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ABSTRACT

The problem consldered is that of finding an optimal integer wolution
for the hyperbolic programming problem. A geonetrical framework for viewing
the problem is developed and a general algorithm for finding an optimal
integer solution is proposed. Thie algorithm raeduces to solving a finite
sequence of linear ’'nteger programs when the number of feasible integer
points is finite. It is shown that when the integer restriction is removed,
the general algorithm reduces to an algorithm proposaed by Isball and Marlow
to solve the continuous hyperbolic program. It is also shown that the group
theoretic approach to integer programming can be used for hyperbolic integer
programming. Solutions for a hyperbolic programming problem with bounded
integer variables only and a hyperbolic knapsack problem are also given,

It ig shown that ueing the general algorithm to golve these problems makes

it possible to reduce the number of varlables at each iteration.
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CHAPTER 1

INTRODUCTION

1.1 The Hyperbolic Programming Problem and Its Oripins

Mathematical programs whose objective functions can be
expressed us ratios of functionals are commonly called fractional
programs, A special case belohging to this class of problems is

(1)

the hyperbolic programming problem, It has an objective functlon

which 18 the rdatio of linear functionale and is of the following form!

max {f(x') (e'x" +a)/(d'x' + 8)}

=1

s.t, A'x'

Ia
-2

5‘!

v
<

)

To avold pathological ca.es, it will be assumed that (Pé) is detdined
over the field of rationals, The constraint matrix A' has dimenslon
(n x n), x' 18 an n dimnnsfonal column vector, c¢' and d' are n
dimensfonal row vectors, b is an m dimensional column vector and a and
B are fixed constants.

Applications of (Pé) arisa in a wide varlety of contexts.
Almogy and lTevin [1) note that a fractional objoctive function cun
represent a time rate of earnings and is thevefore a truo meascre of

econondc performance, Martos [2) recognlzes the appropriatencsn of

(1)Tnis problom is also %nown as the lunear fractional
programming problam.



the structure of (Pé) when the purpose of optimization is fiuding the

most favorable ratio of revenues and allocations,

Dantzig et al., [3] construct a hyperbolic program when solving

a ship vouting problem, Their svlution requires finding a cycle in a

graph which has a winimal cost to tiwme rati-, Thi=s problem wos also

studied by Fox [4].

Production models in which the manufacturing processes gencrate

scrap material also suggast problems that rescnble (Pé). For example,

in tleir discussion of the cutting stock problem, Gilwmore and Gomory

[5) minimize a rational objective function which representr percentage

waste, Wagner [6] considers the related problem of finding the

production schedule which maximizes tho fraction of usgble raw

material,

Charnes and Cooper [7) generate (Pé) when dealing with system

evaluation and repricing problems. In this context, the objective

function 4s the vatio of the total change fun cost to changas 1+ volume

that acconpany possible varfationn of a particular cout coefficient,

Othor applicationn arise 4n the aveas of optimal malontenanca

of equipment [B], Markov renewal pregramming [9], and routing

problema (1],

The solutlion to (Pé) 18 wall documented and 1u brietly reviewnd

in Chapter 2. Althoup'. the wora genaral fractional programming pro-

blem 18 not considered hove, ft has also recelved connlderabla

attention., Dinkalbach [10) smtudied convex-concave ratiou, Baetor

(1)) vecognized those vatlos which are convex, wund Manganm lan [12]
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noted that under certain testrictions the Frank and Violfe algorithm

can be used to optimize a convex-concave ratic, A bibliography on

fractional progranming can be found In Grunspan [13],

2.2 Nyperbolic Programming With Integer Varlahleg

Integar variable restrictions are just as important in

(1)

hyperbolic programming formulations as in linear programmivg.

