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INTRODurrrTDM 

This progress report consists of two volumes:   the first focuses 
on the theoretical foundations of outwork In detecting and exploiting 
parallelisn.; the second amounts to a preliminary user's manual for the 
ILLIAOIV FORTRAN system.   Volume 1 also contains a description of the 
prototype   of the eventual Parallelism-Analyzer. 

*  . ■ 9   ' 
During this period, we have completed the following accomplishments: 

• Refinement and extension of algorithms for detection and 
exploitation of parallelism. 

• Specification of the syntax and semantics of IVTRAN   the 
extension of FORTRAN-IV designed for ILLIAC-IV. 

• Functional specification of a powerful linking loader. 

• Development of a prototype   parallel analyzer. 

• Near completion of the parser portion of the compiler. 

• Investigation of certain algorithms required to support 
optimization. 

• Investigation of algorithms for efficient allocation of arrays 
within P.E. memory (the "knap-sack" problem). 

• Rationalization of the ILLIAC-IV Instruction set as required 
for code-selection. 

This report concentrates on the extended FORTRAN (IVTRAN) and 
algorithms for deriving it from conventional FORTOAN.   The next semi-annual 
report will focus on optimization, data allocation, and code selection 
algorithms. 
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me.^ TT ' COn'alnS ^ ChaPterS-   «■^■««^sses several 
methods for .he solution of Upleoe's equation on a parallel conJter bv 

T:z:zthods-chapter"presen,s --"- -ejir-rr 
daptTetr0" T6"0" Wh"e ^^ '" ™*1** the- -.hods to 

•dap  then, to synohronous processor..   Chapter n/ then oons.ders related 
practical considerations.   Chapter V describes a „r , , 
analyzer. cescrlbes a prototype   parallel 

Volume 11 contains three chaofprc     TK« *,   . . 
n-^C-lV FCRraAN entitled -C^T«^ r^r^T.- 
Chapter 1, Is a prellmlnary version of a langua9e raanual for^T ^ 
such. It is essentially compute „1th the exception of IdentlfllTa'       H, 

tema .   Ü .tr""'"' the ,an9Uage and itS 1",k ed"or- « »«ve surveyed sys- 

OWRIN s    r 6000/7000-   SUCCeSS,Ul '"""-^"on of a useab.e 
FORTRAN s^em on 1LLÄC-1V msana that run-Ume operations such as foma. 
conversion, oompuutlon of standard n.athen.atlcal Z^tTZ™ 
hand. n9 m„st be supported.   We have therefom Identified the needTcT 

exlsri 7 T*" re<,Ulred ^ ' FO,,TRAN SySte■" - ""— f 
OR Z    olT ^ ,Vhi0h "'" ^ SUUable t0 *• "«• °' '"«O" FORIRAN    Obviously, we re<!ulre comple.e specification of those feature. 

in orter to oonpleta the code selector and the linkage editor 
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CHAPTER I 

THE SOLUTION OF LAPLACE'S EQUATION ON A 

PARALLEL COMPUTER BY RELAXATION METHODS 

, 
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THE SOLUTTOM DP TAPTAr;E.S EQnATTnM OM A 

PARALLEL COMPUTER RY RELAXATION MPTtrnn.Q 

Re'axatlon 

The computer solution of Laplace's equation* on a two-dimensional 
rectangular domain with prescribed boundary values Involves finding a solution 
of the following system of linear equations: 

(1) A(I, J) = .25 * [A(I- 1, j) +A(I + 1, j) +A(I, J- D +A(I, J + l)]. 

for   1 <   i<   M , 1 <  J <  N . with prescribed "boundary" values for 

A(0, J) . A(M + 1. J) , Ad.   0) , Ad, N + 1) . 

Let D denote the set   { (I. j) : 1 <   j <   M, ! £ j £  N ,   of ..^^ 

points".   The ordinary relaxntlon mPthnd solves this system of equations by 
the foi'owing process: 

1. Choose any initial values for A(I, J)   [(I, J) e D ] 

2. Execute Equation (1) as a FORTRAN statement for each 
tt» J) e D, in some fixed order.** 

3. Repeat Step 2 unOl convergence is obtained - i.e.. until 

successively computed values of Ad, J) are sufficiently close 
for all (I, J) e D. 

We will call Step 2 a single relaxation stap. 

The usual algorithms for the relaxation step for a sequential computer 
is to enclose statement (1) in the following DO loop: 

For convenience, we only consider Laplace's equation.   The generalization 
to Poisson's equation is trivial. 

"Actually, in the chaotic methods discussed later, the order randomly changes. 
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(2) DO   1= 1, M 

DO   J= 1, N   . 

This gives the Gauss-SelriPi method. 

The obvious ways of programming the relaxation step for an arrav 
puter like the ILLUC-IV are-   fe)   thm r.    ^       u . y COm" *.* u iv are.   (a)   the Jacob! method, which uses a 

DO FOR ALL (I, J)/D 

loop, and   (b) the row method using a 

DO   1= 1, M 

DOFORALL   J/[lf 2... N] 

to the expected „umber of reL.f   T       COnVer'enCe ls lnveree'V proportional 

the solutio„. A smrn:ror: trretrrrraccuracy of 

well with these values. '     d they a9ree qulte 

«ep - which Jlrd f    ' y COmPUtea dUrln!'the ,,re"nt ^-tlon iep    which are used In computlni A(I, J).   i^y are:*' 

aey are obtained Iron, the apectra. radlua of the Iteration ma^lx » .he 

**We are neglecting the points adjacent to the boundary. 
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Jacobl 

row 

Gauss-Seidel 

- none 

- one    f A(I - i, j) ] 

- two    [A(I- l, j),   A(I# j-i)]   . 

The more new values used   fh» (*=*„* » -._*u j 
<!..H.I      .u~. teramethodconv8r9«-   Thus, the CSav«- 
Seldel method converges in fewer relexeUon steps then the pereHel methods 
Howe^r, «.e tester peteUe. oompute«on o, eeoh step raore then oompenst's 

Z^' . ■        Ia00bl ^^ iS faSter than the r°" -*od, which is tester 
then the Geuss-Seide. method (essumin, e ie^e enou,h „umber of pr^ssL ' 

I 

' 
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; 

Jacobl 

Method 

1 
I 

Row 

Method 

1 
Gauss-Seldel 
Method 

1                          V 

1 

Ordinary 
Relaxation 

i/3 

TABLE   1 

Approximate Relative Theoretical 
Rates of Convergence 

(Compared to Jacob! Method) 

Over-Relaxation 

1.8 MN 

M^ + NZ 

-6- 

- - 



I 

i 

I 

I. 

( 

( 

I 

i 

I 

I. 

L 
I 
I 
L 
[ 
I 
I 

Over-Rel»yatlnn 

In over-relaxation methods, statement (I) Is generalised to 

(3)        A(I. 1) - • • .«f A(l - 1, p + Att ♦ !, D ♦ Ad. I - 1) ♦.   I, I + 1)] 

+ (1 - "J) « A(I, J) , 

where  . ., , taed parameter. .».-!, (3) reduces to (1).)   Ihls yields „o 

ipZrr.1 T 
,acobi me,hc<i-bu, can speed up *• '**'- -^ ^ 

*an 4/3?^       " dePendS ^ M ^ "•   ^ M, N » .. it is s.iahüy less 
*an V3 for the row method and slightly less than 2 for the Gauss-Selde. method. 
The oonvergence rates given In Table 1 were obtained using this optima, choice 
of . for each method.   For the row and Gauss-Seldel methods, the faster con- 
vergence more than compensates for the extra computations m (3). 

th. enormous speed-up of the Gauss-Seldel method predicted by Able I 

as mr f" T0"06'   ^ the0re,IOal ^^^ "'" - "»*-*' "■""» 
L ore«. ^ ^ ^ in"nit,•   "^ h0W -* * computations re<Iulrlng 
very gre,« accuracy, and thus a very large number of relaxation steps.   The 
theoretical convergence rate for the Gauss-Selde! over-relaxation method Is 
probably valid only when the number of steps needed In the o«ilnary method Is 
» MN.   In practice, this Is never the case. 

In practice, the following "statements" appear In the relaxation loop: 

4 - •i!s*fA«-i.i)*Aa + i,n+A(,, ,.,)+A(,jJ + 1)].A(I JJ 

A(I, J)   -   «u * a + A(I, J)   , 

anda  is then used in the convergence test.   He«,  |  I. an «ay variable 
(with subscripting) for the parallel methods, and Is usually a scalar for the 
Gauss-Seldel h.othod. » ™ 
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i 
Hyperolane MethnH« 

both JT"10"8 deVe'OPed ln f2) ShOW ** «- «•«-Seide! .oop (2, ta 

Ml DO  K= 2. M + N 

noooMcpoRAtio, ».f k.rt.n. X^.K, ( 

which ^Ids the hyperptane .etho...   The -CONC- indicate, that the DO FOR ALL 
«„ be executed by Independent asynchronous processors.   The DO KTALL 

^  '  ((x, y)€D:x+y»K) 

Is shown In FUure 1 for various values of K. 

The hyp^rplane method naturally has the same rate of convetyence as 

ZT', meth0d-   COn,Parln9 r"e' 0f CO'>^»« •«" "^Tf     mpu- 

tten the hyperp„ne method for ordinary Taxation.   Tor over-relaxation   tte 
hyperplane method Is superior. «""«ion, the 

„   „    ",e
i
hy'>erplane me,hod c" "e Pipelined as follows.  WhUe a DO FOR ALL 

' III*     beln' ^^ ,Cr ' Certa"■ "'«'"o" -P- *e 00 FOR^ 
», as KC ,    rC,"ed " ,he 5ame *" '" *• — reta»"°" ««P. •» 
on9 as K < K - 1.   Forsettlng about start-up and shut-down dlfacultle.   w. can 

(5) DO  K - 0, u - 1 

DO CONCFORALLd. n c ( (x. y) . D:x + y .Kmodu ) 

for any u > 1. 

-8- 
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I ^ ^ i o^et r^rzr e.oM,he pipeiined hypen>iane 
op«™, va.ue of . fa over-reU».^ '        0re0Var' " haS the ""• 

I 
t 
I 
I 
I. 
I 

I 

veryence rates, if it exists at an   i u 
d"ference 1„ actual con- 

u»..«.. - c.« rLs^:r^-irr" - 
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Figure 1 - The Sets D. 
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The Z-Strlpe Method 

Setting u = M in (5) gives the Z-strloe mgthnrt.    (We assume N >   M.) 
Figure 2 shows the DO FOR ALL set: 

Z
K = f (x, y) e D :   x + y » K mod M ) 

forK = 4. 

