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ABSTRACT

The purpose of this work is to investigate the number
of arithmetic operations reaulred by algorithms which
eveluate polynomnials. Previous results show that a polynonial
of degree n requires at least n/2 multiplication/divisions
and at least n addition/subtractions for its evaluvation if
the coefficients of the polynomial are sultably independent
irraticnal numbers, Hcwever, the coefficlents of any polyno-
mial that would be eveluated in practice are represented only
to a finite accuracy and are therefore rational numbers,
The above resvltis are extended to show thet the same lower
bounds hold fer almocst all rational polynomials if the polyno-
mial is belnes evaluated efficiently. Another lower bound
result is given that shows that slmost all rational polynomials
of degree n require at least /n multiplication/divisions for
thelr evaluation by any algorithm, efficient or not.

Several alporithms are presented which cen in thesry
evaluate any rational polynomial using O(,/n) multiplications
and nany additions. While ¢f no practical use for rational
polyr.omials in general, these algorithms do turn out to give
methods for evaluating a polynomial at a matrix argument
which are more efficient than previous methods.
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I. Introduction.

One purpose of computational complexity is to find lower
bounds on the degree of difficulty involved in performing scme
computation or class of computations under some mcasure of
difficuvlty. Another aim 1s then to show that the lower tound
j= "tight" by exhibiting an gleorithm which performs the
computation with a degree of difficulty close to the lower
bound.

This paper will consider the problem of evaluvating a

polynorizl in one varlatle with real coefficlents,

9 = n n-l s 00 3
p(x) = a x" + a 4% oot ByX 4 By

ao. Bqoecey sn ¢ P,

Folynomials arise very coften in practice and many
functions are evaluated by evaluating a finite portion cf
their Taylor polynomiel.

The measure of difficulty will be the rumber of individual
arithmetic operations +, -, *, ¥, used to evaluate the
polynomiel. We will be interested in how the reouvired number
of operations grows as a function of n, the degree of the
polynomial. The greestest emphasis will be on counting the
nuvmber of multiplications and divisicns.,

Algorithms will consist of & seaquence of arithmetic
operations. At each step, each of the tuwo arguments for the

operation may be somc input variabie, scme fixed number,



or the result of some previous step. This is formelized

in the following definition.

Defihitiog. Let S be an infinite field and V be a finite set

of input variables. A rational slgorithm A over°'S is a

sequence A =a(l), a(2), **+, a(k) where
1), 8(l)e sUV and
2) For 2<r <k elither a(r)e SUV

or a(r) = (op, i, J)

where 1 <1,J<r and ope€ {+. - ¥, +}

Let S(V) denote the extension field formed by atteching the
indeterminates in V to the fleld S and closing under the
rational operations.

Define the asssociated elements p,, Pyre+sy Py € s{v) U {“}

as
a(r) if a(r)e SUV

Py oP py Af efr) = (op, 1, §J) and p, # =,
and pJ # © and either
op £ ¥+ or pj,{ 0

< otherwise

Now A computes the function f € S(V) 1if

f =p. for some r, 1<r<k,
For example, to evaluvuate a polynomial p(x) with resl
coefficients, one could choose S = R and V = {x} .
(Throughout the remainder of this paper, C will denote the

field of complex numbers, R will dennte the field of real



numbers, Q the field of rational nvmbers, and Z the ring of
integers).

RQuite a bilt of work has already been done concerning
the complexity of polynomial evaluation algorithms., The
new work presented here was initizlly motivated by considering
polynomiels with rational coefficients. The only known lower
bound arguments show that at least n/2 multiplicstions ere
required to evaluate a degree n polynomial but assuvme that the
coefficients 8g, 89, ", 84 of the polynomial are alge-
braically independent real numbers, that is, there is no
rational polynomial P € Q[yo, Yie s yn], PZO,
such that P(ao, Bps tty an) = 0,

Such an assumption is necessary to obtain interesting
lower bounds because some degree n polynomials, such as
p(x) = x0 + x0=1 4 xN=-2 4 ... 4+ x + 1 can be evaluated in
O0(log n) operations.

If the coefficients of ine polynomial are rational
numbers, then they are necessurily algebreically dependent
and the known lower bound methods do not directly apply.

In fact, any rational polynomlal of degree n can in theory
be evaluated using only O(,/n) multiplications as will be
seen later. The coefficients of any polynomial that we
would want to evaluate in practice would be represented

only to a fixed number of decimal places and would therefore

be rational numbers.




Before presenting the results for rational polynomisls,
the next section will glve a brief survey of previous and

current results concernin polynomial evalvation.
g



II. Survey of Previous Work.

Previous algorithms and lower bounds fall into two main
classes, those which use preprocessing and those that do not.
The latter class, no preprocessing, use the coefficients
8 B4 0y 8y of the polynomial being evaluated as the
fixed nunbers (scalars) which enter into the slgorithm,

The best known alrorithm of this type 1s the scheme known

as Horner's rule which evaluates

n n-1

P(x) = a x" + a, 4% +ocee 4 oayx + o2 as
Algorithm A.
p(x) = (((co-layx + 8, 1)X + ay 5)x + =+« + a1)x + a,

in n rultiplications and n sdditions.

Preprocessing algorithms vse ss scalars certain real
numbers which are precomputed from the 8,y . There are pre-
processing algorithms which 1se about n/2 multiplications
and n additions. These algorithms are most useful when the
polynomial is to be evalusted many times at different points.
The preprocessing nced only be done once and n/2 multiplications
are then saved over Horner's rule each time the polynomial

is evalvated.
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2.1 Preprocessing,

A preprocessing algorithm is presented first,

Theorem 2.1 (Votzkin [1], Pen [2]). Any desree n real
polynomial can be evaluated using Ln/zj + 2 multiplicaticns
and n additions.

Proof':

Algorithm B. p(x) = anxn + vee 4+ 81X + a5 1s evaluated by

the scheme
y=x+2¢ W=y

Z = (any + so)y + to (n even)

z

8,y + tg (n odd)
P(X) = (((*eo(z(w = 59) + t;)(w - Sp) * t5) cee)(w - s )
[n/2] -1

O,*++, m) are certain real numbers

where nm

and ¢, Sye ty (1

which are found in the following manner.
First note that deg(p) : n implies that p can be

written as p(x)

(x2 - 5 )a(x) + t_

where deg(q)

n -2 and Sy tm € C.

If p(x) = anxn +ocre +agx o+ a, , then s, 15 a root of the
auxiliary polynomial formed from p by teking each "odd"
coefficient Paux (%) = Bon XD 4 eee 4 83X + &y .

tm i1s found by a polynomial division. Now apply this to a(x),
finding a s _; and tn-1. and continue. Tt turns out that

S1» """y Sy are the m roots of p,, (x) and the t, are

i
obtalned from the Sy and ai by polynomiel divisions., Note
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that the sy and t1 mey be complex even though the a, are real.
this is undesirsble because complex srithmetic requires at
least twice as many real operations as real arithuetic and
any advantsge over a non-preprocessing aleorithm is lost.
However J. Eve [3] has noted that

1t B(y) = p(y - ¢) = p(x) .
then all the roots of ﬁaux(y) are real for an appropriaste
real c. /

For a further discussion of Algorithm B, see Knuth [47.

