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Energy spectrum of clectron states In duped semiconductors is

investiqated by using spectral theory of random matrices. A part of

the content In a previous technical report is rereated In Chapter Il

for the main part of this report, Chapter Ill. The comparison with

the experimental results Is not Included, which will be done In the
future. It Is scen In this approach that the convergence of the Anderson
serles depends dclicately upon the values of random parameters. The
condition employed by ''eaire and Thorpe for amornhous semiconductors

may be also examined by the present treatment.,

#Thls report covers the content of a talk presented at American Physical
Soclcty meeting held in March, 1972. Partlally supported by the 0fflce
of Naval Rescarch undcr Contract HRO17-650.
h l‘-'-l.“‘i e
£

-y sy T

Best Available Copy -1-



Lo S v Ty

ki

UNLLASS i lLw

Secunty Clessification

DOCUMENT CONTROL DATA-R& D

Sccurity classiticatinn of title, hods of ahstiact and indexing enn latien must be entered when the overall capcrt Is classitied)

-’—'"“(ZINA TING ACTIVIYY (Curporate auathor)

The University of Wyoming
Universicy Station, Box 2906
Laramie, Wyoming 82070

28, REPORT SECURITY CLASSIFICATION

26, GROUP

1 REPOANT TITLE

SPECTRAL THEORY FOR ELECTRON STATES M DOPED SEMICONDUCTORS

4 DESCMP TIVE WOTES (Type of report ond Incluaive dates)

Surmary of Progress, Sentember 1, 1971 - April, 1972

S AUTHOR'S) (Firat name, middie initial, last name)

NARAI, Shinzo

8 REPORTY DATE

25 April, 1972

L]

TOTAL NO. OF PAGXS

19

1b. NO OF MEFS

8

. CONTHACT CN GRANT RO
N00014~-67-A-0266-0001
b. PROJECT NO.

NR 017-650

d.

ORIGINATOR'S AEPOF T NUMDBIR(S)

ab.

OTHER REPORT NOIS} (Any oithet numbers that may Se seeigned

thia report)

10, DISYRIGUTION STATIMENT

Distribution of this document is unlimited.

1t SUPPLEMENTARY NOTE(

12 “PONSORING MILITARY ACTIVITY

The Offlice of Naval Research

Physics Branch

Arlington, Virginia

22217

13, ABSTHACT

|

Energy spectrum of election states in doped semiconductors Is irvestigated by
using spectral theory of rendom matrices.

DD 1"?0“\,“.,1473 (PAGE )}

S/N 01Ct 807.380)

~20-

N Security Cleasilication




JINCLASSLELED.
Security Clazsificstion

KEY wWORDS

LINK A

LiINK B

LiNk C

AOLE LAj

ROL & wY

noLE LA

Spectral Function
Random Matrix
Locallzed States
Doped Semiconductors

DD 0™ 1473 twax

(PAGE 2)

X

Srcurity Ttansification

»




t.  LITRODUCT!ON

The preblem of localization of electrons in arr ~fodic systems has
been Intenslvely studied for diffcrent disordered n-raria!s' and discus-
sfons have been concentrated on the "effercively calized states derived
by Anderson.2 The contribution of these clectror o the conductivity is
answered only by analyzino the naturc of the clec 7on wivvefunctions. Due
to mathematical comnlexity associated uith disordr v, however, the under-
standing of clcctron wavefunctions in disorderec systems Is still unsatis~
factory, ''v viould like to Investinate them by o :i¥ferent approach.

e restr'ct our consideration to an cneravy ancctrum of electron states
in doped scmiconductors. A hiah concentration of impuritics leads to form-
ation of the imnurity band. A spatial distribucion of impurity atoms is,
however, random. The atomic potential at oach Impurity site and also the
overlan of the electron vavefunction betiucen nelghboring impurity atoms vary
from one Impurity site to another, The cffects ot this disorder viork so
as to destroy the coherence of the diffraction that permits delocalization
of an electron. Our problem Is to study the change in the cneray snectrum
of the band duc to this disorder.

