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ADDENDUM TO 

ON THE FINITE CONVERGENCE OF THE RELAXATION 

METHOD FOR SOLVING SYSTEMS OF INEQUALITIES 

by 

Jean Louis Coffin 

ORC 71-36 
December 1971 

1. Using a more delicate method of bounding some parameters, we have 

improved Theorem (3>3.1)> 

The value ^ 8iven for can b* rePlaced bys 

(a) X* - 1 if v(P) . 

(b) X*---3 , if v(P) <4 . 

1 + 2v(P)A - v2(P) 

Comparing to the example of infinite convergence given in (A.1.2.1) 

this means that this new version of Part (ii) of our main 

Theorem (3.3.1) cannot be improved, at least within the framework of 

describing a polyhedron by its inner measure v(P) . 

2. The smooth enough property completely characterizes the claes oí 

oolyhedra for which finite convergence can be guaranteed for any 

value of the relaxation parameter between 1 and 2 : if P is not 

smooth enough, then an initial point can be chosen such that infinite 

convergence occurs for X * 1 • 

This means that Part (i) of Theorem (3.3.1) cannot be improved at 

all. 

In Theorem (3.3.1), Lenrr.a (3.3.2) and Corollary (3.3.3), a crucial 

assumption was not made explicit, even though it was useu in their 



,- 

proofsi the polyhedron F is defined by the intersection of e finite 

family of halfspacee. These resulta can fail if this assumption is 

lifted. I 

4. Corollary (3.3.3) can be strengthened to: 

A necessary and sufficient condition for infinite convergence is: 
CO 

<- .q.2 
I (e ) This also ensures finite convergence under the 

q=*0 
assumptions of Theorem (3.3.1). 

5. As a result of this, in (4.1,2), the assumption of Lines -5 and -4, 

Page 102, can be weakened to; Every index of I is repeated 

infinitely often. 

6. Lemma (3.3.2) and Corollary (3.3.3) are still valid verbatim if the 

polyhedron P is defined by the Intersection of an Infinite family of 

ha Ifspaces, under the following assumption; in choosing a halfspace 

H at a point x of the relaxation sequence, any positive linear 

combination of the halfapaces violated by x is permitted (the 

original family still has to be finite). 
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ABSTRACT 

The main concern of this work is to rejuvenate the 

relaxation method for solving linear inequalities, which 

uses as primitive the notion of hyperplanes, instead of 

the more derived concept of vertices or bases. The main 

result is that the method converges finitely for a wide 

range of values of the relaxation parameter. The smooth 

enough property is defined, and it delineates a class of 

problems where the method works particularly well. It is 

hoped that the relaxation method might become a powerful 

alternative to the decomposition, or column generation, 

techniques for large scale programs in which the theoretical 

finiteness of the simplex method breaks down to a practical 

transfiniteness. 



SYNOPSIS 

He investigate the problem of findlns a solution to a system 

of linear inequalities. 

The relaxation method constructs a sequence of points 

{xq} in the following manner: at step q we find the constraint 

nost violated by the point xq of the sequence, and move on the 

interior normal of the halfspace H1 corresponding to this 

constraint by a distance which is a given multiple X-the relaxation 

parameter—of the distance between xq and H 

In the firat chapter, we introduce briefly the results 

obtained by Agmon, Motskin, and Schoenberg. They show that if 

X e (0,2). and if the solution set P is not empty, then the sequence 

generated by the relaxation method converges to a point of P; 

furthermore, if X - 2, and if P is full dimensional, then the 

sequence terminates at a point of P after a finite number of 

steps. 

The concept of Pejlr-monotone sequences, due to Motskin 

and Schoenberg is introduced, and their main result is reproduced. 

It will allow us to prove compactly the convergence of the 

relaxation sequence {*q). •• it is, for X € (0,2], a P.j4r-«>notooe 

sequence with respect to P. 

In order to reduce the proofs of the convergence of the 

relaxation method to their essence, we gather in the second 

chapter the tools, clnssl.nl and new. which this study requires, 

and wc prove various results of a more technical nature. 

Ill 



Some elementary definitions from the theory of lattices 

are presented, es the semantics involved clarify some arguments. 

In paragraphs 2, 3, and A, we prove some basic results 

pertaining to the theory of convex sets and polyhedra, by using 

the properties of the projection map onto a closed convex set K 

and the family of its inverse images—the normal cones associated 

to K. 

Let P be a polyhedron, then every point x of Rn is shown 

to have a unique decomposition x ® y+z, such that y and z 

belong to dual elements of the face lattice °f P* and 

of the normal cone complex fp associated to P; y is the projection 

of x on P, and z belongs to Np(y), the normal cone to P at y. 

The smooth enough property for polyhedra is defined. 

It delineates a class of polyhedra which are as easily tractable 

by the relaxation method as smooth convex sets. 

The basic quantitative concept in this study of the relaxation 

method is that of the measure of a cone C: we define the outer 

measure y(C) and the inner measure v(C). The outer measure 

is shown to be always greater than the inner measure. We also 

prove that the inner measure is determined by some maximal 

linearly independent subset of the halfspaces defining C* 

In paragraph 7, the outer measure is used to show that the 

distance and the residual distance to a polyhedron are equivalent 

distance functions. 

The supporting hyperplane theorem is extended, and we 

define the smooth enough property for convex sets: smooth 

iv 



compact convex bodies are seen to be smooth enough. 

Chapter III is the theoretical core of this work. 

We first show the infinite convergence of the relaxation 

method, and derive a bound on the rate of geometric convergence. 

The finiteness of the relaxation method applied to a convex 

body defined by its complete family of supporting halfspacca 

holds for any A € [1,2]. 

Paragraph 3 contains the main theorems of this work. 

Let p ■ H H be a full dimensional polyhedron, where I 

is a finite index set; then the sequence generated by the relaxation 

method converges finitely to a point of P if: 

(i) P is smooth enough, and A € [1,2] 
2 

or (ii) if A £ + v(P) ’ where v(P) is the inner measure 

of P. 

Furthermore, if A > 2, then the sequence either converges 

finitely to a point of P, or it does not converge. 

In various specific cases, the flnlteness of the relaxation 

method is proved for some values of the relaxation parameter 

greater than 2. 

The behavior of the relaxation method applied to an 

inconsistent system of Inequalities is examined in paragraph 4: 

after a finite number of steps, the sequence remains in a neighbor¬ 

hood of the set of Cebyaev points of the system, if A € (0,2). 

The relaxation method is extended to a system of concave 

inequalities, and the infinite convergence of the sequence is 

shown. 



In the last chapter, we establish the validity of a number 

of computational procedures: the maximal residual method, 

scanning of the index set, partitioning, budding, and anti-jamming. 

Some intuitive guidelines for the choice of a sequence 

of relaxation parameters are given: a good strategy will start 

with values of X close to 1, and as the sequence approaches P, 

X is increased to or above 2. 

The application of the relaxation method to the linear 

programming problem, and to the. transportation problem (taken 

as an example of the column generation techniques) is briefly 

V * 
examined: both these problems are transformed into Cebysev 

problems. 

We conclude by attempting to justify the hope that the 

relaxation method will give rise to some good algorithms of 

solution of these problems. 

vi 
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CHAPTER T 

THE RELAXATION METHOD: STATE OF THE NOTION 

1.0 Primitive Versus Basic 

The main concern of this work is to rejuvenate a rather old 

method of solving linear Inequalities, which uses as primitive 

the notion of hyperplanes, instead of the more derived concept of 

vertices or bases. 

It is hoped that this approach might grow to become a power¬ 

ful alternative to the decomposition, or column generation, 

techniques for large scale programs, in which the theoretical 

finiteness of the simplex algorithm breaks down to a practical 

transíiniteness. 

The relaxation method has the rather surprising feature that, 

fixing the dimensionality of the underlying space, the convergence 

is eased by a larger number of hyperplanes, to the point of 

becoming trivial if the complete family of supporting hyperplanes 

to the feasible set is used. 

This thesis is dedicated to proving that this claim is more 

then Just a quip. 

1.1 Preliminaries 

Throughout this work, R represents the real number system, 

and Rn is the n-dimensional Euclidean space, that is the vector 

space of n-tuples of reals topologized by the Euclidean norm. 

We denote by: 
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n 
<x,y> b I x.y. the inner product of two vectors 

i-1 
X -•(x-,...,« ) G Rn 

1 n 

y -  V 6 R" 

14 . /« ,x> the Euclidean nom 

Sr(x) -{yG Rn| |x-y|| <_ r} the closed solid sphere 

of center x and radius r 

B - {x e Rn| |x|| « 1} the unit n-1 dimensional 

spherical surface 

R+ » {x G r| x :> 0} the set of non-negative real numbers 

Z « {x G r¡ xis integer} the set of integers 

Z+ » R+ n z the set of non-negative integers 

Sl* S2 " x € si» y € S2} the cartesian product 

of the sets and $2 

Set inclusion will be denoted by C and strict inclusion by C, 

Let S be a subset of Rn and we define: 

jSf(S) - {x G Rn| x - J y1xi, x1 G s, M1 e R» I finite} 
i€l 

the linear hull of S. 

^(S) - (x G Rn| x « y x1 e S, € R.» I finite} 
© 

the convex cone hull of S. 

- {x e Rn| x » y wlx^, X1 e s, y w1 - 1. I finite, U1 e R) 
iGi iGi 

the affine (or manifold) hull of S. 
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<¿r<s) - {X e Rn| X . y yixi xi G s vi. i _ o 
1 iái * ^ lt u e R+» I finite} 

the convex hull of S. 

A set K is convex if k 

A set C is a convex cone if C = ^(C). 

A set M is a manifold if M 

A set L is a subapace if L ■ , 

A set C Is a eme if x e c •» ex e c for all e 6 R . 

Those properties ere all closed under Intersection, which 

implies that ¿TW. £’<S), .^(S). ^(s). are respectively 

the smallest convex set, convex cone, manifold, subspace containing 

S. In addition ,^(8) and 3\s) are closed sets. 

The dimension o/ a set 8 Is the dimension of the linear 

subsp.cc parallel to ../f(S) through the origin! 

dim S - dim^S) -x°) 

with x e.^s). If s is empty, we set dim S « -1. 

A convex set K is a convex body if t^(K) - Rn, 0r 

equivalently if it has an interior point. 

A poln- X ot a set 8 is a relatively interior point 

If It Is an interior point of 8 with respect to the relative 

topology Induced In ,^(8) by the Euclidean topology, 1,.., 

X ' r.1.(8) If theie exists c > 0 such that 8 (x) C s. 

The relative interior r.1.(8) of a set 8 is the set of 

its relatively interior points. 

Every non-empty convex set has a relatively Interior point 

(see [55], pp. 45-46). 
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A set S is relatively open if S - r.i.(S). 

We denote by S the aloaure of S, by 3S the boundary 

of S, and by Int S the interior of S. 

The addition and subtraction of two sets Sl and S are 

defined by: 

Sj+Sj - {2 - x+y| X 6 Sr y € Sj} , 

- {t - x-y| X e sr y e s2) . 

If S2 - {x} is a singleton, we will use the notations S^, 

and S^-x for S1 + {x}, and S1-{x}. 

The eet difference will be: 

s1/s2 - ÍX e S1| X ^ s2} # 

The orthogonal complement of a eet S is: 

S-1- - {y € Rn| <y,X> - 0, for all x € s) . 

It is the largest subspace which is orthogonal to S, «nd whose 

intersection with S/{0} is void: 

SJ-- C^s))-L 

The eum of two eets Sj end Sj which are orthogonal, 1..., 

<x,y> - 0 for all x - Sj, y £ Sj la called their direct eum 

and denoted by © S2. 

The distance from a point x to a set S is 

d(x,S) ■ inf Ix-zl , 
z6s 



If S is closed, we define 

Pg(x) ■ {z € s| ||x~z|j - d(x,S)} 

the set of points closest to x in S. 

Let N be a manifold in Rn, x be a point of M, and 

r G R+ be a positive real number, then we define Sr(M,x) the 

spherical surface with axis M, center x and radius r by 

Sr(M,x) - x + ((M-x)J- n {* € Rn| |z| - r}) . 

1,2 The Relaxation Method for Linear Inequalities 

In this section we summarize the results obtained in [1] and 

[SI] by Agmon, Motzkin and Schoenberg on the convergence of the 

relaxation method applied to the solution of a finite system of 

linear inequalities in Rn. 

(1.2.1) Let <a*,x> + b* £ 0, i G I be a finite system of 

linear inequalities where a* € Rn, b* G R, x € Rn. 

We will assume without loss of generality that |a*| >1 

for ell 1 € I. 

(1.2.2) The solution set is 

P - (x 6 Rn| <a1,x>+ b1 >0, Vi e 1} 

■ (x € Rn| Ax + b >_ 0} 

The problem to be solved is to find a point of P, which 

ve will assume non-void. 



Each 
o£ the inequalities deiines a 

closed halfspace in » ! 

The solution set is a 
convex polyhedron: 

p o n h 

i£i 

The 
boundary of the halfspace 

. (X e r\ <a . 

H1 is the hyperplane 

nl ¿»i.x>+bi - * 

(1.23)The «I***-» C°"8trUCC8 a 

following manner: 

sequence of points in the 

Vo 6 Rn arbitrary. 
(i) Choose X a 

.. X«SP the aequence tetnlnates. 

110 ;,P. then some linear inequality !• violated. 

ut ; he the index of the noat uioUt- con.tt.fnt. 

for .11 Ie I 

^ t’ the projection of x 
.¾ on E ! 

Q 4¾ iq 

t<l . xq + (-<al *x^y *b 

(iii) Define 

q+1 . + . x,s*+ • 

.. d the relaxation nothod h.c.ue. at «th 

--- 

or 
relaxing* the other ones. 
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We will study the convergence of the relaxation method for 

a fixed value of the parameter X. This should be looked upon as 

a working assumption rather than a restriction. It will follow 

from the nature of the proofs that if a theorem is valid for sow 

values of X contained in a closed interval, then it will be 

valid if the sequence {X^} is contained in this some interval. 

According to the values of X, the relaxation parametert 

the method has been called: 

X » 1 projection 

X » 2 reflexion 

0 < X < 1 underrelaxation 

1 < X < 2 overrelaxation 

X > 2 overreflexion 

(1.2.4) THEOREM (Agmon). Let P ■ n H1 be the solution set 
1^1 q 

of a consistent system of linear inequalities, and let lx } be 

the sequence defined by the projection method, that is X • 1. 

Then either the process terminates or the sequence (x ) 

converges to a solution x*. 

Furthermore, 

|xq-x*| < 2d(x°,P)0q 

where 6 6 (0,1) depends only on the matrix A. 

(1.2.3) THEOREM (Mottkln, Schoenberg). Assume dim P • n. 

Let (xq) be the sequence generated by the relaxation method. 

Then 
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therefore it converges: 

r(z) = lira 
q-K*> 

Let 

B(z) = {x C Rn| ||x-z|| » r(z)} 

and 

X = n B(z) 
zGS 

a) Every limit point x* of {xq} is in X, because 

X* G B(z) for all z £ S. So X is not empty as the bounded 

sequence has at least one limit point. 

b) Assume that X contains more than one point, say 

x*, x’*. Let E = {x £ Rn| lx-x*|| = ||x-x'*||} the hyperplane 

equidistant to x* and x'*. So z £ S implies x*, x'* £ B(z). 

Hence z £ K, and we conclude that S Ç E, a contradiction. 

c) The bounded sequence {x^} has only one limit point, 

so it converges. 

Case 2: Assume that the sequence does not converge. Let x be 

a limit point of the bounded sequence {x*1}. Clearly 

X “ ix £ Rn] llx-zB = |x*-z|, Vz G S} 

as r(z) * |x*-zl. Hence, by Lemma (2.3.10) 

X - (x e Rn| |jx-z! - Ix*-zl, Vz G..#(S)} 

is a spherical surface with axis 

It contains all the limit points of the sequence. Q.K.n. 

1 
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CHAPTER II 

TOOLS 

2.1 Lattices (see Birkhoff [5]) 

(2.1.1) A poset P is a set on which a binary relation x < y 

is defined, which satisfies for all x, y, z the following 

conditions: 

(1) For all x, x £ x (reflexive). 

(2) If x < y and y £ z then x £ z (transitivity). 

(3) If x £ y and y £ x then x ■ y (antisymmetry). 

Example. Let £ be a class of sets. It is a poset under set 

inclusion. 

x £ y means x Ç y t x, y € ï , 

(2.1.2) If they exist, the elements 0(P) and 1(P) such that 

0(P) £ x £ 1(P) for all x € p 

are called the least and the greatest elements of the poset, or 

its universal bounds. 

(2.1.3) A poset which satisfies (A) is said to be totally ordered 

and is called a chain i 

(4) Given x, y G P either x £ y or y £ x. 

(2.1.4) To every partial order £, we can associate a strict 

partial order <. 

x<y if x£y, xt*y . 
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It is an antireflexive and transitive binary relation. 

(2.1.5) The converse ^ of a partial ordering <_ is defined by: 

x 1 y y < X 

(2.1.6) The dual of a poset P is that poset PD defined by 

the converse partial ordering on the same elements. 

(2.1.7) THhOREM (Duality Principle), The converse of any partial 

ordering is itself a partial ordering. 

(2.1.8) Let P and Q be two posets. A bijection 6 is called 

an (i) isoriorphism if 

0(x) <_ 0 (y) if X < y ; 

If P = Q then it is an automorphism] 

(ii) dual -isomorphism or anti-isomorphism if 

0(y) ¿ 0(x) if X < y 

If P * Q it is called an anti-automorphism. 

(2.1.9) Many important posets are self-dual (anti-isomorphic 

with themselves). Such self-dualities are called involutions. 

Examples. The ordering is the set inclusion: 

(i) Let P be the class of subsets of a set S, with 

6(A) ■ S/A, the complement of A in S. It defines an involution. 

(ii) Let P be tie class of closed convex cones in Rn, with 

0(C) ■ Cp, the polar cone associated to C (see 2.2.2). It de¬ 

fines an involution (see 2.3.6). 
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(2.1.10) To any posot P we can associate a gvaphi 

G “ (P,A) . 

That is, to each point in P v’e associate a node, and the set of 

arcs is: 

A * ((x,y) G p X p| X < y) . 

Property. G does not contain any cycles. 

(2.1.11) An element a of a poset P is said to cover an element 

b G p if 

b < a and b < x < a for no x G p , 

(2.1.12) The diagram o£ a poset P is the graph G' ■ (P.A1) 

where 

A' - {(x,y) G p x p| y covers x} 

(2.1.13) A finite poset P is said to be graded if there exists 

a function g: P •+• Z such that 

(A) x > y implies g(x) > g(y), 

(ii) x covers y implies g(x) - g(y)+l. 

(2.1.14) In a finite poset P with a 0 (universal lower bound), 

the dimension or height h(x) of an element x G p is the least 

upper bound of the length of the chains linking 0 and x. 

Clearly in a graded finite poset, the height function is 

h(x) « g(x) - g(0). 
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(2.1.15) An upper {lower) bound of a subset X of a poset P is 

an element a £ p containing (contained in) every x G X. 

(2.1.16) The leaet upper (greatest lower) bound is an upper (lower) 

bound contained in (containing) every other upper (lower) bound. 

(2.1.17) A lattice is a poset any two elements of which have a 

G.L.B. or meet or inf denoted by xA y and a L.U.H. or Join or 

sup denoted by x V y. 

Clearly the lattice property can be visualized on the graph 

of the poset. The intersection of the subgraphs rooted at x 

and y is a subgraph rooted at x v y. Similarly for x A y, 

in the "converse" graph. 

(2.1.18) A lattice L is complete if each of its subsets has a 

L.U.B. and a G.L.B. in L. A finite lattice is trivially complete. 