The Z-stripe method requires the same number of sequential computations 
per relaxation step as the row method, but convenes faster - by a factor of 1 5 
for ordinary relaxation, and by a much greater factor for ow-relaxation.   More- 
over, observe from Figure 2 that the sets ZK always contain exactly one element 
from each row.   The Z-stripe method is therefore well suited to the ILLIAC.   The 
extra overhead in address calculation of the Z-stripe method compared to the row 
method is small.   The only disadvantage of the Z-stripe method is that if 
N ^ 0 mod 64, then there is wasted memory space in storing the array A.   This 
space can often be used for storing other variables.   Unless there is a critical 
shortage of memory space, the Z-stripe method should be used for the ILLIAC. 

The Z-stripe method is probably the best method for the ILLIAC when 
NM » 64, since 

(I) M processors are used, and 
■ 

(II) Each computation of A(I, J) uses two new values.* 

Obviously, (ii) cannot be improved upon.   As for (1), any attempt to use more 
than  M  processors probably requires either a wasteful storage allocation scheme 
or an inefficient routing process.   The most likely candidate for improving upon 
the Z-stripe method is the pipeUned hyperplane method with u = M/2 when 
M <  32.   The storage allocation problem for this method has not been studied. 

Except for the first  M  computed values, and the points adjacent to the 
boundary. 

-11- 
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The CherlfPrhpard Mpthrv* 

(as In Figures 1 and 2) ami ar.     ,     .   . '^ ln * "««aular aaay 
P.t.em.   Then a s n,      et^l sT ^ ^ ** "^ ln a '****ZL 
sinniUaneonsi, for a    b u HI     P„COn:    8 ^ ""' COmPUtln9 *«■ " 
0, »> P "• "■ then "»P""«, A«,J) ,„ au red points 

per re^r:"":: irrrr rnumber of—— 
-e number of cLZZ^ Z^^IT T' T "^ * 
method is far superic „,th over.rel^ZT ^^ ^ ^^rboard 
meny prooessors as the TacT    TT "^«ver, i, requires only half as 

method should"  used ol an 1 """' ,he CheCkwb^ over-reluxation used on an array computer with MN/2 prooessors." 

me.«. zzi:z:iirrz^r\:,he u8e * ** —- 
in«.   ln,enerai   the diffT^T      <

ThlS " POSSlble """"'e of the DO CONC 

computations is ^X^l^^TZlZ^ ^ 
because some prooessors must be il ^UeTaitTf     T™' ^^^ 
the oheokerboard method   oniv -        7 herS to flnlsh-  mtl> 

step. The ^^^rj'^nr^ rneeded per reiaiatton 
smaller than MN/2. " "" nUmber of *•"••«* Ü muoh 

However, the faster rate Tin """* * RoSenfeld »' 
wlU, =ver-rela» it   1^    r06      ,h0 0heCk"bMM -*«'• "PeCally nation, seems to make it superior to ohaotio methods despite the 

t^ZZL,^;,r.,M,1—- — - — «■ i- eUher     ; 

"For effioient oodln», the oomputer probably needs M . TN + „/P 
where   V   denotes the smallest lnteBer > x. Processors, 

-13- 



i 
required synchronization.*   Thus, the checkerb.ard method.srems to be the 
best possible one for a computer with asynchronous processors - at least when 
the number of processors is <   MN/2. 

I 

It is not known whether there is any uu > l for which the chaotic over-relaxation 
method always converges.   Tests described in [3] indicate that over-relaxation 
does not Improve the chaotic method rearly as much as it does the checkerboard 
method when the number of processors is » 1.' 

-14- 
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I. THE GIVEN i.nnp 

We will consider DO loops of the following form: 

(1)        DOal1-!1. u1 

IX)aIn=A un 

I 
loop body 

a   CONTINUE 

where the i  and u  are positive integers,* and the loop body has no I/O 

statements, no subroutine or function calls which can modify data, and 

no transfer of control to any statement outside the loop.   The extension to 

more general loops will be discussed later. 

Let Z  denote the set of all integers, and let «n denote the set of 

n-tuples of integers.   For completeness, define Z0 » [0) . 

The index set   $ of the loop (1) is defined to be the subset 

{ (i , ..., ln) : ^ s 1^ s u1 ) of 2n.   Thus, for the loop 

DO   7  I1» 1, 10 

DO   7  I2- 1, 20 

The use of superscripts and subscripts is in accord with the usual 

notation of tensor algebra. 

• 

•• 
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t^ ■ ( (x. y) : 1 s x s 10, xg y g 20 )  . 

An execuUon of the loop body for an element (p1, ... # p") of tP 

is the process of setting I1 - p1 l" - pn and then executing the loop 

body in the usual fashion, stopping when statement a  is reached. 

Executing the enure loop (1) then involves the execution of the loop body 

for each element of    p , in the order specified by the DO statements. 

This suggests that we order the elements of Zn lexicographically 

IB the usual manner, with (2, 9, 13) < (3, -1, 10) < (3, 0, 0). Then for 

any elements P and Q of tV, the loop body is executed for P before it is 

executed for 0 If and only if P < Q. Thus, the relation < on Än gives the 

appropriate temporal ordering of Jf . In the preceding example, the loop 

body is executedfo. (*; 11) before it Is executed for (3, 5), since 

(2, 11) < (3, 5). 

Define addition and subtraction of elements of 2° by coordinate- 

wise addition and subtraction, as usual.   Thus; (3, -l, 0) + (2, 2, 4) ■ 

(5,1,4).   Let 0 denote the element (0,0 0).   It is easy to see that 

for any P, Q € «", we have P < Q if and only if Q - P > (T. 

I 
I 
I 
I 

( 
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n-  THE DO muc STATrMrijT 

Our objective Is to Und a new tempo«! oniertn, of the executions of 

the loop body so ttet et en, given Urn,, fte loop body ,s beln, executed In 

perellel for different elements of the index set by different precessors.   This 

»ew ordering must yield en elgorlthm which Is equlvelent to the ono des- 

cribed by the orlglnel loop; lie., one which compute, the seme value, for 

all variables as the original loop. 

Consider the loop 

(2)        DO   10  I1» l, 3 

DO   10   I2- 2, 7 

A.U1* 3. I2)» 0 

10 CONTINUE 

The loop body could be executed In parallel by three processors for the 

Points (1, 6). (2. 5), and (3, 4) of   jf.   (m fact, it could be executed in 

parallel by 18 processors for all points in J.) 

In order to have a means of expressing parallel computation, we 

define the DO CONC (for CONCurrently) statement.   Its form is 

DO a   CONC FOR ALL I c ^7 

where/is a finite subset of Z.*  it has the following meaning:  Let 

lenT I^TVTa 8et 18 Just an unordered collection of **™**. 
BO (1.2) - {2,1) - (1,2,1,1,2) .  we will not bother to define a syntax 
for expressing sets.   The usual FORTRAN DO syntax, which can only 
describe a restricted class of subsets of X. is probably the most con- 
venient to implement. 

-18- 
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<#  "   [ly ,,,, im], where nb two 1. are equal, and assume that we have 

n Independent, completely asynchronous processors numbered 1 through m 

Then each processor is to execute the statements following the DO CONG 

statement, through statement a , with processor number j   setting I» 1 . 

The  m  processors are to run concurrently, independent of one ancther. 

As an example, consider I 
I 
I 
I 
I 
I 

I 
I 

I 
I 
I 
I 
I 
I 

' 

DO 10 CONG FOR ALL  J c (x: 2'^ x« 5) 

10   A0) = J ** 2 

This sets   A(2) = 4, A(3) - 9, A(4) - 16 and A(5) = 25. 

For a DO GONG to give a well-defined algorithm, certain restrictions 

roust be made on the statements in its range.   Suppose the statement 

9 Btf) = A(J + 1) 

Is Inserted before statement 10 above.   The resulting DO GONG loop does 

not give well-defined results.   For example, the processor doing the com- 

| putation for J = 3 sets B(3) to the value of A(4).   But the value of A(4) it uses 

depends upon whether or not the processor for J = 4 has already executed 

statement 10.   Since the processors are assumed to be asynchronous, the 

resulting value of 8(3) is not well-defined. 

We will not bother specifying the necessary restrictions on the 

DO GONG loop.   The DO GONGs which will be written appear in loops which 

are equivalent  to the original DO loop (1), and hence must give well- 

defined algorithms. 

The DO GONG statement is generalized to the form 

DO  a   GONG FOR ALL (I1,  ..., I*) € J
7, 

. 

■ 

-19- 
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where -cT  Is a subset of ^     TK- 

1 T      *' 0anin9 Should ** clear:  for element (D1 n
k\        0 MP , ..., p ) €   ^^ We have a processor n.     t 

for I1 - pi jk a pk# 
P       "^ perfonni"9 the calculation 

each 

i 
I 
\ 

I 

• 
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i 
c HI.   REWRITINn THE LOOP 

Consider loop (2). with Index set  &   Changing the order of 

execution of the loop body for the different elements of  S) obviously 

does not change the algorithm.   The loop can, therefore, be rewritten as 

a single DO CONG, or In many different ways as a nested DO/DO CONG 

loop.   Ghooslng one of these ways, we rewrite It as follows: 

(3)      .   DO   10  J1» 3, 10 

DO   10   CONGFORALLJ2
€(y:2gyaS7andJ1-3SySj

1.1) 

AC1-!2+3, J2)=0 

10    CONTINUE     . 

The choice Is arbitrary and unnatural, but instructive. 

Tb actually construct loop (3), we first defined the one-to-one 
mapping J:   z2 ^   £ by 

it a1.i2)]-a1*i2, A-a1. A, 
•• Illustrated in Figure 1.   We next defined the index set/to be the 

^J(^)-( J(P):P. eft.   Then/- ( (T1, J2): 3^s «,. 2SJ2
S 7 

andj   -3sj  s J1 - 1). and we filled in the limits of the DO and DO 

CONG statements to give this index set.   Finally, we rewrote the loop 

body in such a way that executing the body of loop (3) for the point 

J(P) e / is equivalent to executing the body of loop (2) lor the point 

P c tX .   In other words. Aft^ - T2 + i   T2\ -«*«— ,.•. «»# «u       j   + J, J ; references the same array 

element as Ad1 + 3, I2) when (J1, J2) - J [ (I1, I2) ]. 

