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INTRODUCTION

This report covers the work accomplished under AFOSR
grant number AFOSR 414-67 which has not yet been covered in
our existing reports or publications. In particular, we have
attempted to present the theory and empirical results which
we believe represent the state-of-the-art in tfavel-time
estimation and the determination of epicenters. Many of the
findings follow from results previnously reported. These
results are not discussed in detail in this report; thus, the
reader may need to refer to some of the references in order to
follow the discussion. Many of the pertinent reference papers
are in the "Special.Number—1968 Ceismological Tables for P Phases"

Bulletin of the Seismological Society of America, Vol. 58, No. 4.

In the report we first develop a useful, mathematical
model for the teleseismic travel-times and then discuss the sta-
tistical techniques involved in the estimation of model
parameters. The problems which limit the accuracy of spicenter
determinations are discussed in detail. We believe that the
theory and numerical results presented in this report provide
a good appraisal of current capabilities for epicenter determin-
ation and a satisfactory base for further studiz>sz designed to.

improve the accuracy of estimated location parameters.



SEISMIC TRAVEL-TIME MODELS FOR TELESEISMIC P-WAVES

Basic to any statistical technique is the model used
to represent the traQel times. This model must adequately
explain differences between observed and predicted arrival
times. In order to be useful the model must (1) have a
reasonable physical basis and (2) be estimable in the sta-
tistical sense. The first requirement enables the model to
be related to underlying theory and the second enables per-
tinent parameters to be estimated from observed data. We
begin with a complete definition of such a model and fhen
consider approximations needed to make the location prob-
lem and the estimation of travel times tractable.

Our general model is:

ti_jkz OJ' +T(A‘:j’hJ.)+(¢G)).j+€Aj/< (1)

where i refers to the station,

j refers to the éource,

k refers to the observation,

tijk is the observed arrival time,

0j is the origin time of the source,
ifr hj) is the predicted travel time from the
jth source to the ith station (from double-entry



(in great circle degrees),
hj is the source depth (in kilometers),
(B6) ij is an interaction time term, ang
eijk is the error term,
In this mode] eijk is the error of observation and can be
examined by holding i ang j fixed ang looking at repeated
observations (varying K). wWork of Freedman (1968, 1966 )
indicates that this €rror term can be approximated by a
mixture of normal distributions. The Principal error com-
pPonents are; (Freedman, 1968)
(1) Miscounts - These occur in Multiples of Seconds,
Mminutes, quarter hours, or even hours, independent
Of the errors listeqd below,
(2) Misidentifications = These arise as Q result of
poor signal-to-noise ratios. fThis error and the
reading error are dependent variables,

(3) Instrumental €rrors =~ fThese arise from variationg

in paper speed, clock errors, variations in instry-

ment response, ete,



(4) Reading errors - This is the residual error which
would remain even though the above were eliminated.

By employing only the better stations and larger events
it is possible to virtually eliminate types (2) and (3). 1In
practice, it can then be assumed that any Eijk consists of
components (1) and (4). 7This implies, unfortunately, that
the eijk are contaminated (Tukey, 1960, 1962). since contam-
ination, even a very small proportion, may vitiate the usual
estimators, data sets must routinely be truncated. With the
data truncated for optliers, then the usual least séuares
techniques are applicable (Tukey, 1960; Dixon, 1953). we
will return to this point later. However, with truncation
it is possible to assume that:

€135 (Truncated) NID (0,62) over all i, 3, k. (2)
Studies employing the above considerations and using repeat-
ed explosions at the Nevada test site, indicate that 6 2 ig
of the order of 0.0l to 0.04 sec?,

Furthermore, we shall place restrictions on the travel
time model based on geophysical considerations. we require,
from the concept of reciprocity, that all travel time terms

be symmetrical: that is,

X,ij = X4t ~ (3)
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The travel time remains the same if we interchange source
and station. In addition, we restrict the value of Aﬁjj
such that,
25°5 A </00°.

The model given by equation (1) (Model 1) meets the
two criteria. Consider a fixed source, j, and station, 1i.
The observed arrival time with repeated events at j consists
of an origin time plus a calculated travel time (from double
entry tables) plus a correction term for the difference in
the true travel time from j to i and the tabled value and
finally, plus measurement error. Also with explosion data
it is possible to estimate the only important unknown,

(2 G)ij. With the assumption of normality the unique mini-

mum variance unblased estimator of (ﬁd‘) is

(Fo); = kZ(t‘jk ~Ojk T(Aq,h))/n (4)

where i, j are fixed,

n = the number of events at source j, gnd

Ojk is the origin time for the kth event at j.
Since in practice it is difficult to‘repeat explosions at
exactly the same site another way to accomplish the estima-
tion is to have one event and a number of recorders at each

station. The minimum variance unbiased estimator is again
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given by equation (4) with ojk replaced by 0 The explo-

3
sion data from the Nevadn test site could reasonably fit
either of these situations. In fact the procedure amounts

to a calibration of the scurce-station pair.

In practice, the procedure cannot be carried out since
the layout in i and 3 is very incomplete. Suitable explo-
sions have taken place at only a few locations. Asymmetries
in the networks and the scarcity of sources means that (Bo7)id,

can be estimated for only a few paths. That is, complete
travel time calibration can be obtained for a very restrict-
ed set of source-station pairs.

Howevér, Model 1 has & more serious drawback. The tra-
vel-time term T (Z&ij’hj) can come from any travel-time
tables. 1In fact one could use

T(A{i)hj)s 0
for every distance and depth and Model 1 would still apply.
Thus, in this respect Model 1 is trivial. The usefulness of
the T( zxij,hj) term is that, hopefully, it will be a func-
tion of only the distance from the source to the station

and Uﬁd)ij will be on the order of a few seconds. Let us

fow consider only surface events and set
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T(8:,0)=T(04).

j‘
JJ
We wish to define a "world wide average travel-time curve"
and consider to what extent this travel time is a function
of distance only. Computational techniques exist, Engdahl
et al., (1968), by which the surface focus case can be ex-
tended to cover nonzero depths.