Example. Let P be the class of closed convex cones in R , 

ordered by set inclusion. Then 

C1 A C2 “ C1 n C2 

C1 V C2 * ^(C^) - C1+C2 

This follows from the fact that * ^1*^2 ^866 ’ 

p. 22), but Ci + C2 mi8ht not b* closed. 

Hence, P is a complete lattice. 

On the other hand, the similarly defined lattice of polyhedral 

cones is not complete. 
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(2.1.19) A eublattice of a lattice L is a subset X C l such 

that a G X, b^X imply aAfa^X and a\/b € X. 

In a lattice L, given any element x, the eet of prede- 

oeeeors JÄ*) - (y ^ l| y < x}, and the eet of euooeeeore 

9^(x) t (y G l| x _< y) are both sublattices. 

Clearly 

iC^tx)) * x 

OC%0) = x 

and if L has universal bounds 

OC^x)) - 0(L) 

lC51x)) - 1(L) . 

2.2 Cones Associated to a Set 

Let x be any point in Rn* and S a subset of R • 

We define 

(2.2.1) (i) The normal oone to S at x 

n(x) - (u € Rn| <u,z-x> je 0, Vz € S) » 
D 

that is the set of the exterior normals to those closed half- 

spaces (possibly degenerate) which contain S, and which contain 

x in their boundary hyperplanes. 

‘Clearly N_(x) is a non-empty, closed convex cone. 
w 

(2.2.2) N (0) is called the polar oone associated to S, and s 
ia denoted by S^. 
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We have: N (x) = (S-x) • 

(2.2.3) (Ü) The suyvorting 
cone to S at x 

Cs(») 

18 the Intersection of ali the close, ha. fspaces «Uch contain 

s.x and „licit contain the ori.in in their hoon,.ry hyperplanes. 

Clearly Cs(x) is a non-enpt, closed convex cone. 

Trivially Cs(x> - (NSW)P ‘ CS.»(0)- 

(2.2.4) (HI) The cone of feasible directions of S at x 

Ds(x) 
(z e Rn| x+nt e s i°r 80m0 t > o) u 101 

(2 ,2.5) Following are some 

V50 = Vxi0) * 

immediate properties of the polar 

cones: 

(i) s1 c S2 *=» 2 sP. 

(il) S 
P . (u e Rn| <U,X> < 0, Vx € si 

n (u g R I x> i 

x^S 

< 0) 

< 0} oPP » n {x e R I <u,x> < 

(111) S Ç s!,p - CSC0> 

ls SPP is the intersection 

which contain S. 

of the homogeneous closed 

That 

half spaces 

V cP «PPP (iv) - b 

(v) SP “ (1¾^5)^ 
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(2.2.6) A convex body K ie .aid to be mooth at « point x of 
t 

its boundary if it has only one supports hyperplane at x. 

(2.2.7) Dually it is rotund at x, if every supporting hyper¬ 

plane at x, intersects K at x only. 

A convex body is smooth (rotund) if it is smooth (rotund) 

at every point of its boundary. 

(2.2.8) THEOREM (Stoer, WitzgaU, p. 104). Suppose SCR and 

x e Rn. Between the normal cone Ngix), the supporting cone 

C (x), and the cone of feasible directions DgU), the following 
s 

relations hold! 

(i) Dg(x) - Ng(x) 

(ii) n£(x) » Cg(x) 

(iii) Cg(x) » Ng(x) . 

Proof. (Ü) has been mentioned earlier, (iii) follows from (i) 

and (ii) '• 

Ng(x) - dP(x) - d£PP(x) - NPP(x) “ Cp(x) . 

We show first that Ng(x) EDs^x^* 

Let u e Ng(x). For all z € Dg(x), there exists n > 0 

such that x + n* € S. Hence <u,x+nz-x> < 0 for all z € Dg(x) 

for some n > 0 or <u,z> < 0 for all z € Dg(x), and 

u € DP(x). 

Ue show then that 

dPs(x) S. ns(x) * 
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Let uGdJ(x) and z £ S. Clearly z-xGDgíx). Hence 

<u,z-x> <, 0 for all z £ S . 
/ 

That is u £ Ng(x). Q.E.D. 

(2.2.9) Let K C Rn be a convex set. A convex subset W of K 

is an extreme subnet of K if x, y £ K 

z *= VX+ (l-y)y £ W for some u £ (0,1) ** x, y £ VI . 

(2.2.10) A subset W of a convex set K is called exposed if 

some linear form assumes its maximum precisely on W. 

(2.2.11) A point y of the boundary of a convex body K £ R 

is called a vertex of order d, if dim NR(y) “ n-d. If 

dim N (y) = n, then it is called a vertex of K. 
K 

(2.2.12) We define L(C) or L the lineality space of a closed 

convex cone C by the equivalent statements: 

(i) L(C) = C H (-C), the largest subspace contained in C. 

(ii) L(C) is the smallest non-empty extreme subset of C. 

(iii) L(C) - (CV . 

(iv) If C = <x £ Rn| <a^,x> ^ 0, i £ I)» then 

L(C) « (x £ Rn| <a1,x> - 0, i G I) . 

(2.2.13) If L(C) * Í0), C is called pointed. A cone C is 

blunt if J!/’(C) - Rn. 

(2.2.14) THKOREM (Stoer, Witzgall, p. 60). Every closed convex 
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cone C is the direct sum of its lineality space and the pointed 

cone lA C: 

C *= L © (lA n c) 

(2.2.15) Finally, we define 0+(K) the recession aone of the 

convex set K by 

0+(K) = {y £ Rn| K+y Ç K} 

It is the set of directions to infinity of K. It can be shown 

that 

0*00 * (y £ Rn| {x+uy| u 0} c k, X G K} » 

where the right hand side is independent of x. If K is closed, 

then so is 0+(K) (Rockafellar, pp. 60-71). 

(2.2.16) Separation Theorem for General Convex Sets (Stoer, 

Wltzgall, pp. 96-99). In Rn, two non-empty convex sets K^, K2 

can be separated by an hyperplane E such that E does not 

contain U K2 if and only if and K2 have disjoint rela¬ 

tive interiors, i.e., 

[r.i.(Kj^)] n [r.i.(K2)] « 0 

(2.2.17) THEOREM (Rockafellar, p. 164). Let K be a non-empty 

convex subset of Rn, and let be the collection of all the 

relative interiors of the non-empty extreme subsets of K then 

JT1# a partition of K. Every relatively open convex subset of 

K is contained in one of the sets of JFT and these are the 
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maximal relatively open convex subsets of K. 

2.3 The Projectionjlap. 

(2.3.1) The distance from a point x to a eet S Ç R It 

defined by 

d(x,S) “ inf |x-z| 

If S is closed, then the infimum is attained, and the set 

of points of S where it is attained is the set of points closest 

to x in S : 

P (x) « (y € s| l*-yl “ d(x»s>) • 

(2.3.2) If the set k is closed and convex, then PK(x) reduces 

to one point, which will also be denoted by PK(x), that we call 

the projection of x into K. Hence PK(x) it a function 

(retraction) from R to K. 

In fact, the existence of a unique closest point for every 

point of the underlying space is a characterising property of 

closed convex sets in finite dimensional normed spaces, if the 

unit sphere is smooth and rotund (Motzkin, see in [641). 

The uniqueness follows from: 

(2.3.3) THEOREM. Let K be a closed convex subset of r". Than 

{(z+NK(z)}, z € K) 

, n 
is a partition of R . 



Furthermore the member oí the partition to which x belongs 

is PK(x), the unique closest point to x in K# 

Proof. First wo show that 

x € y4NK<y) 

where y is s closest point to x in K; 

|x-y| * d(xtlt) t y G K . 

s) If X € IC, then y - x and 

X»yCy + {0)Çy4 • 

b) U x f F, let fen arbitrary. By the convexity of K: 

yt +(l-y)y € K for all W ^ lOtl] • 

By definition of y and the convexity of Ki 

l*-y|2 < Ix*|is-(l-w)y|2 for all t € K , w € [0,11 

|x.y|2 < |x-y|2- 2u<x-y,x-y> + u2|r-y|2 for all x € K, 

U € [0,1J 

^-y,!^ ¿jj|x-y|2 for all s € g, p € (0,11 

<x-y,x-y> i 0 for all x C K 

i.a,» x-y«^/) . 

Bow assume that x belongs to two members of the family 

*€*i*V3ri)# yi€K 

- »2** (il) 



22 

(i) means 

<x-y^,z-yj> £ O for all z G K 

t-yj.yj-Yj» < O as y2eK <x- 

(il) similarly 

Addin)’, 

<x*y,,,yJ-y2> 1 0 

<yl"y2’yry2> - 0 

Hy1-y2ll * 0 

which implies 

Q • E • D • 

(2.3.4) COROLLARY. The projection map satisfies the Lipschitz 

condition: 

|pk(x)-pRÍy)! 5. Ix “ y| 

(Cheney, Goldstein). 

Proof. <PK(x)-PK(y),PR(y)-y> > 0 
by Theorem (2.3.3) 

<PK(y)-PK(x),PK(x)-x> > 0 

Adding: 

<PK(x)'PR(y),X"y'PK(x)+PK(y)> - ° 

or 

*PK(x)"PK(y)*2 1 <x'y»PK(x)‘PK(y)> 1 lx-yl*lPK(x)"PK<y)* 

using Schwarz inequality. Q.E.D. 



This implies the continuity of the map PK. Furthermore, 

if y € K, then ^(y) c y + NR(y). If Y £ K is closed, it 

follows that U (y + N (y)) = P^fY) is closed. It is also true 
yGy K 

that U N (y) is closed. 
yGY K 

(2.3.5) A set S is the orthogonal sum of and $2 if every 

X G S admits a unique orthogonal decomposition x - y+z with 

y G S^, z G $2 and <y,z> «= 0. 

s »= s1 B s2 . 

(2.3.6) THEOREM. Let C be a closed convex cone in R , then 

(i) CP - tu G Rnj d(u,C) - lui) 

(ti) Any X G Rn admits a unique orthogonal decomposition 

into elements y G C and z G Cp, which are respectively the 

projections of x into C and CP, i.e., RU - C B C . 

(iii) CPP « C. 

Proof, (i) by Theorem (2.3.3) 

u G 0+Nc(0) - Cp iff Pc(u) - 0 

(ii) by Theorem (2.3.3) 

<x-Pc(x),z-Pc(x)> < 0 for all z G C. 

Hence (y-l)<x-Pr(x),P (x)> < 0 for all y > 0, 

as yPr(x) G c for all y >, 0 
c 

It implies that: 
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<x-Pc(x),Pc(x)> - o 

ana <x-rc(x),z> <0 for all z £ C. 

Hence P (x) and x-Pc(x) e C1* In an otthognnal decomposition 
c 

p 
of x into C and C # 

Now, let x *= y+ z be an orthogonal decomposition into C 

and CP. 

Take u G CP, v G C. 

Then, we have 

Rx-vir - llx-yll2 “ llv-yll2 - 2<V,Z> > 0 

||x-u||2 - Hx-z¡¡2 * Hu-zll2 - 2<u,y> > 0 

which implies: 

y - Pc(x) 

X - P (X) 
cv 

and the uniqueness is proved. 

(iii) Let x G cPP. By (Ü) » 

x = Pr(x) + P 0(x) 
L Cv 

But x G Cpp implies 

<x ,P (x)> 5 0 as P (x) G C 

Hence <P_(x)+ P n(x),P (x)> £ 0 
C CP 

It implies, using (Ü), that 

< 0 
JS 

2 
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and 

But, then 

P (x) - 0 

X ■ pc(x) e C. 

PP 
Jt follows that C™ Ç c and trivially C Ç Cpp. Hence C - C . 

Q.E.D. 

(2.3.7) COROLLARY 
If C is a convex cone in R then 

■PP 

proof. C.(C>" by (2.3.6). (C)PP 2 CPP 2 C- »nt Cpp Is 

closed, thus CPP * C. Q.E.D. 

Remark. It follows from this that C - Cpp Is a characterising 

_n 
property of the closed convex cones in R . 

(2.3.8) COHOLURV. If in Theorem (2.2.6), we require S tobe 

convex, then we also have 

(IV) DPP(x) - D¡00 ■ cs<x>- 

Pr80f. if s is convex, then D3(x) 1. convex, and (Iv) follow, 

from (2.3.7). Q.E.D. 

(2.3.9) COEOLURTi Norm-duality (see (45)). Ut K be a closed 

convex subset of e” and ï the class of closed halfspaces 

which contain K: 

E ■ {H C Rn| H is a closed half space, H ^ K) • 

ut x be any point In Rn. Then the following duality holds: 

minflx-zl » max d(x,H) 
HÉI 
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Furthermore 

(i) If X ? K, the minimum and the maximum are unique and 

given by zopt = PK(x) 

H « tz G Rn| <x-Pv(x),z-P (x)> < 0} . 
opt N N 

(ii) If X G K, z t “ x *8 unitlue ant^ any H G E is optimal. 

Proof. Weak, duality• 

H 3 K, z G K implies 

d(x,H) = Inf ||x-z|| < Inf ||x-z|| < |x-z| 
zGH zGK 

Strong duality: Using the fact that if 

H « íx G Rn| <a,x> + b > 0}, with |a| - 1 

d(x,H) » Max{0,-<a,x>-b} . 

It follows trivially from Theorem (2.3.3) that zopt and Hopt give 

equal values to their respective programs. Q.E.D. 

(2.3.10) LEMMA. Let M be a manifold in R . and x be a 

point of Rn, then the set 

is 

Proof. 

(y € Rn| ||x-z|| “ !ly-2|l,Vz G M) 

Sd(x,M)(M,PM(x)) 

By Theorem (2.3.3) 

|y- PM(x) j2 - d2(y,M) + |PM<y) - p„(*)|2 - 

|x-PM(y)|2 * d2(x,M) + |PM(x)-PM(y)|2 - d2(y.M) 

Hence 
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PM(y) * pM(x> 

d(y,M) » d(x,M) . Q.E.D. 

(2.3.11) LEMMA. Let C Ç Rn be a closed convex cone. Then 

PC(-CP) c -cf. 

Proof. Using Theorem ¢2.3.6). for any u € -CP we have: 

u » Pr(u) + P (u) 
C CP 

Hence: Pr(u) • u-P (u) e -cp . Q.E.D. 
C CP 

(2.3.12) COROLLARY. Let C be a closed convex cone in Rn. 

Then C ^ (-CP) ■ {0} if and only if C (and hence Cp) is a 

subspace. 

Proof. (i) If C is a subspace t then Cp - C-1 ■ -CP is the 

orthogonal complement of C. Hence 

c n (-cp) - c n cp « (0) 

(ii) Assume that C H (-CP) -(0}. By Lemma (2.3.11), 

P„(-Cp) c -cp. Thus Pr(-CP) c (-Cp) n c - {0}. But, by 
C — u ~ 

Theorem (2.3.6) 

CP - (u G Rn! Pc(u) - 0} . 

Hence -CP C CP 

and Cp C -cp . 

But CP ■ -CP implies that CP is a subspace. Hence C is a 

subspace. Q.E.D* 
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(2.3.13) iSaA. let C be a closed conve» cone In r". the, 

lr.l.(C)) nlr.i.(CP)l Is not empty. 

* r and -CP can be 
Proof. If the intersection is empty, then 

- n o n) There exists a 4 0 such that 
separated, by Theorem (2.2.11). 

,P> 
<3,0 1 0 i <a,-c > • 

Hence 

-a G CP 

-a G C 

but cncp*{0}, a contradiction. 

C be a closed convex cone 

Q•E «D• 

in Rn » then 
(2 3 1A) THEOREM, bet 

’ , (C) and r.i.C-c'’) have a non aero vector in 
the sets r.i.tu; «*“u 

common if and only U C is not a suhspace. 

Proof, (i) I£ c 16 a 8ubs!,ace 

c n (-c11) = c n cp - (0) 

and, using le*,a (2,3-l3) 

ÿ C Ir.i.(c)) n [r.l.c-cp)l £ C ^ (-CP) • 

tr.i.COl n lr.i.(-CP» • W • 
hence 

(ii) By 

is not a subspace, then 

Theorem(2.2.H), C 0 L- is a pointed cone. » C 

C n f.a 3 (0) 

A1h<>, 
^ L-1- " C.P and c n lA 



are polar cones in the Euclidean space lA 

It follows from the definition of relative interiors that 

r.i.[Crï|A] and r.i.[Cp] 

are identically defined within L-1- and Rn. Furthermore 

0 9 r.i.[C H lx] 

Hence, applying Lemma (2<3.13) in the space LA r.i.l-C^] and 

r.i.[C H lA have a non /.ero vector in common. And as 

r.i. [C n LA Ç r.i. [(C n LA @ l] • r.i.[c] 

the theorem follows. Q.E.D. 

2.A Face Lattices of Polyhedral Cones and Polytopes 

(2.A.1) k polyhedron is the intersection of a finite family of 

closed halfspaces. 

(2.A.2) A polytope is a bounded polyhedron. 

(2.A.3) A polyhedral cone is the intersection of a finite number 

of homogeneous closed half spaces. 

(2.A.A) In those three cases, the notion of extreme and exposed 

sets coincide and together with the empty set are called faces. 

Polyhedral sets are much better behaved than general convex 

sets because they can be described by finite families of hyper- 

planes, or dually of points and rays. 

Basic to the theory of polyhedral convexity is: 
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(2.4.5) FARKAS*LEMMA. 

{x e Rn! ‘a1,»» i 0, 1 e I. I fi"1«’'’ - 1 e 11 

Thix follow, from Theorem (2.3.6) and the oheervatfon that 

^{-a1! i e IÎ is a closud convex conc* 
n, i X, . u1 > o i G 1} be a polyhedron. 

Let p ta {x e R I <a ,X> + b > o, i W 

Then the cone, associated to P at a boundary point , of P 

are polyhedral cones, and have the simple expreasionaf 

Np(y> -^"a1! 1 6 

cp(y) - yy) * lz e R"l <al-z> i °- 1 6 I(y>’ 

where Uy, - U - H <a‘.y> + b1 - 0). the set of the indices 

of the constraint, which are tight at y. 

• This means that Dp(y) is closed for all y G SP- 

1{ p is a polytope. It follows from Parkas'temma, and the 

. rhe of vertices (or extreme, or exposed points) 
finiteness of the set oi vei«. 

that Dp(y) is closed for any yen". 

„ow. let C be a polyhedral cone. The family of all non¬ 

empty faces of C:JF(C) « (F Ol F is a of O can be 

endowed with a lattice structure, if we use set inclusion as 

partial ordering. Clearly 

F A G = F ^ G 

F V G = ' n . 11 
If-, V (F) A // (G) 

</(K) = (H C I v 9 

That is F F G is the smallest face which contains both F and 0. 



31 

(2.4.6) JP(C) Is a finite lattice. 

(2.4.7) Define the polar facial map 

- JW) 

by ^(F) - F^* n cP. 

(2.4.8) THEOREM (Steer, Witzgall, p.70). The polar facial map 

is an anti-isomorphism from onto^(Cp), and its inverse 

^ -1 is defined by 

^’"1(G) ■ G^- n C 

(2.4.9) If a face F covers a face G in ^Tc), G is called 

a facet of F. 

(2.4.10) THEOREM (Stoer, Witzgall, p.71 and Goldman, Tucker). 

Each face F of C is 

(i) the intersection of facets G of C (F i* C). 

(ii) the conical hull of faces H which cover the lineality 

space of C (F ^ L)• 

(2.4.11) THEOREM (Stoer, Witzgall, p.71). Let F and G be 

faces of a polyhedral cone C; if F covers G, then 

dim G ■ dim F - 1 « 

This implies that is graded by the dimension of the 

faces. 

