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ABSTRACT

A fundamental.problem in laser-beam propagation through air is to deter-
mine the statistics of the fluctuating irradiance. To date this problem is
still unsolved in the strong-optics reyime (where scintjllation is appreciable).
This work presents an exhaustive survey, correction, and expansion of the re-
sults that can be obtaized through selective summation of averaged products of
Born-series te.ms substicuted for the electric field in the zverage field, the
mutual-coherence factor, and the N-th moment nf the irradiance. Detailed error
aralyses and regimes of validity are provided.
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GLOSSARY

1. COORDINATES, VECTORS, ETC.

N)r!? rat4 ’JPEN a1

">
-
=t

Ve

A

d?r, d2p
d3r

§7()
830)

L}

coordimate or spatial vector.
rropagation-direction coordinate.
two~dimensional vector in a plane z = const.
Fourier-tran:form conjugate variable of ¥; a wavevector.
Fourier-transform conjugate variable of z.
Fourier-transform conjugate variable of 7.
unit vectors.

transverse derivative x3/9x + yd/ay.
transverse Laplacian 32/3x2 + 32/3y2,
differential area in z = const. plane.
differential volume.

two-dimensional Dirac delta function.

three-dimensi»nal Dirac delta functicn.

2. ROMAN ALPHABET

amplitude of electric field E.

beam-wave parameter, see (2.8).

uwormalized field E/Eg.

refractive-index structure constant (dim: 2—2/3).

total length of turbulent medium.

~lectric field.

electric field in free space.

any functional dependence needed oniy in local :ontext.

ex~onential factor expressing deviation from WKkB form of
the e.ectric field (Section 1B)-

modified Green's function or spherical-wave field at T due
to delta-function source at T3,

free~-space Green's function.
irradiance, flux or any quantity «]Eiz.

the wavenumier w/c of the wmonochromatic wave.
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L = pathlength.
Lo = macroscale of turbulence.
%o = microscale of turbulence.
24 = integral scale of turbulence [as defined in (7.4)1.
N(2) = number of ecddies of size .
n(L) = density of eddies of size %.
n(x,t) = refractive index.
Qn = a sum of ij from j = m to § = n in the n-th Born term of E.
qp = a similar sum of kjy.
R2 (t) = randomly moving center of eddy, t = time.

V = volume of turbulent medium.
3. GREEK ALPHARET

a = inverse of coherent-field decay length, o = kzliez.
A = Laplacian operator, cr small increment, or small error.
0y, = binary-cluster error v kzLozez.
Ag = small-angle scattering error v L Kml/3Lo—2/3€2.
A, = sagittal error v L2 Kml/3L0_8/3k—152'
e(¥,t) = relative dielectric permittivity (diwensionless).
5¢ = deviation of e€(¥,t) irom its mean.
€2 = variance of €, mesn sSyudre of Se.
& = operator notatio. for de.
Gg(ﬁ,z) = transverse Fourier transform of < (p,z)
n(;) = Fourier transform (chree-dimensional) of 6e(rx).
nQ(Z) = Fourier transform (three~dimensional) of EQ(;).
3 = at.gular deflection of a ray, 8 = dp /dz (Section 8).
86y = Kp/k = scattering-angle sine at ¥y (Section 6).
<p = 5.92 Zo_l = microscale wavenumber.
A = wavelength.
gl(¥) = ghape function of an eddy (Section 10).
I = notation for a prodact of factors.
I = notation for a sum of terms.

=2 = a variance parameter, an expansion parameter (Section 4),.
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0'2

op? =

9{%)
& ()
¢2(i’: ,£12)

h

L]

the variance of X, the log-amplitude, in the Rytov
approximation (= C2k7/6 L11/6),

the variance of I normalized to<I> 2,
é (E,km} = normalized spectrum of 8e(r).
short~hand notation for ¢(§,0).

partial spectrum of §e: yields ¢ (K,k, ) when further
transformed with respect to Az.

the phase increment of E above kz.
logarithm of the amplitude A.
logarithm of the field E (¢ =X + 1 ¢).

the phase exponential used for evaluating points of
stationary phase {Section 6).
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1. INTRODUCTION

Laser-beam propagation through turbulent air has been studied seriously for
more than ten years. Nevertheless, a fundamental problem - that of determin-
ing the statistics of the irradiance of even the most elementary light wave

(a monochromatic planc wuve excited at z=0 and travelling to z=L) - has not
been solved. The difficulty lies specifically in the region of parameters
(Cn2, L, k) where amplitude or irradiance scintillation i3 apprecisble. Con-
sequently, standard small-parameter perturbation techniqucs fail to provide a
basis for calculation. The prodiem is so very fundamental because the operation
of laser beams in turbulent air, for example, is limited by irradiance fluctu-
ations. Laser beams can be considered as linear superpositlons of spheri-al
waves, hence the fundamental problem is the behavior of a spherical wave in
turbulent air. Nevertheless spherical waves do not differ, essentially, from
plane waves (except at the origin which is excluded from the tvrbulent region),
and therefore plane waves, which are somewhat simpler to handle, are considered
first. To our knowledge, three basically different - although not unrelated -
methods do form a basis for analysis of this very difficult classical field-
theory problem.

(1) The development of approxiumate equations for the electric field E,
or for related quantities such as 1nE.
(11) The development of equations for moments of the electric field, e.g.,
for the mutual coherence factor, the four-point rorrelation, etc.
(iii) The analysis and selective summation of terms obtained by substituting
the Born series for each field E in any moment such as‘<IN>>, the
average of the N~th power of the irradiance I.

Each of these approaches has varyirg developments and adherents in the U.S.A.
and the U.S.S.R. Each has advantages and disadvantages. Rather than makiag a
detailed comparison and enumeration, we state that method (iii) is the one we
will follow throughout this work. Its one great advantage over the other
methods is that it allows a cwmlative error analysis of the simplifications
and approximations made on the way to results. Thus, it allows one to set
bounds or regions of validity for the solution of each problem.

This work will contain results for

(a) the coherent (or average) field < E>,
(b) the mutual-coherence factor < E(¥1)E* (?2)> .
(¢) the N-th irradiance moment < IN>

for plane waves and homogeneous stationary tuvbulence. Some of these results
have been darived previously by us or by other authors using different methods.
All of the results can be derived for spherical waves (with appropriate modifi-
caticns) but we conszider that 2 non-essential problem here, and therefore we
restrict all derivations to plane waves. Likewise, many applied-propagation
results are of no interest to us here. Many of the latter parts of the




derivatione, e.g. steps leading from (7.2) to (7.4) have been given so often

and in so muny places that the intermcdiate steps are omitted. The motivation
for this work is to update previous work([7], aiso reported in the literaturz®,
tc inciude the opuics regime, to correct errors in interpretatica, to give
extended error inalyses, and~ above all~ to give an exhaustive and comprehensive
survey of the selective-summation method in computing results (a), {b), and ().
Although the streng optics regime where k7/6 L11/6 €42 2 1 is not yet understood
as far as iriadiance stavistics go, tle selective-summation method appears
promising for further anmalysis.

ihe organization of this report is as follows: Sactione 2 and 2 discuss
varicus forms of the wave 2quation in integral form, and of the Born series.
Section 4 is an agide in which the cumulative effects of small errors A in the
Born terms are discussed. The ~limination of backscatter (i.e. of radiation
scattered at more than w/2 radians) is the subject of Section 5, and Section 6
discusses the elimination of all but smell-angle scatterings so that the so-
called parabolic or beam~wave Equations (6-10) and (6-12) ensue. Geometrical~-
optics approximations yielding the WKB expression and the ray equations are
derived in Sections 7 and 8. A most important result of Section 8 is the
discussion of the variance of the scattering angle J in multiple integrals

dQKm — den- With thi2, we treat the wave aquation statistically in Section
9 to prove in Sections 11 and 12 that the n-point correlation<8e(l) --- 8¢ (n)>
can be replaced by <8e(l) 8¢(2)> -—- < 8e(n-1)8e(n)> in all moments of field
and irradlance. We develop a model for Sc¢ in Section 10 to prove this most
jmportant point. The model can be tailored to fit Kolmogorov or cther turbulence
statistics. Diagram-technique bLookkeeping of terms of the Born~series products
are introduced in Section 13, the average field < E> is deduced in Section 14,
and the mutual-coherence factor < E(1) E*(2)> in Section 15. Sections 16-18
are cevoted to higher-order moments <IN> with N >1. The buokkeeping of terms
is explained in Section 16. The modified~-Rytov ar-roximation and its range of
validity are deduced for the irradiance in Section L7. It contains energy
~onservation automatically. The radiowave case is discussed in Section 18, and
it is shown that a Rice distribution for I holds when L >>kL02. Finally, the
vesults and their regimes of validity are summarized in Secticn 19 by introduc-
ing a two-dimensional graph of the permittivity variance €2 vs pathlength L.




Z. WAVE EQUATION IN INTEGRAL FORM

Although it is by no means trivial to arrive at the follcwing scalar wave
equation for high-frequenty microwave, and cptical propagation in the atmo-

sphere, we assume from the very catset that
AE+ K@, 0E =0 (2.1)

where E is the electric field of a monochromatic wave propagating through air
described by relative dielectric permittivity e(¥,t). We will also not discuss
further the conditions under which dispersive effects are properly ruled out,
and simply set € = n? where n is the refractive index. Finally, we separate off
the small random behavior from the large non-fluctuating part of e, i.e. we set

e(r,t) = e(x’ [1+ 8e(r,t)]. (2.2)

at least for time scales in whuch E(;) is safely assumed to be constant, and we
absorb the constant (but not necessarily uniform) £(r) into k2 to yield a new
k2 that may have a weak and slow dependeace upon * compared to that of Se(T,t).
Thus,

AR~ K> ~6e) E = 0 (2.3)

is a convenient shorthand notation for the scalar wave equation. In order to
deal with the essentials of propagation through weak random media, we set k =
constant, and restrict ourselves to de < 1 everywhere at all times. Deviations
from k = constant can be handled but they add greatly to the complexity of the
overzll »sroblem.

Tne formula: n is not complete without specifying Initial conditions. We
cnoose the form ‘one out of many possibilities) that field E reduces continu-
ously to E, as 8¢ » 0 at all locations and that E, obeys

AEO + k2E0 = gource term, (2.4)

under the assumption tnat the source term is very restricted in space. For
example, we could assume a plane-wave source at T = (0,0, - ), in which casa
Es =« exp(ikz). Or, one can assume a spherical--wave source at the origin, in
which case F¢ « r~1 exp(ikr). Although we have set the righthand side of (2.3,
equal to zero, it really should agree with that of (2.4). However, the further
formulat.on will be for E - E_ so that the soucce term drops out, and the equa-
tion for E - E,5 will be solved in terms of 8¢ and Eo which is assumed to be
fully known,




Any partial differential equation such as (2.3) plus its initial and/or bound-
ary condition- can be reformulated as an integral equationfl]. Standard tech-
niques yield as equivaleni »f {2.3) and (2.4):

k2

-~ _ . k™ 3 - A .-L ..x:
E(r,t) = Eo(r) + - d/; r Go(r—rb) GL(rl,t) E(ﬁl,t)

N - - - (2.5) -
Go(r—rl) = [éxp(ik !r—rll)]/lr—rll -

This equation can be cast into a form of much greater u<. for studying wave
propagation in a random medium, namely by setting E(T,t) = Eo(?)B(?,t); and
attempting to find an equation for B(T,t), the normalized field that describes
the effects over ard above free-space propagation. Thic is easily donz by
dividing (2.5) by E,(T) and rearranging the factors oa thz righthand side. The
result is

k2

3 [ - -
B(r,t) =1 +-z;./; rl G(r,rl) Gs(rl,t) B(rl,t) (2.6)
G(r,rl) = Go(r-rl) Eo(rl)/Eo(r)

This equation is also advantagevus because B is dimensionless. Furthermore,
the propagator or Green's function G(¥,r,) takes on a simple form for plane
and spherical waves. Lci Sp be the propagatcr for plane waves, and Gg lirewise
for spherical waves. By inserting E, = exp(ikz) and Ey = r~1 exp(ikr), respec-

tively, one cbtzins
exp {ik [l;-—;1| - (z—zl)]i
+> >

G (r,r,) =
P 1 I/r-—rl (2.7)
. r exp ik[l?—?ll . (r—rl)lz
Gs(r,rl) = -

v, |55

Equations (2.6) and (2.7) constitute the integral wave equation for plane and
spherical waves. Likewise, a laser-beam equation could be produced by putting
together a laser-beam proupagator according to the recipe of (2.6) with[!] the
free-space field given in its fundamental mode by

-1
E = -ikb? <z—ikb2> exp gik[% + 92/2(z-ikb2)]£

o
R T

(2.8)
where p is the vector coordinate in a plane perpendicelar to the z direction of

propagation, i.e., r = (§,2), with r, the beam radius, and R the wavefrout radius
of curvature at z = 0. A cursory glance at (2.8) stffices to convince the reader
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that the laser-beam propagator is more complicated than those of (2.7). How-
ever, it Is well known[2] that a laser beam may be considered as a linear

superposition of spherical waves, and therefore the fundamentals of the prob-
lem »f laser-beam nropagation can be understood from those of spherical waves.

« Unfortunately, the spherical-wave propagator Gg is sligutly more complex
than G, due to the inclusion of some additional geomeirical facters. So, al-
thcugh it is more proper from “<he point of view of laser beams to work with

> spherical waves, we will develop the formalism for plane waves because that is
still sufficiently complex to justify any simplification we can make. Where we
specifically require gpherical-wave results, we will make the necessary modi-~
fications in reviewing the plane-wave formalism leaulng up to the result.




3. ITERATIVE FORMS OF THE WAVE EQUATION

The irtegral equation can be expauded into a Neumann-Liouville series by itera-
tion. This particular N-L series is also known as the Born series because the
generating equation is in essenca tiie scalar time-independent Schrodinger equa-
tion first studied in this form by Porn. We have chosen the letter B for the
ratio E/E, for that reason. Thus

n=0 . (3.1)
D K* £3 s
Bn mﬂl 47 d r G(r l,r ) e(r )

with the specific definitions, By = 1, ;0 =c= (3, L), and with the appropri-
ate propagator for G(rm_l,rm) Unless otherwise stated, the plane~wave form in
the first of (2.7) is implied.

A second form of great use for our further development can be obtained from
(3.1) by utilizing a partial Fourier transform of Gs(rm) Ve write the coor-
dinate rm = (pp»2y) in teims of the Cartesian coordinate system (x,y,z), where

z is the direction of propagation, and indicate the (x,y) coordinates by the
two-dimensional vector ©. Strictly speaking, 8e(r) is a stochastic variable,
and all equations are more generally described by utilizing Stieltjes integrals,
©.g8., as Brown[4] does in his work. However, in order to avoid a more formal
treatment, we will continue to use ordinary integrals under the assumption that
8e(T,t) varies irregularly but smooth]y in time. Let us Fourier transform de(r)
with respect to the plane coordinate p, and define

Gg(ﬁ,z) = fdzp Gc(g,z) exp(if’:.g) (3.2a)

The inverse transform then describes the synthesis of 6e(s) in any plane
2z = const. in terms of two-dimensional plane waves exp(-iK. p), i.e.,

5 (ﬁ;z) exp(-iﬁ.g), (3-2b)

with a weighting factor Gg(ﬁ,z). By inserting (3.2b) into (3.1}, we obtain the
form,

n k2 3 2 -~ -~ n, - -~ -
Bn = ]I ———7;¢/; rmv/a Km G(rm_l,rm) ée(Km,zm) exp(-le'pm) (3.3)
m=1 16m

The advantage of this form is that the "scattering problem" can be solved exactly.
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By this, we mean that we cons’der each factor of (3.3) as a three-~dimensional
integral over dzy d2K, of an integral over a2py of exp(-iKpy.Px) G(?m_l,?m)
weighted by a factor Ge(Km,zm). The dzpm integral represents the coutribution
at ?h~l of the elentrir field scattered in the plane z = zy by a phase screen
exp (-iKp.pm). The 6% ([Ky,2zp) d2K, integral the.. adds up a linear superposition
of such phase scriens of different wavelengths at zp, and the dzp integral sums
up all of thc gcreens as zp varies. The actual scattering part of the five-~
dimensional integral in (3.3) is thus the dzpm integration. The rest of the
oroviem is linear superposition.

