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I. INTRODUCTION SIEEINE S VA

In surveying the iiterature on the errors~in-the-variables (EV)
model, we are struck by the omission of twc important aspects of the
model. It is a well known fact that measurement error in one
explanatory variable yields an asymptotically downward bilased OLS
estimator of the coefficient. It is equally well known that
measurement error in the dependent variable leads to a reduction in
the power of the usual t-statistic in testing the null hypothesis of
no relationship between the variables, even though the point esti-
mates yielded are unbiased. However, the effects on the power of
the t-test when the explanatory variables in an OLS regression

contain measurement errors are not generally known. Moreover, the

case in which there is meagurement error in more than one explanatory

variable has not been adequately treated.

In this paper we are concerned with the effects of measurement
errors iun une or more explanatory variables upor: the asymptotic bias
of the coefficients and the s-tests. We first look at a simple
regression model with one explanatory viriable. We do this because
the reader will find it somewhat easier to follow the logic in the
case of a single explanatory variable. Next‘we consider a mod2l with
two explanatory variables. Finally, we are able to expand to the
n-variable model by way, of partitioning.
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In summary, we find that if one variable 1s subject to measure-
ment error, its coefficient and t-statistic are asymptotically .
biased toward zero, even though the sign of the asymptotic bias of
its standard error cannot be determined. If more than one explana-
tory variable is subject to measurement error, the sign of the bias

in all coefficients and t-statistics cannot be determined a griori;

I1. THE SIMPLE MODEL

Consider the following simple regression model:
(2.1) vy = 8 X5 + € »

where y; = vector of observations on the dependent variable,

X, = vector of observations on the explanatory ‘variable,
€ = vector of disturbance terms, and

oo 2

€ NID (O, 9. ) .

However, suppose that the %, 's are subject to measurement error such

i
that the measured independent variable ;i is generated by

(2.2) Xg =%, + u, ‘ .

by,

where u, - NID (o, guz) and E(x; uj) = 0 for all i, j.

Tnerefore, the following model is estimated:

luy assuming that measurement errors are distributed normally,
we can show that althougii the power of the t test is reduced, the
t test is still an appropriate test. If the ui's are not distributed
normally, then we cannot even say that the t test is appropriate. |
However, the remainder of our results (i.e., except for the appli-
cability of the t test) still hold %f ve simply assume that E(ui) = () ‘
}

and Lu, uj) =0 for i 4 j and = o, for 1 = j.




(2.3) vy " b Xy + vy
where vy =&~ b u; -

It is a well known result that the least squares estimator b is
an asymptotically biased (toward zero) estimator of B. This is

shown below:

~ I(x+u) (Bx+e)

):(x+u)2
_8z xz +Ixet+BIixu+Zuc
L x2 +2ILxu+l u2
Then, if
1 1 1 2/
plim Cf Ixe)=plim (T I ue)=plim (f Ixu) =0
T4 T Troo
. pim Gz
plim (b) =
1 2 .1 2
plim (sz +TZU)
g8 oxz
) 2
ox + ou
(2.4) -8 ()
: 1+

viiere plim (% z x2) = ox2 and plim (% z u2) = 0“2 =) oxz; A > 0.

Therefore, the estimator b is asymptotically biased toward zero. 1In
fact, as A »» , 1/(1 +2) 0 and b + 0.

1For notational simplicity, the "i" subscripts are hereafter deleted.
2Again, for notational simplicity, "plim" will be written "plim."
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Next, consider the estimator of residual variance in the EV model
(2.2)-(2.3):

~2 1 =2
(2.5) o =FIly-bx

-%zyz-%zﬂz (x+u)(Bx+e)+-,:]—l',-];2 E(x+u)2.

Then, through manipulation of (2.5) the probability limit of avz may

be given

~ 2 2 2 ‘1 2
plim o, =oy -8B (m) %%

Since ccz - oyz - 82 oxz, the estimator (;VZ is an asymptotically biased

(upwards) estimator of 052' The asymptotic bias is given

2

~ 2 A 2 2
plim (0," - 0. %) = (73 3) 8" o

Third, consider the EV model estimator of the variance of the l;

coefficient. The EV model estimator is given by
- 2
-2 %
‘% Oz 2

and its probability limit by

~ 2 plim c;vz
(2.6) plim O *T— 3
: plim o_
X
2 A 2 2
°e + (1 + A) 8 Ix
- 2 3
(1 +1) O
o 2
while o 2 -t
3 2
%%

Since both the numerator and denominator in (2.6) are biased upward,

the direction of bias in o, cannot, in general, be determined, for:

b




c2 2y A 8 €
(2.7) plim (ob UB) i7Fr (__)‘*_1___.2_)
%%
2
2 %
>0 1f B8 >(>\+1)——2—
G
x
2
2 %
<0 1f B° < ()\+l)-——2
o
x

2

Thus, without prior knowledge on the relation between 82 and oezlox s

the sign of the asymptotic bias of 3b2 cannot be determined.

