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ABSTRACT

Based upon the concept of Galerkin's approximate method for solving
eigenvalue problems, a new scheme of numerical treatment is proposed for
a class of nonconservative (circulatory) elastic stability problems. This
is accomplished by considering, together with the original system, a
second system which is obtained by introducing an adjoint to the circulatory
force field. The resulting problem is shown to be self-adjoint, with eigen-
functions which possess the property of reducing the original problem to a
simple integral equation. This integral equation may be solved by quad-
rature and an estimation of error is also possible. The proposed method

is especially suitable for direct evaluation on a digital computer and

does not involve tedious integrations of functions encountered in the

commonly adopted application of the Galerkin method.
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INTRODUCTION

Galerkin's method has proved to be a powerful technique for constructing
approximate solutions of boundary value problems of engineering science.
Following Mikhlin [1], a solution is assumed in the form of a known set of
functions with unknown generalized co-ordinates or constants. The series,
when substituted in the differential equation, gives rise to an error or residue
which is required to be orthogonal to the members of the set. This results in
a set of equations for determining the unknowns. The dev. lopment, in recent
years, of several closely related methods, such as the least square technique,
the collocation method, and the method of moments, indicates the success and a
general sense of confidence in the application of the concept of Galerkin.

This concept was originally introduced for solving self-adjoint boundary
value problems for whkich a general proof of convergence hus been supplied by
Mikhlin [1]. Bolotin [2] has, however, suggested that by taking the eigen-
functions of fiee vibration as the coordinate functions, nonself-adjoint problems
of elastic stability with follower-type loads may aiso be approximately solved
by the Galerkin method. In this way he has successfully treated a number of non-
conservative stability problems. But it appears that more effective generaliza-
tions of the Galerkin method in this area of nonconservative elastic stability
are possible, and, in particular, studies which dwell on the question of convergence,
estimation of error, and direct efficient use of digital computers are of interest.

The present study discusses an extension of the Galerkin method for direct
numerical treatment of a class of nonconservative stability problems. For this
purpose we consider an additional system by combining the force field of the
adjoint to the original problem. The authors have recertly proposed variational
methods in which the concept of adjoint systems was employed [3,4]. We prove

first that for a certain class of systems the resulting boundary value problem

is seif-adjoint. Therefore, although both fields of forces are separately
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nonconservative, the combination of these Is a conservative cyscem of forces.
This feature was first roted by Nemat-Nasser and Herrmann {5] who combined the
force fields of Beck's and Reut's models [2]. This seif-adjnint system bears
close relationships to the original system, such that in the Galerkinr method
the coordinate functions may be selected as being the eigentuncticns of this
resulting system. By means of this set of eigenfunctions, it is possibie to
transform the boundary value problem into an integral eguation which mav be
solved numerically by quadrature.

The essence of the proposed extension of the Galerkin nethod for the
class of nonself-adjoint system selected for study may be described as fcilows

In an extended sense, the Galerkin method requires the solution cf

<lu , v>o =<t |

for the problem Lu = f with approgrriate boundary conditions, where the um-
known functions u is to be approximated by the cocrdinate functinns
If we select v such that the above may be reduced to

*
<LV, u> omocf v

then this integral equation me: lz solved by means of 8 guadrature whbse can-

vergence property Is known and certain error astimations may alsc be grven. The
* L3 k3

nature of L , the properties of v and certain guadrature schemes ape

discussed below.

Please note the difference between: L (capital 2}
and )
L (script &)
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A CLASS OF NONCONSERVATIVE STABILITY PROBLEMS

We consider the following form of an ordinary, linear, differential

equat ion:

Lu+ BLiu = Ay (M
where
N dn
L = z uN_n(X) -—n- (2)
n=| dx
K cin
Ll = z Bk-n —l; ’ K _<_ N (3)
n=1 dx
In the above u denotes a function of a real variable x for a <x <b,

a are continuous functions of x whose M-n derivatives with respect to x

exist ard are continuous, and Bn are certaln constants. B is a parameter

representing the magnitude of the follower load. Further, o does not vanish

at any point of the closed interval (a , b).