Turning now to the problem of finding a lower bound,
1t 1s possible to show that at lesst /2] multiplication/
divisions are required to evaluate & degree n polynomial if
the coefficients are algebraically independent real numbers.
A multiplicetion/division operation is elther a multiplication
or a division. It is instructive to view this vroof in some
detail as the methods will L« extended and used later. First,

the concept of algebralc independence 1is defined.

Definition. 8y, **%y 8y € R are sald to be alpgebraically

independent if there is no P € Qyys o ynle P £0,

such that P(aj, ***, an) = 0,

The first lemma shows thne meximum amount of compucation
that can be done with a certain number of multiplication/

divisions.
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Lerma 2.1. A polynomial p(x) can be evaluated in ro more then
k multiplication/divisions by e rational algorithm over R if

and only if it can be evalvated by the scheme S)[r ziven by

A A
u; = (mlox + Sl) op, (mlox + Sl)
A A A
U, = (mzlu1 + MynX + sz) op, (m21u1 +MagX + s2)

in general

r-1 r-1, A _ A
v, = (1‘_§1mr1u1 + M oX + sr) op,. (1‘=zlmr1u1 + W ox + Sr)
r=2, ¢, k
X + s

and finally p(x) = 1§ u, + m

£1%+1,1%M 7t Py, 0 k+1
A
where mij' m1J € 2 for all 1, }
A
Sy s, € R for all 1

°p1 € {*l +.} for all 1§

Proof : The proof is complete once it is noticed that after

r-1 multiplicetion/division: have been performed, the only

computation that can be performed without doing another

multiplication/division is addition/subtraéflons on
{xowpo vy oo w YU

where u, 1s the result of the i-th multiplicetion/division.

Any such computation can be written as

r-1
1Elmriu1 + WX + 8,
where m., € Z 1=0, ¢¢¢, r-1 and s, € R.

The integer "multiplication" mnu1 1s just shorthend for
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M.y repeated additions of Uy .
Two terms of this type can be formed and combined with
a multiplicaticn or division to get the next multiplicution/

division step u_. /
The next lemma 1s also necessary.

Lemma 2.2 Suppose Py € Q(xl. RN xm) i =1,¢¢., n,
That i1s, there are n rational functions, each in the m
variables Xys **% Xp oo If n > m, then there exists a
multivariate rational polynomial P € Q[yl' cee, yn] , P£0,
such that P(pl(xlv tty xm)v *%y pn(xlo e, xm)) =0

for all Xy, ***, X such that Py Ao, 1 =1, ceo, n,

m
Informally, if there are more functions than variables, then

they satisfy a non-trivial polynomial relation.

A formal proof of this lemma will not be given. Very
informally, if Pys» ***y P, were algebraically independent,
then Q(pl, cee, pn) would have degree of transcendence n
over Q. But since the p; are rational functions in the Xy
Q(pys ***y Py) S Qxy, 0o, xm) which has degree of trans-
cendence m over Q. n > m gives the contradiction. For

further detalls see for example [5]. /

The following lower bound result can now be proven,
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Theorem 2.2 (Motzkin[1], Winograd [6]).
Any p(x) = anxn + +ec +a;x+ a8, with ag, a;, ***, 8y
alge?raically independent real numbers requiref at least
rn/é] multiplication/divisions for its evaluation by any
rational algorithm over R.
Proof : Assume p(x) can be evaluated in k multiplication/
divisions and therefore by the scheme Sk for some cholce of
By 4 313 € Z, 8y 31 € R, opy € {*. +} .
Formally carry out the nperations in Sk and view the result
as a polynomial in x,
p(x) = p (8)x" + *++ + py(8)x + py(¥)
=a,x" + °c +ayx +ap
where each p, is a rational function in
T= sy B e my By )
Note that there are 2k + 1 variables in 3.
Now if 2k + 1 <n + 1, then by Lemma 2,2 there is e
rational polynomial P i 0 such that
P(p (8), **+, Po(8)) = 0
or P(a,, ***, a3, 85) = 0 which is a contradiction,

Therefore 2k + 1 >n+1 or k >n/2, /

It is useful to think of the s,, 31 as representing
degrees of freedom. The set of all degree n polynomials has
n+ 1 degrees of freedom because each coefficlent can be
varied independently. Lemma 2.1 states that each multiplication/
division can introduce at most two degrees of freedom into the

algorithm. The concept of degrees cf freedom is formalized in
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Knuth [47], but the method of proof of Theorem 2.2 using
degrees of freedom 1s essentislly the one presented here.

Using similar technigues, 1t can be shown thet

Theorem 2.3 (Belaga [7]). Any p(x) = anxn + e+ AX + 8y

with a4 ay. *re, 8y glgebralcelly independent real numbers
regquires at least n addition/subtractions for its evaluation
by eny rational algorithn over R.

A proof 1ls also presented in Knuth [U] ., It is done
by showing that each addition/subtraction can introduce at

most one degree of freedom except for a single gddition/

subtraction which can introduce two. /

———

Therefore Algorithm B is an almost optimal (1 two
multiplications) method for polynomial evaluation with

preprocessing.

2.2 Rational Freprocessing

Part of the preprocessir; required by Algorithm B
jpvolves finding all the roots of a polynomial of degree
n/2. This may be computationally difficult in itself and may
lead to inaccuracies in the actual evaluated values of the
polynomial. The latter is true because even if the coefficients
of the polynomial being evaluated are rational numbers and have
a finite decimal representation, the scalars used by the
algorithm may be irraticnal numbers which csnnot be

represented as their exact value but must be rounded to a
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finitc number of decimal places. The following algorithm,
discovered by Michacl Paterson, has e advantage that the
preprocessing involves only the rational arithmetic upera-
tions. This advantage is obtained at the cost of doing a
few more multiplications during the actual evaluation of

the polynomnial,

Theorem 2.4 (Paterson). Any degree n real polynomial can

be eveluated using n/2 + O(log n) multiplications.
Moreover, the scalars used by the algorithm are rational
functions of the coefficients of the polynomial,

Proof :

Algorithm C. For the moment assume p(x) is monic (that 1is,

a =1) and deg(p) = n = 2J -1 for some positive integer J.

n -1
2 bk 8 x?

First compute x°, X , X 4, *°°*, in llog nJ multiplica-

tions. (all logarithms are taken to base 2)

Now note that if p(x) is mou‘c and deg(p) 2m - 1, then
p(x) can be written as

p(x) = (x® + e)g(x) + r(x)

where q and r are monic, deg(q) = deg(r) m - 1, and the
coefficients of q and r are given by rational functions of
the coefficients of p.

In fact xB-1 4 g X202 L ... 4+ &

om-2 1x + a

0

_ m-1 -2 ,
-1 -2
+ (X" + bm_zxm + ees + DX + by)



where c=a, 4 -1

and b

If deg(p) = 2m - 1 = 23 - 1,

then deg(q) = deg(r) = 2‘1'1 -1

and xB = sz-l is one of the powers that were computed
at the beginning. q(x) and r(x) are of the proper form
(monic of degree 2l =1 for some 1) and the procedure
may be appllied recursively to them.

