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Symbols

Inc:remen.tal angle enclosing material segment

Propagation speed at time shock has propagated a distance R.
Total kinetic and internal energies behird the shock front
Kinetic energy per unit mass, internal energy

Total momentum in material segment

Applied impulse per unit area

Initial pressure of gas in cavity

Pressure immediately behind the disturbance front

Radius of shock front at time t

Initial cavity radius

kadius of cavity during expansion

Radial coordinate

Dimensionless cavity radius, R/R,

tine

Displacement of cavity boundary and general particle
Dirensionless shock radius, R/Ro

Radial particle velocity bshind fronc

Radial particle velocity at shock front

Work done by the expansion of parfect gas within the cavity
Ratio of initial to final specific volume

Compressibility parameter, 1 - oo/og

Ratio of specific heats for perfect gas

Total enérgy deposited on cavity wall, per unit axea

Pargmeter describing energy deposition rate
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I. Introduction

An undergrow explosion generates a strong shock wave which
propagates through the earth, but the strength of this shock wave
diminishes with distance for a number of reasons. In the case of a
cylindrical (line) source, or a spherical (point) source, geametric
attenuation, i.e., the distribution of the original energy (or mcmen-
tum) over larger material volumes as the disturbance progresses nec—
essarily leads to lower shock pressures at later times. In this work,
several models of this process are proposed and investigated. Waves
diverging in both cylindrical and spherical coordinates are consid-
ered. Models based on the assunption of an instantaneous deposition
of a known enexrgy (or mamentum) on the interior of a cavity are devel-
oped, as well as models based upon a continuous transfer of energy (or
momentum) from the material within the cavity to the surrounding medium
through the mechanism of cavity expansion.

It was the goal of this investigation to develop several simple
models, no one of which is expected to be most appropriate for all
applications. In any given situation, the appropriate model is best
determined through a comparison of the various predictions with that
availa};;le data which most closely matches the conditions of interest.

Thie simple models to be presented each satisfy only conservation
of energy or conservation of momentum, rather than both, as .the true
solution nust. Cocnsequently, none of these madels should be regarded

as exact solutions to any physical problem. In all cases, the material




o e
Ao oA JMS I N Y DI
IR S T O R T ALed 3

TR T

AT I

o
B

I

R

“ 4o e ot wia s 0 e VLN VTS - ST P~ S PRI A X A

through which the shock propagates is assumed to be an ideal locking
naterial. The limitations of this assumption have bzen discussed
elsewhere [1].

This report is organized as follows. In Section II, models based
on conservation of momentum are developed. First, a "snowplcow" model
for an impulse instantansously applied over the interior of a spherical
cavity is given. This is followed'by a model for the gradval transfer
of momentum to the surrounding material by the expansion of a spherical
cavity initially filled with gas at high pressure. Finally, both o.f
these cases are considered for the geometry of a cylindrical wave.

In Section II1 several models based on conservation of energy are dis-
cussed. First, a model for the rapid deposition of energy over the
interior of a spherical cavity is given. Next, a model for the gradval
transfer of energy from the contents of a spherical cavity to the
surrounding medium is developed. This is followed by the analogous
results for these two cases in the cylindrical gecmetry, and finally
models based on a simplifying assumption about the spatial energy dis~
tribution are considered. The report temminates with a comparison of the

predictions of various models for a specific case and a short summary.
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II. Manentum Models

¥hile it is recognized that the total momentum in a symretrically
diverjing cylindrical or spherical wave is zero, in th~ absence of
shear stresses mcmentum within any infinitesimal solid angle should
also be conserved., The following models are developed in that spirit.
An extension of the "snowplow" model (as discussed in Ref [1]) to

spherical coordinates is first considered.