Upon inspection of G from {2.7) - we use G, from here on -~ we note that it is
a function only of the relative coordinate Tp_j - ?m' Because the Jacobian is
unity, we may replace the d2om integral by one over the relative transverse
coordinates. We define

n
A = - =
n ° Pp-1 T Pt Q, = jZ£ Kj (.4a)
Azm = zm__1 - zm,
and utilize the transformation
R b, =2, |K,-p - Qm.Apm] . (3.4b)
m=1 m=1

to rewrite the dzpm portion of each factor of By in {(3.3) as

(
exp‘liklkApmz + Azm)2 - Azm }
- 2 172

k2 "2 o
163 Jaey, exp (iQ .40 ) (3.5)

2
(Ap ©~ + Azm )

The integral can be performed, ses Gradshteyn and Ryzhik{5] formula 6.677,
to obtain

" exp{ik [(w - sz/k:)]‘/2 laz | - Azm]}

(3.6)
2 (1 sz/kz*)l/z

8n

Consequen:ly, we have rceversed the order of integration in (3.3) and we are
left with the linear-superposition integrals (also assuming p = 0):




oo

n . - -
B = fd"xl...ﬁ%n o -—1-§fdzm SE(K ,2) (1- szlkz) 1/2

81r0

o [~ 20 e -]}

3.7

This is the basic equivalent to Equation (3.1). We shall make approximations
from here on by ignoring parts of exponentials, or by dropping terms, or by
modifying factors of the integrands otherwise. The subject of approximations
to terms of a series is one that is very eriential to selective-summation
methods, and the entire work from (3.7) on will be open to question if the
approximations are not justified. That is to say, not only must we be sure
that neglected terms are small compared to ones retained, but also that the
cumulative effect of neglected terms is small. Therefore, we will discus=<
error analysis again as the formalism is progressed. First, we consider the
general cumulative effect of dropping or sislifying terms in the Born series.
An outline will be given in the next section.
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4. CRITERIA FOR APPROXIMATIONS IN THE BORN SERIES

Consider then the following formal representation of the Born series.

o0

Z G &), (4.1)

in operator language, where & stands for Ge(r) in the case of (3.1), or
8¢(K,z) in the case of (3.7), and G stands for the propagator and the intsgra-
tion. The approximations, we wish to study are of two types:

(4) Simplification of the propagator: We simplify propagator G to G.
Thnen, the approximate B is given by replacing

G &))" by @G&)° (4.2)

(11) Simplification of the statistics: Since we wish to compute the
average field < B>, and moments of the irradiance I = I, BB*, namely
< IN> for N = 1,2 ---, we will make further approximations by
replacing

<&y by <@e)>" (4.3)

N After these two simplifications, we assume that a closed-form result is found
) by rearranging the infinite number of terms in < 8> and < IN> into a series

of powers of 02, a parameter proportional to < (G 8)2:>, and performing the
summation.

<f>= Y b oP
= °° (4.4)

No . Y 2n
<T> = 3 by o
n=0

In other words, it is assumed that we can obtain the summdble results (4. 4) by
simplifying G to G, replacing the 2n-point correlation < (G g)iny by an ordered
product (we are dealing with integral operators!) of two-point correlations,

and finally by rearranging the summation. Consider in a little more detail an
error analysis of the above outlined procedure (the decails will of course be
described in subsequent sectiuns).

v Ad (i): We assume that the propagator G(Qp, Azy) of (3.7) is simplified
3 by ignoring a small part of the exponenc and of the denominator.
¢ & Formally,
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G = X (4.5)

where 4y << 1 and A3 << 1 are small variable functions of Qq and Azp. The
error of approxin tiug G by G will be estimated by choosing an upper bound

A' to all A1 + 42, and by defining G(A') = G(1+A'). Because A' is an upper
bound and a con::tant, the factor (1+A') may te " considered to be a numerical
factor, not an .merator. Because AT << 1, the error in < B>can be estimated
by comparing < +f{A')> to < B>, and likewise for < IN>,

Ad (ii): It i< wmore difficult to explain briefly tt.: effect of statistical
simp’:fication. The approxination (4.3) asounts to the neglect of
all ¢ -mulants of <(G &)2n> higher than second order. 1 e., for a ~
four-ruint correlarion, we neglect the effact of < (G &) > -
<(@G.)2>2 (note that there are three terms contributing to
<(G: 12> 2, namely so that &7 82, &;8& 3, and & &, are paired to-
getk -3, In ignoring higher-order cumulants, we are dropping terms.
The :7zor in so doing is assumed to be (proof will be given in
Sect:i~:3 11 and 12),

<@ > 2 <@Ga)>" [1+ 0(A3)]n
(4.0)

A3 1

Consequently we s2e¢ that the error can be estimated by finding an upper
bound ' to all - and investigating the difference between results obtained
by approximatin. < (G 8&)2n> first by < (G &)2>1N and then by

<(G&)2 (1+ 4. >,

The_two approxi ..!ions (i) and (ii) are then summarized by replacing G first
by G, and then »r 5(A) = G(1 + A), where A = A' + A". Because < (G g&)2>
corresponds to « { in the rearrangement, < (G8&)2 (1 + A)2> corresponds to

2 (1 + A)2. Tb-.2fore *the error in <B> is estimated by comparing the fol-
lowing two serie:

<B> = b 02n
n=0 °%
- 4.7)
<B@)> = b o0 + )]
n=0
Thus if < B> is summable, it is a function of 02, namely < ﬁ = ( ). The
second of Equations (4.7) then states that < B(4)> = f [02 (1 ] The error

in <B> is then estimated by
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02(1 + A)2 - 02[1 +CWM1, (4.8)

_i.e. by regarding the eifect of terms of 0(A) zdded to the parameter o2
wherever it occurs in the final approximately-summed expression. The same
analysis holds for <{N>. Thus, the conditicn A << 1 is sufficient, even in

a cumulative sense, to guarantee that we car utilize x = 02 in £ {(x) rather than
02(1-4;2 < x < 02(1+A)2, Later, we will icentify A with nL,/L and with
n<(88)2>, i.e. with errors proportional to tte running index n in (4.7). Zhe
procedure will be umcldified to deal with thic cese ir Section 6.
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5. ELIMINATION OF BACKSCATTER

From this point on, we shall be interested in random w:dia in which the wave-
numbers X, which define the Fourier decomposition 8e(K,..) of the pecaitvtivity
variation in the plane perpendicular to that of propagation, are essentially
restricted to 2m Ly~ -l <K< 214 -1 shere L, and L, are the nicro-and macro-
scales of turbulence, and Zwlo—l << k. In optics, the latier inequal-

ity is well satisfied, but in radiowave propagation it is m. ve often the case
that k £ 218, -1, In both cases, however, 21rLo"l << k. Consider fcr the present
that 2ngo-1 << k. Then, a first glance at (3.7) indicates that the factor

(1 - Qu2/k2) is quite close to unity, except for the pathological ceses in which m
is very large, and the directions of all K; for j=m to j=n (small m) are such
chat the small vectors add up constructively to exceed k in length. When

(1 - Qp?/x2) ~ 1, the last factor of (3.7) will oscillate slowly for Azy > O,
namely over a length scale v k/Qm , and rapidly for Azy < 0, namely cver a
length scaie k=1, 1In the latter case of Azy < 0, the propagater oscillates
sinusoidal.ly many times over a length scale in which és(Km,zm) changes with zp
(namely 2 distance at least of order 1y and more probably of order %: an appro-
priate mean scale between &y and L, such as the integral scale[6]). The »scil-
lations tend to cancel the contribution, and it therefore appears reasonable to
restrict the dzyp integration to the forward-scatter regime 0 < 2y < 2p-}. The
lower bound of the dzp integration is zero because we set 8e = 0 for z < 0,

L *herwise we ! ave a non-physical situation in which electromagnetic energy has
propagated an infinite distance before reaching z (a violation of all the approx-
imavions we -nall make). Similarlv, we should set 8z = 0 for z > d, the medium
width,

Analytically, this is expressed by tasing under consideration the dzp integra-
tion of all fa-tors in Bp dependent on z;. This part of the integrals car be
written,

Zm-1 d
n, -~ -ik A?' PO —i [JZ
f dz 6;(1( ,2 e £ m + f dz §:(K ,z e kb m
m m’ “m m m’ “m
o z

m-1 (5.1)
K

f—k[l—(l Q, /k)l/ZJ
k.bzk[l+(l Q /k)l/z]

There 1s a factor containing zp in the (mtl)-st factor of Bp, but we need not
consider it here. Each term of {5.1) is Gaussian to goou approximation -/ith
zero mean and a variance that we compute by igonering small boundary effects
and utilizing the properties,

o~ b RS : ': s - -
<HE(K,,2)) SE(Ky,2)> = 4nT e 4 0m) 5 &, + )
o - N (5.2)
R +ik Az R - 9 ,1
jr~ diz bz(K,ﬁz)e = ${K,x') = ¢{ﬁK + k'z\l'zj_

mfR2




The fisst term of (5 1) has a variance proportional to zy_3 #(im,kf), and the
second term has one proportional to (d - zp_j) #(Ky,kp). As each term is
Gausgian with zero mean, the contribution of each is not likely to exceed
several times its variance.

Wavenumber ky is always greater than k3 and when Qp << k, it is close to 2k.
Therefore the argument of ¢(Ky,kp) - which 18 (Kp2 + kp2)1/2 — always exceeds
k, and when Qy << k, it is close to 2k. In optics it is thus quite permissible
to drop the backsr~atter term becaunse there are essentially no components %o %
at wavenumberg2 so high. The very srall corrections to zero are of the crasr

Az << 1 describe¢ in (4.5), hence they do not amount to anything appreciab.e.

In radiowave propagation, the argument for ignoring backscatter is slightly
more complicated. It goes as follows. Consider (4.4). The results obhtained
for radiowaves all indicate (see later) that

o2 e deKMK), (5.3)
[o]

Ir can be shown, 2.g., for the Kolmogorov spectrum, that there is an & with

ig << £ < Lg such that the above integral does not vary appreciably if one
sets ¢(K) = 0 for K » 2m2~1l, However, in radiowave propagation ' e may assume
that k >> 2n2-1, even though k £ 2ﬁ£°-l. Since none of the res lts change
appreciably by this cut-off (the arguments uf Section 4 include cut-off errors
of this type) we make it, and thus have set ¢(Kj,k,) = 0. Therefore backscat-
ter is unimportant in this case too.

Thus we obtain,

z
n m-1
2 7 ik * nox
B =/:1 K, -—-ﬁ R, T =5 j dz Se(K ,z )
m=1 &7 .

(5.4)
exp iikAzEL[(l - omz/kz)”2 - 1]} ’

2)1/2

a - q K

as a good approximation for \ << &, where 2 = %, in optics, and & v &;, the
integral scale in radiowave propagation.
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6. SMALL-ANGLE SCATTERING APPROXIMATIONS

So far, backscatter has been eliminated, and the Born series has been reduced

somewhat in complexity to (5.4). Further reduction appea:s possible in view

of the fact that when index n is not too large, the factor (1 - Qn /k2) does

not differ greatly from unity because K/k is small for most (if not all) .
eligible K~vectors. However, let us look into the matter more analytically.

We reconsider the exact derivation of (3.6) and (3.7) from (3.5) by an approxi-

mate method whic: lays bare the physical background: the method of stationary

phase (one of the well-known methods of asymptotic analysis). Reconsider

(3.5) in the following form

2 o exp(i¥ )
k /;chp m
(

16H3 Ap 2 + Az 2)1/2
m m

(6.1)

2 2,172 I
Wm =k [(Apm + Azm ) - Azm] - Qm'Apm

The method of stationary phase states that the integrand contributes appre-
v7ably to the integral only in the direct vicinity of the stationary points
of Y, i.2., the locations where the first derivatives of Y, with respect to

Axy an' Ayp are zero. Let us label the positive square root of (Ao..2 + Azm )
by Ar, . It follows from the above that the stationar: voints are at

i S W= Sl W (6.2)
Arm k I—* o l k *
'm-1 7 Tn

It is then easily seen by further application of the conventional stationary-
phase method that (3.6) - hence (3.7) - follows from (6.1) except for a
slight difference in the denominatgr. The important point here is the in-
terpretation of (6.2). Tor given lek a small vector let us say, and for
given pm—l and Zn-1s there are fwo locations (p ,zm) for the m-th ccattering
(i.e., for the m-th stationary points). They are illustrated in Figure 1(a):
one is for a "forward" scatter and the other for a '"back" scatter (zy > zp 7).
There is thus a straigh.f;rwqrd geometrical interpretation for the K-vectors.
Let us name Um z ’“m-l - bm)/ rp-1 rml’ em is a vector of which the two
cartesian components indicate the direction sines of the angles 8, and Omy
which the vector tmﬁl - rm makes with tihe direction of propagation.

The discussion in Section 5 has led to elimination of the back-scatter sta-
tionary po'nt, the cne for which the diiection angle is larger than n/2.
Only forward-scatter stationary points rcmain. Consider the dlfference 69

of the direction sines at ] £ and the previous point T v, 06 = 6 m+l'
From Lhig definition f 69 and from (6.2) it follows that

14
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(b)

Figure 1. (a) Forward-and back-gcatter gtationary points T .
(b) Scattering angle 66m = - Km/k. b

aem = - Km/k rr Km = - k Gem (6.3)

The interg--tation of K is analogous to that of momentum transfer in quantum
mechanics. Consider & vector km of 1ength*k in direction rm—l - rm, and a
vector ky.1 of length k in direction rj -~ r .,. By (6.3)_ the vectgr Em - kg1
has a component perpendicular to the z~/irection, namely Km = - kébp. In the
Schrédinger equatign, vector k; represents momentum at the m-th point of
scattering, hence is the momentum transfer perpendicular to propagation.
When 80y << 7/2, it is approximrted quite well by the actual scattering angle
depicted in Figure 1(b) (sin 66 =~ 86 for small angles), with error of the
order of (66 )

For optical propagation, the isequalities K X ZnRO_l << k are well satisfied.
For radio propagation, that is not the case, but the outlined err analysis
ui_Sectlon 4 indicates that we need consider only those K for which K; § 2m¢

waere £, << g < Lo+ One may still consider Ky << k for all eligible wave-
vec:ors, be.ause 2n%~1 << k in this case.
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Now, the small-angle scatteriayg »pproximatioa in (5.4) amounts tn replacing

u - szlkz)l/2 by 1 in the denominator and by 1 - Qm2/2k2 in the numerator

of the last factor. A careful discussion of “b~ .. "fications of this r.-
placement is required because Q, contains n-m wa, vectors which can zdd up,
conceivably, to a length k if n becomes large, even though K << k for all
eligible values of K;. Such a discussion does not appear to be available
elsewhere at the time of writing, except - in rudimentary form - in an earlier
version of part of this work{7].

