
Spectral Theory for Electron States

In Doned Semiconductors*

Shlnzo oakal

Denartment of Physics

University of "yoming

Larrmle, 11yomIng 82070

Reproduwc.d byNATIONAL TECHNICAL,,., ". ..!.-, .
INFORMATION SERVICE

Spoingfi.1d, V. 217151 2

Energy spectrum of electron states In doped semiconductors Is

investigated by using spectral theory of rnndom mntrices. A part of

the content In a previous technical report Is rereated in Chapter Ii

for the main part of this report, Chapter III. The comparlson with

the experimental results Is not Included, which will be done In the

future. It Is seen In this approach that the convergence of the Anderson

series denends delicately upon the values of random parameters. The

condition employed by 'Jealre and Thorpe for amornhous semiconductors

may be also examined by the present treatment.

*This report covers the content of a talk presented at American Physical

Society meeting held In tIlarch, 1972. Partially supported by che Office

of tIaval Research under Contract rIRO17-650.

Best Available Copy



bkNLASSiI I Lb
%r'( wlrl•, C~nlcMforfinn

DOCUMENT CONTROL DATA. R & D
S... if I I I&, or r ,.nono of I. I.. . , ft,, ,tr nh ,,.n and ideind ran i... r,,n nom,. be orw,.ord when tir ov ereall ep•,, Is a classi fIred)

INA T' PJIC A C IIVI T V (('o.iprr.ef nille (ir) 2,. ACIPOR t SECURITY CL&SSIFICA TION
The University of Wyoming

University Station, Box 3905 2h.ouP

Laramie, Wynming 82070
: PFPOMt TITLE

SPECTRAL THEORY FOR ELECTRON SLATES IN DOPED SEMICONDUCTORS

4 oiScC ReTriv NOTKS(T1ype of report and incluslve datea)

Suroary of Progress. Sentember 1. 1971 - April, 1272
AiU -mNO ,Rs (Fliert nme, middle Initial, elot name)

NAKAI, ShInzo

4 "Ir'POT OATrE ?. TOTAL NO. OF PAOUII 7•b. NO OF R14rS

25 April, 1972, 19 8
W CONT ACT CR GRANT NO ga. OIIGINATO*S REPIOPT NUI,4I•NtRSI

N00014-67-A-0266-0001
b. PROJRC T NO.

NR 017-650
C, tJ1, 0 T1rn REPORT MOtM (Any other nimnbere thauf may be asig.ned

tite report)

1O. OISTNIDUTION STATZ.Mr,4T

Distribution of this document Is unlimited.

It SUPPLLM94TARY NOTEt T1• 1 ;ONSORING MILITARY A(.TIVITY

The Office of Naval Research
Physics Branch
Arlington, Virginia 22217

Energy spectrum of elecLt'on states in doped semiconductors is Irvestigated by
u, ng spectral theory of random matrices.

FORM 14 3 (PA(A ID D ,O4 V114
5/N 0I01 8 07.600 1 , fh'itrl•"thin

-201-



lit :fwIJ• I r I r n

t4 LINK A LINK 0 LIN- C
KEY WORDOB

ROLE -0 T BOLE y OLC

SDectral Function
Random Matrix
Localized States
Doped Semi conductors

:.4

DD .vv*J 73(gl
(PA(W•" 2)} S•¢'urlly' r.'I ilcmtton



I, I;ITRODUCTIO;H

The problem of localizitton of electrons in a :'lodic systems has

been Intensively studied for different disordered I and discus-

siorns have been concentrated on the "effer.lvely" calized states derived

by Anderson.2 The contribution of thes, eleetro" ". the conductivlty is

answered only by analyzinn the nature of the dlec r,,n w.v'efunctions. fue

to mathematical comnlexity associated with disord,,, however, the under-

ntandinq of electron i.,avefunctlons in disorderec sýctems Is still unsatis-

factory. ''e would like to invcstinatc them by a ,ifferent approach.

I'e restr!ct our consideration to an enerav f.nectrum of electron states

In doped semiconductors. A hich concentration of irpuritics leads to form-

ation of the Imnurity band. A spatial distrIbuclon of impurity atoms Is,

however, random. The atomic potential at v'.nch impurity site and also the

overlan of the electron iavefunction betweenr neiqhborinc impurity atoms vary

from one impurity site to another. The effects ot this disorder work so

as to destroy the coherence of the diffraction that permits delocal~zation

of an electron. Our problem is to study the channe in the enerny snectrum

of the band due to this disorder.