&. Prescribed Impulse, Spherical Coordinates

We wish to determine the rate of decay of the pressure pulse
which results when a prescribed impulse per unit area is applied to
the interior surface of a spherical cavity of radius R,. We assume
that the material containing the cavity is initially of density pg/
but that the application »f a pressure pulse compacts the material
to a final density, Pgs wvhich is independent of the applied pressure.

We consider a region of the material, as shown in Figure la, where
the radius R is the location of the disturbance front at some time after
the application of the pressure pulse. R, and R are valuves of the
Iagrangian radius coordinate identifying the region of interest. It
»s convenient to employ the radius R as the time-like variable in re-
cording the progress of the event. During the time required for the
disturbance to travel the distance to R, the inner radius has moved a
distance Us vhich is a function of time, or alternatively, a function
of the current disturbance radius, R. At any time the location of the

imner boundaxy, in the Bulerian description, is as shown in Figure lb, or

(5%




a. REGION OF INTEREST

b. KINEMATICS OF CAVITY EXPANSION

Figure 1 Gecwetry of Deformation




R(R) = R + U (R) {1)
We assume the spherically symnetric velocity field has only a radial
conponent, V,., and denote by V{R) the particle velocity immediately
behind the disturbance front. In tems of an Eulerian radius, the

radial velocity field nwust be divergence free if the continuity equation

is to be satisfied, as the assumption of an ideal locking solid leads

to a uniform density bshird the disturbance front. Thus
2 .

R
V. = V(R) -2 (2)
The displacement at the inner cavity radius is

o AR R
Uy = 1!;=o VIR) ey 2 9E (3)

where t(R) denotes the time required for the disturbance to reach R.

Denoting by D(R) the rate of propagation of the disturbance, i.e.,

=R
D(R) = 2

we may write Equation 3 as

° faoD(RF [R(R) ]2

(4)
Substitution into Eguation 1 yields an integral equation for R as a
function of R which may bes solved if V(R)' and D(R) are known.

At the disturbance front, the Rankine-Hugoniot jump relationships

mist bz satisfied in order to insure the consexrvation of mass and mo-

mentum across the Adisturbance. Thus
pD(R) = pc[D(R) - V(R)] (5)

P(R) = pD(R) V(R) . (6)
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where P(R) is the pressure immediately behind the front measured with
respect to the initial pressure. Fram the first of these, it is seen
that the ratio of velocities in Equation 5 remains constant for an

ideal locking material, and

VRN =1~p [p. =8 {8)
D(R) Ol £
Equation 1 then becomes
R R2
R(R)=Ro+8 S 5 dr (9)
R_R(R;
e}
which has the solution
r.3 37 /3
R(R). ={BR" + (1~ B)Ro ] (10)

This relationship may be more easily obtained by equating the
mass contained in a hollow sphere of density o and radii R and R -
with that contained in a hollcw sphere of density p £ and radii R
and R.

The mass and mameatum contained in a length dr of the region of

interest are, fram Figure 1b,
dm = pg (rdp) 2ar (11)
_ 2. 1212 .
¢h = pfvr(r)r dx (d¢) {12)
At the time vhen the disturbance has reached R, the totzl momontum

behind the disturbance is

R 2
H=/ oy () rir (a4) 2 (13)
COR@® Y

If an impulse, I, - unit initial area iz supplied at t = 0 over
o P
the imner cavity R = R, we have fran the balencc of inpulse and wcrientum,
2

i = IR (de) (14)

b
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Substituting expression for the velocity field (Equatioﬁ 2) into
Equation 13, we find that

H=p V(R K [R- R(R)] (@) (15)
where R(R) is as given in Equation 10.