Asscciated with (1) we consider N linear, homogeneous, boundary con-

ditions in w(a) , u'(a) , ...... , u (N—')(a) , u(b) , ..., . u(N-')(b) y S
given by
N~1 Ly

L. = N, ~——==0 , j=1,2, , N (4)

J nwQ In dx"
hjn are quantities characterizing certain properties, such as stiffness or in-
ertia at the end points (a , b). For future use let us define N additional

. i i . _

forms LN+IU s eaeees » Loyge inu (a) and u'(b) , i=0,1, .... , N-1,

so that L]u , Lzu s araen , L2Nu are linearly independent.




In several nonconservative structural stability proolems it turns out
that the follower load influences the governing equations of motion by the
presence of the operator L} in (1) so that in the absence of such loadings

the free vibration of the system is expressed by the same operator
Lv = wv (5)
with the same boundary conditions
Lyu=0 , J=1,2, 000, N (6)

The eigenvalue probiem governed by (5-6) is known to be self-adjoint and thus,
the presence of the operator L1 in (1) destroys this property. It is well to
emphasize thst the class of systems selected for study is such that the follower
load does not affect the boundary conditions. It is further noted that this
class admits the operator L1 with constant coefficients. In a later section
we will investigate the problem by rela ing this restriction and it will be
shown that several systems with L1 having variable coefficients also possess

the same property.

From (1) we obtain, after integrating by parts 6],

v %
<’ , (L + BLl)u> - <u , (L* + BL+1)u >

= [Pl , u)12 % 80P (u, u91) (7)

where

b
<u , v> = J uvdx
a
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denotes spatial average and
N, * N-1, & %
4 (a,u ) d (c.u) d(a, ,u)
k % - -
L ko) APt el WL
dx dx dx
K * K-1 * *
* % Ko
Lo = (-1, 5’-—,‘:-+ (-n* g, ¢ ot e B KN (9)
dx dx dx

*
and [P(u, u )]: and [Pl(u , u*)]: are blilinear forms in ufa) , u'(a) ,
..... a0 G ) e, d 0y @) L Dy
By Insisting on the property of system (5-6) to be self-adjoint, it may

be stated that P must be expressed in the following form:

2N
* b *
[P{u , u )]a = nzl LnUL2N+L-nu (10)
and further that
] ()

An examination of (8) reveals that a necessarv condition for equation (11) to be
valid is that N must be an even integer. In other wo-ds, tire order of the
differential equation must be even.

It Is now possible to properly select 2K tinearly independent forms M, ,

* & F = b . Ve (Ko
O P LI O B2 BT O B 1)
so that Pl may be written in the following form
% b 2K &
(P lu, u)l = ngi Lou Moyt o KN (12)

Therefore, an adjoint to system (1-4) may be defined by the following aigen-

value problem




L ity

*

* k * *
Ly’ + 8L "u" =2 (13)
with the following boundary conditions
* X
Lju + BMju = , j=1,2, .... ,N (%)

Note that M = M = = M, =0

K+1 K2 77 N ’
It has been shown in past studies [3,4], that the two sets of eigenvalues
* .
{Ai} and {Xi } are identical. Note that the system (1-4) will be self-

* *
adjoint only if Hju =0 and L] a L, which is not the case for noncon-

1

servative stability problems.

A SELF-ADJOINT SYSTEM

Keeping in mind the developments of the previous section, one may hope to
recover another system which is self-adjoint and whose eigenvalues have close
relationships with those of the original problem. Ll represents the field of
the follower load whose adjoint force field is represented Dy Ll* . Generally,
this concept of the adjoint force field in nondissipative, nonconservative
systems is quite abstract and its physical significance miy be traced only in
simple problems. |Indeed, such a relationship between Beck's and Reut's models
was discovered with some surprise by Nemat-Nasser and Herrmenn [5] who also
pointed out that a combination of the two nonconservative forces results in a
conservative system. In this section we examine a similar property mathemati-
cally for the group of problems under consideration.

We define an eigervalue problem by the following differential equation

Lv + Ble + BLl*v = Wy (15)
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with the boundary conditions

Ljv + Bij 0 , j=1,2, .... ,N (16)

and prove that it is a self-adjoint system.

