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RANDOM CHORDS OF A SPHERE

by
David Berengut

Random chords (also referred to as random secants) of convex regions
have been examined by a number of investigators. In connection with
acoustics, Jiger (5], Bate and Pillow [1], and Kingman (7] studied mean
free paths in convex regions in Ean Horow;tz [4] obtained the distribu-
tion of the chord length for a rectangle in the case where the chord is
raediated in a random direction from a point uniformly distributed on the
boundary. Coleman [2] studied the dAistribution of random chords of a
circle, recﬁangle, and cube under several randomness models. Kingman
(8] considefkd random chords of a convex body in E°, and obtained
relations between three different measures. In connection with the
question of whether chromosome pairs are randomly distributed with
respect to each other during cell mitosis, Dsvid and Fix [3] examined
the intersections of random chords of & circle under several randomness
models.

In this paper, we will consider the distribution of the length of a
random chord of a sphere, under eight randomness models, and obtein the
mean and varlance in each case. We assume throughout that the sphere
is of unit redius, and we let L be the random variable denoting chord

length, with density f(2f), O0< 2<2.




Model 1: Chord joining two points independently uniformly distributed

on surface of sphere,

We can let the position P1 of the first point be arbitrary. Then
the Pr{2 <L < 442} is E%' times the area of the circular band in
the following figure: ~

Cross-section through Pl,A,B

Now the width of the band is ds = seco dZ. But ¢ 1s the angle
between PiB and the tangent to the circle at B. Hence by elementary
geometry, ¢ 18 equal to the angle subtended on the upper part of the
circle by the chord P B. But this angle is just é’f - 6. Hence ¢ = 25- 6,
and therefore ds = csc6df. Now the area of the band is ds times its

circumference, which is 2n.2sinég.

o




J. Area of band = csc 6 d2.2n 2 ginb = 2xL a4

SoPr{l <L < p+as) = El? ontas =zﬁu

2 (1)
i E(2) =f £z at = [g’}-]g=3&
; 0
i , e o
Var(z)=f Pl ar -2 (L 6.2
0 9 0 9" 9

Model 2: Chord in random direction from point uniformly distributed

on surface.

A e et T AT i i rem e

pro—

Let the position of the point be P. Let 6 be the angle between

e

the random chord through P and the diameter through P.

m——. -

¥ Since the chord PQ is randomly directed, we know from & well-known re-

sult that the density of # is proportional to sin6, i.e., 6 has density




hypotenuse of length 2,hence £ = cosg. Thus 'E'g' = 28ing. The
at i 1
density of 2 48 thus #£(2) = 8(9)/'33 = ,;—;29— =5 . L.,
1
f(z)=-2-, 0<£<2, (2)
1l
E(l) =1, V&r(l) =?o

Model 3: (Chord in random direction, distance from center mif_ornl,v

distributed.

Let r be the distance of the chord from the center of the circle.
Then )
2(-2r)
2 y1-4?

Since r is uniformly distributed on (0,1),

f, 2
£202) = 1 1- 2 2

2

L =2yl ,l Ig{-l = 2r

/ II.-r2

=

S =t = ,0< <2 ..,
> 2 /1A 2 u-g
l-r
(3)
2
E(t) = %—J £ s
O fu.f
b £ 2
et u = +  Then z=2,/1-u,du=-§-d£
o)
S E(L) - él_ j 4(1-u) 2 4

1 2/u 2 /l-u

= fl u'l/a(l-u)l/adu
o
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| 1 er(Xyu(e)
0P =2 [ w2 (rewew - B =-:zi':{i"=g
° r(2) 5 5"

Model L: Center of chord uniformly distributed inside sphere; random

direction.

_Let r be the distance of the chord (i.e., the center of the chord)
from the center of the sphere.