-21- 
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We can consider loop (3) to be the same as loop (2), except with 

a different order of execution of the body for the elements of cV.   This order 

of execution is illustrated in Figure 2.   The loop body is executed con- 

currently for all points in  4/ lying on a straight line J   = constant.   The 

execution for those points of J/ with 1=3 precedes the execution for the 

points with J   = 4, which in turn precedes the execution for the points 

"/Ith J1 » 5, etc. 
2 

This suggests that we define the mapping   n: Z    -♦  Z by 

nT (I1, I2) ] = J1«!1*!2 .       _ 

Then the execution for P e   LX precedes the execution for Q e ex   if and 

only if  TT(P) < TT(Q).   If TT(P) ■ TT(Q), then the two executions of the loop 

body are concurrent. 

The generalization of this rewriting procedure is straightforward. 

Loop (1) will be rewritten in the form 

fct) DO a   J1 » X1, u1 

L 
L 

DO c   ^ = \k, uk 

DO a   CONG FOR ALL (Jk+1 f) *. Jfl . 
  j i • • •» r 

loop body 

CONTINUE 
,n-k where >o  ^ .    Is a subset of Z" m which may depend upon the values 

J i • • • ( j 

Ik 11 of J i ... J .   Here, X  and u   need not be integers, but may be integer 

. 

• 

I 
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I 
valued expressions whose values depend upon J1, ..., j1"1. 

To perform this rewriting, we will obstruct a one-to-one mapping 

J: Zn  ■» Zn of the form 

w nttl ,n,:|-f.1
4jI,--.J1«J

n'')-o1 rt 
for integers «J. • We then choose the \l, u* and f J, »o "»t the 
/J    .    e. e #   J^ 

of the loop (4) equals J(^), and write the body of loop (4) so 

that its execution for the point J (P) t^ is equivalent to the execution of 

the body of loop (!) for P e J. 

Define the mapping  TT:  Zn -♦  Xk  by 

"HI1 I")]^!1 J*)   , 

•o TT(P) consists of the first  k  coordinates of J (?).   It is then clear that 

for any points J (?). j (Q) ef. the execution of the body of loop (4) for 

J (?) precedes the execution for J (Q) if and only if TT (?) < TT (Q).   If 

we consider loop (4) to be a reordering of the execution of loop (1). this 

statement is equivalent to the following: 

^        For anv ?. Q e SI. the execution o^ th» innp 

body for ? prerAriP« »hat for Q, in the new : 

ordering of executions. If and'only if 

1T(?)    <    TTfOK 

J Is one-to-one if and only if (5) can be solved to write the I* as linear 

expressions In the J1 with integer coefficients. 

-25- 
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I 

The loop body Is executed concurrently for all elements of sJ> 

lying on a set of the form  (P: n(P) = constant €  Z,c) .   Since J is 

assumed to be a one-to-one linear mapping, these sets are parallel 

(n-k)-dlmenslonal planes In Zn .*   We thus have concurrent execution 

of the loop body along (n-k)-dlmenslonal planes through the Index set. 

Naturally, we cannot use any arbitrary mapping J.   We must find1 

one for which loop (4) gives an algorithm equivalent to that of loop (1). 

This Is the goal of the following analysis. 

Observe that rewriting loop (1) so all executions are concurrent; 

i.e., with a 

DO a  CONC FOR ALL (I1 ^ «   J) 

statement. Involves setting J equal to the Identity mapping, k - 0, 

and TT: 2n.» z    the mapping defined by n(P) = 0 for all P e Zn . 

*We consider Zn  to be a subset of ordinary Euclidean n-space, as 
we did In drawing Figures 2 and 3. 

■ -* 
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IV.    THE BASIC RULE 

We first Introduce some terminology to aid the discussion. 

Consider the variable VAR defined by the statement 

DIMENSION       VAR   (10, 20)   . 

The range  of VAR Is the set i? VAR  = { (x,y): 1 ax s 10, 1 * y » 20) , 

which Is a subset of Z  .   Thus, ^ VAR Is the set of all (x,y) c Z2 

such that  VAR (x,y) Is defined.* 

An occurrence of VAR Is any appearance of It In the loop body. 

If the occurrence appears as 

VAR (-,-)=   ..., 

then It Is called a generation; otherwise It Is called a use.   I.e., 

generations modify the values of elements of the array VAR, and uses 

do not. 

Let f denote an occurrence of VAR in loop (1) of the form 
1 3 

VAR (I   +3,1), and assume n = 3.   During execution of the loop body 

for the element (3, 4, 5) e Jf, this occurreijce becomes VAR (6, 5). 

We say that  f references the point (6, 5) e 4?VAR *• (3, 4. 5). 

This defines an occurrence mapping  Tf\\jP •* &,,h0   .iy 
* VAR 

*For a scalar variable  x, we set ^?    =■ Z    . 
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letting  Tf(P)   bs the point of ^VAR  referenced by   f for P e  J), 

In this case, T- is given by 

Tf[ (P^P2, p3)]  »(p^a.p3) . 

We will assume that all variable occurrences only have the 

loop variables  I1 in  and Integer constants In their subscript 

expressions.   Then for any variable occurrence   g, the occurrence 

mapping  Tg:2
n-»2,n   Is well-defined, where   m   Is the dimension 

(number of subscript positions) of the variable. 

Now consider the loop 

(6) 

DO    23    I* =3, 17 

Ad^i^-ea1) 

® @ 
Bd1, I2) = A(I1-1, I^D + Bd1, I2) 

DO    23    I1 =2, 10 

21 

22 

@ © @ 

23     CONTINUE. 

We have Introduced the convention of writing the name of an occurrence 

In a circle beneath  It.   For the point  (4, 7) e J? , the loop body Is 

21 A(4, 7)=C(4) 

22 B(4, 7) »A (3, 8) + B (4, 7) .    " 

The value  A (3, 8) used In statement 22 Is the one computed In statement 
■ 

21 during execution of the loop body for the point (3,8).   To ensure that 
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I 
[ the execution for (4,7) computes the right value when we change the order 

of executions of the body, we must only require that It be preceded by the 

execution for (3.8).   By statement E above, this means that n must 

satisfy nt (3, 8) ] <TT[ (4. 7) 1 . 

In general, let VAR be any variable.   If a generation and a use of 

VAR both reference the same element In the range of VAR during execution 

of the loop, then the order of the references must be preserved.   In other 

words. If  f  Is a generation and  g   Is a use of VAR, and Tj(P) ^ T (Q) 

for some points P, Q e Jr, then: 

(1)  If P < 0# we must have TT(P) < TT(Q) , 

(II)  If Q < P, we must have TT(0) < TT(P) . 

In the above example, Ta   r(3,8)")-T     [ (4,7) ]-(3,8) and 
al a2 

(3,8) < (4,7), so we must have  TTC(3,8)1<  n[ (4,7)1.   Note that If 

P = 0, then the order of execution of the references will automatically be 

preserved, since they happen during a single execution of the loop body. 

Thus, the fact that T.    C (4,7) ] = T.    C (4,7) ] does not place any 
°1 D2 ' 

restriction on our choice of n. 

The above rule should also apply to any two generations of a 

variable.   This guarantees that the variable has the correct values after 

the loop Is run.   Together with the above rule. It also ensures that a use 

will always obtain the value assigned by the correct generation. 

These remarks can be combined Into the following basic rule: 
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(Cl)   For every variable, and every ordered pair of occurrences 

f.q of that variable, at least one of which Is a generation:   If^ 

T^P) ■ Tq(Q)   for Pt Q e J) with P < Q, then n must satisfy the relation 

TT(P) < TT(O) . "* 
■ 

Notice that the case Q < P Is obtained by Interchanging fand g. 

Rule Cl ensures that the new ordering of executions of the loop 

body preserves all relevant orderlngs of variable references,   The 

orderlngs not necessarily preserved are those between references to 

different array elements, and between two uses.   Changing Just thesa 

orderlngs cannot change the value of anything computed by the loop. 

The assumptions we have made about the loop body, especially the 

assumption that It contains no exits from the loop, therefore Imply that 

rule Cl gives a sufficient condition for loop (2) to be equivalent to loop 

(1).* 

Por most loops, Cl Is also a necessary condition. 

j 
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V.   THE SETS    <f. q> 

The trouble with rule Cl Is that It requires that we consider many- 

pairs of points P, Q in^f.   For the loop (6). there are 112 pairs of 

elements ?.Q, zj? with T    (P) = T    (Q) and P < Q.   However, 
al a2 . 

\S^ ■ Ta,(Q) if and only lf Q = P + (1. -1).   We would like to be able 

to work with the single point (1, -1) e 2n, rather than all the pairs P^. 

This suggests the following definition.   For any occurrences I, 

g of a variable In loop (1), define the subset <f, g> of 2n by 

<f. g> = { X : Tf(P) = T (P+X)   for some P c 2En }   . 

Thus, for loop (6) we have <al, a2> = f (1, -1) }, and 

^1, b2> = ( (0,0) ) .   Observe that <f, g> Is Independent of the Index 

set cP . 

We now rewrite rule Cl In terms of the sets < f, g>.   First, 

note that n (P + X) = TT(P) + TT(X). since we have assumed  n to be a 

linear mapping.   (Recall the definition of TT, and formula (5).)  Also, 

remember that A < A + B If and only If B > 0.   Then Just substituting 

P + X for Q In rule Cl yields: 

(Cl')      For ... generation: If T£ (P) = T   (P + X) for 

P, P + X ec^ with X>t. then TT must satisfy 

the relation  TT(X) > 0. 

Removing the clause "for P# P +X e J? •' from Cl'  gives a strortger 

I 
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condition for n to satisfy.   Doing this and using the definition of 

<f#g> then gives the following more stringent rule: 

(C2)      For every variable, and every ordered pair of 

occurrences f,g of that variable, at least 

one of which is a generation;   for every 

X c <f,g> wlthX > 0, TT must satisfy TT(X)> 0. 

Any TT satisfying C2 also satisfies Cl.   Hence, rule C2   gives 

a sufficient condition for loop (4) to be equivalent to loop (1).   Moreover, 

C2 is Independent of the Index set JP. 

Note here that C2 Is satisfied by the zero mapping TT: 2n-» 2 

if and only if It is vacuous; I.e., If and only If there are no elements 

X > 0 In any of the sets <f,g> referred to In the rule.   In this case, 

the loop body can be executed concurrently for all points in*^. 
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VI.   COMPUTING THE SETS   <f.q> 

We will obtain results about the existence of mappings rr 

satisfying rule C2.   In order to do this, some restrictions must be 

made on the forms of the occurrences to permit a simple computation 

of the sets <f,g>.   We assume that each occurrence of a variable 

VAR Is of the form 
hl Jr        r (7) VAR (I 1 + in  , ..., I r + m r)   , 

where the m   are Integer constants, and j,, ..., J  are  r distinct 

integers between. 1 and n.   Moreover, we  assume that the J.  are the 

same for any two occurrences of VAR.   Thus, if an occurrence 
2 14 2 A (I   -1,1,1   +1) appears In the loop, then the occurrence A (I   + 1, 

14 12     4 I    + 6, I ) may appear.   However, the occurrence A (I   -1,1,1) 

may not . 