After integrating by parts, one obtains

<v* , (L + BL1 + sLl*)v> =<v , (L + BLI* + sLl)v*> + [P(v , v*)]:

s 8P, (v, VI + 8P, (v, VI (17)

The bilinear corncomitants P and P, may be written explicitly as

* % * - K=1,%
Pl(v , V) = v[SK Vo BK 2 v, + (-l)K ]80 E—R:¥~J
dx dx
dv * * K-2 *
*'d_[‘?'K-ZV B3 &y L £ (-nf 28odK__‘]’]
X dx dx
K=1 )
S, .+ d K:% Bov"f (18)
dx
and
P.(v,v) =vl-g v -8 i"—-+ + (1)1 9K-1"k]
2 ’ K-1 K-2 dx ode-l
. K-2, %
+9—"-[8K2‘+8K3d"+ B R
dx dx dx
K=1
K d v *
U + (-1 2T 8oV (19)
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Before we proceed further, it may be noted that if the operator L1 consists

TR INIYN VI

of only odd derivatives, then

L. +L =0 (20)
and
Pl(v , v*) + P2(v , v*) = 0 (21)
In this special case a proper eigenvalue problem would be defined by Lv = wv

with the boundry conditions Ljv =0, j=1,2, .... , N,which, incidentally,

coincides with the equation of motion of free vibration and is obviously self-

adjoint. It may be further observed that in a general situation (Ll + Ll*)
together will cancel all odd derivatives and will consist of terms with only
even derivatives. Similarly, (P1 + Pz) will also cancel terms with coefficients
- SK—I , BK-3 » «». and, therefore, in the following proof we will insist that

L1 consists of only even derivatives and K 1is an even integer. Thue, a close

examination of (18- 19) reveals that

(22)

and (17) reduces to

il e i ikl A il
o
—
]
o
[avd

\

A (R TS VIS I (IR TR O T LA

e lpiv, VO 2sle (v, VDI (23)

The bracksted terms on the riqght side of (23) may now be expressed as




9
20
% b % 1b *
[Plv, v, + 280P (v, V1)1 = .,Zl (Lo + BV Loy ron * o)V (24)

and (23) yields

<v* , (L+ BL1 + BLI*)V> -<v, (L+ BL1 + BLl*)v*>

2N
*
= nzl (Ln * BMn)v(LZNH-n * BM2N+I-n)v (25)

Thus if (16) is obeyed by v and v , the right hand side of (25) is zero.
Therefore, the theorem is proved.

When operator L1 consists of both odd and even derivatives, a proper
selection of a self-adjoint system would consist of the same equations (15) and
(16) with the restrictions that terms involving Be-p 8K-3 y eeene

identically zero. This follows in a natural way from the above proof.

GENERAL CASE WITH L _ LAVING VARIABLE COEFFICIENTS
in the previous section it was possible to study the properties of the
bilinear concomitants P1 and P2 in explicit forms whicn facilitated the

proof. For a more ge :ral operator Ll having variable coefficients, it

will be seen now that an indirect approach must be adopted. A wide group of
problems in structural stability with distributed follower loadings gives rise
to the study of eigenvalue problems in which the operator L1 involves var-
iable coefficients. |t has been experienced that distributed follower loading
is not the only source of the origin of variable coefficients, but several
other problems such as the instability in bending-torsion of a rectangular bar

acted upon by a transverse follower force, also have a similar nature. Thus,

it seems desirable to extend the results cf the previous section to encompass
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a wider group. Accordingly, we consider the following form of L1 along with

(1) and (&)

) & )
L = By (x) — , K<N (26
1 =l K<n dx" -

The en(x) 's are continuous functions of x whose K-n derjvatives with
respect to x exist and are continuous.

We note the following relation:

«w” y Lus =<, Ll*u*> + [P3(u , u*)]: (27)
where
K * K-1 * *
d (8,u") a4 () d(8,_,u")
B L L i S A ———t K 2
dx dx dx

and P, 1Is a bilinear form in u(a) , u'(a) , ..... , u(K-I)(a) , u(b) , oo,

KDy L W@ e, @) e, O ® D () L Avalogous to the previous

case, P, may be expressed as

X ub 2K ] (29)
[Pg(u U )]a B nzl LnUM2K+l-nu 9
where M, , M, , ...... Mo are linearly independent forms in ¢ '(a) and
u*i(b) , i=0, 1, .....K. On the other hand, we have
* i *
T leu> = <y, L1”*> + [Ph(u , U )]: (30)