The height function is: 

h(F) - g(F) - g(L(C)) - dira F - dim L 
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(2.4.12) TH«®. Pf 71-7J)- T',C ,,C' 1“*tlC* 

JT(C) uf a polyhedral cone C In relatively complemented, i.o.. 

if 

H, F, G C.ÿlc) and H Ç F C G 

Then there exista an F' eSï (c) 

F A F* * H , FVF' - G 

Moreover It can be aaenmed that dim F + dim F' • dl» C + dl» H. 

To each polyhedron p - U 6 Rn| *x+b > 0). we c» ««o- 

, . e throueh the homojjenlzation elate a polyhedral cone in R , turougn 

nap '• 

<6Xn ■ ((“>1 «G p)p,, - <01 af+pf >°- 1 ï#) 

» ^f[Px{l}] 

The lacee of P form aleo a lattice J^Tf) *« 

inclusion, provided one includes the empty set. 

(2.4.13) THEOREM (Stoer, Witzgall, p.75). If * *• * polytop« 

then the face lattice. jrcSrP) .nd .^(P) ar. l.o»rphlc 

. . m ^ t-nrhnimie can be used to show that The homogenization teennique ttni 

Theorems(2.4.11)and(2.4.12)are .«111 «lid In the c..e of a pol,- 

tope; Theorem(2.4.11)1. true for a polyhedron. Finally Theorem 

(2.4.10)can be rewritten as: 

Each face F of a polyhedron F 1. the l»t«r..ctl«. of .c 

facet, of F (F M)¡ each face F of a polytop« F L the 

convex hull of some vertices. 



Por a polytopa: 

h(P) - dim(F) - dlm<#) - dla F + 1 . 

(2.4.14) The graph corresponding to .^(P) provides a visuali¬ 

sation of the face lattice, and will be called the facial graph. 

Let y € p be a point of a polyhedron P. By Theorem (2.2.17) 

there exiats a unique face F(y) of J^lf) such that y € r.l.F(y) 

Clearly, the set of indices of the tight constraints is the 

saee for all y G r.l.Ff hence we can define 

e 

1(F) • l(y) for all y € r.l.F , 

the set of constraints which define F? 

F • P H {* € gB| <e1,s> + bl • 0, 1 € 1(F)) 

• pn[ n E1) 
1€1(F) 

It follows that the supporting (normal) cone la identical for all 

the relatively interior points of a given face. 

Hence, it makes sense to define Cf(F) (Mp(F)) to he the 

eupportlng (normal) cone at any relatively Interior point of the 

face F€^lP)! 

Cp(F) - Cp(y) for some (or any) y € r.l.F 

Rp(F) ■ Hp(y) for some (or any) y € r.l.F 

dearly 

Cp(F) - (a € En| <a1,s> > 0, 1 € 1(F)) 

IpW • 1 « I(F)> 
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(2.4.15) THFORKM. Let 1* be a polyhedron ln Rn, and 

the lattice of Its faces. Then 

{{r.i.K + Np(F)}, FG,5T(P)} 

is a finite partition of Rn. 

Proof. Follows from Theorenn (2.3.3) and (2.2.17). Q.E.D. 

Remark. For a closed convex set K in R • the same result will 

hold if we use the lattice of the extreme subsets of K, except 

of course that the partition is not finite. Furthermore, the lat 

tice structure can then be useless. 

family of polyhedral convex cones such that: 

(i) Every face of an element of T is an element of F. 

(ii) The intersection of any two elements of F Is a face 

of each of them. 

Clearly, under set inclusion, F is a poset* Provided F has 

a greatest element, F can be endowed with a lattice structure: 

C* A *= C1 H 

(2.4.17) The family of the normal cones associated to the faces 

of a given polyhedron P forms such a complex, which we will call 

the Kot^ia! ûone cuwoõuxtcd to P: 

(Np(F)| F €//¾) 
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Clearly Rn - Np(0) 

rp it a lattice. 

Is the greatest element of rp and hence 

It follows easily from the definition of Cp(P) a„d yp) 

that the sublattice ,^(F) of JTfP) ,s lsomorphlc t0 thc 'ace 

lattice ^(Cp(P)) Of Cp(F), and antl-lsomorphlc to the face 

lattice J?~(Np(r)) of Np(F). 

Hence, the map which to every face F of Slf) associates 

the normal cone Np(F> is an anti-isomorphism from ^(p) onto 

1» fact, it Is possible to give to rp a rather stronger 

interpretarion. 

Assume that P 1. , polptop. 1„ g" such ehit „ 6 Int p 

Than ^(P) ■ ÇflVxíl)) C n1^1 * . . » © l il/; t R ig a polyhedral convex cone. 

Ut o: r”*1 . R1*1 be defined by n((XiI)) . (,.-,), 

» e * . a e R, the symmetry map with respect to t . 0. pin,Uy. 

if PCR^1. i,t 

* {a 6 Rn| (,.i) 6 p} c r" . 

<2.4.IS) The dual polype P» ...ocieted to P can be defined by 

pD * &<P»P • (y 6 H"! <,.*> < 1. for .11 , C p, . 

(2.4.19) The (Stef none associated to a set P 1. definM by 

(••a Valentina, pp. 57-67): 

{(»..) 6 R^1! , > {*(,(,)) 

-4-». S*(*|P) - jup <,.y, i. the .upport functton #f p (m } ¡1) 
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The dual cone is also: ol^(P)] • 

The face lattices jJlP) and .T^ are antl-laocorphlc and 

the anti-isomorphism is (tirunbaum [30], p.^7). 

pD oj^/(F) » ty £ PD| <x,y> * 1* for aü x € F} . 

From chis it follows that if P “ (x e Rn| <a1,x>+bi > 0, 

for all i G 1} is a polytope such that 0 G Int P, i.e.i b > 0, 

then 

PD -%\-h 
b 

i G 1} 

Furthermore 

FD t e 1(F)) . 

and as Np(F) - ^{-al| l 6 1(F)) 

this entails the following: 

(2.4.20) THEOREM. The normal cone complex Tp associated to a 

polytope P having the origin in its interior i-: 

(i) The family of the cone hulls of the faces of P 

or (ii) The family of the projections of the faces of the dual 

cone olSf(P)lP on the hyperplane s - 0. 

(2.4.21) THEOREM. Let P £ Rn be a polytope with ths origin in 

its interior and let x be any point of Rn/P. Thsn thoro is a 

unique decomposition x ■ y ♦ 1* »wob that 

(i) y e P 

(ii) t G PD, and X > 0 

(iii) y «n«1 * belong to dual faces of P and P . 
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Prooft Let y ■ Pp(x), Xz « x- (x). Then by Theorems (2.3.3) 

and (2.4.20) y and z satisfy (i), (ii) and (ill), for some 

unique X > 0. 

Conversely, let x * y + Xz be such a decomposition, with 

y 6 F 

z € fD , X > 0 . 

Let F(y) be the least face containing y, i.e., the unique 

face of P such that y £ r.l.(F(y)): 

F(y) - {x £ P| <a1,x> + b1 » 0, i € I(y)} . 

Clearly F(y) £ F, and X(y) 3 1(F). Hence, as z € F11 

t eíft-â1! i € 1(F)) C^Wl i € t(y)) 

er Xs€Np(y). Hence 

x • y + X* € y+N?(y) 

which implies using Theorem (2.3.3) that y ■ Pp(x) and the unique¬ 

ness follows. Q.E.D* 

Remark. Using the normal cone complex Fp, the theorem becomest 

Let P be a polyhedron in Rn, then every x € Rn admits a 

unique decomposition x ■ y + z into elements y end s belong¬ 

ing to dual elements of ^Iv) and Tp. 

(2.4.22) A convex polyhedron P in Rn will be said to be 

mooth enough at a point y of its boundary if: 
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-y.v) E cp(y) 

(2.4.23) A convex polyhedron Is mooth enough if It is smooth 

enough at every boundary point, or equivalently if: 

-N (F) Ç Cp(F) for all F e^(P)/{0} 

From this it follows that a polyhedral cone C is smooth enough 

n — 
if and only if “C ~ C. 

For any F Gt5*(C) 

-N (F) Ç -NC(U - -CP C C C CC(F) . 

Similarly, a polytope P is smooth enough if and only if 

-Np(F) Ç Cp(F) for all F G Vert (P) 

where Vert(P) • ÍF gJ^(P)| dim F - 0), the set of verticee of F. 

A polyhedron P is smooth enough if and only if 

-yp> E CP<F> 

for the minimal elements of the poset ^(?)/[$) • 

(2.3.24) THEOREM. Let C • {x € Rn| <a1,*> > 0, i 6 I) be a 

polyhedral cone, then C is smooth enough if and only if: 

(i) a4 G C for all i G I 

or equivalently 

(ii) the Gram matrix of the vectora a4, i € I is non-negative: 

r{al| l € 1} • (ea1 ,«*>)> 0 

Proof. (1) follows from (2.4.3) as -Cp • ^(a | i € I) C C 
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if and only if ^ C for all i ^ 1« 

(ii) follows trivially from (i). Q.E.Ü. 

Remark. It is easy to see that a closed convex cone C is smooth 

enough if and only if 

|u+v| £ Hu| for all u, v G . 

A cone CP satisfying this relation has been called "normal*' 

(see Schaeffer, p.1010), and hence a closed convex cone is smooth 

enough if and only if its polar cone is "normal". 

2,5 Spherical Cones 

(2*5,1) Given a unit vector e C Rn and an angle a € 

the set of vectors which make with e an angle not superior to 

a, ie called the ephertoal ocne of axis e and half-aperture 

angle a, and la denoted bys 

C (a) ■ (a € Rn| <x,e> > Ixlcos a) 
O *” 

(2,5.2) Propertlee 

<l) For all a € Ca(e) la a closed cone. 

(ii) For all «€ Ca(e) is a convex set. 

Froof. Ut *A, *2 € Ca(e) and »2 * 0. Then 

> cos a • 

that is Q.E.D. 
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(iii) l or ot G 1012'] t if Me let v * sin a, then: 

ca(e) 2 sv(e> «"d hence (^(e) 2^iSv(e)]. 

Proof. Let x G Sv(e), x 0, then: 

2 
<e.x> 1.1-Y) . 
" I'xT - 7 T>X" + * co# a . 

If a = 2, then x » 0 G S1(e) and trivially 0 € Cïï^2(e). 

QtEtD* 

(iv) For all a G [0,¾. ^[S (e) J D C (e) and hence 
i. V ^ ft 

ca(e) -‘¿riSv(e)]. 

j'J-P-Oj♦ let X G C (e), x ¿ 0, then 

2 2 2 
lMx-e| • y |x| - 2u<e,x> + 1 

is minimum for y* « > 0. Hence 

|u*x-e|2 - 1 - < J - [1-VJ] - V2 . 
i*r 

Q*E.D* 

Remark. If a - then ^^(e) - ^[S^e)]. 

(v) The rey #(x) spanned by x * 0 1# an extrem ray of 

ca<«> • wtfh ft ^ I0»j) if end only If <x»e> ■ |x| coa 01. 

(2.).3) THK 'jŒM. If C^ie) 1# the apherical cone of axla e 

and half-aperture a G [0,^), then 

lCu(e)lp • Ci (-e) . 

V* 

Proof. Let L "./(e). the line through 0 *n4 e. Let 

X e ca(i.) n g, where I» • {x ir Rn| |x| - 1). Clearly, 
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u e [ca(e)]p 

If and only if 

Max <u,x> < 0 . 
^a(c)m 

We *111 assume that u € U. As e € Ca(e), <u,e> < 0 for ail 

u€[Ca(e))P. The vectors x and u have a unique orthogonal 

decomposition into elements of I and lA: 

Hence 

PL(X) + p (*) 
lA 

<x,e>e + P (x) 
1¿ 

e 

<x,u> <x,e><u,e> + <P (x),P («)> 
LJ L-1 

and 

|P WJ2 • 1 - (<x,e>)2 

|P (u)|2 • 1 - (<u,e>)2 

Por any u € », such that <u,e> < 0, ue have, using Schuarx 

inequalityt 

Max <u,x> • 
Mfta(a)Ol 

lance any u € » 

if and only If* 

Max [6<u,a> ♦ ✓l-i* ✓l-(<u,a>Pl • 

such that <u,e> < 0 belongs to iC^fe)!* 

<• »a^l-v* ♦ Wl-(<u,e>)1 < 0 

(<u,a>)2 > V2 

<u,-a> > V • Q.R.D. 
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2.6 rone Measures 

In the study of the finite convergence of the relaxation 

method, the crucial quantitative concept is that of the measure 

of a cone. In this paragraph we attempt to quantify the idea of 

how large a cone is, in two different ways: 

Let C « n H1 be a closed convex cone given by the inter- 

iQ 
section of a family I of halfspaces 

H1 - {x *= Rn| <al,x> > 0} 

where the a1'» arc normalized 

U1! * 1 for all 1 € I. 

If I is a finite set. then C is a polyhedral cone. 

„C «in ns».,« »«1» tut Ul| ten c“v“t 

•ubsrt cf » - (« 6 «"I I** ' '*• _ 

Any subset {a‘| 1 e 1) of ■ .ach tUtl if{.| 1 € I) - 

r lu.nce to every closed convex cone C defines the sane cone C. Hence, ro y 

we will associate: 

(i) A maximal family of hyperplanea, that we will «11 the 

oompUt* fJTtil'j of supportíkj hyperplaneaí 

la1! i€ 1*) -<? n> 

<il) If c I» a blunt closed convex cone then there exUta 

iü1! i £ I ) of B which defines C. a minimal compact subset (a | I * 1*1 

It clv.rly Is JHlnU b, tt- sst .f *»tt.« «y. •« -<?■ 

If, in addition, C is polyhedral, then* 
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a* € {a*I i e I*} If and only if 

{x € c| <a ,x> "0} is a facut of C. 

The distance between a point x G Rn and the halfspace H* is: 

d(x,H*) - Min |x-x| » Max{0,-<a1,x>} . 

j^H1 

(2.6.1) We define the real lue function by 

R(x) ■ Max{“<a^tx>) . 
i€l 

K la a convex function on Rn and hence it is continuous. If 

1 is finite» then it la a polyhedral function. By définition of C» 

C • U € Rn| R(x) < 0) . 

(2.6.2) We define the recidual distance fren x to C ee the 

dletence free x to the furtheet halfspace: 

d-U) • Nax(0»R(x)> ■ MaxUU.H1)) . 
C iei 

d«(x) le convex on 1*, continuous» positively homogeneous 
c 

and polyhedrel If X le finite. Aleo 

C • Cx € g1) dc(x) • 0) 

I*/C - (x € Ra| dc(x) > 0) . 

|«Mrfc. Neither t(x) »>r dc(x) are stricto sensu defined 

hf C. They depend on the epecific fanily of halfspaces used 

to define C. 

(2.6.3) The Outer Measure of a Cone: The out<*r nutrurr of a 
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closed convex cone C ■ ^ H is defined by. 
1<=1 

dc(u) 
p(C) - Inf -r-j- 

dGCP 

(2.6.4) THEORKM. The outer measure v»(C) is positiv«: 

U(C) > 0 . 

Proof. U(C) - Inf dc<u) 

- Inf Maxt-K«1,«»} 

uGCPOi ICI 

but C CP • '0} and d^iu) > 0 for all u € C? O 

NotinK that Cp n B is compact and dc(u) is continuou« 

the theorem follows, Q.E.D» 

(2.6.5) Properties 

(i) u(C) depends on the représentâtion of Ct If 

Q m n H4 • H* with (a1' I £ l) C Ul| i € J) then 
i€l ifcj 

\¡w » ^ H1) < U(C • n H1) . 
ici “ ÄI 

(ii) u(C) can be Interpreted as follows: 

U(C) ■ In? icos a] Ca(u) 0 {-«^j i € I) • #) 

•j6cr'h 

■ t*ox (cos a! Ctt(u) n i**4! i € I) ^ • 

citât l*. the cosine of the half-aperture antle of tho largest 

spherical cone such t^at its axis belongs to C*, l* «*«*•*"•* 

in the on«e defined by the rsys (btrs) 
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ííW> . I G I. 

(ill) u(C) ■ 1 if and only lí C ia defined by the complete 

family (a*| i ^ I*) °f •»«rPt,rlini halfspacee. 

(iv) lí C Is blunt, then u(C) can be made to depend on 

C only by considering the unique minimal family {a*! i€ IÉ) 

of defining halfspaces. 

Furthermore, it follows from (i) that: 

u(r ■ II1) * Hin m(C • n H1) • 
ieit jçi* Kj 

In this case, the cage mentioned in (li) is simply the set 

•f estreme rays of C*. 

(2.4.4) The Inner Hoaanro of a Cone 

The inntr measure v(C) of a dosed comees cone C la the 

•IM of the half-aperture angle of the largest spherical come 

aemtainod in C. 

v(C) ■ fup(v • aim m| C#(e) C C, o € g) 

■ Sup Sup (r| S (e) C C) 
ŒI r>0 r 

• SupSup (r| S Co)C«4, |€t) 
pEg r>0 r 

• Sup Hin <äl^> 
pecri ^1 

■ Sup Min <a1,e> 
ŒB ICI 

(2.4.?) If C U mot blunt. It la convenient to define the 

tvlatlv* Inner m*arurc vr*l*(e) as the Inner measure of C 

considered as a subset of the subspace y(C). 
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Ue emphasize that I is assumed to be non-empty and hence 

C ■ Rn is ruled out. 

(2.6.8) THEOREM. There is a unique point e(C) € C H B when 

V(C) - Hin <a1.c>, provided v(C) > 0. further«,« e(C) e C n 1A 

i£l 
proof. The existence of a point eÉCOB such that v(C) - 

Min <ai,e> follows from the continuity of Min <a ,e> on the 

compact set C H B (The continuity follows from the concavity 

and the finiteness of Min <a1,x> on R ). 
iGl . . 

First assume that e ? C n then e - PL<e) + 

with PL(e) + 0. Hence 

v(C) - Min <a1,e> - Min <ai,PLj.(e)> 
i<El iei 

■ãe a1 e -CP Ç Lx. Clearly: 

PLj>> e c n lx 

PLx(e) I4 0 

as V(C) > 0 and 

Hence 

and 

e c n l1 n b . 

i pid.(*) 
V(C) - |PLj.(e)| Min <a .|P^(<!)|> 

M)n ,.,1 . T -V--V-,T > v<c) 
TrLd-(t!)T ICI 

as lv(e,l2 ■1 ' lpi.(e)l2 '1 



a contradiction with the definition of v(C). 

Assume now that e, e’ € C n lA n B, and 

V(C) “ Min ^a^#e> * Min ^a ^ 
iGl i€l 

then G C H Lx H B as IK +e'l * 0, because C n lx is 
I R 

pointed t Hence 

Min <a1.-!i±£W> > T-r-rr(mn O1.«» + Mi" <a‘-,!'>) 
8 le+e’l — |e+e I ¿ei 

|e+e r0 

id 

2v(C) 

But 

Hence 

le+e'l < lle| + |e'l - 2 

14; J v<c) 

« contradicción and the theorem is proved. Qe EsDs 

r.i. 
(2.6.9) COROLLARY. Similarly, there is a unique point e # (C) 

r,1*(C) - Min <a^,e>, with Ir,i* • U ^ l| 
r.i. 

G C H B where v 

pG^c>(al) * ^ and aÍ " P^(C)(ai)/lP^C)(a ^ £or i€l 
, Tr.i. À K 

(provided C is not a subapace, i.e., l f w,‘ 

r.i. 

(2.6.10) Properties 

(i) v(C) > 0 if and only if dim C - n. 

(Ü) £ C2 implies VÍC^ < v(Cj). 