Now let  f  be the occurrence (7) and let g  be the occurrence 

VAR (1 1 + n1, ... ,>I r + nr) .   Then 

Tf [ (p1, .... p") ] =(P 1 +m1, ..., p' + mp 

Tg[ (p1 p")] "(P1 +1^, ..., p' + np 

It is easy to see from the definition that < f ,g> is the set of all 

elements of Zn whose Jj—   coordinate Is m   - n , for k «* 1, ..., r, 

and whose rema<n<ng n - r coordinates are any integers. 

• 
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As an example, suppose n = 5 and f.g are the occurrences 

VAR(I3 + 1. I2+ 5, I5). VAR(I3+1, I2. I5+l).   Then<f.g> = 

f (x, 5, 0, y, -1): x, y € 2} .Wewlll denote this set by (*, 5, 0, *, -1), 

so "*" means "any integer". 

The Index variable V Is said to be missing from VAR If 1^ Is 

not one of the I    In (7).   It Is clear that r Is missing from VAR If and 

only If the set <f,g> has an * In the J— coordinate, for any occurrences 

f,g of VAR. 

-34- 
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VII.   THE HYPERPLANE THEOREM 

V   is called a missing Index variable if it is missing from 

some generated variable in the loop; i.e., if it is missing from some 

variable for which a generation appears In the loop body. 

The following result is an Important special case of a more 

general result which will be given later.* 

Hyperplane Concurrency Theorem;    Assume that none of the Index 

variables I  ,  ..., I   Is a missing variable.   Then loop (1) can be 

rewritten In the form of loop (4) for k = 1.   Moreover, the mapping 

J used for the rewriting can be chosen to be Independent of the Index 

set vP. 

Proof;     First, a mapping TT: Zn-* Z  will be constructed which satisfies 

rule C2.   Let P be the set consisting of all the elementsX > 0 of all 

the sets <f,g>  referred to in C2.   We must construct TT SO that 

n(X)> 0 forallxe ^ . 
n — 

Let "+" denote any positive Integer,-so (+, x   , ... tx ) Is any 
n 2 n 1 

element of Z    of the form  (x, x , ..., x )  with x> 0.   Since I 

*A weaker version of this result can be found in [2] . 

■ 

-35- 

i 



I 
I 

is the only Index variable which may be missing, we can write 

T^ m {X,, .... X   )  , where 

l^j.» • • •» x l 

or 

(+, x*, ..., xj1) 

for some Integers   x   . 

The mapping  n Is defined by 

(8) TTC (I1, ..., In} ] »a, I1 + ... +a   In 

i n 

for non-negative.Integers   aj, to be chosen below.   Since a. g 0, 

"C (1, x^ xj1) ]   >   0   Implies  TT[ (X, X^, ..., xj1) ] > 0 for 

any Integer x > 0 .    Therefore, each Xr of the form (+, x2,  ..., xn) 

can be replaced by Xr = (1, x2, .... x") and It Is sufficient to 

construct TT  suchthat  TT (xp > 0  for each r=lf ...,N.   Recall 

3h Xr> 0. 

Define P^{\'.  x^ = ... = ^-1 = 0, x^ 0 ] .   so /? 
,th ' J 

that each X > 0. 

Is the set of all Xr whose   J^ coordinate Is the left-most non-zero 

one.   Then each Xr   Is an element of some ft.. 

Now construct the  a.   sequentially for  J = n, n - 1, ..., 1 

as follows.    Let a.   be the smallest non-negative inte^jr such that 

_n a. xj+ ... + a^x" >0 J   r n   r. v 

for each Xr = (0, ..., 0, xj, ..., x") c ^.    Since Xr > fT end 

-36- 
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xr 7*0   Implies  x| > 0 #   this Is possible. 

Clearly, we have  TT (xp >   0  for all X^/*     But each 

^  is in some /'j. so TT (X^  >   0  for each r = 1. ..., „.   Thus# „ 

satisfies rule C2.    Observe that the first non-zero aj   that was chosen 

must equal  1, so  1   is the greatest common divisor of the   a.   (if all 

the  a^  are zero, then ^must be empty, so we can let TT [ (I1, ..., l") ] 

«I    .)    A classical number theoretic calculation, described on Page 31' 

of [3], and reproduced in Appendix A. then gives a one-to-one linear 

mapping  J:  2n-» 2n  suchthat 

'f»1 ^n-drCa1 In')L ...) 

Since the sets   <f,g>  are independent of the index set v/, 

the construction of TT and J  given above is also independent of Jf, 

This completes the proof. Q 

Loop (4) for k = 1 executes the loop body concurrently for all 

points in flying along parallel (n - 1)-dimensional hyperplanes, 

hence the name of the theorem. 

Observe that the theorem Is trivially true without the restriction 

that J be independent of j , because glven'any set^ we can construct 

a  J for which the sats  J^ n contaln at most one eIementj 

and the order of execution of'the iiop body Is unchanged.   For example , 

«   ^ -  {(x,y,z):   UxalO, UyS5, UzS7),   let J [ (x,y,z) ] = 

(35 x + 7 y + z, x, y).    Such a  J  Is clearly of no Interest.   However, 

- 
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because the mapping J provided by the theorem depends only on 

the loop body. It will always give real concurrent execution for a 

large enough index set. 

Condition C2 gives a set of constraints on the mapping 

n!a:n^2.   The Hyperplane Theorem proves the existence of a   n 

satisfying those constraints.   We now consider the problem of making 

an optimal choice of n. 

It seems most reasonable to minimize the number of steps In 

the outer DO J1 loop of loop (4).   (Remember that k = 1.)  if a 

sufficientlyTarge number of processors are available, then this gives 

the maximum amount of concurrent computation.   This means that we 

must minimize ^ - X1 m loop (4).   But  X1   and ^  are Just the 

upper and lower bounds   {n (P): P e ^ ).    Setting 

it is easy to see that u1 - X1  equals 

(9) M1 | ^ | +... +Mn|an|     , 

where the  al are defined by (8).   Finding an optlmaln   is thus 

reduced to the following Integer programming problem:   find Integers 

"l an  satlsfylngthe constraint Inequalities given by rule C2, 
which minimize the expression (9). 

Observe that the greatest common divisor of the resulting a 
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must be   1.   This follows because the constraints are of the form 

x1 a. + ... +xnaM  >  0    , 1 n 

so dividing the  a.   by their g.c.d. gives new values of a.   satisfying 

the constraints, with a smaller value for (9). '.Hence« the method of 

[3] can be applied to find the mappim    J. 

Although the above integer programming problem is algorithmically 

solvable, we know of no practical method of finding a solution in the 

general case.   However, the construction used in proving the Hyperplane 

Theorem should, provide a good choice of TT ,   In fact, for most 

reasonable loops it actually gives the optimal solution. 

. 



VIII.   AN EXAMPLE 

Now consider the following loop: 

(10)       DO    16    I1 = 1, 25 

•    DO    16    I2 = 2, 19 

DO    16    I3 = 2, 29 

F (I2, I3) = (F (I2 +1. I3) + F (I2, I3 + 1) 

© © © 
x +F(I2- 1. I3)+F(I2, I3-l))* .25 

0 © 
16        CONTINUE     . 

It is a simplified version of a standard relaxation computation for a 

20 by 30 array  F, performed 25 times. 

To apply the method of analysis, first perform the following 

calculations: 

1. Compute the sets    <flg>  referred to by rule C2. 

2. Find all elementsX > 0 in these sets. 

3. Find the constraints on the   a^   implied by n{X) > 0   . 

This is done in Table 1. 

Next, choose   a., a,, a.   consistent with these constraints. 

• 

■ 
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and minimizing 

24 ) aj 1 + 17 | a2 | + 27 I 33 |  . 

It Is easy to see that the solution to this problem is aj = 2, a2 = 1, 

a- = 1, so TT  is given by 

TT[ (I1.I2.I3)1 = 2I1+I2+I3   . 

Note that this is the  n computed by the algorithm used in the proof of 

the Hyperplane Theorem. 

Application of the algorithm described In the appendix gives the 

following mapping J : 

J C (I1, I2. I3 ) 1 = (J1, I2. J3) ■ (2 I1 +I2 +I3. I1. I3 )•* 

Using this, and the Inverse relation 

(I1,I2.I3)=(J2,J1-2J2-J3, J3), 

the above loop Is rewritten as follows: 

DO    16    J1 - 6, 98 
2    T3, DO    16    CONG FOR ALL (J # J ) e { (x,y): 

X 1 ä x s 25. 2 s y s 29 and J1 - 19 s 2x + y s j1 - 2 ) 

F (J1 - 2*J2 " J3. J3) = (F (J1 - 2 * J2 - J3 + 1, J3) + 

X F (J1 - 2 * J2 - J3. J3 + 1) + F (j1 " 2 * J2 - J3 - 1. J3) 

♦It is also easy to obtain this from the following fact:   the mapping 
J: 2n-»Zn  defined by (5) Is one-to-one If and only If the determinant 

of the a!   Is   ± I . 
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*ro,-2.j2-^,»-1,,..2s 
16 CONTINUE      . 

The set expression In the DO CONG statPmor,. . ^ ^^w^ statement was obtained by 
writing the relations   I s iVs j^ 2 s j2 ^ ,9   an. , ^ T3 
terms of J^J^JS. I    - 19 .and 2 . z   s 29 in 

To understand why the rewritten loop gives the same results 
consider the computation of p f4   fi^ «n *i, 

F (4' 6) In the execution of the original 

7; 7 ^ ^ e,ement <^- « ^ •   « Is .et e,ual t0 the average 
of «s four „eighbOTl„9 mf e]ements:  p (s   6J^ ^ ^   ^ ^ 

r (4, 5,. The values oiT(5i 6) and F (4i 7) ^ ^^^ durin- 

,^ T"0n " ^ IOOP ^ ^ <8- >■ « «na (8. 4. 7, respectlvelr 
«..., during the prevlous executlon ^ ^ DO ^ ^   ^ ^ _ ^ 

The values of P f3    61 »nH r /^    c» 
F (3, 6) and F (4, 5) were calculated during the current 

execution of the outer DO loop, with I1 =9     Thi. ,.    k mi      a.   ThIs ls shown In Figure 3 

Now consider .he rewritten ioop.   « any Ume durIng „, " 
-oution. f (p.q)  ls ^^ computed ^^^^^ ^ up ^ ^^ ^ 

--ts (p,q) . the e^r   ofp       These ^^^ ^ 

Z ' ,'8;UeS 0n •   "'^ 4 ^^ «- execution of the nocoNCor;'-«. Thepolnts(piq)e4forwhichp(p<i)is 

bei„9 computed ere marked with .«.,, and the value of ,, ^ ^ 

oo»Putetion is lnd.cated.   Figure 5 shows the se.e thing for ;1 . 28 

Noto how the velues being used in the computt,.„nofP(4   6) 
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H 1 > 

Computation of F(4, 6) for I   = 9 

Figure 3 
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In Figure 5 were computed In Figure 4.  A comparison with Figure 3 

Illustrates why this method of concurrent execution Is equivalent to 

the original algorithm. 