Let M(n) = the number of multiplications required to
evalvate a monic degree n polynomial by this procedure,

llog nj
assuming that x2. xu. xe. see x2

have been computed.,
Then by the above argument,
M2t 1) =am2!t oy v 1-2,3, .. g.
Also M(1) = 0 because x + a, can be evaluated using
no multiplications. This recurrence relation solves as
m2l - 1) = 2171 _ 4 1=1,2,3, «+, 3.

So M(n) =mM(2d -1) =21 S 1 - (n+1)/2 -1,

Allowing one more multiplication for the monic division,
M(n) = (n + 1)/2.

Total multiplications = (n + 1)/2 + |log n] if n = 29 -1,
For general'n. the polynomlal can be broken into pleces,

1 -1 for some 1. The pleces can be eval-

each of degree 2
vated separately and put back together using the powers
xz. xu. xe. +e¢, The putting-back-together can reguire at
most another 1log n multiplications for a total of about

n/2 + 2log n. _/



18

The number of edditions used by Algorithm C cen also
be counted.

Let A(n) = the nunber o acditions required by Aigorithn
C to evaluate a degree n polynomial.,

A satlisfles the recurrence relation

A(2i - 1) = 2a(21-1 . 1) + 2 1 =2,3,4, ...

which solves as
a2t -1y = 2Y v 2t ol gyt L2 1,2,3,¢-

or A(n) » (3/2)n.

Therefore, Algorithm C uses 2n + O{(log n) arithmetic
operations, and is no more efficient than Horner's rule in
this respect. However, if multiplication speed is slower than
addition speed, Algorithm C is more efficient than non-pre-
processing schemes such as Horner's rule if the polyncmial

is to be evaluated many times.

2.3 No Preprocessing

Since an algorithm without preprocessing must start
from the 8y themselves as scalars, it must in effect evaluate
the general polynomial
LN N ] 3 n o000
P(x, 8gr 89, . an) =ax + + 8;X + 8,
where the a1 as well as x are inputs. The following result

shows that Horner's rule is an optimal algorithm for P.
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Theorem 2.5 (Pan [2], Winograd{67]). Any algorithm which

k=1 n LI ]
= a X" + -+a1x+ao

computes P(X. ao. al'..‘l an) n

requires at least n multiplication/divisions.

No proof will be given.
Borodin [8] has shown that Horner's rule is the only

algorithm which evaluates P(x, 8gr 81 ***, 8 ) in n

n
multiplications and n additions. Therefore, Horner's rule
is a unique optimal method for polynomial evaluation with

no preprocessing.

2.4 Parallel Algorithms

In previous sections, algorithms were assumed to be
sequential., Work has been done concerning algorithms which
can do nany operations at each step and some of the results
will be considered next without proofs.

Parallel algorithms car »e formalized as follows., At
step r, the algorithm may comnute m terms of the form

.y = Sy OPy t1 1i=1, ¢¢0,m

where op1 € {+. - %, +} and each of s, and t1 are some

i
input variable, some fixed number, or one of the results of
some previous step jJ, 1 < J < r. If only k processors are
avallable, then m < k at each step. All arithmetic cperations
are given equal weight. The most interesting results concern
the problem of evalvating the general polynomial

o 00 — n ® 00
P(x, 8gr 819 . an) =ax + + a;X + a,



with no preprocessing.
Estrin [9] has gziven a parallel algorithm which has
the merit of simplicity of desciption. The algorichm computes

p(x) of degree n as p(x) = q(x)-xn/2+1

+ r(x):
where deg(q) = deg(r) = n/2, and then g and r similarly
by a binary splitting, and so on. Thus it starts by ccmputing

xz. 81X + 89, 83X + 85, ax + a4
in the first two steps, then

xu. (a3x + az)x2 + (alx + ao). «e+s in the next two, etc.
If an unlimited number of processors are eavallable, this
scheme reguires about 2log n steps.

Dorn [107] has modified this to obtain an algorithm
which uses only k < n processors and runs 1in

2n/k + 2log k steps.

Recent work by Munro and Paterson has improved these

algorithms to reduce the coefficient of the log term to 1.

They also give lower bound r&svlts.

Theorem 2.6 (Munro, Paterson [11]). Any parallel algorithm

which computes the general polynomial of degree n requires
at least flog ﬁ] + 1 steps. If only k processors are

available, then [2n/k| + [1og k] - 1 steps are required.

They give algorithms which run in time closer to these

lower bounds than previous results.
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Iheorem 2,7 (Munro, Paterson[11]). The general polynomial
of degree n can be evaluated in log n + 0(,Tog n ) steps
by a parallel algorithm using n processors., If orly k
processors are avallable, 0(log n) < k < n, then the

evaluation can be done in 2n/k + log k + O(,/l1og k ) steps.
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III. Main Resvlts

This section will be concerned with finding lower bounds
on algorithms which evaluate rational polynomials and exhibit-
ing algorithms which can in theory be used to evdluate any
rational polynomial using a number of multiplications close
to the lower bound. Since any set of rational numbers are
necessarily algebraically dependent, the lower bound results
of section II are not directly apprlicable. In fact, one might
suspect that rational polynomials of degree n could be evalu-
ated in fewer than n/2 multiplications because an integer
multiplication can be done free of multiplication by doing
many additions, ze.u =u + u +..¢+ u (2 times). Any rational
polynomial r(x) € Q[x] 1is of the form

r(x) = r,cz(x) where rje Q, z(x)e z[x].

Because of this fact, it is useful to single out those

multiplications of the form 3:-u where ¢ is a fixed number

(that 1s, ¢ has no dependence on x).

Definition. Referring to the definition of a rational algo-
rithm over a scalar field S, the step a(r) defines a

scalar multiplication if

a(r) = (#, 1, j) and either a(i)e S or a(j) € S.

a(r) defines a scalar division if

a(r) = (+, 1, ) and a(j) € s.

Any multiplication or division which is not scalar will
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be called non-scalar. Non-scalar multiplications are of
the form q(x)-.r(x) and cannot be eliminated by successive

additions.

3.1 Lower Bounds

The first lemma shows the maximum amount of computation
that can be done with a certain number of non-scalar multipli-

cation/divisions.

i

Lemma 3.1. A polynomial p(x) can be evaluated in no more
than k non-scalar multiplication/divisions by a rational
algorithm over S if and only if it can be evaluated by the

scheme Ak given by

A A
v, = (mlox + ml.-l) opy (mlox + ml.-l)
A A A
u, = (m21u1 + my0X + mz'_l) op, (m21u1 + mynX + m2,-1)
in general
r"1 r"]-/\ A A
u, = (1§1mriui + m X + mr.-l) op, (1£1mriui +m g% + mr.-l)
r = 2-3-""k

and finally
k
P(x) = 2 Byya,a¥ + Byer, 0% ¥ Pyt
A
where mij' mi.1 €S for all i, J.

op, € {*, £} for all i

Proof : After r-1 non-scalar multiplication/divisions have
been performed, the only computation that ecan be performed

without doing another non-scalar multiplication/division is
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addition/subtractions and scalar multiplication/divisions on

{x0 upe upe eee u.jus

.Any such computation can be written as

r=l
1§1mr1u1 + X +m, _; where m, € s: { = <1,000,p=1

Two terms of this type can be formed and combined with
a multiplication or division to get the next non-scalar

multiplication/division step u.. /

The mi.1 will be called the parameters of the algorithmic
scheme Ak.