The appearance of localized states in the toils of the Impurity band

Is based on the Idea that local fluctuations of potential can produce hound

states below the usual conduction hand.3 A revie, on various annroaches
'I

to this problem ha,, ols,, been qiven by Zim.n,n fIne of the difficult points

in the rreen-function approach Is that localized states are diflned by the

converccnce of an infinite stochastic series. To takce Into 7-ccount the

fluctuation, orne has to talke an averaqe over the values of fiuctuatinq

narameters. Tocre Is no problem for an exchanc(e of operations, averinolnn

and summinq of an infinitc series, provided tht the weries Is uniformly

converv(,nt with respect to the values of tht, pn.'aoetcr over a reelon of

varlat ion. This (toes noc M,]favs iol(i as is s.c.-n In Chapter MII. It se(ms

that there are req ion- 0wh(re 'e can nive only &ta. Istical ansto r, and

spectra! theory of ran(dor, matrices would bo; r romiSi, ,iq to the pr(,scnt rrol-

I em.

=-2



We will follow an anaytical prnccdure %/ithout t&kinq the average. ý;e

!ntroduce a sirmplification that the number of the nearest neiqhbors of the

imnuritv atom to which an electron hops is two. "lhen the number of the near-

est neiqhbors Is larger than two, It Is cnnsidered that the electron is

localized in the region occupied by those Impurity atoms and only Its most

outside orbit is taken account for a hopping action of the electron. Math-

ematically, this Is tridlaqonalizatiun of the l'ermitian iratrix, which is

a well-knotin procedure, although complcx. A ,pectral resolution of the

Hamiltonian with random elements is treated.'. This tethod enables us to fina

an asymptotic formy of the electron %avefunction. Furthermore, we can study

how the statc.s both localized and non-localized are built up In the impurity

band. Ii Chapter II, we formulate the present problem in a matrix form and

discuss locilized staues by usinn examples in Chapter ill.
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II. SPECTRAL THEORY

For our subsequent analysis, it is convenient to recapitulate first

some weil-known result,; about finite natri•es. 7 Our nhysical systeri Is

characterized by the IHamiltonian wiFich is a Hermitian matrix with random

elements. Let H be an (n x n) lHermitian matrix with distinct eicenvalues.

E1 , E2 , .2 En. The Schroedinqer equatirn Is written in a matrix for-n:

There exist n non-zero column vectors "J n . . ., . such that

il = E Y (0)

The correspondinn rovw-vectors, (h EY are defincd by

'ý11 11 -

(',I , (Co('" 0| |'* . . . n-1P ') (2)

where a daqear and an asterisk stand for the Ilcrmitian and the complex

conjuqate, reseectively.

Since the eigenvectors that correspond to d!stinct etnenvalues art-

linearly independent, mctres defined by

t - (•1, W 2 ' " . )

and U+ are non-singular. The orthocionality of eiqenfunctions is oritten as

A ' +VE - ' 0 6
Ii v l v l Ipi,

and the ciqenfunctIons are rnormalized by mu, ltiplying (PV For the nor=

malized ,tavefunctions, the mitrix U Is unitary. The Ilarilonian II is dia-

qonalized jwith the use of this unitary matrix; UJII0U r, t-here F is a dia-

qonal miatrix with dianonal eeln~cnts, [it E 2 . . n' respectively. Pence,

"" obtain

II U uru C I;! Jp i) (3)

UN - E (3itt



wihere Jpj are matrices alven by Y 0 P. These matrices have the oroperty that

Ji2 I - Ji 0 () for vi 0 v, and are called the o;thononal Idempotents of

H. The system of idempotents Is complete ;n tho, sense that J I + J 2 + . . .

+ J n I, where I is the n-dimensional unit matrix. Th2 equation (3) is

referred to as the spectral resolution of 11.