Therefore, one might conclude that since the "t" ratio is the
ratio of the estimated coefficient to its standard error, the direction
of bias for the t ratio cannot be determined a priori in the EV model.

However, as shown below, this is not the case. For, the EV model the t

ratio is given by:

. b b
(2.83a) t, = ~— =
b o, (ov7o~£)
or ~
" b 0;
(2.8b) tb -
v
. s Epamti
nd plim (t,) = x
and p b (2+Bz(__x_)°2)1/2
% T+ %
g(1 + 1)"1/2 o B
{(2.9) = < =t
(1 + 1)1/2 UC gg B
o 2
vhere y = Bz(_f—i_x\ 3-’-‘-2-
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That is, the estimator Eb is asymptotically biased downward, for the
numerator on the left hand side (l1.h.s.) of (2.9) is biased downward,
while the denominator on the l.h.s. of (2.9) is biased upward. Note
that since u i normally distributed (see the footnote on p. 2),
the t test is stilé an gpprgptiate test of HO:B = 0, because under

Ho b is NID (O, g, + b 9, ) and sz is chi~square with n-2 degrees

of freedom.

III. THE TWO EXPLANATORY VARIABLE MODEL

Consider the following two explanatory variable regression model:

(3.1 Yy = By Xyt By xgyt ey

where X4 and xyy are the two vectors of observation on the two
explanatory variables. lowever, suppose that X4 is subject to
measurement error, such that the measured explanatory variable iii is
generated by

(3.2) Ry, = X +u, ,

- 2
where uy NID (O, 9, ) and E(xij Uy
the following model is estimated:

(3.3) ¥y = by Xt bz %oy + vy

where vi s Ei - b1 ui.

Like the single variable case, it is a well known result that,
if Xy ard x, are orthogonal to one another, the estimasor ﬁl is an
asymptotically bilased estimator (toward zero) of 8y and the estimator
b2 is a consistent estimator of 32. However, results when Xy and Xy

are not orthogonal are not so well known.

) = 0 for all i, j, k. Therefore,



To consider the two variable model, we suppose that the following
probability limits exist and are defined as:

™~
%
[
Q

plim

plim

L]

Wt

plim

™
o
[ ]
Q

+ Uuu = (1+)\) 011

plim

™
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™~
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plim
(3.4)
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plim
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Then, the estimator b = (‘;1

)is defined:
2
=@ D ry

-1

c@ODIT B+ @D €

where X = (xu, xu) and X = (xli' x21) .
The probability limit of 6 1s given

plim b = plim [ (X' i)-l XXB8)+plim [X* f)—l X' ¢)
=plm [T DL (X %) 8]

~1
-Eix.zxx.s




[ e, o _(°11 %12
where Zx X ( 11 12) and ZXX ( .
922

%12 %12 922
Therefore,
-1
. (1+12) o g o c 8
olin B = 12 11 %12 1
%2 ) 92 %2 By
931 %22 ~ %12 - 0 6,
(42) 017 995 = 9y,
%11 912 , . ’,
(A4) 0y a9y = 9y,
o B
(3.5) = 1
82 + v 81 s
where o o -0 2
G=11%27 %1 S, 0cac<1,
(142 0,9 955 = 995
and A 933 %12
Y= 7
(142) 0,7 955 = 9py

Therefore, the estimator Sl is an asymptotically biased estimator
(toward zero) of By- However, although b2 is an asymptotically biased
estimator of Bys the sign of the bias cannot be determined a priori:

b2 is blased upward if By and 919 have the same sign and downward if

81 and 0y are opposite in sign. Note that if Xy and x, are orthogonal
(1.e., 0y, = 0) ﬁl is still biased toward zero but 52 is an unbiased
estimator of B, since y = 0.




Next, consider the estimator of residual variance, avz. in the
two variable EV model:

évz- (y-Xb)' (y-Xb)
=y'y-2 B'X' XB+¢e)+ B'X"'Xb .
The probability limit, as T + =, of avz is given by:
~ 2
- - * ! & *
(3.6) plim 9, oyy 2 b Zxx B+Db (z§i> b*,

where b* = plim b. Equation (3.6) may be rewritten

~ 2
plim o, = ayy ~ 2(a 81, 82 + v Bl)

S12 922/ \ B2
(1) o o o B
+ (a B,y B, + Y B) 1 12 1
1t "2 1s g B+ y B
12 22/\P27 V"

2 2 2
= oyy + [(1+)) o - 2a] Bl a1 - 2 Bl 82 919 + 2y(a-1) Bl 949

2 2 2
YT By Gyp By Oy

= 0*2
v

2 2 2
Since GE 2‘ cyy - 81 9 = 2 Bl Bz 912 = 82 Gggs the asymptotic
bias of o, is given by:

~ 2 2 2 2 2 2 2 2
plim (av -0, Y = [(@a~1)" + A a”) Bl %9, + 2y(o~-1) Bl Opp Y 8. ¢

1 22
>0 Y

lThis may be proved by substituting in for vy and o.

