AD 742352

Carnegie-Mellon University

PITTSBURGH, PENNSYLVANIA 15213

GRADUATE SCHOOL OF INDUSTRIAL ADMINISTRATION

WILLIAM LARIMER MELLON, FOUNDER

NATIONAL TECHNICAL
INFORMATION SERVICE MAY 80 1972

springfield, Va. 2215¢
G0 U T

Approved for public re)
Distribution

2

\\

R T VR, Va7




o T s g,
iR iy A

rr{bey g S

5 L B

el Bl

e B SN

SRt ] .

E‘m‘v{ W .

b B ]
Ty B
Ry o

THIS DOCUMENT IS BEST
QUALITY AVAILABLE. THE COPY
FURNISHED TO DTIC CONTAINED
A SIGNIFICANT NUMBER OF
PAGES WHICH DO NOT
REPRODUCE LEGIBLY.




Loclassyia...

secunty Classification il
DOCUMENT CONTROL DATA-R& D
sty clas abec et of it Loy ot b vt and andesang aatateon spast e e tored when the averall repatt 4l siliedy
Ve AT e AC Y S T O st aathiog O, HTF ORT SUCUFITY TLASSIE (0 A TION
. S 4 . .
GraduaFc . ool nf.In u§trial Administration Unclassified
Carnegie-Mc clon University I T e e e e e e 4
e e o . Not Applicable .
A LINEAR PROGRAMMING FORMULATION OF A SPECTAL QUADRATIC ASSIGNMENT PROBLEM T

4 vt ’4"!5/'))f'lﬂ" vt ang anclusive dares)
Management Sciences Research Report November 1971
&L, TR pst e, middie sngtia!, 18st neme

V. J. Bowman
D. A. Pierce
R. Ramsey

€ EEFQOHT L ATe T, YO VAL WO OF IPAGE DS V1 TRV e L N T A I
November 1971 20 6

€ T LN TE AL T of & AR, T . W DPGINATOR'S WE RO FCMIBE RES)
N00014-67-A-0314~0007 o

.ty e Management Sciences Research Report No, 277

NR 047-048

W} O1E R REPOKR T MO rAny other numbera that muayv be assigned
thy ceporti

.y Wp - 39-71-2

1T TISTRIGUTION STATEMENT

This document has been approved for public release and sale;
fts distribution is unlimited.

R | | -

AR TR MR L C Aty N T TE D Y. LT alal FR s

Logistics dnd Wathvmatlcal Statistics Br.
Office of Naval Research
Washington, D. C. 20360

T ARSTRACT

A special quadratic assigmmeat problem is shown to be equivalent to a
linear programming problem with n” constraints and n? variables where n is
the number of elements to be assigncd, A labeling algorithm similar to that
for the linear transportation problem is presented for solving the problem,
An example is presented that deals with "triangularizing'" input-output matrices.

FORM (FAGE 1)
DD VAN 1473 ‘ Unclassified

N LIGTLRGTOERD Sesonty Clacsiti ation

.."‘“-‘-IW“



Kl y SO ¢S

LIty A

Line €

wOLY

ROLE AT

Quadratic Assigmment
lLinear Pyogramming
Labeling Algorithm
Permutation Polyhedra
Matrix Generation
Dual simplex Methods

Input-Output Matrix

|

DD 72,1473 teacx)

(PAGE 2)

Unclassified

Sccurity Classification




WP 39-71-2

Management Sciences Research Report No, 277

A LINEAR PROGRAMMING FORMULATION
OF A
SPECIAL QUADRATIC ASSIGNMENT PROBLEM

by
V. J. Bowman¥*
D. A, Plercex*

F. Ramsey**

November 1971

* Graduate School of Industrial Administration,
Carnegie-Mellon University and

Department of Industrial Engineering,
University of Pittsburgh

** Department of Statistics
Oregon State University

This report was prepared as part of the activities of the Management Sciences
Research Group, Carnegie-Mellon University, under Contract N00014-67-A-0314-0007
NR 047-048 with the U, S. Office of Naval Research. Reproduction in whole.or

in part is permitted for any purposc of the U. S. Government.

