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d - Incremental angle enclosing material segment

D(R) - Propagation speed at time shock has propagated a distance R.

EK, E1  - Total kinetic and internal energies behirr the shock front

eK'e I  - Kinetic energy per unit mass, internal energy

H - Total momentum in material segment

1 0 - Applied inpulse per unit area

Po - Initial pressure of gas in cavity

P - Pressure inediately behind the disturbance front

R - Radius of shock front at time t

R - Initial cavity radius

R - Radius of cavity during expansion

r - Radial coordinate

S - Dimensionless cavity radius, 1RR

t - tie

U0 , U - Displaceirent of cavity boundary and general particle

x - Di nrsionless shock radius, R/R
0

Vr - Radial particle velocity behind front

V(R) - Radial particle velocity at shock front

W - Work done by the expansion bf perfect gas within tlie cavity

- Ratio of initial to final specific volumea

- Cmpressibility p'urrcter, 1 - p

, - Ratio of specific heats for perfect gas

Co  - Total energy deposited on cavity wall, per unit crea

- Parameter describing energy deposition rate
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I. Introduction

An underground explosion generates a strong shock wave which

propagates thirough the earth, but the strength of this shock wave

diminishes with distance for a number of reasons. In the case of a

cylindrical (line) source, or a spherical (point) source, geametric

attenuation, i.e., the distribution of the original energy (or nminen-

turn) over larger material volumes as the disturbance progresses nec-

essarily leads to lower shock pressures at later times. In this work,

several models of this process are proposed and investigated. Waves

diverging in both cylindrical and spherical coordinates are consid-

ered. Models based on the assuaption of an instantaneous deposition

of a kncown energy (or marentum) on the interior of a cavity are devel-

oped, as well as models based upon a continuous transfer of energy (or

marntum) fron the material within the cavity to the surrounding mediun

through the mechanism of cavity expansion.

It was the goal of this investigation to develop several simple

models, no one of which is expected to be most appropriate for all

applications. In any given situation, the appropriate model is best

determined through a comrparison of the various predictions with that

available data which most closely matches the conditions of interest.

The simple models to be presented each satisfy only conservation

of energy or conservation of mcmnntum, rather than both, as the true

solution must. Consequently, none of these models should be regarded

as exact solutions to any physical problem. In all cases, the material



through which the shock propagates is assumed to be an ideal locking

z,,aterial. The limitations of this assumption have been discussed

elsewhere [1].

This report is organized as follc,,s. In Section II, models based

on conservation of momentum are developed. FirsL, a "snowplaw" model

for an impulse instantaneously applied over the interior of a spherical

cavity is given. This is followed by a model for the gradual transfer

of n=rantum to the surrounding material by the expansion of a spherical

cavity initially filled with gas at high pressure. Finally, both of

these cases are considered for the gearetry of a cylindrical wave.

In Section Ill several models based on conservation of energy are dis-

cussed. First, a model for the rapid deposition of energy over the

interior of a spherical cavity is given. Next, a model for the gradual

transfer of energy fran the contents of a spherical cavity to the

surrounding medium is developed. This is followed by the analogous

results for these two cases in the cylindrical gentry, and finally

models based on a simplifying assumption about the spatial energy dis-

tribution are considered. The report terminates with a caparison of the

predictions of various models for a specific case and a short summary.
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II. xrT tieait V 4dels

Mhile it is recognized that the total nnamtmn in a synretrically

diverg3ing cylindrical or spherical wave is zero, in th- absence of

shear stresses. momentum within any infinitesim~al solid angle should

also be conserved. The foll.wing models are developed in that spirit.

An extension of the "snowplow" model (as discussed in Ref [13) to

spherical coordinates is first considered.

a. Prescribed Impulse, Spherical Coordinates

We wish to determine the rate of decay of the pressure pulse

which results when a prescribed impulse per unit area is applied to

the interior surface of a spherical cavity of radius Ro. We assume

that the material containing the cavity is initially of density po'

but that the application -f a pressure pulse ca-.acts the material

to a final density, pf, which is independent of the applied pressure.

