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G. H. Fel'dman 

Aa Is known, the nature of the heat exchange of the filtration flow 
v~ fro&en soil depends significantly on the filtering properties of this 
aotl In a fro&en state [1]. We should differentiate two poeslble casesa 
the soil pores are filled wlth lee or not (open pores). 

Open Pores (FI~. 1). On the soil surface, there Is .alntalned a layer 
of water H wlth te~erature t 1• The y.axls Is directed downward; the ortgln 
of coordl nates U on the soil surface. Up to the tl- 'i , the fro&en soil 
has thawed to depth ~ •• The filtration factor and the porosity of thaw~d 
aoll (0 ~ j ::;: ~ ) Ia sl~nlfled by K1J •p while that of fror.en soil Is 
Indicated by ( f. ~ } _ '01 ) - k2; "'2• 

At the tl• ~MMMnt '1 , the water has seeped to depth J: • Let us assume 
(' 

that during the filtration of water, In the froaen sollst the plugging of 
pores wtll not occur. Let us further assu.e that at each tiM aoment 1 , 
the teMperature distribution In the thawed ground corresponds to the estab­
lished state. Moreover, the velocity v of water's velocity will depend only 
on thte. 

The deter•ination of function ~ • t < 'f) reduces to a solution of the 
systa• of equations for heat conductivity and filtrations 

()'- t 0 t a - - -· - v -.- - d J a yt o Y 
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(2) 



The boundary conditions of 

rc- =0 
't = O 

Figure 1. 

~ =() 
y -:: y; 
~ > 'f; 

The following notations are assu~da 

.,.... ~ J:..s. M,_/ hr 
~ C1 I 
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where ;t • the heat conductance coeftlclent of thawed soll, kcal/•.hr°CJ 
T 

C 1 • heat capacity and volu.-t r i c wel~ht of waten v- velocity of water 
.6ve .. nt, •/hrt and t • soli te~eratur~, °C. 

A solution to thls system of equations for y
0

; vit; ~ as a function o~ 
T does not appear poaslble. However, vlth an adequat e degree of approxl­
utlon, we can reco.mend the following procedure for determining f. • t ( 'L ). 

The solution to Eq. (1) has the forma 

t = t_,-=Ji_ ( e_1l 1) ... t 
f_ ~J- - I I 

(5) 