Suppose that events and stations can be placed at will
throughout the world. we restrict stations to be on sur face
land masses and make the spatial layout in i and j complete
with the requirement that all distance ranges appear. Sup-
pose, further, that the measurement error is zero. 1In this

case the model for an observed arrival time becomes:

tij(l)= Oj"'T(A(JI))+(¢G)4'j(I) (5)
where i refers to the station,
J refers to the source,
(L) is a dummy subscript and refers to the (R)th
distance range,
tij(ll is the observed arrival fime,

O5 is the origin time of the source,
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T(zﬁ(l)) is the predicted travel time from fixed

tables,

Zk(ﬁ) is the (L)th distance from source j to station

i, and

(26) .. is an interaction time term.
ij(Q)

The interaction term accounts for the failure of the pre-
dicted travel time to agree with the observed travel time,
The model (Model 2) given by equation (5) describes our
population of travel times. That is, Model 2 gives a de-
scription of any specific one of the total travel times
that we will consider. By indefinitely increasing the num-
ber of sources and stations the population approachés the
population of all possible travel times from any source to
any station, with the restriction that stations are on
surface land masses.

Known geological and geophysical properties of the
Earth indicate that different regions will have different
seismic properties. To the extent posgible‘we, further,
assume that the Earth has been stratified éccording to
differing éeismic path properties and that an equal number
of events occur in each stratum. Wwe stratify primarily to

insure that the population gives a truly "world wide"




description and to reduce the sampling variance of any
estimators. That stratification can siynificantly reduce
the variance in sampling is well known (Cochran, 1963). we
consider only source-station Pairs that meet the distance

requirement,

25°< A <100°

and suppose that each event is seen by a number of stations,
Nj' We do not require that the Nj are all equal. we will
consider this further when we discuss randomization. We will
assume that all events are in the magnitude range 5% to 7.

We make this assumption in order to keep the observational
error of any real data set independent of the randomization
errors due to averaging over model effects.

With these restrictions we suppose that a population
of source-station pairs and their corresponding travel times
is selected and fixed. This population of seismic events
then consitutes the population of events for which we will
define a world wide average travel time function.

Further, any estimators ultimately considered will be
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unbiased for this population and, in gene¢ral, will be
biased for any other population. This emphasizes the care
that is necessary in actually selecting the population or
in its hypothetical selection. For example, in estimating
travel time corrections (Tucker, et al., 1968) a world wide
population of events was envisioned. This population was
suitably stratified and events selected at random from each
stratum. We thus believe that the 1968 Herrin travel times
(Herrin, et al., 1968) are unbiasecd for this world wide
population. fThe actual problem is more complex than we
here state and we will amplify later. However, our present
point is that the sample produces unbiased estimators for
the population sampled.

Recalling equation (5), we see that each travel time

in the population can be expressed as

tij(1)=oj+T(Aw)+(¢6)4ja)' (5)

Define

#s)}= (o), i)~ (5)..q), )
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where

(#5),;, ,
¢G) o A//JZJa'/ )AJ “}/N..w
and distance [

N @) = the number of travel paths at distance Q.
Also set

T*(A(,))=T(A(;)):,(E'E)“w, (7

With these definitions equation (5) can be rewritten as

¥ *
¢ ! - / 7 ’ 0
t‘J6C) <;y +T (2£MED-+(35C2)416L)_ (8)
For future reference observe that
(956') JO= Z(?’(G)A\/[l) O foreach { (9)
All 4,{
l.r/an e I
and that T* ( [5(1)) is a function of only the distance
from the source to the event. In general, (g6 )* i3(4)
varies not only with j and i but with § as well. However,
in view of (9) this is a local change with @ for each j=i
pair. The term T* (Zk(l))is the world wide average travel
time function and varies only with & (that is with ZS

It is possible to give a physicai interpretation to

the terms in equation (8). Suppose that the Earth is a

sphere with radius r (r is the radius of a sphere with

volume equal to the volume of the Earth). 1In any actual




assumption ig valid. ye assume that any seismic path is

characterizeq by a velocity distribution VV}l For a given

ent regions of the Earth differs, However, we make the
following assumptiong concerning the velocity structure;

(1) fThe region containing any anomaloys velocity

Anomalies are confined to the uPper 500-700 km of
the Earth ang below that depth the velocity dig-
tribution ig spherically Symmetric,

(2) 7he velocity distribution of any region of the

Symmetrical region of the mantle,
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We associate T* (A ) with the spherically symmetrical
portion of the path. Here T* (A) rey-resents a virtual
travel time dependent on distance in that the symmetricalA
portion of the velocity distribution may not extend to the
surface. ‘'The average over many paths represents an appar-
ent symmetrical distribution that extends to the surface
and which would produce T*( A ). Then (g6 );{j(l) represents
deviations from a complete spherically symmetrical distri-
bution. Qualitatively, we see that (ﬁd)*ij(l) tends to
decrease with increasing /\ since the inhomogenous part
makes up proportionally less of the total path.

Even if the inhomogeneous layer extended below 700 km,
say, included the entire bath, the interpretation of T*(A)
as a virtual travel time would still be valid. However, in
this case there would be no general similarity in any path
in the Earth and the usefullness of T (A) would be dimin-
ished. 1In this case the variation in (ﬂd)ij(l) would be
large and the characterization of a P ray path in terms of
epicentral distance would have little meaning.

