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Research on Optical Image Processi g

1. Introduction

The rescarch performed on optical image processin¢ fzlls into three rather
broad categories: image coding, image enhancement, anc mage detection. Con-
sideration has been given both to monochrome and color i ges. Also, a study has
been undertaken to evaluate the implementation requirme: te of one of the more pro-
mising image processing technigues.

The following sections summarize the results of some of the research performed
in this study. More detailed accounts of the various research projects are to be found

in the puklished papers listed at the end of the section,
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2. Spatial Transform Coding of Color Images

Digital image transforms have been applied quite successiully to obtain
a bandwidth reduction 7 nd tolcrance to channel errors for monochrome images [1-4].
The potential for monochrome image bandwidth compression with transform coding
arises from the spatial correlation within natu.al images. As a result of this

spatial correlation, the image energy within the transform domain tends to be

* clustered toward a relatively few number of transform samples. Low magnitude
samples may either be discarded completely or coded with a few number of bits
without seriously effecting image qualily. Sample reductions on the order of
5:1, compared to conventional PCM coding, have been reported for transform
coding cf monochrome images [1-3].

Preliminary studies have indicated that the spatial redundancy of color
images and the limitations of human color vision can be exploited by transiorm
coding to achieve a substantial bandwidth reduction for the digital transmission
of color television and f.acsimile [4-—8]. Iigure 1 contains a block diagram °

-of a color image transiorm coding sysiem. In the system the color image is

o
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represented by three source tristimulus signals R(x,y), G(x,y), B(x,y) that
specify the red, green, and blue content of an image element at coordinates
(x,y), according to the N,T.S.C. receiver phosphor primary system [9].

The source tristimulus «ignals are then converied to a new thrce dimensional space through

SRR e R

some linear or nonlinear, invertible coordinate conversion process. The objective
of the coordinate conversion is to produce three planes of data, fl(y,y), fz(x,y) .
f3(x,y) , to be called color sig.aals, that are most amenable to transform coding.

Next, a spatial, unitary transformation is performed on each celor signal plane

e st achi st o

- resulting in three transform domain planes Fl(u,v) , Fz’u,v), F3(u,v). Quantization
i and coding to achieve a bandwidth reduction is then performed on the three transform
: domains. At the receiver, the channel output is decoded, and the inversc spatial

~ transforms and inverse coordinate conversion operations are performed to recon-

~ struct the source tristimulus signals. 3




Color Imase Transform Coding

’

Consider the color image transforin coding system of Figure 1 in
which the color coordinate conversion is linear. The three color signals

planes can be expressed as

fl = m, R4+m,. . G+m_ _B

-— 11— 12— 13~
£2 = myR+m,.G+m,,B (1)
3 =m_R+tm G+m_ B

= 7 3= 32— 33—

Fach of these color signai plancs is then separately transform:d, by

perhaps a different unitary transform (A‘.:x, Ak Y), to produce three transform

B I U e e e S epes mmw——
.

planes
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: F2 = A2 f2A2
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m A2 RAZ +m. _A2 G A2 +m..A2 B A2 (2)
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m3 A3 R A3 +m_ A3 G A3_ +m,,A3 BA3
X X

oy oy
Table 1 defines several unitary trancforms that have been examined for
color image transform coding. Tromthe above it is apparent that the order
of the color coordinate conversion and two dimensional forward transfor-
mation processes is immaterial. In fact, the color cocrdinate conversion
can be considered as the third dimension of a separable three dimensional

data transformation,

Next, each transform domain plane is quantized and coded. The quanti-

Tl LTI e A Y, 8 Nt P T IT < S ] e w34 9

zation operation is a nonlinear process that replaces each transform domain
AA A
sample by its best estimate F1, F2, F3. Then, after reception over the

PV
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. Table 1
Unitary Data Transforms

Fourier: Discrete sinusoidal tasis veciors

A= [exp-lT ux'] _,z_\_"l =.-‘_\_*T
where N = data vector length
x = data vector element index
u = transformed data vector element index

Computation ;equlree about N 1092 N complex multi-
ply and add operations.

Hadamard; Sequency ordered orthogonal rzctangular waveform
basis vectors
-1
= P =
A=H P AT =2

where P = row permutation index

B R L e T e c b s e S i e SR S o i s e sy

_gN= l“I-N/z “EN/Z

By/2 By

11 1 i
‘ 5=\ [1 —1]

Computation requires about N log, N add operations

Note: Many other Hadamard matrices of dimeasion N mad 4
are known to exist.