For what follows, it will be useful to count the number
of parameters in Ak. The expression for u, introduces 2r + 2
parameters and the expression for p(x) introduces k + 2 for

a total of %1(2r +2)+k+2= k2 + 4k + 2,
=

The first theorem digresses for a moment to consgider
polynomials with algebraically independent coefficients in
the context of counting only non-scalar multiplication/

divisions.

Theorem 3.1 (M. Paterson). Any p(x) = anx" + o0 4+ ayx +a
with Boe 81y 00, L algebraically independent real numbers
requires at least |4n + 3] - 2 non-scalar multiplication/

divisions for its evaluation by any rational algorithm over R.

Proof : Assume p(x) can be evaluated in k non-scalar multipli-
cat;on/divisions and therefore by the scheme A, for some

choice of miJ' 313 € R, oy € {*. +} .
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Formally carry out the operations in Ak and view the
result as a polynomial in x,
.P(x) = p (B)x" + <ov + p,(@)x + py(@)
=ax+ coe +a,x+ a8 »
where each p, is a rational function in m, the vector of
parameters of length k2 + bk + 2.
If k2 +U4k+2<n+ i, then by Lemma 2.2, there is
a rational polynomial P ¥ 0 such that
P(po(@), +++, P (&) = 0
or P(ao. soe, an) = 0, Contradiction.

Therefore k2 + Uk + 2 >n+1 or k>/m+3 -2, /

Lower bound results for rational polynomials will now
be presented. It is difficult to obtain interesting lower
bounds for all rational polynomials because some degree n
rational polynomials can be evaluated fast in O(log n)
operations. However, the lower bounds will be shown to
apply to “"almost all" rational polynomials. A set of rational
vectors will satisfy the intuitive notion of being almost all
rational vectors if all vectors not in the set satisfy a non-

trivial rational polynomial relation.

Definition. A set S < {q(x) € Q[x] | deg(q) < n-} will be

sald to contain almost all rational polynomials of degree n

if there is a P ¢ Q[yn. son, yoj. P £ 0, such that
qnxn +oce + T + Q€ Q[x] - S 1implies P(gp, *°°, Q) = 0.
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In particular, if S conteins almost all rational
polynomials of degree n, then S ¥ #.

If 8=¢ then qx"+ «ev + X+ 4q4€ Qx] -5
for all (g, ***, q9) € Q"' which implies that P(Q"™*!) = o,
But since the rationals are dense in the reals and since P is

n+1) 20 or P=z0 contrary

continuous, this implies P(R
to assumption,

A 8imilar argument shows that if S contains almost all
rational polynomials of degree n, then

{(aps +++1 ap) € ™

is a dense subset of R,

QX + oo+ qix+qoes}

The first result assumes that the algorithm contains

no divisions.

Theorem 3.2 For any n > 0, there are rational polynomials
of degree n which require r¢57:_§1 - 2 multiplications for
their evaluation by any raticnal algorithm over R without
divisions. In fact, almost all rational polynomials of
degree n require [Jﬁ‘I’?] - 2 multiplications.

Proof : Suppose q(x) = q.x" + ¢+ + QX + Q45 € Q[x] can
be evaluated in k non-scalar multiplications and no divisions
and therefore by the scheme Ak for op, = #, i=1,...,k
and for some choice of My g0 ﬁij € R.
Formally carry out the operations in Ak and obtain

a(x) = py(E)x" + «ov + Py (@)X + Py(@) = @ x" + +ov + q4x + q
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where the py are rational polynomials in the parameters m.
Assume kz + 4k + 2<cn+1 and find a rational polynomiel
P z 0 such that P(p (@), «+o, po(ﬁ)) =0
or P(qn. *e*, qy) = 0,

Note that the pl(ﬁ) and P depend only on the form A,
not on the particular polynomial being evaluated.

If all rational polynomials can be evaluated in no more
than k non-scalar multiplications, then
P(ay, *++y q4) = 0 for all (qu, ***, q4) € Qnt
But since the rationals are dense in the reals and since P is
a continvous function, this implies

P(rp, ***, Tp) = 0  for all (r_, **-, ry) € R™"
or P=20 contrary to assumptinn,

Therefore, there must be some rational polynomials which
require at least k non-scalar multiplicetions and therefore
at least k multiplications where

k% + bk + 2 >n+1 o1 k>.nh+3-2.

The second conclusion of the theorem (which actually
implies the first) follows from the fact that

P(a,s +++, 9p) # 0 implies that qnxn +oeee 4+ QX + g,
requires at least ,n + 3 - 2 multiplications where

PZ£O0 1is as above, /

This lower bound can be improved slightly by noticing

that the parameters in Ak must contain some redundancy.




28
Lemma 3.2 If p(x) can be computed .by the scheme Ak with
no divisions, then p(x) can be computed by Ak with

ey
1). mr'_1 = mr._1 =0 r=1,2,<+,k

f1). For allr, 1 <r <k, there isan 1 >0and J>0C
A

m =1

such that m r

rys -
111). Wy = 0.

Proof : 1). Sequentially for r =1,2,¢..,k write

- (r-l ) r=1a A A )
u, = 1£1mr1u1 + mpoX +m. g *(lglmnu1 + MpgX + Wy g
_ (r-l ) (r-lA A )
as  u, = 1E1mr1u1 + M pX)* 1Elmnu1 + MnoX

r-
+ iElcrlul + CroX + g

where the c1 are scalars obtained from the Myyg e %rl .

r-1 r-1a A
Compute insteesd u; = (1£1mr1u1 + mrox)*(i;zlmrlu1 + mrox)

and adjust the coefficients of 1, x, gy Upy ooy Up g
in all following steps to compensate for the lost terms

r-1
E1cr1u1 +CX +Cp g

11), For r =1,2,-¢¢,k , 1in step u., if
A
M.y £ 0 and mrJ £ 0,
a .
compute instead u, = (l/mrlmrJ) u,

and ad just coefficients of u, in all following steps.

111). After the above two reductions have been made,
u1=12

u, = (x2 + mzox)*(x2 + ﬁzox) or u, = (x2 + mzox)*(x).



29

kS

In the first case, compute instead
" - 2 2 A
up = (x°)x(xc + (m,q + mzo)")
and ad just the coefficlent of u; 1in all following 3tepc to
compensate for the lost term mzoﬁzoxz.

In the second case, compute instead ué = x2- X . /

Corollary 3.2 The lower bound of Theorcm 3.2 can be

raised to fJ31 multiplications required.

Proof : After the reductions of Lemma 3.2 have been made,
there are k2 + 1 non-constant paremeters in Ak and

2

kK“+1>n+1 gives k> /n . /

A similar result can be proven using combinatorial
technigues under the assumption that an integer polynomial
1s being evaluated by an algorithm over 2. (Since there are
no divisions, S need only be a ring). The proof 1is due to

Michael Paterson,

Theorem 3.3 (Paterson). For iny n > 0, there are integer

polynomiels of degree n which require at least fjﬁ1 -1
multiplications for their evaluvation by any algorithm over

2 without divisions.