The saving In execution time achieved by the rewriting will 

depend upon the amount of overhead In the Implementation of the DO 

CONC, as well as the actual number of processors available.   (The 

sets In the DO CONC statement contain up to 252 elements.)   However, 

the value of this approach Is indicated by the fact that the number of 

sequential Iterations has been reduced by a factor of over 135.   (However, 

we must point out that a real program would probably Include a 

convergence test within the outer DO I   loop, so the analysis could 
2 3 only be applied to the Inner DO I /DO I   loop.) 
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IX.   THE GENERAL PLANE THEOREM 

We now generalize the Ilyperplane Theorem to cover the case 
2 n 

when some of the Index variables  I  , ..., I     are missing.   Concurrent 

execution Is then possible for the points in J/ tying along parallel 

planes.   Each missing variable may lower the dimension of the planes 

by one. 

Plane Concurrency Theorem;    Assume that at most  k - 1 of the Index 

variables I  ,  ..., I   are missing.   Then loop (1) can be rewritten In 

the form of loop ('4).   Moreover, the mapping I used for the rewriting 

can be chosen to be Independent of the Index set d. 

Proof;    The proof is a generalization of the proof of the Hyperplane 
J- J, 

Theorem.   Let I    ,...,1      be the possibly missing variables among 
,n 

I , .... I  .   Set Jj = 1, Jk+1 = n + 1, and assume Jj < J2 < • • • < Jfc < Jjc+i* 

Let fi be the set of all elements X > 0 of all the sets  <f,g> 

referred to by rule C2.   We must construct  n so that TT (X) > 0 for all 

x c }P .    Let /' =  {(0, ..., 0, x^, ..., xn) c ^: xJ > 0) , so /* 

Is the set of all elements of /* whose   J—   coordinate is the left-most 

non-zero one.   Then every element of fl is In one of the ^ . 

Vhe mapping n: 3En-* 2  will be constructed with 

TTW-ITT
1
 (P) TTk(P)) , 

where each TT  : Zn-» Z  will be defined by 
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A a1, ,In)) ^afl'-f ... + a'.In 

for non-negative integers a. .   Moreover, we will have a} = 0 if J < J  or 

J>J1+1.   This implies that is XcPj and J>Ji+1.   Then TT^X) = 0.   It there- 

fore suffices to construct TT
1
 SO that for each J with L < J < J.   ., and X € P : 

j 1 1+1 j* 
•n  (X) > 0 - for we then have 

,ntX) = (0 CTT'CX) nk(X))>0. 

Recall that for the sets <f/g>/ an * can appear only in the 

Jj» • •. /Jk coordinates.   Thus any element of any of the sets P. with 

J| < J <ii+i  can be represented in the form 

(O,...^ x,t
f....x

Ji+1 ~1'---) ' or 

(0 0, +, x.1*1,.... x 1+1 ^i+r1 
I • • •) 

for a finite collection of integers xj , Ji < j < J^.   By the same argument 

used in the proof of the Hyperplane Theorem, we can replace "+,, byx * d, 

and choose ^ 0' ^ <J < i1+1   suoh that 

a,   x     + ...+ a}      ,  x1-»*      >0 

for each r.   Choosing aj = 0 for J < j1 and J > J1+1 completed the construction 

of the required TT . 

The construction given in Appendix A is then applied to give 

Invertable relations of the form 

J 1      1      'i i J   = a.     I   +...+ a:       , 

, ^i+r1 

i ̂ i+i-1 

r-J, *' '""I^OM 
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Combining these and reording the J1 gives the required mapping J.   g 

As in the hyperplane case, to get an optimal solution we want 

to minimize the number of iterations of the outer DO loops.    This means 

minimizing tx1 - X1 + 1) ... ^ - xk + 1).   Using the notation of (5), it is 

easy to verify that this number is equal to 

ai)(M1la1
1| + ...+Mn|a1

n|+l)...(M1|a1
k|+...+MnlakI. + 1) 

*       j        j * '   n1 

where M = u
1   - x . 

Finding the a^  is now an Integer programming problem.   Note 

that a solution with a| = ... = a^ = 0 for some "i gives a solution to the 

rewriting problem with k replaced by k-1, since that TT
1
  can be removed 

without affecting the constraint inequalities.   The Plane Concurrency Theorem 

proves the existence of a n:  Än — Zk satisfying C2, for a particular value 

of k.   It may be possible to find such a n for a smaller k. 

For completeness, we will state a sufficient condition for the 

loop body to be concurrently executable for all points in-^ .   This is the case 

when the zero mapping (n (P) = 0 for all P e Zn) satisfies C2.   Since <g,f> = 

{ -X : X c<f,g > }, it is clear that this is true.if and only if all the sets 

<f, g> are equal to (0).   Finally, the rules for computing the sets <f#Q> 

give the following rather obvious result: 

Jf none of ..the Index variables are missing, and for any generated 

variable, all occurrences of that variable are Identical, then loop (l) can be 

rewritten as a 

DO a CONC FOR ALL (I1,... /I
n) e  ^ 

loop- 
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The hypothesis means that in the expression (7) for any 

generated variable VAR, r = n and the m  are the saire for all occurrences of 

VAR. 
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CHAPTER HI 

SYNCHRONOUS PROCESSORS 
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I 

1.   The DO SIM Statement 

We now consider the case of completely synchronous processors 

the primary example being the ILLIAC-IV. To accomodate It, let us Introduce 

the DO SIM (for SIMultaneously; statement, having the following form: 

DO a SIM FOR ALL (I1 I*) € J, 

where ^/is a subset of 2  .   Its meaning is similar to that of the 

DO CONG statem&-it, except that the computation is performed synchronously 

by the Individual processors.   Each point of x^is assigned to a separate 

processor, and each statement in the range of the DO SIM is, in turn, 

simultaneously executed by all the processors.   An assignment statement 

is executed by first computing the right-hand side, then simultaneously 

performing the assignment. 

As an example, consider 

DO 15 SIM FOR ALL I e { x : 2<x< 10) 

14 A(I) = A(I-l) + B(I) 

15 B(I) = A(I) ** 2 

The right-hand side of statement 14 is executed lor all I before the assignment 

of A(I) is made, and before statement 15 is executed.   Therefore, if initially 

A(4) ■ 5 and B(5) = 2, then executing the loop sets A(5) = 7 and 8(5) = 49. 

Because of the simultaneity of execution of the body for the 

various points of J, we cannot allow any conditional transfer of control in 

the loop body which depends upon the index variable«,   E. g., the statement 

IF (A(I)) 3, 4, 5 

may not appear in a "DO SIM FOR ALL I" loop. 
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For simplicity, assume that there is no transfer of control within 

the body of the loop, so the statements are always executed sequertially 

in the order in which they appear. 

We will allow conditional assignment statements such as 

IF (A(I).EQ. 0)   B(I) = 3 

They are easily implemented on the ILLIAC-IV because of its ability to turn 

off individual processors. 

The only other restriction to be made on the body of a DO SIM loop 

is that a generation may not reference the same array element for two different 

points    in its index set J .    I.e., an assignment statement may not have 

two different processors simultaneously storing values into a single memory 

location.   We do allow them to simultaneously load a value from a si igle 

memory location, so this restriction is not made for uses of a variable. * 

* Simultaneous loads from i single memory location are implemented in the 

ILLIAC-IV by the ability o* the central control unit to broadcast a value to all 

processors. 
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U.   Rewriting the LOOP 

Now consider the problem of rewriting the given loop (1) in the 

form 

02)     DOaJ^X1^1 

DO aJk = Xk.uk 

DO a SIM FOR ALL (J,C+1, Jn ) e JA JC 

loop body 

a CONTINUE 

This is the same as loop (4), except the DO CONG is replaced by a DO SIM. 

We assume that the body of loop (1) contains no control transfering statements 

- i.e., no GO TO or numerical IF statements. 

Define tl i mappings J and TT as before.   Any DO GONG statement 

can be executed as a DO SIM, since it must give the same result if the 

asynchronous processors happen to be synchronized.   Thus, the rewriting 

could be done Just as before by finding a TT which satisfies G2.   However, 

the synchrony of the computation will allow us to weaken the condition G2. 

Recall that rule Gl was made so that the lewritlng will preserve 

the order in which two different references are made to the same array 

element.   For references made during two different executions of the loop body, 

the asynchrony of the processors requires that the order of those executions 

be preserved.   However, with synchronous processors, we can allow the 
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-o loop body execuuons to be do« Sb„UItaneou.,y „ u., references wU! .„en 

be nade in the correc. orier.   «,. OIder of ^ tw0 re{erence5 ^ detcnnined 

by the posmons within the loop body of the occurrence, which do the 
referencing. 

For two occurrences f and g. let f « 9 denote that the execution 

of f precedes the execution of , within the loop bcdy.   Th,s means ^ „^ 

*e statement containing f precedes the statement containin, ,, or else that 

f is a use and , a generation in the same statement.   The above observation 

allows us to change ruled to the following weaker condition on tn 

For . .•. generation-   jf T   (p) _ T   ^ 

for P. Q f    with P <■ n, flam we mnst Sa,/0 Blfl|gi 

in n a i m, ™ 

in this rule, either (i) or (ii, is sufficient to insure that occurrence f references 

Tf (P) for the point P . J before g references the same element for Q € J . 

The conditions can be rewritten in tha following equivalent form: 

(1) TT(P) < n(Q) and    (11) if „(p) . n{2) then f <scg# 

In the same way c2 was obtained from cl, the above rule gives 
the following: 

^   For ^ery variable and g^ ^.dered na<r ?f 

occurrences f, n 0f th.t ^H.K.^ at lpaRt ,no 

gf which is a oenPr^fi^n.    for everv 

X,e < f. qs with v. Tf; WQ must havp. 