Canbining Equations 7 and 8 so as to eliminate the disturbance speed
yields .
2
P(R) = p, LIEL (16)

The expression for the attenuation of the peak pressure as a function

of distance is found by substituting Equations 14 and 15 into Eguation

16, or

2 4
P(R) = IQRg , - -8 (17)
po R* [R ~ R(R)] B

At large values of R/Ro, the inner radius R can be seen, fram

Equation 10, to asymptotically approach

1/3

R(R) = 8 R (18)

Hence, at large R,
' 2 .4 2
pR) =ofo U8

o i B - 87/3)2

(19)

i.e., the pressure decays as the sixt}l power of distance.
For values of R only slightly greater than R, we may set R =

R, + € vhere e << R,. Then, from Equation 10,

- R(R) =R, + Be (20)

and the decay of pressure with the distance becares, for smail €,
12

P(x) = 0 (21)
00882

| e T (e A R e e ey Vo T B
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When written in texrms of a xatio of specific volunes, a , custonarily

defined through

o m e —————

=Vo _Pf_ (1.1
R (1 - B) (22)

: Equation 21 becames the familiar result of the one dimensional, or

"snow-plow" theory [1], for the attenuation of a plane wave,

- 15 o? Vso

P=-—-2——-——— \23)
; ‘ € (a - 1) ‘

t where v_ is the specific volume of the fully campacted solid.

s A
sERaiee et A

Equation 17 can be put into a form useful for comparing the

i attenuation as a function of porosity through substituting Equation
8 into Equation 17, or

2 6

" RO Df (1”3) RO .

P = P(R . = >, 24
) 1% 8 RAR - R)? (24)

i N Z:.e.‘ o

de
.

[e]

giss b SV

A

The decay of the dimensionless pressure P is given as a function of
the dimensionless distance in Figure 2. Results for several valuss of

g are given. For purposes of comparison, a line with slope of -6 is

also shown. For values of R/R, > 3 the pressure decays essentially
E as the sixth power of the distance, as is predicted by Equation 19.

1 It can also be seen that the predicted rate of decay appears to be

9 LU S Ty

slower for B = 0.9 (high porosity) than for 8 = 0.} (lcw porosity),

yINtRAES

' but it should be noted that the weight of material required to produce
a given pressure reduction will be substantially less for the material
of higher porosity.

In Figure 3, the dimensionless pressuxe is given as a func
of the distance, R/Ro - 1, measured fram the edge of the cavity. For

small distances, the decay is secn to be as the inverse square of the
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distance, in accord with Equation 23, and as t:‘ﬁe inverse sixth power
for large distances.

Since the velccity field is known (Equation 2}, the pressure
distribution behind the shock front can also be determined. Frcm local

consexvation of momentum,

v v oP .
pe [t v 1=~ — {25}
- ot ar . or

with the pressure at r = R given by Equation 17 and the velocity field

given by Equation 2. The time derivative in Eguation 25 can be re~

written as
2
e Wy R_p WRR L WRR, (26)
3t 3R dt 2R hod e

where the shock speed U is also a function of the current shock radius
R and the particle velocity at the shock front is given by Equation 15.
Substituting into Iguation 25 and integrating, we find that the pressure

distribution is given by

r ; 2\ 4
T f 1 7 ! H 'i &l
Py _, . _8 §i___.‘;._..1s-s.’r.*:,)f_§-1z*:<§7-1>{ {2
P{R} i-8 1B R-R | Réj = 2 ¥

In Pigures 4a, 4b, and 4c, the pressure distyibution behind the
£ront iz given ab several instants of time {shock radius} for several
values of porosity. The substantial growth, with time. of the imner
radius of the cavity, R, is evident. Examination of these pressure
profiles reveals negative pressures in the region near the inner cavity
radius. These tonsions result from the "hoop' strains becoming so

large as to produce a net increase in volune {dilatation} which, for

the assuned isotrcopic state of stress, results in a radial stress which
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is positive. For highly porous materials, however, this tensile stress
is small cawpared to the peak stresses, and it may be assumed that the
solution has reasonable validity for predicting the pressures at the

shock front in spite of the physical unreality of the tension near the

inner cavity.

b. Expansion of a Spherical Cavity

In the preceeding section, the decay of the pressure pulse re-~
sulting from the instantaneous application of a prescribed impulse
over the interior surface of a spherical cavity was considexed. In
this section, the decay of the pressure vave genevated by the applica-
tion of a prescribed pressure will be treated. This problem has been
considered previously and some asymptotic results obtained [2].