(iii) V(C) does not depend on the representation of C. 

(iv) v(C) » 1 if only if C is a half space. 

(v) v(C) • +•» if and only if C ■ R . 

(vi) Ut C1 « C2 be the partial ordering of the cones defined 

by Cj ® C2 i£ C1 - ÏC2 ior ,om* rotation T* then 
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"dira C2 “ 

vr,1,(c2) 

(vii) If C (e) is a spherical cone, 

G C2 implies 
dim C1 

Vr,l-(C.) 
'le* 

v(Ca(e)) ■ sin a 

(viii) v^V C2) > MaxWCC^.V^)}. 

(ix) If C is a blunt polyhedral cone and ^?Tc) its face 

lattice, then Fr F^J^C), F1 C F2 implies 

W £ CC(F2) 

and hence V^tF^) < v(Cc(F2>) 

It follows that: 

Inf v(C (x)) » Min v(C (F)) - v(Cc(D) 

xeac c 

- V(Cc(0)) - V(C) . 

(2.6.11) We can define the inner measure of a polyhedron P by: 

v(P) Inf v(C (x)) 
XÉ3P 

Min v(C_(F)) 

F^(P)/{0> 

Clearly, the minimum needs to be taken only on the minimal 

elements of • 

For a polytope P, we have 

V(P) - Min v(C (F)) 
FGVert P 

where Vert P - (P e^(P)| P * °>. t»* »“ of vettlce8 of P 

(2.6.12) LEMMA. A sufficient condition for P to be »Booth 
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Proof. For all x G gp, 

exists a spherical cone 

ñ 
v(P) > 

ã 
we have v(Cp(x)) >_ —Hence, there 

This implies 

C/e) i Cp(x) 

-Hp(x) ■Cjix) C -cj(e) ^(e) C Cp(x) 

Q e R e D « 

(2.6.13) THEOREM. Let C f* Rn be a blunt closed convex cone and 

C (e) be the largest spherical cone contained in C. Then 
a 

(i) C (-e) is the unique smallest spherical cone con- y telning Cr. 

(ii) -e € Cp. 

Proof. The polarity map is an involution, l.e., (^(e) C c if 

end only if Cp C lCa(e)]p - (-e), which implies (i). 

_ 

Now assume that -e f Cp. Let 

i* - -P (-e) • P (e) 
r? 

e ■ e - e 

Lemma (2.3.11) applied to CF implies: 

e* € c and -C* 

Also, by Theorem (2.3.6): 
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-e** € C . 

Hence ^ ^ 0 for filX i ^ I 

and <a1,e*> - <a1,e> - <a1pe**> > <ai,e> for all i S I 

As Je*# <1, we have 

V(C) » Min < Min <ai,e*> < Min <| It- 
iei iGl iGl |e 1 

a contradiction. Q.h.D. 

Remark. This theorem cmid be used to prove Theorem (2.3.14), 

and in fact, strengthen it. 

(2.6.14) COROLLARY. If C is a blunt closed convex cone, then 

[V(C)]2 + [vr,i,(CP)]2 < 1 , 

with equality if and only if C H L-1 is a spherical cone in the 

subspace L*1. 

Proof. This follows from the previous theorem and the observation 

that the smallest spherical cone containing C H L-1- and the 

largest spherical cone contained in C ^ Ir1- are identical if 

and only if C H L-*- is a spherical cone (the spherical cones 

being defined in L1-). Q.E.D. 

(2.6.15) THEOREM. Let C ¿ R** be a blunt closed convex cone. 

V(C) ■ Max 
XÉC 

Min 

u€CP 

-<u,x> 
JuJJx# 

Then 
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Proof. For «ny x € c and ß > 0, {u G Rn| > ß} Is a 

convex spherical cone. This means that is a quasiconcave 

function of u on 

{u € Rn| <u,x> < 0} D CP 

Furthermore it is homogeneous of degree sero. Hence, as Cp is 

pointed, 

is attsined on extreme rays of Cp. We conclude that: For all x G c, 

Min ^x> Min ^-x> 
I“llxl |x| 

Q.E.D. 

¢2.6.16) COROLLARY. If C i* Rn is a blunt closed convex cone 

we have: 

vr,1,(CP) - Max Min 
uecp xGcrv- 

-<u,x> 
lullxl 

A subset S of the unit n-1 dimensional spherical 

surface B is called Robinson-convex if it is the intersection 

of closed hemispheres, where B - {x € Rn| |x| - l), and a closed 

hemisphere is the intersection with B of a closed halfspace con¬ 

taining the origin in its boundary (see [14], pp. 155-157). 

Clearly, if C is a closed convex cone, C H g is Robinson- 

convex, and if S is a Robinson-convex set, then 

9^(8) • {x G Rn| X • py, y G R+t y 6 S} 
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1« a closed convex cone. 

Alto, if Ca(e) is a convex spherical cone, then 

Ca(e) H b ■ {u € b| <u,e> cos a) 

could be called a cap. 

From this it is clear that most of the results of this para¬ 

graph can be considered as results for the theory of the Robinson- 

convex sets. 

Surprisingly enough, some properties of the Robinson-convex 

sets are quite a bit stronger than similar properties of the 

closed convex sets in Rn 

For instance, Theorem (2.6.8) could be interpreted as: If a 

Robinson-convex set S C B is full-dimensional, then there is a 

unique largest cap contained in S. 

Clearly the uniqueness of a largest sphere contained in a 

closed convex set K C Rn 1 does not hold in general. 

To every Robinson-convex set S, we will associate a polar 

set: 
• 

sp- [ ^(S)]** H b ■ {v € b| <u,v> < 0, for all u S S} . 

(2.6.17) A Robinson-convex set S (a closed convex cone C) 

will be called autoyola? if S ■ -Sp (C ■ -Cp). They can be 

seen as the fixed points of the map S -*■ -SP (C -Cp) of the 

set of Robinson-convex sets onto Itself (respectively closed con¬ 

vex cones). 

In order to prove the following theorem we need a variant of 
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Helly'« theorem for convex eubsets of B. If every 2n members 

of a family of Robinson-convex subsets of B have a non-empty 

Intersection, the whole family has a non-empty intersection (sec 

(64], p.175). 

Por our purpose here, we need a stronger theorem. 

We will define a subset S of B to be strongly convex by 

the equivalent statements: 

(1) S Is Robinson-convex and contained in an open hemisphere, 

(il) S is the intersection with B of a pointed closed 

convex cone C C Rn. 

(2.6.18) THEOREM (Crunbaum [31]). If the intersection of every n 

or fewer members of a family of strongly convex subsets of 

B ■ (x € Rn| |x| ■ 1} Is non-empty and If the union of every 

nfl members of the femlly fails to cover B, then the inter¬ 

section of all the members of the family is not empty. 

Now, let C ■ {x € Rn| <ai,x> > 0, for all i € 1} ^ r" be 

a non-empty blunt closed convex cone. Define a(C) by sin a(C) 

■ v(C) > 0. Let 

‘„«o {x € Rn| Min <s1,x> > |x| sin a) 
161 

■ n c 
i€i T-a 

(a1) 

It is a closed convex cone. By definition of a(C), end Theorem 

(2.6.8), we have: 

Eo(c)<C) " "lA , 
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and ct(C) - Hax{a| Ka(C) i tO}) 

■ Mox{o| n C i*1) i Í0)) 
ICI |-a 

- Maxta| H [C (a1) O B O 
i€l 

uaing Theorem (2.6.8). For any non-empty J £ I, defina 

C - HH1, Clearly J £J* £ 1 Impllea Cj 2 Cj« 2¾1 
J iCj 

and hence û(Cj) i 

(2.6.19) THEOREM. Let C * Rn be a blunt domed convex cone. 

Then 

a(C) - Min{a(Cj)| 0 C J C I, card J < n-d) 

where d le the dlmenalon of the lineality apace of C, or 

equivalently n-d la the rank of the matrix (a1! 1 € l) . 

Proof, ut a* - Inf{a(Cj)| 0 C J C I, card J < n-d). Clearly 

a* > o(C) > 0. 

we ahow that the Inflaum ie attained. 

For 0 C J C I auch that card J < n-d, v(Cj) can 

ff i| , e C 
be viewed as a function defined on (la | 1 « I/J r » 

C gn(n-d) # goth these sets are compact In Mote that 

If card J < n-d, we will enlarge (a1) i€ J) by repeating 

some a*, 1 6 J. 

fcw, l.t (.1. 1 ■ 1.«-<» 6 »»‘I 1 6 th“' 

(i) Min <ai,e> Is a continuous function of (e , 

i«l,•••,n-d 

1 ■ 1,...,n-d), as the minimum of a finite family of continuous 

functions. 
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it a lower *emlcontinuous function of (a , i ■ 1,...,n-d), aa 

the suprentum of a family of continuous functions. 

(ill) Clearly now 

Sup Min <a ,*> 
n-d i»l,... ,n-d 

Inf 

(.‘.»-l. 

la attained, because it is the inflmum of a low©r-acmicontinuous 

function on a compact set. 

Hence, there exista a set of n-d vectors (possibly not dis¬ 

tinct) a*1 € {a1! i 6 I) such that, if we let 

£* ■ (x € Rn| <a**,x> > 0, i • 1,...,n-d) , 

then v(C*) - w*. Ut e* - t(C*), then by Theorem (2.6.8) 

b (c*) . 0nc (a*1) • if(e*) cc*n me*) ç C* n lA . 

a i-l 

Hence, by definition of a*, we heve: 

4 _ -.- 

(i) If 0* ■ y# then C0<a^) • íf*(aS. This implies that 

C. is a halfapace for any J C I ouch that 1 < card J < n-d. 
• . 

Hence C is a halfupace and the theorem la trivial, as card I • 1. 

(ii) Assume then that a* < |. Clearly B ^ lA is the unit 
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n-d-1 dimensional spherical surface with axis L. 

Hence {s|i€i} is a family of strongly convex subsets 

of B O Lx, such that the intersection of n-d or fewer members 

is not empty. 

We still need to show that no J C I, with card J ■ 

n-d+1 is such that U Sl - B H l1-. Assume there is such a J. 
iGJ 

Clearly S1 C (Int H1) H b H iX where Int H1 - {x € Rn| > 0}. 

Hence ^ [(b O - 0 but (B H 1^-)/81 D B H l-1 H (-H1). 
iGJ 

as -H1 » Rn/Int H1. 

It follows now that: 

0» n [B n l-l n (-H1)] - B n n (-CJ 
i€J J 

» -(b H L1 n Cj) 

Hence 0 l-*-) » 0, a contradiction, as 

Cj n (B n 1» 2 c n (B n IX) 0 0 . 

Using Theorem (2.6.18) it follows that H S1 is not empty 
1¾ 

and hence a * a(C). 
n-d 

Furthermore, as H c (a* ) - ^(e*), it follows that 
i-1 i -cT 

e(C). Q.E.D. 

Remark. This result is again stronger than a similar result in 

R , where the largest sphere contained in a compact convex body 

K has its radius, but not its position, determined by a family 

of n+1 supporting halfspaces. 
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(2.6.20) THEOREM. Let C » {x £ Rn| <«*,x> > 0, i € l) be a 

blunt closed convex cone. Then y(C) £v(C). 

Proof. Define the function: 

f(x) ■ <h,x> + Min {<a^.x>} 
iGl 

where h £ CP H b satisfies dc(h) - y(C). 

We have: 

f(h) - 0 

f(e(C)) - <h,e(C)> +^> -1 • 

Aa e(C) G Int C and h ? C, there exists a unique a 6 (0,1) 

such that: 

y ■ ae(C) + (l”Ci)h € 3c . 

We have 

f(y) - <h,y> < 0 

f(y) > of(e(C)) + (l-a)f(h) by the concavity of f. 

Hence 0 > a[-l + 

or y(C) > V(C) . Q.E.D. 

2.7 Distances to a Polyhedron 

pa n Hl be a polyhedron defined as the intersection 

i€l 
of a finite family of halfspaces: 

H1 - (x e Rn| + 61 > 0} 

la1! - 1 for all i G I. where we assume that 
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(2.7.1) We define the residue function: 

Rp(x) - Max {-<a1,x>-bi} 
iGl 

and the residual distance: 

d (x) - Max dCx.H1) - Max {0,R_(x)} 
iei T 

Clearly Rp(x) and dp(x) are convex, continuous, poly¬ 

hedral functions, and 

p - ÍX e Rn| ^(x) < 0} B {x e Rn| dp(x) « 0} . 

The® two functions depend on the specific family of halfspaces 

which defines P. 

(2.7.2) THEOREM. Let P ■ H H* be a non-empty polyhedron in 

n lGl 
R . Then there exists a real number y* > 0 such that for all 

x £ Rn we have: 

y*d(x,P) < dp(x) < d(x,P) . 

Proof. 

(i) d(x,P) » Min .llx-zO > MinJx-zll ■ d(x,Hi). Hence 
zG H H ssGll1 

id 

d(x,P) > Max dix.H1) - d0(x) . 
iei P 

(ii) If x € P, then d(x,P) « dp(x) - 0. Let x ^ P, and 

y * Pp(x). Then, using (2.6.3) and (2.3.3) we get: 

* Inf Max 
ueNp(y) i€l(y) *u 

U(Cp(y)) 
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Hence 

< Max“<a. >v~~ for all u ^ N (y) 
iei(y) 

lull 

- wax for a11 xGy+Np(y) 
iGl(y) dU,U 

< Max áiüijÒ. = - ^ .¿T for all X e y+N (y) 
-”eid(x,P) d(x,P) ? 

d_(x) > y[C (F)]*d(x,P) 

for all X 
£ r.i.(F) + Np(F), lor all F G ^(P)/{((1. By (2.4.15) 

d (x) > Min y[C (F)]*d(x,P) 
r - Fe^(F)/(i) r 

lot all xGk“. Lot /.^Mln^plVF),. By (2.6.4): 

y* > 0 a 
Q e £ • D • 

The next theorem will give an intuitive background for 

the choice of the relaxation parameter. 

Let P be a polytope. 

(2.7.3) We define a parallel set ?e to P by: 

P - U S (x) - (y e Rn| d(y,P) < £> • 

6 xep e 

If P is not empty, Pe is a smooth closed convex body for 

e > 0 and 

d(x,P ) - Max{d(x,P)-e,0} 

The boundary of Pe i. 3P£ “ (x € Rn| d(x,P) - e). For any 

F€^Tp) let 

3P (F) - (x e 3PJ Pp(x) € r.i.(F)} , 
£ Er 
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l.e., 

3Pe(F) - r.i.(F) + [Np(F) nue Rn| Ixi = e}] . 

Let be the n-1 dimensional Lebesgue measure 

of 3P . 
E 

Clearly, as {3P£(F)| FG^^(P)} is a finite partition of 

3P , we have: 
e 

/"-»OP ] . l /"-»[3P fF)] . 
FGJ^-XP) e 

We also have: 

= y(dim f)[f] 

x y(n ~dim F-1)[n^(f) n {x| M 

y(n-dim F-1)[n^(f) n {x| axK , e}] 

■ en “ dim F-V[F] 

as we define y^F] ■ y(n”dim F“1^[Np(F) Oß]. 

Clearly y^dim F^[F] > 0 and y^F] > 0. 

Let U(dlm F)[F] xy4F]. Then 
d F^^P) 

dim F * d 

/"-»opj . nf v 
e d-0 d 

e)! 

Hence, if we define 

Ud(e) ' 3|'J Pp(x) r r.l.(F), F C^(i»), dJm K = d) . 

The next theorem follows, as y,(e) => y.en-d. 
d d 

y.(e) 
(2.7.4) THEOREM. Lim ---- - 0 if d < d’ 

e+0Ud'(e) 
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y^e) 
Lim -—irr * 0 if d > d' 
et® 

Remark. A similar result holds if we define a parallel set using 

dp(x) as distance function. 

This theorem can he related to the following result: The set 

of points where a closed convex body of Rn is not smooth has 

zero n-1 dimensional Lebesgue measure; furthermore, the set of 

vertices is at most countable, but it can be everywhere dense in 

the boundary of K (see Appendix 2 and Valentine, pp. 135-136). 

2.8 Convex Sets 

(2.8.1) THEOREM. Let K be a closed convex body and y a point 

of its boundary 3K. Then there exists an interior point s of 

K such that s-y is the interior normal to a supporting halfspace 

to K at y. 

Proof. Using (2.2.8) and (2.3.8), we get: 

NK(y) - [DK(y)]P - [DK(y)]P . 

By Theorem (2.3.14) r.i.[-NK(y)] and r.i.[DK(y)) - Int DR(y) 

have a ray in common, say ^(e) where |e| - 1. Clearly, there 

exists a n* > 0 such that 

• - y + n« e K for all n € (0,n*] • 

It remains to show that 

L • (a € Rn| s - y + ne, n € 10,n*)} 

Intersects the interior of K. Assume it does not; then by 
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Theorem (2.2.16) K and L can be separated: There exists a € Rn, 

lall = 1 such that <a,L> >_ <a,K>; but y + ne ^ KHl for all 

T) € [0,n*]. Hence <a,e> = 0, 

<a,L> ■ <a,y> <a,K> . 

Now as e ^ Int DK(y)» there exists e > 0 such that 

S (e) Ç D (y). Let e' » e+ea G s (e) C D (y). Hence there 

exists an n' > 0 such that 

y + n’e' G K 

and 

<a,y+T)'e'> £ <a,y> 

or 

n'e < 0 , 

a contradiction. It follows that some s G L is in the interior 

of K. Q.E.D. 

(2.8.2) THEOREM. Let y be a point of the boundary 3K of a 

closed convex body K Ç Rn. Then there exists a spherical neigh¬ 

borhood S (y), an interior point s of K and an angle a G (0, 
0 

such that 

(i) <s-y,K-y> > 0 

(ii) <"i|-S~y-;r,rV> < -cos a for all u £ U N (x). 
N-yi lui ^sc(y)neK K 

W 

In other words, s-y "strictly" separates K-y from the union 

of the normal cones at the points of S (y) ^ 3K. 

Proof. By Theorem (2.8.1) there exists a point s such that 

s £ Int K, i.e., there exists r > 0 such that S^ís) Ç K, and 

K>
|=

4 
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s-y is the interior normal to a supporting hyperplane of K at y. 

Let u G B, e > 0. Then 

u G U N (x) 
xGSe(y)nOK K 

if and only if there exists x £ ^(y) ^ 3K such that for all 

z € K 

<u,z-x> £ 0 

It implies that there exists x G Se(y) such that for all z G S^Cs) 

<u,z> <_ <u,x> 

or 

Max <u,z> < Max <u,x> 
zGSr(s) 3^Sc(y) 

or <u,a+ru> £ <u,y+eu> 

or 
y-s . . r-e 

<u*» —T> > 1— Iy-sI - |y- sH 

Choose any e G (0,r) and define 0 < cos a 
r-e 

.- < 1. ly-sl 

Q.E.D. 

Let y G 3K be a point of the boundary of a closed convex 

body K Ç Rn. We define the function 

Hi NK(y) n B R+ 

by n(u) - Supin g R+| y-nu g k} 

The supremum is attained unless it is infinite. 

The gauge function of a convex set K is ([55], p.28): 

6(x|k) ■ Inf{X > 0| x G Xc} 
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is simply 

n(u) 
uÉNj^y)^ 

(2.8.3) The closed convex body K will be said to be smooth enough 

at y £ 9K if n*(y) > 0. 

A necessary condition for this is clearly -NK(y) C DK(y). 

(2.8.4) The closed convex body K will be said to be smooth 

enough if : 

n* * inf n*(y) > o 
y€3K 

and n* will be called the modulus of smoothness of K. 

A necessary condition for this is that K be smooth enough 

at every point of its boundary. 