(1)      TTfX)>   ^   AnW 

(ID      IfnOO^ 0,  th^n f ^^^ 

If TT .aüsfies rule Si, then It satisfies the preceding rule, so the rewritten 

loop 02) Is equivalent to the original loop (1). 

We have been assuming that in rewriting the loop body, the order 

of execution of the occurrences was not changed.   I.e., the 1^ were replaced 

by expressions involving J1 f, but nüthlng else was done ^ ^ ^ 

body.   Now let us consider changing the order of execution of the occurrences* 

That is, we may change the position of occurrences within the loop 

body.    For example, we may reorder the statements. 

Let f «g mean that f is executed before g in the rewritten loop 

body (12).   Then rule SI guarantees tha . the correct temporal ordering of 

references is maintained when the references were made in the original loop 

during different executions of the loop body.     Having changed the posiUons 

of occuirences in rewriting the loop body, we now have to make sure that 

any two references to the same array element made during a ^ingh. execution 

of the loop body are still made in the correct order.   The following analogue 

of ruled handles this: 

for . f t qeneratlrvr   <f.Tf(PUjrg (P) frr snm* P , £ , 

and f precedes q in thfi orf^nal loon hnHy.   Then f ^ ^ 

* Remember that there was no point in doing this before, since it couldn't 

help for asynchronous processors. 
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Rewriting this in terms of the sets <f,g>gives the following 

rule. 

fS2)   For every variable, and every ordered pair of 

occurrences f, q of that variable, at least one of 

which is a generation:    if   0   «•   <;f. qv and f precedes q in 

the original loop body, then f « q. 

Rules SI and S2 guarantee that the rewritten loop (12) is equivalent to the 

original loop (1).   Note that rule S2 does not involve TT. 
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HI«   The Coordinate MpfhrwH 

We co.üd now tor to solve the foUowing problem:   find a rewriting 

of the loop body (and the resulting « relation between occurrences) and a 

mapping nwhlch satisfy rules SI and S2, and which nunlmlze the expression 

01).   This would give a rewriting of the loop which is optimal in the sense 

that the outer U) J1/.../ DO J^ loop has lb. fewest iterations.   however, 

the optlmality of such a rewriting is illusory, for reasons which we wUl 

now discuss. 

The aUAC-IV has 64 processors.   The feaslbUlty of a maoWne 

with so many prooessors Is aohleved by having all processors operate 

synchronously with , single control unit, and by allowing eech processor to 

access only its own separate portion oj memory.   U processor 12 wants to 

load a data word contained in processor C. p4rt of memory, then the foUow- 

ing sequence of instructions is executed simultaneously by each processor 

number i, for 1 = 0 to 6^: 

(1) load 

(2) transmit data word to processor 1 + 7 (mod 64). 

This means that the method of storing arrays must depend upon 

how they are to^be accessed.   For example, consider the occurrence 

FO1 - 2 * J2 - J3. J3 ) inside the DO CONG FOR ALL (J2, J3). which we 

generated before with the Hyperplane Theorem.   It necessitates a complicated, 

space-wasting format for storing the array F.   The array would probably 
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have to be reformated before and after execution of the outer DO J1 loop. ♦ 

It appears that the best results are obtained by choosing a 

mapping J which gives a loop v/ith simple subscripting and a reasonable 

amount of simultaneous computation.   An obvious way of choosing sach a J 

is to let J ,,,,,Tr be a permutation of the original index variables I1,... ,In. 

More precisely, the mapping TT:   2n -♦ 2^ is taken to be a coordinate projection 

- that is, a mapping for which TT[ (a1,... ,an)] is obtained by deleting n-k 

coordinates from (a , ...»a"). 

For example, for n = 5 we may want to rewrite loop (1) as 

DOorl3^3^3 

DOaI4= i4,u4 

DO oSIM FOR ALL (I1, I2, I5 ) e f (x, y, z): 
1 12 2 5 5 i <x<u , x < y <u   , and i   <z ^u ] 

ThenTTld1, I2, I3, I4, I5)] = (I3, I4)andj[(I1
/...#I

5)] =(I3, I4, I1, I2, I5). 

Not'ce that if n is a corrdinate projection, then the sets J. , of loop (11) 
J i * • * »T 

are easy to compute. 

The coordinate method consists of first choosing a coordinate 

projection TT, and then trying to find a rewriting of the loop body for which 

SI and S2 are satisfied.   Since rewriting the loop body makes no difference 

* A preclst statement of the rules relating storage allocation and DO SIMs Is 

contained in [ 4] . 
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to condition (i) of SI, we must first require that it be satisfied for all 

relevant occurrencös f, g.   Next, we apply SI and S2 to get certain ordering 

relations « between occurrences.   We must then decide if it Is possible 

to rewrite the loop body so that these relations are satisfied. 

In order to make this decision, we need a trivial observation: 

a use In an assignment statement must precede the generation in that 

stotement.   This observation will be given the status of a rule. 

(S3) For any use f and generation q 

in a single statement, we must have 

Now we add the relations « given by S3 to those obtained from 

SI and S2.   Next, we add all relations implied by transitivity.   I. e., when- 

ever f « g and g « h, we must add the relation f «h.*   If the resulting 

ordering relations are consistent - that is, if we do not have f « f for any 

occurrence f - then the loop body can be rewritten to satisfy the ordering 

relations.   We will describe the method of rewriting the loop body by an 

example. 

* An efficie; I algorithm for doing this is given by [ 5] . 
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IV.   An Example 

Consider the following simple loop: 

DO 24 I1« 2. 50 

DO 24 I2 = 1,5 

Ad1. I2)= Bd1, I2) + C(I1) 

31] (bl) (cf 

21 

22 Cd1) =     Bd1-^!2) 

:Z) (b2) 

23 Bd1, I2 ) = AC^ + l. I2 ) ** 2 

@ 

24 CONTINUE 

2 1 We want to rewrite it as a DO I /DO SIM FOR ALL     loop, so we apply the 
12 2 

coordinate method with the coordinate projection -ndefined by TT[ (r,I )] = I  . 

We proceed as follows.   (The calculations for steps 1-3 are shown in Table 2 J 

1. Compute the relevant sets <f, g> for rules 

SI and 32. 

2. Check that SI CD is not violated. 

3. Find the ordering relations given by Sl{ii) and S2. 

4. Apply S3 to get the following relations: 

statement 21:       bl « al 
cl « al 
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The Sets <f. a> 
Is SI (1) 
Violated ? 

<«1, al>c(0,0) NO 

<al, a2> = (-1,0) NO 

<a2, al> = (1, 0) NO 

<b3, b3>« (0,0) NO 

<bl,b3>= (0,0) NO 

<b3,bl>c (0,0) NO 

<b2#b3>s (-1,0) NO 

<b3,b2>B (1,0) NO 

<cl,cl>c (0,0) NO 

<cl, c2>= (0,*) NO 

<C2, Cl>=:  (0,*) NO 

Ordering Relations 
SI (ii) S2 

a2«al 

bl«b3 

b3«b2 

cl«c2 

Table 2 
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Statement 22: 
statement 23: 

b2 « c2 
a2 « b3 

5.    Find all relations implied by trc nsitivlty: 
b3«c2 
a2 « b2 
bl « b2 
bl « c2 
a2 «c2 

6. 

7. 

[ by b3 « b2 and b2 « c2] 
[by a2 « b3 and b3 «b2] 
[ by bl « b3 and b3 « b2] 
[ by bl « b2 and b2 « c2] 
[by a2 « b3 and b3 «c2] 

Check that no relation of the form f « f was found In 
3 or 5. 

Order the generations in any way which is consistent 
with the above relations - i.e., obeying b3 « c2. 
We let    al « b3 « c2. 

We then write 
21 AO1. 

® 
23 BO1, 

I2) = 

I2) 

22 cd1) 
@ 

8.    Insert the uses in positions implied by the ordering 
relations (recall that a2 « al): 

J A^ + I, r i 
m 

Ad1, I2)8SB(I1
# I^ + Cd1) 

®       ®      @ 

I 
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23 Bd1, I2) = 

® 
22 Cd1)   = Bd1-!, I2) 

**2 

9.    Add any -xtra variables necessitated by uses no 
longer appearing in their original statements: 

Xd1*!, I2)   «A^ + l. I2) 

@ 

Ad1. I2)=   Bd1, I2) fCCl1) 

(al) tK) (cT) 

Cd1)    =    BCJ1 -I, I2) 

3h        (ß) 

21 

23 Bd1. I2) =   Xd^l. I2) **2 

22 

This finally gives us the following rewriting of our original loop: 

DO 24 I2 = 1, 5 

DO 24 SIM FOR ALL I1 e fx: 2 < x < 50} 

xtf + l, I2) = A(I1 + 1. I2) .     - 

Ad1, 12) = B(I1
# I2) + C(I1) 21 

23 

22 

24 

Bd1, I2) = Xd1+l, I2) **2 

C(I1)eBd1-l). i2 

CONTINUE 

N 
.* 
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V.   Further Remarks 

It is *asy to deduce a general algorithm for the coordinate 

method from the proceeding example.   The method can be extended to 

cover the caseof an inconsistent ordering of the occurrences.   In that 

case, the loop can be broken into a sequence of sub-loops.   Every genera- 

tion g for which the relation g «c g does not.hold can be executed within a 

DO SIM loop.   An algorithm for doing this is described in Chapter 4. 

Observe that there are only 2n-l choices of a coordinate 

projection TT for rewriting loop (1).   It is easy to try them all, in decreasing 

order of the amount of parallel computation achieved, until one is found 

for which the rewriting is possible.   Rule SI should rapidly eliminate many 

choices. 

It may happen that the rewriting cannot be done with any 

coordinate projection.   In this case, a more general linear mapping n must 

be sought, using the approach developed before for DO CONG loops.   For 

example, no coordinate projection works for the relaxation loop (10). 

... . 
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I.    Restrictions on the LOOP 

Now consider the application of these methods to the problem 

of compiling a FORTRAN program for execution on a multiprocessor computer. 

We immediately observe that the restrictions which have been placed on »he 

loop (1) would eliminate most real Fortran DO loops from consideration.   For 

example, the DO limits i , \x  are usually not all constants known at compile 

time.   Fortunately, most of the restrictions were made to simplify the exposi- 

tion, and are not essential.   We will now describe the restrictions which are 

essential to the analysis. 

First, some terms must be defined.   By a "loop constant", we 

mean an expression whose value does not change while the loop is executed - 

I.e., any expression not involving generated variables or loop index variables. 