For example, consider an investor faced with the prublum of determinfing
how many shares in each of n investments ke should putchase at the

begioning of a time period so that at the end of the time period, the

ratio of his fioldings to Wiy rcost {8 2 maxdmun, Aosuning that the

conptraints on the fundy avallable for investuwent ave lincar inequall-
ties and latiing

c,~valuz of one share of Investment 4 at end of time period

i

d,~cost of nne share of Iavestmont § at boglaning of {lne

1
period,

a-gunranteed return
A-finad cont

xiwnuwbvr of ahares of fnveabmont 1

the optimal dnvuatment policy can be obtained by wolving the following

problew:

1wkt v h e e 3 maew T =

( Economte anatysin problems which dedal with Inddvinibhle

commod e fan ave alvayn more vreatiatteatly formulated ne foteper
propgrame, A woalth of other examplos can bo found In Batinnkd [14],

PR ey
ot Pl gl (gt il T
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max {f(x') = ( ’21 cy¥y +w)/C ) dixg 4 8))
= i=1
B.t. A'l(_' f_p_ i
x' > 0 and integer,

Certain routing problems where the objective ls te minimize
the cost tu time vatio can also be formulat=d as hyperbolic integer
programs [1], 4
Davtzlg [15) has shown that integetr variables also arise
indirectly. For example, the condition that a variable x can only
assume une of a discrete set of values can easlly be expressed with
the ald of (0-1) varlablea. Integer vardiables of the (0~1) type ere X
also usefnl when It 18 necassary to express the condition that only k %
out of m conatralnts must he satisfied, 7
The fmportance of the futeger restriction {u hyperbolie
programming leads to problem (Pé) with the eiditional restriction that !
the solution vector x' be oll fnteger. This problem will be denoted —
by (Pi). Since (P&) Ia doffuned over the {Held of ratfonals, theve ia
no lousn fu gonerality {n assumiong that in (Pi) the entrios In A r
e’ and d' nad b oas well as the fixed constants o and # are all fntepcrs,

An alternate formulatlion fou (P;) {8 obtninoed by adding =lack

vt
PR Mas

varlablan to the conutraint equations. Thia leads to a problem in

a space of higher diwenslon which 1s of the followiug form: 1,

max {£(x) » (¢ p+ a)/(d x -+ /)
[ o I\_?( a _l_‘_

¥ » 0 ond Integor (PI)




In this formulation A 18 an m x {m + n) integer matrix, x is an

(m + n) dimensional integer column vector, ¢ and 4 ar= (m + n)

dinenslonal integer row vectors, b is an m dimensional integer column

o

|
i

vector and a and # are fixed integers.
Problems (Pi) and (Pl) are alternate statements of tlie general
hyperbolic integer programming problem. Solving (PI) is equivalent to

solving (Pi). The objective of this dissertation is to develop a

T TR < T

class of algorithms for finding the optimal solutions for (PI) or
t
(PI).

Throughout the remainder of this paper, it will be assumed

that thu set of feasible solutions for (Pi) is hounded and that the value

of the denominator in thoe objective function ls strictly greater than

zero for all feaathle solutions., These amsumptions are quite realistic

in an economic context, Respactively they fmply that the levels of

ity

e L TR

activities bedvg programmed catnot be unbounded and that the objective

e T 0 i o 2 7 g 37

function value cannot become Infinite,

=S ST
)
i
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CRAPTER 2

CONTINUOUS HYPERBOLIC PROGRAMMING

R it

2.1 The Isbell-Marlow Algovithm

The general algorithm discussed in Chapter 3 can be viewed as
a peneralization of an algorithm criginally proposed by Isbell and
Marlow [16} for solving the continuous hyperbolic program. To
motivate the presentation which follows, 1t will be useful to review

| the cantral ideca behitnd this algorithm. Let X' = {x'|A'x' < b,x' > 0},

J and let 5; be any point such that (ﬁfﬁé 4+ 8) 4 0, Firet suppose that

4 the point 5; is feasible for (Pé} and consider the following linear

programuing problem:
max {z(x') = (d'x} + B)(c'x' + o) - (c'x; + @'z + 8))

8.t 3(_' E_}_("

Since the point 5; is feasible for this problem, it follows that

s
i

_— — p— D
R T T
- 4 L ) i -

. max z(x') > O, Thus 1f gi is an optimal solution for the linear
- ; x' ¢ X!