B e Y miatan et




=10~

-~

That is, ovz is an asymptotically biased (upward) estimator of 052.

The estimator of the variance of the coefficients in the two
variable EV model is given by the diagonal elements of the matrix
-2

[o]

=2 zogy-l
b = %% x' X .

The probability limit of sz may be written

0.,/ D
(3.7) plim abz =g [ 22 _
‘ (1+)\) UlllD »
while 0,,/D
IETEY B
8 € °11/D s

where D = det (Zxx) and D = det (Zii) .

Just as with the one variable EV model, the sign of the asymptotic
bias of the estimator of the variance of the coefficients in the two
variable EV model camnnot be determined a priori, for Soth the numera-
tor and the denominator for each of the elements in (3.7) is biased

upward.

However, in spite of the fact that the sign of the bias of the
standard errors of the coefficients cannot be determined, we are able
to determine the bias in one of the t-statistics. Whereas the true

t-statistics are given

and 82 JT
82 = o——- = ——-'_o . 01 s where Ci = 011
£

1/2

o B et i Bl - it
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and >
gg‘,’Z_
b, o, °
2 b2
Then,

Since o -é%, plim (ib ) may be rewritten
D

1
f:§; D 8
D 1/ 1
(3.8) lim (8, ) =2 W
' P by o_* a*a
v v 2
Therefore,
(3.9) |plim (:bl)! <1t |
since] /D |] <1 and o *> o_.
— - v = ¢
D

That is, the t-statistics for bl in the two variable EV model {is
asymptotically blased toward zero.
On the other hand,
. 82 + v Bl
(3.10) plim (t:b ) = I
2

r————'—_'.—‘
o, * (142) cu/D

which suggests that the sign of the bias of Ebz is not known a priori,
for 62 may be biased upward (if By and 012 are the same in sign) or
biased downward (if 8, and oy are opposite in sign).

Thus, (3.9) and (3.10) indicate that although the bias in the
t-test of the coefficient of the variable which does not contain

measurement error is not known, the t-test of the coefficient of the
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variable which does contain measurement error is biased toward zero.
Again, as in the one variable EV model, the t-test is an appropriate
test of the null hypothesis: Ho: 81 = 0 because under Ho, 61 is :
NID(O, °b12) and avz is chi-square with n-3 degrees of freedom. ;

IV. THE n-VARIABLE EV MODEL

Consider the following multiple regression model

2 =
.1 Vi T By Xpq By Xpy F e F By Xpg Yy

where the xji's are the explanatory variables. However, suppose that

Xy4 is subject 0 measurement error, such that the measured explana-

tory variable iii is generated by

(4.2) X,, = x,, + u;

11 11

- 2
where uy NID (O, a9, ) .and E(xij uk) 0 for all i, 3, k.
Therefore, the following model is estimated

+ v, ,

(46.3) yg = by X, +byx, + b a t Yy

14 2 %9 + .00 + bn X

3 %31

where vy = € ~ b

1Y%

Again, as in the one variable model, it is a well known result that
51 is an asymptotically biased estimator of 31 and that Bi’ i=2,n,
are unbiased estimators of Bi’ i =2, n, if X is orthogonal to

every other x;. However, to our knowledge, results have not been
established in the use in which Xy is not orthogonal to the remaining

variables.

This n-variable model may be analyzed by partitioning the X

matrix into two parts: ;1 and every other x. Thus, X = (;1, X2)

X2 is a t z(n-1) matrix of ¢ observations on the remaining n-1 variables.
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Now treating X2 as x, in the two-variable model, we can obtain

the same results in the n-variable model as in the two variable model:
namely, (1) b is blased toward zero, (2) the sign of the blases in
b2"" b is indeterminant, (3) the t-ratio for b1 is biased toward
zero, and (4) the direction of the biases in the t-ratios for bz,... Bn
is indeterminant.

Notice, however, that the n-variable model considered here is
not the most general case, for we have considered only one variable
with measurement error. In fact, the results derived here will not
in general hold when more than one of the variables contain measure-
ment error. This can be shown by returning to the two variable
model. Consider the two variable model in which both explanatory

variables contain measurement error:

(4.4) Xyq " Xy + uy,
Xp1 = Xpq T Uy
where u:,1 ~ NID (O, Aj ojj).
Then,
plim (b) = ) =
1 %/ \B ay By + vy By

(14,) 051 055 = 9y
where oy = 7
(1+A1)(1+12) 911 S22 ~ S19

2
(1421) 04y 955 = 9y
02 - 2 ]
I B R T
'Yl 3

(1+il)(1+x2) 91 %2 = %12
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. _ 22 %) %12
= Y2 (1+A,)(1#r,) 0., 0,, - O 2
LA Y VIS VRS P!

Therefore, unlike the case of measurement error in only one explana-
tory variable, the direction of bias in the coefficients can no longer
be determined a priori. As a result, the previous conclusions
regarding the t-statistic are also no longer valid.