We consider a region of the material, as shon in Figure la, where

the radius R is the location of the disturbance front at scrme time after

the application of the pressure pulse. Ro and R are valves of the

Iagrangian radius coordinate identifying the region of interest. It

s convenient to employ the radius R as the tibm-like variable in re-

cording the progress of the event. During the tme_ required for the

disturbance to travel the distance to R, the inner radius has moved a

distance U. which is a function of time, or alternatively, a function

of the current disturbance radius, R. At any tine the location of the

inner boundary, i the Lulerian description, is as sham in Figure 3b, or

3



so 
--

a. REGION OF INTEREST

I'

b. KINEMATICS OF CAVITY EXPANSION

Figure 1 Gearetr y of Defon-ation



R(R) = Ro + uO() (1)

We assume the spherically syzlietric velocity field has only a radial

ccnponent, Vr, and denote by V(R) the particle velocity immediately

behind the disturbance front. Ln tems of an Eulerian radius, the

radial velocity field must be divergence free if the continuity equation

is to be satisfied, as the assumption of an ideal locking solid leads

to a unifo.rm density behind the disturbance front. Thus

pr= (2)(fl2vr  = V(R) R-- 
2

The displacement at the inner cavity radius is

t(R) 2(3)
Uo = f V(R) RR)2 dt

t=0

where t(R) denotes the time required for the disturbance to reach R.

Denoting by D(R) the rate of propagation of the disturbance, i.e.,

D(R) = dt

we may write Equation 3 as

U = fR v(R) R2  (4)P0 D(R) [P(R)12

Substitution into Equation 1 yields an integral equation for R, as a

function of R which may be solved if V(R) and D(R) are knom.

At the disturbfnce front, the Ranine-ilugoniot jump relationships

must be satisfied in order to insure the conservation of mass and to-

mentum across the listurbance. Thus

pOD(R) = pf[D(R) - V(R)] (5)

P(R) = poD(R) V(R) (6)

5



where P(R) is the pressure inmediately behind the front measured with

respect to the initial pressure. Ir'a the first of these, it is seen

that the ratio of velocities in Equation 5 remains constant for an

ideal locking material, and

(R) = 1 - p olPf= (8)

D (R)

Equation 1 then becomes

R(R) = + R2  dR (9)b o (R)2

which has the solution

R(R). =r3 + (1 (10)

This relationship may be more easily cbtained by equating the

mass contained in a hollmi sphere of density p0 and radii R and Ro

with that contained in a hollcw sphere of density pf and radii R

and R.

The mass and mantum contained in a length dr of the region of

interest are, fran Figure lb,

dm = pf (rd ) 2dr (11)

dh = pfv ¢r) dr (d) (2)

At the "tim-- when the disturbance has reached R, Uhe total .cwnttm

behind the disturbance is

H = R 0 2 r)(r 3r(d ) 2 1

If an imalse, 10, per unit initial area is sup)li-4 at t = 0 over

the iner cavity R = we have fran the balejico of inrt'ulse and m,.z...ntLua,

,, 2 2
. = ioR(de) (14)

6



Substituting expression for the velocity field (Equation 2) into

Equation 13, we find that

H = pfV(R R2 [R- R(R)] (d )2 (15)

where R(R) is as given in Equation 10.

Canbining Equations 7 and 8 so as to eliminate the disturbance speed

yields

P(R) = 0 V(R 2  (16)

The expression for the attenuation of the peak pressure as a function

of distance is found by substituting Equations 14 and 15 into Ejquation

16, or

P(R) = ______ • (1- 2 (17)

PO R4  R- R(Rl

At large values of R/VR, the inner radius R can be seen, fran

Equation 10, to asynptotically approach

R (R) = 0 1/3 R (18)

Hence, at large R,

P(R) = _0 (19)
6o R 6 (- B/3)2

i.e., the pressure decays as the sixth power of distance.

For values of R only slightly greater than R., we may set R =

RO + c, %-here c << RO. Then, from Equation 10,

R(R) c O) + 0c (20)

and tho decay of pressure with the distance becoaas, for small c,

P (W) = I° 2(21)
P08 2

7



When written in terms of a ratio of specific volumes, a , custanarily

defined through

-v° Pf = (1 - ) -1 (22)
- Po

Equation 21 becomes the familiar result of the one diensional, or

"snow-plow" theory [1], for the attenuation of a pla-ne wave,
1 2 a2 Vso .93

C2(a - 1)

where is the specific volume of the fully coipacted solid.