The appearance of localized suvates in the toils of the lepurity band
is based on the idca that local fluctuations of notential can nroduce bound
states below the usual conduction hanr!.3 A review on various annroaches
to this problem has atsw been qiven by ‘/imnn.’I Nne of the difficult polnts
in the CGreen-function approach is that localized states are defined by the
convercence of an (nfinite stochastlc series. To take Into account the
fluctuation, orc has to take an averaaqe over tie values of fiuctuating
pnarameters. Tiacre Is no problem for an cxchanqge of opcrations, averagina
and cumming of an infinite series, provided that the series Is uniformiy
converoent with respect to the values of the pacameter over a realon of
varfation. This dacs noc¢ alvays Hoid as is s.oen in Chanter 10 1t scems
that there are reqgions vhore ve can qgive only stacistical answor, and
spectra!l thvoryg of random matrices vould be rromising to the present rnrobh-

lem,




We will follow an ana‘ytical prnccdure vithout taking the average. ‘le
'ntroduce a simplification that the number of thc nearcst nciahbors of the
Impurity atom to which an electyon hops is two. ''hen the number of the ncar-
est nelghbors Is larger :han two, it is consldercd that the clectron Is
localized in the region occupicd by thosc Impurity atoms and only Its most
outside orbit Is taken account for a hoppling action of the clectrop., MNath-
ematically, this Is tridiaqonalization of the l'ermitlan imatrix, which is
a vell=known procedure, although complex.6 A spectral resolution of the
Hamlltonlan with random clements Is treateds. This method cnables us to fing
an asymptotlc form of the clectron vavefunctlon. Furthermore, ve can study
how the statcs bnth localized and non-localized arc built up in the Impurity
band. |1 Chapter i1, we formulate thc prescent problem In a matrix form and

Jiscuss locallzed states by usina examples In Chapter (1.




Fl. SPECTRAL THENRY

For our subsequent analysis, it Is convenient to recapitulate first
some weil-known results about finite matriccs.7 Our physical system is
characterlzed by the liamiltonian which is a Hermitian matrix with random
elements. Let H be an (n x n) tiecrmitian matrix uith distinct cioenvalues.
E1, E2, e, Eﬁ. The Schroedinger equatien is written In a matrix form:

There exist n non-zero column vectors ?1. Wz, o« e ey Wn, such that

'l’ = E ‘? L] '
tYu " (v)

+ .
The corresponding row-vectors, muswu , arce defincd by

(N)*' e, C(U)*) , (2)

o (¢ (W)
ff)u (Co , C ne1

1

wherce a dagaar and an asterisk stand for the Hermitian and the complex
conjunate, resrcctively.
Since the cigenvectors that correspond to distinct elannvalues arc

linearly Independent, matrices defined by

= ' "
E Us (¥, ¥y o v oy V)

+
and U arc non-singular. The orthodonality of eiqgenfunctions Is written as

+
(4) 134 E' A\ I (S
T = 00y

. -4
and the clqenfunctions are normallzed by multiplying (ﬂu) . For the nor-

malized vavefunctions, the matrix U is unitary. The Harilionian # Is dia-

+
aonalized uith the use of this unitary matrix; U i) = T, vhere I' Is a dia-

. qonal matrix ulth diaaonal eienments, E‘. E?, e ey [n’ respectively.,  itence,
¢ obtaln
n
+ .
| = U1 o X .
IERUATEL P R (3)

AR TR
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vhere Ju are matrices alven by Vu¢u. These matrices have the oroperty that

Jug s Ju, Jqu 2 N for u#4 v, and are called the oithooonal idempotents of

H. The system of Idempotents s complete in the sense that J‘ + J2 + ...
+ Jn = |, where | Is the n~dimensional unit matrix. The equation (3) Is
referred to as the spectral resolution of .

tiow, we formulate honping actions of an electron In an aperlodic iat-
tice. letV e vijr_ - R I) be the eneray integral for the transfer of an
elaceron from the n-th site to the m~th site of irpurlty atons and the

Hamiltonian of the system Is given by

We=ica a + £ LV ata.

a
(m} mm m {f‘.l} {n} m mn

Hlere, the diaaonal clements me arc assumed to Le zero, and a; and a, are
creation and annihilation oncrators of an electron at the m-th slte, res-
pcctively; [am, a:]+ = émn' ‘lo assume fmpuritv atoms with a sinqle bound
state. The impurity sites of the summation in (4) are distributed at random
In the lattice. A fluctuating field at one site tc another is taken into
account by asslonlnqg random nenatlive values to o ‘le introduce an indis-
pensable simplification to ou analysis; that i1s, an impurity electron

can hcp only betvoen the nearest impurlty nelohbors, the number of which is
tuo. Randemly distribute. impurlity sites are then relabeled In such a way
that the nearest ncighbors may have thelr indlices different by one. The
disorder in loca*ion is nov Included in the honping distance, Rm,

m+ 1!