Pr(r 'S xS tdr) = Pr(r g x +ar) - Pr(r <x )

= (37

1 3
nT—-(—' dr) -
3# 3 ﬂ(r°+ ) B-ﬂ

3
= (r°+d.r) - 1'2

= Brid.r + o dr)

Hence r has density g(r) = 3r2 y 0<r<1. ()
J 2 df 2r

Now £ =2 /1", r =|/1¢-12/2 ’ Ia-r- = ---; . Hence the
ler

deneity of £ 4is given by

£( 2) =3rgzl'z=2r\/l-r2 -2 “”2'-52-:%5 b-F

2r 2

o0<t<2. {(5)

E( ) =%I02 fﬂ?dz |

e L S R A




As before, letting u = -'l,f—a- , we get

1 1
1/2 2 1/2 1/2
E( £) =g‘[) 4(1-u) - Qu/ . mdur-"} u/ (1~u) / du

31"(%)1*(%') 3 ‘%

r(3) =~ 2 :23,

1 6r(2)r(z) 6%
Similarly, E(£) = 6J W2(1ou)dy = —2 — = 2 'J/.; =%‘
0 rd 335 /7

o Var( 2) =%-2%21:.

Model 5: Chord in random direction through point uniformly distributed

inslide sphere.

Let t %be the distance of the random point P from the center of
the sphere. Iet 6 be the acute angle between the chord \a.nd the
radius through P. Then the distance from the center to the chord is
r =t 8in 8. The following figure, which gives the cross-section
through the sphere containing the chord and the center of the sphere,

illustrates this.




Now, since the chord through P hes random direction, we know thet 6

hes density g(6) = s8in §, 0 < 6<% . ILet t be given. Then

dr = t cos 6 d6 » Thug the conditional density of r, given t is

_ 1 tan 6 _ r
h(rlt)-ainetcose- i = 22,05r_<_t (6)
t VtC-r
Now since P is uniformly distributed inside the sphere, t

has density g(t) = 3t2, 0<t <1, as was demonstrated previously

in Model 4. Hence the density of r is

1
h(r) j(; h(rlt)g(t)dt

1
f X 3ty

1
3 f t at
r e

it

2
-r

i.e., h(r)

n

rv1l-rS, 0<r<1 (7)

2 1
l-r
x du = 2r 2u1/2] = 3r \/1~r2
%- fo vu ?[ 0

Wogiooe .




Now

5
L) ese /1P LR L2008 L2 R, 0ceg2 ()
E(!):%f‘q;d!:—zﬁlﬁ-—:l.
0 32 2
2
E(f)uJ’ Pag o2 2
TR
L] 12
..Va.r(.e)a—?-g=§%.

Model 6: Chord through two points_independently uniformly distributed

inside sphere.

Let the position of one of the points Pi be at a distance t
from the center. We will first condition on t. Consider P(L > 2|t),
for 2//14% < £<2. This is just = bimes the volwme of a pair of
conical regions inside “ie sphere, with common axis the diameter throggh

Pi. The following figure illustrates the region.

Crogg-section Containing A,3B,D,C

g s




We have IPlcl = lPlA] = b, IPlBl IPlDI ~ a, atb : £ . Also,

lPlEI =y, [0F| =x . (If ¥ illes on the same side of 0 as

I& , then we take x to be negative). It is cleer that L > 4 If

and only if the gecond point P2 lies inside the regions bouvded by

the sides of the cones. Now the region above I& (havizg A ard

C as boundary points) consists of a cone with flat base of height vy,

plus a spherical cap of height 1-t.y . Similerly, the region below

Pi (having D end B es boundary points) consists of & cone of
height x+t

and a spherical cap of neigpt 1-x . We want to obtain

the volume of these regions in terme of t and £ .

Conazider a spherical cap of height h,

g circle of radius 1-(1-n)" .

0<h <1l ., Ilte vase is

e et} Ve S i Ay .

s i T e b

- Now, clearly, the volums of the cap 1¢ given by
A

s —ts

e

/ I's
-2 V9i-tl-n! ——
vin) - j Jr [Vl-TC - (l-n)] v dr d::
0 0

{cont..)




2.3/2 41=0 2
1j{l-r l-$l-h!
= 2xn E[‘ﬁ)——-} 5 ] - 27(1-n) 5

r=V1-(1-1)2

n

] [g (1-(1-8)3) = (1-n) 4 (1-h)5]

«[%-(1-n)+-1;<1-n)5] , oghs1l . s

Now for 1 <h <2, V(h) = —;- x =V(2-h) = « % - (1<h) 4-]-'5 (1-h)3'

Thus

Vv(h) = x

f;- - (1-n) +% (1-h)3) , 0<hg?2 (9)

Hence the volume of the upper cap is

1 % i
{ V) = (% - (y+t) + E%L) (10) ;