Equation 17 can be put into a form useful for comparing the

attenuation as a function of porosity through substituting Equation

8 into Equation 17, or
2 6

1kP = (1P (R)_(24)- P(R) 0 Sf -( R oR (24)
0

The decay of the dimensionless pressure P is given as a function of

the dimensionless distance in Figure 2. Results for several values of

0 are given. For purposes of comparison, a line with slope of -6 is

also sha.n. For values of g/Ro > 3 the pressure decays essentially

as the sixth power of the distance, as is predicted by Equation 19.

It can also be seen that the predicted rate of decay appears to be

sla~ier for 0 = 0.9 (high porosity) than for 0 = 0.1 (lc. porosity),

but it should be noted that the weight of material required to produce

a given pressure reduction will be substantially less for the material

of higher porosity.

In Figure 3, the dimensionless pressure is given as a function

of the distane, IVRo - 1, imeasured frcn the edge of the cavity. For

small distances, the decay is seen to be as the inverse square of the
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distance, in accord with Equation 23, and as the inverse sixth pa. er

for large distances.

Since the velocity field is knaw (Equation 2) j the pressure

distribution behind the shock front can also be determined. Frcm local

conservation of manentum,

[ avr + ]=-- 25
-'Va-

ar ar

with the pressure at r = R given by Equation 17 and the velocity field

given by Equation 2. The time derivative in Equation 25 cMn be re-

written as

Wr = av_- dR D[ 2V(R) R- 2V(R)R
~ + 2(R~R1 (26)

*at aRd 3R Pr' -

where the shock speed D is also a function of the current shroclk radius

R and the Pax'ticle velocity at the shock front is given by Equation 15.

Substituting into Equation 25 and integrating, we find that the pressure

distributioan is given by
P(r) :~ - .5 ii R 2;I- ' , , , ...r, -_ 1- ,, 2-
P(R) l ai R- R2 .

. _Fgures 4a, 4b, anid 4c. the pr,-essure dist otin behind the

front is given. at several instants of tia (shoc radius) for several

vaLes of porosity. The substantial graoth, with re: of the inner

r adius of the cavity, R, is evident. Examination of these press-re

profile3 reveals negative pressures in the region mear the inner cavity

radius. These tensions result frcmn the "hoop" strains becaing so

large as to prrluce a net increase in voluzn '-aUhch, for

the assme-d isotropic statc of -tress, results in a radial stress which

91
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is positive. For highly porous materials, however, this tensile stress

is small cavpared to the peak stresses, and it may be assumed that the

solution has reasonable validity for predicting tle pressures at the

shock front in spite of the physical unreality of the tension near the

inner cavity.

b. Expansion of a Spherical Cavity

In the preceeding section, the decay of the pressure pulse re-

sulting frcm the instantaneous application of a prescribed impulse

over the interior surface of a spherical cavity was considered. In

this section, the decay of the pressure wave generated by the applica-

tion of a prescribed pressure will be treated. This problem has been

considered previously and some asymptotic results obtained [2].

The expression given (Equation 13) for the total rnumentum behind

the expanding spherical front is valid independent of the means by

which the shock wave is generated as is the kinematical relationship

(Equation 10) relating the current location of the inner cavity radiots

to the current shock radius. Hence, if a pressu -e P(t) is applied

mmencing at tban- zero, the total iupulse delivered can be written as
,I t 2

itt) = f P(-r)R() (do)IdT (28)
0

and equated to the total irrnxtum at that instant, as given in Equation

13. We assu.e here that the pressure supplied is sufficient to keep

th, a-aterial fully cqpacted.

Of particular interest is the case where the cavity is filled

with a gas at high pressure which expands and drives a spherical shock

into the porous material. We will assume a rprfect gas at initial

13



-A

pressure P0  Thus

P(R)R3y P R3y  (29)I 00
where y is the ratio of specific heats, assured to be o nstent. Again

using the current shock radius, R, as the time-like variable, the total

iirpulse, Equation 28, may be rewritten and equated to the total n-mentum.