It follows that a closed convex cone is smooth enough if and 

only if ~C^ £ C: 

(i) n*(0) > 0 implies that -n*(0)u G C for all u € Nc(0) <"> B 

= CP H B. Hence -u G C for all u G CP. 

(ii) It -CP £ C, then for any y e 9C, we have: 

-Nc(y) £ -c:p £ c £ Dc(y) 

Hence, for any u £ Nc(y) n B, n(u) ■ +*• THat is n (y) * 

Clearly 6(x|K-y) restricted to ”H^(y) 

jxj 

n(Fi) 

We also define the function: 

H*: 3K -*• R+ 

bv n*(y) Inf 
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for all y e 3C. Hence n* - 

The smooth enough closed convex cones can then be characterized, 

using (2.6.17) by the following theorem. 

(2.8.5) THEOREM. A closed convex cone is smooth enough if and 

only if it contains an autopolar cone. 

Proof. Clearly all autopolar cones are closed, convex, pointed 

and blunt. 

(i) We first show that if -CP C c, then C contains a 

smaller smooth enough cone. 

There exists an e G B H c such that e £ -CP. Using the 

separation theorem there exists a € B such that 

<a,e> < 0 

<a,-Cp> > 0 . 

This implies that a € C, aí -CP. Let D ■ C Cl H where 

H - (x € Rn| <a,x> >0). It follows that (using [55), pp.150, 22 

and 75) 

)P . (C H H)P - U-^a)) - [CP+ ^(-a)] - CP+ ^(*«) • 

Nov ve have 

-CP C H - -Cp C D 
- -DP C D 

9*(a) Ç H ^(a) Ç D 

(ii) Let P be the lattice of closed convex cones in Rn. 

Then P(C) - {D € p| -DP Ç D, D Ç c) is a poset, and by Hausdorff 

Maximality Principle, it contains a maximal chain P' C p(C). 

Clearly C € p\ 
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Now P is a completo lattice and hence P* C p has a greatest 

lower bound in P. Clearly it is C* ■ H d. Also, -D^ C C 
DEP* 

for any D, C € p'î Clearly as P' is a chain, either D C C or 

C Ç D; in the first case we get -D** £ D £ C, in the second 

-D^ C -Cp £ C C D. Hence -DP C c* for any D € p' and also 

- U dp C c* . 
DEP' 

The right hand side is a closed convex cone. Hence 

-^( U DP) Ç c* . 
IXEP' 

But we also have ([55], p.150): 

-(C*)P - U DP) . 
DEP’ 

Hence C* E p'. 

Now if -(C*)p C c*, by (i) there is a D' € p which Is 

smooth enough such that D' C c*. But then P' U {D1} is a chain 

in P(C) which contradicts the maximality of P'. The sufficiency 

of the theorem is then established. 

(iii) Finally if C contains an autopolar cone D then 

C D D « -DP 2 -CP and the necessity follows. Q.E.D. 

(2.8.6) THEOREM. A smooth compact convex body K Ç Rn is smooth 

enough. 

Proof. For any y E 3K, let n(y) E B be the interior normal 

to the supporting halfspace of K at y: {n(y)} ■ -Nv(y) H b. 

(i) There exists a point s(y) - y+T)yn(y) E int K where 

Hy > 0. Hence Sr(y)^s^y^ ^or 80me r^y) > 0* 
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(ii) n(») a continuous function of x on 3K (••• liO), p.6). 

The {unction of n dcfinod b, |^»<x)-.(y)ll i.-ini—tor 

H - -<n(x).x-.(y)> > 0. U. «Ininal value is 

o(x) - lx-.(y)l2 - (<n(x),x-.(y)>)2 > 0 . 

Wo con intorprot o(x) o. tho oquoro of the distonco fro« 

.(y) to tho holf-lino {*fnn(x)| n > 0) . 

Clearly o(y) - 0 and 0<x) is • continuou« function of 

xeaK. 

Hence there exioto a neighborhood Hy of y, open in tho 

relative topology induced on 3K by the Euclidean topology of k" 

ouch that x€HyC3K inpliee o(x) < r2(y). 

ut nÄCK)-*«p(n>o| x+mW««. n fu««-«Hy 

that for any a € Ny. no have H*(x) > r(y). « 

8r(y)(,<y)> £ K € tn' <uMtg^ - 0} * 

got UM io an open covering of the congact apo- *** lt 

y63K 7 m 
baa a finite eubcoveringj 3R • u ■ • Cloarly then 

Inf n*(*) i Inf(r(yj)| J • l»»«»*xï 

- Min {r(yj)| j • l.»»»*«) > 0 • 

Q.I.D* 

(2.1.7) OOMOW. bet K be e -ootb cloe«l —« «" 

snd T ha any conpact subaet of 3». than 

Xnf n*(y) > 0 . 
y« 



68 

CHAPTER III 

THE RELAXATION METHOD 

3•1 Infinite Convergence of the Relaxation Method 

The following lemma is basic to the study of the relaxation 

method : 

(3.1.1) LEMMA. Let x, z, t be points of Rn and let 

X' - X + X(t-x) 

where X G R. Then 

Hx'-zH2 - «x-zü2 - X(2-X)Bt-x||2 + 2X<t-z,t-x> 

Proof. llx'-zB2 * ||x+X(t-x) - zj2 

= Bx-zK2 + <2(x-z)+ X(t-x),X(t-x)> 

= Bx-zB2 - X(2-X)Bt-x»2 + X<2(x-z)+ 2(t-x),t-x> 

* Bx-zB2 - X(2-X)Bt-xB2 + 2X<t-z,t-x> 

Q • E • D • 

Let p * n be a closed convex set given by the inter- 
iGl 

section of a family of halfspaces: 

H* = {x ^ Rn| <a^,x>+b^ 0} 

where we assume that la*l' = 1. Define 

d (x) * Sup dU.H1) , 
P i£l 

the residual distance from x to P. 

The relaxation method chooses at the iteration q, the index 
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I4 of tho most violated halfapace, i.e., 

d(xq,Hiq) - dp(xq) - -b1* . 

iq iq 
It then aovee on the direction a of the interior noraal to R . 

Ut 

t' - ? - x' + 4f(x,|)«1< 

■l 

Then the next point of the eequence ie defined by 

x***1 - xq + X[t,-xq] - xq + XdF(xq)eiq . 

Hence Leeaa (3.1.1) can be written net 

(3.1.2) UWU. 

q 
Ix^1-«!2 - lxq-«l2 - Xdpfr^Ua-DdpixVlKa1 ,tq-«>] 

Ranark. 8one regularity aaauaptlona need to be nade on the defining 

faally of halfepacea in order that the eupreaua in the definition 

of dp(x) be attained (and finita). 

He need to rule out faniliea likes 

F • (x € l| X > -£, k € 2^/(0» 

or ? • <x € t| X > k, k € z^) 

(3.1.3) He will aaaune either one of the two condicionas 

,(1) Z la finite. 

(il) F la not enpty and {(a*,b2) € lx l| 1 € I) la cloned 

in R1*1 where » - (x € R®| |x| • 1). 

Trivially, if (i) la aatiefled, then 
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dAx) - Max dfc.H1) < «M* 
p iei 

If (11) is satisfied, then 

0 < dU.K1) < d(x,P) < +® for all 1 € I, x € Rn. 

Hence, as 0 < d_(x) *= Sup d(x,H ) < d(x,P) 

” lGl 
dp(x) la not only convex, but also finite on R' 

n 

for all X € Rn, 

and It follows 

that it is also continuous. 

If X € p, dCx,»1) - 0 for all i € I and clearly dp(x) ■ 0. 

If X £ P, then dp(x) ■ e > 0. Hence let 

Dc - UaSb1)! i€ I, dU.H1) > |) 

- {(aSb1)! i€ I, |< < C> 

- {(a1^1)! i e I> 

O {(a,b) 6 bxr| |> < -<a,x>-b < e) . 

~ n+1 
Clearly D£ is compact in R . Also 

d_(x) ■ Sup dCxyH1) ■ Sup „ {*^apt> -b) 
P i€l (a,b)€D£ 

and the supremum is attained, as 

-><(a,b),(x,l)> is a continuous (linear) function of (a,b). 

To suamarlze, under the condition (3.1.3), :?(x) is convex, 

continuous and dn(x) ■ Max d(x,H^). Also 
F i€l 

P - {x e Rn| dp(x) < 0) . 

He will assume from now on that (3.1.3) is satisfied. 

(3.1.4) THEOREM. Let P ■ H H* be a non-empty convex subset 
iei 



of ln. Thon the sequence of points genereted by the relexetlon 

method is e Fejdr-monotone sequence with respect to P, If 

X€ (0,2]. 

iq lq a 
Proof. If * € p, then s € H . Hence <e ,tq-s> < 0 for 

ell s € P. By Lemas (3.1.2) it Implies 

lxq+1-sl < lxq-*l for ell s 6 p. 

Q.E.D. 

(3.1.5) Remsrks. (1) In feet xq+1 Is polntwlse closer then 

xq from the sett 

q 
H - {i € i“! (2-X)dp(xq) > 2<s1 ,tq-s>} 

- {s € Rn| <s1^,s>+ b1*+Tpdp(xq) > 0) 

- {s € gn| <aiq,i- » > 0} 

which Is the halfspecs, parallel to H , such that Its boundary 
hyperplane passes through the center of the segment [xq,xq+^]. 

Clearly 

X < 2 H 3 

X - 2 ■* H - 
lq 

X > 2 • H C Hl 

(11) Theorem (3.1.4) still holds If lq Is chosen In such 

iq 
a way that H Is eny violated halfspace. 

(3.1.6) THEOREM. Let P - Oh1 be a full dimensional closed 
i€l 

convex set defined by the Intersection of a family of closed half- 

spaces. Then the sequence of points generated by the relaxation 
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method converges finitely or infinitely to e point of V, for 

any given value of the relaxation parameter X auch that 0 < X < 2. 

Furthermore, if the convergence is infinite, then the limit 

of the sequence is a point of the boundary of P. 

Proof. Assume that the sequence {x^} does not terminate. By 

Theorem 3.1.4, ix**} is Fejér-monotone with respect to P. By 

Theorem 1.3.2, {x^} converges to a point, say x*, But 

^(x’) - It’-x’l - ilx^-x’l . 

Hence lira dp(x^) » ¿ lira Ix'^-x**! ■ 0 . 
q-H» A q-K» 

But dp(x) is continuous. Hence dp(x*) - 0, which Implies that 

x* € p. Clearly x* £3? as xq £ P for all q. Q.E.D. 

(3.1,7) THEOREM. Let P - H H*, where I is a finite sat, 
i€l 

be a non-empty polyhedron} then the relaxation method generates a 

sequence which converges finitely or infinitely to a point x* € p, 

for any given value of the relaxation parameter X such that 

X € (0,2). 

Furthermore, we have: 

lxq-x*| < 2d(x°,P)0q 

where 0 G [0,1) depends only on the matrix A ■ (a*» i 6 I) 

and on X. 

Proof.Assume that xq ? P. Lemma ¢3.1.2) implies that: 

d2(xq+1,P) < |xq+1-Pp(xq)|2 



i d2(xq,P) - X(2-*)dJ(xq) 

< d2(xq,P)íl-X(2-X)u*2] 

using Theorem (2.7.2). 

Ut e - A-X(2-X)u". Clearly 0 € (0,1). Hence dix’,P) 

< e’iKx0,?) and If the eequences doe. not terminate, It Implies 

thatt 

Um d(xq,P) - 0 
q-*co 

Ualnt Theorem (1.3.2), It Implies that {s'1} converges to a point 

X* e 3P (11 the aequance la Infinite). 

Wt also haves 

^(,0)1 < |x<-P,(x1)| . d(«’,P) 

by the FeJdr“monotonicity of ixq^. 

Hence x and xq both belong to the sphere 

and 

S . (Pp(xq)) 
d(xq,P) P 

lx*-xql < 2d(xq,P) < 20qd(x°,P) 

If the sequence terminates, this holds if ve take x* to be the 

last point of the sequence. 0 F D 

Rsgark. The assumption that iq is chosen so that is the 

most violated halfspace can be almost Ignored. See (3.3.3), 

3*2 jalaxatlon With Respect to a Convex Body Defined bv Its 
Complete Family of Supporting Halfspaces ^ ” 

!n this paragraph, ve present a theorem which is an extension, 
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as well as a minor correction, of a theorem due to Motzkin and 

Schoenberg ([51], pp. 402-404). 

Let K be a closed convex subset of Rn. 

(3.2.1) Its support function is defined by: 

6*(a|K) - Sup {<a,x>| x € k} 

Clearly, it is a positively homogeneous function, hence it is 

enough to define it on B = {a £ R | ||a|| * 1}. Define 

b(a) * 6*(-a|K) . 

Then, classically (see Rockafellar [55], pp. 112 et seq.)t 

K - {x G Rn| <a,x>+ b(a) > 0, for all a G b} 

- [x G Rn| <a,x> + b(a) > 0, for all a G B*} 

where B* * {a G b| b(a) <•+<»}. It can be shown that ^(-B*) 

« (0+(K)]^, where the closure operation, contrary to a claim b> 

2 
Stoer-Witzgall ([62], p.133), is necessary. A parabola in R 

shows that B* need not be closed. 

íf< -B*) is the barrier cone of K. 

(3.2.2) The complete family of supporting half spaces associated 

to a closed convex set K is: 

{H = {x G Rn| <a,x>+ b(a) > 0}| a G B*} 

But in any case {(a,b)| b * b(a), a f- B } is closed. 

(3.2.3) THEOREM. Let K be a closed convex body in R , defined 
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by its complete family of supporting halfspaces. Then the relaxa¬ 

tion method converges finitely to a point of K if AG [1,2]. 

Furthermore, if A > 2, the process either converges finitely 

to a point of K, or it does not converge. 

Proof. Using Theorem (3.1.6), it is enough to show 

that infinite convergence cannot occur. Assume it does. Then {x*1} 

converges to x* G 9K. Also, using Corollary (2.3.9): 

tq « P n(xq) - P,.(xq) € 3K . 
iq K Hl 

Hence, if A * 1, there is convergence in one step, as xq+* ■ 

tq € K. If A > 1, as tq « xq + j(xq+1-xq) 

lim tq - x* . 
q-foo 

Usinç Theorem (2.8.2), there exists an e > 0, an angle 

a < ^, and a ray e with lei - 1 such that: 

(i) <e,K-x*> > 0 

(ii) <e,u> < -cos a 

for all u € U [N (x) H g] 
xes (x )n3K K 

Clearly, there exists an integer Q such that for all q Q, 

ve have: 

tq e s (x*) n 3K . 

By Theorem (2.3.3), xq-tq € NK(tq). Hence 

<e,xq-tq> < -lxq-tqlcos a for all q 21 Q 

<e,tq-x*> > 0 
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As xq+1 - tq + (X-l)(tq-xq), we have 

<e,xq+1> » <e,tq> + (X-l)<e,tq-xq> 

Q 
> <e,x > + (X-l)d(xq,K)cos a 

for all q Q» w,lich contradicts 

11m x 
q-*» 

q+1 * 
* «X 

Q.E.D. 

Remarks. (1) By the norm duality theorem, if a family of support¬ 

ing hyperplanes contains the complete family, then only hyperplanes 

from the complete family will be considered by the relaxation 

method. 

(ii) If a closed convex body is smooth, then any family of 

supporting hyperplanes contains the complete family. 

3.3 Finite Convergence of the Relaxation Method 
Applied to a Polyhedron 

(3 3 1) THEOREM. Let P ■ ^ H* be a full dimensional polyhedron 
iGl 

in Rn. Then the sequence generated by the relaxation method con¬ 

verges finitely to a point of P if¡ 

(i) P is smooth enough and X £ [1>2] 

or (ii) X £ (X*,2] 

where X* « y and v(P) is the inner measure of P. Further¬ 

more, if X > 2, then the sequence either converges finitely to a 

point of P or it does not converge. 

We first prove: 

(3.3.2) LEMMA. If the sequence {xq} generated by the relaxation 
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method converges infinitely to a point x*, where x* C 3p, then 

there exists an integer Q such that x*1 C x* + Np(x*) for all 

q Q and this for any X > 0. 

Proof. Let I(x*) ■> {i G 11 <ai,x*>+b = 0} as x^ converges 

to x* and as I is finite, there exists an Integer Q such that 

<ai,xq>+bi > 0 for all q > Q, i G I/I(x*) . 

This means that for q > Q, the relaxation method ignores the 

half spaces H , i G I/I(x ) and hence it is equivalent to studying, 

the convergence of the sequence {uq *= xq-x*} which can be 

viewed as generated by the relaxation method as applied to the 

polyhedral cone 

Cp(x*> - {x € Rn| o1,*» > 0, i G I(x*)} . 

Clearly lim uq * 0. Assume that for some q° > Q, we have 
q-+oo 

o 
xq iEx* + Np(x*) 

or equivalently 
o 

uq ^ Np(x*) - [Cp(x*)]p . 

o 
Hence there exists a vector z G Cp(x*) such that <z,uq > > 0. 

It follows that: 

<z,uq+1> « <z,uq> + X<z,ai<l>dp(xq) 

where d (xq) - ltq-xql - d / *v(uq). But zG r(x*) implies 
iq V ; F 

<a ,z> 0 for all q q . Hence {<z,uq>} 0 is a monotone q>q° 

Increasing sequence of positive numbers and this contradicts 

lim uq ■ 0 
q-*oo 

, Q.E.D. 
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Proof of Theorcmj^JO. Using Theorem (3.1.6) and Lemma (3.3.2), 

we conclude that it suffices to show that the assumption of an 

infinite sequence (uq - xq-x*}^Q within Np(x*) is untenable. 

Case 1. Cp(x*) is smooth enough, i.e., 

It follows that: 

as 

-Np(x*) Ç Cp(x*) 

q+1 q . , iq q i* u B + A<-a ,uq>a 

dCp(x*)(uq) “ <“aÍ »u<,> " dp(xq) . 

Hence we first have 

<a1 ,uq+1> - (A-l)dp(xq) . 

But if A > 1, this means that 

<ai .u^1» > 0 

and by Theorem (2.3.24), a1 €cp(X*). Hence uq+1 ^ N (x*) 

* [Cpix*)]^ and the contradiction. 

We also have: 

<a 
q+1. 

,u^ > » <a1,uq> + A<aiq,ai>dp(xq) 

> <a*,uq> . 

This means that the quantities do not decrease. Further¬ 

more, for A « 1 at least one of those quantities becomes sero at 

each iteration. Hence after at most card(I(x*)] steps, «• have 

<a *u<,> 1 0 for all i € l(x*), and the contradiction follows 

for the case where A ■ 1. 
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Reaark. If Che »et to which we apply the relaxation Method is a 

smooth enough polyhedral cone: C • {x € 111) Cg^x» >0, i 6 1} 

then the relaxation Method will terminate after at Moat card I 

atepa for ang A 1. 

Furthermore the residual dlrtance is monotone decreasing: 

Mu*1,1) • Hax I<-o1,uq> ♦ Adr(uq)<-a1tai<l>l 
ICI c 

< dpiu*1) ♦ >d<.(i.q) Max h-a1^19»! 
I€l 

<, dc(uq) 

SêSSJL» ca(«) be the largest spherical cone contained in 

Cp(x*)t y ■ ala a ie the inner measure of both these cones. 