Management Sciences Research Group
Graduate School of Industrial Administration
Carnegie-Mellon University
Pittgburgh, Pennsylvania 15213

Approved for public releane
Distribution Unlimited




A LINEAR PROGRAMMING FORMULATION OF A SPECIAL QUADRATIC

ASSIGNMENT PROBLEM

Abstract

A specia] quedratic assigoment problam is shown to be equivaleat
to a linear programming problem wich n3 coastraints aad n2 vartables where
n 1s the number of elewents to be assigued. A labeling algorithm similar
to that for the linear transportation problem is presented for solving

the problem. An example is presentad that deals with "triangularizing"

taput-output matrices.
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Introduction 3
g
]

This paper shows that a special quadratic assignment problem can
be reformulated as a linear programming problem. f

The general quadratic assignment problem can be written as Yl

i
Ty = b (1)
3
’1_1 = 0,1
where the matrix dot product is defined ag T.C = ¢ s Ll.e.,

(;,j,‘ij°ij

is sum of products of all paired iadices, see Lawler [3 ]. 1ln Section 1,
we show that for a special form of T, (1) can be reformilated as a

linear programming problem, i.e., all extreme points of a linear set

of constraints are soluticns to (1) and vice~-versa. Ia Section 2, <
develop a labeling algorithm for solving the linear programming formulation.
In Section 3 we discuss an application of this formulation to the triaugu-

larizatioa of inputeoutput matrices.

Section 1: Linear Programming Zquivalent

Consider the quadratic assignment problem (1) where T is an upner

triangular macrix or oues, f.e.,

o ©

- ————
©o =
.
-
.
.
.
-

O O« -
.

O O+ o
[

\
.




IS

This quadratic assignrment problem can be viewed a3 finding a permuta-

tion P = (r ..rn) of the rows and columns of A such that the sum of

the above diagonal elements is maximized. That is, if fA(P) is the

value of (1) for permutation P then

n~l n
£E(P) = T Y a
A j=l fui+l T1,7§
The relationsnip of the permutation P to the variables Y in (1) is

that Y is the permutation matrix of P, that is

The structure of the problew yields the following casily verified

properties:
Property l: For any permutation either aij or a,., i4]
3
. must appear above the diagonal so that either aij or aji

is in the function fA(P)-

Property 2: If A is a symmetric matrix, thea fA(P)cconstant

for all PB.

Property 3: 1If A*=A+B thea fA*(P) = EA(P) + fB(P) for all P.




A

We can assume by Properties 2 and 3 that a, > O for all i and j.

13

Let us consider the graph G = (X,U) where X is a set of n vertices and
U is the set of directed arcs U = {(i,J) i # j}. wWe will associate

with earh are (i,}) of G a cost a Let " be the set of partial

1j'
graphs formed with Eﬁg:ll arcs of G such that (£,3)eG'el’ = (§,1i) [ G'.

Let h(G') = T ‘ij for G'el', G' = (X',U). If we consider the
1,
following problem
] min h(G')
f st c'el ()

and G' has no cirecuits,

then (1) and (2) are related by the following theorem.

Theorem 1. If z is rhe optimal solution to (1) aud w the optimal

solution to (2), then z = w

Proof: 1n order to prove this theorem we will show that every feasible
graph, G', in (2) corresponds to a permutation P' in (1) and that
there exists no permutatfon in (1) for which this correspondence does

i not hold.

Lemma 1: 1If G'¢l then (1,)) g G’ = (§,1) ¢ G* for i ¢ jJ.

Proof: Consider the sets of arcs slj = {(1,5),(3,1) | £ > 3}; There

vy F

are n(n-1)/2 such sets and by hypothesis only one atc vun ke dicown

from each set in constructing G'. If there exists a set sij such that

$,,MU" = @ then [U'|< n(a-1)/2 contradicting the face that G'dl.