The expression given {(Equation 13) for the total momentum behind
the expanding spherical front is valid independent of the means by
which the shock wave is generated as is the kinematical relationship
{Equation 10} velating the current location of the imner cavity radius
to the current shock radius. Hence, if a pressuce P(t) is applied
compencing at time zero, the total inpulse delivered can be written as

i) = J't P(T)R(T)2 (d¢)2dr (28)
0

and equated to the total momentum at that instant, as given in Equation
13. We assume here that the pressure supplied is sufficient to keep
the aatexial fully compacted.

Of particular interest is the case where the cavity is filled
with a gas at high pressure which expands and drives a spherical shock

into the porous material. We will assume a pexfect gas at initial

13
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pressuce P_. Thus

3y 3
P(RIRY = p_R3Y (29)

vwhere y is the ratio of specific heats, assumed to be constent. Again
using the current shock radius, R, as the time-like variable, the total
impulse, Equation 28, may be rewritten and equated to the total momentum.

From 15 and 8, we then have

3y .
R R, 2 a& _H .
—_— = = -R 3

A differential equation may be cbtained through differentiating with

respect to R. This yields

(2=3Y) a 2
2] = .
Po ___p_f.-_ V(%) = {V(x) x“{x= s(x)]} (31)
vhere
x = R/R
o) 1/3

s=R/Ro=[Sx3+l-B]

After rewriting as

d g lvy2,21 = (2-3y)
i [ 5 Vp"l =P B s p/og (32)

where p = x2 (x~s), the shock front pressure may be written as

- - R/R, (2-3
P(¥) _ 4= 221 8 (1, +1,) = 221 8) s ° s 2 e 33
Py x* (x~s) ) X (x-s)° 1
where
R/R -
p=s P e 1 - 8 O g (34)
and P/R 3 -
L=~ °g’sE +1- ot ™ e (35)
1 .




The secoand these is readily integrated throx:;gh the substitution

y= B + 1~ 8 (36)
to yield
_ -1 3 el 2v_q
12 = B—BTQ:—YT [{8 X + 1 3_} l‘j (37)

The first integral is not as readily evaluated. For the case of

vy = 5/3, however, the transformation given by Equation 36 yields

1 B x3 +1~-8
I = S _ 1/3 (38)
1 38373 1 (y-1+8) dy -
Y

which may be evaluated through the use of the following integral (3]

3@ L, _ o3 ] 3 (3\"{:‘- 3/z°)

v
R | 3 3
i Fot (T
where u = a + by v Y

For y other than 5/3, Equation 34 can be integrated numerically without
difficulty.

The decay of pressure, with distance, of the peak shock pressure
is given in Figure 5 for y = 5/3 and several values of 8. It can be
seen that the rate of decay increases with distance, varying from
approximately P/P_ ~ (R/R) ™3 for small R/R_ to approximately B/P_ -
(R/R)™ for large R/R_.

In Figure 6, the decay of pressure with distance in a medium of
g8 = 0.5 is cocnpared_for varicus values of y. At large R, the asymptotic
behavior is an P - R™Y, as can be readily deduced from Equation 33.