; Karhvnen-Loeve: Basis vectorc are elgenvectors of data
covariance matrix.

A=k AT =g

i where KCk -l diag I A (i)‘ ‘
§ _(_Jf covariance matrix of data vector

1 K = eigenvectors of Q;

2 A (i) = eigeavalues of C

f

. . 2 . )
Computation requircs N multiply and add opcrations

. c X, x|

Note: If C. is a Markov processcovariance matrix,i.e. C =[/’I I )
where £ is the adjacent clement correlation factor, the eigen-
values and cigenvectors can be {ound 1zcursively

]
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channel, assuming ne channel errors, inverse anitary transfoerms are

taken fo reconsiruct the color signals

Firally, tae inversc colcr coordinate conversicon defined by [n, 1
1

is performed to give
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Again, the order-of the inverse color coordinate conversion and the inverse

spatial transformation is unimportant.

»

The desige procedure for the color image transtorm coding system of

Figure 1 consistis of,

(a), the sciection oi the color :oordinate conversion

matrix; (b), the choice of the unitary trans{orm for eazh color signal planc;

and (c), the specification of the quantization nw for transfozm domain sampies.

A considerable effort has been undertalen to analyze ihe expected perfor-

of various color cocrdirate conversions and spatial vansformations for color

image transform coding [10, 11] . The results are summan zed below:

A. The Lost color coordinate conversicon from the ctandpoint of color
plane cnergy compaction is the Karhunca-Loeve color system which
requires knowledge of the ccorrelation between the(R, G, B)color

planes,
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B. ThelY, I, Qjcolor coordinate system, which is the United States . -
standard for color television transmission, provides almoct as

much energy compaction as the Karhunen-Loeve color coordinate
system.

C. The Karhunen-Loeve spatial transorm provides the best energy
compaction within a color plane. However, the Fourier and
Hadamard transforms perform almost as well.

A series of experiments has been performed to subjectively determine
the performance of the color image transform coding system using: a) various
linear and nonlinear color coordinate systems; b) the Fourier, Hadamard, and
Karhunen-Loeve spatial transforms; c) limitations in data block size; and,

d) different quantization and coding techniques.

e TSR IR PSS AT RN )

Summarizing, the experimental result: ‘ndicate that:

A) It is preferable to transform code the (Y,I, Q) color coordina.es rather than

the (R, G, B) coordinates of an image.

. ary Amrn, FROARTEEE C I

) Bj Substantial low pass filtering can be performed on the chrominance :ignal
of a color image without noticeable effect on resolution. There is some

color desaturation caused by the low pass filtering, but a 'inear masking

ot

GApne,d g

: operation can be employed to correct for color shifis. For both Fourier and
' Hadamard transform coding of color images, three bils per element were
assigned to the luminance component, Y, and 0.375 bhits per element were
allotted to the T and Q chrominance componints each.l Thus, the color
image was coded with an average of 3.75 bits per element compared to the

. ariginal which required 18 bits per element.

TR e

C) With a hybrid coding scheme using a 16x 16 element Karhunen-Lozve
transform for theluminance signal and 16 x 1% Hadamard transforms for the

(I, Q) signiils, a color image can be coded with only 1.75 bits per cloment.

PO T R R R S N G AL e LU USRI AL

Preliminary studies indicae that such a sysiem could be implemented for

operation approaching real time rates,
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;. Image Emhancement

One of the basic problems of image cnhancement is to diminish the etiect

of image noise arising from the optical or electronic sensor that generated the
image. If the image noise can be statistically characterized, then it is possible
to apply Wiener filtering techniques of signal estimation for image enhancement.

Wiener filtering is a classical technique of signal estimation that has been
applied, primarily, to one dimensional, continuous signals, with analysis and
implementation based upon continuous Fourier signal theory [1] It is nossible,
of course, to perform Wiener filtering operations on time sampled signals, and
extend the tzchnique to two dimensions. Furthermore, the filtering operation
can be implemented by any unitary transformation, rather than the Fourier transform
[2 4] Finally, it 1s possible to significantly reduce the computational require~

ments without severely affecting performance by a technique of seleciive compt -
tation,

One Dimensional FiJtering. -Figure 1 is a block diagram of a general-
ized one dimensional Wiencr filtering system. A zero mean, M element,
data column vector, f, composed of additive and uncorrelated zero mean

signal, s, and noise, n, componenis is the input to the system., The
signal and noise are assumed uncorrelated.