Lemma 2: If there exists a circuit in G'el’ of length g > 3 then there

exists a circuit of leagth 3.

Proof: Let (11'12""’1q~1’L1) denote the circuit G'el’. Now suppose

(il,i )¢ G' since otherwise we are done. By Lemma 1, (iq_z,il)ec';

q-2
thus there exists a circuit of lemgth g«l. This indirective step can
be repeated to prove the lemma.

Let us define the out depree N(i) of a vertex i in G' as N(i)= r 1
(i,3)ec’

Lemma 3: If N(1) = N(3) i # j then G' has a circuit.

Proof: Let N(i) = N(jl) = K and let (i,jl),(i,jz),...,(L,jK)eG' .

Now suppose (jl,t)eG' and t ¢ 3 f=2,...,K, then (t,i)eG' by Lemma 1.
Therefore ¢ = ji’ i=2,.,.,K, but there are only K-1 such arcs and
3ince N(j1)=K there is one arc (jl,t) for which t # ji’ i=2,...,K

aud there is a circuit.

Proof of Theorem l.

Let G' be feasible in (2). Then the nodes of G' can be ordered such
that i < j 1f N(1) > R(j). Let this ordering be P' = (rl,rz,...,rn) i.e.,
tj =k if N(k) = n = j. Since 0 < N(i) < n-l,N(ij) = N(ij+1) + 1, and thus,
P' is a permutation of the n integers (0,1,...,0+1), which is isomorphic to
the permutation of the integers (1,2,...,n). Consequently P' is a permuta-
tion for (1). Notice that any permutation in (1), introduces the ordering
on G' by the out degree values. To show that z = W, we note that for the

£ .

a
permutation P', z = ¢ T a while for the associatad graph G'e.,
i=1l je=i+l "1 §

n=-1 n

wah(G') = b2 v T a .

) a = .
e’ e g1 55y

Q.E.D.




Corollary: The optimal solutions to (1) aud (2) are related as follows: lf
~ $
g *1 4f N(i) = a=~j
f ’ 13 0 1if otherwise
)
Proof: Obvious from the proof of Theorem 1.
" Prom Lemma 2 we can reformulate (2) as follows:
wmin  h(G')
1 st G'el
G' has wo circuits of laagtir 3.
1f we let xij =1 if (i,}) eG' J
= 0 otherwise,
then %“he following equations do anot allow circuits of length three:

S < ; s
%13 + %, +x 2 ididk

A TR DI R

in addition, Property 1l stipulates T + xji a1 f4# 3. Thus the

quadratic assigoment problem has been reduced to the following integer

lincar programming problem

n n
max 3 < a,x
f=1 jo1 14 |
st xij + xjk + xkl_s 2 idkdéd jéL %) J
X, + %X 4+ x 2

x .+ x, =1 id}

X = 0 for all §

Kij = 0,1.




We now use the following theorem of Bowman {1 ] to reduce (&)
and correspondingly the quadratic assignment problem {}) to a linear

program,
Theorem 2: The extreme points of the polyledron formcd by the coustraints

X,, + %, +x . 2 ifktdjéi

xij+xjk=l id43
Y
ij -

x,. = 0 for ail i
ii

are all iateger.

Ty

The result of this theorem is that wa can drop the integer coa-

! strajints to (4) which reduces the problem to a linear programming

problem. tlowever, therc are a(a-1) variables and n(n-1)/2 + n(n-1)(n-2)/3
congtraints which causes problems with suolving by conveational L.P.
methods as n grows large. In the next section, we develop a labeling

technique to solve (4).




Section 2: Alporithm

In this section we describe a labelling tyoe algorithum for solving
the linear programming problem (4). This algorithm corresponds to a
duel simplex voutine, but the amsuant of computer storage required is
smaller than the standaxd linear programmiong cequirements.