We will henceforth suppose that the assumptions (1)
and (2) are in effect and that T* (A), for the range of

A of interest, is of the order of hundreds of seconds and
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due primarily to a spherically symmetrical velocity distri-
bution. We assume that a further consequence is that
“’6)*1j(1) is at most an order of magnitude smaller than

™ (A). 1In any event, T (A) is unique once the population
under investigation is fixed. Further, for an increasing
coverage of event-station pairs and assumptions (1) and (2)
holding the dependancy of T*(A) on the parent population
will decrease.

Equation (8) will be termed Model 3 and represents the
population under study. Model 3 with the addition of obser-
vation error will be called model 4. Model 4 is not trivial
in that T*(A) is well defined and essentially unique. Thus,
Model 4 does not have the serious defect of Model 1 but again,
in practice, neither T*(A) and (ﬂa)*ij([) can be estimated.
Suitable explosions have taken place at only a few locations
and, therefore, the layout in i and j is very incomplete.

We also define Model 5 as Model 4 without the depth restric-
tion. Employing the computztional techniques developed by

Engdahl, et al., (1968) it is possible‘to determine a valo-~
city distribution from T™*(A). Once a velocity distribution

is established it is possible to obtain T*(A,h) where ™ (A ,h)

represents a world wide average travel time for a distance A

SRS T e
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and with an event at depth h. It is important to note that
T*(,h) was not developed by "averaging" as was T*(A).
Thus, T*(A,h) can only be interpreted as a world wide aver-
age of a suitable population to the extent that a spheri-
cally symmetrical velocity distribution exists. This is so
since the computational methods of Engdahl, et al., (1968)
employ T*(A) and its derivative to "strip“ the crustal
layers from the éurface-focus curve and then by inversion to
obtain a velocity distribution which is employed in obtain-
ing T*(A,h) for h nonzero.

In order to go.further in the practical analysis of
travel times, we must make further simplifying assumptions.
Since assumption (1) seems to hold in practice and assump-
tion (2) is not unreasonable, if we consider principally
lower order effects, we shall partition the interaction term
as follows:

(Po)ujin = Fiwy + 0utt) (10
where ﬂij(!) is primarily associated with the station and
is primarsily asscciated with the source. It follows

6
ij (L)
that

(%)..(I) o /st + O.L0) (11)
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where
£ =2 Bew
.'.(1) A//éia'/"‘, /N..(U ’
distance (

S.0=> 64
"‘”ﬁ,/%, P04 4y

distfande [
. and N..(l) is as before. Then

(#5);0)= (P )iy ~(F5). 4

2P G ~F - 5y

= éJ[O "%.(U # CZJ@) » 5..(/)
= 9‘2}(0 + 6/2;'60 (12)

where

¢:-I-(/): ;é:ja) - p ()

and

O‘Z'm =% - c..(0) :
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Again note that

b
Z }6,4:'(}) =0 for every % (13)

All i, j at distance

and for every Q. (14)
2 G,Lt/(ﬂ)

All i, j at distance }

Our models now become Model 3a, Model 4a and 5a,

respectively, and are given by
i =0) 1T (M)t ¢fjw +Shm o
tﬂj(ﬂk O +T (Aw)-& ¢H(£) +G‘J(¢)+e ([)I: (16)

and

t;J

We note that if k is one, that is, only one event is con-

(W T*(Aa)/ )+ "(U’m O S+ D

sidered, then it is impossible to separate a*

lj(!)’ﬁ*ij(l,)
anael TR Thus we mugt'know g*i‘j(l) and @& *ij(l)' have
suitable estimates of these terms or have a simpler model
hold if we are to observe variances of the order of 0.0l to
0.04 sec?,

One possible simplification was made by Cleary and Hales .

(L966a), who assumed that the partitioned interaction terms,
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/

The resulting "zero th order" model is,

* d 6+, i i i
1](‘) an i) are independent of distance and azimuth.

¥
t;j =Oj'+T(A,(J‘, BJ‘)+¢;+64'+ € (18)

where
ﬂi is the "station time term", and
63 is the "source time term".
If the origin time is unknown then 04 and Gj are statisticaily

confounded so that we may write
o
) = O * ¢ . » P
t@J 0J +T (A_,.J,hj) +; + €

where 03* is the "biased" origin time.

if (19)
It is possible to express the zero th order model terms
! : *
#; and Gj as suitable means of ﬂ*ij(l) and & i5(n) and the
error term € ij as a sum of eijmk and mean deviations in
*. . *, l it i
the ¢ i3(8) .andG i3 () terms of Model 5a. However, it is
impossible to give a randomization interpretation if k is
one so that we will not pursue this further. We, thus, inter-
pret j?_fi and G'j as true model terms that are not functions of

distance. Furthermore, the error term éi is also assumed

J
to be independent of distance. In fact eij is just measure-

ment error under the models given by equations (18) and (19).
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If the zero th order model is adequate, the sum-square
of residuals (suitably normed) resulting from locations of
earthquakes used to estimate Oj*, T*( A ,h) and #; should be
comparable to the variance of Ejj. In the Cleary-Hales (1966}
studies this sum was of the order of 1 sec? (Hales, personal
communication, 1969), much larger than expected from the
simplified travel time model (less than 0.1 sec?). Clearly
e error term, eij’ in equation (19) was absorbing more
"error" than would be expected due to uncertainties in measure-
ment and timing alone. The Cleary-Hales studies indicate that

the simplified model is inadequate in explaining the interaction
terms of Models 3a, 4a and 5a.