Proof : Conslder the finite ving F = (0. f} and the ring
homomorphism H:Z—-DF by
1 if z is odd

H(z) =
0 Af z is even
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First it is shown that if z x" + «++ + z;x + 2, € Z[x]
can be computed in Xk non-scalar multiplications by en elgorithm
over 7, then wnxn + ter 4 W7 + Wy € F[X]

where W, = H(zl) 1 =0,1,e0e,n ,
can be computed in k non-scalar multiplications by an algorithm
over F,

Formally carry out the operations in Ak (wlith no
divisions) and obtain p(x) = pn(ﬁ)xn +eoot py(E)x + po(ﬁ)
where each Py 18 a rational polynomial in m.

Now znxn + +++ + Z;X + z, computed by A, over Z implies

m k!
there is an me 2

,» wWhere k' = number of parameters in Ak R
such that z, = pi(ﬁ) 1 =0,1,°++,n
which implies W, = H(zl) = p:(H(ﬁ)) 1=0,1,:-+,n
where p: means "do the arithmetic mod 2" and H(m) 1s the
vector in Fk' obtained by applying H to each element of .
This implies that wnxn + ¢+ 4+ W;x + W, 1s computed by
Ak over F.

Note that reduction i) <f Lemme 3.2 can be done if
S =2, so that k' = k% + 2k + 2.

Assume k? + 2k + 2 <n+ 1,
The proof will be complete if we can present polynomials
of degree n in F[x] which cannot be computed by A, over F,

2n+1 polynomials

There are such polynomials because there are
: k2+2k+2

in F{ x], but only 2 different polynomlals can be

computed by Ak over F,

Therefore k% + 2k+ 2>n+ 1 or k > Ji- 1. /
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Now divisions ere allowed in the algorithm end the ssne

lower bound is shown to hold.

Theorem 3.4 For any n > 0, almost all rational polynomials

of degree n require rJﬁq - 1 multiplication/divisions for

their evaluation by any rational algoritim over R.

Proof : Note that reduction 1i) of Lemma 3.2 can be done if

the algorithm contains divisions, so that Ak contains

k2 + 2k + 2 parameters. Assume k? + 2k + 2 <n+ 1,
Consider each of the 2k algorithmic forms obtained

from Ak by independently choosing a * or + at each non-scalar

step. Using techniques of Theorem 3.2, for each of these

forms find a P, € Ly, s «--, Yol Py # 0, such that if

qnxn + °** + 44X + q, 1is computed by the 1-th form, then

Plap, ««ey qg) = 0.

k
\4 — 2 ¢ 0o e

Define P(yn. “rey Yo' = i1__11P1(yn. g yo).

P e Q[yn. cee, yo] and P ¥ 0,
Also, if qnxn + e++ + QyXx + q; can be computed in k non-
scalar multiplication/divisions. then it can be computed by
the 1o-th form, for some 10. so that

Pio(qn’ S ooy, QO) =0 and P(qn' > C G qO) = 0.

Therefore P(qn, ces, qo) # 0 implies that

qnxn * °** 4+ Q1X + q, requires at least k (non-scalar)

multiplication/divisions where k2 + 2k + 2>n+ 1,

The conclusion followus. /
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Lower bound resuvlts will be returned to later in the
context of bounded additions.

Several algorithms will oe presented next which are
optimal to within a constant multiple of the number of

non-scalar multiplications required.

3.2 Algorithms

This section will present several algorithms which cen
evalvate any degree n polynomial using O(JE) non-scglar
multiplications and no divisions. The algorithms are
applicable to any real polynomial with in general algebraic-
ally independent coefficients.

Two of these algorithms can in theory be used to evaluate
any rational polynomial in 0(/h) total multiplications
because if q(x) € Q[x] can be evaluated by an algorivhm
over Q, then zo-q(x) c Z[xf can be evaluated by an algorithm
over Z using the same number of non-scalar multiplications,
for some z,¢€ Z. This is true because, for r =1,2,°°*,k

r=-1

r=1s
if = (] 1 Z8ra¥ * “’rox)*( 121%™

A
with Moy Mpy €EQ,

m_.x)
+ mrox

compute instead u; = zr-ur where zr is the least common

multiple of the denominators of the L %ri' and adjust

the coefficlients of u_ in all following steps.

T
If the algorithm uses no preprocessing or rational

preprocessing, then rational coefficients produce rational
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scalers in the algorithm and the above procedure may be vsed
to yield an algorithm with intezer scalers. Therefore, sceler
- multiplications can be done by many additions and only nen-
scalar multiplications need be counted. The point is not

that one would cver went to do this in practice, but that it
would be impossible to obtain a stronger than 0(/n) multipli-
cations required lower bound for rational polynomials if
rational polynomials can indeed be evaluated in 0(,/n) multi-
plications using this trick. A following section will bound
the additions and show that a stronger lower bound holds.

A more practical use for these algorithms concerns the
problem of evaluating a real or rational polynomial at a
matrix argument,

p(A) = anAn + oo+ a,h + agl

with B *cce 8y € R and A a real matrix,

For example, one might want to evaluate such a polynomial
if evaluating eht by a Tay.or polynomial, where A is a
matrix, in order to find the solution of a system of linear
differential equations. In this case, a non-scalar
(matrix). (matrix) multiplication is slower than a scalar
(number). (matrix) multiplication (using state-of -the-art
matrix multiplication procedures) and it would be useful

to minimize the number of non-scalar multiplications.
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3.2.1 Description of the Alrorithms

The first algorithm is an "extended Horner's rule".

Theorem 3.5 (M. J. Fischer, A. R. Meyer, M. S. Paterson).
Any degree n polynomial can be evaluated using 2[&;1 -2
non-scalar multiplications and no divisions. No prepro-

cessing of coefflclents is required.

Proof :

Algorithm D. First compute x2. x3, xu, see, xk

for some k, using k - 1 multiplications.
Let y = xK and vwrite
p(x) = anxn + cee 4+ 81X + 8y
as p(x) = p (x)y™ + «.c + p (x)y + py(x)
where deg(pl) <k -1 i=0,1,...,m
and m = [h/ﬁ] -1,

In fact PA(x) = a xK*' 4 v 4 ax+a
0 k-1 1 0

pl(x) = a2k_1xk‘1 +oeee toa X+ B
and so on,
Each of these pl(x) can be computed using only scalar

multiplications on X, x2. x3. ce e, xk"1

Therefore, p(x) can be evaluated in m additional non-scalar
multiplications as

P(x) = (((e-e(p (x)y + P _1(x))y + P _,(x))y + «+¢ + p,(x))y
+ Pp(x).

Minimizing X + n/k - 2 with respect to k gives k =.n
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or 2/n - 2 total non-scalar multiplications required. /

Note that Algoritha D uses n additions and about
n - Jﬁ' scalar multiplications. The - Jﬁ- appears becavse
Jn scalars enter through additions.