and random complex values are assioned to the .atrix clements, Vm T
' ol o

The Hamilttontan () Is thus rewritten as

Hie 7% (e 8§ +V
[H] n m mn

+
Ja s,
mn’ “n°n

ot G , V = r,:':

\f
m, m+ 1 m m, m =1 o=

and Vm 0" O forn=mand n ¥ mt 1,

*

Diaqonalization of this Hanllte .an into the form, XuEuxUA“ is performed
hy a transformation,
a e § C(“)MJ .
m U m

..f;..




+
vherc [Av, Av]+ ad . The quantitlcs C(u) arc determined by the Schrocdinger

v M
cquation (1) with

H e €, Py O « 0 0 0 \\
* ® L]
fa & B 0
Aot ° . o
0 L' 0
N . /
Bn .3 0 //
, e
0 Gn -3 en -2 Bn -2 /
. . s
or by
* =~ - = ]
Bm - lcm -1 * (tm E)cm * Bmcm + 1 0, (5)
(me=0, 1, .. .,n=-1%: C.y= CnEﬁ) ,

vhere the superscrint y 1e suppreused for simplicity. In order that the
simultancous cquations (") may be solved, the determinant of the cocfficlients,
desienated by Pn(E). should vanish., On oxpandina it with respect to the last
rovt or colurn, onc gets

Pn(E) - (€ | P l(E) + |an ) zlzpn .8 =0, (¢)

which is valid for n 2 2 If ue define

PUE) =1, P(E) =k -c .

The roots of Pn(E) are oll distinct and neqgative, and separated by the

roote of Pn (E) = 0, provided that Pn(ﬁ) > 0. Let us first examine the

-1
incquality ot Pn(ﬂ}. Define A, and Wy by

why-




TE T A My =0,

€. a 2, >
g v B L Pe oy, I,

and onc successively obtains

A‘ = -c‘(l - b,x,) v My T tEb X, (t 21),

where b, = ‘BI - '|7€icl .y and

X‘ = 5 -

-2

R UV, S-S

b= b

o

2

, - i
1-b,
‘e assumc that bo a {, X] = 1 and Xo a 0. The quantity an as n tends to

infinity, Is a continucd fraction. It follows from equation (6) that

PO = ks oo A A (n21).

8

I¥ all the partfal numerators satisfy

i

the continued fraction linc xn uniformly counverars and the value of 1t and
Tts approximants arc in the domain [X = (4/3)§ < 2/3, (“ornitzkiy's thcorem),
Under the condition (7), all A's aro positive and hence P (O > 0,

The only ane raot of P (E) a0 is E‘l' (=c , vihich is neqative. It

foilows frow () that
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(N, . ,
PZ(-m) >0, PZ(EI Y <o, Pz(n) >0, P?(w) >0,

Each of the Intervais, («D,Ef‘)) an (Eg‘), n), thus contains a root of

Pz(E) =0 0> Esz) > Efj) > Eéz). This becomes a basis of induction.
Assume now for any ¢ 2 3,

2> Ess) > E(s RN E(s) > Egs_'

1) (s) A
1 s = 1 » fs ' ()

1

and we dcduce that the siqn of P_ ‘(E(S)) is qiven by (~1)7 ~ ’, vthere

r runs from 1 to s. On puttine € = E(Sy and n = s + 1 in (5), we obtain

r
(s)y | . ? (=)
Ps + I(Er : IBs - ll Ps - |(Er Vs
whence the sign of PS . 1(Efs)) is 1-1)". Since the sign of Ps N 1(-m) is
cqual to (-1)° 1 1, it follows that cach of the intervals,
. (s) (s) (s) (s)
(mi ES ) ] (Es_‘v ES"Z) y A (E1 yo)

contains a root of P_

. ‘(E) = 0. This comnletes the proof of (8) for

s+35+ 1,

(n)

n of Pn(E) = 0 renalns finite
as n qoas to infinity, provided that all {-€)'s and |@|'s are finite. ‘e