Now, we formulate honpinq actions of an electron In an aperiodic lat-

tice. Let V - V(IP'm - Rn ) be the enerqy integral for the transfer of an

electron from the n-th site to the m-th site of Ir-purity atomis and the

Hamiltonian of the system is given by

+ +

H'= L e a a + Z E V a a.{m i ' m m fm{) fn) mn m n

Ifere, the dianonal elements V arc assumed to be zero, and a+ and a are
mm m m

creation and annihilation onerators of an electron at the m-th site, res-

pectively; [a , a+1+ = 6 . ' e assume imnurit, .toms with a siiqle b9)und

state. The impurity sites of the summation in (4) are distributed at random

In the lattice. A fluctuating field at one site to another Is taken into

account by assinninq random nenative values to c "c "e introduce an indis-

Pensable simolification to oL analysis; that is, an Impurity electron

can hcp only bet-.,.en the nearest Impurity nelhbors, the number of whlch is

tVo. Randemly distribute(, irnurity sites are then relabeled in such a way

that the nearest neighbors may have their Indices different by one. The

disorder In loca'ion is not, Included in the honplnq distance, R, M +

and random complex values are assinned to the ,atrix clenicits, V n 1rn, + 1'

The Hamiltonian (14) is thus rewritten as

F E (r6 n+Vn)a+a
hir n Pi in ron ni n

m, |TI 4, 1 r rr, i - 1 r' - 1

and V 0 0 for n = , -nd n m. * .

Diaqonalizatlon of thi' Ifjllt,. _in into the forr, E E i A is performed

hy a transformat!on.

S,',~~( -~ E (J);

F IJ n p



who rc [A , A1,+ I -t 6' Th,. quantltlýes C-) are determined by thr Schroedinger

equation (1) with

i E- 0 0 n 0 \
0

00 '1 ° •

o .. 0
* 4 4

n n 3 0I

n-3 n-2 n 2

0o o 0 0 *
n 2 -1 1

or by

S C + (•- -E)C + S C 0m- 1m- I m M M +

(ri 0, 1, . , n - I C n

%ihere the superscript li it supprc,,oed for simplicity. In order that the

sirul tineous equations (1) may be solved, t0f, determinant of the coeffIclents,

desionated by P (E) , should vanish. On exrnandinn it with respect to the last

row or co1urrn, one nets

Pn(E)1 11 (E I{~ .] P (E) + I.r, n - 2i Pn - 2(E) - o (,

which is valid for n ' 2 If tc define

po(E) I , PI(E) -E - co

The roots of P (E) are aill distinct and neqcatlve, and sepnrated by the

roots of P. (E) - (, nrovid ed that P (0) > 0. Let u- first .xanmlnt the

Ineqia I ity oi Pn (0), )efine x. alnd i; by



"-E " + 1 l i - 12 X1 >` (01 >

and one successively obtains

X1 -" 'i10 -bilY 11 1i . E Ib Ix ,1 ( 1> I)

w.here b lIr' . lc•iI - I and

b1

"I1-

"ad , X1 1 and X 0 0. The quantity Xn 3s n tends to

- herasue tha b°~- n

infinity, is acontinued fraction. It followus fron qato (0) ta

P (0) = xX1 .. x (n > 1).

F)-n --.--- - -

I f asIuI the part i a I nu1nerators s at i sfy

I1h ebm 1 • (7)

the contindcd frcctoon nc uniformly convernls and teu value of It and
Its anleroxpmants ia. in the domain IX -f /y) =8 2/3, ("or8

ltzkiy's theorem).

Under the condition (7), all 'A's arn positive and hence P (0) >,
' I% n

The only one root of P (E) , 0 is Ekl/ (.C ), %,hlch is neqatlve. It
I 1 0

foi lovs frovI (t,;) that



P > P ,P(Em,~ P * (0) > i0 , P, H >) )

Eac o te itevas,(- EM) 'i)nd (E M ), thus contains a root of

33

P2 -•, ,()s , .6 2 (
P{ 0' >-( EI >2) This become.s a basis of Induction.