This is in agreement with the results of Ref [2]. The result for

y = 0 corresponds to a constant pressure, -
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y = 1,0 corresponds to an isothermal expansion, and y = 1.4 and

vy = 1.667 correspond to the adiabatic expansion of air and a monotonic
gas, assumed to be ideal. vy = .5 has no physical interest, but is
included for purposes of canparison. These results were obtained by
the numerical integration of Equation 33 using step sizes of AR/R, =
0.001 for 1.0l < R/R, < 1.1, AR/R = 0.0l for 1.1 < R/R, < 2 and
8R/R, = 0.1 for 2 < R/R, < 11. Pressures at the extreme points of
these ranges were found to agree typically to three or four significant
digits whether obtained with 10 or 100 integration steps. The results
obtained numerically for the case of B = 0.5 and y = 5/3 as given in
Figure 6 show excellent agreement with the results for the same case
cbtained through evaluation of the closed form expression and given in

Figure 5.

c. Momentum Models for Cylindrical Waves

The analyses given in the previous sections are readily modified
to be applicable to an expanding cylindrical wave, as might be generated
by the detonation of a line charge of high explosive imbedded in a
porous material.

In cylindrical coordinates the appropriate divergence free velocity
field is

vy = V(R)

Rl

(40)

The relationship between the imner cavity radius and the shock front
radius which rust be satisfied in order to insure glchal conservation

of mass is

2 2 2 2
PoT dz[rR~ - Ro] = pgn dz[R - R} (41)
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or
2 2 1/2
R=[BR + (1 ~ S)RO] (42)

which takes the place of Equation 10, previously developed for the
spherical case.
The momentum contained in an element of angle d¢, width dz and
length dr is
dh = Pe dz xde dr v, (43)

Thus, when the disturbance has reached a distance R, the total momentum

in the segment is

| 5 H= ’sz Pe dz @6 v, rdr=pf dz d8 V(R) R(R - R) (44)
If an impulse, I+ per unit initial area is applied over the inner
) cavity radius at t = 0, the balance of impulse and momentum leads to
" IRS pe VIR) R (R - R) (45)
“ * The predicted rate of decay of the shock front pressure then follows
d fram solving Equation 45 for V(R) and substituting the result into
-3 Equation 16
o 2 - 1

.’ P(R) = o 5 PER-R2 (46)

where R is as given in Equation 42. This result may be termsd the

Ysnowploa" model for the cylindrical wave. At large R, R(R) -~ . B R

2rRa-n2 1 1

NSRS (47

P(R) =
Po

Indicating that the pressure decays as the fourth power of distance,

at large R.
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As before, the pressure distribution behind the shock may be found

by integrating the momeshtum equation. The result is

R Y

Negative pressures will again occur near the cavity. In particular, at
large R, R - B,R'and the pressure on the surface of the cavity is

predicted to be
p

~—

|

R=1--L [1mnil+d -p] (49)
R) 1-8 B 2

o

vhich is negative for any 8.

The solution for the expansion of a cylindrical cavity filled wi.th
a perfect gas may also be obta‘ned in a manner similar to that given
previocusly for the spharical case.

The impulse genexated by the expansion is

t
I=/P(1) | @ R(x) dr dz (50)
0 r=R

Changing the variable of integration yields

R

- & _
I= {zo P(R) do dz R(&) 8 TG

Equating this to the total momentum given by Eguation 44 vields

R
8/ P(R) RE) Ty = og V® R (RR) (52)
% £d

vhich is to be solved forthe shock front particle velogiiy, as a function
of distancz. For the adiabatic expansion of a cylindvical cavity filled

with a perfect gas,

P(R) = P, (R/R)? (53)
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Differentiating Equation 52 with respect to R, as before; and defining
X = R/R

° 1/2
s = R/R = [Bx" + 1-8] (54)
p = x(3x-8)

Equation 52 may be written as

A (VP BRRSY -ay
P .
f

dr p (55)

Replacing v2 by the pressure, through the use of Equation 16,leads to

an expression for the p=ak shock presswre as a function of shock

radius

P9 _20-8) F (2 giae (56)

P, #lrell

Equation 56 bears a high degree of resemblance to the analagous expression
previously given for the spherical wave (Equation 33), and was intcgrated
numerically in the manner previously described. Results obtained by

the numerical integrationof Equation 56 are given in Figure 7 for the

case of y = 5/3 and various valves of B, and in Figure 8 for 8 = .5

and several values of vy.
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III. Energy Modeis