It is also sh wn that the smallest root E

coan always find a number a, 0 < < 1 in

-2 - .
O B e I
ST R (YA G ) N O R (e
Pn - I(Enn) ? 2 ‘("nn) ) rin ) Enn i} Enn- 1 T

, (n) {n)y _ ein) _ . i
Combinina this vith P 1(Fn )/Pn _ ’(r” ) = (Fo =,

obtained from (), e can derive

E(n) > in. (c (n - 1)) AP

n n -~ 1" n -1 ‘N ?l !

vitere the first term on the rlght bhand sidc stands far a smaller auantity

ot the tuo., Thus, infinitely many states appear vitin a finite reoion

-f-
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of the ncoative cnergy, as n voes to infinity.

it Is now aulte natural to asl thc nature of the cneray spectrum,
whether It tsrcontinuaus or..discretc. To investigare It, we have to
define a sncctral Tunction. Let us first consider & simnle examnle, in
which cn(= vi < 0) and lﬂnlz {= |"{?) arc both constant and Independent
upon n. The recurrence rclazian (6) Is then satisficd by the Tschebvcheff

polynomials of the secord kind, Defining cos w = (F - wu)2]"|, we obtain

A sinl(n + 1)) ]
Pn(E) ’=l I _———STHT:\‘“ . ())

The eclacnvalucs are therefore niven by

w}()n) ayt/(n+ 1), (p=1,2,...,n0).

It follows from (5) thoat the cioenfunction correspondina to the ciocnvalue

Eén) By 4 ZI“‘ cos[yn/(n + 1)} (1n)
s
Yy o (n) -3 (n) (”)
¥, = (0,7 P PalE ) y
(n)y,, \
/ P,(cu“ )/ ‘

* \

\. P ‘(;:‘(J”))/"" “
The normalization factor Is avaluated as

Osn) = (n+ 1)/2 sinzlmﬂp)} . (12)
A sneetral function ﬁ(n)(f) is defineca as o non-decriasing scen-function

-




for =0 < E < o ywith discontinuitics l/Oén) at E = Eén):

o) (e) - 0, tzel
; A (n%y-1, (n) < (n)
" IR T S M (13)
: o L] o
1 ° o .
n
! —or oMyt el
\ ‘; = 3 n

Upon writing A = 1/{n + 1), ve sec from

{Oén)}-‘ e (2/7)Aw slnzlmén)l (1h)

that by a formal limiting nrocess n + o, the level density becomes

dp(E) = -(2/7) sin? & dv ,
(€ 1 E-'' 5.3
it ST [I'(51?q4?} . (15)

The discontinuitics (14) of the spcctrad function disanncar as n aoes to
Infinity. The spectrum becomes continuous and oxtends asver the interval
‘e 2]t SE S 427, The completeness relation of the orthogonal! idem-

notents,
]

énv s (2/7) f sin ((p+ 1w} sin [{v + Nw] do ,
0
is nothing but the orthonormality of Tschebychelf polynomials with the
wolght function (15).
The othor cxemple that is coxactly soluble is aiven by assu ing
s -7nit R 2
f ?ni Y, (n211),

‘{’” 3 1!2 o 12n{n - 1) (n 2 ) ,

«~10-




where we assume that {i's are all reai for shiplicity. Although this example
Is physically not Interestina, it is Instructive to obscrve how the con-
tinuous spectrum arises. The recurrence relation (7) is satisficd by the

assoclated Laguerrc polynomiais,

Pn(E) o n! Lé‘)(-ﬁlu).

The wavefunct!on corresponding to the elqgenvalue 5én) of Lgi)(-ﬁén)lk) s 0,

Is calculated as
alndoed (1) o (0}
Wh : {Ou )] L0 ( Eu s
Lg')(-eé“)/m)/Ji

: |

(1 _.(n) 4
Ll I(~Eu" /Ky IS

The polynamial Lﬁ‘)(x) has n positive zero-points and, hence, the encrgy
elgenvalues are al) negative. They are not confined to the finlte reglon
in the timit of n » o, As a rosult of this limit, the encrgy spectrum
becomes continuous over the range, 0 > € > ==, which is scen from the

orthonormal Ity of the associated Laguerre polynomials. Comparinn

[ 4]

{ c~xxaL(a)(x)L§Q)(x)dx = {(1 + a)!/i!}oij ,

]
‘0

with the completeness velation of the crthogonal idempotents,

C

(1) + 1)}") I Lgl)(-E/K)Lg‘)(-E/K)dp(-E/K) = 6!5 ,

vie find that

dp(x) = e Fxdx = -dlc X(x + 1)} .