It is helpful to veturn to the definition of am (for fixed n) and to invoke
(5.3), so that Q. is written as

n
Q/k = Z 5, (6.4a)

Jj=m

Although it is difficult to define exactly what is meanc by .he "behavior"
of Q,/k, we will attempt to describe it by noting that for fixed z, zp41, --»
z,, a function £(Qu/k) occurs in the multiple inteyral,

2 2 ,\l — . n, —— . -~
./; 66m -— ‘/;.Gen 6b(k56m, zm) - Ge(kéep, ‘n) f(Qm/k) (6.5)

The multiple integral is random, hence we are interested in its gtatistics.
When 24=2441 exceeds several times L,, we note from (5.2) that Gs(kﬁej, zj)

and Sg(k335+1, zj4]) are uncorrelated., If we set the condition nL, << L, as

we will in Sections 11 and 12, it then follows that each of the dzéej oé(kdej, zj)
integrals is uncorrelated with any of the others except .i.r a fraction v

(n-m)L,/L of the n-m dimensional volume defined by the integrals dz, --- dz,

over the fixed locations z;. Under th~ assumption (prcven late. in Sections

11 end 12) that the etfectS of thic smali volume are negligible, it follows

that 86y -—— 06, are statistically uncorrelated in the sense that each is
weighted by an independent raidom factor §& (k89 5, zj) in (6.5). It is in this
sense tlac we regard Qu/k as the sum of a-m independent random variables 865,
as in (6.4a). Later, we shall define more piecisely what we mean by this
random behavior, but now we noi2 that Qp/k c¢on therefore be considered to
app.vacn 2 Gaussian ranaom variable when n-m +, 10 (for smaller values of n we
are not much interested in ihe cumulative effects anyway). Thus

n
< nf> = L <so, - 8 ,> = (a-m) «88)% >, (6.4b)

i,i .

although we cannot vet specify in detail what the averaging brackets specifi~
, cally wean in this formula. Because Q, is Gaussian, when n-m not small, it
i follows that the magnitude of szlk2 is restricted to seve.'.l times the variance
f (6.4b). Hence, if we can specify mere preci. -1y what the averaging procedure
in (6.4b) is, we can then estimate the cumulative magnitude of szlkz. At

16




this time we note that we may make approximations in (5.4) based upon utilizing
Qu2/k2 << 1 smder two conditioms, A << L

(i) A
(11

i.e., we ignore terms of O(nLg, /L) and of O(n <(60) >) in (5.4). Hcwever, we
have to modify the discu551on of Section 4 a littl: because the error term per
factor, A, is now proportional to n, whereas the analysis assumed A independent
of n. One additional assumption will amend the situation. To sec this, ve-
consider (4.7) and define

nLgo/L
(6.6)

n <(86)2>

f(cz) = 2: bn UZn
n=n
N
(6.7)
2, _ 2n
fN(c ) = 2: bn o

n-o

Obviously, the liwnit of fN(UZ) is f(oz) as we allow N + », However the new
assumption is that for all N lar~:r than some No >> 1 we have

£(o?) - fN(oz) v 0(a/N) . (6.8)

2
Obviously this holds true for exponential series yielding f(uz) = exp(+ 07),
and it will be useful for this work because all of the statistical results
are simple functions of such exponentials.

2
Assumption (6.8) states that we n2ed not consider any Bn with n >> ¢7 for the
appllcatious in mind, i.e., fo~ calculating <B> and <IN>. The assumption
sz << k2 is therefore determined by

2
(i) Loc << L

(1) <(80)250% << 1 o+ 0% << (ke)? optics (6.9)

02 << (kﬁi)2 radiowaves,

vhere we have set K < ZnQO-l for optics, and K < 2w9—l (& v 24, the integral
scale) for radiowaves. Thus as long as the inequalities (6.9) are uatisfied,
it appears to us valid to assume Q, /k2 << 1 in further development of (5.4).
Accordlngly, we drop QmZ/L4 in the denomlnator, and expend (1 - Qy 2/x2y1/2 =
1-Qp 2/7%2 in the numerator to obtain,

17
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Zn-1
n

- [.2 ik N
Bn = fdzl(l - Jd Kn n 2 f dzm GE(Km,zm)
o

w=l 8«

(6.10)
erp [-isz (zm_ 1 zm) le]

There is one more approximation hidden in {6.10). In approximating the
numerator of (5.4), we have to make sure that the maximum value of the first
ignored term in the exprnenr does not add up to an appreciable phase effect,

i.e., that (Q Qm+1)z /8k3 << 1 t:r each zg. If we set Qp = Km+1 + Qm+1,
then we obtain the comdition (using z < L)

Ky + 8 Ky K Qg ¥ 6K Qyy + 4 K@ Q) << 1 (6.11)

x‘ulr'

The inequality Kml*L/k3 << 1 can be written as L << k32 (optics) and L << k3 4
(radiowaves); it is knnown as the sagittal approximation in optics when terms
of order L/k 394 are dropped. The other terms represent possible cumulative
effects which we discuss in Section 14,

Finally, it is important to point out that (6.10) also results from the
parabolic equation favored by Russian authors[8]. The parabolic equation
follows from (2.3), which we rew-ite as

AB + 2ik-VB + k26e - (6.12)

by substituting E = B, exp ikz (i = kz = k;/z). This equation is quite
general, and equivalent to (3.7). The parabolic 2quation is obtained from
(6.12) by ignoring 52B/3z2 in the first term. It is equivalent to (6.10).
However, we believe that the dis:ssions of the parabolic equation in the
literature (see Reference [8] for example) dv not make the nature of the
approxim: tions sufficiently clear, hence the digressions in Sections 4-6 on
this topic. We will return again in Sections 8 and 14 to the difficult topic
concerning the nature of error terms implied by (6.9) and (6.11). From this
point on, Equation (6.10) is the hasic starting point.

18
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7. THE WKB OR MOLIERE APPROXIMATION

The Born series B, in the small-angle scattering approximation (6.10) is
summable when the exponential function is replaced by unity. In that case we
utilize the multiple-integral properly

z
m-1 n

a ) l' L
I f dzm f(zm) = ot f dz £(z) 7.1
Le

=1
o

to obtain a special form of the Wentzel-Kramers-Brillruin (WKB) approximate
sclution of a wave equation,

- L —I
B = exp &2- f dz ﬁzK 62:’(2,2)
81r
L
ik
exp -z—-f zée(p, S o
L o

also known as the Moliere approximation[7,9]. The restriction 3=0 is not
essential. The errors are given by A = exp[-i sz (2p-1 = 2p)/2k] - 1
~ kL <(60)2> for small n. Hence the error analysis requires

(7.2)

©

o kL <(66)% > << 1 (7.3)

Before further discussing the error, let us analyze the meaning of (7.2) for
a random medium. It states that the electric field E is modified from E, by
random phase factor exp(i¢) where i¢p is the exponent of (7.2). By virtue of
a variant of the central-limit theorem of statistics (which is valid because
Ly << L), ¢ is Gauss1an (with zero mean), hence the statistics of B are given
by the var1ance-<¢ >: in this case only <B>1s of interest. The calculation
of <¢ >, and of other covariance statistics of B based on (7.2) are too well
known to repeat here (see Tatarski's work[10,11], or any of the more compre-
hensive review articles on wave propagation in random media). The results
are (for a statistically uniform medium):

<B>= exp|[- <¢2>/2]
22

«w

<¢®>= Lk f dK KO(K) = 22 L e
o -
<B(3 5,1) B*(- 5 5,1)> = expl- 3 D, ()] (7.4)
-~ -~ 1~ 2
D,() = <[4G $,1) - (- 3 5,11°>
KA f dK Ke(®) [1 - 1_(Kp)]
T T4n
(o]
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with the usual NBS-Handbook[13] notation for Bessel functions: J,(Kp) in this
case. Extensions for media in which mean and variance vary slowly are ob-
tgined by replacing L by an integral of dz from z5 = 0 to z = L and allowing

€¢“ and ¢ to depend on z.

Error Analysis: The incquality (7.3) is more stringent than the second of
(6.9), and also more .o than (6.11) - as will be shown in (14.8). Let us there-
fore consider it the defining restric:tion of the Moliere approximation. For

02 51, we utilize (7.3) to make an estimate of the error by setting

<(60)2>% (k2)~2 with £ = 2. Thus,

L << kLoz (7.5)

is a weak-effect restriction. In order to obtain the restriction for 02 >> 1,
we need to define <(69)2>02 in (7.3). We do this in the next section.
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8. BRAY EGUATIONS

The considerations of Seciious 6 and 7 cen be made clearer with the concept

of rays. Usually, the ray coucept is treated in terms of a differential-
equation formulation of the wave equation. However, we can also do it in the
context of our integral formulation. To do so, we return to (2.6) but rewrite
B(rl\ = A(rl) exp[i¢(r1)] The time dependence is still assumed but not de-
noted explicitly. Consequently,

Zf fo, 06 -2 sec L G .
B=1 +-Z; dzl d Py G(x - rl) Ge(rl) A(rl)“ 8.1)
o

As in Scction 6, we applv the method of stationary phase, this time to the
d2p1 integration, and the phase function is

~ 2 2 112 1 -
w(pl’zl) = k[(Apl + Azl ) = AZU + ¢(pl’zl) (8.2)

Let us abbreviate the derivative x9/9x, + §3/ay1 (x and y are unit vectors)
by the symbol Yp. The stationary-phasé points for given r and 2; ar2 then
determined by Vp ¥ = 0, which yields

pP-P
1 _ l.x -
|x - rll

There are two stationary points, again, as in Section 6 for (6.2), and the
backscatter point is ignored on the basis of the discussion in Section 5, which
can be repeated here as an argument based on terms (5.1) except (i): we

deal with Ge(pl,zl) rather than with oe(Km,zm), and (ii): the wavenumbers

k¢ and kp are to be replaced by

1/2
— 2
kf = -k 1+ (ApllAzl) :] -~ l%
—_ )] 1/2 (8.4)
kb = -k 1+ (Apl/Azl) ] + 1%

where (8.3) is utilized for K;l/Azl. The rest of the argument is similar.

We note that the left-hand side of (8.3) is a direction sine 1ndependent of
location T because the righthand side of (8.3) depends only on rl _Hence we
name it 6] In particular, we note chat (8.3) holds in the limit rl > T,
and hence we obtain the ray equation.

>~ _dp

8 =

ds =% T ¢(r) ’ (8.5)
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vhere ds is the length segment of d|Tr - rj| in the limiting case that I; *T.
In order to obtain (7.2) from (8.1) we must be able to set ¥= ¢ acr the
stationary points. This requires kgL << 1, so we obtain the condition

kL<eZ><< 1 (8.6)

One should compare this condition to (7.3). Both conditions yield the Moliere
approximation, hence they should amount to the same thing. We will utilize
this to specify what is meant by <(86)2> in (7.3). The averaging in (8.6) is
defined very precisely because we know that 6 is given by (8.5), and ¢ is
given by (7.2) when (8.6) holds. It is self-consistent to compute <62> using
{(8.5) and (7.2) and then to apply it to (8.6). A simple calculation{l2] yields
2. & 3
<ge>= £ f dKK #(K) =~ 2Lk

1/3. -2/3 2
o L, € (8.7)

(o}

Now compare (7.3) to (8.6) with-<62>-§iven by (8.7). If these two conditions
are identical, then it follows that o <(69)2>-must be identified with <82> .
However we can replace a factor K2 by k2 (69)2 in (8.7). thus

22
0% <(88)%> « <p?> = -“—{;‘: f dKKO(K) (€0)2 (8.8)

(o]

Note that if we left off (66)2 in the integral in (8.8) we would obtain 02
by itself! Hence the meaning of 02 < (§0)2> appears to be that one should
consider o2 as an integral over K (or over &9 = K/k) and weight it by (69)2
to get the average. For the Moliére approximation we have

[

22
g? = kel f dKKO(K) ~ 0.4 k°L Leé
8n o)
o]
2 2 2 o 2 1/3. -2/3 2
0% <se®> = X dKKe(K) (K/K)% ~ 21c /3¢ ¢ (8.9)
™ m 0
(o]
<(66)%> = 0% <66%> /o2 *, Lo)1/3/(kLo)2,

and thus we have defined the averaging procedure of the development in Section
6 regarding (6.4) - (6.6) quite precisely.

Finally we can utilize (8.7) or (8.9) to yield (7.3) or (8.6) movre precisely:
the limiting condition on the Moliere approximation is tuerefore
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2, 1/3; -2/3.5 .y (8.10)
m [s]

kL
It will be discussed in context in Seciion 19, where a helpful diagram will be
given to illustrate it and similar conditioms.
As a last comment: when we do not drop the exponential function in (6.10) we
have to replace ¢Z in {8.9) by

22 .
2 _ kel
c =T f dRK®(K) {--}
o

where {~-} is a filter function, of magnitude unity at most, which filters out
some of the integrand. Hence (8.9) is an upper bound on our averaging proce-
dure; it gives greater weight to large 60 (or K/k) than (8.11) would. This
will be an extremely useful property!
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9. STATISTICAL TREATMENT OF B: INTRODUCTION

So far, we have fcund a small-angle scattering approximation to each term Bp
of the Born series B =1 + By + B + -~~. The general term is now given by
(6.16) at the observation point ¥ = (0,L). The expression for T = (p,L) is
easily observed from (3.4b) - (3.7) to be

; zm—l

n .
B_ =ﬁ21<1 ---ﬁzxn I -‘—k—i f dz_ s?:’(xm,zm)
(s}

m=1 8nw (9.1

2 A N
e-iQm (zm-l - zm)/Zk - iKm.p

A second ferm, useful to us at a later stage, is found by replacing 6m by
Kn + Qp+1 in (9.1), and rearranging the exponential terms,

2
: n .
| B = ﬁzxcl — ﬁzxn no i dz 6E(K ,z )
: m=1l 8n o 9.2)
I

2 o a S
e-ﬂcm (L - 2)/2 - 1K Q. (L - z)/k - ik .p

ponent in (9.2). The entire subject of wave propagation statistics in turbulent
air is determined by how we will handle these exponential factors. It is the
cardinal problem in all following development. Let us name

i We obtained the WKB approximation by ignoring the first twe parts of the ex-
l
1

i
| 2 oo .
% e-—iKm (L -z )/2k e-ll\m'Qm+1(L -z )/k

Fn(Km’Qm+l’zm) (9.3)

We will eventually give the following three developments:

(a) In the radiowave regime we normally are interested in propagation
paths L > kLoz. In that case, both factors of (9.3) oscillate, and
B is the sum of a constant and a Rayleigh-distributed field.
(b) In the optical regime we have kloz < L << kLoz, and the second factor
' of (9.3) oscillates less than the first. Consequently the second can
be ignored when the first is marginal, but when the second factor is
dropped we can sum By of (9.2) to obtain .h.: Rytov approximation
[using (7.1) again].

o L R -3 - 2)/2k - iK.p
B = exp ) f dz /d K se(K,z)e (9.4)
8n d .

N
o~




Actrally, this is not accurate: what we obtain above i{s only &
fac.or cf proportionality. The actusl result insures energy conser-
vat_.un whereas this factor does not.

(c) In the same optical regime as under (b), but with important oscilla-
tions fron both factors of (9.3) there are to date no analytical
approxinations that can be trusted for B. Nevertheless, expressions
for < B> and for < B(1) B*(2)> at points ¥; and ¥) can be given,
and they are identical to those obtained from the WKB approximation.
This regime is the "stong optics" regime with L extending beyond the
irradiance~variance saturation distaace.