A
F=5+N &

— 0
fzs+n s

Sil.n ‘ ""

G

FIGURE I. Generalized Wiener Filtering

A unitary transform operation is performed on the input yielding

F = Af = As+An=S+N (1)

_ Table 1 defines several unitary transforms that have been used for digi-

tal sigral proccssing applications, Next, the transiormed input vector
is multiplicd by the filter matrix, G, and an inversc unitary transform

- operation is performed, The resultant

-alar = a7 YGar (2)

10
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: is ‘considcred ihe estimate of the signal, with the filter matrix, G, chosen so
! that the mean square error betwecen the signal and its estimatc is minimized,

i
: Statistical Representation.-For inany classes of data, a data vector { can be
i considered a samplc of a random process of known mean ¢ and with a covariance

: — ! matrix
o IR e . ()
1 i ]
. . The covariance matrix of a unitary Lransform of data vector, F = Af, ;

: likewise is given by ,
< ' — - '_[‘
g ’ = e -F '
E CF - (F-F)(F -F ) (4) |
- which reduces to [57

CF = AC A = ACfA . . (5)

. There is no general closcd form solution for eq., (5) except for special cases,
: However, it should be recognized that eq. (5) is simply a separable two
; dimensional unitary transform of Cf.

Generalized Wicner Filtering, -In the design of the generalized Wicner
filtering system of Figure 1 a filter matrix, G, is choscn to minimize the mean
square error . :

TS

(s-8)(s-8) T (6)

e =

. . . A .
between the signal, s, and ils estimate, 8, The expression for the m.s.e. can
be rewritten in terms of transform domain quantities as

e =Tr (A 'S-ATGE+NNA " S-A7 G (SN) T (7)
Making use of the fact that .
_— .
ss =c_ = AC AT
S s
o — - (8)
NN = L}N = 14C A .
’ SNT= NS! = 0
; B
| 3
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e =Tr CS-ZGCS+GG(CS-!CN)j (9) '
Now, a straightforward minimization of eq. (9) yields the optimum f{ilter matrix
. _ -1
F GO = CS(CS+CN) (10)

Thus, the optimum filler matrix may be delermined from the transicrm spectral
densities of the cignal and noisc vectors. Alternatively, the optimum filter can
be found by a two dimensional transformation

=T

Gy = Aggh S

of a matrix

= C_{C_+C ) (12)

based upon the covariance matrices of the signal and noise. The matrix g
will be called the response matrix, in analogy with the impulse response
of a linear system,

Substitution of the optimum filter matrix into eq. (9) gives the mininmum
m. s, e,

- -1
e i T Tr[CSCN(CS+CN) ] ) (13)

covaria «e matrices as

e . =Tr (14)

C C (C +C )‘1
m:iin S n S n

Notc that from eq. (14), the minimum m.s. c. is independent of the type of
unitary transform cmploye.. However, ‘he character of the filter matrix, G,
is dependent upon the unitary transform. The conclusion is that one is frec

to choose the transform that will minimirze the computational processes entailed

"“in {ilter generation and filtev opcration.

Table 2 lists the number of multip ications requirced to perform th.. "icner

- filtering opcrations of eq. {2). For long vector lengths the multiplicati

requirements of the Fourier and Hadan.ard traasforms approach thosc of the
identity opcrator. The Karhunen-Loeve transform rcquires more than twice
as many muitiplications as the identity operator, The computational require-
menis for filter generation are considercd in the next scetion.

\iz .4
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. Table 2 ;
Optimal Wicner Filtering Computation Requirements ‘
Transform Apnroximate number of
multliplication/additicn
. operations
Identity M?
Karhunen-XLoeve 2M2+ M
Fourier/Hadamard M%42M log oM

m » - .
M=2" whcre m is an integer

Suboptimal Wicner Filtering. -Wien considering oniy the amount of
computzlion required Lo perform the Wicner filtering operation, as opposed to
the computation requirements for the fillter generaticn, it is obvious that the
bulk of the computation for the Fourier, Hadamard, and identity transform
systcms can be atiributed to the filter matrix multiplication operation. The