The solution of Eq. (2) at f, • const has the form [2]a 

~~~: -(1 ··\)en ~·;~ ~ ~~£ ; v z 1<, y::c{~ -l)'f (6) 

where A • (K2 /K 1 - 1) ~- /H. 

If we aAsuee that K1 • K2 ; m1 - ~· Eq. (6) will acquire a simpler 
form [2la 

.< n H .K~. (~)·, __ \.•[ :: !to" H ln -- i y ,. 
llll H•Yo . . IT\t. Yo (7) 

Substituting Eq. (5) into the Stefan condition (4), we derive 

Arter Integration of thls expresalon, we derlvea 

. v. h1 t.- t ' ) 'L :: y t-~ ( ( ~f -I) 
a -G · W V -

(8) 

Asst gnin~.: the time value ~1• baaed on Eq. (7), we flnd the corresponding 

values for y
0 

and v1 • Then substituting the 11 and v1-values into Eq. (8), 
we find the value. 

This method of calculating ~. wlll be sufficiently accurate becaus e & 

(_K,. -1)- « y . .Q_::f <.~ d Yo 
\K, f ol d't d'l 

For the following time value ! 2, the values of y_~ , v2 wtll be founrl wi t h Eq. 
(6), substituting Into this formula 2- J2, t - ~ ;: Fut"!:her, sube t l t utlns1 • 
• 12 and v • v2 into (8) or (9), we f ind t he value for t

2
, and s o f orth. 

At lv ~ J ,d > 3, Eq. (8) can be vrlttena 
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(9) 

Closed Pores. In a case of closed pores, the necessity originates of 
calculating the conduct of heat exchange between the filtration flow and the 
subjacent permafrost aolla (Flg. 2) ~ 

0 t :T:t,z. 
----~+-------~ _.,. X 

t -t, 

t-o 

Figure 2. 

We place the orlgln of coordinates on the soil surface. The poaltlve 
y-axls ls directed downward. On the soil surface, temperature t • t 2• At 
tl.e _.nt '! , the depth of thawing ~ 1 at thts depth, t • o. The direction 
of filtration flow ts along the X-axls. The orlglnal water temperature at 
X. 0 equal11 t- t 1• 

A slmt.lar pr oblem has been solved by 
lnR the effec:tlvt' heat conductivity factor 
axla) and a lao t llf! thawIng depth of frozen 

ott at . 
a -~y. 2~, 

tC'I,o):=t1 

!!.[ -= 0 j vY 'l ' o 
t (1,'t) : 0 , . ..., \ 

v. c. Gol'dtma~ [1 ] for determln­
~ ef (ln the dlrectlon of theY­
groundl 

(10) 

As ts evident fro. the diagram (10), ln a calculation of the conductive heat 
exchange, we Incorrectly assigned the boundary condition at the upper surface 
of filtration flow-- d t/ OY(v -, o • o. In reallty, on the upper surface of 
filtration flow, we should not assu.e the absence of a heat flow but a quite 
deflnlte teaperature value t - t 2 equalling the soll temperature under natural 
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condition• at th" occurrence depth or th .. ft ltratton flow'a~ upper surface 
(In Fig. 2, y • 0). In addition, w~ did not take Into account the conductive 
tranaport of heat along the filtration flow. A •ore preclae mathematical 
for.ulatlon of the atlpulated problem has the forma 

3lt "'at . 4. '~} ()"'9-- O QX :0 I 0 - 'I - T 

y~o.t-=ta; · 
'J'"y,t=o; · 

, . ~ ro; o< 'I <-'I; t•t1 

where v • velocity of water .ove•ent, m/hrs 

Q , !_,)_~ .,.2/hr 
cr' 

(11) 

i ler • effective heat conductivity factor In dlre~tlon of y.axls; 

c and , • heat capacity and volu.etrlc weight of water, respectively. 

Figure 3. 

A solution to the problem has the forma 
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'· '· (I y 1 ?. t,~ (-l)i';', S i n(!..l .-s:'f.)""PI·~ :ln1~\~1 
"- :c- l -: - -;s i ' .;j. L - - -·;;-- ~: .-. ., - v '{ 1 

( 11 I 

Let us determine the heat flow at the lower boundary y • ~ a 
<:-> 

'! ' :: ~ ·~ :u + ~l.·t_t .. y g.,f"• ~ ~· ., Pl !'!f•~t\.:.( } 
ly ."f 'rf 1 ,;-, 

(12) 

(13) 

The value of the su.a 

where ... 
o :r. '.\ 