The models given in the prececding secticns resulted from enforcing
consexvation of radial momentum. It is also possible to develop predic-
tions of the pressure attenuation rate by considering the conservation
of energy. '"he principal @ifficulty in this approach is the uncertainty

as to the internal energy changes which can occur in a material of

e kit el ndolib lereti kbt e eI s deac it i L H Rl B SR |

¥

constant density.
a. Prescribsd Deposition of Energy in Spherical Cavity

For a spherically diverging wave, the divergence free velocity
field is

v, = V(R) =5 (57)

where V(R) is the particle velocity immediately behind the shock front

and is related to the shock speed by Equation 8. The kinetic energy

between the shock front and the expanding cavity is

R
=5 PE2 .2 a0’
Ey é 5 vr r (de) dr (58)

From Equations 16 and 8, this may be rewritten as

B, = glaf_%)f g% - 13 (d$) (59)

vhere R-is as given by Equation 10.
Immadiately behind the shock front, the kinetic energy per unit
mass is
= 1y(m? (60)
eK(R) > V(R)
and, from the Rankine-Hugoniot juap condition for energy, the increase

in internal energy per unit mass is

24
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R =2J1.1 ' 1
e (®) =2 {oo pf} (61

Substitution of Equations 16 and 8 into Equation 61 shows that
er® = e® =ivm? (62)

i.e., that the internal and kinetic energies per unit mass are identical
at the shock front.

For a material of the ideal lock'ing nature under consideration, no
volume changes can occur behind the shock front. Thus, if there are
no reactions, losses due to viscosity, or any heat transfer, the enexrgy
of each particle must remain constant at the value acguired upon passage
through the shock front. The particle initially at a distance r from
the origin will therefore acquire and retain an increase in energy per
unit mass of

eI(r) = 5%- P(r)l (63)

o . r=R
The total internal energy ’s then easily computed in Lagrangian

coordinates, and is found to be

e, - 207 £ ey (64)
Ro
If a known energy (per unit area) of e is instantaneously deposited

over the interior of a spherical cavity of radius R,, an energy balance
requires that

e Ro@9)? = B, +E (65)
throughout: the entire prooess. Here By is given by Equation 59 and
E; is given by Eguation 64. Satisfaction of this energy balance for
all time (i.e., for all R) leads to a decay of peak shock pressure,

with distance, which is the solution of the equation
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00 201-B)!IR 1 2 R,

This is a singular integral equation, the solution of which is
singqular at R = R, for the physical reason that a finite energy is
being deposited into a zero volume. In any plausible physical process,
this will not occur. Rather, the deposition of energy will require a

finite time. An arbitrary deposition relationship

€=¢€y [L-expi- K(R-Ro)/Ro;] (67)
was selected. In this case, 90% of the energy is deposited in the
time required for the shock to propagate (Lnl0j)/k cavity radii into

the material. The resulting integral equation is

3
2 (o )}y _ B PR (R _ .7
e R, [1 - exp! = k(R-Ry) /R, ] = 3T LT J‘j (68)
R
+-§- I ople)elaE
R

A solution to this equation was obtained by numerical integration, with
results as given in Figure 9 for several arbitrarily selected values
of ¥ and 8. The instantaneous deposition of energy corresponds to
K >
b. Expansion of a Spherical Cavity

Instead of assuming sane arbitrary prescription of the deposition
of energy, we may assume that the shock is generated by a prescribed
pressure epplied over the cavity boundary.

The work done on the surrounding material during such an expansion
is R

We s pl)elae far (69)

R
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where P(f) is the pressure, a prescribed function of shock distance.
In particular, if the pressure results from the expansion of a spherical
cavity initially of radius Ro and filled with a perfect gas at initial

pressure P o

PRIZY = p R 3
ox 3 2
_PRo(de)™ 1 3(v-1)]
=S5 (1~ B 1 (70)

Fquaﬁng this work done to the kinetic and internal energies ac-
quired by the material thrcugh the passing of the shock leads to
W=Eg +E;
where W is given by Equation 70, EK by Equation 59 and EI by Equation 64.