A quantity is "known at compile time" if it has a constant value which can 

be deteimined by the FORTRAN compiler. 

The analysis can be applied to the following loop: 

03)       DO ol1» x1, ^ d1 

DOafmftf,& 

loop body 

a CONTINUE 

assuming that it satisfies the following conditions: 
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1. Each d  is known at compile time, 

2. The loop body contains no transfer of control to any 

statements outside It. 

3. There Is no I/O statement In the loop body. 

4. For each subroutine or function call in the loop body, it is 

known which variable elements it can modify. 

5. Each occurrence of a generated variable must be of the form 

VAMe1 em), with 

•*-•}* I1 ♦...+ ai*I,l+cl , i n .     * 

where c  is a loop constant and each a| is known at compile 

time. 

For the coordinate method, the following additional assumptions arc required. 

6. There is no transfer of control within the loop body. 

7. For every generated Variable VAR, each occurrence of VAR 

within the loop body must be of the form 

VARCa1*!^^ *m*lm + cm). 

where c  is a loop constant, a1 =+1 or 0, and the a1 and J. are 

the same for all occurrences of VAR. 

By weakening the restrictions,   many complicated details are 

added to the process of rewriting the loop.   However, the analysis remains 

largely unc'udnged.   Some of these details are described in Chapter 4. 

A significant change is introduced by allowing occurrence m^op- 

Ings of the form given in 5.   It necessitates a complicated restating of the 

Hyperplane and Plane Concurrency Theorems, as well as changing the method 
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of choosing the mapping  TT.    This will be discussed in a future paper. 

'   Note that if the loop (13) satisfies these restrictions, then so 

does the inner DO I /.../ DO In loop, /or any k.   (The index variables 

V for J < k are loop constants for the inner loop.). 
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II.   Meeting the Restrlcilcns 

Even if a given loop does not satisfy the above restrictions. It 

may be possible to rewrite it so that it does.   V/e will give some useful 

techniques for doing this. 

It is easy to fulfill the requirement that the DO statements be 

tightly nested.   The method is illustrated by the following example.   The loop 

Tl 

16 

DO 77 1= 1, 10 

A (I1, 1) = 0 

DO 77 I2 = 2, 20 

can be rewritten as the following tightly nested loop: 

DO 77 I1 = I, 10 
r2 

16 

DO 77 I   = 2, 20 

IF (I2 .EQ. 2) Ad1, I2-l) = 0 

This technique is referred to as quantifying statement 16. It may be possible 

to move the statement back outside the DO I loop and unquantlf y it after the 

rewriting is performed. 

Occurrence mappings can sometimes be rewritten by subFtituting 

for generated variables so that condition 5 is met.   One trick is illustrated 

by the following example.   Given 

• 
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K « N 

DO 6 I«l« N 

5 B(I)=A(K) 

6 K= K -1 

We can rewrite it as 

DO 51 1 = 1, N 

5      B(I) = A (N + 1 - I) 

51      CONTINUE 

61      K = l 

This use of auxiliary variables to effect negative incrementing is fairly 

common in FORTRAN programs. 

In condition 6, the real restriction is that there can be no 

possible loops inside the loop body.   If this is the case, then transfer of 

control can easily be eliminated by quantifying assignment statements with 

logical IFs. 

[ 
I 

■ 

I 
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m.   Scalar Varlabhs 

Even though the loop satisfies all the restrictions, it is clear 

that these methods can give no parallel computation if there are generated 

scalar variables.   Any such variable must be eliminated. 

A common situation is for the variable to be Just a temporary 

storage word within a single execution of the loop body.   The variable X in 

the following loop is an example 

DO3I=l,10 

X = SQRT(A(I)) 

B(I)=X 

3      C(I) = EXP (X) 

In this loop, each occurrence of X can be rer^aced by XX(!), where XX is a 

new variable. 

In general, we want to replace each occurrence of the scalar 

by VARO1,..., In), for a new variable VAR.*  A simple analysis of the loop 

body's flow path determines if this is possible. 

Another coi.imon situation is when the variable X appears in the 

loop body only in the stafwient 

X«sX - expression, 

where the expression does not involve X.   mis statement Just forms the s jm 

of the expression for all points in the index set J .  We can replace it by 

•After the rewriting, to save space we can lower the dimension of VAR by 

eliminating any subscript not containing a PO FOR ALL index variable. 
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,1 .n, 
thfl statement 

VAR(I*,... ,1") = expression, 

and add the following "statement" after the loop: 
1 .In). X = X +            E VAR (I 

O1 ln)tj 

The sum can be executed In parallel with a special subroutine. 

The same approach applies when the variable is used in a 

similar way to compute the maximum or minimum value of an expression 

for all points In-A . 
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IV.   Conclusion 

We have presented methods for obtaining parallel execution of 

a given DO loop.   Many details and refinements were omitted for simplicity, 

but all the basic ideas have been Included.   Some of the methods are being 

Implemented in the ILLIAC-IV FORTRAN compiler, as described in Chapter 4. 

Preliminary study indicates that they will yield parallel execution for a 

fairly large class of programs.   This is true for other types of multiprocessor 

computers as well. 

- 
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^-A 



1.       Introduction 

1.1     Review 

The previous semi-annual report described. In a somewhat rigorous 
fashion, techniques for the detection of parallelism In FORTRAN DC loops 
It was Indicated In that report that this procedure can be divided Into three 
steps: 

a) Rewriting part of the program as a sequence of DO loops In a form 
suitable for analysis (Setup  step). 

b) Detecting computations in the loops which can be efficiently 
performed in parallel by ILLIAC (Analysis step). 

c) Rewriting the loops using the Extended FORTRAN DO FOR ALL state- 
ment to explicitly describe the parallelism (Synthesis step). 

The Intersection of the above Setup, Analysis, and Synthesis steps 
is not empty; i.e., there is overlap. 

Two metnods for accomplishing the above, i.e., 
a) Coordinate Method 
b) Hyperplane Method 

were described in the previous semi-annual report. 

1.2     Summary 

Discussions of the Parallel Analyzer contained In this report will be 
oriented towartif impldmentation activities accomplished during the past 
half year and those planned for the forthcoming months. 
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I 
A preliminary Implementation of the basic P>r>ii.i >    ■ 

ha, been completed and debuooed    TUa ,      '     T "*' COn"K™""* 
.inoa It la mlsaln, many^r  TheÜ . ' ^ '"^ **** 
Step (see 1 2)     117^.1 ***"'' 0mJSSl0n ls ' **—* 
l/Vl «Isorlthms are oriented toward the Coonllnate 
Method with minimal attention Slven to the Hyperplane Method 

Aleortthma included In the preliminary system relate to: 

a) The locating, tight nesting, and rewriting of DO nests. 
b) The collecting and validating of all an-«v ™f=„ 

tlon of the subscripts. ""' »' •" <""* references and the permuta- 

llm»   C)   ^ rn,PUUn9 * UPPer "* lm"" boUnds for D0 enables when limits are not known at compile time. 

d) The oomruting of data dependency relations between array uses 
and^currences U.a., the <f,g> sets deacrlhed In the last seml-anT 

e) The collecting of all possible DO SIM varlablea sets and the 

SZZ* thOSe Se,8 COntalmna **"* - D° S- variables In any 

f) The baoklng up of to. ourrent statement macro po.lUon to reduce 
«.e number of DO variables In a nest, thus perhaps eliminating vlol^ 
which occurred with a larger DO variable aet 

Uon   Bl1
C3eneral T'- ln0lU<Un8 rOUtineS '" *«— »"»O ■-**- 

Uon^BooleanmatrU manipulation, llnea, expression manlpulauon, int«- 
medlate language generation, and debugging assistance. 

to**™ 2 «Jestxlbe. th. present .nvironm-;«,, and Induda. a discussion 

sip InclT,3. ""T* ,"8enUy ""^■^ *"*"»"■ '« »' S." Step h.clu.üng (a) and « ^ove.   SacUcn 4 describe, presently Implemented 
algc.l.hm. for the Analysis Stop, including (b), (c), (d), (.) al. 

-.   .. -,^"0n 5 deSCrlbe, """««^ '■IlllilllllllP work for th. month. 

.t'^rersion *the p'ra,iei AMiy"r" •**- «• *- 3». 
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2. Environment 

The „eanun^ parallel ^^ ^ ^ ^^^ 

on as a computer oroaram wh!^ ^ ._.._     . . u""nes 

2,1     Generating the Tnp..» 

".her rudlme«.^ l,„oJa9e which iooks like «C^vT^ÜÜ      ' 
•«— ^"«ors .re „„„«ed but o„iy «^1^1 
the present wv^nmem    ^-     ■      °my i

0er,aln ones «« m«nlngful m 
extensive fS^TJ^ " ** "* Perml"lble ^ «VPe.   However, 
«- «« 0. JZ1££?£%,~'~~~' - —pts 
2.2      Debugging AiH? 

2,3     Manlpulatfon of Unfiiir p^^, 

A collection of utility routines for the 
the form manipulation of expressions of 

V 
n 

i«i 

where co and the o| are Integers and the x, are scalars. Is 
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I 
I Such an expression can be: 

a) subsütuted for any variable In any other expression of the same 
form, 

b) compared for equality with other expressions of the same form. 
0   added (subtracted) to (from) another expression of the same fom 

and 

d)  multiplied by an Integer constant. 

Tne^ linear manipulation functions are required in the computation of 
<f,g>  sets and upper bounds and are utilized by the re-writing and 
re-formattin^ algorithms of both the Basic Coordinate and Hyperplane Methods. 

2,4     Simple Intermediate Lanauaoe Manipulation 

Routines for deleting, duplicating, and creating symbols, constants, 
labels, expression level macros, statement level macros, and arbitrary 
operands are Included.   These basic functions are required for any Inspection 
and alteration of computation trees. 

2 «5     Boolean Matrix Manipulation 

A package for the manipulation of n x n bit matrices is Included.   In 
addition to the obvious simple functions, routines for computing the trans- 
pose and computing the transitive closure are included.   Routines of this 
sort are required to record program flow, detect cycles, etc. 