Algorithm D actually gives a method for producing
0(,/n) non-scalar multiplication algorithms from O(n) algorithme
in which all multiplications are counted. The idea is to
compute xz. x3. xu. e, xk for some k, let y = xk.
m = n/k, and write p(x) of degree n as

P(x) = p (x)y™ + «+¢ + py(x)¥ + py(x)

where deg(py) <k -1 1 =0,1,¢00,m.

This polynomial can be evaluated in O(m) 0(n/x) additional

non-scaler multiplications using one of the 0(n) algorithms
in which all multiplications are counted. Using this method
on Horricr's rule yilelds Algorithm D. Complications arise
if the 0(n) alporithm uses nreprocessing because the pre-
processing mvust be done before the "coefficients" pi(x)
are evaluated. This method does give insights toward
producing better 0(,/n) algorithms. The first of these was

obtained from Algorithm C.

Theorem 3.6 Any polynomial of degree n can be evaluated

using JZn + 0(log n) non-scalar multiplications and no
divisions. Moreover, the scalars used by the algorithm

are rational functions of the coefficients of the polynomial,
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Proof :

Algorithm E, Assume n = k(2J - 1) for some integers k, J.

1). Compute xz. x3. xu. vor, x¥ (k multiplicetions)
j-1
2). Compute ka. xuk. xak. ees, x2° 'k (log n/k
multiplications)

Let p(x) be monic of degree k(2m - 1) expressed in
the forn  p(x) = q(x).x*® 4 r(x)
where q is monic, deg(q) = k(m-1), deg(r) <km -1,.
Formally divide r(x) - xk(m-1) by q(x)

k(m'l) - c(x)oq(X) + B(X)

obtaining r(x) - x
where deg(c) ¢k -1, deg(s) < k(m - 1) - 1,
(x'® + o(x))a(x) + (xk(@=1) 4 g(x))

km

Therefore p(x)

or p(x) = (x + e(x))a(x) + 8(x)

where deg(c) < k - 1, deg(q) = deg(ﬁ) =k(m - 1),
qQ and 3 are monic, and the coefficients of ¢, q, 3 are
rational functions of the coefficients of p.

If m= 2!

for some 1, 2< 1 < J,
then p 1s of the form monic of degree k(21 - 1),
and q and 8 ars of the same form monic of degree k(21'1 -1),
Also xX® 1g one of the powers computed in 2).
Also deg(c) <k -1 implies that ¢ can be computed free
of non-scalar multiplications.
Let M(n) = the number of non-scalar multiplications
required to evaluate a degree n monic polynomial assuming

that the powers in 1) and 2) above have been computed,
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Then by the above argument

Mae(2! - 1)) = am(k(2lt - 1)) + 1 1= 2,3, 00003
Also, M(kx) = 0O Dbecause it only involves scalar multipli-
cations and additions.

This recurrence relation solves as

M(k(2t - 1)) = 221 -2 1 =1,2,3,.3
or M(n) = 297! -1 o n/2k .
The total number of non-scalar multiplications 1s
n/2k + k + log n/k .

Minimizing with respect to k gives k w J/n/2
or ./2n + log ./2n non-scalar multiplications required.

As in Algorithm C, for general n this may required an
extra log .,/2n multiplications. /

Algorithm E uses about n - jiﬁ' scalar multiplications.
The number of additions can be counted as
A(2 - 1)) = 2a(k(2} - 1)) + k+ 1
A(k) = k
which solves as
Ak(2! - 1)) = k(2! -1+ 2 o1 1 =123,

or A(n)p n + n/2k = n + /n/2.
The next result is obtained from Algorithm B,

Theorem 3.7 Any polynomial of degree n can be evaluated
using [JZnJ + 2 non-scalar multiplications and no divisions.
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Proof :

Algorithm F. Refer to Algorithm B which evaluates p(x) of

degree n as Yy=x+2¢ w = y2
Z = (any + so)y + to (n even)
zZ=a,y+ to (n odd)

P(x) = (((ceo(z(w = 85) + t1)(w = 8,) + t;)eee)(w = 5))
m=[ns2] -1
where ¢, 8, t, € R 1=20,1,cc.,m,
Also compute wz. w3. wu. vee, wk for some k.
Note that if z(x) is any polynomial, then
((Coee(z(x)(w = 87) + £4)(w = 55) + t5)eee)(w = 5) + ¢t
can be written as
z(x)q(w) + r(w)
where deg(q) = k and deg(r) <k -1,
In fact a(w) = (w - 8,)(w - 32)---(w - sk)
and r(w) = ((---(tl(w - 32) + tz)(w - 83) + t3)

ceo)(w = sk) + tk
Applying this m/k = n/2k times to the form for p(x) above,
P(x) = (((--e(zeqq(w) + 1y (W))gy(w) + xp(w))eer)qy 4 (W)
+ rh/k(") .
where deg(qi) = k, deg(ri) <k -1 1=1,2,---,m/k.
Each of the Q and r, can be computed using only scalar
multiplications and additions on w, wz. w3. oo, wk.

Therefore, at most k + n/2k + 2 non-scalar multiplica-

tions are required,



Minimizing with respeot to k gives k = .5/2

or /f2n + 2 non-scalar multiplications required. __ /

Note that Algorithm F uses about n additions and about
n - JE;- scalar multiplications,

Algorithm F uses general algebraic (root-finding)
Preprocessing just as Algorithm B does.

3.2.2 Comparison of the Algorithms

It is interesting to compare the efficiency of some of
these algoriihms when evaluating a polynomial of degree n at
an mxXxm matrix argument.

Let Cost of non-scalar multiplication = m3
Cost of scalar multiplication = m?
Cost of addition = m2
Then Horner's rule has cost mm> + nm?
Algorithm D has cost about 2/n m> + 2nm?
Algorithm D 1s therefore more efficient thar Horner's rule if
n > 4(n/(n-1))2

Algorithm E may also be compared. Preprocessing al-
gorithms are usually efficient only if the polynomial is to
be evaluated enough times to recover the time lost doing
preprocessing. However in this case, since the Preprocessing
involves only operations on numbers (not matricies), pre-

Processing methods would be more efficient even for a single
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evaluation of a polynomial with matrix argument if the
polynomial is small enough and the matrix large enough.
Since the preprocessing done by Algorithm E 18 ratioral,
the number of operations involved can be counted.

Let P(n) = the number of preprocessing operations
required for degree n polynomial.

The preprocessing for degree k(21 - 1) 1is reduced
to the preprocessing for two degree k(zi'1 - 1) polynomials

Plus the division of a degree k-21'1 - 1 polynomial by a

21-1 _ k polynomial. This division can be done in

2

degree k.

1-1 .21 operations.

about 2k(k(2 -1)) <k
Th i i-1 1.2
erefore P(k(2" - 1)) < 2P(k(2 -1)) + 27k
and P(k) = 0,
which solves as P(k(2! - 1)) < ¥¥(1 - 1).2!
or P(n) < (./n/2)2(los /Z—rl)(./é;) < (n3/2-los n)/J/2 .
Algorithm E 1s more efficlient than Algorithm D if
J2n w2 + 2nm? + (n3/zolog WAZ < 2/nw’ + 2m?

or n log n < ~m3

3.2.3 Conditioning

The reader should be warned that the fact that an
algorithm looks efficient on paper does not imply that it
i1s well suited for practical use in all cases. Actual
machines are not perfect computing devices but represent

numbers only to some fixed deciral accuracy. Cne numerical
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problem that erises concerning polynomial evelvation algorithms
1s the problem of the conditioning of en algorithmic form.