We define: 

_ <uV-*e> e 
D* • i i m 

i.'i 
coa tr for g > Q , 

the cosine of the angle between -a and uq. ly Theorem (2.6.3), 

u* € Nr(x ) lapllea that uq € Cw (-e); and 

<uq.-e> 

ro 

> aln a ■ V 

Int 
lnql 

,ei.,. + 

i*ere dp(xq) ■ d^. e^(uq) • -ca1 ,uq>, lenca 

• <uq,-e> - Xdpíx^Jea^.e» 

and we let the following recurrence relation on Dq: 

D^1 . Dq Js!> . XAtfuS t 
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We defino 

U 
, Vx“) , iq q <-3 .IIs; 

d(x\P) luC 

Letting \[ 

that : 

u(Cp(x ) - n (H1-**)], it follows from (2.7.2) 
iGI(x } 

0 < ii < Mq < 1 

Lemma (3.1.2) applied to z « x* becomes: 

luq+1IJ - lu’’!2 - A(2-X)dp(xq) + 2Xdp(xq)<a*\tq-x*> . 

a . . 1 * As <.a ,t -X > = 0, wc have: 

Define 

Then 

lluq+1ll2 = II3 2 - \ (2-A)dp(xq) 

= lluqll2(l-A(2-A)(nq)2] 

ßq ' [1-A(2-A)(pq)2]"1/2 . 

Huqii - 8qiiuq+1ii . 

Hence the recurrence relation on Dq becomes: 

iq . .q 
As -a G Np(x*), <a ,e> > 

Dq‘Dq+1 > DqU-8q] + Ayq$qv . 

The assumption that {uq}^Q C Np(x*) implies that 
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V < Dq < 1 for all q > Q , 

Observing that A > 2 - ßq < 1, A < 2 - ßq > j, it follows that 

D*1“ Dq ^ for all q > Q 

where 

. (l-6q) + AuVv for A < 2 
FX(P ) * 

v(l-ßq) + Apq3qv for A > 2. 

Clearly, Fx(pq) js a lower bound on the decrease of the cosine of 

the angle between uq and -e at each Iteration. 

It Is a continuous function of pq *on [p,l]. 

Hence, If Min Fx(pq) - e > 0 

P^tM] 
then 

D<* “ Dq+^ e for all q > Q 

and 

Dq+1 < Dq-e < DQ- (q-Q)e . 

Hence, if q - 0 > ^~ v 

. q+1 
we have D < v, and the contradiction follows as this Implies that 

uq+1 ï Np(x*) . 

1. If A > 2, then Fx(pq) > 0 for all yqe[p,l]. 

Hence Min Fx(pq) > o and for this case, the theorem follows. 
W^lU.l] 

1 < A < 2, then we have: 

WA(l,,) . 1 
-(2-X)g^] . 
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Hence 
9Fx(Viq) > 

o if yq = 2ix* Thls lmPlles that Fx(y<l) is 

j f nnM attains its minimum either for a quasiconcave function of y and attains 

= 1, i.e* * 
\r * y ot 

Min Fx(yq) = Min U’x^.Fxd)} 

y^ly.i] 

and 
Min Fx(yq) > 0 

y^ly.U 

if and only If Fx(p) > 0 and F^U) > 0. 

First we show that Fx(vq> is an Increaslne function of X 

for all yq e 10»11• 

üiíil B uq(pq)3[v+(X-i)yq-vX(yq)2] 
3X 

But 

and 

hence 

0(^) . V + (X-l)utl - uX(pq)2 is a concavo function of ^ 

G(0) = V > 0 

G(l) ■= (X-D(l-v) > 0 , 

G(yq) > 0 f°r a^-*- ^ G 

and 
3Fi(yq) ,, q ¢: rn il 

h. — > 0 for all y ^ 10|X| 
3X 

a) FX(D > 0. 

l-Xv 

Fx(1) 
i —i—-d-xu) -1 - xn: • 

/l-X(2-X) 

Hence 

p (1) > 0 if and only if > 1_Xv 
X 
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or 
X > T+v 

b) F, (y) > 0. 

Fx(w) ‘1' 

(1-Xyv) 

lf Xpv > 1. then trivially F^h) > 0. H Xyv < 1. then 

F (y) > 0 if and only,if 
X 

or 

As we have 

2 2 2 
1 - X(2-X)y2 > 1 - 2Xyv + X v v 

X > Hv.-Jâ.. -Xr - --2v_ 

y(l-V2) 1-^2 V(l~v ) 

2 2(y - V) . IVU-El > o 
1+v ' y(l-v2) Wll-v2] - 

it follows clearly that 

Inf F.(u1) >0 If and only If Fx(l) > 0 

u’eili.ll 

or 
X > 1+v 

although inf F^l)’) does not need to be equal to Fx(l). 

Hence from this if 

2 > X > X* 
_2 
1+V(P) * 

an infinite sequence is impossible in any of the nor nal 

to point, of the boundary of P! the convergence la then finite 

Q.E.D. 

Wc have assumed all alon* that the halfspace W 
was chosen 
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to be the most distant halfspace from xq or equivalently in view 

of the normalization of the {a1}, iq was also the index of the 

most violated inequality. 

These assumptions can be almost entirely ignored. 

We choose i^ to be the index of a violated inequality 

and let 

£q _ ¿(»‘‘.H1 ) 

y*q> 

Clearly 0 < eq < 1. 

(3.3.3) COROLLARY. Theorem (3.3.1) is valid provided: 

lim sup eq * e > 0 . 

Proof, (i) The proof of the infinite convergence follows easily: 

The sequence {xq} is still Fejér-monotone 

d(xq,P) - -i-Ilxq+1-xqll . 
y p \yeq 

Also d(xq,P) is a non-negative, monotone decreasing sequence 

and {xq} converges to a point. So 

lim llxq-xq+*ll « 0 
q-*» 

lim d(xq,P) >_ 0 
q-K» 

and if lim sup eq = £ > 0, a contradiction with lim d(xq,P) > 0 

lim d(xq,P) - 0 
q-*oo 

follows. Hence 
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and by continuity, xq -► x* £ 3P. 

(ii) In the proof of the finiteness of the convergence, we have 

uq . ■t'1-»'11 . ¿(¿¿Ó. .Vñ > cqu . 

duV) dix’.pr 

But the condition on X which ensures finite convergence is: 

Fx(l) > 0 

Hence X > still holds, provided of course that yq - eqy 

is bounded away from zero infinitely often, or 

lim sup eq > 0 . Q.E.D. 

In particular, if the {a1} are not normalized, we can choose 

iq to be the index of the most violated constraint, and Theorem 

(3.3.1) is still valid. It follows from the finiteness of I. 

(3.3.A) LEMMA. Let K Ç Rn be a closed convex body which is 

either defined by its complete family of supporting halfspaces or 

by a finite family (and hence K is a polyhedron). 

Let S (s) be any sphere contained in K. Then if at some 

step in the sequence {xq} generated by the relaxation method 

we have 

The sequence {xql converges finitely to a point of K. 

Proof. (Figure 1) Lemma (3.1.2) gives 

lxq+1-zH2 » lxq-z»2 - XdK(xq)[(2-X)dK(xq)-<aiq,tq-z>] . 
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Hence 

if and only if 

But, as S^is) £ K 

1,,1+1.,12 < lx’-tl2 

a i** q 
(X-2)dK(xq) < <a ,t4-z> 

tq-z> > r-E for all z G Se(s) 

for e G (O,r]. So that 

(A-2)dK(xq) < r - E 

implies that x’*1 Is closer than x“ from every point of Se(.). 

This, however, does not imply that the sequence tx'1) Is 

Fejér-monotone with respect to S£(s) because there is no guarantee 

that (X-2)dK(x,+1) < r-e. 

Now we have: 

dv(x) < d(x,K) < Hx-sl-r . 
Iv 

■ c n r-e 
Hence ,x ”sl ' r - X^2 

implies that - 1^2 

It follows from this that 

X < 2 + 
r- £ 

lxq-sl*r 

implies that xq+l 1. closer than x’ from the points of Se<e) 

q+1 
and furthermore the same equation is satisfied at x as 

lxq+1-sl < lxq-sl. 

Hence {xq} Is a KeJcr-no.uUone sequence with respect to Sr(K) 

{xq} cither terminates at By Theorem (1.3.2), the sequence 
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a point of K or converges to a point x*. 

But ix**} -+■ x* implies that * 0 and hence x* G 3k. 

This is ruled out by Theorems (3.3.1) and (3.2.3). 

Therefore the sequence {x^} converges finitely, if for 

some c > 0 

X < 2 + -Lr J-— 
llx^-sll-r 

and hence if X < 2 +-£- , .. 
ix^-fJ -r 

(3.3.5) THEOREM. Let K be ? closed convex body in Rn which 

is either defined by its complete family of supporting halfspaces, 

or by a finite family. If the recession cone 0+(K) of K is 

full dimensional and has inner measure v, then the relaxation 

method generates a finitely convergent sequence for any initial 

poiit x° G Rn if 

2 < X < 2 + ~- 
- l-v 

• Let ca(e) with l!eH * 1 and sin a * v be the largest 

spherical cone contained in 0+(K). It follows that 

z + Ca(e) C K for all z € K 

Let s “ z + ne for r >_ 0. Then 

SpV^s} £ 2 + ca^ S: K for all H o 

Also x-s = x-z-ne. Hence by Lemma (3.3.4) the sequence {x**} 

converges finitely if for some n > 0 we have 

2 < X < 2 + __ 
- Ilx-z-nell - nv 
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Letting n ^ the theorem follows. Q.E.D. 

(3.3.6) THEOREM. Let K be a smooth enough convex body defined 

by its complete family of supporting halfspaces and n* its modulus 

of smoothness. Then for any given X > 2, the sequence generated 

by the relaxation method converges finitely for any initial point 

such that 

d(x°>K) ' fe 

Furthermore, if d(x (K) < , then one step convergence 

Proof. Clearly, we have 

xq 1 “ x*1 + X(tq-xq) « xq + Xd(xq,K)aiq 

where tq G 3K, ai<l « • gy 

occurs. 

lltq-x' 
definition of rj* as 

iq 
a1 € .NK(tq) 

we have tq + na^ G K for all n e [0,n*] . 

Hence (Figure 2) 

dU’*1,« < Max f<x‘'+1-t,,-n*al1,ai',>,0} 

- Max {(X-l)d(xq,K)-n*,0} 

CaseJ.. d(xq,K) < , It impiie8 thgt d(xq+1,K) • 0 and 

hence xq+1 G K. 

Caae^. dfx’.K) < . let e - n* - U-2)d(xq,K) > 0. It follow, 

that 

d(xq+1,K) < d(xq,K) - e(X-l) 



90 f 
I 

Figure 2 



which clearly laplieg that 

d(x**,IC) £ ¿(x0^) - qr(X-]) < o 

^ K) 
f0r q - C(ÏA) * **6 henea therr la finite convergence. 

Q.F..D. 

0.3.7) COROU-ARY. If c in a „.ooth co^,, cJo|lw| co|Vtx 

cone defined by it« cooplctc fanily 0f xupporting helfnp.ee.». 

then tlie relaxation net hod converge, after one iteration for 

•ny X > 1. 

1,4 «.»«.tto. With »«.P«Ct to .n E»t. %mt 

ut » - {« G >#t ie t u 

fl.lt., b. m "aptr polylwdron", «<«m by u lu<»p.tlbl. .y.t 

of l~,«ll«l... w. d.fl„. . f«,,, ,f >r.ll.r „t. 

* ** 6 *"l «^.»♦b*.» > 0, 1 6 I) 

fer « 6 i+. Th. r..Mu* funrtlon •■MclatMl ta P 1. y 

*P (x) - Max {-<ei,x>-b1-w) 
w i€l 

- ®p(x) - w 

•ad the residual distance i. 

4^(»> - Max (R^fxl-w.O) . 

"* ' & v" ' 2J. s4*»> 0 
We define 
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the Cebysev deviation of the system of inequalities. 

Clearly, it follows that 

w £ (0,w*) ^ P = 0 w 

w = w* ^ P ^0 and dim P < n 
w w 

w F (w*,00) ^ P ^ 0 and dim P ■ n . ’ w w 

The set P * = {x £ Rn| Ru(x) = w*} is the set of points 
w P 

which minimize the function Rp(x), and is known as the set of 

Cebysev solutions to the incompatible system of inequalities. 

Generally P^ = {x £ Rn| Rp(x) £ w}. 

Let x* be a point of the sequence generated by the relaxa¬ 

tion method applied to P. 

Clearly, 

wq = dp(xq) - Rp(xq) > w* 

and if w < wq, then d (xq) = wq-w; w > wq then dp (xq) « 0. 
w w 

At the point xq, the relaxation method applied to any P^ 

such that w < wq would choose the same direction of movement a . 

Let 

Hiq = (x G Rn| <ai ,x>+ b1 +w > 0} 
w 

tq = P (xq) = xq + d (xq)ai 
W . Q * 

H1 
w 

= xq + (dp(xq) - w)a^ 

We will assume that X G (0,2). Hence, by Lemma (3.1.2), xq 1 

is closer from a point z G R if and only if 

n iq n 
(2-X)dp(xq) - 2<a1 ,tq-z> > 0 
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or 

or 

But we have 

•^<ip(xq) ><ai .tj+wa1 -z> 

~^dp(xq) - w > ca1 »tq-*> 

iq 
P C H . Hence 

w — w 

q 
<ai ,tq-z> < 0 for all z G P 

' w — w 

From this it follows that xq+1 is pointwise closer than xq from 

provided w satisfies 

w < (xq) 

or 

We also have 

dP ^ ¿ 1 

ilx,-x,+ll - d_(xd) - [w+d (x")) , 
A w 

if w<dp(xq). 

(i) We first show that for any w > w* the equation 

dp (***) >. w cannot hold for all q. 
w 

Proof. if it did, then {xq} would be a Fejér-monotone sequence 

with respect to the full dimensional polyhedron Pw. 

By Theorem (1.3.2) it converges to a point, if the sequence 

does not terminate at a point of Pw. Hence 

and 

lim (w+dp (xq)l • j lim lxq-xq+1l 
— w q^® 

0 

lim d« (xq) ■ -w < 0 , 
q-*® rw 

a contradiction. Q e E eD a 
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If and only if 

dp <*■>) > ^ 
w 

. X . 2 
p * w’' 

(xM) > + -^-(w-w ) 
2-X 

(ii) The equation dp *(x^) 2~^* can hold for all q, but 

A * w 
then lim dp = and this implies that the family of 

q-K>j w* 

hyperplanes has some properties of symmetry, 

£ 
Proof. For w = w , dim P^* < n and infinite convergence is 

ruled out as in (i). 

By Theorem (1.3.2) it is possible that the sequence {x**} 

might have more than one limit point, but then the set of limit 

points belongs to a spherical surface having^^t?^) as its axis. 

Letting (i* = IJ(P *) (see Theorem (2.7.2)), it follows that 
w 

any limit point x* will satisfy the following relations: 

A * 
2-Av £d<x*,Pw*) £-¼ 

y 
A * 

2-5^ 

JL 

and hence d(x ,P *) is bounded. Also d(x ,P *) has the same w • w 

value for all the. limit points and 

■i , ii q q+1 '1 -, r * . A *, 2A _ * lim II x~”X^ il = a (w + 2^w ] * JZÿ? 
q-+«o 

All of this implies that Pw* is rather symmetrical. 

As exemplified in Appendix (1.1.2), if there are two limit 

points x* and y*, then it follows that x* and y* are 

symmetrical points with respect to a hyperplane E* containing 

J 
r 
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V and *n fact a^ter a finite number of steps the relaxation 

process only uses two hyperplanes E1 and E2 which arc parallel 

to E* at a distance w* of E*. If there are more limit points, 

then similar results ensue. Q.E.D. 

Now if we assume that (ii) does not occur, then 

dP !'Tlx* » or equivalently dpU*1) > 

cannot hold for all q and hence the Fejér-monotonicity of {x^} 

with respect to P^* does not necessarily hold for all q. We 

have: 

Ix^1-,!2 - 1,1.,12 + Adp(x1)[.(2-X)dp(x1) + 2w*+2<.1,,t’.-,>] . 

But «s 

iq q <a ,t'**-2> < 0 for all z e P * 
w — w ’ 

it follows that 

■x^2 < lxq-zl2 + Xdp(xq)[2w*-(2-X)dp(xq)] 

for all z€ P^. Theorem (2.7.2) applied to P^ gives: 

W*d(xq,Pw*) < dp(xq) - w* < d(xq,Pw*) 

Case 1. dp(xq) implies that 

d2<X<l+1‘Pw*) - d2(xq.Pw*) . 

P.aJ.e v* 1 dp(xq) < ¿jw*. We have 

d2(xq+1,Pv*) 5~2(dp(xq)-w*)2 + Xdp(xq)[2w*-(2-X)dp(xq)) . 
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This is a convex function of d_(x^)» as the coefficient of 

dpfx^) is positive for any X G (0,2). Hence 

d2(xq+1,P *) < Max {X2w*2, X W2' "2^ 
w " (2-X)V 

and 

d(xM *,pw*) Max 
q+1 

All of this can be roughly summarized in: 

(3.4,1) THKORKM, Let {<ai,x>+ h1 > 0, Í G 1} be an incompatible 

finite system of linear inequalities. Then the sequence {x } 

generated by the relaxation method, for any given X G (0,2), has 

a bounded distance from Pw*, the set of Cebysev points. Further¬ 

more after a finite number Q of steps we have: 

d(xq,Px) £ 
2Xw* 
(2-X)v* 

for all q £. Q 

This theorem can be compared to the following result of 

Eremin ([19], [20]), where {Xq| q G Z+} Ç R+ is a sequence of 

relaxation parameters: Under the conditions of Theorem (3.4.1), 

a necessary condition for the convergence of the sequence {xq} 

to a point of the set Pw* is 

J Xq = “, Xq "> 0 . 

q*i 

3•5 Relaxation With Respect to a Convex Set^ 
Defined by Nonlinear Inequalities 

Let K = (x G Rn| g1(x) > 0, i € 1} where 

I is finite 

Rn -V R is concave and differentiable. 
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We also assume that there exists a point x € K such that 

g1(x) >0 for all i e I. It follows from this that K is a 

closed convex body and also that g1(x) >0 for all i G I. 

X G Int K. 

Let X € Rn/K. It implies that the set of indices of the 

constraints violated by x is not empty: 

J(x) - {i € l| gi(x) < 0} ¿ P for all x £ K . 

Fron, the concavity of g1, It follows that, If we denote hy 

7gi(x) the gradient of g1 

<Vg1(x),y-x> > gi(y)- g1^) 

for all y e Rn. Clearly, it follows that 

<Vgi(x),y-x>+g1(x) > 0 for all i 6 I. y € K- 

Define 

H1 - {z € Rn| <z-x,Vgi(x)> + g1(x) > 0} 
X 

for i € I, x e Rn. 

He have 

ill is a closed halfspace which contains K for all 
v x 

i€i, xeRn. 

(ii) x ^ for all iej(x). 

(3.5.1) The boundary hyperplane has been called the cutting 

plane associated to the point x and the constraint g . 

To every point x, we can associate a polyhedron Px - £ » 

which contains K. 
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From the definition of it follows that 

K = n p * n p « n [ n h^] 
JCCR" * *¿K *£K JGI(x) 

At every point 

a finite subfamily 

x4* of the relaxation sequence, we generate 

{H1 I i G J(xq)} of the family {H^| i G J(x), 

xq 
X G Rn}. 

The point xq+1 will be generated from xq through one 

iteration of the relaxation method applied to the polyhedron P^q. 

(3.5.2) The residual distance to K can be defined by 

- i(x) 
dv(x) - d (x) = Max {0, Max 

Px IGI ÄVg (x)ll 

« Max {0, Max {—}} 
iej(x) NVg1(x) II 

It might be simpler, as far as choosing the constraint on which 

we project, to use 

3 (x) * Max {0, Max {-g1(x)}} 
K iGj (x) 

(3.5.3) LE^iA. Let s e Int K and r be an arbitrary positive 

number. Then there are finite positive numbers a, b, c, d, 

depending on s and r only, such that 

(i) btK(x) < dK(x) < aiR(x) for all x G S^is) 

ill) c < llVgi(x)ll £ d for all i G J(x), x ^ 8^(5)/Int K. 