However, in order to develop the theory — particularly for (a) — it is essential
to discuss the treatment of B in terms of statistical moments. The treatment

of <IN>, and < B(1) B*(2)> differs slightly from thet of < B> where we must
compute < B> . The basic statistical problem lies, in the latter case, in
treating the n-point correlation

< 8e(1) F (1) --- 8¢ (n) F_(n)> (9.4}

where we have used an obvious short-hand notation for the arguments of §¢ and

Fn.

The treatment of < IN> and < B(1) B*(2)> is different only in that we multiply
several terms uf B and/or B* together and then take the average. Consider as

an illustration the term < B Bq*> of <I>, and let n = p + q. We can organize
the double multiple integral

L Zp-1 L 2 q-1
n N *
dz, --- dz dz,' --- dz < 8e(l) F_(1) == 8e(q}F >

Jeo — [ o, [az) — [ ez <st@ B0 - dwr @

o ) o ) (9.5)
into n!/plq! ordered integrals

T
Z a-
e e Y1 —

f dz1 f dzn < 8e(1) Fn(l) 8¢ (n) Fn(n)> (9.6)

) )
where z3'' --- z.'' is a permutation of z3 --- 2ps z1' --- z,' that leaves the
order of 2] > zy > === > zp and of z1' > 22' --- > z,' unchanged but mixes z

and z' coordinates. Therefore some of the §¥(3)Fn(§) in (9.6) may be complex
conjugates (although not indicated in the notation here), tut the principal
idea is that we have an ordered integrand in (9.6) as in (9.4) where N

0 < 2y < === < 271 < L. Obviously this procedure can be extended for < I >,

Consequently, the statistical problem is to reduce the a-point correlation
<6?(1) ~-— 8¢(n)> to a tractabie f{ovm, We outline the procedure here, but
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will delve into detail in three subsequent sections. Because <<l [Lg is 2
measure of the cort .lation of any twe of the random variables §¢(1)], it fol-
iows that if any clucter of cocréinate; zy' --- zp' chosen arbicrarily from

2j —= 25 {p € n) is vell separated from all other n-p coordinates, then we
may write to good apovoximation,

<BE(L) == S2{(m)> = < SE(L') - 82(p") >
. . 0.7
X < 8e(ptl’) —— Sc(n')> .

The procedure caz bz continued all the way down to two-point correlations.
Depending upon the way, the 23} --- 2z, coordinates separate with respect to the
-iength L,, the a~point correlztion will separate into factors of l‘ower-order
rorrel ations. We shall show two properties of the n-point correliation

<8¥{1) ~--- 63’(“)> with L > zy > - > zn >0:

(1) The only separations into clusters such as in (9.7) of importance
are those for which 8¥(1), ~-- 8e(n) do not change in ordering from
left to Lext. I, e., for a 4-point correlation we consider
<o¥(1) 8¢(2)> < 8¥(3) 6%(4)> but not the other two 2-peint
correlation products. See Section 1l.

(ii) The only separatlon of ordered clusters to be considered is
2 8¥(1) S8(2)> -— < 68(n-1) 8¥(n)> , a product of consecutive
2-point correlations, hence n must be even. See Section 12.

In order to Jevelop these properties, we require a model for Ge(;) which will
be discussed next in Section 10.
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10. AN EDDY MODEL FOR THE PERMITTIVITY DEVIATION

In this section, a turbulent-eddy model for §e is developed that conveys some
of the intuitive features of fluid =ddi=s in a turbulent liquid, allows us to
furtler separate the electromagnetic scattering part from the statistical part
of the problem, yet is sufficiently flexible to contain the Kolmogorov spectrum
as a special case. The model is

Se(r,t) = 2, gz[? - -ﬁz(t)] (10.1)

R

where £y is a fungtion chosen to simulate a shape of an eddy, dependent on cne
parameter %, and Ro(t) is a coordinate that represents a random trajectory
through tne turbulent medium. Wz also define a density function n (L) = N (R)/V,
the ratio of the number N(2) of eddies defined by & to the volume V of the ran-
dom medium, Finally, we define a Fourier transform ng (x) of £3(T) by

——
iker

3 —
K) = A 3 {in
nl( ) ‘/; r El(r) ] \--;2)

Let us first compute < Ge(;)>v and force it to be zero, By inserting the in-
verse of (10.2) into (10.1) we find

. . . -fe*(XR)
<se@> = (n™3 2 ﬁ3.< n () < e ¥, (10.3)

Ry

where Ry performs a random trajectory through space. If thire are no wavenum-
vers k, effectively, below a minimal value kpjn >> v-1/3 (any dimension of the
random medium, then it is well known from analogous developments in statistical
mechanics that

P ﬁl

<e > = 8n3 V-1

5,0, (10.4)

to good approximation; consequently (10.3) reduces to

B | (0

o

Lt v n
2 '3
x

= Ge(_l:)>

1
7 %; n, (0)
2

2n(2) n, (0) f d& n(2) n,(0)
- 2

(10.5)

I
[{}

™o
~J




The last form represents a transition from a discrete to a continuous descrip-
tion of the scale sizes £. If we use it, then n(L) has the dirension of L4
instead of 2~3. 1In order to obtain <8c> = 0, we need only assume n(-¢) =
n(2) and £y = (2/[%]) £]2| (i.e., &5 is negative for negative £).

Next we attempt to fit any spectral function ¢(K) of the permittivity deviation
8e. To do so, we compute < 8e(ry) Se*(r2)> . If we insert (10.1) then replace
Eg by ng through the inverse of (10.2), then utilize

1(k,*R, - k. R 3
D 170 T K2Ry Y 2n - s
<e > R V G(Kl-'cz)’

T

Ry Ry )
we obtain

<se(r,) se(r)> = -+ /:13,< Shi?ame * 2 0.6

1 2 3 L
8n L
from which it follows -that
2 * ~ 2
€ o(x) = j e n(R) |n()] (10.7)

Thus, we have one option left: we can choose n(:) such that we can solve
(10.7) in n (2) for given ¢(x). Note that we prefer the continuum notation in
(10.7) for functions of %.

An extremely practical choice appzars to be the Gaussian

) n
—r"/22 -K‘22/4
e

£, (D) = ce —n, ) = end/ 23 (10.8)

It allows us to split both &g and ny into two factors, one dependent upon the
propagation-direction coordinate, and the other upon the transverse coordinate.
Furthermore, it enablez us to invert (10.7) which first becomes:

. —|<29,2/2

3 f av e nr) e X (10.9)
O

$(k) = 2=

; . . 2
This is a Laplace transform with respect to coordinaie £°. Let us attempt the
inverse for the Kolmogorov spectrum

28




s 55 N P SRR oot S i g s b s e LT
Ey -

o(c) = 15.7 Lo3 @+ KZLOZ)‘H’6 exp{-KZ/sz) (10.10)

By naming nz = p, and 22/2 = x, we obtain

15.7 L 3
— O

(Zx)S/z n [(2x)1/2] - ;

2n (10.11)

ctio

. 5 -11/6 p(x - K;Z
[—Z.ﬁ f dp(1+pLo) e

¢~

and by maxing some obvious transformations, we can modify the bracketed inte-
gral into a factor containing (x - Kﬁz) Lo“z, and an integral, indepeundent of
this factor, which is essentially Hankel's contour integral for the inverse cf
the gamma function [Reference (13), Equation (6.1.4)]. The result is

15.7 1L ~2/3 5/6 -10/3 -2%/21 2
OB e T <1 - § °> L e s (10.12)
2 m~ T(11/6) Kml“ *

for |2 | 2 VE?KD

to good approximation (we have ignored a factor exp(l/tm2 Loz) in the above
equaticn) . For |&] < /§7Km we obtain n(2) = 0, an artificiality due tc the
choice of a Gaussian decay in (10.10) and to our choice of (10.8). Note that
n(2) has no scalelengths for 2 < 0.24 %,, a maximum very close to this minimal
value, namely at 0.36 %,, then decreases as 2-10/3 yntil the vicinity of

2 n Lo /2 is approached, and finally decays as a Gaussian beyond this regionm.
The model thus indicates that all essential eddy scale lengths are sandwiched
between £ v %o and & v Lo, quite in accord with the physical model giving rise
to the Kolmogorov spectrum!

29




11, ELIMINATION OF NON-ORDERED (BACK-SCATTER) CLUSTERS

We now return to the end of Section ¥, and set out to prove the first of the

two assertions about the n-point correlation function. Specifically, we will
consider a term <Bp> of < B>, as given by (9.1). The treatment of < NS

or <B(l) B*(2)> 1is wholly analogous by virtue of (9.5) and (9.6). However,
in (9.1), we replace 6s(Km,zm) through Fourier transformation

[+ ]

Se® ,z) = - dk  n(x ) “Ha®n (11.1)
G %) T o m n(Km e :

-0

where Im = (im,km). Note that we also use the Greek letter n for the transform
in (10.2), but here there is no sub-index. It will be clear from the context
which transform is implied. Thus (for § = 0), we obtain

z
n m~1

(3 3 ik -

Bn '—_[d Ky = ﬁ Ko mzl 15n3 f dzm n(Km)
o (11.2)
2
i(q - Q °/2k) Az ~ik L n
. 4 m m o m a_ = 2: kj

j=m

It can be seen from an argument similar to that connected to (5.1) that we may
replace n(K ) by n(Km 0) without appreciable error. Consider the dzp integral
in (9.2) for the trivial simplification p = 0, and hand'e it as we have handled
the first integral in (5.1). As illustrated in (5.2) the variance of the
integral is proportional to ¢[(Ky 2 4 kf2)1/2] where in this case

kf = Km(Qu + Qu+1)/2k. The point is that (Qym + Qu+ ")/2k = Qu/k << 1 and there-
fore f << Kyp. If we ignore kf in ¢, we replace ¢ Km,kf) by ¢(K,,0). Because
¢(Km,kf) is proportional to <:| n(K% Jks )|2>>, and because the very same argument
must hold in (11.2) for the combin dum dky ir.egral, we note that n(Km,km) cau
be replaced by 1 (Kp,0) to the same order of ap;voximation. The error is ob-
viously 0(kf /Kn2) = O (Qm2/k2) in each m-th factor, and is therefore cumula-
tively effective as described in Section 6.

The next step is to perform the dz; integrals in (11.2). To free curselves
from the difficult boundaries, we introduce an extra contour integral just on
the positive side of the imaginary axis of a new complex variable p. That is
to say, we utilize the equality,
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m~1 .
n g n
1 f dz_ £ (Az ) =< II]:!AZ f(Az)}
m m m ( m m m
r-1 m-X .
) Az > 0
m
. N Zm: Az, 2 0 711.3)
1 ctie epo noa -pAzm
. = Eﬁ_ f dp "‘;“ I f dL\Zm fm(AZm) e
m=1
c-iw ‘ . o]
The conditions on the second form in (11.3) are explained by the fact that
L - % Azm =z. Hence, z, > 0 and Azm >0 ;s-identical to 0 < zn < ——— <z1 < L,

The third form rids us of the condition L - Z\Azm 2 0 and therefore allows us
to boi - d each dAzyp integral between 0 and ». The reason is that the contour
integ. .. (c is a vanishingly small positive inor;ment) of (2mip)~1 exp[p(L ~ I Az )]

is unity for L ~ ¥ Azy, 2 o, and zero otherwise. Because the dAzp integrations
are now independent, they can be performed to yield

ctiw pL p
3 /‘ 3 1 f e ik 2
=fJd7k, == fdx_ = dp — 1 n(K_,0)
f 1 n 2wi ) P =1 161r3 m
c-iw _
-ik L (11.4)
m

e

2
p-iq + iQm/ 2k

Now we introduce the eddy mgd2l of Srction 10. However, we have to do it in
(11.2), wlere we replace n(km) by

R N i:m'ﬁy R iKm'R
n(Km) =§ nSL(Km) e 3 nl(Km,O) e
%

n
8;:»{Vj

and then utilize the last form in {11.4).

Thus, invering the order cf integra-
tion we obtain

ctie pL n
B_ ='2_:T f dp &— 1 1“3ﬁzxmg ng (K_,0)
P el 167 R
c~o %,m
(11.5)
oo ~ikm(L - ZQ)

iK p
e ™ 2 d/ﬂ dk £
m

p-iq + iQi/ 2k

e CO
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where it should be noted that pg, zy are funciions of index m (although not so
labeled), and that the d2 Kp integrals should be to the left of all the factcrs
containing Q1, Q2 -~~, Q. Let us rename Ry , = (“ﬁ R zm ), so that primed
coordinates represent the randomly moving centers of eddies. Then, we trans-
form all kp to gp (Jacobian is unity) which transforms -ikp(L - zg') to

~iqp Azy', where Azp', = zp' - zy. The product of the dky integrals in (11.5)
thus becomes

x -iqm Az

n o m )
1 Jf d = (11.6
*n p-iq +1 Qm2/2k

-0

Note that p has a small positive real increment c. Consequently the denomina-
tors have zeroes just below the rezl axis in che complex qm planes. It there-
fore follows that {11.6) is zero when any of the Azp' < O because the gqm con-
tour can then be closed in the half plane without poles. As a result Bp is
non-zero only when all Azy' > 0. Thus we must have 0 < zp' < -—- < z1' < L,
in which case (11.6) reduces to,

- v 2 '
pAzm iQm Azm /2k

2n e (11.7)

=S

m=1

Upon inserting (11.7) for the factors (11.6) into (11.5), we can perlorm the
dp contour integral to eliminate the p dependence again, and we obtain

=/:12K de n “;n(x ,0) e
8n

Q,m

—iqfl az_'/2k + ik’-b’m'

(11.8)

0<z'<~— <z "<l
n 1

This is the result required to prove the property (i) at the end of Section 9.
We note that the n-point correlation in < B,>, in terms of (11.8), is deter-
mined by

iK,'RZ 1 1< .RR
<Y, e vy e BB (11.9)

%,1 2,0

-~ e 2 ~ =
where ¥y = (K, (Qp - Q%+l)/Lk). As discussed in Section 10 the Rg,m ~ol-
Jow random trajectories; therefore (11.9) breaks up into products cf lower
m~pr int correlations {m <& n) or clusters so that any two exponentials in (11.9)




with ﬁz,i = iz,j belong in two different clusters and any two exponentizls with
identica.. Ry j are in the same cluster. However we cannot have Ry n4) = Re.m

and ig,m+1 # ﬁz m because of the oquting condition 0 < Azy < L of (11.8).
Taerefore the onzy way that (11.9) factors is in the fashion described bv (i)
at the end of Section 9, namely in ordered clusters so that after making the
division into products of separately bracketed factors, all the Ry m are still
in the same order as in (11.9}.

In thus eliminating the ngn-ordered cluster, we have made only one further
approximation, namely ng (Ky, kp)=~ng(Kp, U). We have proven that this gives
an error of 0 (Qf/kZ) which has the cumulative effect discussed in Section 6,
and overspecified in Section 8.
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12. REDUCTION TO THE MAIN BINARY-CORRELATION PRODUCT

So far we have demonstrated that the n-point correlation (9.4) or, equivalently,
(11.9) may be written as a sum of terms obtained by subdividing Ry = Ry, Ry,-—-,
R, into all possible ordered groups of singles, pairs, triplets, etc. which
retain the sequence 1, ---, n, and with averaging brackets around each

m-tuplet (which is therefore an m-point correlation or an m~th order cluster).
Now we will demonstrate that ouly the term consisting of n/2 binary clusters

is of importance.