I(• -v~ 

Is represented tn Fig. 3. As Is obvious from the f igure, the value for the 
au• can be repreaented In the forma 

[~-~f~ ue.xp[- a~';~~}= Aexp[- f?>;~:.xJ + c; 04> 
. n ct 

where the conatants A, 8 and C are aelected on the basis of the curve (Fig. 
3) tn the known range of variations In crtterlon v = ~ . It the water l8 

... v ~. 2. 

filtered by the complete section through a soil layer which h•• thawed, the 
velocity of water's .ave .. nt equalsa 

Q 
\ I . ., --- I n. t : t ( 15) v L· r f/ • z n 

where Q • output of water, kg/hour; L- w!dth of flow, m; and tn • soil 
te~erature on surface, °C. If the upper surface of filtration flow occurs 
at depth i' from the day surface, it follows thata 

(16) 

The effeetlve heat conductivity factor according to v. G. Gol'dtman consti­
tutes a function of velocitya 

A 1 ·~ =- ) .. n L i: ~ i on 
where ~ - heat conductivity factor of water-saturated thawed coarse-grained 
soil; 0 • coefficient or heat dispersion. According to V. G. Gol •dtman, for 
the •~gadan region, 0 • 7. Let us analyze the case of a co~p1ete section. 
Substituting (14), (15) and (17) Into (13), we dertvea 

(18) 

Let us fonaulate the Stefa.n equation at the boundary of phase trtmsltionsa 



(19) 

where <S • heat of phase transit i ons kcal/k2 a and W • volumetric Iciness of 
froaen aotl, k2/~. Dlvldlng the variables, we derives 

'L fs ,. d. 
GW"' ( ,\ + ~) rt +2 t (A~Jtpr_ S.op"'$ LCJ .. c)rl (20) 

..: o L r~ ua ' . r . G • ~ , 

Subatltutlng the "•" value Into (20), we gets 
'C '~ ~· d. \ 
G'W • (~· 12!!Jft •2t (Aexp(- B1i'x{).Lr"4'•'0Q.1~u\ 

• Lrr ~ 2 ' a"tt'fc.. J /J\ 
For the low x-valu~s, the function ~ • t (x1 'l) can be determined 
teal Integration of Eq. (20). For the high values, Eq. (20) will 
for:.a 

(20) 

by a numer­
assume the 

(21) 

After Integration and transformations, we obtaln the followlng expres-
sion for estl.atlng th~ thawing depth at high X-valuess 

~ t,:t _ yt_ ~ .f'DCl \2 o DO. ... ~ L[~ (22 ) 
fS"W- 2 ~Lr lf\ALrJ. tn "P~ 
- . .. -'\ -

The system (10) can be utlll&ed for estimating the thawing rate of two 
lateral sides of a vertical tallk crevice in which a filtration flow will 
move, or the base and top of a water-bearing layer bounded by frozen laters. 
The Mthe .. tlcal formulation of such a problem has the forms 

1 "i'l t \ ell t --·J -a t - 0 1 · 
/l~~hl +1\fii - c ~ ~- ~ 

• .)('>0; ~ r: ~'f; t -: O ; (23) 

~ =-0; y<!:"f; t =t, J 
Moreover, In the glven case ~ ls half of the thawed layer, M. We ma t ch the 
origin of coordinates wlth the middle of the thawed soil layer. The solu­
tion of problem (23) has the forms 

t:t [ fl- IJ~o:t (ti })o.-.p{~~2~~:)\ f1r e,; (24) 
not 

where ~~ • (2n-l) TL/2; n- 1, 2, 3.... We determine the heat flow at the 
boundary of phase transttlonsa 

n 1 -= :P t l f e .t r fl[~ -v..Y - (..\ ~.!i>..:Y\14 ;) -?ct f2.n -1)1. ~ tJ ..x} ( 2 5 ) 
' ~ : ; /1 H ' 'f L u ~: }. () 'i ' "' :; 4 . ~ . ~ 1. . 

1 t n•• 

Nov let us solve a similar problem under the condition that we disregard the 
conductive heat transfer In the direction of the main filtration flow (X-axla) 
•• compared wtth the convective flow ln thla ea .. direction. 
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Then 

where 2 ~ • depth of thawed aoll layer, m. The solution to the problem has 
the forma 

(26) 

Let us determine the heat flow at the boundary of the phase tranaitiona 

I 
~ 1 

a -::: 2' t .!. \e.)(p r_ a(2.!!.:.!.L_!t .xJ 
1- /\~· I 'Cf L. L "f V fl 

y•"t ,..., . 

(27) 