From 15 and 8, we then have

R f E 1 V()2
SPO R2 d[ H f(R 2[R- R] (30)

A differential equation may be obtained through differentiating with

respect to R. This yields
(P 2-3y)=Vxd { x

OP - = V V (x) x [x-s (x) 1 (31)
0 Pf a

where

s =-R/ROs- / - +3 l- 5 
31PP ewrte s (2

After rewriting as

d [iV2p2 1 = po as(2-3y) p/Pf (32)

dx

where p = x2 (x-s), the shock front pressure my be mmitten as

P(x) - 1 W 2(1-0) 2(1-0) 0R R °  (2-3y) 2P0  x4 (x-s) 2 [11 +  1  4  2 S ( -s)dt (33)

where

S I
RR° C31 3 + 1 - ](2-3y)/3d (34)

1

and = 2 3 (1 Y)

1

14



The secaid these is teadily integrated through the substitution

y = ax3 + 1- (36)

to yield

The first integral is not as readily evaluated. For the case of

y = 5/3, hc.ever, the transfomation given by Equation 36 yields

= 1 ax 3  +1-(
3;W 1 (y-1l]/ 3 d(38)y

which may be evaluated through the use of the follawing integral (3]

/ 3 dy 3 u a { [3 (3,V- 3,4a)
f uy =2/3 in 3'i3 (39)

where u = a + by k3Fu+ 2 3J-

For y other than 5/3, Equation 34 can be integrated numrically without

difficulty.

The decay of pressure, with distance, of the peak shock pressure

is given in Figre 5 for y = 5/3 and several values of B. It can be

seen that the rate of decay increases with distance, varying fron
aP~~r~vj'q' -3fo mjPO Wapproi~mately P/Po _ (R/R) for smal'l /R to approximately P/P -

S(RiRo)-5 for large /Ro .

In Figure 6, the decay of pressure with distance in a medium of

B = 0.5 is canpared for various values of y. At large R, the asymptotic

behavior is an P - R- 37 , as can be readily deduced fran Equation 33.

rlhis is in agreeimnt with the results of Ref [2]. "Lie result for

y = 0 corresponds to a constant pressure,

15
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y = 1.0 corresponds to an isothernmal expansion, and y = 1.4 and

y = 1.667 correspond to the adiabatic expansion of air and a mongtonic

gas, assued to be ideal. y = .5 has no physical interest, but is

included for purposes of ccmparison. These results uare obtained by

the numerical integration of Equation 33 using step sizes of R/o =

0.001 for 1.01 < IR o < .1, AR/Ro = 0.01 for 1.I < R/Ro < 2 and

ARiRo = 0.1 for 2 < R/Ro _ 11. Pressures at the extreme points of

these ranges were found to agree typically to three or four significant

digits whether obtained with 10 or 100 integration steps. The results

cbtained numerically for the case of S = 0.5 and =5/3 as given in

Figure 6 show excellent agreement with the results for the san case

obtained through evaluation of the closed form expression and given in

Figure 5.

c. Mmentum Models for Cylindrical Waves

The analyses given in the previous sections are readily modified

to be applicable to an expanding cylindrical wave, as might be generated

by the detonation of a line charge of high explosive imbedded in a

porous material.

In cylindrical coordinates the appropriate divergence free velocity

field i

Vr= V(R) R (40)

The relationship between the inner cavity radius and tIhe shock front

radius which rust be satisfied in order to insure glc'al conservation

of mass is

11id 2 2 Pff 2 2-zn dz-R - R (41)

18



or

R = 2 2 21/2 (42)

R [oR (4(1

which takes the place of Equation 10, previously developed for the

spherical case.