‘Later Douglas and Lilwall (1968) made a further model
simplification in étudying essentially four events in the Pacific
whose locations were known from independent studies. Douglas
and Lilwall in effect assume that Gj is constant for the four
event areas. The data are from the En;wetok series, Bikini series,
a large Hawaiian earthquake and Longshot. The standard errors
of observation as quoted by Douglas and.Liiwall are Longshot:

0.8 sec, Ha&aii: 1.2 sec, Eniwetok. 0.5 sec (average) and

Bikini: 0.5 sec (average). fThe range on Eniwetok is 0.3-0.7 sec

MK
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and on Bikini 0.4-0.6 sec. Thus it again appears that the
error term in a simplified model is absorbing more "error"
than would be expected. In this model the station time terms,
ﬂi, are independent of source location and could thus be
equally well determined (i.e. unbiased estimates obtained)
from any given explosion. Joint estimation using four events
serves only to reduce the variance of the estimates under the
assumed model.

It follows as an implication of this model that estimates
of station time terms obtained in the manner just described
should be equally applicable to sources anywhere. Ignoring a
base line shift (which could be due to not estimating the con—
stant source term) the 1968 Douglas-rilwall estimates differ
from those given by Lilwall and Douglas (1970). A further
consequence of this model is that the estimated time terms
should never appear to be a function of source location. That
is, time terms must not appear to vary with distance or azimuth
from station to epicenter. Cleary aﬁd Hales (1966b) later re-
ported that in fact "the remaining residuals were azimuthally
dependent for some stations". Also Lilwall and Douglas (1970)

obtained azimuthally dependent estimates which for many stations

are statistically significant. Thus, the simplified model
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and on Bikini 0.4-0.6 sec. Thus it again appears that the
error term in a simplified model is abr orbing more "error"
than would be expected. 1In this model the station time terms,
#;, are independent of source location and could thus be
equally well determined (i.e. unbiased estimates obtained)
from any given explosion. Joint estimation using four events
serves only to reduce the variance of the estimates under the
assumed model.

It follows as an implication of this model that estimates
of station time terms obtained in the manner just described
should be equally applicable to sources anywhere. 1Ignoring a
base line shift (which could be due to not estimating the con-
stant source term) the 1968 Douglas~rilwall estimates differ
from those given by Lilwall and Douglas (1970). A further
consequence of this model is that the estimated time terms
should never appear to be a function of source location. That
is, time terms must not appear to vary with distance or azimuth
from station to epicenter. Cleary and Hales (1966b) later re-
ported that in fact "the remaining residuals were azimuthally
dependent for some stations". Also Lilwall and Douglas (1970)
obtained azimuthally dependent estimates which for many stations

are statistically significant. Thus, the simplified model
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appears to be inadequate in that the interaction terms,
ﬂi’.‘j(l) and @8 *ij(l)' can not adequately be represented by
two simple time terms.

Cleary and Hales (196%) and Herrin and Taggart (1968a)
have, using statistical analyses of earthquake data, shown
that the station time terms for a number of stations are
dependent upon azimuth from station to source. These find-
ings, however, may not be, strictly speaking, pertinent to
this discussion in that they are based on a simplifizd travel
time model. To use these results as evidence fos- keeping the
interaction term ip the travel time model is, in a sense,
begging the question. However, there are other studies of
azimuthal effects which do not suffer from this drawback.
Ritsema (1959) showed that normalized amplitudes of p-waves
recorded at Djakarta varied sinusoidally with azimuth. Using
P and p? phases recorded by the Berkely network, Otsuka (1966)
found the time terms to be sinusoidal functions of azimuth to
the event. Nizai (1966) reported the same effect at the
Tonto Forest Array. Bolt and Nuttli (1966) studying data
from the Berkely network showed conclusively that the time

terms for Shasta and Marysville varied sinusoidally with



Reciprocity requires that Source as well ag station time

terms must be considered, in Principle to vary with azimuth,

eéxpect to see g3 variation of travel time with azimuth of at
least + 1 sec at teleseismic distances, Thus we are forced

to return to the more complicateqd truvel time Ihodel,

t. '(1)/<= Oj + T"'(/_\w) L\j)+ ¢Z"j'(g) +G§"(o+6..wk (17)

g

and

te Ajgon 2B+ By sy
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where "f" indicates the dependence of a parameter on epicentral
distance, Aa) .
We now write a first order model, neglecting second and

higher order terms in the Fourier expansion, as follows:
Eijuy= Of + T*(Aw,hj') gt AysinZ
z '
+Byeas i+ S+ Ajysin 2,
¥
+'E%1 Cosig:6 + 6;?6{) (20)
where Zij is the azimuth angle from station to source, zj!
is the angle from source to station and € *ij(l) is eij(l)
plus the remaining Fourier terms of the expansion of ﬂ*ij(!)
and § *ij(!)' Note that the symmetry of doubly indexed
variables has been lost in this expression, not because of
a failure of reciprocity, but because the two azimuth angles
associated with the ends of a great circle arc are not simply
related. This travel time model is an expansion to the first
order in azimuth angle, of the complete interaction model
(Model 5) under the assumption that the interaction term can
be separated into a source effect and a station effect.

Using the explosion data where Oj; 43(1) and hj are

known, we can attempt to estimate the parameters in the first
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order model, provided sources and receivers are well distri-
buted geographically and in distance a+d azimuth relative to
one another. Attempts to make such estimates have generally
failed because known sites of large explosions are rare.

A further simplification can be obtained if the dis-
tance dependence of the Fourier coefficients is neglected.