We first note that the constraint xij + xji =

by upper bcund constraints on cae of the variables. Therefore, iet

1 can be replaced

us reformulate (4) as

n-1 n
z z
i=1 j=i+l

X,. + x,
i) i

.‘r’ “\
We have thus reducad the problem to one iavoiving -ﬂf—ﬁL variables,

but there are still! n(n=-1)(n=2)/3 constraints excluding the upper
bounds. This, of course, implies solving the dual of (5). Let (5)

have the matrix representation

max cx
s.t, Bx < e
and -Bx 10

0 <x -

the dual to (3) is

min ew + cev
sot. B'w - B'u+ Iv >

Wyu,v, > 9




~

or
min ew + ev
set. <B'w+ B'u ~ Iv+4+ Is= «¢ (6)

8,wWyu,v, >0

Now since the columns of B' correspond to the constraints of (5) every
column can be denoted by a triple (i,j,k) where i < j < k. Of course,
identifying & column of B' is equivalent to identifying variables

in (6) and we therefore, use the following notation:

(i,j,k) denotes variable uijk i <3<k

and (7a)
(i,j,k) denotes variable wijk i<j <k,

In a similar manner we let
(0,1,3) denote variable sij 1 <]

and (7b)
(0,1,j) denote variable vij i1 <3,

Observe that the variable designation also allows one to zenerate the

appropriate column representation in (6). Because of this fact we

will develop an algorithm that keeps track of the basis elements of

(6), but not their matrix inverse. Then when we decide to enter a

new variable, we will find its representation by a labelling algorithm.

This is quite similar to the approach used in transportation algorithms,
In order to determine incoming variables (or optimality) we will

use the {act that if we know the dual solution assoclated with a
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basis of (6), i.e., values for x,

i}

u are the slacks of the respective constraints for xij + xjk - xik =

- - < 3 : spec -
and 45 xJk + X, = 0 and the reduced costs for v and s are respec

tively l-xi and x, . When these reduced costs are all positive we

3 i}

are optimal, otherwise we introduce the appropriate var‘abie into the

s» then the reduced costs for w aad

1

basis. In order to understand the following algorithm we again point
out the variable designations (7a) and (7b) allow for the generation
of the appropriate column of (6) and thus, there is no need to ever
have the complete representation of (6).
We denote as follows various storage units used in the algorithm,
X: Upper triangular matrix whose values xij correspoud to the
solution of (3) assoclated with a basis of (6) i.e., they
are the reduced costs associated with variable s.
C: Right~hand side values associated with current basis of (6).
B: Upper triangular matrix bij is the identification of the
basic variable associated with row (1,j) of (6).
S: n(n-1)/2 lists denoted Sij' List sij contaius the basic
variables that have non-zero entries in row (i,}) of (6).

The other elements used are approprlate temporary storage units.

Step : 1lnitialization

€= lag; - “ji"

If (aij - aji) <0, xij = 0, bij = (0,1,)), Sij = i(oviaj)}
Otherwise, Xgy 1, bij = (0,1i,)), Sij = {(O,,, )

Remark: It is easy to confirm tha% this produces a feasible basic

solution to (6) made up of the variables v and s.

B
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¢
Step l: Optimality Check
1f 0 < xij <1 for all i < j and
< - < : i <3 <
0 < xij + Xjk LT 1 sor all i 3 k, then
stop, this solution is optimal.

Remark: Let v = {(r,s,t) or (?TETZ)} be the entering variable corresponding
to violation of one of the above restrictions. Note r = 0 is
permissable, Go to Step 2.

Remark: When r = 0, addition on index O implies no operation and is

used only for notational convenience.

Step 2:
2A: Let z,., = |S..| (the number of elements in list S, .).
ij S K i)
= B = + = 1 .
Let er zrs + 1, zrt ?rt 1, z3t zst +

2b: Reduction Step
2R1: D=9 (D is a list)
2B2: 2. = 1 € t P - -5 . 00ps=
B If 7iJ for any zij’ le Sij sij D
= {(a,b,c) or (a,b,c)} and go to Step ZB3.
Otherwise go to Step 3.
7 . = D 2 = - = - r = - .
2B3: D =DV ?and Z b Z b 1, Z o 2 1 and Zpe Zue 1
Go to I2RrR2,
Remark: Step 2B eliminates basic variables that cannot be used to

represent (r.s,t) or (r,s,t) because of having only one non-

zero clement in a row of the basis matrix that has a zero in the

antering column.




ap: If v s (r,s,t), Ers = -l Ert =1, Est = =1. Go to
Sten 3C. /
4
Otherwise, if 7 = (r,55L); Ers = by Trt soeedy E:t = J.
Go to 3C.