-} 1=




In summary, the behavior of an eclectron over random impurity sites
Is described by the wavefunction in a form of a celumn vector, A posi-
] tion varlable In this wavefunction is a rov suffix, and is discrete. If
j the recurrence relation (6) is that of the well=known orthogonal! polynomial,
the reaicn witnln which the polynomial is defined glves a region of varla-
tion of the energy cleenvalues, The welght function for the orthoaonallty
of the polynomlals Is assocliated with the energy level density.

gor e
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ttl, LOCALIZED STATES

The clgenvaluc problem of a special matrix has been discussed using
examples in which the structurc of energy spoctra is comparativcly stmple,
It Is nccessary to Inquire a little more closcly Inte the nature of the
spectral function for the nrobiems of our intcrest. The spectral function
(13) has discontinuities of the amount !/Oén) at ' = Eén). If all Oén)'s
diverge as n qoes to iInfinity, discontinuitics disanpear, whilc If any of
them is finite in the limit, there remalns a dlscontinuity at the point
in the cnerqy spectrum, By lookina at the be' avlor of the wavefunction
with the position variable, we can examine vhether the stote Is loca'lzed.

The random parameters, (e' and B‘). canpot bhe casliy rclated to the
spectrum function and nnthina can be sald about the enerqy spectrum unless

any restriction Is put on the random parameters. ‘'e {lrst assume that
lB‘I =Y , €'g € & e, (16)

where €' < 0 and V Is constant. |t Is not nccessary to assume that |G!| 3
constant, and it will be reroved later. The suffix p of Eun remains
unaltered through the present analysis and the letter x Is used instead
of E(n).
u
By definlnag a quantity
z (e) =P (E)sve__(E) , (n

we have from (6) a recurrence relation

SN IR G SR I (S (19)

Suppose that x s one of the clqgenvalues of the n-th scction of the

Hamlltonian; Zn(x) = 0, It follows then that

-1 -1
2oL e v x - e

).

n o~ 1

-13-




Let us restrict our considzaration to a realon vhere x - ¢'' > 0 or

€' = x> 0. As the both cases arc analyzed similarly and the result
is symmeirical with respect to the middle point {€' + €'')/2, v treat
the fi~st case only. Aszume that

x =g 'ma2Vcosha, (w>0),

and we have an linequality, Zn -1 £ sinh w/sinh (20). 'Hth this as a

basls we use an Inductlive araument. Assumring

[ S sinh [{s = Nul/sinh (sw)

for n > s > 2, onc obtains from (18)

-1 2 _osinn(s - Vw) 4, sinh[{s + Vuw]
zn - {2cosh w sinh (sw) ’ sinh (sw)
E llence, one has the result
P < sinh (sw) ’
2 - s SToh((s * Dol * "> %7 h (19)
Since
L y 3
£ Ps(x) WZZ e 2221 , (s & 1)
Po(x) s 1,
incqualities for s < (n - 1),

Ps(x) ==<'VS sinb{(n = s)wl/sinh (nw) ,

arc obtained. From the elgenfunction correspondinag to the claenvalue x,

-1

TR U AN N VA SN O VAR

1

the normalizatior constant s proved to satisfy

-'l'-
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(n) S coshi(n + 1)) n
eu ¥ 2sinh w sinh (nw) 2 sinh? (rw) ° (20)

In the limit, n + o, the right hand side Is finite for w ¥ 0. The iimit
of v/eg") docs not vanish and the discontinulty c(xists at E = lim Eén)
the cnergy spectrum.  Looking at the wavefunction, one finds that

1im P 1(x)/V" "o exp. (=nw) .

n + o n » o

As the wavefunction vanishes exponentlially with resprct to the position
variable n, the state is localized.

