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RANDOM CHORDS OF A SPHERE

by

David Berengut

Random chords (also referred to as random secants) of convex regions

have been examined by a number of investigatorsý In connection with

acoustics, Jiger (5], Bate and Pillow [1], and Kingman [7] studied mean

free paths in convex regions in E3 Horowitz [4] obtained the distribu-

tion of the chord length for a rectangle in the case where the chord is

radiated in a random direction from a point uniformly distributed on the

boundary. Coleman (2] studied the distribution of random chords of a

circle, rectangle, and cube under several randomness models. Kingman

[8] considerpd random chords of a convex body in En, and obtained

relations between three different measures, In connection with the

question of whether chromosome pairs are randomly distributed with

respect to each other during cell mitosis, David and Fix [33 examined

the intersections of random chords of a circle under several randomness

models.

In this paper, we will consider the distribution of the length of a

random chord of a sphere, under eight randomness models, and obtain the

mean and variance in each case. We assume throughout that the sphere

is of unit radius, and we let L be the random variable denoting chord

length, with density f(l), 0 < I < 2,
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Model 1: Chord Joining two points independently uniformly distributed

on surface of-sphere.

We can let the position P1 of the first point be arbitrary. Then
1

the Pr(I < L < I+dl) is times the area of the circular band ir.

the following figure:

0S•kergh I+dl

1 I
Isine d2(

P,
Cross-section through PI,A,B

Now the width of the band is ds = secq dl. But T is the angle

between P B and the tangent to the circle at B. Hence by elementary

geometry, c is equal to the angle subtended on the upper part of the

circle by the chord P1B. But this angle is just . Hence = -e,

and therefore ds = cscedi. Now the area of the band is ds times its

circumference, which is 21(.IsinO.
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.. Area of band = cac e di .2r I sine 2rIt di

.. r(i) = 1/2, 0 < I <_2

E( 1) 11 2 di = (1)

-Va(2) fJ 3/ di 16 4 2 16 2r --f P/2 dl- L- [I-I-, - I

Model 2: Chord in random direction from point uniformly distributed

on surface.

Let the position of the point be P. Let 0 be the angle between

the random chord through P and the diameter through P.

R

! 0

P

Since the chord PQ is randomly directed, we know from a well-known re-

sult that the density of 0 is proportional to sin O, i.e., e has density

.!

_ ki



g(e) sing, 0 < 9 < Now triangle PQR is a right triangle with

hypotenuse of length 2, hence I . cose. Thus -I w 2sino. The
oensityfo I is thus f(A) g(q)/ ---- i.e..,

denityd9l 2sine 2 -

f(I) l , o< _<2. (2)

E(I) = 1, Va~r(A)

Model 3: Chord in random directionp distance from center uniformly

distributed.

Let r be the distance of the chord from the center of the circle.

Then

2/ ir2 i/7r

Since r is uniformly distributed on (0,i),

r2
2r 2r /1, 0<_ I<2_

SdA

Let =• .7 Then 1= 2/T• , du - d

E( 1) 4 1 u -2 du
1 2 /- 2 /1--

-- 1 u'4/2(1-u)1/2du

0

24



r ( .) r( ~) 1
V, - t

r(2) 2 2

E(O) =2 f u1/2 (2-u)du= 2r() ) 8

0. r(l-) 2 =

Yodel I: Center of chord uniformly idstributed insid spherel .. dom

direction.

Let r be the distance of the chord (i.e., the center of the chord)

from the center of the sphere.

Pr(r<_ r< +dr) =Pr(r< ro+ ) Pr(r < ro)

"T 4 (. i(r°+dr)') i t z- )

- (r+d)3) -

2•r2dr + o(dr)

Hence r has density g(r) =3r2 , 0 < r <1 . (.1)

Now = 2 I , r =/-8 , -1-- • Hence the

density of I is given by

222

0 < < (5)
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As before, letting u = 4-- , we get

- )4(1-u) •2u/2 2 du 3 1/2(-u) 1/2du
2(1-u)1 /2 (-

d 6r)))r(2) 6 ./17
Similarly, P.(1) 6 u.21ud55

Jo(3 r(• = ")

.'" var(i) --= - 2 .

Model .: Chord in random direction throtgh point uniformly distributed

inside sphere.

