2 ﬂ%-?- . 232912

The sum of squares of residuals is
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Rl S

and . .
32 - S(X=r = ,002229

A s-

3,2 2
I(r-r )" = Ir - (boco + blcl + b2c2)

= 517,146201 - 517,137326

= ,008915
- #.2

The deviations u s and uw and the linear combination u are

u = r22 - bo = 8.530 - 80559hh1 = --029,41&1

W Tr,- bo - b2 = 8,285 - 8,326529 = -,041529

uy /34739 + u, /17/24
= s "2 - 2o L _ 31220

In connection with u, we note for future reference that

k, = 39/34 = 1,147059, Iy = 2L/17 = 1.411765

Now we compute the value of t by the two formulas given above, with and
2 By the first formula,

without explicit use of @ and s

L2 =.031220 VB _.ogase
vt e T T T Sarm ~9352
8

By the second formula, using w_, w, to six decimals (w, = 1.320451, - 1.196238)

we have
S - 2 = o015 = Losla
t -3‘3——“—&- 22 PO = ~.9352

r - r'")2

Again, by the second formula but using LYY to two decimals
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Thus the two-decimal weights are sufficiently accurate.
The general method is designed to take care of irregularly spaced poiuts

but, of course, it will give the same answer as the first method where the latter
is applicable., The arrangement of data for the general method is shown in Tabie 3,

Table 3 - L
Basic Data for Ceneral Method
lSe’ I‘lﬂ ai x y r
0 0 0 8.530 Test
1 o 1 8,285/ Points
2 0 -1 8,796
3 -1 1 8.339
N -1 0 8.691.
S -1 -1 8,861
6 1 1 8.285
7 1 0 8,486
8 1 -1 8.691
The initial matrix is
0 6 0 -U422 0 O
=1 0o ' S "9-72!‘ 0 1l
Initial
mtrix - 60011‘9 bt ] h29 . "907213 — - -‘
1 O 0 mewea S -

The corresponding Crout auxiliary matrix is