2.6     String Handling Packaqa 

Because of the lack of anything resembling a proper handling of char- 
acters within the FORTRAN language, a standard string manipulation package 
is included.   Functions of the package include: scanning, decimal and octal 
conversion, concatenation. Insertion, extraction, comparison, and substitution. 
This package contains the tools necessary for intelligent interaction with the 
user and for the generation of reports.   These are functions the Parallel 
Analyzer is expected to ultimately perform. 
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I 
3.       Setup Step 

w,th .hT'JT d.1SCUSSeS ,he 0Urre,,Uy '"*-«- I«««!», dealin, with the  Setup Step' of the overeU Parailel Detect,on process    ._, |
a'in' 

Prtor to en^y to «.e Setup a^orlthms.)   Be,!^, m *, cunJ^ViT 

«*i '   f any' is encountered, a flag is set to 
reflect that DO body statements are being processed     S«L, 
until the level of DO's reaches zero (i 7   T       J ' COntiniI<,S 

the number of DO statement!)     TM . ' * DO ^ ^^ vaH.K.. statements).   This procedure suggests that as many DO 

anTsisV^ T        ^ ""^ t0 ^ neSt-   H— « -bseguent     ' analysis fails, backup procedures to reduce the number of DO vanl 

=.   .alysis then proceeds over the same nest ^^ are 

 ^ Pre,S
i
en; »*•««*•** rejects any statement in the DO body 

statements which is not a substitution statement or a compound staZent 
consisting of a Logical U followed by a substitution. Thi in^sTat 
the present implementation permits no: 

a) control statements (e.g., GOTO, Arithmetic IF), 

b) subrouüne CALL statements, nor 
c) input/output statements. 

Purthennore. function oeus ere ouüewed.  These „ewctlon. will   of 
course, be relaxed In subsequent taplementatlpn versions. 

statem».! '    ""^ "' '***'* « aU "«««• »»- statements encountered do not follow the Innermost DO operetor and 
«he flrst DO label.   This ^ocedure Is bes. des.ibed by an el*. 

D0 10I = 3,NI 
A(D = 2 

DO20j= 1,NJ 
20    B(IJ) = C(IJ) 
10    IF(D(I)) E(D = F(i) 

DO 

precede 
Let: 

• 

• 
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be the original statements.   The tight nesting algorithms of the Setup Step 
would make the above statements appear as; 

DO 30 1 = 3,NI 
DO30j = l,NJ 

IF0.EQ.1)A(D = 2 
B(IJ) = C(IJ) 

IF(D(I).AND.J.EQ.NJ) E(I) = F(D 
30    CONTINUE 

Present Setup algorithms do not look for scalars, sums, etc.. nor 
completely validate the legality of the tightly nested code, for all cases. 
This was deliberately omitted, but subsequent implementations will be 
extended in this direction. 

The DO statements themselves are 'analyzed' during the Setup phase 
as follows: 

a) The DO variable increment must be a positive or negative integer. 
b) The DO variable lower limit or upper limit must be expressible as 

follows: 

m 

- I klxl + 

1- 1 

n 

J-l 

where k, k^ ^ are Integers, the x1 are scalars and are not DO variables 
to the present DO body, and the Vj are DO variables but not the present 
DO variable nor any DO variable Interior to it. 

If successful, the Setup algorithms create (or partially create) certain 
tab es, which, together with updated intermediate language information, serve 
as input to the Analysis Step. 

One of the outputs is an n x n precedence matrix which records the 
original flow of the loop body where n is thP number of statements in the 
loop body. 
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4.       Analysis Step 

This section discusses the algorithms (presently Implemented) which 
deal with the 'Analysis Step' of the overall Parallel Detection process. 

4.1     Background 

The present Analysis (based on the Coordinate Method) generates 
candidate DO SIM sets and eliminates obvious bad sets.   An exhaustive 
analysis of the DO SIM sets to determine the 'degrees   of goodness' of the 
non-bad sets is made. 

Activities in the Analysis Step (as well as the predecessor Setup step) 
occur on a local basis only.   Global considerations, for the present imple- 
mentation, are not considered.   Global considerations relate to issues such 

as: 

a) arrays in COMMON, 
b) equivalenced arrays, 
c) external subroutines and functions, 
d) formal parameters (arrays) received and passed, and 
e) the effect the rewriting of one loop within a program unit has 

upon the para lie lization of another loop within the same program unit. 

4.2.1   What Exists 

The Setup Step will have located a DO nest, extracted the DO state- 
ments, tightly nested the DO body and recorded this information in Parallel 
Analyzer tables and in upgraded intermediate language tables. 

The first step performed here is a tree walk of each statement in the 
loop body which searches for array references (generations and uses).   A 
generation is an array reference to the left of the substitution operation; 
any other appearance is a use. 
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A ..ble of „.„. .„d array eieI119nts „ bullt    Sub 

to oo^o™ .o the order of the DO verteWes.   Reiects 00cllr lf ^^T 
the seme «r^ heve different peneu^Uon,.   SubS(xip, expressions »~ j! k w 

llml. ,       COmPrentS ^ each ^ ««">«-" Ö-e., the lo^er Urn,,, upp« 

HL Tm   "   n analyzed-I£ au ,hese <I,«nt"te» - hjT 
o«,plle time, this enelysls Is simple,   ff not. upper bounds on the limits 
are computed as a function of the 

a)  non-Integer limit expressions, end the 
W  dimension Information from the symbol table. 

.^«VT"16"1' 0rdered "" 0t"" *"">»"*> SIM sets is then con- 
structed.   Because of previous analysis some of these sets can at this 
point be declered 'bad', I.e., totally unsulted for parallelism. 

1„ .« A,Tr'VS then lnVOked t0 COmPU,e *** "«■«■«'ency Informaffon - 
n effect the <f,9> ,ets described m the las. „ml-annuel report.   This 

information Is recorded lor subsequent analysis. 

Portions of the basic Coordinate algorithm, operating over the data 
dependency <f,g> sets. Is then Invoked.   Monnatlon is reconied In table. 
On particular the candidate for DO SIM teble) declaring a set a, bad, good 
orguestlonable.  If go^ or „uestlonable. data Is accumulated for sub! 
sequent analysis and selection. 

,o»   ," T™ be POln,ed 0l" """ *• "a,iy'ia t0 d«te h" *— directed 
»warts the Coordinate Method es opposed to the Hyperplane Method. 
However, all Hyperplana Method considerations were not eliminated when 
Implementing the present version. 

-81- 



5.       The Next Version 

The next version of the Parallel Analyzer is scheduled for April 30, 1972, 
completion.   This section discusses what will be appended to the current 
Parallel Analyzer to produce this next version. 

5.1     General 

Minor changes will be made to the tight nesting and some handling of 
scalars will be done (see Setup extensions below). 

Exhaustive analysis to select proper DO SIM variables will be performed. 
Data and statistics leading to acceptance or rejection will be studied.   (See 
Analysis below.)   Selected loops will be rewritten using IVIRAN DO FOR ALL 
statements. 

The Parallel Analyzer will continue to function as a computer program 
independent of the rest of the ILLIAC compiler.   Output reports will be 
Improved. 

• No new Implementation work will be performed in the following areas: 

a) Hyperplane Method 

b) Inconsistent Orderings (cycles  within .DO body) 
c) Transfer Outside Loop 
d) Backward Transfer 

e) Creation of DO loops from non-explicit DO statements 
f) Forward Transfers 
g) Subroutine Calls 

5.2     Setup Step Extensions 

Some enhancements will be made to the tight nesting procedure.   This 
procedure will be interlaced with new procedures for handüng generated 
scalars. 
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When resolving unwanted scalors, certain common special cases will 
be looked for first.   In particular, is the scalar a summing variable?    Arrays 
should be introduced to eliminate storing into scalars within the body of the 
loop. 

5.3    Analysis Step Extensions 

The candidate for DO SIM table is passed over and updated in the 
following fashion.   Sets declared by previous analysis as bad are avoided. 
A candidate set, say H, is selected for examination.   An m x m precedence 
bit matrix P for n based on the data dependency relation of the <f ,g>  sets 
and the original order of the statements is constructed where m is the number 
of array occurrences. 

If any intra-statement dependencies are unveiled from inspection of P, 
11 Is marked as bad-and a new 0 is selected.   The transitive closure of P 
is computed and stored in Q.   The number of cycles within Q is counted and 
recorded.   If there exist any cycles, the inconsistent ordering algorithms 
must be invoked if this DO SIM set is ultimately selected as the best.   The 
inconsistent ordering routines (as pointed out earlier) will not be available 
in the next version. 

Simple and nice (indeed perhaps the most common in real programs) 
situations are looked for and special attention is given to them in an effort 
to further exploit the parallelism.   Such situations include: 

a) only one DO variable in the DO SIM set, 
b) no data dependency sets, i.e., no<f,g>  sets, 
c) <f,g> = null for all sets, 
d) <f,g> = 0 for all sets, etc. 

• 
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A linear ordering for the statements Is constructed.   The number of 
uses which have to be moved is taUied and recorded.   The above computa- 
tions are saved in case this 11 is the one ultimately chosen.   The procedure 
then cycles and selects another 0, if any, from the candidate for DO SIM 
tables. 

Presented with possibly  n different DO SIM sets, algorithms will be 
needed to select the 'best' on the basis of previously recorded data.   The 
data available for Inspection at this point should serve as a heuristic in the 
creation of the final algorithm.   Data available will ultimately concern: 

a) cycles and structure, 
b) number of moves of array uses, 
c) frequency 

d) user declared information ('control can4' information. 
Interactive acquisition), 

e) allocation checks, etc. 

A DO SIM set, say a is chosen.   If a contains cycles, algorithms 
for handling Inconsistent orderings should be Invoked.   If data computed 
above (i.e., precedence matrix P, transitive closure, linear ordering) for 
a has been dumped, it should be restored at this point in preparation for 
what is called the 'Synthesis Step'. 

5.4     Synthesis 

After selecting a suitable DO SIM seta, th^ final task is the rewriting 
of the loop.   The task of reairanging, adding, regenerating, and rewriting 
statements has been simplified because of the rich collection of utility 
routines (2.3, 2.4) available. 
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Further analysls may have to be ^^ ^ ^ .^u,,,,,. 

z ZT: some ume ■"—of ** nu,"ber - TOW '■"~* ~o 
however, mey be desired. "" aCCUrate rae"Ur<,• 

WueaetlTe " "^ ^ ^^ '^ the ÜTO' the '"tennediete 
JT^T ""be res,ored ,o—-" ■"—-— —p., 
5-5     Conclusion 

Th,s ™ P
i
rell7ln'ry ^P'e-.en.euon of the Per.llel Anely^er h.e been comple.ed 

TU   verion1so1„esD01oopr.„ae.Mdper,orm»e.rly.n,ly.1..   The 
>M implementetlon Ml oontinue wjth further e„,iysl, and 8ynthe.u 

«tter^ed efter .he Basfo Coordinete Me«,«..   Äctlvme8 «ü^TL . 
local level with ,lobel oonsldereUona deferred. 

- 

: 
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