P2E -; ; 0 >E )> ) > E" . Eo) ,
Assumge now; for any s 9 3,

t)> (s) > E (s - 0) > E(s) > E( - 1)> C() )
s s - ) csi i> 1s -i s -i s '

and we dcduce that the slqn of P (E is iven by (1)r " i ,ihere

r runs from I to s. On puttinc' = r( and n s + I in ( w), ve obtain
r

E(s), -Is . • PE '
P s + I(E r s 1 5 - (E r )

wshence the sign of P s + I(E r Sic isv sig-1)r. i

ecqual to (-I)s I it follows that each of the intervals
E s ) , (E s tE s)(!),0

s Es-I s-2 ' 2

contains a root of P+ 1 (E) = 0. This completes the proof of (8) for
5 *+ + 1.

It Is also Sfý wn that the smaIlest root E(n) of P (E) = 0 reriains finiten n

as n (loes to infinity, provided that all (-c)'s and 1 l's are finite. "'e

can alays find a number ct, 0 < ct < I In

(E(n) n 2 (En E(n 2) (2)n

..,~~ ~ °o,-. -- o.n-2(E) I n-

n= n I n n

Combininn this %'ith Pn-iCn)p (Fi) [FAn ~ i/t
n n- n n

obtained from ((w), ,, can dcrive

(n)• > .n. c • (n, )) _ n " 1rI ,
En n-1'rn - 1no

.,ihere th' first term on the riqht hand sli( stanis for a s|a ller (wantity

ot th, two. Thus, infinitiy ri;any rtates appiar i it'In a finite rr-oion
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of the nenative enerqy, as n tioes to Infinity.

It Is now nuite natural to ask the nattire of th. eneriy spectrum,

whether It lsmcontinuQus or.,iscretc. To investigate it, %.e have to

define a snectral function. Let us first consider a sim,.n example, in

which (- v! < 0) and Ik' (= I-Ij) ,r- both constant and Independent

upon n. The recurrence relalon (i,) is then satisfied by the Tschebvcheff

polynomials of the second kind. Defln!ng cos w (F • ,,)21"1, we obtain
P (E) = ,,In sin[(n + I)(L] (0)

n sin 1.1

The elnenvalues are therefore niven by

(0(n) - IJrr/(n + 1) , (ij 1, 2, , ., n)

It follows from (5) that the eioýnfunction corresnondinn to the cinenvalue

E (n) vi + 21 I cos lrr/(n + 1)1 (Is)

Is

S{O(n) } P (E (n) (01)

/ P (C•(n)) PI

n 11

The normal Izatinn factor Is :valuat,,d as

0 (n) (n + 1)12 sin 2 [6 ) (1?)

A snrctral function p n) () is definc(, as a non-decr,.asinIq s.,n-ftunct ion
l .9-



(n (n).
for -• < E < o with d(ls'0ontinulties 1 /0 n) at E E

W(E),,,C (n)

.- (n' (n) - < (n) (13)
l I1 ' r+l r

-• o nri,
n n I(n)1{01 E" <rn

Upon %.,ritInq Abu 7T/(n + 1), we seL' from

O (n)l (2.)Aw O,2,u(f. (1))
11 1i

that by a formal limltinq nrocess n * w, the level density beccoes

dp(E) - -(2/1i) sin 2 ý d,

D(E) dp(E) I [-(E'-1 (15)
"d -- T M,1 -E T1 7.

The discontinuities (I00) bf the spectral function disannear as n noes to

Infinity. The spectrum becomn's continuous and extrnds over the interval

" - 2l I E + " 2-. The coipnleteness relation of the orthogona! ideim-
notents,

I1

11V (2/')) ( sin [(Ii + I)(0] sin [(v + I)w] diý

Is nothinq but the cortlhonormality of Tschd.bycheFf Polynomials k-tith the

v,elqht function (15).

The other cxc•,pl(- that is exactly solubl, is &ivcn by assu inn

Sn -?n1" ;, > ) , (n - ,

2,. t,• " '2'( - ) ( )
-n0n



where we assume that W's are all real for sl.oplicity. Although this example

is physically not Interesting, it Is Instructive to observe how the con-

tinuous spectrum arises. The recurrence relation (() Is satisfied by the

associated Laguerre polynomials,

Pn(E) , ,'n n. 1.0)n (-E/I;,),

n n

The wavcf-inct!on corresponding to the eicenvalso E(n) of n
11 n P

Is calculated as

1yI 0 (n),- 1 (,n

0 liL(-) (n)/11r

• //
L() (-E (n)/K)/10 /

The polynomial L(1)(x) has n positive zero-points and, hence, the energyn

elgenvalues are all r,nec-,tive. They are not confined to the finite rec'lon

in the limit of n - o. As a result of this limit, the energy spectrum

becomes continuous over the ranqe, 0 > E > --, which is seen from the

orthonormality of the associated Laguerre polynomials. Comparinn
0 0 c- X x a L ( a) ( x ) L ( a) ( x ) d x - { ( ( + c ) / . } , i j ,