. . i g
The bilinear concomitants P, and P, have the following forms in u  and u
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* 11
* d(BK_zu )

- *
* ak ](3 u)
Pf{u,u)=ufg, ,u - _—0
3 ’ K-1

PP S L e

dx dx

- *
dK 2(Bou )

*
du L, d(B,_.u)
+— (g _,u" - —K3 e (-2
dx

]
dx de-Z
dK-lu .
LIRTTTTTRTRRPPIE e oy o X (31)
dx
and
K-1
3(8,_,u) d* (8 u)
P (u ] U*) = U*[-B u + K 2 + so00e + ("')K o
4 K-1 dx K
du” d(BK-B”) Ko dK-z(Bou*)
+——[-8K_2u+—+......+ (-1) =
dx dx dx
K-1 *
2K-1 v
I + (-1) ;-R:T_ Bou (32)
X
*

Thus we see that (32) may be obtained from (31) after replacing u by u and
u by -u, and vice versa. Consequently, a counter part of (29) may be

written for P, by

[Pu(u i u*)]: - :gl MnUL2K+l-n“* (33)
We now show that the eigenvalue problem given by the differential equation
Lv + Ble + BLl*v LY (34)
with the boundary conditions

Ljv + Bij =0 , J= 1,2, sieee y N (35)

is self-=adjoint.

P
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As we have discussed, one obtains

A U T T I (A TR 0 M (U2} L

* %
+alp v, v+ gle, (v, v (36)
which yields, after using (29) and (33)

o , (L= BL, + BLl*)V> -<v, (L+ BL, + BLI*)V*>

2N .
= nzl (Ln * BMn)V(LZNH-n * BMZNH-n)v (37)

and if (35) is obeyed, the right hand side of (37) vanishes. This concludes

the proof.

BELATIONSHIPS

In view of the fact that the system governed by {34-35) is self-adjoint,
it is capable of yielding accurate sclutions based upon the usual Galerkin
procedure or other approximation methods. Therefore, it is of interest to
investigate if this system has any rclationship with the original problem,
Indeed, it will be seen in the next section that, based upon certair relation-
ships discussed in the following, an extension of the Galerkin method for the
solution of the original nonconservative system may be acvanced which has
various desirable features.

Let us consider the follcwing boundary value problems:

fu+plus=sf (38a)

t,u=20 ) J=1,2,..... ,N (38b)
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and
*
Lv + Ble + BL1 ve=f (39a)
Ljv + Bva = () R j=1,2, .e... , N (39b)

where f 1s an arbitrary, continuous function of the variable x . Multiply

(38a) by v and integrate in the domain of x to obtain
<v , (L + BLI)U> =<y, (L+ BL‘*)v> = <y , f> (40)
which yields after using (39)
<u, BLv =<, f>- v, (41)
Similarly, starting with (39a) and using (38) we obtain
v, BLl*u> =<u, f> - <v, f> (42)
Thus by comparing (41) and (42) we have
w, Lv=av, Ll*u> (43)

which is reminiscent of the Betti-Rayleigh reciprocity relation in classical

solid mechanics. Note that the operator L1 gives the field of nonconservative

loading and a spatial average of the type <u , L1v> represents work done by

L,v through displacement wu .
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’ it may be pointed out here that a more direct relationship exists with
i the adjoint boundary value problem. Along with (38) consider the following
% x %
Lu + BL1 u =f (4ha)
% %
Lju + BHju =0 , j=1,2, ..... , N (4ub)
i
E
§ . . *
i Multiplying (38a) by u  and integrating in the domain of x , we obtain
e, (L4 aL)w =<, (L+ Bl WS =, 6 (45)
If we now use (4ka), (45) yields
*
<u, f> =<u , f> (46)

which states: The spatial averages of the products of the external loading with

the displacements of a nonconservative system and its adjoints are the same.

AN EXTENSION OF THE GALERKIN METHOD

In the theory of stability wide use is made of approximate methods to de-
termine the regions of stability of a particular problem. Accurate determina-

tion of critical parameters which separate stable from unstable regions of a

conservative system may be facilitated by the use of a particular technique
: available, (e.g. Methods of Ritz, Rayleich, Galerkin, etc.) all of which have
their origins in variational principles [1].