Let t be the distance of the random point P from the center of

the sphere. Let e be the acute angle between the chord and the

radius through P. Then the distance from the center to the chord is

r = t sin e. The following figure, which gives the cross-section

through the sphere containing the chord and the center of the sphere,

illustrates this.

random
cod

'I|
•" i .......•" ? ;: :' i••' • :--- - F = • I - 1...........I . . I.. . 1 .. I •....i ' -



Now, since the chord through P has random direction, we know that 0

has density g(9) = sin O, 0 < < < Let t be given. Then

dr = t coo e de . Thus the conditional density of r, given t is

h(rjt) = sin 0E 1 - , rr< t (6)

tcoso -t6

Now since P is uniformly distributed inside the sphere, t

has density g(t) 3t , 0 < t <1, as was demonstrated previously

in Model 4. Hence the density of r is

.' h(r) h(rlt)g(t)dt

/r 3t 2 dt

3r t dtt~. 2

-r2 -r 2=- Yu 2u 3r ru/

i.e., h(r) 3rvl-r, 0 < r < i (7)

I7



Nov

2r 2

E(e ) pi f n di t =e- o 1a6

E(?) f _• :- 32 h2J 0  5 i *~

:.Var( A) - '.5 20

Model 6: Chord through two points independently un~iformly distributed

inside sphere.

Let the position of one of the points P, be at a distance t

from the center. We will first condition on t. Consider P(L > Alt),,
for 2 1< A 2. This is just times the volume of a pair of

conical regions inside ')ie sphere, with common axis the diameter through

Pj. The following figure illustrates the region.

IE

;at

D C

B 11

o f c ap

Cross-section Containirg AB,D,C
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We have IP1C1 jP1AIj b, IP3 BI *.- a, S-+b I Also,

IP1E - y, I1OF x - (If T' iLes on the saw side of 0 as

P , then we take x to be negative). It is clear that L *> I if

and only if the second point P 2 lies inside the regions bounded by

the sides of the cones. Now the region above P1  (havi.,g A and

C as boundary points) consists of a cone with flat base of height y,

plus a spherical cap of height 1-t.y . 3imilarly, the region below

P1  (having D and B es boundary points) consists of a cone of

height x+t and a sliherical cap of neight l-x We want to obtain

the volume of these rgioons in terms of t and L

Consider a spherical cp of height h, 0 < h < 1 ,, Its base is

a circle of radius l-Tl-hT) ,

Now, clearly, the volumni of' thc cap i, giver by

- Kr 2 ,1

Jo 'o.I"V~~ rr. ," T l n d r d , -

:i
0 I0

~~ ME aot '



2 .3/ rO --° 2

~r-~--- r= rl%/STlih)22

S (1-(l-h) 3 ) (1-h) + (1-h)3]

=,,, - (1-h)+ 3 (1-h) , <h<1

Now for 1 < h < 2, V(h) = v -V(2-h) = (1-h) 1 (1-h)3

Thus
V~h) 2 • - (1-h) + 1 (1-h)3 0 -< h < 2(9

Hence the volume of the upper cap is

V 1= -(y+t) + (Y 3 ))(10)

Now, for the lower cap, since we take x to be negative for

h > 1, we have 1-h=x in all cases. Hence the volume of the lower

cap is

v2~ ~~ 2 -x+ n
Now the upper cone has base radius a - nd height y, hence

its volume is

v n (b2 -_y2 )y (12)
3

10



I:

Similarly, the lower cone has volume

V - ( .A2 )(t4x) (15)

Adding (10) - (13), we get

v=v:L+v 2+V +JIL It _-i)y4 tY- .2

We want to express V in terms of t and I To do this, we have

to find expressions for a,b,x, and y in terms of t and I

Now, from elementary geometry, we know that for two intersecting

chords of a circle, the product of the segments of one is equal to

the product of the segments of the other. Ap•plying this to chords

AB and GH, we get ab N(l-t)(l4t) i'ow using the relation

a + b A, we can solve a quadratic equation to obtain the relations.

2 (C15)

b -. " /"l-t•-° (16)
2

22 2 2 2 2
Wealohae h rlains b-y -- 1-(y-t, and .l-x a 8-(t~x ,

from which we obtain the following expre2ssons for x ard y

II

a 1 1
'I 2t



2 21-t -b
Y 2t

Using (15) and (16), we obtain finally

x 0.-. 4t - ...

y I 4(3t .- t (20)

Substituting these expressions into (14), after considerable simplifi-

cation we obtain

V 3 12t 2, t < _<2 (21)

Now since P(L > lit) In V, for 2 < I < 2 , we have"

P(L P S)"4(1_t <t22 (22)

16 2 t2 <~ I < 2 (22
P(L > lit) ;. - -

0 ,o< I < 2 /1t2

Now t, being the distance of P, from the center 0, has density

f(t) 3t 2, as we saw before in (4). Hence

12



P(L > 2) P(L> £It) t 2 dt

32 3.F 22

f 3tdt. J L•zlt' 3t-dt

2

.,..