'0

with the completeness relation of the erthogonal Idempotents,

(( + 00+ 1)}'- Lý')(-E/K)L(')(-E/K)dp(-E/1,) 6!,

we find that

dp(x) c 'Xxdx - -d{c'X(x + I))

-II



In summary, the behavior of an electron over random Impurity sites

Is described by the wavefunction in a form of a column vector. A posi-

tion variable In this wavefunction Is a rot., suffix, and is discrete. If

the recurrence relation (6) is that of the w*ell-known orthoqonal polynomial,

the recilen witnin which the polynomial Is dcfincd gives a region of varia-

tion of the energy einenvalues. The w.eiqht function for the orthononality

of the polynomials Is associated with the energy level density.

4
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Ill. LOCALIZED STATES

The elqenvalue problem of a special matrix has been discussed usinq

examples in vwhich the structurc of energy spectra is comparat.vcly imnple.

It Is necessary to Inquire a little more closely Into the nature of the

spectral function for the nroblems of our Interest. The spoctral function
(n)(n n/(13) has discontinuities of the amount 1/0n) at E - En P. If a 01 s

diverqe as n qocs to Infinity, discontinuities disappear, while If any o"

them is finite In the limit, there remains a discontinuity at the point

In the enerqy spectrum. By lookinr at the bW.Mv!or of the wavefunctiont

with the position variable, we can examine whtther the state is localized.

The random parameters, (c I and A I), cannot be easliy related to the

spectrum function and nothinn can be said about the enerqy spectrum unless

any restriction Is put on the random parameters. "'e first assume that

II3l1 v , =< c" , (16)

where E" < 0 and It is constant. It is not necessary to assuwe that 0

constant, and It will be removed later. The suffix jj of E (n) remainsp

unaltered through the present analysis and the letter x Is used instead

of E (n)

By defininq a quantity

Zs (E) - Ps (E)/VP s . (E) , (17)

we have from (6) a recurrence relation

- 1 (E) - I (E - s ) - Zs(E) 110)

Suppose that x is one of the elqenvalues of the n-th section of the

tiamiltonian; Z (x) 0 . It follows then that
n

z-t (W - v"I (x- CZ n In -

-13-



Let us restrict our considiration to a renlonw•here x - c" > () or

el• - x > 0. As the both cases nre analyzed similarly and the result

is synimetrical with respect to the middle point (%c' + c")/,. Vie treat

the fi-st case only. Assume thnt

x - i'° - 2V cosh i , (o, > n)

and we have an Inequality, Zn n sinh ti)/slnh (2w). 111th this as a

bAsis we use an inductive arnument. Assup'ing

Z + < < sinh [(s - l)w'/sinh (so))

for n > s > 2, one obtains from (18)

I > oh inh[(s - (i sirnh[(s + l)u]Zn-l~~s=> {2cosh w• - s "---n-(• -

n - S slInhi Ts-w) sln (-ý-7swt))

Hence, one has the result

Zn < sinh (sw)Sn - s "s-inh"(s + wl 'n > s >

Since

Ps(X) w V\sZ Zz Z2 Zi (s - 1)

Po(X) "

Inequalities for s < (n - 1)

P (x) V slnh[(n - s)(wL/sinh (nt)

are obtained. From the elenfunction correspondina to the elaenvalue x,

+ ({0 1- (Po(X P WA)/ P (x)/Vn

the normal izatloe constant Is proved to satisfy

-i0-



0(n) < cosh[(n + 1)Ow n1 2sinh w• sinh (nw) 2 sInh2 (n-w) (20)

In the limit, n *-, the right hand side Is finite for w • 0. The limit

of 1/0(n) does not vanish and the discontinuity exists at E - lin, E(n) in
11'

the energy spectrum. Lookinq at the wavefunction, one finds that

lim P (x)/Vn - 2l xp.(nw)
n + 1< n

As the wavcfunction vanishes exponentially with resp,,ct to the position

variable n, the state is localized.