Now, for the lower cap, since we take x +to be negative for
h>1, we have 1l-h=x in all cases. Hence the volume of the lower

cap is

(11)

Now the upper cone has base radius Vb -y~ and height y, hence

its volume is

vV, = % n (b2—y2)y (12)

10
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Similarly, the lower cone has volume

v, - %- 1 (1-22) (t4x) (13)

Adding (10) - (13), we get

VSV FVp#Y V) [% + (%?+t2-1)y+ty2- Sx§a® By %; (14)
We want to express V din terms of t and £ . To do this, we have
to find expressions for a,b,x, and vy 1in *erms of t and £ .

Now, from elementary geometry, we know that for two intersecting
chords of a circle, the product of the segments of one is equal to
the product of the segments of the other. Applying this to chords
AB and GH, we get ab : (1-t)(L+t) . Now using the relation

a+b=£f, we can solve a quedretic equation to obtain the relations.

g5 /22 001-42)

a4 - 2 (15)
[
.b . l"\/i 'A(l't_i (16)

e

’ o}

[
We also have the relations be-ye - l-(y~f)2 and 1-x° - aé-(t*x)e,

from which we obtain tre following expresslions for x arnd y

82-t2-1 ;
ST (n




Y= (18)

Using (15) and (16), we obtain finally

N N e

e (29)
L
_b-Peg/Puaef) 2
Y = Lt -t ( O)

Substituting these expressions into (14}, after considerable simplifi-

cation we obtain

Ve x (& N/

5 15T ), 2V1-t? gt (21)

-1
Now since P(L > £’t) = (%?) v, for 2 l-te < 2 < 2, we have:

3 2, - .2,
R N I ERYPY (22)
P(L > £]t) - T i
1 , 0 < £ <2V1-t8

Now t, DbYeing the distance of Pl t'rom the center O, has density ?

£(t) = Bta, as we saw before in (4). Hence




T TS ST

SE e TS AT T TN

1 2
P(L > 2£) = f P(L > £]t)3t%t
0

1 1 ,
= [ 3t%at f 2R 048
0 s ~TIst
42

2

3 1l
1o qp e [T e/ o
k-

2
2

26 "‘

=l-a (23)

e

Hence P(L < £) =z, 0<4<2 andthe density of L 1is

£(e) =3 P, 0gts2 (21)

E(2) =—§-[2 PLas = 2 (-21) =12
oy 3 (% 1., 3

b 3

13
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Model 7: Chord normal to random intersecting plane, through point uniformly

distributed ingide circlie of intersection.

By random planes we mean planes with measure invariant under rota-
tions, translations and refliections. We are interested in the condi-
tional space of random planes which intersect the sphere. Let p be
the distance of the random intersecting plane from the center of the

sphere. The random chord is obtained by choosing a point P having

uniform distribution in the circle of intersection of the plane with
the sphere, and drswing the normsl to the plane through that point. Let
r be the distance of the point F from the center Q of the circle

of intersection, 0 < r < L-p2 . (See figure.)

random plane

lLet p be given. Then

i 3 e 2
) 2 m— ; : 2 < -
P(r, < r < r+dr) — L (r_+dr, ro] y 0S8 2/1-p
- Al-p ) ]
er

« —Se dr 4 oldr)
L4
1-p
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l
|

Hence the conditional density of r given p 1ia

2 2 L
e(rlp)"-rz, 0<r<il-p (25)

l-p

Now since O0Q and the chord are both normsl 4o the same plene, the
distance from the chord to the center 0 4is r « Hence the length
of the chord 1s £ = 2 l-r2 ’ l-g-flr——é-{—- + Making the transforma-

l-r

tion to £, we obtain the conditional density of £ :

e Jood? '
2 - -
£(2]p) = r2 . érr e MEer £

2 24’
1-p 1-p 2(1-p%)

Zpg i (26)

Now from the theory of random planes, we know(efe Kendsll and Morsn [G],
Pp. 20-22) that p has the uniform distribution. Hercs the density
of ¢ is