Proof. If x G K, it is trivial. If x $ K, then 

<Vgi(x),s-x> > gi(s) - gi(x) . 

Now for all i G J(x) U l(x), where I(x) - {i ^ l| g (x) - 0}, 
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g*(x) 1 0* ^80 for all i e I> g (s) > 0* 

Hence using Schwarz inequality 

ivgV)' >£oraU 1 e JW u 1 
(x) 

Let g - Min gi(s). Then for any x ? Int K and any 
iGl 

i e J(x) U I(x) we have 

iVeV)' 

The existence of an upper bound d on IVgi(x)ll follows 

from the continuity of Vgi(x). 

Ue also have for i € J00 

and 

81(x) < _. g1 (?0- < . 8. .(xllx-gl 

d “ IVgi(x)l 8 

¥x) 
d 

< dK(x) - g K 
Q.E.D. 

A reasoning similar to the one used in Corollary (3.3.3) 

shows Chat the convergence properties of the relaxation method are 

not affected by which function of ^ or d^ la used to choose 

the Index l’ of the constraint towards which we move. In any 

the direction of movement is case, 
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We have 

tq . xq + ..-61 ^qi— 'J81\>:q) 

lv6iM(x’)S2 

Hence will be 

or 

q+1 

,q+1 

xq + XdR(xq)ai 

Ã„(xq) 
•f X 

!vgiq(xq)I 

depending cm whether we use dR or ^ to choose i . 

It also id lows that both ^ and dR are continuous on Rn, 

take the value zero on K, and positive values on Rn/K, but 

only is convex. 

(3.5.4) LEMMA. The sequence ixq) generated by the relaxation 

method is Fejér-monotone with respect to K, for any X £ (0,2]. 

Proof. At any step in the sequence xq+1 is pointwise closer than 

xq from P (using Theorem (3.1.4)). But K q an<* t^e 

xq Q-11-0, Lemma follows. 

(3.5.5) THEORLH. The sequence {xq} generated by the relaxation 

method applied co the closed convex body K = {x £ Rn| g (x) > 0, 

i G 1} converges finitely or infinitely to a point of K for 

any X £ (0,2]. 

If the convergence is infinite, then the limit of the sequence 

is on the boundary of K. 

Proof. Similar to Theorem (3.1.6) Q.E.D. 
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(3.5.6) CONJKCTURK. Theorem (3.3.1) is valid in this case. 

The proof of this will be left for a later work. 

The conditions under which Theorem (3.5.5) is valid can be 

weakened in various directions: See Eremin ([22]» [23])» Germanov 

and Spiridonov ([28]), Polyak ([53]), Schlechter ([56]), Spiridnov 

([58]) and the references given in those papers. 
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CHAPTER IV 

CUl BONO? 

A. 1 Procedure?. 

The conditions which ensure the finite convergent* of tho 

relaxation method applied to a full dimensional polyhedron defined 

by a finite system of linear inequalities are very lax, if we 

assume that X satisfies the conditions of Theoresi (3.3*1). 

Corollary (3.3.3) validates a vast number of cosiputatlonal 

schemes. 

let P * n H1 be a full dimensional polyhedron where 
i€l 

H1 « lx G Rn| <a\x>* b1 > 0) 

a^ f* 0 

1 is a finite set. 

(A. 1.1) The Maximal Residual Method. The direction of movement 

is the interior normal of the halfspace corresponding to a moot 

violated constraint. Theorem (3.3.1) holds without change. 

(A.1.2) Systematic Scanning of the Index Set. Assume for conve¬ 

nience that la1! - l for all i e I. Let i(.): Z+1 be a 

function from the set of non-negative integers onto the Index 

set 1. We assume that there is an integer p euch that 

i(lq.<l+p)nV " 1 for al1 *c z+ • 

This means that every index of I is repeated after at most 

p+1 iterations. 

At step q, we choose the index of the hall apace on which we 
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projtet to be l(q) 

,<♦' . x" ♦ W(x’lH1,<,))i.1(<') . 

Then Theorc» (3.3.1) boldn without chan*«*. 

Proof. The only ceee In which (3.3.1) could foil 1b If 11* e 

where 

- iJ*') - 

(I) Infinite Convergence 

{»*) in Fejdr-aonotone with reepeet to P end dl» P • n. 

Hence by (1.3.2) (*q) converges to e point, eay x*. 

Assumi thet x* f P. Then clearly dyU*) > 0 and 

4* e 
dpU*) • dix*,» ) for «Me i C I. 

lie have lia t,«-,«*1! . 0 which iapliea that lia d(xq,Hiíq)) - 0 

lut 

It follows that 

Ha d(x*,H1(q)) • 0 . 
T* 

This contradicts the fact that i* is repeated infinitely 

often. 

(il) Finit«* Convergence 

We une the notations of the proof of Theoreo (3.3.1). 

Cast 1. if Cpix*) la eaooth enough, then the proof used for X - 1 

will be valid hers for any X > 1. 
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Case ?. For the same values of À, we still have D-D ^ 0. 

Assume that lim e.q = 0. I’sinR Theorem (2.7.?) 
q-H)o 

U*luq|1 < dc (xy:)(uq) < lluqll . 

It implies tnat y*f.q',uqll < d(xq,H1(q)) < cql|uqH and 

lim Max {0,<-al(q),•-—->} = 0 • 
q Bui 

Hence, Riven any 6 > 0, there exists an integer Q such 

that for all q > Q, we have 

<a aUq) u!..., + J > o 

luql 

As wc assune that (u5! C ^(x*), clearly G “p1’1*' 0 *’ 

Usinp. the fact that lint cq r 0 
q-KiO 

U^1 « uq + Xd(xq,Hi(q))a1(q) 

leads to 

Also 

lim - 
q>oo 

lu^1! 

le"! 
1 . 

It 

_aq_ In'1! + J(xq.H1('!)) Ju!LaHq) _ 

t^l ‘ luqi iuq+1l ’ »uq. 

follows that if for some subsequence Z ^ z+* 
u 

luqll 

converges to u*, then we also have 

..¾41 
lim - 
q-»on liu 

q€Z* 

q+l. 

Hence for any integer t > 0 

u lim-* vi 
q-*" B uq B 

qCZ*+t 
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q 

though not necessarily uniformly in t. As G Np(x ^ 

a compact set, the sequence has at least one limit point 

u* e Np(x*) n B. 

Let Z* be a subsequence of Z+ such that 

uq * 
lim —•— « u 
q-Ko II u II 
q£Z* 

We can then find an integer Q1 such that 

<ai(q),u*> + 26 >0 

for all ,>Ql and such that ,ez*V(0,l.P>. This l.pU- 

that 

<ai,u*> + 26 > 0 for all i G I(x*) 

or equivalently 

d / *(u*)«Max c-a^u*» < 26 

CP^X ^ i€I(x*) 

But this implies in turn that 

V* < 26 

a contradiction a. P* > 0 and S>0 was arbitrary. 

QsE*D* 

(4.1.3) Partitioning 

Let I " 1i U X2 be a Partition of 1 and let PJ 
O H 

jCt 

for J e {1,2}. Then P - ?1 ^ P2- 

Oafine a function j(.)i Z+- U.2> the “”dltlon 

given in (4.1.2). Than, at at.p q, w. go through on. iteration 

of the relaxation method as applied to Pj(q)* 
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Clearly I can be partitioned into more than two sets. 

Theorem (3.3.1) holds In this case, but the values of X 

which 

set P 

Kxantpl 

guarantee finite convergence depend on the properties of the 

and not on the separate properties of and Yr 

e. Let P = U G Rn| Ax+ b > 0, x > 0} where A is an 

m* n matrix and b an m vector. 

Let P1 = (x £ Rn| Ax + b > 0} 

P = r" » {X R I X ^ 0} • 
r 2 + 

At step 2m. wo vlll apply one iteration of .be relaxation 

method to ly At step 2,0. -a apply the relaxation method to 

P a number of times equal to the number of ne8etlve components 
2’ 

of x2q+1. 

Clearly those steps can be summarized by 

- ‘H^’lif ^,+1<0 

2q+2 . x?q+l if xJq+1 > 0 
k k 11 

where the Index k represents the components of x in Rn. 

Clearly Theorem (3.3.1) Is valid and this generalises . 

result obtained by Eremin in 121]. 

(4.1.4) Budding 

The comparison of Theorems (3.2.3) and (3.3.1) suggest« 

the Idea that a larger family of supporting halfapacea could 

improve the convergence properties of the relaxation method. 

Any halfspace 

H {x e Rn| < k1al,x> + I k1b1 > 0) 
i€l 
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where k* G R+ contains P and hence any finite family of such 

halfspaces can be used. 

At every point x £ Rn we define 

J(x) * U G l| <a1,x> + bi < 0} , 

the set of the indices of the inequalities violated by x. 

For any index set J £: 1 we 

Pj ■* {x C Rn| J(x) e J} , 

the cavity associated to the index set J (see [47]). 

Clearly {P.j J £ 1} Is a finite partition of Rn and 

every P. is either empty or full dimensional. 
Ü 

Merzlyakov goes one step further and partitions the cavities 

into eubcavities according to the index of the most violated 

constraint (if there is a tie, it is broken by a preassigned 

ordering on I). For any J e J, J £ I 

pj - {x C Pjj d(x,Hj) > dfx.H1) for all i G J, 

and d(x,HJ) > dU.H1) for all i < J, i € j}. 

Clearly {P^t| J G J, J C 1} is a finite partition of Rn. 

To every non-empty subcavity Pj, we associate non-negative 

numbers ^(JJ) for i G J. Ue assume that 

kJ(J,J) > 0 

and 

^ k^J.JJa1 t 0 . 

This last assumption is not necessary if P is not empty. 

This follows from Gordan's theorem (see [27], p.48): 
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v , 1 i n v1 > o > 0, j e J has a solution, then If [ka=0, k^u, K wij 

iGJ 

<a1,u> >0, i G J 

1 i But if xC-r and y ^ P'1* then u = x-y 
has no solution* “nt it j 

solves this last system. 

T„C hallspacii asaociatod to the subcavity PJj 1» by definition 

„J - (x C Kni ‘ i hi(J,j)a1,x> + J/(J.Db1 > 0} • 
j iCJ lfcJ 

We have the followlnß properties: 

(i) Hj 5 i* 

(iO uj,np]«0 V i t ; u i A j 
(Hi) The family ÍH;1,! J £ j. J £ D c0"talns the hi,Us,’a"3 

H1 whose boundary hyrcrrlanes Intersect P in a facet of P. 

I tv) Hence P* 0 n Hj 
JÇI J« 

This family nf hyperplane, is finite and can be u.ed to replace, 

at least conceptually, the original family («‘l i£ D- 

To every xq C 1;" corresponds a unique subcavity v] con¬ 

taining x". We will use the halfspare hj to defino the next 

iteration of the relaxation sequence 

x«+1 « xq + Xd(xq,Hj)aj 

I k’u.jla* 

J , -.0 
lj ' I ] k'o.Jla1! 

1U 

I kl(J,J)d(xqtH1) 

d(xq,HJ) “ 
"| I 

where 



It follows that 

duv!) i 
I*' 
1GJ 

(J,j) 
dp(*q) 

As Corollary (3.3.3) Is satisfied, Theorem (3.3.1) holds 

without change in this case. This gencralir.es a theorem of 

Merxlyakov [47]. This process of generating halfspaces, which 

we describe as budding, does not need to be carried through in 

advance. We only need to generate the halfspace associated to 

the subcavity in which xq lies, and the choice of the coefficient, 

can be done then. We could, of course, associate to every suheavity 

a finite mimber of halfspaces without changing Theorem (3.3.1). 

This idea could give rise to numerous specific algorithms. 

(4.1.5) Antl-Jamainft 

Laama (3.3.2) states that the relaxation sequence {xq} 

convergea infinitely to a point x* € 9P only if the whole 

sequence {x*}^ "W int0 ***y**>- 

A similar phenomenon occurs in feasible direction methods 

(see [69], pp. 274-280), and the procedure devised to alleviate 

jamming can be adapted here. 

Let xq t th* i,0,t di,t*nt *•••» 

i (*q) • li(*q,HI<1), J, E 1 b* « of of »‘o'««1 

con.tr.tntH, oni Ç ' !»• • «« »f Indie« of nlldl, ».«Uflod 

constraints. 

The anti-Jamming procedure consists in using at step q the 

halfspace 
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H *= {x £ Rn| <a,x> + b > 0} 

whore 

I k a I kS1 

(i) a 
iGjUj, 

1 I k a 
Ií€J^UJ2 

iEJlUJ2 

I ï kV| 

(li) k1 ü 0, 

I k^Cx4*,«1) - I k^íx*1,!:1) 
1Ó, ícj2 

(ili) d(xq,!0 --: ? ,'i i, 
> ed_(xq) 

I Î ka1 I iOl jU) 2 I 
- P 

for sotM € > 0 and where El - 3H1. Then x^1 - x’ + Idlx’.Wa. 

Under the condition that we generate only a finite number of .geh 

hyperplanea. Theorem (3.Î.1) hold, without change. 

This method attempts to generate the halfspace 

H* - (xG Rn't <-xq+Pp(xq),x-Pp(xq)> >0} 

which for X - 1 give convergence in one step to Pp(xq). 

In fact, if ve assume that we know the set of indices of the 

constraints satisfied with equality by Pp(xq), say I , then 

we can find numbers kj > 0, l G I* which will generate the 

halfspace H*. We number the constraints so that I* • U.»)• 

Let A* • (al,....ePV *>* ^ **n natrlx composed of the 

interior normals of the halfspaces H1 for i € 1*. where 

denote transposition, let b* ■ (b .h ) . 

We assume for simplicity that the rank of A* is m. 

..,. u - u r on| a** 4 b* ■ 0). It is the Define the manifold M»Ix*K|ax 

affine hull of the least face of P containing Pp(xq). 
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We claim that 

PM<*q) - 11 -aNaVTVj*’ - A*-(A*A*’)-lb* 
n *» 

where I is the n*n unit matrix. This follows from 
n 

(i) A*î’ (x*1)-I b* “ 0 and hence PM(xq) € M 

(ii) Defining (k\... * -<aV'f + b*), we get 

xq - P (xq) - I kja1, or xq G PM(xq) 4 yPM(xq)) and the claim 
i“l 

follows from Theorem (2.3.3). 

If our guess 1* of the index set I(Pp(xq)) was right, 

then in addition we have 

(iii) Pp(xq) * PK(xq) c 

(iv) kj > 0, i - 1,...,m 

(v) H* - {x C Kn| < I kjai,x>+ I klbSo}. and 
1*1 1»1 

X^1 - PH*(xq) * Pp(xq). 

Thi* Idea could be used to alleviate the infinite convergenca 

of the relaxation method. If Uq) converges infinitely to 

X* € 3P, then 

- 0 if i € l(x*) 
lia (<a1,xq>4b ) é 
q-«. > 0 if i C l/l(x ) 

and this allows the identification of I(x*), at least in a 

Uniting sense. 

It could also lead to the development of more ainplex-like 

methods, in which the coefficients k* are computed. Let J £ ! 

and M • (x C gB| -'ai,x>4 h1 • 0, i C J) the manifold defined 

J 1 
by the constraints t € J. Then, as before, coefficients k , 

i € J can be computed and if k* 0, for all i ** J, then 
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H “ {x t Rn| < I + I k1b1 > 0} 
iCJ IGJ 

can be used to define a "FeJer feasible” iteration 

IkV 

1.1 

xq+1 «• xq + Xd(xq,H) 10 

i l klai! 
1Ü 

A.2 Solution Strategies 

The choice of a sequence {\q} of relaxation parameter* can 

be guided by the results obtained in this work. 

It shou’.d be cle. r, though, that the development of reasonably 

tight bounds on the number of steps needed to converge and an 

extensive experimentation will lead to more precise guidelines. 

An interesting line of investigation would be tnc Idea of 

using the information gained through the sequence {«^(x*)} to 

choose the relaxation parameters. 

Ve will list below some facts which arc relevant to the 

choice of l*q}. 

We assume that P - H1 I» a full dimensional polyh«-ron 
iCI 

P . {x € Rnl Ax+b > 0;. 

Fact 1. Every vector xq € Rn can be decomposed inique1y in two 

vectors yq • PpUq) .»id belonging to dual element* of ^^Tp) 

and !’p tree Theorem 

Hence if there 1» infinite convergent** oí th# sequence {x } 

to a point xÄ C ^P, then after a finite number of Iterations Q, 

we have (see Lemma (1.3.2)) 



113 

- X* for all q ¿ Q 

«q € Hp(x*) for all q > Q . 

Ue could say that tha stquenc« t**}q>Q int0 * notMl 

cone trap x*+Np(x*). Thia happen* If X 1* not Urge enough 

to «teer the sequence out of the trap. 

A nornal cone trap can be eecaped by increasing X above 

--2 xyyy, or by the use of the enti-jesnlng end budding 

procedures. 

Fact 2. Theoren (3.1.7) shows that for X €(1,2, the convergence 

rate Is geeentrlc 

lA**l < 2d(s°,F)eq 

4(«q.r) < 4(«Ä.F)aq 

where 6 - /l-X(2-X)u*Ä. 

Clearly • in nlnlnwn for X ■ 1» end 8 • 1 for X ■ 2* 

This indleetee that the guarentoed reduction In dlstenee 

et eech step is greeter if X • 1 end that for X * 2t we could 

heve * *<**,T)* 

feet 3. theoren (2.7.4) indleetee thet if the initlel peint n° 

were choeen et renden "cleee" to the eet F, the prohehility thet 

it liee in the nornel none ef e feoet el P in high. If n° 

were choeen at renden "tat" fren P (eeeuned to he hounded)» it 

would ho likely to lie in the nornel cone of e werten ef P. 

We could eep thet the cene trepe vonioh *00 we get cleee 

enough to P, hut thet if the Initlel point ie for enough fren 
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P, and if X i» clo»e to 1, the relaxation aethod nanagea to 

eteer the sequence Into them. The smooth enough property Is very 

pleasant, in 'he sense that it rules out the existence of any 

cone traps. 

Fact 4. The finltene»« of the convergence of the relaxation 

method was proved by contradiction In Theorem (3.3.1), This 

technique of proof has the drawback that even If It ahowa that 

finite convergence cannot not happen. It does not explain why it 

happens. The following considerations throw some light on this 

and in tact they sketch a constructive pfoof. 

To every point x* of the sequence, we associate the point 

yq • Pp(x*) and the least face P* of %^lf) which contains 

y*. (P'*} la a sequence of nodes on the facial graph representing 

the face lattice ^(P). As X is largo enough to ssesps any 

eons trap, this neans that at sons Iteration q, we have y*** 4 

yV If X4 Is close enough to P, then ly^-y*! < Ix^-xM 

• Adp(x*) Is snail. Given any y € }p, there exists a neigh¬ 

borhood in which there arc no vertices of lower order (son (2.2.11)) 

than y, and the vertices of equal order belong to f(y), the 

least face containing y. This neans that there is a tendency 

for din (f*) to Increase when there Is a transition to another 

node of the facial graph. 

on the other hand, if dlair**1) < din I*, this asnas that 

y**1 la "far" iron yq, which implies, aost of the tlaa, that 

dfx**1,?) 1« altably less than d(xq,P), 

Roughly »nid, normally when xq escapes a cons trap, either 
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dl*(Fq) liter«•«••• * or d(xq,P) dlMlnlshes Nlxably. 