program, the condition

} ofe' w (AVy! ! JRY AN D | [V}
) ‘(ﬁl) 4 L3 B>(E'§1 + a) (c'x, + a)(grgl +6) >0

. together with the assumption that (d'x' + 8) > 0 Ux' ¢ X' dumplies

that
" - ; (2'2‘.'1 + 0.) (2'22; + Cl.)
e’ ) 'Y owm - '
1 By @]+ 8 > W@k 78 EQxg)
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Hence'given a feasible point 5; for (Pé), it 1s always possible to | l

tormulate a linear program whose solution yields an objective function-

value for (P.) which is at least as good as f(£;)°

Interestingly enough, kven 1f 5; is not feasihle for (Pé)h the

y
solution to the ,‘near program is still ffasible for (Pé). In this

|

case hovever, it is possible that £(x;) < £(x,).  Since s, is not

feasibl&, this 1a\of no consequence, 'The important thing\is that i}

a feasible point is not immediately available, one can al&ays be.
obtained by solving a 1inéar program, Once a feasible point is at
nand, it i@ possible.ln formulate a second l#near program which yields
\ an objécti&e function value for (Pé) wﬁich is ‘at least as good as

the current value., Independent of the feasibility of 5;. the existence
of a finite solution fnr\thc linear program is insured if z' is

J \ \

tasumad bounded. i

\ The result of this analysis is the Ibell-Marlow algorithm.

It 18 a procedure for solving (Pé) which reduces ﬁo solving a finite
] !

sequence of linear programming problems.

\ 2.2 An Extension of the Ishell-Marlow Algorithm \

In this scction, 1t will be shown that hyperbolic programming

problems other than (Pé) can be solved using an approach similar to
\
the one described in Sectionild.l. - :
; )
) ] \ : !
Consider the problem ‘ X

max (£(x') = (c'x' + a)/(d'x' + 8))

g.t. \rai' e F

' — i, ME
|
e s R 4 < P e . . . ' -
TR ST R ETRRRL Y ] ) LT T R X AP SR LT B ) ' Ot L i
fal Lig . N 5 h Ca oLl T v M q)\\)#%‘ o
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\
where the feasible set F consists of a finite number of points,
|

Repeating the argument used to develop the ILsbell-Marlow a]gorithm \
if x {s any feasible point for (P ), then an jmproved
solution for (PF> can he obtained by consiQering the following

problem:
nax (5(x') = (4" x4 8)(e'x! +u) - ('x) Fa)d'x +8))
a.ty x' e F ' ‘ (LP%)
\

The next theoren gives a necessary and sufficlent condition fLr the

point x' to be optimal for (P%).

Theorem 1

The point 5;15 F maximizes the hyperbolic objective function

\1n (P ) Lff xu € F maximizés the objective funection in (LP%).

Proof:

First suppose that
l ' m £y
max f{gl) f(ia)

x'ekF

Assuming that (d'x' + g) > 0 ¥x' ¢ F, (2.1) 1inplies that

e = Sig

(d'r.;\+ B e'x" +a) ~ (e'x! + s +p) 0 ¥

(2.2)
The left-hand side in (2.2) is clearly the cbjective functlon in (LPR).
Ry inspection, it achleves 1its upper bound at the point 3&.. The point

5; is therefore optimal for (LP&). \

!




To prove the second part of the Theorem, suppose that

max {2(x')} » 0

8,4, __3_('_' ¢ F

This implies that
e(x') <0 ¥x'eF

Since (d'x' +8) > 0 W¥x' ¢ F, the above inequality implies that
£(x') g_fﬂgg) ¥x' e F

The polnt 5; is thereforc an optimal solution for (P;).

Corollavy 1,1

The point 5; which maximizes (LPL) ia optimal for (P&) i1ff

z(ﬁ%) = 0,
Proof:

Thia result 1a a divect esnacquence of the prool glvin for
Theorem Y.

Theorew 1 and Covollary 1.1 together with the observation that

max z(x') » U auggosts that the solution to (P%) can be obtafned by

x' ¢ F

solving a finlie sequence of linear optimlzation preblems.

2.3 Alternate Solution Approaches for (Pé)

et e LRt 314 Ry b b A i AL 4 £ S8 LI LA Bt PPt siede AL M o o S Wt o

Given that (d'x' +08) > 0 ¥x' ¢ X', Martos [2) proved that

tha acolution to (Pé) muat lie on at least one extrome polnt of the

L Ly AT el crmma et e R e I DAL 1 VI Y 100 1Rt b A i
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feuuible cet_Z'. Based on this tresult, he developed an extreme point
gearch very eimilar go the simplex algorithm of linear programming.
The Martos algorithm is fundamental to the cutting plane mothods
discussed in Chapter 3. It will be revicwed later as part of the
developmnnt'for the cutting plane alporithms,