82 2 e/ 2 )
_ g £ 2 1 1
£(8) f c(eln)ap - f 2 ap . "?f {_-,,._'_, P
0 0 2(l~p2) I 0 2"17})) 3.(.1-})}-

p ‘ _ L 1ped/2
= x {in(hp) - log '\l—p/J
p =0
£, 248 N o
my gz, 0 <7 VA7)

e T e e =




2 2 2
Bt) =2 PmLap.} f Fmae)at - |  FPm(2-pas
N o 2-1 in o 0
Inl - n2
- T j u(eX % ke koY) du - f w(e?U-he? e he™) qu
2 -0
[ Tu 2u u=£nh
1 [ e’ 1 e 1 v, .
= = (u = $)=b == (u - Z)+be (u—l)]
su 2u Ink
e 1 e 1 - L 2
..[3 \1-5)-1&2 (u-2)+lte(ul)]zn2 -3£n2+3.
. £ 8
In & similar manner, we obtain E( £ ) = 5
20 16 4 L 16 (4pf?
Hence, wvar(!) = 5 5 o 5 (fn2)" .
Model 8: Chord normal to plane of random great circle, through point

uniformly distributed in circle of intersection.

This randomness model corresponds to the measure obtained by
taking the restriction of "random lines" in 3 dimensions to those
intersecting the sphere, where "random lines" in 3 dimensions refers

to the measure on lines which is invariant under translations, rota-

tions and reflections.

let r be the distance of the chord from the center.




S e v e ot 15, T

I
;
P
¥
!
L

A —

random great circle

chord

By construction, P 1is uniformly distributed inside the great cirecle.

Hence, applying (25) with p = O, the density of r is
g(r) =2r, 0<r<l (28)
Making the transformation £ =2 Jq::Ei we obtain the density of £
#8) =5, o<ts2, (29)

We observe that this is the same density as that obtained under
Model 1, where the chord is formed by joining two points independently
uniformly distributed on the surface of the sphere. Since the
measures on chords induced by both models are rotationaliy symme.ric by
construction, it is clear that the two measures are identical.

Model 8, being the measure induced on chords by "random lines" in
3 dimensiong, could be considered the natural messure on ctrords of a
sphere. This measure has the advantage of inducing the identical
measure on chords of any sphere contained within the originasl sphere.

We have seen that this natural (or invariant) messure on chords can
be obtained for the sphere by choosing the endpoints of the rhord

independently and uniformly on the surface. However, this 1s agot true

17
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in general for arbitrary convex figures in % dimensions. One way of
constructing chords of an arbitrary convex body A 1in 3 dimensions
having the natural measure 1s as follows: Choose the direction u of
the chord with probability proportionsl to the area of the projection
of A along Y. Let the intercept of the chord with the plane normal
to u be uniformly distributed over the projection of A onto the
plane. This defines the chord unigquely.

Kingman [8] obtained relations between the measures induced under
models 5,6 and 8 for srbitrary bounded convex regions in B, If we
denote the length of the chord o by X(o¢), and let by be the measure

on chords under model i, then his results were;
Lg(d0)°¢l(0)LB(dc) (30)
gl a0) € £ (0) wgldo) . (31)

Clearly, the densities we obtained for chord length in the case of a

sphere in E5 agree with these relations.

The following table summarizes our results.

18
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£(2)
Model 042 E(2) Var(2)

» l. Joining two random
- points on surface

» 333

O e
Wi &
|
—

N
Vel ¥}
H
[} )

N
LS

! 2. Random direction
from random point on
surface

1.000 = 1533

g
=
u

i+

3« Random direction,
: uniformly distribu- 4

b ted distance from 5
i center. 2 vk

= 1.571 ~ .199

v 1
'

wim
1
=H*n

. 4, Chord center uni-
formly distributed 3 ) 3
_ inside sphere; random g LVh-4 ;3 = 1,178
- direction

on . .212

wiom
2
2

5. Random direction
through random point
inside sphere

= 1.500 = .150

[+ (6N
R -9
o
i
n
o$ﬁ

6. Through 2 random

- > y
points inside sphere 3% == - 1.71h ] e = ,001

N
S

T. Normal to random
intersecting plane,

through random point
in cir~le of inter-

gectic .

1.591 %; - %; (£n2+ fu€2)

e
=
=

2

(O By
o
=
'\\

.
wire
i

L

8. Normal to plane

of random great ciicle,
through random point
in circle of iatersec-
tion.

POt

same ag|Model 1
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=
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