The nmentum contained in an element of angle do, width dz and

length dr is

dh = Of dz rde dr vr (43)

Thus, when the disturbance has reached a distance R, the total momentum

in the segment is

R
H = pf dz do vr rdr= p dz dO V(R) R(R- R) (44)

R

If an impulse, Io, per unit initial area is applied over the inner

cavity radius at t = 0, the balance of impulse and mcaentum leads to

IoRo= p V(R) R (R - R) (45)
00f

The predictel rate of decay of the shock front pressure then foll-7s

from solving Equation 45 for V(R) and substituting the result into

Equation 16
2 2 2

P((R) _I2_ U1- (46)
PO  a R(R - R)2

where R is as given in Equation 42. This result may be terrand the

"sncF.zlw" model for the cylindrical wave. At large R, R (R) - .0 R

122 U (i 2  1 1
P (R) = 1 - (47)

indicating that the pressure decays as the fourth pcwer of distance,

at large R.

19



As before, the pressure distribution behind the shock may be found

by integrating the moatntrn equation. The result is
P (r) =i iR£ 1i$ R n i_R+l (R2 _i 48

-_L8 R ( (48)

Negative pressures will again occur near the cavity. In particular, at

large R, R - a X and the pressure on the surface of the cavity is

predicted to be
P (R) =1-1 [ in I + IL1-) (49)

P(R) 1-a a 2

which is negative for any 0.

The solution for the expansion of a cylindrical cavity filled with

a perfect gas may also be obtai.ned in a manner similar to that given

previously for the sphzrical case.

The impulse generated by the expansion is

t
I = f P(T) I do R() dr dz (50)

0 r=ZR

Changing the variable of integration yields
R

I=f P(R) do dz R() (-
% W

Equating this to the total arentum given by Equation 44 yields

R
f f P(R) R(,) VTF = Pf V(R) R (R-R) (52)

which is to be solved forthe shock front particle valozt ty, as a function

of distance. For the adiabatic expansion of a cylindrical cavity filled

with a perfect gas,

P(R,) = Po (RR )2 Y  (53)

20
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Differentiating Equation 52 with respect to R, as before, and defining

X =R/RO
" = 2  

1/2s = /R = [Ox 2 + 1-0] (54)

p x(x-s)

Equation 52 may be written as

d ( VOp -pjGY pR1- 2 y  (55)
~ Pf

Replacing V2 by the pressure, through the use of Equation 16,/leads to

9 an expression for the peak shock pressure as a function of shock

radius

(X) - 21' s (1-2 y)(-s)d (56)Po 2fx( (
PO X kx-,) 1

Equation 56 bears a high degree of resemblance to the analagous expression

previously given for the spherical wave (Equation 33), and was intc.grated

numerically in the manrer previously described. Results obtained by

the numrical integrationof Equation 56 are given in Figure 7 for the

case of y = 5/3 and various values of 8, and in Figure 8 for 0 = .5

and several values of y.
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III. Pnergy Ybdei3

The models given in the prececeding sections resulted fran enforcing

conservation of radial rrcmntum. It is also possible to develop predic-

tions of the pressure attenuation rate by considerin9 the conservation

of energy. The principal difficulty in this approach is the uncertainty

as to the internal energy changes whtich can occur in a material of

constant density.

a. Prescribed Deposition of Energy in Spherical Cavity

For a spherically diverging wave, the divergence free velocity

field is

Vr = V(R) R2  (57)

where V(P is the particle velocity innediately behind the shock, front

and is related to the shock speed by Equation 8. The kinetic energy

bet een the shock front and the expanding cavity is

Rf 2 2 2F K = f/ --Vr r (d ) dr (58)

From Equations 16 and 8, this may be rewritten as
j = OP(R) R3 IR 7 2

2(l~) l'~ ; (d4) (9

where R-is as given by Equation 10.

Imediately behind the shock front, the kinetic energy per unit

mass is

eK(R) =1V(R)2  (60)

and, fran the R ne-Nugoniot jmp condition for eirry, the increase

in internal energy per unit mass is
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Substitution of Equations 16 and 8 into Equation 61 shows that

ei(R) = ej(R) = 1 V(R)2  (62)

i.e., that the internal and kinetic energies per unit mass are identical

at the shock front.