Another approach for solving (P&) which 18 In tha spinit of

Lemke's dual simplex algurithm fs due to Dorn (17]. In thie algorithm

it 18 important that the original problem be treated as the dual
problem. An extreme point of the dual feasible met (the original
feasible set) 1s chosen and the current values of the primal variables

(the Lagrange multipliers) are computéd. If they all have the proper

sign, the current solution is optimal, If thoy do not, an adjucent
extreme potat of the dual feamible set which fmprovaes the vbjective
functina value 1o chosen and the procedure is vepeated. Bince the dual

{easible region has w finite number of extreme points and since a

local maxinum for (Pé) 18 aleo « global ma: *wum, the algorithm
terminates in a finlte number eof ateps., Dervn also poilnts out that the

problerws of finding an fnftial entrere point dolution and of degeneracy

are {dentical with those same problems for lincar progrums. Roamodies
for thasa problemy can be found in the appandices of [18].

Another altoernative tor solving (Pé) is proposed by Charnews
and Cooper [19), By mears of a simple cransformatica, the hyperbolic
progvam is transformed to 4 linear pregram. If the sign of the
objective function value is known at optimality, culy ond linawr

prograwm nead be solved, Otherwise, 1t {8 necessary to solve two

T T —" A

1




linear programs, Unfortunately, due to the nature of the transforma-
tion, finding the integer solution to the Charnes and Cooper lineax
program does not guarantee that the integer solution to (Pé) 1s

directly available,

2,4 The Geometry of the Hyparbolic Progranm

This section is davoted to the geometrical aspects of hyperbolic
programming. The ideas develornd here will also be useful in describing
geometrically the algor{thms in Chapter 3,

Corresponding to any v=2quence nf hyperbolic functional values
{f{&i),...,f(ﬁ%)} with the property that 54 ¢ Zﬁ %1 and f(&i) « £(54+1)

(i=1,...,n+1) there i a unique sejuence of hyperplanes {T?,...,Tﬁ)

where

T: W {x' a4 B)(e'x! ) - (el +ud(d'x' 4 8) = 0)

{=1,...n (2.3)

o .
Tha hyprrplancs '1‘_1 can be seen to intersect aboul the solution set of

the following set of equarionst

c'x' +a =0

d'%' + 8= 0 (2.4)

The solutfon set for (2.4) 1s aleo tue sct

karn(l) w {x''(c'x' +a =0, d'x' + R =0, x' ¢ E")

which 1s the karnél ¢ the map defined by

Tex') = (e'x" 4+ o, d'x' + 8) x' ¢ L




P —
12
The first component of the image of x' under the map T corresponds to ?1
g_ the nunerator and the second component c?rresponda to the denominator §
35' of the hyperbolic objective function, g
5;" Having introduced the set, kern(T), a foundetion for the ; ?
é; geowetric description of the behavior of the hyperbolic objective - é .é‘
'g' functﬁon ip £ 1a developed, i ¥
? A trivial hyperbolic program occurs wien the functionals :
(¢'x' + o) and (d'x' + 8) are linearly dependent. It is easy to sce éh
that for such a problem, the objective function value remains constant b *uj
fi vx' ¢ E®. To avoid this case, it will always be assumed that i "é
(e'x' + u) and (d'x' + 8) are linearly independent, This assumption ‘. E
also irsures that the set kern(T) {s norempty. g é
lemma 1 g 5:{
The set kern(T) ¥ ¢ 1if the functional (g'z' + a) is linearly g ,fz.
5 1ﬁdapendent of the functional (d'x' + 8). § 3
3 This vesull 1is a consequrnce of the fact *Lat the map T is % _5
onto 1f (c'x' 4 «) and (d'x' + B) are linesrly independent, Suppose ; 1
: (yl.yz) € E2 is chosen arbitrerlily. The map T 18 onto 1f there exist g
o x' ¢ E” such that é 4
.- " 4
f et e
N | vy = 4%, + 8
| x! follows from the linear fndependence

¥ The oxisteice of a point x;
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assumption, A point x} can be obtained by arbitrarily setting the
levels of (n-2) of the varlables and solving for the remaininé two,
Tbe map T 18 therefore on.o and 4t follows thal kern(T) # ¢.

Thus far, based on tho assumptions made about (Pé),
kern(l) = ¢ and X' # ¢. With the additional assumption that

d'x' + 8) > 0, it also follows that kern(T) 1 X' = ¢.