(23' . f . •-4(-t2) 
/2]

p66

S1 
3

161
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Model.7: Chord normal to random intersect ing plane, through point uniformly

distributed inside circle of intersection,

By random planes we mean planes with measure invariant under rota-

tions, translations and reflections. We are interested in the condi-

tional space of random planes which intersect the sphere. Let p be

the dlstance of the random intersecting plane from the center of the

sphere. The random chord Is obtained by cbooslng a point P having

uniform distribution in the circle of intersection of the plane with

the sphere, and drawing the normal to the plane through that point. Let

r be the distance of the point P from the center Q of the circle

of intersection, 0 < r < . (See figure.)

random plane

Let p be given. Then

r< + dr) 1.,(r0dri 0 0 r 0•,-p 2 .-- , -- 0 < rr,(i-p") 10 "

2r
-tr 4 c(ur)

-p

i l | | | i g l l , 1



.Hence the conditional density of r given p ij

g(rp) 2_.•r 0 <r<l1P 2  (25)

Now since OQ and the chord are both normal to the same plane, the

distance from the chord to the center 0 Is r . Hý,nce the 'Ifngth

/!r2 IdI, 2r
of the chord is Z 2 .r V1- 2 . Making the t:rarjct'orma-

tion to A, we obtain the conditional density of i

2rr jl~ Ji~___rfelp) -22 2r 2 2) 2p 1 2 (26)
1-p 1-p 2(1-p.)

Now from the theory of random planes, we know(cf. KXndall and Moran [6],

pp. 20-22) that p has the uniform distribut-lon. Hence. the density

of A is

/ ,/2 A d9/2 dp
f A/2f(91p)dp t ~ I2K.

Jo fo 2(1-p") *P ý 7 . . .

[ ] ~P-"/
•[n(l+p) - log ' I-p2

I-. -

£ 2+f,. •

I- An - 0 1<

2-11



E(A)~ hn2'df n(2+1) di (21n2Id
f 2-o 1

2n2 f,

[ nue 2ueu (u u( eu 2 U+4&•)du}

_ (u 4 L (u - )4e•(u--)

3 3 2 n2J 33

In a similar manner, we obtain E() =

Hence, var( I) =20 - I n2 - 16( (,nr )2
9~ 9 9

Model 8: Chord normal to plane of random great circle, through point

uniformly distributed in circle of intersection.

This randomness model corresponds to the measure obtained by

taking the restriction of "random lines" in 3 dimensions to those

intersecting the sphere, where "random lines" in 3 dimensions refers

to the measure on lines which is invariant under translations, rota-

tions and reflections.

Let r be the distance of the chord from the center.

.16

.1
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/ 0 p random great circle
: i • kr chord

By construction, P is uniformly distributed inside the great circle.

Hence, applying (25) with p 0 0, the density of r is

g(r) 2r, 0 <_ r <_ 1 (28)

Making the transformation 1 = 2 V/l-i, we obtain the density of 1.

f(A) 0 < I <2 (29)

We observe that this is the same density as that obtained under

Model 1, where the chord is formed by joining two point, independently

uniformly distributed on the surface of the sphere. Sincf. .the

measures on chords induced by both models are rotationýLldy symmetric by

construction, it is clear that the two measures are iden-, ,:.½1

Model 8, being the measure induced on chords by "random lines" in

3 dimensions, could be considered the natural measure on chords of a

sphere. This measure has the advantage of inducing the identical

measure on chords of any sphere contained within the orig1nd] sphere.

We have seen that this natural (or invariant) me.ese'rt on chords can

be obtained for the sphere by choosing the endpoints of the I.hord ¶

independently and uniformly on the surface. However, this is not true

17- Ii



in general for arbitrary convex figures in3 dimensions. One way of

constructing chords of an arbitrary convex body A in 3 dimensions

having the natural measure is as follows: Choose the direction u of

the chord with probability proportional to the area of the projection

of A along u. Let the intercept of the chord with the plane normal

to u be uniformly distributed over the projection of A onto the

plane. This defines the chord uniquely.

Kingman (8] obtained relations between the measures induced under

models 5,6 and 8 for arbitrary bounded convex regions in En. If we

denote the length of the chord a by I(a), and let ýi be the measure

on chords under model i, then his results were:

p5(da) o. A(a) p(da) (30)

IA6(da) 0r- In+l(cr) p8(do-) (31)

Clearly, the densities we obtained for chord length in the case of a

sphere in 3 agree with these relations.

The following table summarizes our results.

18



Model 0 1 2 E)Var(l) -

1. Joining two random 1 4 2 222
points on surface 3 1,533 9 2

2. Random direction
from random point on 1 1 1 O0 1 .333
surface 2

3. Random direction,
uniformly distribu- 2

ted distance from 1.571 78 , -199
center. 2 r'4-,

.* 4. Chord center uni-
formly distributed 23 21
inside sphere; random 1 4"-1
direction

5. Random direction 2 1.500 2 150
through random point 1 1 .150
inside sphere

6. Through 2 random 5 5 12 o61
points inside sphere ' - o11

7. Normal to random
intersecting plane,
through random point. 2- 4 2 2D 16 (n2,n2)
in cir-le of inter- 2.1n - • iri• 3 =i591 9
sectic. .154

8. Normal to plane
of random great ciicle,
through random point 2 same as Model 1
in circle of intersec-
tion.

* I.

. -I
...............................................................................-.
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