. Karkunen-Loeve transform system only requires a scalar {ilter multiplication,

but entails two matrix multiplication operations for the transformations. As a

compromise, consideration has been given to the development of {ilter matr ices
that contain a reclatively large number of zcro centrics, With such matrices the
filter opcration could be performed with a reduced number of computations, The
goal in the filter design, of course, is to maintain the m.s.e. per formancc. as

closc to the optimum {ilter level as possible,
The suboptimal Wicner filtering design problem can be formulated as an

optimization problem whereby the filter matrix, G, is chosen to minimize™ ~
the m.s. e,

e=Tr CS—ZGCS+GG(CS+CN)} (15)

unde the constraint that certain selected e¢lcments of G are zero, The
zero elements of G are so placed that fast computational algorithms can

be employed in the filter matrix multiplication.
As a special casc of this technique consider the filter design when the
filter matrix is constrained to be a diagonal matrix. The optimum filter

is found to be [3]

Cs(i, i)

G = diag CLTC 3T . (16)

13
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and the resultant m. s.e. is

C (i, 1)
=N zl @ (1: 1)+C (1, 1) ) (17)

Conceivably, one could determine the filter design when the filter matrix

contains two elements per row, and continuc with additional matrix ele-

ments until the desired m.s.e. is achieved, Unfortunately, the optimi-
zation problem rapidly becomes quite ccmplex.

One alternative to the optimization is to use selected elements of :he
optimum vector Wiener filter matrix as the suboptimal filter matrix. For
example, only the diagona! and near diagonal terms of the optimum filter
matrix could be retaincd. Another technique is to select only those terms
of large magnitude. For a magnitude threshold filter it has been found that
the identity filter performs quite poor.y compared to the other transforms be-
cause of its poor energy compaction properties, Also, the performance of the
Fourier and Hademard transforms for as few as about «en percent non-zero
terms is quite close to the optimum performance.

Image Enhancement Arplications:

The generalized Wiener filtering technique has been applied to the enhance-
ment of images as a test of its validity. In this application each image line and
column has boen choractierized as o Markov process with additive white noisc.
The image was divided into 16 by 16 element blocks for computational simplicity.
Each block was filtered using an optimal Hadamard domain Wiener filter and a
Wiener filter with the'smallest 75% of the terms removed. In both cases the noise
effects were substantially reduced compared to the originil. g

14
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. Image Detection
The research results fall into the five major categories listed below:

8. Detection and Multidimensional Rctation
b. Detection and the Miniwmum Spanning Tree
c. Image Similerity

d. Variance of Bayes Estimates

s 2

e, Detection and Lateral Innibition

; The firot two topics can be best Gescribed as feature selection mechanisms for
dimensionality reduction in the irage deteciion and classification problen.

. In these cases, an ¥ dimc.~sional vector space approach is developed and
utilized to obtain significant discriminatory featurcs for input to a decision
alyrerithiz for detegtion purposes, The third approach is one of developing a
measure of image similarity. Such & measure will then allow a decision to be
nade based upon & degrec of similarity between irages., This could be consicdered
in analogy with the two 4dimensional matched filter. The fourth resulet includes
some statistical enalyscs developing new properties of the variance of Bayéﬁ

. estimates, While not directly couched in the notation of imegery, the results,

3 ; nonetheless, have bearing in detection problems utilizing Bayesian Estimators.

o e

The {ifth topic is one in which the concept of latcral inhibition is utilized

-

in an ettexdt to obtain a linear transformation which best impleuments the

inhivition process for image detection.

16
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In the coutext of an izage detection and recognition env1ro‘ment i{ pecoxes
immediately'obvious that for machine impiementation, the dimensionality of
the probicm is far too large., Ssecifically, if one analyses the N2 degress
of freedom which comprise an ¥x\N samplieG insge, and attemdts to develop
decision a]gorithmg in the N2 dimensional space defined by the image, compu~
tational power suddenly beccmes a premium. In order to reduce the dimensionzlity
of the problem to & set of {features which retain detection significance while
rexoving those dimensions waich provide little or notaing to the decision
procass, it is necessary to consider 1llie izmage 2s a point in G dimensional
space, Then by appropriate transformaiions, be they linear or rnonlinear, it
will be possible to retain a fover set of coordinctes or dzgrees of freedon
”while maintaining detection integrity.