As final model forms we consider, Model 6,
- * . ) .
tiju s Oj + T (Ap)+ B+ A sin Z{j

t B, cos Z/—j + 04+ a, Sin ZJ';_

t bjcosZy; 4 Ez;"w (21)

and, Model 7,
t/:'j'(l)- O' + T (A(l)jhj)-i@ + ﬁ" Sin Z,Lj
$ ,;,c,.o.sZ,_'J'-ré_'{-{-aJ’sian“;
(22)

. o » ¥
+ bJ cos ZJ“‘ + e&j{l)

k| 0 1 t.
where e’lj(ﬂ) is eij(l) plus the difference between ﬂlj(l)

A gk

and ﬂ&+ Aisinzij + Bicoszij and the difference between

and G‘j + a.

J J

Models 6 and 7 represeit expansions to the first order in

3. . sin Z.. + b. .
azimuth angle with constant coefficients under the assumption
that the interaction term ¢an be separated into a source effect

and a station effect.




STATISTICAL PROBLEMS IN THE ESTIMATION

OF MODEL PARAMETERS

with the exception of measurement errors, the popula-
tion described by Model 5a is deterministic; that is, repeated
observations on a fixed travel-time path will result in
essentially the same travel time. Any simplified model, for
example, Model 7, will thus huve a fixed error term that
represents the differerce in the true travel time and that
predicted from the simplified model. 1In an attempt to treat
this fixed error term we assume that any seismic event can be
considered to have‘been selected at random from the population
of possible events. Observe that if we do not employ random-
ization that this model difference remains a fixed and unknown
time error. Hence any estimation techniques must be arbitrary.
To avoid this dilemma we chose to employ randomization.

consistent with our model studies we suppose that a fixed
set of events and stations has been determined. How repre-
sentative of the whole Earth oux fipal results are depends on
the population of source-station pairs. Thus the 1968 P
travel times may be biased toward the seismically active

regions of the Earth since approximately 98% of the data

-.24...
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employed came from these regions. Also the results may be
biased toward earthquakes since only 13 of the total of 292
events employed were shots. That is, we cannot reasonably
assert that the sample employed in the 1968 P travel time
study (Special Number - 1968 Seismological Tables for p

Phases, Bull. Seism. Soc. Am. 58 No. 4) was a random sample

from a world wide population or a population with extensive
shot data. However, if we restrict the scope of the popula-
tion then we can claim that we obtained a random sample. It
is to this restricted population that we make inferences.
Until data are obtained in the less active regions of the
Earth there is no way to assertain the usefulness of the 1968
P travel times for use in these areas. However, in view of
the known geological and geophysical properties of the Earth,
we believe that the 1968 times should be quite useful; recall
that a spherically symmetric velocity distribution appears to
hold for the Earth. Thus we believe that the restricted popu-
lation is representative of the whole.Ea;th as regards earthquakes.
We could similarly argue that the results would apply to
shots in general. 1In view of independent work by Veith and

Clawson (1972) we shall consider the shot data problem somewhat




differently. Figure 1 ang Table 1 are eéxcerpted fr¢m Veith and
Clawson (1972) which the authors were kind enough to let us yse
before publication, Figure 1 contains a plot of the residuals
from the 1968 P times of the shot data given in Table 1. In
Preparing ®migure 1 multiple observations of travel times along
the same path were averaged and considered as one. Also any

mean source effect was removed from the data Oon each event

before plotting in Figure 1. f7he removal of the mean source
effect will reduce the variability in the data but should not
vitiate the results if most Sources see a wide range of distances.,
This is the case (Clawson,personal communication,l97D. Furthermore,
No station corrections were applied. fThus Figure 1 Presents

the residuals fr., the 1968 p times in a set of 43 shots with

2044 observations at teleseismic distances. The data set should

not be biasad due to path Overloading or mean removal. fThe re-

sults are most Pleasing. visual inspection reveals that there

is no appreciable mean shift from the zero axis beyond 250,

residuals were read from Figure 1 by overlaying graph paper.
The readings were made to .1} second. The resuylts of

anyalyzing this data on a 50 cell basis are pPresented in
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Table 2. Due to the close agreement ol the computed standard
deviations with the plotted curve calculated on a 2° basis

we believe not much accuracy was lost. Again the results are
pleasing. In the distance range 25° - 100° the largest mean
is ..92 sec. at 25° = 40°. The largest relativé error 1is
approximately one part per thousand and occurs in the 30° - 35°
and 35° - 40° cells. These errors are SO slight that-they
would never affect a seismic location with reasonable station
coverage. In fact if one is only concerned with location then
the removal of the source mean from the residual data has no
effect since for adequate networks this could only bias the
origin time estimate (Tucker et al., 1968).

If we assume that the observatlons are independent normally
distributed, the efficacy of which can be questioned,'then we
can make t tests for each cell. The t values are in the last
column of Table 2. If we choose an & of .01, then the means
of cells 25°-30°, 30°-35° and 950-100° are significantly dif-
ferent from zero. The degrees of freedom for any of these tests
are so large that they are effectively infinite. The critical
t value is 2.576 for a two-sided test. Thus only the 35°-40°

cell appears to be definitely significant. However, since any

R TS
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travel-time curve must possess certain differential propertics
we believe a better procedure is to fit a smooth curve to

the data. With randomization we can obtain "optimal" estimates
of the fitted curve without the assumptions of independence
and normality. We return to these considerations after we
finish the discussion of the randomization procedure.

We thus believe that the 1968 P times are not serioﬁsly
biased against the shot data population of the Ve;th-clawson
work. Again geological and geophysical considerations lead
us to believe that the restricted population is representative
of the whole Earth. We conclude that while we sampled a
restricted population in the 1968, studies that this population
is representative of the whole Earth with respect to both
earthquakes and shots. we will consider this point again in
the section on estimation.

However, representative or not, we envision a final
population of event-station pairs and their corresponding
travel times. We list these events as shown in Figure 2 and
suppose that there are K strata, M events and N stations in
the population. Not all stations see al; events, that is,
are within the distance restrictions. Also each eveﬁt-station.

pair is at some unique distance value. We suppose that the



_29_

range of /\ has been broken into cells and that there are L

of these. We assume that the cells are of equal width and
small enough that the effects of grouping are negligible.