For a material of the ideal locking nature under consideration, no

volume changes can occur behind the shock front. Thus, if there are

no reactions, losses due to viscosity, or any heat transfer, the energy

of eachi particle nust remain constant at the value acquired upon passage

through the shock front. The particle initially at a distance r fran

the origin will therefore acquire and retain an increase in energy per

unit mass of

eI(r) = 2 P(r) It=R  (63)

The total internal energy .s then easily ccaputed in Lagrangian

coordinates, and is found to be

E 2 fdW P(r) r 2dr (64)I- 2

If a ]knwm energy (per unit area) of c. is instantaneously deposited

over the interior of a spherical cavity of radius Ro, an energy balance

requires that

SR2 (d) 2 -E +E1  (65)

throughout the entire prociess. Here E. is given by Equation 59 and

El is given by Equation 64. Satisfaction of this energy balance for

all tirre (i.e., for all R) leads to a decay of peak shock pressure,

with distance, which is the solution of the equation
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cLR PR + fRC{~d (6
00 2(1- S) 2~ FbR *2(6

This is a singular integral equation, the solution of which is

singular at R = P. for the physical reason that a finite energy is

being deposited into a zero volume. In any plausible physical process,

this will not occur. Rather, the deposition of energy will require a

finite tim. An arbitrary deposition relationship

E =e [ exp- K (R-PO) /R 0 ](7

was selected. In this case, 90% of the energy is deposited in the

time required for the shock to propagate (9hl0)/ cavity radii into

the material. The resulting integral equation is
JR

2 [lK(R-()/ =/P, PF[ (68)

D0.p 2 (1-$)lI

R 2R P(O)2d

A solution to this equation was btained by numrical integration, with

results as given in Figure 9 for several arbitrarily selected values

of K and 0. The instantaneocus deposition of energy corresponds to

b. Expansion of a Spherical Cavity

Instead of assuming sate arbitrary prescription of the deposition

of energy, we may assume that the shock is generatted by a prescribed

pressure applied over the cavity boundary.

The work done on the surrounding material during such an expansion

W= f P ( I) (, 2 ( W¢ ) 2 d r ( 6 9 )
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where P(&) is the pressure, a prescribed function of shock distance.

In particular, if the pressure results fran the expansion of a spherical

cavity initially of radius R and filled with a perfect gas at initial
0

pressure Po.
P (R) R3 y = P Ro3y

or
P3(y-1) (

Equating this work done to the kinetic and internal energies ac-

quired by the material thrcugh the passing of the shock leads to

W=EK+EI

where W is given by Equation 70, EK by Equation 59 and EI by Equation 64.

The resulting integral equation is

p _3 [1 _ 3 (y-1) _ BP(R)R 3  R) + ( 1 p())2d )

3(y-1) R 2(1-8) R 2 Po

This equation (which is not singular) was solved nmirrically with

results as given in Figure 10.

c. Energy MAodels for Cylindx i.cal Waves

For a cylindrically diverging wave, the divergence free velocity

field is

vr = V(1)
r (72)

and the total energy behind tie front is
R p 2 R2

EK f V(R)- rddzdr (73)

or

- P(R) I? en R dOdz (74)
2(i-1) R
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R is again given by Equation 42. Assuming, as before, that the internal

energy of each particle remains constant at the value acquired in passing

through the front,

e(r) = P(r) a (75)
2po

r=R
Thus

R
E = I Poe()d) dzd

R°0 (76)
R

=- P( )Cd dOdz
2 P

For a deposition of total energy, Co' per unit area, over the interior

of a cylindrical cavity, in accordance with Equation 67, the energy

balance leads to a pressure distance relationship of which is the

solution of

o o - exp it(R-R) /R -2( P(R)R £n(i) + y f P( ) d (77)
ooLo

The limiting case of an instantanecus deposition is obtained in the

limit as r - . A solution of this equation obtained by nm-erical

integration is shcwn on Figure 11, for several val.es of : and 8.

For the case of the expanding cylinder, the vork done is

R
W = I P(R)Pd dodz (78)

RO

j For the expansion of a cylinder of radius R of perfect gas which expands
t 0

adiadatically,

p(R)'2y P PoR2 (79)
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, .and2 2- r -
- P0 %; 1 - (1O/ )2 (1-y)_ (80)

In order to satisfy the requirement that the work done on the porous

material (Equation 80) be equal to the change in kinetic and internal

energies (Equation 74 and 76),we find the pressure: irast satisfy the

integral equation

p2 r 2(lY) _P2 R R

F22 2(1-0 R 2

Solutions of this non-singular equation were obtained by numerical

integration and are given on Figure 12 for various values of 0.

d. A Sinale Energy odel

The equality of the internal energy and the kinetic energy at the

shock front noted earlier (Equation 62) suggests a simplifying

approximation, nauely, that the total energy beh~ir4 the front might be

equally divided between the total kinetic energy and the total internal

energy.