Let us take ﬁj, -—-,in in (11.9) - note that we have dropped the extra index £
for convenience -~ and subdivide it into:

m; groups of uncorrelated singles E-

i o
my groups of uncorrelated pairs Rj = Rj, etc.
Thus, a group with ﬁﬁl sz = ﬁéi yields a factor
<:exp[i(K - + k,s)*R 1> and there are m; factors which hav: exactly j

wavevectngs Kk in the eXxponen«cial. Note that we allow my # 0 at this time
even though we already know that <:65(K z)> = 0. The condition omn m; is

jm: = n (12.1)

The above factor is thus a particular one in a term of (11.37). There are many
ways in which (11.9) can be split into m; groups of 1, mp groups of 2, etc.
products of factors; the combinatorial part of the problem will be dealt with
later. Let us reconsider the j-th product and rewrite it in simplifie. nota-
tion by dropping the index p. We invoke the two-dimensional analog of (10.4)
and find

j
- > -2
<expli 2, K R 1> = lmsz 8

m=1

9 (|<1 + -—- + Kj) (12.2)

where dp is the width of the medium in a direction perpendicular to z (we let
dp > @ ultlmagely), and 62(2Km) is the two-dimensional Dirac delta functlon.
Let us see what Kl + —— K 0 means. Consider (11.8) and identify Kl
with (Km+1,(Q Qm+2)/2k). It means first of all that

E em— = Km+j (index m need not be specified hore: it depends on
éﬁzre this particular j=cluster is sandw1ched in (11.9). It alsc means that
Ont1 = Q2 = - = Q43> SO that K (KJ 0) for ml & p & m+j. So if we
gelect from (11.8) only thuse factcrs and integrations pertaining to

Kp#1s = Km+j (and dropping index m for convenience we have
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2 k|
L .I.ZK .I.ZK K K ik &
) ak, — [a 8, K, + —— +£,) T n, (& ,0) (12.3)
k, drz 1 3 %% i N R A

Note: It is crueial to note that the disappearance of all am vectors from
(12.3) is not general. It holds for <Bp> , and for <3, Bq* > with ptq = n,
but it does not hold for higher-order field correlations. In those other
cases, we obtain terms - ?m as well as + k, (1 £ m,p & 3) in (12.2), and as a
result the wavenumbers (Q%+1 - Q%+2)/2k do rot all cancel. Therefore, we
really have to add a function of the form exp{i £(Q1, --—-, Q)] as a factor

of the integrand in (12.3). This is an oscillating factor with unit amplitude,
hence we overestimate the integral if we exclude it. The error thus made will
not harm the results if we utilize the overestimate oily to estimate the
magn’tude of terms ultimately discarded in comparison to terms kept (where
this error need not be made).

In order to continue the estimate (exact, rather than an estimate, only for
<B> and < B(1)B*(2)> ), we utilize (10.8), and the degeneracy of the sum
over Rj, i.e.

2
f(2) = Ld d2 n(R)£(R). (12.4)
fromt S

This property is the same as the one used in (10.5) with V = LdTZ. Hence,
(12.3) becomes

@®

N h|
4L J/. de nee) fa%k, —— d%k, §.(K, + — + Kk,) T kel
1 3271 3 pe1 g2

3 k2824
e (12.5)

-00

We free the dem integration from intgrdependenge vy writing the delta func-
tion as an integral of (4m2)72 exp[i(K} + -- + Kj)-p] over d2p. Then, we

utilize

2.2 = -
-K"2°/4-1iK_+p o _2,,2
J/;zkm e n noos 4me 2 e P /%

, (12.6)
tc obtain
© 2,2 g
. 1 r -jp /8 h] .
L f de n(R) [% Vi kel jdzp e = 7L —;—[%— /r ke:l f de n(p)pdt?
-0 - -00
(12.7)
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Because there are m; factors of (11.8) pertaining to a j cluster, and because
we allow 1 £ j € n, we obtair for one factorization characterized by

{m3} = {my, m » Mp}

X mj

I L] e n . j+2 ;: mj
_11L] 3 ivn
[< Bn>]{mj} = Lj ] (-—2 ke> [f de n(L)e ] (12.8)

This is, we reiterate, correct for < B> and foz <B(1)B*(2)> , but an over-
estimate for other statistics of B. However it will serve as a basis for
estimating the effect of decomposing the n-point correlation into the

m], m3, ———, mp product of mj factors of j clusters. Let us denote this de-
composition by {mj} as indicated in (12.8).

First of all we note that {m;} cannot contain any mj # 0 for cdd j. The
reason is that n(-%) = n(L), hence (12.8) is zero for any occurrence of an
odd j. Therefore only even clusters ccntribute.

The rest of this section will be devoted to demonstrating the precdominance of
tiie binary~cluster decomposition. Because n must be even, we hencefcrth set

n = 2M. The binary cluster is charactecized by mp = M, all other my = 0.

Let us now estimate (12.8). By utilizing (10.12), or other physical spectra,
we note that

f ds n(l)lj+2 « Loj_l (12.9)

(o}

Consequently, we note that (12.8) is estimated by

n

.2 2.M M-m |
(-k LLoe ) (Lo/L) with m = 5 (12.10)
=1

]

We have made use of (12.1) in arriving at this estimate. Because Lo << L, it
follows that (12.10, is maximal for m = I m; maximal. However, m is subject
to the restriction (12.1), and therefore m is maximal for mp = M, all other

my = 0, i.e., for m = M. We have proven that the binary-cluster decomposition
is dominant, but not that the cwmulative effect of other decompositions can be
neglected. This is easily done with (12.10):

Note that m = I m; is the number of delta functions occurring in (12.3) factors
of (11.8) for n ="2M. Allowing only even j, there are (M-1)!/m!(M-m-1)!
different ways of partitioning the 2M coordinates intc m consecutive groups of
even coordinates or, equivalently, into m delta functiocas. The error estimate
based on (12.10) is
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N-1 L M-m L M-1
by () ()
m2=0 ol (Mm-1)! \L 1+1 (12.11)

Consequently, the error in discarding other than the binary-cluster decomposi-
tion is

oML /L) = 0(02L0/L) (12.12)

where 02 is the expansion parameter discussed in Sections 4, 6, and 8. Note
that (12.12) is identical to the first of the errors (6.6), hence the present
development is also important in understanding the nature of the approximations
of Section 6, in particular the discussion of (6.5). Note also the relation-
ship of (12.10) to (8.9).

A sperial case of (12.12) follows for < B > , because 02 can be identified
with k2LLqe 2, see (12.10). Thus the predominance of the binary-cluster term
and concomitantly, small-angle scattering must require OZL /L << 1, or

k2 Lo 2e2 << 1, Later, we gather all the approximations together but here we
note that we name this as the condition for the binary-cluster expansion. In
othgr words, the &ondition k2L02 2 < -1 is suffi\ient for decomposing
<6€(K1,zl) —-— GE(KZM,Z?_M)> as <<S (Kl,zl)de(Kz,z2)> -

< 55(K2M—1»22M—1) GE(KZM,ZZM)>, in rroducts of terms of the Born series,
provided the other small-angle scat:ering approximations are met.



13. STATISTICAL TREATMENT OF B: DIAGRAMS

After the excursion of Sections 10, 11, and 12, we are ready to return to
Section 9, and resume the further statistical treatment of B. Let us summarize
the status at this point:

[ -]
2 B,

n=o0

B

zm—l

n —ii °3
ik . el e m
L ﬁzl(l -—-j:izxn n ) f dzm Gs(Km,zm)Fn\Km,Q l,zm)e (13.1)
o

o
I

m=1l 8r

—il(:l (L-z ) /2k - iK Q. (L-z )/k

Fn(-ﬁm’a;n+l’zm) =€

Furthermore, we may replace the 2M-point correlation in any statistic of B by
the ordered binary-correlation product, i.e.,

oM-1
<6e(1l) —mmmm SS(M)> = 1 <6t (m)Se{ml)> (13.2)
=1

The remaining problem - asidc from actual calculation of terns - is one of
bookkeeping. It is easy, of course, for < B>, but in compu&ing <B(1)B*(2)>,
it is already more complicated because some of the factors Se(m) in B(1)
combine with other contiguous factors in B(1l), but other ones combine with
factors 6¢™ (n) of B¥(2). The complications grow rapidly when computiing higher-
order moments of I, <IN >.

In order that the bookkeeping problem becomes tractable, we introduce diagrams.
As an example consider a term of < IN> = N <(BB*)N>' of order 2M in &¢.

I.e, there are N factors Bpi, and N factors B*m (where ni and mj are equiva-
lent notations for nj and mj, respectively), such that

N

Z (n; +m) = M (13.3)
We will use a diagram to depict the term <:BnlB$1 —— BmNB;N>- . Actually,
there will be many diagrams for one term characterized by the unique set of
indices {ni,m;}, i.e., for a unique choice of nj,np, —== ny, mj,Mp, === my

such that (13.3) is satisfied. However, this will turn out to be an aid
rather than a liability! The rules for a diagram are very simple:

(1) Each factor B,y is represented by a full horizontal line (between
2=0 and 2z=L); an axis.

(ii) Each factor ij is represented by a dashed horizontal line; a
conjugate axis.
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(1ii) Bach <8¥(m)s¥(m+l)> or < 6¥*(m) se*(m+l) > , corresponding to
a correlation in one B,y or in ome Bﬁ factor, is represented by a
small circle (or a iarge dot), which we shall call a "bead", on the
corresponding horizontal line.

(iv) Eack <6¥(m) 6¥(m+l)> or <6¥ (m)o¥*(mtl)> or < 8€(m)s¥*(m+l)>
or < §¥*(n)é¥(m+l)> corresmonding to correlations between two
different horizontal lines will be represented by a vertical
line connecting them; we name the connection a "rung".

We wish to show that, conversely, any diagram of the above type containing
beads and rungs corresponds uniquely to a contribution to <I"> (for this
example). To do so, we compute the contribufion of typical beads and rungs:

A Bead Comtribution: The contribution of <6&(m)s¥(mtl)> as in (iii) of the
above diagram rules is given by

Zn-1 Zn - o N
~i{l 4K )
2 e n > m  mtl
ﬁlzxm ﬁ K 0 f dz_ f dz_ <O,z )6¥K L .z 0> e
(o] o

(13.4)
v ’ ik 2 P — -~
A ik . \
x ( 8“2) x FOR Qs 2 PR 0Q 002400

but we must keep in mind that both dZKm and dZKm+1 integrals are also over

; preceding factors, pogsibly, because these may depend on Q., Q;_.1, etc., all
‘A of which can contain Kﬁ and K .j[see (13.1)j. By utilizing (5.2), we note
that Kp + Kpqyq = 0. That implies that (13.4) is now independent of all
preceding factors because K and Kmtl drop out of Qp»Qm~1,_e%c. By further
use of (5.2), and by noting that Kp4 Azp.)/2k << 1 and Kp*Qpyo Azm+l/k << 1,

we obtain
2 w1 22 ml N
ke dz. fa%k ek ) = - &£ dz f dKK® (K)
2 m m o m L16% m
y 32n
4 ) o 0
f, 2 1 (13.5)
b = - k%% f dz_,
7 m
0
. where £. is the integral scale, defined implicitly in (13.5) by the second form.

The definition (see Reference {12], for example) -ields &; = 0.188L,. Note the
correspondence with a single factor of (12.10); we have, of course, done the

E same calculation there by another method. We should aste that we have as

_? intggrand in the integial (13.5) possibly a function of z; because

: Qz(Km,zm-zm+1) binds the dzpqp-integral upper bound to the imwnediate vicinity
of zp (because zp4] ~ 2zp), and therefore the result of the factors beyond

39

4
£
:
r_




dzg4i may be a function of z,;. Consequently the dzp integral in the last of
(13.5) is left open ended.

A Rung ¢ Contribution Between B, and Em In this case we consider two consecu-
tive 8¢ fac: ors [consecutive in the sense discussed in connection with (9.5)
and (9.6)] belonging to a B, and a Bm axis respectively. Their comntribution
is,

z z _\._L-&'..L'
~1 p ~i(K *p-K'-p"}
P (pp q°’

- %*
ﬁzx ﬁzx' f dz fdz' <8e(K_,z )68 (K',z )> e x
P q P q P P q q

o o
(13.6)

(—1‘— : F (K ,Q F, &
b ¢ \3“2 b 4 n P’ P+1'z ( ’Qq+1’z )

where the primed coordinates are associated with the Bm factor, Note that

z,, and z. are consecutive z coordinates. We vtilize (5. 2) for the above two-
point correlation, noting that it contains a factor 62( -Kq) so that Kq-Kp
in (13.6). After  some algebraic manipulation, and judicious use of the re-
striction of zp—z to distances at best several times Ly [because <l>2(Kp,zp q)
falls off rapidly otherwise], (13.6) reduces to:

-1K_+Bp
2 \ -~ . . -.-\.' - p
d Kp¢(Kp) cxp[iKp (Qp+1 Qq+1)(L zp)/k] e , (13.7)

where KE = 3—3'. We have assumed that there is no z'_l coordinate between

-1 and z p? otherwise the dz_ integration would be bounded by z! -1* 1t is
dgfflcult to maintain a gonsistent notation because it would become unwieldy
rapidly. For instance, Q +1 1s ghe sum of n-p wavevectors of B,, but Q
the sum of m-q wavevectors of B,". How.ver, barring such inherent 1mp12caricns
of the notation, the result (13.7) can be read off from the diagram if we draw
the rung at location z=z, between B, and B . The wavenumber Qu4; is the sum
of all rungs with one eng on By, and Qq+1 of all rungs with one end on Bm*
both groups to the left of the rung at z= zp- The integrand of (13.7) may con-
tain other factors from rungs to the right of the z_ _; rung because these may
be functions of K,» and also from rungs io the left because these may contribute
a function of zp (the upper bound of the dzp4) integral is z,). So care must
be taken not to consider contribution (13.7§ in isolation of other fagtors.
Note thatéthere is no reason to prefer the ordering such that Qu41 - Qg4p in-
stead of Oq+1 Q p+l occurs in (13.7). Because K' ‘Kp the other ordering
obviously changes the sign in toth exponentials. ‘However, we adhere to the
convention that the Q and the p of the top line is to come first (minus eigns
in the exponent for top B,, plus signs for top Bm*). Symmetry properties will
eliminate all ambiguities.
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A Rung Comtribution Between B, and By (or Bn* and Em*): This case is treated
nearly identically to the previous*oni, except for a factor il = -1 extra in
(13.6), replacement of -K}+p' by +Ki*p", and no complex conjugate factors. In
this case Kg=K., and if we denote the coordinates of the lower By by double
primes, we then find,

b4
22 £ 2
e - -
- K_#(K -iK_» -Q", )L~z )/k
= [ e, fd pP &) expl-ik @, - 8 -z,
° . (13.8)
..iKpoAp

2
x exp(-iKp (L-zp}/k] X =z

for the contribution of a BBy rung, and the complex conjugate, of course,
for By Bm* rungs. Note that there is an extra factor, compaied to (13.7).
It arises from the first exporential of F given ir (13.1). 1In the cases of
(13.7) and (13.5) this exponential cancels out to good approximation.