The events are classified first according to stratum and second
according to event within a stratum, that is, all events are
different so that event 1 in stratum 1 is different from

event 1 in any other stratum and so on. However,the N stations
under each individual evunt are the same N stations, that is,
station 1 in stratum 1 - event 1 is the same station 1 in all
other stratum-event combinations. Since each event-station
pair has a unique distance there is one travel time value for
each row of the figure. These are indicated by the x's in the
body of the figure. The randomization scheme is given by the
following procedure:

(1) select by simple random sampling, that is, with
equal probabilities and without replacement, kj of the K
strata where 1% k; ¢ K.

(2) Select by simple random sampling mof the M events
in each stratum selected in (l.) where le mye M.

(3) Let Nym be the number of stations that see the mth
event in the kth stratum. Select by simple random sampling

nkm of the Nkm stations for each event selected in (2) where
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(Tucker, et al., 1968 ang Herrin, et a1,, 1968). 1he available

data were grouped on g ]e latitude by 1e° longitude basis ang

of as random. Here m = 1 ang each k-m combination ig equiva-
lent to a particular j in our previous notation. Step (3) was
met in that Mem = Nkm' The most serioys difficulty with the
1968 procedure is that the cell grouping will not pProduce strata
with equal sizes, However, since most of the data are from
active seismic regions the assumption of equal size strats
should be adequate. Note that since Y%m = Nyp, we have nkm/Nkm=l.
Now consider the general randomization scheme with the
restriction that nkm/Nkm= &, a constant, not Necessarily equal
to one. Then one can show that the pProbability that an individual
event-station pair is included in 7 samplg is (kl/K)(ml/M)°‘

(Cochran,l963). Thus the inclusion probabilities are equal. If we

consider a given distance rYange, then the number of observations ip
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the whole sample at this range is a random variable. Sim-
ilarly the number of observations madc by any station is
random. Thus it is not obvious that the usual statistics
(sample mean, sample variance, regression estimates, etc.)
are applicable.

We shall now discuss a general estimation scheme that
will justify the use of the ordinary statistics and indicate
some further implications of randomization. The technique
is a generalization of the linear regression estimator in
sampling theory (Cochran 1963). Suppose we have a population
of observables Y;, i=1, 2, ..., N. We would like to
predict the Y; values in terms of a set of independent wari-
ables  Xj1j Xoi/s +-., Xpi o that is, for given i
and hence xli’ coes Xpy We desire an estimate of Y;. In
order to obtain a solution we assume that the Y's can be
suitably estimated by linear combinations of known functions
of the X's, that is, we assume a set of basis functions exists.
We employ these basis functions in only finite sums so that

we, in general cannot approximate the Y's exactly. We write

Yo =fo P:h|<xb.';"ﬁ(k;)+'"+Pnhn<)(,;,'--,)(k‘)+¥}23)
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where

5V =[pot iy (s, 3, )1 - +Rahn (i, 4,)]

we suppose that the PS‘ are such that

N
Qlp)= Z

is a minimum. fThus the (population) pPredictor is determined
by least squares.

This definition of the predictor is admittedly arbitrary
but can be justified as follows. Suppose that an individual
Yi is selected at random from the population. fThen one by
randomization theory (Kempthorne, 1955; cornfield, 1944) can

show that if we express this Y; as in equation (23) with

= fot by (%, Xt b, ¥ ) 0

then Yl becomes a random variable with mean Ai and can be

expressed as
y‘: =/JA:+€,A'_ - (25)

The mean of Czlls zero and the variance of €, s

V(C) Z /N | (26)
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We see from equation (26) that A el:) is a minimum consistent
with our model requirements, that is, linear basis. Tf no
Y; is any more important than any other than our assumptions
on theﬁ's is r.10t unreasonable.

Since the population predictor is based on linear least
Squares we have an immediate solution for the @'s (Graybill,

1961);
Fz(X,X)-'X,yJ (27)

[ | (ﬂl(\(“,“'))(k.) b Ln(xll)"')x‘d) ]

R, - (X, )
X=1, : ;

' J '

—' hl()qN’m’YkN) s t‘n(MN,"‘))(kh)j

v
[ ]
50
~
1
A 4
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and -1 denotes inverse and ,denotes transpose, Thus the

P 's are iinear functions of the Population y'g. In practice

it is often impossible to determine the p's since we do not

know the Y's. fThus we must estimate the F»'s by some SCheme.
Since the ‘3's.are linear in the Y's, if we take a simple

random Sample, then :n optimum estimate of X'Y is given by

Xy=Nyry
Xn\ =[Squ{&! rows of XJJ
>’m= (Sampfecl rows o‘r\/),

and m is the sample size, that is, Xy is the matrix of sampled

wWhere

basis functions ang Yo is the corresponding sampled Y valyes.

TAS . .
The estimator X'Y is calleqd 3 Horv1tz-Thompson (HT) esti-

bProperty and is unique. The HT estimator ig unbiased. Fpor

its complete Properties see Hanurav (1968).
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Thus

E(X7Y)=X’>’

ELocx )ty ’AY)] =(X'X)"'x"y
=B

as we see from equation (27). Thus an optimal estimatoyr of

P is given by

B=(x ,X)-’('g,) Xom Yo - =

we have
s -
X% )= (@x%)
~ " % %k,(b) _;\_ {hn{z.') ]
A BING) L aZhay

H
—
*
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where hj(i) = hj(xli""' in). If the sample chosen is

representative of the population X's, then

/)( 2 myu!
Xm m“",\'l'xx (29)
In fact, if the strata are such that the X's are grouped into
m equal size sets of common values and we sample such that
one from each common set is chosen, then
Xor X = R X'X
m m N

as one can easily show. unfortunately this was only approx-
imately done in the 1968 studies since not all events see all
distance ranges and there was no stratification with respect
to stations.