For the case of an instantaneous deposition of energy, it then

follF4s that

OR2 d 2 = k for the spherical case

c R dedz = 2E, for the cylirn/rica-. case

where is given by Equations 59 and 74, respecti.vely.

The results are:

Vor the spherical .a-e
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P(R)R = (1-0) 1 (82)

0R R

too

P and

P (R) Ro (1-0) 1= (83)
O  8 ()2n (R)

% R
for the cylindrical wave.

For the cavity excmion models, the sinplifyfing assurotion leads

to

W 2EK

where the work done by the expansion and the total kinetic energy are

given by Equations 70 and 59 for the case of the spherical case, and

by Equations 80 and 74 for the cylindrical wave. The results for the

spherical wave are

P _ (-) l.(PR)3 (y (84)
Po 3 0 (y-l) ( 3 [E _i1

and for the cylindrical wave

P = (1-0) [i- (p)/) 2 1Y- 1 1  (85)

Po 20 (y-l) (RVRo) 2 2n (R/R)

The pressure distance relationship predicted by Equation 84 is shcr'n

for several values of 0 in Figure 13 and are indicated by N = 3. Some

resu. ts for the cylindrical wave (Equation 85) are also given on Figure

13 for several 0, and are denoted by N = 2.
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IV. Cauparison of Various Models

A ca parison of the pressure-distance predictions obtained through

the use of several models is given in Fig. 14 for the case of a = .065
and cylindrical waves.

In each case, a dinrnsionless pressure is presented as a function

of distance. In the three cavity expansion mdels, (curves B, D and

F) the pressure is P/Po, vhere P is the initial pressure in a gas

of y = 5/3. For the "snowpla-" model, Curve A, the dimensionless
2 2pressure is Ppf R /1o. For the to energy deposition models,fo0

Curves C and E, the dimensionless pressure is PRO/eo"
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V. s

Several models for predicting the rate of attenuation of the shock

wave generated by an explosion of cylindrical or spherical charges within

porous material have been proposed. The porous material is, in all

cases, described as an ideal locking solid. Ibdels based on conservation

of ..entm and on conservation of energy are describad. Each model

satisfies conservation of mass or conservation of xmentun; none

satisfy both and therefore all are to be regarded as only approxima-

tions.

In the case of sphericail waves, it is to be noted that rate of

decay can be very high, ranging frcn the inverse sixth payer at large

distances for the spherical "snoiply;" model doan to the thir& pmrer

at large distances for the simplified energy models. The decay rates

for cylindrical waves ware found to range from an inverse fourth paver

(in the case of the "snciplow" model) da%n to the second power for the

sinplified energy model.

Fra the pressure distance relationship, the peak particle velocity

can be determined as a function of distance by using Equation 16; decay

exponents for particle velocities always being one-half those cited

above for pressures. Likewise, the sho-2k velocity can be determined

as a function of distance by using Equation 8, and can then be integrated

(numerically) to give the shock trajectory, if desired. The time re-

quired for the shock to propagate to scae distance R is

R
tR d(R) (86)
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The particle displacement for a particle originally a distance r frm

the origin is, at the time the shock has propagated a distance R,

U(R, r) = R-(1-0) (R3-r3 3r (87)

The use of V7 would seem to predict infinite displae_ nt, at large

tbwre, of all points behind the shock. Hc :evez, it must be noted that

the application of all these models must be restricted to times (shock

radii) sufficiently small that the shock speed is greater than the

speed of an acoustic wave. Ccrbining Equations 16 and 8 yields

P (R) = POD (R) 2  (88)

2
T1hus all models are invalid for pressures belcaq poCo2 , where CO is the

speed of an acoustic wave in the porous material, and should be considered

to be of questionable validity for pressures near this value.

3
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