The rules (13.5), (13.7), and (13.8) constitute a unique interpretation of

any diagram. A bead or rung at z_, (0 < z_ < L) obviously defines all
zp-dependent factors and integral3 in these three diagrims. The Q wave-
vectors can be read from all features to the left that are connected to either
or both of the axes defined by the zp feature, Finally, zp~1 is the integra~
tion variable for the next feature to the right. We give some examples in
Figure 2 for <I4>. Por Figure 2a we note that (13.7) holds for the feature
at zp (fecatures to the gfght the n)q\?4en sketched inl; The Q vectors are:

Q =K + K and Q = - X', .. Note that = K subtracts
ogtlin Qgii - gg:?. The ;éasoﬁpig, of tgurse, thag the p%B featﬁre is be-
tween the same two rungs. It is easily seen that Qp+1 - Q&+1 does ot contain
K-vectors of rungs between the same axes as the z rung when two mutuaily
gonjugate axes are connected. Furthermore, beads do not contribute to the
Q-vectors of rungs. Figure 2b is nearly the same as Figure la, except that
the Zp feature is a rung of the type described by (13.8)., Consequently,

Q+1 = §P+3 + Kp+4» and Qpuy = Ko44. Note that Kby = - K, +4, hence

Qp+1 - Q&+l = Kp+3 + 2Kp+2. unfortunately, orher rungs b:tween the two axes
do not cancel out their K-vectors in this case. The othrer parts of the in-
tegrals are easi.y and trivially written down.

Note that terms of O(Ly/L) have been discarded in the exponential factors of
(13.7) and (13.8), as well as in (13.5) where no exponentiai factor is left.
This type of error has been discussed in Section 4, and cumulative error is
the same as in (12.12).

Finally, we return to the bookkeening problem. The results indicate that the
diagrams represent a much easier bookkeeping than the products of terms in

the Born series.  To clarify this, consider contributions to <<B(1)B*\2)>
proportional to ¢ . These come from < By(1)B_*(2) >, <IB1(1)B3*(2)> ,
<:B3(1)B1*(2)> s <Bs(l)>, and <B4*(2\> - On the other hard they are given
by the sum of a1l diagrams with exactly two features, to wit 2 beads, 2 rungs,
and 1 bead ptus 1 rung, in all possible seqiences. Not only is this pictorially
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Figure 2. Two examples of <12> diagrams.

‘simple; it will also yield the usuil graph-summation rules that make it
possible to sum up series of terms that appear to have a complicated book-
keeping otherwise. Quite specifically, for any statistic of B, the sum of
all products of Born-series terms can be recpresented as above by a sum over
all topologically different diagrams!
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14. SUMMATION OF BEAD COMPONENTS: COHERENT FIELD < B>

One of the first selective-summation advantages of diagram techniques is the
elimination of all coherent-wave effects in statistics of B. That is to say,
all bead contributions can be summed out, which means that we need only con-
sider rung diagrams afterwards. No correlations inside ome factor B, or Bp*
are left. W= spoke of "coherent-wave" effects for such correlations because
their sum : aounts to the coherent or average field < B>.

It is very easy to sum out all beads. Consider one bead at zy as in (13.5),
and a rung at zy-1 and at zpy], no matter what statistic of B we consider
(except < B>). In general we will have

Z z

m-2 m-1 m

22 ) i
f dzm—l f (zm_l) (—k € 21 f dzm f dzm+l g (4.m+1) (14.1)
o o o

1f we keep features m-1 and mt+l fixed, then the bead contribution to (14.1)
[where we use £ (zp-)) and g (zp-1) simply to denote contributions such as
(13.7) and (13.8) for features (m-i) and (mtl)] can be written,

z
m~1

22 22
- : - - n
o " f dzy kiedy (zm—l zm+l) (14.7)

Zatl

If there were no bead at all, then (14.2) would be replaced by unity, and the
upper bound of dzpy) would be zp 3 in (14.1). It is easily seen that if we
have p beads at z1', ---, zp' with zp4) < zp' < === < 21' < 2p1, We obtain
instead of (14.2),

\
o zm—l z}' zp_1
.22 ) [ ' R '
( ke 2.1 , dzl J d22 dzp
2ol Zntl 2+l

(14.3)

o (2.2, \P _ p
= ( ke 21> (zm~1 zm+1) /p!

To add ap the effect of any number of beads at z;, we thus sum (14.3) over all
p from p = 0 to p = » to obtain

exp [—- kzezzi Az] . (14.4)
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where Az is the interval between features m-1 and mtl. Thus if we draw a
diagram with rungs, we can generate all diagrams w*®th rungs in the same loca-
tion, but any number of beads, by inserting factors (14.4) for all Az, includ-
ing the cases where zm-1 = I and zp4] = 0, We caa multiply all the factors
(14.4) for one B or B* factor together and we note that each B and each B* fac-
tor in any statistic of B (say <(IN>») contains a factor

exp (-kzezzi ), (14.5)

and the resulting factors are described by the sum of all diagrams with rungs
contributing factors such as (13.7) and (13.8). This represents a simplifica-
tion since it is much easier to keep track of only one type of topological
feature. In particular (14.5) is the entire answer for <B> because there
are no rungs at all. Thus, a corollary of (14.5) is

<B> = exp (- a L)

2.2
a = ke li

(14.6)

Note that we can also obtain (14.6) from the average of (7.2) by utilizing the
development leading to (7.4). However, we have already noted that (7.2) is of
restricted validity in terms of (7.5), where 02 = a. The above result (14.4)

is derived under much less restrictive assumptions: only the cluster assumpcion
(12.12), the small-angle assumption (6.9), and the sagittval approximation ‘6.11)
have been assumed. Let us examine these with the method described at the erd
of Section 8, i.e., by interpreting 806 as K/k. and inserting that into

02 =g = kzeézi as given by the second form in (13.5):

(1) The binary-cluster approximation: As discussed in (12.12) we mean
the approximation obtained by ignoring errors of 0 (An.) where
bpe v 02 Lo/L. In this case we simply set a2 n k2e2LoL to obtain
Ape v kngez.

(ii) The small-angle scattering approximation: This arises by ignoring
terms of 0 (szlkz). IL.e., the error is Ag Vv -<Qm2/k2> N o2 <186)2>
as Jiscussed in Section 0. Following the just given recipe, we
obtiin,

Le2 ¢ 3
Ae “ -]--6"1';' f dK K"9(K) = 2L Km n (14.7)
(o]

. 1/3 L —2/3€2
m )
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(i1i) The sagittal approximation: Ignoring terms of order given by (6.11)
requires us to be more precise Strictly speakin7 the expansion
(6.11) comes from (1 - Q&/k2)1/2 - (1 - Qf+1/k?)1 5 and by substi~
tuting Qm Km + Qm+1: we note that it arises from

[(1 - Qu?-l/k2> - (K + K anﬂ-l)/k ]1/2 '(1 - Qmillkz)uz

The noteworthy feature of this is that the 0 (K"/ka) ternm is (Kfl + Zim am.,.l)Z/Skl’
provided Ay << 1. Therefore, we can estimate the cu?ulative sagittal error by
ccasidering the effect of an exponential term L Km Qm+]_/k i.e., by estimating
when

r awx? <®>nd @
f dK Ke(K) e = f dK K¢ (K)
o o
We utilize the spectral form ¢(K) = (1 + K%L 2) -11/6 to set x = KZLOZ, hence
to see when
3 p-11/6  ixL <Q2>/k3L02 ~ N-11/6
fdx(1+x) e & fdx(1+x)
o o

f‘Jviously, th's is the case when 45 << 1 if we define Ag v L<Q >/k3 2

L 8g/kLy2, thus

an L M3y 8312 (14.8)
s m o
Thus, there are three important cwmulative « - rg to keep track of: 4 e~ bgs
and ag. We return to these in Section 19. should be noted that the errors
may be overestimated with respect to their .ulative effect in the seunse that

was discussed in connection with (8.11).
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15. THE MUTUAL COHERENCE FACIOR < B(1)B*(2)>

The methods of Sections (13) and (14) are easily extended for calculation of
the mutual coherence factor <ZB(1)B (2) > where (1) stands for coordinate

1= (-2- P, L), and (2) for ¥p = (- 59, L).

From the preceding it follows that < B(l)B*(Z))- is given by exp(-2aL) times
the sum of all diagrams with 2 axes and m rungs (0 < m). The only type of
rung that can gccur 1§ that with contribution (13.7). It is immediaZely
apparent that Qp+1 - Q4 g+l = 0 because q=p and all K' Kp. The contribution
of the p-th rung is thus

Zp_l

22
ke dKRS(R) I_(Ke) = 2a(p) f az, (15.1)

and hence we find that the m-rung diagram contributes in total
L m
[2a(p)L] /m! (15.2)

where a(p) is defined in (15.1). Obviously a(p) - a as p - 0. Upon summing
over all m 2 0 we find,

<B(1)B*(2)> = exp[-24a(p)L]
Aa(p) = a(0) -a(p) (15.3)
kze2

T f dRXe(K) (1 - J (Kp)]

o
The result is quite well known and we will not discuss it further, except to
point out that it is subject to the same constraints Ape << 1 and Ag << 1 as

(14. 61 A corollary of (15.3) is energy conservation: for p -+ O we obtain
<BB"> -+ 1, hence <1> =~ Io'
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16. HIGHER-ORDER MOMENTS < IN>

Higher-order statistics start with < 12> . At the time of writing, controversy
exists about the behavior of < I2> as a function of the parameters k, L, and
“(or Cn2). As we shall see, the calculation of < 12> is not as simple as
the preceding ones. The correlaticn to be regarded is < BB* BB*>, and it is
given by all diagrams with 4 axes (2 full, 2 dashed) that we can form by insert-
ing beads and rungs in aay order. Of course we can also form the reduced
diagrams without beads by summing the beads to give a factor exp(- 4al), but
first we do not do this.

Let us consider a diagram with M features (it is of order ezM for that reason),
and in particular let us concentrate on the m-th feature. There are exactly
10 pogsibilities for these features — all 10 are sketched in one diagram in
Figure 3. Our notation needs some further development in order to write down
the sum of ten M~feature diagrams that 4:£Zcr only in the m~th feature at 20

©- |

—‘1: -

- --*r-l- —— P ————— 2
|18 S IR
——dmd e b e~ O - 4

Figure 3. Ten possible rung and bead features at any location
z of an < 12> diagram.

(1) MNotation development: We will designate each axis by an index
j (J =1,2,3,4). The B-axes arc 1 and 3, the B*-axes 2 and 4 as
indicated in Figure 3.

(11) The sum of all Kp vectors from p = mt+l to p = M that comnezt axis j

to any other axis will be dencted by aéii. Because all of these K
vecitors match each other two by two, the following relationship holds
in any diagram:

>(1) _

52 L 5(3 _ 3@
e +Q 7 0 (16.1)

Qm+1 ml 2+l

(iii) 1In _rder to write down the sum of ten factors for the m—th feature,
we utilize (13.5), (13.7), and (13.8) with § = 3' = 0. Common to all
ten factors is




zm—l

2 2
f az_ ﬁzxm o) x (- nHH F_(11) (16.2)
(o]

ke
167

where Fp(ij) stands for the diverce exponential factors in the above
quoted three forms for the m—~th factor.
(iv) E-ch of the ten features of Figure 3 can be referred to as an < ij>
feature. The four beads occur for j = i, the six rungs for j # i.
(v) TFor <ij> =<12>, < 34>, < 14>, < 23> we obtain:

7, = ew [ ({8 - 39D) @ - 2, /k] = eg(11) (16.3)

For the bead contributions j = 1, i.e., for <1ll>, € 22>, € 33>, and < 44>,
we obtain:

1
F i) =35 (16.4)

For < 13> and < 24> we obtain the somewhat more complicated factors F(13)
and Fp(24) with

Fm(13) = em(13) exp [—-isz L - zm)/k:l
=e (13) e, (16.5)
_ *

F (24) = em*(24) e ”,

where we have further simplified the notation. With these conventions we can
summarize the contribution (16.?) ior the m-~th factor after summing over all
ten diagrams that differ in the m-th factor as in Figure 3, to obtain

z
n-1

ke f 2
dz .%o ) x
l61r2 mj m m

o)

(16.6)

x;[ém(lZ) +e (34) +e (14) + em(23)—2] - [em(l3)em + em*(24) em*]$

The exponentials in (16.6) can be converzed to cosines, which are abbreviated
by the notations Cp(ij), Cp in analogy to the definitions implicit in (16.3)
and (16.5). Consider (16.6) in conjunction with a companion set of 10 diagrams
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in which ve switch the roles of 1 and 2, 3 and 4, i.e., in which Oor) of the
(3)

new set equals l of the odd set and vice-versa, and likewise for ot

Qm+ . We take half the sum of these two sets and utilize en(ij) = ep (ji) to
order the indices. The result is that the {---} factor of (16.6) becomes

{[Cm(IZ) +C_(36) + e (14) + em(zz)—z] - [Cm(l3)em + cm(za)em*]
(16.7)

Now we consider a third set of diagrams in which the roles of 1 and 4, and 2
and 3 are switched. Half the sum of this set and (16.7) yields instead of
(16.6):

zm--].
‘/ﬂ dz_ thzxm *(K ) x
[+]

3E;n(12) +C (34) +C_(14) + cm(23)—2] - [Cm(13) + cm(zai]cm z

(16.8)

where we have the definitious,

C, = cos [K:l L - zm)/k]
et 18 - 2) - 2]

It should be noted that we need the other M-1 factors together with (16.8) to
describe the total contribution of thege 10 diagrams differing only in the
m-th feature. The reason is that the Qp4j factors can contain Kq (q > m+l)
vectors which make (16.8) also dependent upon the d2K, integration. However,
16.8) is still not correct. To see_ this let us consiger an < ij> feature at
zp with p < m, It depends upon Qél) - Q(j) which is written:

(16.9)

¢, (19)

S 3. T (3O_ 30, (3. R @ =)
Qpl Q= 2;; (Kq - K, > 4-( 1 ) < Q] Qm+l) (16.10)

Unfortunately, this difference varies with i,j as we go from one to another
Cn(ij) in (16.8) becauer it contains K (1 (j) Therefore we may nol con-
sider the p-th factor, for p < m, as a common factor preceding all terms of
(16.8): it changes for some terms!




W

Fortunately, this difficulty can be circumvented by considering the sum of all
(10)M d1agrams obtained by allowing each and every one of the M features to be
- one of the ten in PFigure 3. The factor for m=l will be

100D ¥ ;[01(12) + € (34) +C Q4 + cl(za)-z}-
. P (16.11)
-.. v l
: -[e,a3) + ¢ e)]c; $

where the summation indexed by P; indicates a summation over all 10M-1 diagrams

- obtained by allowing features m for 2 £ m £ M to occupy one of the 10 possibil-

it ities. For each choice of the second, third, ---, M~th feature there is a sum
{~-~} as in (16.11). There is degeneracy, i.e., not all of the 101 factors

{---} obtained by permuting all M~1 features following the first are different.

d Now consider one diagram of M features in which we have permuted the first
feature. We obtain one of the terms {---} in (16.11). Now permute the second
feature. As we have shown in (16.10), this modifies the first feature, and
consequently we obtain (at most, barring degeneracy) six different terms {---}
of (16.11) to go with each second-feature permutation. However, if we have
the entire set of (16.11) as the first factor, then it will remain unachanged.