|
One nethod of particular interest for dimensionality reduction is a linear

transformation provided by unitary matrices ané often referred to as multi-
dimensional rotations, Five such rotations were investigated a&s to their
potential for discriminating significant features in an image detection problen
involving the recognition of hand written characters, The five rotations of
interest were tae Karhunen-Loeve, Fourier, Walsh, Haar, and Identity. The
resulis of the experiment suggested that large dimensionality reduction factors
vere indeed possible with little cr no degradation in detection performance

and the order of the most efficient rotations is as listed above., The popers

at the end of this report presenit the details and published resu’ts.on this

topic.
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DETECTION AND THD MINIMUM SPATTITNG THRED
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The use of multidimensional.rotations;discussed above is resiricted to linear
techniques and will not cover ihe cases where dimensionality reduction requires
nonlinear operations. As an example, consider a class of images in Na.space

vhose intrinsic discriminatory dimensionality lies on a nonlinear surface

undetectable by linear rotations. Specifically, data points on a sphere are
intrinsically two dimensional although distriduted in 3 space. In order to be

able to bandle such situations, (which are more lilkcly then linear intrinsic
dimensions) ponlinear recursive search techniques rust be utilized, Research ,
in this dircetion is currently undervay where considerable emphasis is placed

on the concept of the miniuum spanning tree (HST). The M3T is a unique

connection of images (points in Ne space) such that they are linked with the

shoriest total distance. The trce has the povential for maintaining local

measures at the expense of global properties andg, thus, provides a clue vo

measuring intrinsic'dimensionality. As reszarch oa this topic was Just iniviated
it is too early to present conclusive results, but the subject is under current

investigation with indications of developing a promising nonlinear discrininavory

feature selector for image detection.

INVAGE SIMILARITY

A new mecasure of similarity between images has been developed waich is wroposed
as a useful detection ceriterion. The measure hes information theorctic properiies
and, with proper imoge normalization, is the cntropy function. The measure is
convex upward reachning a peak when two images are identical and thus perfect
image Getection occurs at the maximwa of this image similarity measure. The
results of this research arc well documenied in the papgers at the ond of this

report. However, ir addition to providing a similarity measure, techniques for

18
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dealing with maganilications aund rotations are also discussed in that document

and provide a type of prenormaliization as iInmput to the similarity measure,

VARTARCE OF BAYFS ESTIVATES

r
This portion of the image detection research concerned itself with developiag

tighter bounds on tae estimates obtaired from Bayesian techniques, Specifically,
exponential bounds are obtained and provide confidence measures as more and

rore samples are taken. The results of the research are far morc widespread
than just applying to imasa-detection. In fact, any Bayesian estimator Ialls
within vhe ggunds obtained in this research. The paper descridbing this work

is included in the papers section and goes into considerable detail on the

subject.

DETTCTICT AYD DATERAL, IWHNIBITICY

The contents of the research on this subjeet examines ncural net properties,

in particular lateral inhibition as a possible mechanism for extracting features
inportant to image detection. Spatial filters have been investigated which
erphasize edges in a pattern. Biologically, tris spatial process is called

lateral inhibition in that a neuron inhibits surrounding neurons directly

proportional to its firing frequency and inversely proportional to distance.
lateral inhibition is a spatial filter that exphasizes edges or boundaries
between contrasting lignt levels and wmay play & part in identifying objecis.
Linear transformations were developed mathematically to model such processes

¢ and extensive biological and engineering literature searches were underiaien to
solidify the wmolel., There is still controversy over wanether a visuel pattern

X is recognized as & whole or wheiher it is pc;ceived through the combinziion o

several clements or features, Just how meaningful features are extracted

19
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from inconing seasory inlorzation is xot krown, except for lateral inhibition

which enhances edges or b. indarics.
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A. Linear Imzage Transformation ‘

Linear transformations of piciure segments play a role in bandwidth
compression, image enhancement and patiern recognition. The two dimen-
sional structure of the data leads to rather large linezar spaces and makes
computation of a transforri via its describing matrix impractical, A square
picture segment, whose linear dimension is N, has N2 values and the
computation of a linear transformation by matrix multiplication requires N
multipliers.- Clearly faster algorithms are needed.

The Fourier transform and Hadamard transform each possessalgorithms

which require M In_ M operations on M points. However, these are only

2

two of a large class, called group character transforms, whichhave fast
algorithms.
The above a'lgorithms are most efficient when M is a power of 2.