3c: let @ - {#} (an ordered list).

3D:
: . = 1 and E. 0 f g <] = - . D,
L TE g wd i 4 0 for some i < j, let P sij SiJ
let b = Pand L (b_) =+L.
1) S
to 3E.
3p2: If Eij - 0 for all i,j; go to Step 4,
3bp3: If zij = 0 for some E‘_] 4 0. Go to Step 5.
i 2 .2 for all Eij 4 0, ler P = some element of
5. -5 ,0Dtor By 40, Let b = P. L(b y = Q.
il ij i) Pq 1°'pq
Go to 3E.
3E:
3€1: 1t bpq = (a,b,c) then either (a,b) = (i,3) and set
Lz(bpq) = gign (-Eij> or (a,c) = (i,)) and set

Lz(hpq) = sign (Eij) or (b,c) = (i,3) and set

Ly(h ) = sign (-E, ;)

e

Eab = Edb * Lz(bpq) o
7 =P~ .
ac ac T?-(bpq) L
B S FE 4+ L b ) -1 Go to 3F.

“he be 2°7pq
3e;  Otherwise if b . = (2 .5.¢)then cither (a,b) = (1,3

and set L?(buq) = sign (Eij) or la,c) = (i,)) and set

Ly(h ) = sign (B oF (b,c) = (i,]) and set
Lo(b ) = sign (B ) 5
2" pa ¢ ( i_])
= F . { Yy .
Ldb Pab ! 2 \b’lq !
T' = F <4 l,\l) . l
ac av Pq
e = Ppe = 120pg) ~ 1 Go 1o 3F.




3F: 7 = = - = - P = - 1 = P
“an T “ab L Zac T Cac L “be = Zbe » =DV
= U b L b ) L. b GO to 3Do
Q=Q U (b s Ly )y Ly(b )
Remark: Step 3 finds the representation of the incoming column v

in terms of the present basis, Ll is a label that is one

if there is only one non-zero entry in a row which has a

non-zero value {n Vv or its subsequent representation.

Step 3hl always tries to force a permanent: labellinyg since
this is a forced relationship,
L, is a label that gives the sign of the basis element
bpq in its representation of v. Since the set is unimecdular,
we know the coefficient of a basis vector is Q or+ 1,
Finally, we note that 3D2? stops our labellinsy; procedure
when we have found a linear combination of the basis vectors
that yields v.
Step 4: Change of Basis.
4A: Let Q+ be the set of Q such that L2<bij) = 4+ for bijé Q and O~

be the set of Q such that Lz(bij) = = for hije Q. Let min ¢, =

b, ct
c and W=»>0 . . 1]
P4 Pq
¢..=c..+c  forallb, . ©Q and
ii i3 pq i}
-+
. = - for all b k6 & i, .
ciJ Cij ch a 13 Q (i,)) ¢ (Psq)
= = = = ¥
qu v and Srs Srst, srt srtuv’sst SstLv
and if W= (a,b,c) or (a,b,c) we have Sab = sab - W,
S =35 - Wand S = § - W.
ac ac be be
4B: For (0,i,j) € B, set X5 " 0, for (0,1,j) € B set Xg5 l.

Go to 4C.
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y
. o EEB. i , - = 0. :
4C: For (i,j,k) € B, i 4 @ set, Aij + X " Xik 0 aad for
(1,3,k) € B set X4 4 + e~ Xk = 1. Solve these constraints

with the conditions of 4B to obtain new X matrix., Go to 3tep 1.

Step 5: Back-tracking.