Noticing that If dl«(Fq) • n-i, one olcp convergence la 

llkoly» if we are cloi»e enougli to P, thin explain» the finlte- 

ntaa of the convergence. 

A cooatroctlve proof can he obtained If all the adverba ñera 

quantified in Mthematica! fomul-ie. 

ConcluaIon. All of thla Indicates that a good strategy will 

start vlth a relaxation paraneter close to I. At thla point the 

budding procedure should be used« aa it has the effect of tncreaalng 

li* and hence of decreasing 0» 

Mien the sequence approaches P, the relaxation paraneter 

should be gradually Increased to or above ?. 

A.) Linear Progra—lng and Peeouposttlon 

let P • (x € »*1 Ax + b > 0, X > 0} be a non eopty poly¬ 

hedron. ubere A loan nxn natrlx and b C g*. 

The linear progranoing problan consists of finding the points 

of P «hero <c,x> la naxlnun. 

Classically. either of the following alternatives can occutt 

(1) c does not belong to the barrier cone of P and hence 

<c.x> la «Mounded m P. 

(11) c belongs to the relative interior of a unique ele»<nt 

■jCP) «f rr/(tÄ). Then the set of optlnal pointa is the face P 

of P 

r ■ (x c p| <c,x> (tax <c,s> «•(c|P)> 
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(A.3.1) Primal-Dual Method (Polyak [53]) 

In Rn* Rm » Rn+m, we define the two polyhedra 

P = {(x,k) £ Rn xRm| X G p} 

D = {(x,k) G Rnx Rm| k G 0} 

with D ^ {k G Rm| A'k + c £ 0, k ^ 0} 

Classically the dual programs 

Max {<c,x>| X G p} 

Min {<b,k>I k G D} 

have equal values, provided D and P are not empty. Further¬ 

more the solutions to the primal and dual programs are the solu- 
n|m 

tions of the following inequalities in R 

(i) (x,k) G p 

(Ü) (x,k) G D 

(iii) -<b,k> + <c,x> > 0 

The polyhedron of solutions is clearly not full dimensional, 

as (iii) can be written as an equality. 

(4.3.2) Direct Approach Penalty I'mctions 

Let P * {x G Rn| <ai,x>+bi > 0, Ha1!! ** 1, i G l} be a 

full dimensional polyhedron. 

The relaxation method can be used to find a point of P, 

say X*. 

Define ?1 * (x C p| <c,x> > <c,x*>+e}, where e > 0 is 

small enough so that dim P^ “ n (this is possible if x is 
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not optimal). The relaxation method can then be used to find a point 

of P, and so on. 
1 i** 
Clearly we should choose a so that <c,a > > 0, if it 

is possible. This can be clarified by the following theorem, which 

is similar to a theorem due to Zangwill [67]. 

Assume that Id - 1. let ^P) - ^ to u[Cp(F)l. •» 

defined in Theorem (2.7.2). 

THEOREM. The set of optimal solutions of the linear programming 

problem Max {<c,x>| x e p) and the set of optimal solutions of 

the unconstrained maximization problem Max {<c,x> - rdp(x)| x £ R ) 

are equal for all c € B - {u 6 Rn| |u| - 1} if and only if 

''ïk' 

Proof. Clearly <c,x>-rdp(x) is a concave function of x (we 

assume r > 0) which equals <c,x> only on P. 

(i) Let F be a face of P such that hlCp(F)] ■ y(P) 

and x* 6 r.i.lF]. By definition (2.6.3) 

PtCplF)] - U|CrCs*)l • ^ “S)r1> V**>(U) • 

Let h e Np(x*)nB be a point where the minimum is achieved. 

Choose c ■ h, then there is some e* > 0 such that for all 

e e (0,£*1 we have 

dp(x*+ec) * Uc (x*)(e°) * eh(P) • 

Clearly x* solves Max {<c,x>| x C p} and 

<c,x*+£c> - rdp(x*+cc) - <c,x*> + £ - rty(P) . 

I 
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1 * _ 
Hence if r < x + Ec “ P gives to the unconstrained 

maximization problem a value greater than or equal to the value 

of the linear program. 

(ii) Let x* be a solution of Max {<ctx>| x € P), that is 

c e Np(x*). 

Uc only need to show that 

<c,x +u> - rdp(x*+u) < <c,x*> 

for all u such that x*+ u 9 P. 

a) If u ¢- Cp(x*), then 

<c,x*+u> - rdp(x*+u) - <c,x*> 

< <c,u> - rt ,^(0) 

By Theorem (2.3.6) u has a unique orthogonal decomposition into 

elements z and v of Np(x*) and Cp(x*) with |s| j 0. 

Hence 

<c,u> - rdc < <c,v> + <c,z> - rp(P)|z| 

< |z|(l-ry(P)) < 0 

lf r>ÏW 
b) u € Cp(x*), but u $ Cp*(x*) where 

F* ■ {x G P| <c,x> * <c,x*>}, the set of optimal points. Then 

x* + nu ^ P/F* fo all n £ (0,n*j and some n* > 0. 

Clearly 

<c,x*+nu> - rdp(x*+nu) ■ <c,x*+riu> < <c,x*> 

for all n e (0,n*]. 
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For n > n*. the same equation follows from the concavity of 

<c,x> - rdp(x). 

c) u € C_*(x*). Let n* ■ Sup (n > 0| x*+nu c p} and 
r 

X** - x* + n*u. Then the points x*+nu for n ^ [0,n*] are 

optimal for the linear program. 

For the points correspondinp, to n > n*» we simply compare 

them to X**, using the proof of a). Q.F..D. 

This theorem shows that the linear programming problem can 
o j 

be solved by finding a solution of the Cebysev problem 

Max Min {<ec,x>, Min {<Gc+ai,x>+ b1}} 
xQtn ICI 

where 0 < c < y(P). Thia can be handled if we solve the linear 

inequalities 

e<c,x> w 

<€c+a^,x> + b^ > w 

where w is a parameter. 

Various strategies can be devised to choose w, but they 

should be screened by an extensive experimentation. 

(4.3.3) Urge Scale Programming Decomposition 

This is i as announced in [35] by Held and Karp, and in our 

introduction, what appears to be the most interesting field of 

application of the relaxation method. It could be applied to 

the traveling salesman problem ([34], [35]), the multicommodity 

flow problem ([63]), the transportation problem ([6b]), or in fact 

to any problem within the reach of the general decomposition 
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principle ([41)). 

We will treat briefly the transportation problem. A stan¬ 

dard formulation goes as follows: Given n origins with stocks 

a^ > 0 of a single commodity and m destinations with demands 

> 0, find a minimum cost shipping schedule which meets all 

the constraint«. 

ut ■ amount shipped from k to J 

- cost of shipping one unit from k to J 

The problem is 

subject to 

n 

Mln ï * k»l j-l KJ “J 

m 

^ yk1 " ak * k ■ 1,...,n 
J-l * 

n 

Jx ykJ " dJ * J ‘ 

^kj^0 

n m 
where we assume that I *1, a I ¿j 

k-1 * j-l J 

If m is much greater than n and too large to be handled 

by network methods, then the decomposition principle can be used. 

Let ^^kj^ k * L,...,n{ J — 1,...,m)| i € 1} be a list 

of the extreme points of 

n 

J/kj * dj • 3 ■ 1." 

ykj¿0 • 

Then the transportation problem is equivalent to the master 



program: 

Min J bV 
i€l 

•object to 

where 

i€i 
M1 - 1 

" 0 » k " 1.. 

M1 > 0 

« n m . 

b ■ î ï Wm k-1 J-l ^ 

T i ? i 

The dual program is 

Max w 

•ubject to w < b1+<a1,x> 

whara x 6 r ia the vector of dual variables and 

4 t 
a1 - (aj, k-1.n^CR" . 

This la a Cebyaev problem, l.e., 

Max Min {<ai,x>+b1} 
x^Rn i€l 

which can be aolved parametrically uaing the relaxation method, 

In (4.3.2). 

Wa find a point * 6 Pw " U € Rn| <ai,s> + b1 > w, i G i} 

for increasing valued of w. 
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iM 
Th« hyperplan« H that wc will uee will be choeen to naxl- 

mlze the residue end is generated by the following subproblen 

■ n 
Hin I I <bk.-JL )yM 

J-l k-1 0 * 

subject to I yk, - d4 . J "1.■ 
k-l 2 

ykj- 
> 0 

th where is the k component of x, the actual point in the 

relaxation sequence. 

The subproblem separates into m subproblems whose solutions 

are trivially: let k^ be m index which minimises (b^-x^) over 

k. Then 

,.0 if k^k. 

ykl 

This leads to 

dj if k ■ kj • 

.q m .q 
(a. - ^ y. .» k - 1>*••»«)' 

* j-i 

n m .q 

I I V« • t-i j-i J 1 

The simplex method falls to converge fast because the family 

of halfspaces defining the set P - {(w,x) € Rx Rn| w < «a1^^1, 

i € 1} is very large and hence the number of vertices la extremely 

large. The abundance of faces of P makes such a set easier 

to handle by techniques designed for smooth sets. A smooth enough 

set is loosely a set which behaves, as far as the relaxation 

method is concerned, as well as a smooth set. It is hoped that 
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for mm clon'jos of problcns, the saiooth enough property could be 

oetebliehed theoretically. Those problems vould be easy to solve 

using the relaxation method. 

It should also be cleer that from time to time we could have 

a vortex check. Assume that at step q we have reached a fea- 

•ibl. point X* ot »-£**. U «f* • Min {<»1,*,> + k1), thm 

(wq,xq) belongs to the boundary 3P of P, which is a convex 

hypersurface in I1*1» w(x) ■ Min {<al,x> + bi}. Using an ascent 
i€l 

algorithm on 3P (see Cheney Ill], pp. 51-34), we can arrive in 

at most n stops to a vertex x* of P. 

After checking for optimality at x', a new target value 

w*’ > w(x') is choaen and the relaxation method will be applied to 

V 

4.4 Conclusions 

Ths relsxation method as described in this work can be used 

to solve any problem which can be put in the form of a system of 

inequalities. The range of applications is thus vast, from the 

solution of systems of equations to tha general mathematical 

programing problem. 

The main result of this work is that the flnlteness of the 

convergence is not only a theoretical curiosity, but also a com¬ 

putationally useful fact. The range of values of the relaxation 

paranater which guarantees finite convergence is far wider than 

was previously known. 
s 

The field of application where the relaxation method la most 
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proal ■Inc. 1» in our opinion the elate of probleat aaenable to a 

treatment by the general decompoaition principle. One aaln reaeon 

for tbit hope 1» that no method hat conquered in a definitive 

manner thit elate of problème. 

The claim that ve made in the introduction ie more than Juat 

a quip, but the queetion, hoe much more, it etill open, and can 

be answered only through experimentation. 

To elmplex, to relaxt Thia theela* queetion 
Whether 'tie faeter on f to Iterate 
On the narrowing edge elung between verticee 
Or to take the normal againet a eea of planee 
And by oppoeing it, to leap to end today. 
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APPENDIX 1 

ln tttt development of thl« work* two txamplca played o key 

rolo, providing uo not only with an Invaluable intuitive back¬ 

ground, but aleo with counterexanplea to eooe teaptlng conjecture*. 

(A.l.l) kelaxatlon With Reapect to a Polvtooe P ln K 

(A.l.1.1) P la Pull Dlncnalonal 

Clearly, it la enough to etudy 

P • (x C g| iri>l > 0, -*♦! > 0) • 1-1,411 . 

» * 
If X > 1 la the initial point, then a1 • -1, and 

.1 • **«-»♦ X. 

If X < -1 ia the initial paint, than a* • 1, and 

.1 • «•(M) -X. 

Ma «ill aaauna that x* > 1, 

Caeo 1. A C (0,1) 

If A • 1 there la canvarganaa In ana a tap to x* ■ 1. 

If A < I, than 

• x*-l - (x#-l)(l-A)^ 

«I there la Infinita eanvarganca to x* ■ 1, 

Caaa 1. A - S 

dix^.P) • Max (0,d(xV)-M) • 

Manca, there ia finita convergence after the eooplatleu af 

P^V^I |x| la tha anallaat intagar greater 

than or «goal to x. 
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Case 3. X G (1,2) 

We have similarly 

d(xq+1,P) = Max {0,(X-l)d(xq,P) - 2} 

and hence 

d(xq,P) “ Max {0, (X-l)qd(x°,P) + (X-l)q-l]} 

from which it follows that there is finite convergence after 

log^U + -~^d(x°,P) ] 

log 
e X-l 

iterations. 

Case 4. X > 2 

(i) If d(x°,P) < Yj, then there is finite convergence 

and the number of iterations is given by 

loggll-™<l(x0,P)] 1 

logg(X-l) 

(ii) If d(x°,P) ' » then d(xq*p^ " d(x *p) for a11 * 
X 

X-2 and the sequence oscillates with x^q * x° * r^r and x^q ^ * -x 

X 
- - X^2- 

(iii) If d(x°,P) > then the sequence diverges and is 

unbounded 

d(xq,P) « (X-l)q[d(x0,P)-^] + * 

Remark. The results of this paragraph are valid for the relaxation 

method applied to 

(i) A sphere in Rn 

(ii) Any convex body, which has two parallel supporting 
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hyperplan« ^ and Ej auch that some point of Ej " K 

point E2 H K lie on a common normal to and E2. 

and some 

(A.l.1.2) P is Empty 

Ut P- ixGHl x-1 > 0, -x-l>0). 

If x° > 0, then x1 - x°(l-X)- X. 

If x° < 0, then x1 - x°(l-X)+ X. 

We have Pw* - (0} and we assume that x° > 0. 

Case 1» X * 2 

d(xq,P *) - |xq| - x°+2q and the sequence is unbounded. 

Case 2. X > 2 

W« have similarly 

4(,1+1 ,fw,) - 1 - itKx’.V’ ^ + 

and hence 

d(x\pv.)-i - Ufx-.p.,)-n<x-i)q + 

|,1| . dfx’.P,,.) - (X-l)'1U(*0.pu«,+ Pfl -¡¡èã 

The eequence is unbounded. 

Case 3. X G (0,2) 

Define x*(X) - «>«" have 

|xq| - X*(X) ■ (X-l)ql|x°|- x*(X)] 

^ hence the sequence he. two limit points! x*(X) and -x*(X) 

(4.1.2) .-'...«on With Eesr^ » » a°‘e<1 C°"Y,X C°ne tn2 — 

Ut C (•) t a e t0.|) be . closed convex cone ln R 
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(clearly it is spherical). 

If a > then ca(e) smooth enough and convergence 

takes at most two steps. 

We assume then that a £ 

(A.1.2.1) Example of Infinite Convergence [51] (See Figure 3) 

Let e ■ (-1,0), then define 

C (e) » {(x,y) € Rn| <(-sin a,-cos a),(x,y)> ^ 0 
ot 

<(-sin a,cos a),(x,y)> >1 

We choose the initial point to be 

u0 * (cos(ct+Y) |Sin(or+7)) 

where 0 £ y < 2a so that u° € [(^(e)]**. 

Let the relaxation parameter be 

X » i + _ 
X 1 + tg(y+2a) ‘ 

It follows, after some reductions, that 

. cos(2a-hfj-sin(a-hf)) 
cos y 

cos y 

It is then clear that 

{uq} C [c (e)]P - C (-e) for all q 
— • a Ti 

T-a 

Furthermore 

d(u’.Ca(.)) - lu’« - [^Ä]’ - 

The convergence is clearly infinite. For a given cone CQ(e), 
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; 
[ 

Figure 3 

i 
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the largest X for which this example gives infinite convergence is 

X‘* ""ï |l+ tí (^20)1 • 
>€[0,j-2a] 

The maximum is attained for y* ■ and X* ■ ^ + B¿'n 2a " 

2 
---- , where v * sin a. 
1 + 2v/l-'v7 

(A.1.2.2) Study of the Finite Convergence 
q 

As in (3.3) let Dq « cos aq » <U Here the recurrence 
lluql 

relation on Dq is exact 

cos aq - cos aq+^ ■ cos 0^(1-3^] + Xyq3qv 

where yq - 8in(ot+aq). It follows that finite convergence occurs 

if and only if 

Min {cos otq(l-3q) + Xyq3qv} > 0 

ctelO.f-ci] 

Ue will study the roots of 

3q[cos aq - Xyqv] = cos aq . (*) 

. . d ^ (i) There is one obvious root: a ■ y-a 

(ii) Clearly, if cos aq £ Xyqv, the equation (*) has no 

other roots. 

(iii) If cos aq > Xyqv, then the roots of the equation (*) 

are the roots of 

(3q)2[cos aq - Xyqv]2 ■ cos2aq 

Letting 
2 q z ■ cos a , 6 

2 
v and using the fact that 
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</» ■ ^-o solves this equation, we get 

<z--|)2 - I - 6(1-6) - J 
2 A (2-X)¿ 

(**) 

Hence, depending on whether 

no 
the equation (**) has one 

two 

Hence (**) has no real solutions if and only if A > j + g^n 

This will Imply finite convergence as 

(i) For <xq - 0 

cos aq(l-3q) + Ayqßqv ■ 1 - ßq(l- A sinket) , 

which is positive for any A > 0. 

(ii) The root aq ■ j-a can be dismissed, as the recurrence 

equation on aq is valid only if uq+^ € [(^(e)]^, but if 

ctq ■ j-oi, then oq+l ■ a and uq+^ ^ lCa(e)]^. 

We conclude that A > l4.g|n' 2a finit# convergence 

for any initial point. 

X2 
6(1-6)—r 

(2-A)/ 

solutions in real numbers. 

(A.1.2.3) Study of the Overprojection (Figure 4) 

We use the same example, but we choose 

u° ■ (-cos(a+6),sin(a+6))c 

as the initial point, where 0 £ 6 < y-2o. If we choose 

x.wuiäp 



I 
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It follows that 

^-^)2(-008(0+6) ,sin(af6)) 

The sequence diverges. The minimum such X will be given as in 

(A.1.2.1) if 

2 
6* ■ 7- a and hence X* - 1 - sin 2a 

This example shows that the smooth enough assumption is required 

for Theorem (3.3.6) to hold, as e > 0 can be chosen arbitrarily 

small. 

Remark. The results of (A.1.2) can be applied to a spherical 

cone in Rn, or to the direct sum of a subspace L and a spherical 

cone in lA. 
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Example of a Convex Set for Which the Vertex Set is Dense 
in its Boundary 

Let b® a summable sequence of real positive 

numbers, 1.e., 

T a < », a > 0 for all n € z . 
ft n n n*0 

Let R be the set of rationals of [0,1], Every r £ R has 
â a 

a unique representation as an irreducible fraction. R can be 
a 

totally ordered by the lexicographic ordering of the irreducible 

fractions, according to their denominators first, and then their 

numerators. 

Let h(r) be the height of r in this ordering. It is a 

one-to-one function onto Z. 

Now, define F: [0,1] -*• R+ 

by F(x) - I (x-r)a. . » 
r€[0,x] 

We can interpret as the increase in slope at r. 

Clearly 

(1) F is convex and continuous. 

(il) F is differentiable at every irrational point of [0,1] 

and 

dF n p 

“ ' r€[ê.x] ‘h<r) ‘ r€tU‘h(r) • 

(lii) F is not differentiable at any rational point and 

.,+ 
dF 
dx 

x-r* ' i€[0Ir*]*h(r) 
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dF 
dx 

x«r’ ^[0,r*)‘h(r> x«r* *h(r*) 

Nov let 

K - {(x,y) e R2| f(Xi) < x2 < 2F(1) - F(Xl) for e [0,1J 

or F^) < x2 < 2F(1) -Fi^) for xx e [-1,0]} . 

It is a compact convex body and every boundary point with rational 
• / 

first coordinate is a vertex. 
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