However replacing (M/N x'x)"L by (X' Xm)-l is analogous
to forming a linear regression estimator (Cochran,1963). We
thus consider

3 = (Xm Xm)_lX.:\ Y (30)

which is the usual linear least squares estimator (Graybill,

1961).
We will now develop a bias formula for the general

estimator given by equation (30). From equation (25) we

have

Y. XMP'*CM | (31)

A e e

e

sl o A i

e e AL
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where

€ =(SamP{cJ e's )

B=(x/x.) X" (X p+€pn)
ﬁ"'(xm)(m)-le ' (32)

E(X/e,)= %‘,‘X‘ﬁ (33)
€

e = eri'.
N

But from €quation (25)

Xc=X(\/—XP)
=X \/~(x’x)(3
=X'Y - Xy
=

(34)
Thus, in repeated Sampling with fixed size m, X'

€ is a
random vector dlstrlbuted about 3 zZero mean vector and for
large m the bias shoulg be small,

We have from equation (32) that

(3 {3 ()(m Xmem




- (;—‘\ XJXN)_{;,‘;)XV: G+ -
g oo

-' [
‘(LN X’X) (I'l' (tY'X-#YJXM)(#X'X)!) (36)

Now

]
edvyv s L . . N
1f W\mem N )( X in probability and m is suitably
large. From equation (36) we obtain, neglecting higher

order terms, | {
i J / | /A \

- )% (5X%) € XXl XX X 5

Let the entries in any X matrix be denoted by x,. and

1]

(P
the entries in (X'X/N)-1 be denoted by X. Set p=n + 1.

1j°

Then

X Yo (£ X4) X2,

Syiiends

Lt

i
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as one may show by straight forward but tedious algebra.

We have for the gth entry in equaion (38) that

(EZZEZ 75‘“{ HY[JXJe)

Lel k=1 =1 4=
-E(LE:JZE: al k= ;é\ XMY z)
g

f=1 4=

=72 % ( e, nins 3‘52' > "W‘M&j@)

A7 %

from equation (34). Thus
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where f = m/N
and ‘fg VA
S: X'x X ’Xv'e'
9 = ‘J “q 2 A (N" 3 »  (40)

Finally, from equation (37) we have that

EQB‘F\)’(%)(%?%SQ . (41)

Therefore the bias is of order 1/m if Sk is of order
unity for every k. A sufficient condition for this is that

the X.: ..

ij's and Yj'g be bounded. This 1s the case for the

data of the 1968 studies. Thus the bias due to randomiza-
tion is of order 1/m for thecse studies.
Following Cochran (1963 pages 194—133) one can show that

N 2 .
an assymptotically valid estimator of ;Z% é& is
AS

V/(\e')=Y/[I'XM(XJYJIXW\']X“ (42)
o ylh
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the usual estimator. Recalling equation (30) we see that
the usual least squares estimators are appropriate with our
randomization model.

Thus employing the usual least squares estimators should
produce negligible bias in the travel time estimates since in
the distance range 25° ~ 100° the fewest observations were
8l in the 100° cell. The case for station terms is not as
conclusive since we reported estimates for stations with as
few as 10 observations. However, most of the station terms
were estimated with much more data.

While we have assumed simple random sampling in proving
these results, the HT estimator is optimum under general
randomization. Also, if the design is balanced so that the
inclusion probabilities are equal and further the second
order inclusion probabilities are equal, then the bias is
again of order 1/m. We have previously shown that the
(first order) inclusion probabilities are equal. Since we
sample all strata and use all stations that see any event
the second order inclusion probabilities are either
1, m(m-1)/M{M-1) or (m/M)2. We obtain 1 when we consider

two stations that see the same event, m(m-1)/M(M~1) when
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we consider two events in the same stratum and (m/M)2

when we consider two events in different strata. Thus

the bias is of order 1/m. Also with a sufficiently large
total sample size the usual variance estimator is also
applicable. Thus these results apply in the randomization
scheme employed in the 1968 studies and the usual estj-
mators are applicable in that work,

Let us now consider the general case in which measurc-

ment error is also present, Thus suppose that
Yn\:XmF"" €M+€ (43)

e ~N(P,6%T )

Then
A

E(BY = E (X X)X [Xnp t et €]
B + (Xr:\ Xm)—IXw\ Cm

which is the result given earlier in equation (32),

n
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£ (0 [T-Xu 06X T T o/ )

Also

:(R}E) {E (xm[g +ém)/[I = Xm(xwf Xm)-')(rv(](xmg%m)

/ ~l\,/
+ E; GE/'[:r">(n\()G~1)<yh) )<;W:IGEJ?
since € ang €y @re independent. Now from equation (42)

we have that

E (Xom p+€00) [T XonlXet Xo)™ x,:J&m,ue,,J/ )
2 V(e,),

Also it is well kncwn (Graybill, 1963) that
E E“/[I*'Xm()(h{)(m)-'XMIJ e/(m_k)
= &%
(7. LX) XD )
= Ve) +c?

and again the usual estimator is appropriate, Finally,

Thus

in the general case the usual least Squares estimators are
assymptotically unbiased. If we require that the
regression estimator be optimal with reéspect to the
randomlzaflon scheme then the derlved estimator is the only

one since the HT estimator is unique,

oot
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We now consider one final result of randomization.
Suppose that a single event is drawn at random; that is,
one stratum is selected at random and then one event is
selected at random within the selected stratum. We
suppose that Model 4 holds and Ttlﬁ) is known, With
randomization (FSG)Ij(l) becomes random. Also suppose
that for each event in the population each station is at
a different distance cell. Then for a fixed distance, §,
we have ¥
£ ('t,;_"u)-T (Aa)3)= E @szw + E)

*
= 2 (#e) A0

ﬁI/A-',j atf
=0

from equation (9). Thus, if we draw random samples from
oug population, we expect that at each distance, Q, the
residuals from Tfl\) would average out to zero. This is
essentially the case with the Veith-Clawson data. It is
in this sense that a world—wide.average travel-time
function is unambiguously defined.