The same procedure can be continued for m=2 up to m=M. The corcllary of (16.11)
for the m-th feature is

§ 107 ®m™ 3 [c (12) + C_{34) + C_{14) + C_(23)-2|-
. P .m n m m -
£ 0 (16.12)

“fe a4 c_ewle
. m ™

¥

| S
R

] M1 ;
where P, symbolizes one out of the 10 " diagrams formed by permuting features

m+l, mt2, ---, M. Therefore, the contributicn tc < 12> for the sum of all
M-th order diagrams witi beads and rungs is

9 9 -1
10“"‘”“1)/2f421<1 ~—-ﬁ2KM N TR
w=l 167" e " m

, A (10 fns ’ 0 (16.13)
% ‘gj }!f,mclﬁ) +C (%) +C_(14) + cm(23,~2]—

m - “
e ~ L0 (04 { '
L\.«m(l_‘) + (.,m(2$)u} Lm§ ,

where one must count ali permutations Py including the degenevate ones. We wote
hsat the Cnfij). snd Cp are defired in {16.9), and that the notation Cp{ij) does
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a2l shod the deper . n G ~ QYT exnlicivly,
not shog the dependenrce op Qm*i S expliciply
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There is nothing very special in (16.13) about the restriction to < I”> dia-
grams agide from the factor 10 and the number of Cy factors in {---}. When
we do the same for < IN> we have the following choices for the m-th feature:

(a) 2N beads
(b) N(N-1) rungs of (13.8) type,
() N2 rungs of (13.7) type.

The contribution to < IN> by all M-th order diagrams is given by (16.13)
provided we replace

10—14(14-1)/2 by [N(2N + l)]~M(M—1)/2,

%
[?m(IZ) + - Cm(ZBi] by N2 terms (one for each BB rung),

-2 by - N {a term - 1;2 for each bead), (16.14)

*
{?m(IB) + Cm(24i] by N(N-1) terms (all BR and all B*B rungs) .,

Although (16.13) and {16.14) are iather complex, it is possible to draw some
preliminary conclusions from them. To do so, we first examine the {---} factor

because it apparently acts as a filter function upon ¢(K). We shall show that
it is indeed a "high~pass" filter.

Consider ore {---} factor of (16.13), to be specific, and expand the cosines
into power series of sz. It can ve seen by utilizing (16.1) that the terms
proportional te sz cancel each other (as do the Kmo terms). In fact, we can
prove this for (16 14). Ve note immediately that the unity terms of the cosines
cancel. The Ky 2 terms come from the second terms of Cp(ij) setting Cm = 1.

They can be written (omitting constant factors) as:

'% IR (am%-l Qnij)>

i<i
N . N
ity [ 2(1)
E (- 1) ( Qm+l>

(1) . (i) “(J
L3 (3 -2 0y ]
1 ( > i m+l

Y (1) ~
T T2 2: m+]] =0
L i J

i
i
o~
W {\’]x

y -

§
1
£

where the last form is the generalization oi f16.1) ana therefoie zero. As a
consequence, {---! reduces to




. {~—1} = K:: (L -zm)zlk + K: AQL_I (¢ AR zm)l’/k" + -, (16.15)

where the next term is of O(Km)G, etc. We have abbreviated the sum over all
1 £ j of the 4-th powers of aéil - 6&1{ by A6$+1. Now note that the 2nd term

contains an extra factor A3g+1 (L —zm)zlk2 above the first., If this factor is
much less than unity, then - clearly -~ the first term of (16.15) is the leading
term of {——-}. Let us choose a A << 1. It follows that

aGi/1) 12 o

dRK ¢(K) {-—--} << Jr dKK ¢(K) {---}, (16.16)

(] [0}

consequently we note that {---} filters out all wavenumbers much less than
(x/1)1/2, This is rather userul in optics where (k/L)1/2 >> 10’1, and as a
consequence we note that {---} in optics is estimated roughly, and narametric-
ally by

[}
K2ely Jl. dKK oK) ~ k7’6 11176 2 (16.17)
1/2 n

where we have utilized ¢(K) « L,.-_,'z/3 K'11/3. This, too, is a well-known result
noted by diverse Russian authors[14]. In radiowave propagation, (k/L)1/2 <
Lo'l, hence the matter is academic there because the left-hand side of (16.17)
is then hardly different from o« L.

A
The second term of (16.15) is smaller than the first when <:AQ;+1 L2/k2>-is
much less than unity. Equivalently, we can set kL < Qm2/k2>~ much less than
unity. We utilize <Qm2/k2> n g2<(§6)">, as in Section 8, to find

- W
2 Kml/3 L ~43 2 (16.18)

2
<Q L/k> ~ kL o

Note that this is an overestimate. Iun applying (14.7), we should now - as in
(16.17) - have replaced the lower bound of the "averaging' integral by a wave-
number Ko v (k/L) /2, Nevertheless, if we do so, we still obtain (16.18) be-
cause the Integral of K3 ¢(K) is determired by the immediate vicinity of K = kp,
and therefore only weakly dependent on the lower-wavenumber .utoff ~ (k/L)1/2,
Note that by re%rouging the terms, replacing L0‘2/3 ¢2 by Cn2, and utilizing
ge2 ~n k7/6 1,11/ Ch“, we can rewrite (16,18):

< Qi L/k> ~ (Ké L,,'k)“t'6 052 (16.19)
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In optics (xg Lllsc)]'/6 is of order unity. For example, for k = 107 m-l,

L = 10 km, and %, = 6 mm, one obtains (xp2 L/k)1/6 n 3, Clearly tte size of
the second term in (16.15), hence the vaiidity of (16.17), is strongly deter-
mined by the parameter ce2. I.e., (16.17) is self-consistently small.

53




17. THE KODIFIED-RYTOV APPROXIMATION

The name of “Rytov approximation' appears to be tiod rather lcosely to a
number of concepts. It is associated, for instance, with the first approxi-
mation of the Bussian "method of smooth perturbations (MSP)"[10,11]. In this
case one takes Equation (2.3), substitutes E= Eo exp ¢ to obtain,

py + @p)2 + 21KV + k2 8e = 0, (17.1)

and then the (3@)2 term is dropped. The result is
L

N _ 2 - _ ...n.-h
-%fgﬁ%&mni“umkmp 17.2)

The statistics of B = exp Y, are easily computed. In particular let
V1 = x3 + = ¢7. It then follows that

2Nx1
<IN> = I:: <e > = II: exp[2N2<xi> ]
7/6 11/6 .
xi = 0% = 0.307 Czk

These results are quite well known, and the derivations are relatively simple
and discussed elsewh:re[10,11,15 16] It is quite obvious that (17.2) can-

not be correct, as is, because energy is not conserved: <I> = I, exp(20 ).

Also, it is well known at this date that the normalize. irradiance variance
2 defined by

of = [<1’>-<1>2)/ <15 2, (17.4)
given in 517 +3) explicitly as exp(&o ) - 1, or that the log-amplitude variance
4<x >= oe does not behave as measured when 02 approaches and exceeds unity[l15].

However, the formalism of Section 16 cocntains a version of the Rytov approxi-
mation that does conserve energy. Let us reconsider (16.13) and (16.14) for
the case that we may replace Fn in (13.1) by

F (K Qm+1’z ) = exp[- ik (L—z )/2k] (17.5)

That is to say, we ignore the exponential exp[—iﬁm . am-l(L—zm)/k} by setting it
equal to unity. If we then substitute (17.5) into (16.2) - (16.8) we obtain
Cm(ij)=1l. This constitutes an enormous simplification cf (16.12)., The contri-
bution of every term in the sum is identical, and equal to 2(1-C;). Hence,
(16.13) reduces to
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mgl kz:z f dsz deKmNKm) {1 - cos[sz(L-zm)/k]} = (403) M} (17.6)
o o

where we have utilized (7.1), and the well-known relationship between the

above factors and the calculation o 0% in (17.3). Because weo have demonstrated
that < I2>1ig given by summing (17.6) from M=0 through all positive integer
values, we note that we obtain

<T"> = 102 expl4oe’] 7.7

Similarly, for < IN> we note by looking at (16.14), that {---} is replaced by
N(N - 1) (1 - Cy). In this case the M-th term of < IN> is given by (17.7)
with one difference: each factor k2¢2/4m is to be replacec by N(N - 1)k2¢2/8x,
This yields [2N(N - 1) o¢2] M/M! as the contribution of 11 M~feature diagrams
to <JN>, Therefore,

<1'> =1V exp [29(N - 1) 0% (17.8)

Note that energy is conserved. Note also how closely (17.8) resembles (17.3).
In fact if ¥1, in (17.2) is replaced by y; - oe2, the statistics of (17.3) be-
come identical to (17.8). Hence, the approximation (17.5) yields the modified-
Rytov approximation in optics:

2
E= Eo exp (wl - 0D, (17.9)

where “’1 is given in (17.2).

Under what conditions is (17.8) or (17.9) valid? No really convincing answar
appears to have been given to date, other than that 052 must be small. However,
it appears to us that a good criterion can be_found by examining when (17.5) is
a good approximation. I.e., when does exp[-iKy - Quii (L - 2zp)/k] behave as
unity in the formalism? The answer is very easily estimated by retracing the
development of (16.8). We simply examine [instead of (16.8)],

k2 2 / 2 2 >
-—ié' f dzﬁ K ¢(K) {l - cos[K™(L - z)/k]}exp[—iK*AQL/k] (17.10)
lé6n

o

because this will overestimate the influence of the last exponential factor if
it affects the integral. We convert (17.10) into
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kel f dRK &(K) 11 - sin®L/0) 3 (K & QL/K) (17.11)
8n J K2L/K °

As noted in deve’oping (16.17), the influence of the filter factor {---} is
simply to eliminate contributions to (17.1}3 from K << (k/L)1/2, Hence (17.11)
is estimated by setting K #(K) = 15.7 Lo~2/3 k~11/3 (because the lower bound

~ (k/L)1/2 far exceeds \he wavenumber where KL, = 1) to obtain

15.7 ¢ 2Lk?
—— f ek k83 J (K AQL/K) .

87
1/2
(k/L) (17.12)
" cn2 /16 (1176 f dx x 11/6 Jo[/:? x/Lyt? 4 QL/k]
1

We obtain oe2 if the Bessel function does not contribute appreciably to the
integral. Therefore a sufficient condition is (k/L)1/2 AQL/k << 1, or ’
(8Q/k)2 kL << 1. However, we have already estimated <(8Q/k)2> ~ 2L Kml/3 Cn
in (14.7). Consequently, the criterion for modified-Rytov (17.9) is

2 1/3

LS « L'2/3
n o]

kel <<, or (.<f1 L/k)8 62 «< 1 (17.13)

which is identical to (16.19). Note therefore that this development ronfirms
(16.17) which we have now rederived more carefully. Note also, as explained in
connection with (16.19), that (sz L/k)l/6 ~ 3 or less so that the condition
(17.13) 1is not very different from the well-known condition cez << 1. We note
that (17.13) relaxes this condition slightly. Finally, (17.13) is also equal
to the condition (8.10) for the Moliére approximation, although this latter
approximatior is more severe in the multiple - scattering regime (see Section
19), Our interpretation is that (ky? L/k)1/6 5.2 can get somewhat closer to
unity for the modified-Rytov approrimation.

56




AP o

18. THE Cm = 0 AND Cm(ij) = ] APPROXIMATION

When Cp = 0 and Cp(ij) = 1, and all diagrams for which that is not the case
are ignored, we obtain a result that appeared previously to us to be limited
to low-frequency and long-distance propagation, hence to the radiowave case.
We intenl to examine it more carefully. First of all, we define what we mean

by "Cp = 0”.

When L >> kLoz, it follows from the comments following (16.17) that the factor
Cp plays no role of importance. To state this ancther way, when all of the
Cm{ij) = 1, then the filter factor {---} will weight K ¢(K) as

f dRK #(K) [1 - cos (KZL/K)], (18.1)

0

if we replace L - z by L to make matters more extreme. Tatarski [10, Section
7.4] has discussed the effect of filter factors such as 1 - cos K2L/k. It is
easily seen that the second term of (18.1) is negligible when L >> kLoz. Just
consider ¢ as a function of K2Ly2 = x, so that (18.1) can be written (aside
from constants),

f dx 0’ (x) [1 - cos (x L/kLoz)] (18.2)
o

where we have used the notation #(K) = ¢'{x) [which is proportional to

(1 + x)-11/6], The first term of (18.2) is essentially the one-dimensional
covariance of 8¢, C(0), at the zero of its argument. The second term is essen-
tially C (L/kLoz). Consequently, when all Cn(ij) = 1, we may set the filter
factor (1 - Cp) = 1, and the error is of order C (L/kLoz) /C (0). 1In that
sense, we say "Cm = 0." Note that the variable that sz2rves as argument of C
has the dimension of y/Ly, where y is . separation distance corresponding to
the correlation < 8¢ (r + y) 8¢ (r)> averaged over all r. When L >> kLo“, the
above ratiu is extremely small. Therefore < 13> and < 24> rungs (which are
responsible for Cp) play hardly any role in this case.

However, instead .f working with (16.13), and (16.14) we shall use a slightly

different formulation. We will consider < |BB*[2 > as the sum of all possible
diagrams reduced by summing out beads as described in Section 14. Instead of

formirg (16.13) we form

2
-1
M 22 n
e~hal dle —- ,’:121( ke gyttt f dz_ 8(K ) F (ii)
Py : v D=l 167 moomom
° (18.3)
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as the sum of all M-rung diagram contributions to <BB*BB*>, where Fn(ij) =
Cr{ijdor Fp(ij) = Cu(ii) Cp, analogous to (16.3) and (16.5). Thus for one
diagram we obtain a product Fj(i3,i;) Fp(i2,j2) --- Fy(iy,jy) in twe inte-
grand of (18.3) where ip,j, refers to the K vectors of Qu.] between axes iy, jp.
I.e., 1 < iy, jm < 4, and jp # iy, because beads have been summed out. The sum-
mation sign with index Py indicates the sum over all topologically different
diagrams. This is in contrast to (16.13) where we summed some diagrams more
than once! Here, there is no degeneracy factor.

The formulation (18.3) serves to discuss the elimination of contributions, for
which Cy(ij) # i. 1In the above discussion of (18.2) we showed that any term of
(18.3) containing a factor Cp(13) and/or C,(24) in the integrand is small.
I.e., it is of order [C(L/kLy2)/C(0)I™ if there are n such such factors, com-
pared to what we obtain if all C,(ij) = 1.

Now we estimate the ceutributions of Cp (14), Cm (23), Cp (12), Cy (34) when
6&11 # Géj) for these four factors. An ovaresiimate is given by considering

f d?‘Km oK ) exp [iim-AE? e L= 2) /K] (18.4)

as an entirely independent factor. Other Kyp-dependent ‘actors are also oscil-
lacory, and their effect is estimate’ anyway by replacing L - zp by L and by
modifying A Qpt1 to include the other K,~-depéendent terms in the exponentials.
Hence we compute

© [

_/;121( ¢ (K) exp [iiE-AEE L/k] = 21rf dKK o (K) JO(KAQ L/k) (18.5)

[o]

for AQ # 0 and compare it to what we obtain for AQ = 0 tc estimate the relative
contribution of Cp(*3, compared to unity. For the Kolmog>rov spectrum (10.10)
we can rewrite (18.)), except for inessential constants,

@

fdx (1 + x)"1/6 3, (3,8 =4 ylS/*' Ky /¢ (yl)/21”6r (11/6) (18.6)

o)

where x = KZLo2 and y; = AQ L/KLg. Thus, the ratio of Cp (4Q) /Cp (0) is esti-
mated by the ratio of (18.6) for y, # 0 to (18.5) for vy = 0, i.e.,

0P s
1i

c (0)

/6 5/6

\
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Here, as in (18.6), we use the NBS{13] notation for Bessel and ganma functions.
Furthermore Cp(AQ) is a convenient notation for the Cp(ij) under comsideration
here. MNow, referring to (14.7) we estimate p by estimating the rms of AQ, i.e.,
we know that the variance of ¥; in the sense discussed in Section 6 is,

2 2 22 2~ 2 1/3 . -8/3 2
= kT
<yl> L™ <aqQ”/ 4 > L “n Lo € (18.8)

1/3 22
(KmLo) (aL) (L/k L%

Clearly < y§> >> 1 in the radiowave regime under consideration, unless aL << 1
{in which case we have well-understood single scattering). Therefore, except
for a numerical factor, (18.7) reduces to

Cp (2O 1/3 -y, (18.9)

Let us return to (18.2) and actually do the estimate for the Kolmogorov spec-
trum. We obtain

on

c v fdx (1 + x)—11/6 cos Xy,
o (18.10)

2
Yo L/kLo s

for the effect of the cosine term in (18.2) divided by thc first term, Using
the complete gamma-function notation for imaginary exponentials, see Reference
[13] (6.5.7 and 6.5.8), we convert (18.10) into

Cm " y25/6 [cos Y, C (yz, - 5/6) + sin Y, S (yz, - 5/6)]
(13.11)

v B

.*ﬁdérezwe have used asymptotic forms of the C and S functions for large y, =
- R * L/kLo .