This class can be further genecralized as follows: Let LN be the matrix of

a linear transform in N dimensional space which has a fast algorithm. If

A is a 2N by 2N matrix with at most A non-zero eniries in ecach row then

1 = A LNO
ZN 0L
N

\
has a fast algorithm: If V., V_ are of dimension N and W__ is the number

1’ T2 N
of additions requirer to ccmpute LNVi ther
v, L.V, ] |
L 1} A [ N1
2N \VZ LNV2
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requires Z2W__+Z(A-1)N additions. Repetitive use of this structure yields

N
algorithms whese computation time grow as N anN. Such constructicns

can be used to design t1 .nsforms with fast algorithms and some additional

property. For instance, the following modification of the Hadamard con-

! struction produces a matrix with the linear function {ah+b : h=1, ..., N}

as one of its rows.

. _[11
Let LZ._<~1 1> “

a1=1

and define recursively for N a power of 2 with IN an N by N ldentity matrix

2a v
A = b 1 -
2N 2 ’ 2N 2
,/1+
l+4aN 4aN
/ lN O IN (@)
0] IN O -IN LZN 0
Lan © 0 L

2NN “2N'N b, I,

2N’ TPan'N P Pany

The ZNth row of L4N is the linear function, The matrix also has the
property th- -'/Nl* LN is an orthogonal matrix,

Whether or not this class of transforms is useful for picture analysis

has not yet been studied.

22
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The Karhunen-Loeve transiorm plays an important role in picture
analysis but does not have a fast algorithm. This transform is defined as
follows. Let V be an N-dimensional random vector and compute

Rij = E {viv, }, where E{ ] denotes ensemble average (expeét'éd value).

" Let the rows of LN be the unit eigenvectors of R in order of decreasing

values of corresponding eigenvalue. This tra13§form bas the property that
most of the ""energy' of the random vector is in the {irst {ew coordinates.
When the vector is formed b;l scanning the elemeits of a picture in linear
order, the e;genvectors tend to be sines and cosines of increasing frequency. ¢
The frequencies are not integer multiple of a fundamental, so the fast

Fouriertransform does not apply. However, with the exception of the first

few terms, cosines and sines allernate as eigenvectors and the frequencies

kb bt 3 b o

dif’er.ny one half the fundamental. Thus, the transform can be approximated
by two FFT's with some extra work involving projection of the vector onto

the first fow rows of the matrix. A fast algorithm for the inverse trans-

form has not yet been found.
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Transform Impiementation

The Hadamard transform, requiring no multiplications, zeem to

be the simplest for which to design a hardware implementation. Let

-
(Uo, «e.y U ) be the Hadamard transform of (V ,...,V ). Then
n o n
2-1 2-1
(1) u, = g(-nth iy, : -
1 j J " »
where
i=i42ih..2™h
2 n
=5 425 4. 200
J T T, In
and . (i,j) = Einjn

The above equation can be wiitten to exhibit the structure of its fast

algorithm,

(-1) Jnln - (_I)Jn-zln—z jlil
(2) U = -ZJ o -E (-1) V
= 1 =
J ] Jn"l "O l

n

The recursion described by
(3) So(jll “"jn) = Vj
and

Sk(ll,...,lk,Jk+l,...,Jn) = Sk—l(ll"”’lk—l’o"]kﬂ'""Jn)

ik
t=1) Sk-l(ll’”"ik-l,l’jk“.--ujn)
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computes the successive summations and Sn is the transformed sequence:

n

= . i i =T 3 e-
Ui Sn(ll,.. ,1n), i e=11e2

1

If the Sk are regarded as functions of a single variable, time, running from

o to Zn-l, equation (3) becomes

< ey - k-1 )
S (t) =S, i)+ (142 ")  fort

h
(o)

k

k-1
(t-2° 7)) - bk_l(t) for fK

H
[

< =
K(t) sk- 1

' . . k-1, :
where tk is the coefficient of 2 in the dialic representation of t. The

second cf these equalions (tk = 1) may be replaced by

k-1
t) = S (t-2 -2
5.(6) =S (t-2 ) - 25, ()

These equations then lead directly to the logical diagram of Figure 1.

When two consectulive stages are connccted, the final delay of the

th : . Vo setes st
k~ stage may be incorporated into tlie initial delay of the (k+1)” " stage.
N ) ) n, . n-1 .

Therefore, a iransform on 2° points requires 2 +2 units of delay,
n adders and the associated gating circuits, It is estnnated a six.yfour
point transfor.. with eight-bit input samples and twelve-bit output samples,
using mediam scale integrated circuits at five megahertiz would require

less than $1500 in components.
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