To remove the restriction that all s are constant, we have to

redefine Zs(E) with the assumption sB' • If'I . I•1", by

Z (E) P (E)/Iqs " P1 1(E)

and obtain thc recurrence relation

E s ~
-Y 1 (E) -1 Z

As Zn(x) 0, we successively find

Zn - O(x) •n -21/(x- En" 1 ),

Z (x) -WI J s/(x" c ) , ( -C- s < n)

- r - s 1'/(x - Cnn -C s 1 )

- It , I I/('- -(En -/(x 1 )(X C
n - n s +n-ns. n s + 2

I 1-
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If for an' I

lR 1t/I(X - C Hx - C 1)I

all Ji , as n goes lo Infinity, are In the domain jj - (4/3)ji = 2/3. The

continued fraction converges uniforn.ly under the above condition, which may

be ;-eplaced by the stronger condition

10"l/(x - e") or Ii'I/(c' - x) (21)

for x > (c' + c")/2 or x < W + e")/2, respectively. Since Ps

(Iqol IIS .f l ('ZS s 1) - (I00l . . . 113S - 1 S Z,)
and the wavefunction is
Y+ " {0 n)}I½(p (E (n) P (E(n))/0 . P (E(n)) .. 2

r) .1 ' " n 01 n 2

(22)

it is easily shown that 0 (n) converges under the sufficient condition (21)
11

corresponding to Anderson's condition.

To continue our analytical procedure into the Inside reqion excluded

by (21), it is necessary to specify the n-denendences of cn and 1rn in
n n

detail. 'le cannot carry out an analytical procedure, though nhysically

Interestino, for a random assiqnment of vilue to those parameters out of

uniformly distributed values within certain rannes. On the other hand,

when we take an example In which 0SsI ,. V, = 0C' + [s(el" - C')/nI

(s a, 1, . . , n - 1; n -* -), we cannot exp.ct localized states In the

Inside reqIon. "ecause, thu values of Z's oscillate around zero infinitely

m.any times, as n qoes to Infinity. Localized states arise In the followlin

exý, IV:
I + ,l, Cl

S' i (S2=2m)

I -- r (s - 2mn + 1) (23)

where s runs from 0 to Infinity. Let us consider a reqiort where

Ix - (c' + -c1)/21 > 2V, where Zn() 0 -. Since the eccnvalus x arc



distributed symmctrIcally with resp:v.t tc the middle point (W' + C')/2, we

will treat only the case, (x - (ce - e")i!j > 2V and assurre that n Is even.

'e choose an Integer S for fixed x, ;uch iat

2S > X 2 C12V > 2 -s 'f

and jcflne tti(>O) for even n, (Zn(x) b ",

I C~I + C11 ril, . .,
;~~ ~ 2 -SS-;'-" cosh w

le then obtain from (18)

2m - 1 x C- 2n- I s-nh

Taking this as a bas(s of Induction, we use agair in Inductive argument

for a finite sequence

Z2m - 2 ' z2 - 3 * 2S + I Z"I

The verification goes in the samc way as before and th" result is

< sinh_2(m - S)wo]
Z2 s < siTWTh••2(;-s-)sT-+u-1T

By repeated use of (IC,), vie can further evaluate A2 S - 1' Z2 S - 2'

Z V They are finite but change slnns frequently as the suffix decreases,

and cannot be specified In a simple vay. One easily finds l'or 2m - I >

s ý 2S,

P (x)l <V' C(2S -) Osnhl(2m- s)u)]

where a ,inite constant C(2S - 1) is given by

C(2s - ) -2 IZZS - 21 ...... z..1

'It are thus led to the result

-17-



n - 2S
e(n) < (C(2S - 1))2 T sinh2 (kw) + C , (24)

s IPh'-(n 2S + 1) k I

and C Is a finite constant given by

2S - I

i-0

By taking a limit n - the "Ight hand side of (2h) Is finite. It there-

fore turns out that the states exlting in the regions between

(e' + c")/2 + 2V and &" + 2V,and between (E' + c."•/2 -2V and c' - 2V are

localized states.

-18-
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