We shall postpone discussion of the cumilative effects of errors (18.9) and
(18.11). First, we treat two remzining problems: (a) the contribution of any
M-rung redvced diagram for which C, = 0 and Cp (ij) = 1, and (b) the bookkeeping
of all possible diagrams. The first problem is practically trivial when deduces
from (18.3), because Fyp (ij) = 1 under the assumptions just stated, and

(- 1)iti+l = 1, Hence we obtain
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oo M °
2 ~4el, M
e~4al -I—[B-—é“— f dKK ¢(1<)] -e {201) (18.12)

M!

as the contribution of an M-rung reduced diagram. The bookkeeping problem is
as follows: First, we note for <I2> that Cp = O means no < 13> and no <24>
rungs are permitted. Then, Cp(ij) = 1 implies that there are only one of the
two following possibilities in any single diagram.

(i) Only <12> and/or < 34> rungs.
(i1) Only < 14> and/or < 23> rungs.

Any mixing will cause at least one Cp(ij) # 1. In order to avoid counting a
diagram more than once, we add up contributions (18.12) as follows:

The no-rung diagram: The contribution of all beads summed out to yield a
no-rung reduced diagram is obviously

exp (- 4aL) (18.13)

One pair of axes without rungs: In this case we assume rungs ouly of < 14>or
of €23> or of <12> or of < 34> type. In each of these four cases we add
up (18.12) fox M =1 to M » «, to obtain for all four.

4 exp (- 4aL) [exp (20L)-1] (18.14)

A double set of rungs: In this cace we assume that there are rungs either on
<12> and < 34> at the same time, or on < 14> and < 23> . In other words,
both of the above cases are excluded. Because all possible relative orders
between, say, < 12> and < 34> rungs occur, we may separate (18.12) into a
double sum over m]2 and m34 where M = m12 + m34 (mjj is the number of rungs
between axes i and j). We permute all M rungs but exclude permutations of

< 12> and of < 34> rungs among themselves in order to generate all M-rung
diagrams of this double-rung category. Hence we obtain:

Mi (2QL)M
!'m

2 exp (-4al) .
E E LIPY 34! M!

Mooy Mgyl (18.15)

= 2exp (-4aL) [exp (20LL)—1]2.

The factor 2 is present in (18.15) so as to include the <l4>+ <23> group. We
note that < I2> /<1>2 is therefo’e just the sum of (18.13), (18.14), and (18.15)

since we have exhausted all possible diagrams and carefully avoided counting any
contribution more than once. The result:

<I%> = <1>% [ - ean (~bal)] (18.16)
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Now we do the same procedure for <11N>». Up and through (18.12) there is no
change except exp (~ 4aL) becomes exp (-~ 2NoL). However, the bookkeeping prob-
lem changes. Because Cy = 0, we have rungs culy between B and B¥* axes. Let

us try to add up (18.12) for all M-rung diagrams where n pair »>f B and B8* axes
have no rungs [obviously we mean reduced diagrams so that the: is a ccmmon
factor exp (2NaL)]. We may not have any mixing, i.e., we cannot have two rungs
connecting one B to two B* axes, or vice versa, otherwise at least ome Cp(ij) # 1.
For one choice of n pairs of conjugate B and B* axes there are (N~n)! ways of
pairing the remaining N-n pairs of B and B* axes wwo by two. Let us assume for
one choice of pairing that there are mj, mgp, --- my.n rungs on the N-n pairs we
have chosen. Obviously mj] + ——- 4+ mp.n = M. Then, analogous to (18.15) we
obtain

-2Nol = © -MaL

(N-n)! e Z - z it € =

' . L]
m,={ mN_n=1 mye mN~n!

(18.17)

2NaL (

= (N-n)! e 1-

for all M-rung diagrams that leave a single choice of n pairs of 3,B* axes un-
connected to each other by rungs. We need one more numerical factor in (18.17)
before summing over n fromn = 0 to n = N, namely the number of ways that we
can choose n pairs B and B* from N pairs B and B*. This number is easily seen
to be

¥ @-1Z = @ - 0+ 1)2

A _ an?
1222 o2 abh? (@ -

(18.1%)

Thus, we ob!ain < IN> /<:I>N by summing the product of (18.17) with (18.18)
over n fronn =0 ton = N:

Vs <V Y e 1-e

7 (18.19)
n=0 (n!)” (N - n)!

N N (N!)2 -2nalL ( -2aL>N—n

dote that (18.16) is indeed the result (18.19) for M = 2. Note also that N =1
yields an identity. We have already derived < I> = Iy, hence < 1> N can be
replaced by I.N in (18.19).

This result is extremely interesting because it can be shown that (18.19) .or-
responds to the Rice distribution for I defined by the parameters 1,, and
Iy, = 15 exp (- 20L), wvith nrobability density

/2

°(I) = (IO - 1) exp [~(T + IL)/(Io - IL% Jo[}i(l 12)1 /(IO - ILﬂ (18.20)

L

651




First use NBS formula 22.3.9[13] to show that (18.19) is essentially a Laguerre
polynomial, then we compute the integral of INP (I) for I = 0 to I = = in
(18.20) by using NBS formula 22.10.14 to obtain agreement with (18.19).

Another equivalent way of stating either (18.19) or (18.20) is to say that the
electric field E is the sum of a constant part Ej = Eo exp (-aL) and a Rayleigh-
distributed part S6E with <6E> = 0 and <T<SE|2> Ip - Iy,

. N
Thus, we note that the selective summation of diagrams contributing %o <I >,

ignoring those for which Cp (ij) # 1 occurs (as well as by setting Cp = 0),
yields the Rice distribution! Now we wish to establish conditions under which
(18.20) holds. We utilize (18.9) and (18.11) but now we estimate the cumulative
effects of the errors. First of all, we note that the role of 02 (as defined

in Section 4) is played, again, by alL. So we will set ¢Z = aL and follow the
averaging procedure of Section 8 where needed.

Consider first, the effect of <BB> and <B*B*> rungs, e.g-, of <13> and
<24> in <I2>, Each of these gives rise to a factor - Cp (ij) Cp, as noted
in (18.3). The error in each is given by (18.9) unless Cy (ij) = 1. However,
the only way that Cp (ij) can be unity is that the rung in question is tne last
one in which case it generates as many factors Cp (i'j') # ](Cp < m) as there
are rungs ending at zp on either i or j (i' and j' are other index pairs, not
necessarily the same as i,j). The only way in which an error effect (18.11)
can be isclated from (18.9) is when any pair of two B or two B* axes are con-
nected by one and only one rung, and neither of the axes of the pair is con-
nected to any third rung. Tor <IN> | the error appears to be

22 7
N-2 k™€ , ,
<I %> [sn fdzfdld( ¢ (K) CJ .
o] ]

N-
) 2>

(18.21)

oy (L/kLoz)"2 <I

compared to <IN—2,>if we allow one isolated <BB> rung. The error can also

be (L/kLoz)"4 <I¥-2> if we have a <BB> and a <B*B*> rung isolated from
the 2N - 4 others; however this error is negligible., Therefore, the cumulative
error appears to be O (L/kLo2)=2.

Now we conslder the effect of Cp (17, Cp (34), C, (14), and/or Cm (23) not
equal to unity [or, for <IN>, the effect of Cp (ij) # O for any of the ij in
the second row of (16.14)). It is best examined by returning to (16.13) and
(16.14) and reexamining the filter factor. Let us take a diagram for which &all

aéii - amli = 0. By placing the m-th rung at all possible BB* connections, we
gener-te the N2 Cp (ij) of the seconi line of (6.14), and of course all

Cm (i3) = 1. However, for cach B (N at most), we can generate N - 1 connections

te L* axes °.at will yield a Cp-1 (ij) # 1, and only one that yields Cy.7 (23) = 1.
Hence, in the (m~1)st filter factor there are at worst a ratio of 1/(N-1) of
factors Cp.y (ij) # 1. If the features m+l, m+2, ---, M are not so chat
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aéii - aéli = 0, we cannot get as large an error. Hence the error in <<IN>

appears to be

0 (Ny]’/ 3 e'y) and 0 (L/kL02>~2

<> w13y 13y 832

(18.22)

Therefore, (18.20) is a good approximation for all zpplications in which only
lower order moments <IN> with N << exp(y) are involved. When y >> 1, this
is not a serious restriction. Note that L > kLo2 implies <y2> >> 1, hence
(18.21) suffices for (18.20).
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19, PARAMETER KEGIMES: A CRAPHIC REPRSENTATION

So far, we have derived a number of results, each under certain assumptions
and therefore restricted by errors of the type given in (18.22). Such errors
define relationships between e end L (namely by setting the error parameter
equal to unity). We car make matters much clearer p) introducing a graphic
plot of €2 vs. L as in Figure 4. The actual plot has €2 as ordinate, and L/Lg
as abcissa. We plot each coordinate logarithm:cally in units log klp so that

ki, kLg
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Figure 4. Turbulence strength vs. pathleng-:h.
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power laws are s.raight lines. Nete that the plot contains regicns labeied
I, II, III, IV (some with indices} °s well as regions labeled otherwise. All
regions are bounded by lines. We discuss the general regions first:

The diffusion region 8g X 1. In the upper righthand corner of Figure 4, we have
plotted the line &g = 1, using (14.7). Whenever 44 % 1, we no longer have

n <(86)2> much less than unity, nor szlk2 << 1, Hence, diffusion occurs be-
cause n is the number of scatterings and 36 = 531 et Egn is an inconerent
sum with zero mean and variance n <(66)2>. The transition from (5.4) to (6.10)
requires Ag << l. Therefore, all results in this report require exclusion of
this region.

The multiple-cluster region; by, 7, 1. This is the region lying above the
horizontal line e = (kLo)~“. It corresponds to Apc & 1l3it is no longer per-
missible to regard the n-point correlation of 8e as a product of binary cor-
relations. All of our siatistical results exclude Ap. 3 1.

The sagittal-error region IVgp: Ag R 1. For the single-scattering regime it is
defined by L 7 k3204 in optics (not denoted in Figure 4 because it does not lie
in the nptics region) and L Z k3L°4 for radiowaves (a vertical line). For the
multiple-scattering regime Ag is given by (14.8). It is sketched as the border
between IVR and IVgg. In region IVgg, the exponential function in (6.10) is no
longer a good apprcximation, and consequently most (but not all) of the resuits
we derive are not vaiid in IVqp. The sagittal error does not affect optics
results. Nov Je shall discuss tie significance of the major dividing lines.

The opties-radiowaveg boundary: L = kL02. We have noted that in optics we usually
have kloz <L << kLo2 because k ~ 107 m~1 is a very high wavenumber (kLo2 > 104 km) .
In radiowave propagation we have k X 10 m ~, but Ly 2 10 m. Although it is pos-
sible - easily so - to have L << kLo2 in this case, it is also true that a L << 1
in that case (see later). The really interesting results occur for L >> kL.

which - apparently -_can only occur at lower frequencies, hence in the radiowave
regime. The L = kL,“ line thus defines two optical regions 1 and III, and two
radiowave regions II and 1V.

Trne single-multiple scattioring boundary oL = 1. When oL << 1, we note that

(18.20) reduces to a delta function 6(I-I;), and <B>=1 in (14.6). It is well
known that the first-order corrections (although they have no physical meaning
because energy is not conserved) are due to the approximation B = 1 + By im

(3.1). This therefore is sufficient for defining single scatter<ag. Consequently,
oL ® 1 must include multiple scattering effects. Hence oL =1 [a is defined in
(18.12)] delineates the regions of multiple scattering (III and IV), and the
regions I and II are therefore single-scattering regimes.

It is now much easier to skim through the results derived so far and to delineate
their regions of validity:

(1) The WKB approximation  derived in Section (7) is limited by (8.10)

in the multiple-scattering regime, and by (7.5) in the single-scatter-
ing regime. Hence it is valid in I and in IIL; (the left part).
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(i1) Thez modificd-Rytov approximation (17.9) is limited by (17.13), hence
it is valid alse in I aud IIly. 1t is somewhat less restricted in
i1i;; thas the WKB approximation to the left part of this regionm.

(ididi) "’he radio-vave results (i8.20) are restricted by L >> kLoz and by
(18.27} hence they hold in II and IVg. Thus, the Rice distributiop
of I appears tc be restricted to radiowave propagation.

{iv) The ccherent wave (14.6). This result is the most general one.

It holds in all regions I-IV, including I‘SE‘ The point is that
13.5) can be derived from \l% .4) without using a simplified ex;
ponential in (5.4) because Qu°/k? = 0 for odd m and Qu%/k% = Ey2/k?
for even m. Therefore no cumulative error here.

{(v) The mutuaci-coherence factor (15.3). This result, too, holds every-
where in I-IV and ir is also unrestricted by the sagittal approxi~-
mation because after summing out beads (not restricted by sagittal
errcrsi) we can repe the derivation of (15.1) from (13.6) using
the full exponsntial of (5.4).

Finally, we comment on the significance of the two subregions of III.

The weak-optics region Jily. This is the region where modified-Rytov holds,

and where o is small. It is well unders:ood2 and it describes the ircadiance-~
variance vs. osi curves in the rising small—oe region. The irradiance is
log~-normal.

The strong-ci ties region IIIg. This is the notorious region whe. the so-called
saturation of irradiance variance as a functiop of oe2 is obsarv-d4 [11,15]. It
is characterized by aL >> 1, and 1 % (szL/k)1 062. In the left part of
reglon IIIg, the irradiance variance has saturated, and I s observed to be log-
normal. It is not clear from our formalism what takes place. To the right -

as one approaches the L = kLo2 line - a transition to the Rice-distribut.on be-
havior of region IV must take place, but here also we cannot write down cuite
how this takes plece. The most promising approach in terms of our formalism

is to take Qm+1/k in (13.1) and to replace it by 8 as given in (8.5), under

the assumption that ® also describes (8.3) to good approximation. The develop-
ment of this work is currently under way. No other approach has yet led o
expressions from which the probability Jistribution of I in this region can be
predicted. The experimental results appear to predict the empirical relation-
ship,

012=¥[l - exp(-4o 2)] [l + 806-0'4] (19.1)

where B is an unknown function of wind velocity (?), microscale, wavelength
and perhaps other parameters. The function B appears to have a magnitud:
slightly larger than unity. However, the relationship is empirical, auad only
one out of a number of possibilities
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