. S5A: Back=track in list Q to the last element labelled 0 (temporary) i

say bmn' All elements encountered in the back-tracking prior

tob say b must have L (b ) = 41 and are freed i.e., for
un Pq 1" pq

all p,q. Perform 5A1, 5A2, and 5A3,

sal: 1If bpq = (a,b,c), then

1]

4 - b .
Eab r'atb L2( pq) 1

Eie™ Eact b, « 1

it

Epe = Epe - Lz(bpq) * 1. Go to Step 5A3,

5A2: Otherwise, if bpq = (a,b,c}, then

Eab Eab + L2(bpq) 1

#

it

Ege = Bge = Lp(b ) * 1

Ey

1§

¢ Epet Lz(bpq) * 1. Go to Step 5A3.

SA3: D=D-=5b =Q - (b_,L, (b L, (b
pqr @7 Q= (bl (), Ly )
2 =2z, +1,z =2 +1,2 =2z2__+ 1.
ac

ab auv ac be be
S5B: [‘1(bmn) = +1- Go to 3D.
Remark: Note that the only change for bmn Is that it is permanently
labelled rather then temporary. This makes sure that it will be

freed when we backetrack to some poiat prior to its assigament.

While this algorithm may seeam quite involved compared to ajmple
simplex operations, one should note that its advantage comes in its
small core requirement compared to a linear programming approach.

1f we assume that the original matrix is generated rather than stored,

N——_—.__._
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— X

our core requirement for simplex solution of (&) is essentially that of
the basis {averse, This is (2£§=ll92 or oa the order of na. For the

above algorithm, one uneeds to store ﬂﬁgzll elements for X,C,s8,Z,E, and
2 libels and a maximum of 22$§:l1 for S, that is approximately S5n(n-1).
For large n this savings is considerable. For n = 20 the L.P. may re-
quire over 36,000 stoxage spaces while the proposed algorithm requires

roughly 1900.

In the cext section, we discuss the application of this algorithm :

to a yuadratic assigumant problem involving the triangularization of

Input=-Output matrices.
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Section 3: Example - Triangularization Input-Qutput Matrices

The permutation of rows and columas of an inputeoutput natrix,
denoted A, that maximize the sum of the above diagonal elements provides
a hierarchical listiag of the sectors of the economy as "users" aud
“suppliers".

For the economic interpretations and a heuristic method for triang~
ularization, see Simpson and Tsukui [6]). Por an implicit enumeration
algorithm, see [5}.

It L9 easily verified that the problem of permmting the rows and
columns of A wakes it = quadratic programming problem and since we are
concerned with the sum of the above diagonal elements we have the T

matrix as in Section 1,

The following exemple is a 5x5 subset of an original 37x37 iaput-

output matrix presented by Leoatief [4 ].

Agric, and Fish 2453 3896 2195 15 317
Food and Kindraed Prod. 538 14127 61 8 0
Textile M{i11 14 0 1321 2913 0
Apparxel 9 50 0 1471 0
Lumber and Food 34 25 20 0 1817
Step 0: 3358 2181 6 283 ﬁ 1 1
.- 6t 42 2} __| 1 0 o0
2913 20 1 0
c 0




2B2:

283:

o X R TR T

el

[T 0,1, @18 O3\
; (0,2,3) (0,2,4) (0,2,5) !
\ (6,3,3) (0,3,5) |

(0,4,5) /

= 2and v = (2,3,4)

1 1 1 1
.f \
9
. 1)
\ 1/
p=#
2,7 L B= O

D= {(0,1,2}}

2L N T | 1\
§

2 2 1
z = i
2 1
| 1,f
23" L P e @013
D = {¢0,1,2), (0,1,3}}
/0 0 1 1 \
' 2 2 1 |
z = _
2 1
1)
-\ !
zl,“ = 1, Poa (OOID“)

b= {(0,1,2), (0,1,3), (0,1,4)

/06 0 © x\

ze 2 2 1 :
2 1

\ /
1




2B2 and 2B3 repeat for z 123 5 and 2 ending with
»