The resulting integral equation is

3 R

P 1 P(RIR" R 71

BRSO (59)3‘*13 ~BRR R_y 48 ppefar Y
3(y-1) R 2(1-8) R 2 R,

This eguation (which is not singular) was solved numasrically with

results as given in Figure 10.

c. Energy Models for Cylindxical Waves

For a cylindrically diverging wave, the divergence free velocity

field is
_ R
Ve = VIR £ (72)
[ 3
and the total energy behind the front is
2
= L V(R dedzdr 73
Ey {z . (R) — rdodz (73)
or
EK = 8 P(R) R2 s R doaz (74)
2(1-B) R
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;
R is again given by Equation 42. Assuming, as before, that the intermal
\ energy of each particle remains constant at the value acquired in passing
through the front,
Z
3
3 e(r) = i) (75)
2 Po
r=R
2 Thus
1 rfgo pe(g) dedzde
(76)
i =%f P(£) £a£dodz
| © |
- For a deposition of total enexgy, e,, per unit area, over the interior
f‘f ?
5 of a cylindrical cavity, in accordance with Equation 67, the energy
i . balance leads to a pressure distance relationship of which is the
!
solution of
; : € R i'-l -exp !~ z(R—R /R 1 = P(R)R 2n( ) + '8- fR P(g)eds (77)
?{ﬁ oo L P ol alm R T2y

The limiting case of an instantanecus deposition is obtained in the

PO

limit as x + «, A solution of this equation obtained by nurerical
integration is shown on Figure 11, for several valuves of ;; and B.

For the case of the expanding cylinder, the work done is
R
: W=/ P(R)RARA8Az (78)
1 R

For the expansion of a cylinder of radius RO of perfect gas vhich expands

Ao ANSFLENITAGS B e 53

adiabatically,

BROUD A AR

mm@*=%%Y (79)
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(80)
In oxder to satisfy the requirement that the work done on the porous
material (ixuation 80) be equal to the change in kinetic and internal
energies (Equation 74 and 76),we find the pressure rwst satisfy the

integral equation

2 ¥ 1 2 R
P 1, - R,2(-v)" _ gER R B .
e L@ Czmm mEtr L PO @
[e]

Solutions of this non-singular equation were obtainad by numerical

integration and are given on Figure 12 for various values of B.

d. A Sinple Energy Model

The equality of the internal energy and the kimetic energy at the
shock front noted earlier (Equation 62) suggests & simplifying
approximation, namely, that the total energy behind the front might be
equally divided betvieen the total kinetic energy and the total internal
energy.

For the case of an instantaneous deposition of energy, it then

follows that
r2as? = 28 for the spherical
eoo¢'21’1< or the spherical case
eoRodedz = 21:1\ for the cylindriczl case

where Ey is given by Equations 59 and 74, respesctiwvely.
The results aré:

ror the spherical weve
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& 8 (RI3R -~ 1) (82)
R R
and
P(RIR, _ (1-8) 1 (©3)
€0 B (R)Z%m (%)

for the cylindrical wave.

For the cavity expansion models, the simplifying assumption leads

W=2EK

where the work done by the expansion and the total kinetic energy are
given by Equations 70 and 59 for the case of the spherical case, and
by Equations 80 and 74 for the cylindrical wave. The results for the

spherical wave are

Po_ (e [1-(ry/R3NY]

(84)
Py 3B(y=1) (%; )3 [% -1}
and for the cylindrical wave
Po_0-p) [~ ®yRZTY, @)

Po 28(y-1) (R/R)%m(R/R)
The pressure distance relationship predicted by Equation 84 is showm

for. several values of B in Figure 13 and are indicated by N = 3. Some
results for the cylindrical wave (Equation 85) are also given on Figure

13 for several B, and are denoted by N = 2.
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IV. Comparison of Various Models

A comparison of the pressure-distance predictions obtained through
the use of several models is given in Fig. 14 for the case of B8 = .065
and cylindrical waves.