Let us for.ulate the Stefan condition for estimating the thawing rate of 
frozen ground1 

2A# . t,t;,'~ t ·~ (2n-I)L ~ 1 .X 1 -w df 
!# - l.:Jlp - '1 v ~ ... v d 't" 

"'f ., -

The velocity of water movement• 
a. . v = ~ .. Lr'(, 

(23) 

(29) 

By analogy wlth (17), the coefficient of effective heat conductivity A_ef has 
the forma 

(30) 

Coefficient "a" 

(31) 

Subatltuttn~ (29)-(31) Into (2R), after transformation, we dertvea 
z..h1 ' v · d. 'If -
cnv • s, ~ . r_ (2n·t)2~1 (2X L[V., 'DQ} ..,1 : 

_ 'f_o "~+ Le~pL ~arc T't. ,J 
(32 ) 

where 2 ~. • lnl ttal sot 1 depth, m. The estimation of the depth of thawed 
soll 2 ~. c~n be conducted by a numerical Integration of Eq. (32). 

On a calculation of acicular hydro-thawing. The mathematical formula-
tion of the problem has the forma 

~ 1 at ..L a1t _'!£rat .. o; 
~t• +"t Ol t •'-+ i) Jt'- A'<t' 11 
Jt•O; "t~1'; t,t,; (33) 
O eX < h ; l r t" i t .. 0 
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The following notations have been adopted• h • depth of needle '• sub~rgence, 
•a t 1 • lntttal water temperature; v • veloci t y of water flow, a /hr; a • 
A eric r J cand -y - heat capactty and wetght or water by votu•:); ' . radius, 
a;~ • radlua of halo of soil's thawing around needle, m; A f • effective co­
effl~lent of heat conductivity, kcal/•.hr, °C; and / l . heat conductivity co­
f'ffl c ler.t of water-aaturat e<! t.ha•.1ed grounrl, kcal/m.:u, °C. 

f e- f{tt_x_~t 
I "'f 

9 ---,--- ----- ,---

8 

1 

6 

s 
4 

J 

2 

I 

I 

- r---· 

-- - ---

• 

\ 

-\ --

--~ 

·-- .. . 

-

--- --

-
~"--... ....__ 

- ·-. 
:- -

f-- · 

1-- --- r-

- - - --·- ·- -
' 

-- -- ----- --

- -- r--

(1; 1 

f 
0 0.01 0,02 ~OJ 0,04 ~OJ 0,06 0,07 ~01 0.09 0.1 

Figure 4. 

The solut i on of problem (33) has the for~s 

where fll, • roots of equation ] 0 (h)- o. 

_)J, ·2:~J5; 
)', •18,1; 

.)11 .. a, r J 4j 

.)11 • 21 ,2; 
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' J, l~)d.JfrJ. the bessel functions of the ftrst type,
1
of zeroth and tlrst 

ordera, respectively. We deter8lne velocity vat ass kgned output Q kg/hra 

•- q,,, ~} 2 r (35) 

We then flnda 

The value of the sua t,~xp[- ~J dependIng on parameter "ll.jax/Q has been 

presented In Fig. 4. As ls apparent from the figure, In a fixed range of 
variation ln paraMter 1i r ax/Q, the SUII'S value can be presented in the form1 

. [e1p [- !r(~t.~}•Aexp[- B~lOJl]tC, <·•o> 
• ••• 

\there A, 8 and C • parameters of the curve (see Flg. 4). Subatltvtlng (36) 
and (40) Into (39), ve obtalna 

,1 - 2t~ (\ t _1~)fAe~ptr _ _ B(}.(xV~~~~..'(l•c} (41) 
r - -:-~ " fJ' "Tl l a fc 11. :J 

Let us write the Stefan equation for estimating the thawing halo of f ro~en 
ground around a needle 't-, (x1 , 't) 1 

(42) 

Separating the variables, ve get the following equatlona 
'f 

2t.'L s ·-y. d~ 
GW'"' ( ~ + na. ) fAexpC BlA[!i'f2+ 'DQ .xl+-c 

1u• fl'~T l: [ . G fC 'f'l. ~ 
(43) 

where 7
14

r- • needle's radlu.s, •· If ve assuae a • acp' t.e. adopt the average 
value of the conventional temperature conductivity factor for the entire p$rlod 
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of hydro-thavlns, Eq. (43) vl l l •••u.e the for.a 

Integrating Eq. 
thawlnl halo of 

B 11 [Oct .X 'f 

~[Ai 0 ~cJt• j ;~ 
. 1 vr,~ . kr D ~ 

(44), ve 1et the following expreealon for deteralnlng 
the aoll around a needlea 

, [ B'i"fcf!t!. g 1 i4_ A e- . + 't" ~ .q: zt _1>~ o A (!1' .. l>Q 
d w · < .. , Atr ~ A f.t'Z.i .. ,ti>Q 
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