To remove the restriction that all IB |'s are constant, we have to

redefine 2 (E) with the assumption |B]' § IB | 5 |8]", by
z (E) = Pﬁ(E)lms ST (E)
s ~ 1
and obtain thc recurrence relation
E -¢ |8 |
- s - 1
4 lE) = S - z () .
s - 18 - g1 18 ol 7s
As Zn(x) = 0, we successively find
IR A T R N
2, . () = 6, - ¢ -l Iy o feme L), (2 Ss<n)
J B em——— _— ! _— _
n-s
‘_ln-‘s__l‘i(x-gn-s)(x_en-5+l) -
N T )

'wnlﬂ | ¢/ (x-¢ _7(x-r _‘)

s o s o tes Pt

-1~
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If for any | ,

1812/ x - e tx =gy, )] =

1
'[; ’

ali J; » as n goes o Infinity, are In the domain |J = (4/3)] s 2/3.

The

continued fractlon converges unifornly under the above condition, which may

be replaced by the stronacr condition

Ianl/(x - ") s _;_ or |ﬁ"|/(€' - xJ

for x > (' + €'")/2 or x < (e' + €")/2, respectively.

(|80l v |Bs - ‘|)(ZSZS

and the vavefunction is

+ (n)-% (n)
a {ou" ) (PO(Eun )

It Is casily shown that Oun

)+ (8|

(n)y /a*
PLE)/B,

corresponding to Anderson's condition,

<1
i" ’

L By - ‘)(Z Zs -

n -1

Since PS

(E(“))/?

(21)

. Z‘)

%
"n_z) s

(22)

converges under the sufficient condition (21)

To continue our analytical procedurc into the inside reqgion excluded

by (21), it Is necessary to speclify the n-dependences of €, and Iﬁn

In

detall. ‘e cannot carry out an analytical procedurc, though nhysically

interestina, for a random assianment of valuc
unlformly distributed values within certain ranaes.
vhen we take an cxample in which IBSl sV, e =g + [s(e" - c')/n],

n + ®), we cannot expect localized states In the

(s=0,1,..,n-1;

Inside reqion. "ecause,

many times, as n qoes o infinity.

exat et

+
L

where s runs from 0 to iInfinity.
Ix - {e' + Q”)/2| > 2V, vhere Zn(h) = 0,

Locallzed states arisc In the followinag

e - ¢!

2{n + 1)

L
210 + 1)

Let us conslder a reqion wherce

- 16+~

to those paramcters out of

(s = 2m) ,

(s = 2m+ 1) ,

Since the cliacenvalues x are

On the other hand,

the valucs of 2's osclillate around zero Infinitely

(23)




distributed symmctrically with resp:ct te the middle point (e' + €')/2, we
will treat only the case, {x ~ (e' » €')/?] » 2V and assume that n Is cven.

‘e choose an integer S for fixed x, such :iat

g - gt g! 2l g - g!

O AR CE R

and vefine w(>0) for cven n, (Zn(x) e ), b

cl + Ell E” -
X 3 5+ T = cosh w .
‘le then obtain from (18)
z - v sinn @
2m=-1 x -t sinh {(2w) °*

2n - 1

Taking this as a basis of induction, we use agair an inductive argument

for a finfte sequence

Z Z

2 y Lae o

2Zm =2 ' "m -3t T28 4+ 2S

The veriflication goes in the same way as before and the result s

< .sinhf2(m - S)w)
S " sinh(i2(m = SY + 1jw)

2

By repeated use of (10), we can further evaluate Ayg - 10 225 PRI
Z'. They arc finlte but change slans frequently as the suffix decreases,
and cannot be specified In a simple vay. Orc casily finds Tor 2m - 1 2
s g 2§,

sinh[(2m - s)w]
stnhi(2(m = &) + T1lwy °

P ()] < v c(2s - 1)
where a vinite constant C(25 - 1) s glven by

c(2s - 1) = |z,¢ | ‘i 12,0 L % IR 1 I

Ve are thus led to the result




n~-2S
(n) (c(2s - 1))? .
eu < siph®[(n = 2S + Y)w) X 5 : sinh*(kw) + C , (24)

and C Is a finite constant glven by

2§ - 1

A LRI L
| =0

By taking a limit n + o, the “ight hand side of (24) Is finlte. It therc~-
fore turns out that the states existina in the reglons between
(e' + €")/2 + 2V and €" + 2V,and botween (€' + "'/2 -2V and €' - 2V are

tocallzed states.
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