In each case, a dimensionless pressure is presented as a function
of distance. In the three cavity expansion models, (curves B, D and
F) the pressure is P/P,, vhere Po is the initial pressure in a gas
of y = 5/3. For the "snowplow" model, Curve A, the dimensionless
pressure is prRoz/ 1'02. For the two energy deposition models,

Curves C and E, the dimensionless pressure is PRo/eo.
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V. Sumary

Several models for pred%cting the rate of attenuation of the shock
wave generated by an explosion of cylindrical or spherical charges within
porous material have been proposed. The porous material is, in all
cases, described as an ideal locking solid. Models based on conservation
of norentum and on conservation of energy are describad. Each model
satisfies conservaticn of mass or conservation of momentum; none
satisfy both and therefore all are to be regarded as only approxima-
tions.

In the case of spherical waves, it is to be noted that rate of
decay can be very high, ranging from the J:.nverse sixth power at large
distances for the spherical “snowplow" model down to the thir¢ power
at large distances for the simplified energy models. The decay rates
for cylindrical waves were found to range from an inverse fourth power
(in the case of the “snowplow" model) down to the second power for the
simplified energy model.

From the pressure distance relationship, the peak particle velocity
can be determined as a function of distance by using Equation 16; decay
exponents for particle velocities always being one~half those cited
above for pressures. Likewise, the shock velocity can be determined
as <:i function of distance by using Equation 8, and can then be integrated
(numerically) to give the shock trajectory, if desived. The time re-

quired for the shock to propagate to soms distance R is

R
= dr
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The particle displacement for a particle originally a distance r from

the origin is, at the time the shock has propagated a distance R,

/3
U(R, x) = [R3-(l-8) (R3—r3) -r (87)

The use of 87 would seem to predict infinite displacenent, at large
time, of all points behind the shock. However, it must be noted that
the application of all these mxdels must be restricted to times (shock
radii) sufficiently small that the shock speed is greater than the

speed of an acoustic wave. Ccoining Equations 16 and 8 yields
P(R) = p BD(R)” (88)

Thus all models are invalid for pressures below poﬁcg, where Co is the
speed of an acoustic wave in the porous material, and should be considered

to be of questionable validity for pressures near this value.

39




1)

2)

3)

References

Herrmann, Walter "Constitutive Equations for Compaction of Porous
Materials" Sandia Laboratories Report SC-DC-71 4134, July 1971
presented at the Symposium on Applied Mechanics Aspects of Nuclear
Effects in Materials, ASME Winter Annual Meeting, December, 1971.
_Salvadori , M. G., Skalak, R. and Weidlinger, P. "Spherical Waves

in a Plastic Locking Medium," Journal of the Engineering Mechanics

Div., ASCE, Vol. 87, No. EMl, February 1961.

Gradshteyn and Ryzhik, Table of Integrals, Series and Products,

Trans by A. Jeffrey, Academic Press, N. Y., 1365, p 75.

40




g

o A gt adh 2

SR LAt a0 e o 3

i

'1 TN Cho AV T B R chongriare Py o

Acknowledgments

Sane of this work was performed while the author served as a
consultant at the Aixr Force Weapons Laboratory, Kirtland AFB, during
the sunmer of 1971. The camputational facilities at both the Camputer
Science Center, WPAFB and at the Air Force Weapons laboratory, KAFB,
were kindly made available., The author would also like to recognize,
with gratitude, the contributions made by Capt J. B. Webster, AFL, and

Dr. Barry Butcher, Sandia Corp. to this study through several stimulating

discussions.

41