Note further that if an event is fixed then the
(¢0)§.j(l) are not random. The only random quantity is € .

If one is then attempting to locate this fixed event with




-44 -
a fixed set of stations, then the location may be signifi-
cantly biased. Longshot is an example of this phenomenon.
If repeated shots were made on Amchitka and a given set of
stations used to locate these shots, then the 1968 travel
times would, in general, give locations approximately 25 km
to the north. One could argue that the 1968 times are not
“tuned" to Amchitka and this is the case. However, if the
1968 times are altered to fit Amchitka, the altered times
would not fit the Veith-Clawson data. We shall return to
this point when we consider possible models of the Veith-
Clawson data. This being the case, 1t should be obvious
that how well a given world-wide average travel-time
function locates a specific event is not a suitable
criterion of the validity of the travel-time function.

The problem now arises of how to make statistical
tests with the randomization scheme employed. Three
approaches are possible. One is to consider non-parametric
techniques. We rule these out since ranks, runs, etc. of
travel times make little sense. A second possibility is
to employ & symptotic theory to justify the normality
assumption. In general, this requires conditions on the

higher order moments of the population (MadoWw, 1948),

e
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In our problem it is impossible to verify these conditions.
However, with "reasonable" sample sizes for many problems
the assumption of normality is adequate (Kempthorne, 1955).
Thus we believe the assumption of normality is justified
in the 1968 studies for the estimation of travel times,
This should also be true for the estimation of station
corrections for those stations that had large numbers of i
observations. A third approach is to employ tests that are
robust; that is, perform adequately when the assumption of
normality does not hold. There is a vast literature on
the subject of robustness (Govindarajulu and Leslie, 1970). 3
Much of this work is on specific problems and employs Monte

Carlo studies. The results vary. In some cases the usual

g

e

test procedures, t, P, analysis of variance, etc., work

well and in some they do not. Now not only sample size is

.important, but i:1so population size since randomization
produces correlation and the standard assumption is of
independent normal observations. Since there exist broad
classes of data for which the usual tests are robust (with
suitable sample and population size) we again believe that
the usual test procedures are adequate in the 1968 studies

in those cases where the sample size was large.
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To compliment these considerations histograms of the
travel-time residuals were plotted for each distance cell
and for ten selected stations. None of the plots exhibited
extreme non-normality. We made no goodness-of-fit tests
since these must necessarily be chi-square tests (popula- i
tion parameters were not known) .

With respect to the Veith-Clawson data, we can again

expect the usual tests to be robust since the fewest num- i

ber of observations, 50, occurred in the 95°-100° cell.
Thus the t-test indicates that at a significance level of 3
.01 that the mean of cell 35°-40° is not zero. However,
as stated earlier, ény travel-time function must possess
certain differential properties, and the t-test does not
indicate how this can be done., Further, for these data,

the t-test is not exactly correct since the data are

corrected residuals and hence correlated at each distance, 1.
Since optimum estimators can be obtained without the
assumption of normality, we shall do this and, in any
event, we will have valid estimates,

We suppose that the Veith-Clawson data constitute a
random sample from a suitable population., Due to the path

averaging this assumption should hold approximately. The
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fact that no Russian or Chinese stations are represented
in the data, anhd all events are in the northern hemisphere
implies that the population is even more restricted than ?

that of the 1968 studies. Thee data represent the most

&

extensive collection of teleseismic shot data”analyzed.

In particular it includes all shots employed by Lilwall

and Douglas (1970), Cleary and Muirhead (1969), and

Muirhead and Cleary (1969). These works are especially imper- ;

tant since the results indicate that the 1968 times are in
error. Ignoring a baseline shift the corrections with
respect to these works are (Douglas, 1970):

Tio*Taeg -0.006 0
and

TCM=Tl968 -0.0234
where LD indicates Lilwall-Douglas and CM indicates Cleary-
Muirhead and T denotes travel time. 1

We shall follow these authogs and suppose that any
error in the 1968 times is given by a linear function, say,
a + b[ﬁw. In order to maké comparisons with the Cleary-
Muirhead results, we shall consider the distance range
200—1000. Also, we must allow for a mean source correction,

Our model is then




ti =0+ T(Ay)+a+bAy+ & +
<(¢5)Z'(z)* %)+ €

where

T*<Aa))=T(AQ))+a+ bA
T (A@)= the 1968 P travel +imes

W ¢J' = a source +ime correction ferm.

Let

¥ - ¥ . .
€L (@) oS )+ O

Then equation (44) becomes

Y .o

Denote an observed residual by Yij(l)7 that is,

Y4it = tigr) = Of - T( )

' ¥
Y =a+bder & + €450y
Equation (46) gives a suitable model for estimating a
"smooth" change in the 1968 times by employing the Veith-

Clawson data,

With randomization our previous work indicates that

(44)

(45)

(46)
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least squares analysis is appropriate. Since

Jj=asbo.p e + €y,
where

g’j.(d - Z: %A.J'(D/nj )
Ao(olj): ;‘Aﬂ(ll’d)/nj ) Al(éj):Al

and

h
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