A polynomial evaluation method can be viewed as a trunsforma-
tion which maps a set of parameters having at least n + 1
degrees of freedom into the set of all real polynomials of
degree n. An algoriiumm which evaluates a specific polynomial
is obtained by substituting the proper numbers for the
parameters. For example, in Algorithm B, ¢, Sy t1 are

the parameters,

Informally, an algorithmic form is saild to be 1ill-

conditioned if "small" errors in the parameters produce

"large" errors in the polynomial being evalusted. Ill-
conditioning is a property of the transformation defined by
the algorithmic form and is independent of round-off effects
and other problems which arise during the sctual execvtion
of the algorithm, Informally, sn algorithm which evaluates
a specific polynomial is 1l.-conditioned if the error 1n
computed values of the polynonial is larger than one would
expect from normal rovnd-off effects.

Experiments done by Rice [12] indicate that Algorithm B
is more likely to be i1ill-conditioned than Horner's rule,
To my knowledge, no analysis, either experimental or theo-
retical, has been done concerning the conditioning of the
rational preprocessing Algorithm C.

Since the O(JG) algorithms D, E, F have basically the

W"”" 1 ST VB e e sreilanch
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same form as the 0(n) algorithms from which they ere derived,
1t covld be expected thet they would have similar conditioning
as elgorithms A, C, B, respectively.

For a further discussion of conditioning, see for

example [12], [13].

3.3 Possible Improvements

The previous two sections have shown that any polyncmial
of degree n with algebraically independent coefficients
requires at least Jﬁ_- 1 bdbut not more than JE;-+ 2 non-
scalar multiplication/divisions for its evaluvation.
Presumably it should be possible to improve one or both of
these bounds to reach some optimel point inbetween,

One way in which the lower bound might be raised 1is
as follows. Notice that the algorithmic scheme Ak (pege 23)
actually generates a result of degree 2k if it contalns no
divisions.

p(x) = pzk(ﬁ)x‘?k + eee + pl(ﬁ)x + po(r‘ﬁ)
p, & Q[A] 1=0,1,2,000,2%,

If A is computing a polynomlal of degree n,

k

— n e @
p(x) = a x" + + a4X + &,

then not only pl(ﬁ) = a, 1=0,1, 2, ¢eey n

but also pl(ﬁ) =0 1 = n+tl, n+2, coe, 2
k

k

The equations pl(ﬁ) =0 1 =n+l, n+2, *++, 2° Dplece

constraints on the parameters W so that they csnnot have
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their full k2 + bk + 2 dezrees of freedom but something
less., If Ak conteins divisions, then it is possible to
keep, the degree of the result smell, but agnin sone legrees
of freedom in the parameters must be lost to assure that

A, is ccmputing & polynomial and not a genersl rational

k
function.

Algorithm F (JE; nén-scalar multiplications) 1is
probably not optimal because the first k = JG7§- multipli-
cations wz. w3. N wk are wasted in the sense that they
introduce no peramete»s into the algorithm. There probably
are schemes which use fewer than JEH' non-scalar multiplica-
tion/divisions but require complicated preprocessing.

Given a5, 84, *°°y 8y o the preprocessing would require
the solvtion of pl(ﬁ) = 8, i =0,1,2,.04,n

for the parameters m, where the p, are complicated rational
functions in m.

Thus ./n appears to be the best lower bound obtainable
by a simple degrees of freedcm argument alone. J2n  1is
probably close to the best algorithm with a simple description
and reasonable preprocessing.

Another gap presently exists concerning the number of
multiplicaticns required to evaluate a polynomial with
algebraically independent coefficients and with rational
preprocessing. The best known algorithm (Algorithm C) uses

n/2 + 0(log n) multiplicatlions. Any improvement of the
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n/2 lower bound (Theorem 2.2) assuning rational preprocessing
will require an argument which goes beyond siuple degrees of
freedom arguments. Of course, there may be a better algorithnm

also.

3.4 Lower Bounds on Efficlient Evaluation

As shown in section 3.2, any rational polynomnial can
be evaluated in O(Jﬁ) multiplications. This economy of
multiplications is galned at the expense of doing a very
large number of additions. Since addition is never actually
free, this method must be inefficient in general. This
section will show that almost 211 rational polynomials of
degree n require n/2 multiplication/divisions for their

efflcient evaluation if addition has positive cost.

Let c, € R, ¢, 2 0, denote the cost of addition and

¢, € By ¢y 2 0, denote the cost of multiplication.

Define the cost of a ratjonal algorithm to be

n«C_ +n °C

a’ “a L oom
where na = number of addition/subtractions used

n = number of multiplication/divisions used.

Theorem 3.8 If cy > 0, then almost all rational polynomials

of degree n require at least [h/z] multiplication/divisions
for their evaluation by any least cost rational algorithm

over R.
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Proof : Assume q(x) = q x" + «+¢ + q1X + Qg € Q[X]
can be evalvated in no more than k mvltiplication/divislions
and tnerefore by the scheme Sk (see page 12).

Assume k < rh/é] .

q(x) can be evaluated by Horner's rule with cost
n(ca + cm). Let B = [—h(ca + cm)/c;] .

Any algorithm which evaluvates g(x) using more than B
addition/subtractions cannot be a least cost algorithm.

Consider each of the algorithmic forms obtained frcm
Sy by independently choosing a # or + at each step U,
and choosing some substitution of integers for the miJ' 613
such that the algorithmic form uses < B addition/subtractions.
Remember that mijuj 1s shorthand for m1J additions,
There are only a finite number N of such forms.

The 1-th form computes a result of the form
p(x) = Py (B)x" + «oo + Dy (8)x + py4(5)

= qnxn + oo + QX + Qg
where 8 is of length < n + 1.
Therefore, for 1 = 1,2,°-+,N , there is a

P1 € Q[yn' voe, yo], P1 £ 0, such that

n

if qQ,¥ + e + Q4X + Qg is computed by the i-th form

then Pi(qn. e, qo) =0,

Define  Plyp, +++, ¥o) = N Py(y. «ovs ¥p)s

i=
Then qnxn + «++ + Q4% + q; computed by a least cost

algorithm using less than [ﬁ/é] multiplication/divisions
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/

Sn—

implies that P(qn. cos, qo) = 0,

As the ratio °a/°m grows smaller, there are more
rational rolynomials that can be evaluated using less than
n/2 multlplication/divisions. but as long as °a7°m > 0,
almost all require n/2.

A simlilar argument shows that almost all rational
polynomials of degree n require n additions for their

evaluation by an efficlent algorithm,

Theorem 3.9 Ifr c, > 0 and Cp > 0, then almost all

rational polynomials of degree n require at least fh/é}
multiplication/divisions and at least n addition/subtrac-
tions for their evaluation by any least cost rational

algorithm over R.