Several extensions of these methods have been suggested for nonconserva-
tive systems which, however, are only heuristically justifiable and lack proofs

of convergence and estimations of error involved. Most authors analyze
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nonconservative stability problems in two parts. First, a related simpler
eigenvalue problem, (usually governing equations of free vibrat:ion which con-
stitutes a self-adjoint system, see Bolotin [2]),which yields a complete set
of trial functions, is solved. Then, with the help of this set of trial
functions, an application of the approximate procedure adopted reduces the
problem to determining the roots of a certain characteristic determinant. How-
ever, since no firm guide line in the selection of the trial functions existed,
the establishment of convergence and an estimation of the error involved is not
readily possible.

In the following we suggest an extension of the Galerkin method of solving

the general eigenvalue problem
Llu + BLlu = \u (46a)
Lju = 0 , j=1,2, ..c.. , N (46b)
using the eigenfunctions of the self-adjoint system defined by
v, + BLv, + 8L v, = w.v, (47a)
J 1] 1)

Lv

+ BM v, =0 , mel , 2, ..., , N (47b)
m J mj

We denote by {wi} and {vi} the sets of eigenvalues and eigenfunctions, re-

spectively, of (47) and consider the following integral
<vj , (Lu + BLlu)> - x<4j , u>

which, after integration by parts and in view of (47), reduces to



e
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<, BLl*Vj’ - (mj - A)<u vy (48)

As is evident from (48), we “ave converted the differential equation to
the simplest kind of an integrai relation. In fact, this integrzi equation
necessitates determining the area under a curve given by -he unknown function
u which is multiplied by certain known functions involving vj and their
derivatives. Thus, in accordance with practice in numerical analysis, the inte-
gration may be replaced by the summation of a finite series in terms of the
ordinates of the function u at certain intervals. There are several well
known rules of carrying out this type of numerical integration for which an
estimate of the round-off error may be obtained. In order to illustrate the
procedure of the proposed method, we obtain in the following a genera! quadrature
relation based on Newton's interpolation formula. iet u take the values Uy >
U, , «e.. , u, for the equidistant points Xo v Xy s eeee s Xy of the inde-

1 N

pendent variable x with X, = a and Xy " b , the interval being h . 1In

Newton's formula we have
n +
X x0 hn
from which we get
dx = hdn

and in terms of forward differences
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where
Au0 = u1 - u0
2 - -
A u, = Au1 Auo =u, 2u1 + uy
3 2y - A2 - -
A uy = A u A u, = u, 3u2 + 3ul u0
etc.

Substituting {49) in (48) and carrying out the integration with respect

to n, the following expression is obtained

N2 N3 N2 A2u0 NY , A3u0
— e = ——— - 2
Nagjug + 32 j8ug + (3= - 5a, 5+ (= - N° + W¥)a,
N>  3N* 1IN L%u

e . e 4 e - N2 0
+ (5 Tt 3 3N )a“j T RS |

N2 N3 N2 Azuo NY ; R A3u0
= (wj - ) [Nbojl.l0 + Tb*_;AUO + (-3—-" 2—-)sz -—2-!-—+ (r' N°> + N )b3j —3—'—
VR AR R TR , A“uo
+(-§-—-—§—+——3—-'3N )bth—+'.".] (50)
where
L. (x + hn)
anj B ) Vj xo n
and
bnj . vj(xO + hn)
Keeping In mind that AkuJ may be expressed in terms of Uy - Uy e e Yy

equation (50) may be arranged in the following form
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oy

S

9
hN+lu(N+l)(3)

Ey = o s TT nin = ....{n - N) , a<3<b (53)

Thus, we see that the round-off error EN may be made as small as we please by
making the interval smaller. Estimates of the error involved in the methods of
Simpson, Weddle, Gauss, etc. a-e discussed in [7] and [8].

The above scheme of numerical treatment does not require integration of any
kind, by contrast to the commonly employed approximate methods and, therefore, is
suitable for direct use on a digital computer. !t may be mentioned that the same
scheme may be found more convenient also for self-adjoint systems,in which case
v in (48) may be any complete set of functions satisfying the same boundary

conditions as those for u. In a forthcoming study, numerical results of several

nonconservative stablility problems will be presented.
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