1,5'%2,5 4,5
283: b = {(0,1,2),(0,1,3),(0,1,4),(0,1,5),(0,2,5),(0,3,5),(0,4,5)}

0 0 0 O

. 2 0
2 0
0
0 ) 0 0 0 O
1 %: E = 0 0 s = 1 0 -
] 0 1 0
i_ 0 . 0
|
i 6 0 o0 0o
|
| w: g= 1 -1 0O
1 0
0
3c: Q=¢

40 P (3,2,3).

| 2,3 2,3
f b +1
? L,( 2,3) -
/ 3 Ly(by 3) =+ n = (("2,3’ 1, +)}
0 0 0 o 0 0 ¢ 0
E - 0 -1 0 2z = 0 0
| 1 0 1 0
0 0
3pl: W 1 and 32’4 $0 p = (0,2,4)
3E: Lz(bz,‘) =4, Q= i(b2'3nl~o+)a (b2,4’1'+)1
b 0 o o o 0 0 0O
£ - O 0 o z = 0 0 ¢
1 0 1 0
0 0
]

e ;e




P

<18~

3p1: $0 Ba (0,3,8)

23071 B3
3 Ly(by ) =+ Q= i(b2’3,1;+),(bz’a.],+),(b3’4.1,+)}

© 6 0 O\ 0o 0 ©c o0
o o {0 G !
Es= Z"\ i
0o ¢ ) . 0
o - N 0
ip2: E= 0

sh: Q0 =Q, Q =8

"oq = min(6l,42,2913) = S, 4 Wa (0,2,6)
M ~
/5358 2181 6 283
¢ =i 19 42 28 1
4 2871 20
. /
) 0

0y = (T:3:8)

52.3 = {(03203)1(20354)}9 ‘2’6 - ((213’4)}’ 33.4 = {(0)3o4),(2:3»4)}

/A 1 1 1
4B: x = 1 x 0
1 0 ;
0
4C: xz.3 + xs.“ x2.4 =1 xz.3 =1, x3’a = 1=Dx2’4 a ]
1 1 1 1 -
\
1 1 0
x = i
1 o }
0

1: All conditions satisfied. Solucion optimal.




The optimal solution has

/’x 1 1 1 1\
4I
[e x 1 1 o) i
x*=10 0 x 1 0 g :
ﬁ 0 0 0 x 0 |
\0 1 1 I x !

w o - N s

s¢ that the optimal arrangement i¢ (1,5,2,3,4) i.e.,

Agric. & Fish /2453
Lumber & Food ' 34
 Food & Kindred Prod. - 538
Textile Milis .14

Apparel N9

or in reduced form

X 283 3358 218!

o x 25
0 0 %
0 0 0
0 0 42

20

6

X

317 3896 2195 15‘\

1817 25 20 0
0 1427 61 8 ‘
0 0 1321 2913 :
0 50 0 1471

2913

While the algorithm may seem quite cumbersome for such a small

problem, efficilent use of bit processing routines and proper programming

techniques greatly simplify the updating procedures,
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Conclusioa

We have shown that a special form of the quadratic assignment
problem can be reformulated as a linear programming problew, and that ;
because of the structure of the linear program an algorithm can be
developed tlat parallels the simplex method but at a greatly reduced
storage requiremeat. This might indicate that other quadratic assign-

meut problems may have equivalent linear programning formulatioas for

specific T matrices in the formulation (1). These of course, will noc
necessarily have to correspoud to integer solutions as in the case of
the xij in the above problem, but rather, may fall in the category of

searching fur appropriate permutation polyhedra which are discussed by

Bowman [l]. One should further note that the algorithm of Section 2

iz really dependent on the constraiut set of (5) and not its objective

functior and thus, is applicable to any problems where this coastraiat

set arises whether oc not it comes from the Quadratic Assignment problem

(i1). For a discussion of this constraiant set in the context of transi-

tivity, see Bowman and Colantoni {21].
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