Proof : We use the fact that for every rational algorithmic
form using some number of multipllcation/dlvlsions and less
than n addition/subtractions, there is a
Pl € Q[yn, oo, yo], P1 Z 0, such that

if qnxn oo b qyx o4 9y 1s computed by that form,

then Pl(qn. *ec. Q5) = 0,
This follows from the fact that if the form contains less
than n addition/subtractions, then the coefficients of the
result of the form can be parsmeterized in less than n 4 1
Parameters. (See Theorem 2.3 and Knuth 4.

The number of multlpllcatlon/dlvisions in a least
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cost algorithm can be tounded by B+ [h(ca + cm)/c;]
There are only a finite number of algorithmic formg
using fewer than n addition/subtractions end not nora Than
A
B multiplication/divisions. As in Theorem 3.8, construct
A A
a PEQ[y,, ¥o)e P #0, such that
if qnxn + ce0 + Q4X + Qg is computed by a least cost
algorithm using less than n addition/svubtractlions,
A
then P(qn| o0, qO) = 0.
Let P(yps *°°» yo) be as in Theorem 3.8.
— A
Define P(yn. e e, yo) = P(yno o0, YO)°P(Yn. s 0, yo)-

The conclusion follows. /

———

Theorem 3.9 states that any ccmputational savings that
take advantage of the algebraic dependence of rational

numbers can never work for all rational polynocmials.

The last two lower bound results allow preprocessing.
It 1s reasonable to ask what xind of lower bound for rational
polynomial evaluation can be ;ro&en assuming no preprocessing.
The question 1s almost answered by Theorem 2.5 which states
that any algorithm which computes the general polynomial

P(x, age 810 °*°» an) = anxn + eee + 84X + 8

requires at least n multlplicatlon/dlvlslons.

Notice, however, that there are no-preprocessing
algorithms that use less than n multlpllcatlon/dlvislons

and work for some infinite set of real polynomisls.
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For example

A L Y - n n-l - 3
P(x, g, 8y, 1 an) = %X + 8, _1X 4 oo 4+ 8,X + &

can Qe evaluated in n - 1 multiplications and the aigoritnm

0

works for all monic polynomials but zlves the wrong answer

fer any non-monie polynomial. Therefore, a no-preprocessing
algorithm which used less than n multiplication/divisions,

gave wrong answers in general for all real polynomials, but
heppened to give the right answers for all rational polynomials
would not directly contradict Theorem 2,5. However, this

cannot happen because the rationals are dense in the reals,

Theorem 3,10 Any rational algorithm over R which evalvates

L N B ) — n LI I )
P(x, 85+ 84, v 8y) = a x" + +t ax + a, correctly

)
for ail 8gs Bqy °*0, a € Q requires at least n multiplica-
tion/divisions,
Proof : Formally carrying out the operations in the no-
Preprocessing algorithm, the elgorithm is seen to compute
a result of the form

P(x) = pp(8)x" + .0 + p) (B)x + py(3)

where & = (8gs =0y a)

and pleR(aO' tee0, 8 1:0'1'...'n .

n’
that is, the P, are rational functions in the 8y with real
coefficients,
Let t € R™! bve any real vector such that
Py () # 1=0,1,0,n,

Pick a region gbout ? within which all the py are continuous,
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Within this regionm find e sequence of rational vectors
'31 € Qn+1 1 =1,2,3,... such that llm'a1 =-§.
Since the algorithm works for all rational pc.yromials,
we have (po(ql)o sy, pn(ql)) = ql 1= 1020‘39"'
Therefore

(po(_ﬁ) .t pn(?))

(Pp(lim @Q,), ++v, p (1inq,))

im (py(,), ++=, B (@)
= llm—q‘1 = t
Therefore the algorithm works for all real polynomials
for which it does not diverge. (It can diverge only on a set
of measure zero). Therefore, by Theorem 2.5, the algorithm

requires n multiplication/divisions. /

Algorithm D was stated to be a no-preprocessing algorithe
which could be used to evaluate any rational polynomial
in 2/n multiplications. If this algorithm is used for
rational polynomial evaluat’on, there actually is implicit
preprocessing because z.u, 2z € Z, must be translated
into u+u+ o0 + 1 (z times), There is no way for
a rational algorithm to do this. However, an algorithm
with comparison and branching instructions could,

It 18 not hard to construct an algorithm using th;
perfect real arithmetic operations ard comparison and branch-
ing instructions which would evaluate

P(x, ag, a5, *++, 8 ) =a x®+ «.o0 4 a,X + a,

n n
correctly for all 8g: 89, **+, 8. €Q, xXe€R
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using 2,/n multiplications and no divisions (and many
additions ang Comparisons), but would diverge ir any of the
8; were irrational. We assum> that the a1 end x wure initially
in some n+2 input reglsters, each of which is capable of
holding o perfect real numbeyr,

Therefore, the éssumption ofr rational algorithm is

necessary for a result such as Theorem 3.10,



IV. Summary. -

The main purpose of this work has been to exhibit bounds
on the number of arithmetic operations required to evalnate
rational polynomials.

Since integer multiplications can be done by successive
additions, the analysis of lower bounds was facillitated by
only counting multiplication/divisions that involve x, the
argument variable of the polynomial being evalvated, on both
sides. These are celled non-scalar multiplication/divisions.
The first lower bound result (Theorem 3.4) shows that almost
all rational polynomials of degree n require ./n (non-scular)
multiplication/divisions for their evaluation. Almost all
rational polynomials are all those off some set of measure
zero,

Several algoritﬁms were presented that cen evaluvate
any polynomial of degree n using 0(,/n) non-scalar multiplica-
tions, 0(n) scalar multiplications, and 0(n) additions.

These algorithms can in theory be used to evaluate any
rational polynomial of degree n using 0(/n) total multipli-
cations by doing integer scalar multiplications by many
additions. These algorithms may have practical use in cases
where non-scalar multiplications are more expensive than
scaler multiplications. This would be true if the polynomial
is being evalvated at a matrix argument or at some other

mathemetical object for which it is harder to multiply two
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objects than it 18 to multiply an object by & number.

The trick of simulating an integer multiplication by
many ndditions mvst give inefficlient algorithms ir geweral,
This is formalized by a lowzr bound result (Theorem 3.9)
which shows that almost all retional polynomiels of degree n
require n/2 multiplication/divisions and n addition/subtrac-
tions for their efficient evaluation. These are the same
(achievable) lower bounds that apply to eny polynomial with
algebralically independent coefficilents.

The techniques described hereln covld easily be applied
to extend other degrees of freedom arguments to epply to

rational numbers. Consider the following theorem of Winogrud.

Theorem (Winograd [6]). If A is a pxaq matrix whose
entries form a set of algebraically indevendent real numbers
avd if Vv 1is a g-vector input, then any rational algorithn
which computes the p elements of A-? requlres at least

[%P&] multiplication/divisicas,

Using techniques of Theorem 3.9, this caen be extended

to the following.

Theorem If addition has positive cost, then for almost all
pXa matricles A with rutional entries, any least cnst
rational algorithm which computes AV requires at least

[%p&] multiplication/divisicns.,
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