When (d'x' + 8) > 0 Wx' ¢ X', the set kern(r) together with

any 5; ¢ X' define a hyperplane T: in ",

Proof:

A well knowiresult from linear algebra states that 1if
Tkt 4 B, dim kern(l) + dim range (T) = n. 1In particularlwhcn m=2,
kern(T) 18 an (n-2) dimcusional subspace of £, With the assunptions
made thus far, kern(T) N X' = &. MHence any point 5; e X' 1a linearly
independent of any point belounging to kern(T) and any basis for
kern(T) togother with 5& ppan an {n-1) dimensional subapace of g,
Ry dafinition, this is a hyperplane Lln B", Recalling the definttion of
TZ piven in (2.3), 4t 18 clear that in addic.on to the point 5&, svory
point In the set kern(l) Tfes on the hyperplane Tz. Hence kern (1)

togoether with 5& ¢ X' define Tz. This proven the Lemma,

Lemma 2 provides the toeol for showing that a change in the hyperholic
objective fuuctlon value can be achieved by a rotation of Ti about

kern(T). To see that this is Indeced the cuse, recall that given a




sequence {f(yi).....f(gé)} with 54 ¢ &' ¥ and f(xi) < £(x},4)

(1=1,...,n-1) there exist a unique correasponding sequence {Tl....,Tz}.

ogether with kern(T) define 10

Appealing to Lemma 2, note that x 1

1
._.i

and §i+1 together with kern(T) define T:+1. Furthermore, by definition
of the hyperplane T?

(o] o \

Tyn Ty kern (1)

;l Since the functional values f(gi) and f( 1) are achieved with points
that lie on intersecting hyperplancs, and since it was originally
assumed that 51 ¢ X' ¥i and f(xi) < f(§i+l), the desired conclusion
follows.

;: To eclarify the exposition in this section, consider the

b following problemt
z’:
E:: 8 ] ] - 1,9 1,4 t '!
1 max {£(x],x)) = (cpx) + cpxy + a)/(dix) + dyxy + )
g | t t ]
8.t. 811%y 1 ay,%y < b1
]
821“2 + al x2 <b,

To avold problaems which need special attention, it is assumed that

the feasiblo reglon 1s bounded, that numerator and donominator in the

objective funetion are linearly independent and that

(d ' + d 2 ¥ 8) > 0 for all feasible points.

Based on the goometrical aspects of this problem, elements of

the sct korn()) arve also solutions of the aystem

el R
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;- |

:\'- ™ (]

E: : ejXy + cyxy + o= 0

_' ': Yy ! [ . N
- doxy + d2x2 + 8 ~=0 (2.»)
: é From the linear indepeundent assvmption, the solution to (2.5) is

i é unique and therefore kern(l) is a singleton set in Ez. The assumption
5 : that (dixi + déxé + 8) > 0 for all fei . '+ points implles Lhat kern(T)
; ‘ and the feasible reglon are mutually exc. .sive setus. Appedling to

il

3 Lemma 2, kern(l) together with any feasible point 5; define a hyper-

plane T:. This is {llustrated in Figure 1. The optimsl objective

function value for this sample problem is obtained by rotating T: about
;_ ] kern(T). Examining Figure 1, 4t can be seon thal the optimal hyper-
bolic solution for this problem must lie on at least one of the extyveme
points of the feasible set, (See Theorem 2 ).

Before proceeding to the dnteger solution of the hyporbolic
programming problem, it will be useful to examine the Isbell-Marlow

algovithm within the Framevork devaloped here. Filrat a point ﬁﬁ auch

+ 3) ¢ 0 48 chosen and o foanible potnt ﬁi which maxtmizen

TR

!
..... A
(Q'ﬁL e (e ) - (P}ﬁ; o) ('K 48

is obralned by solving a Hnear programming problen. 10 the hyperplane

1O da a supporidng hyperplanns to thoe foasivle vegleon, the polnt x;

19 optimal for ()’(",). 1f xi 1o not aptimal, o point ’ié which maximd aun

@'y + @' s" W) = (elxy ) (dix )

obtalined, 1If TO

2 is a supporting hyporplann to the fensible rvopion,
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5& is optinal. If it is not, the procedure 14 repeated. The
workings of the Isbell-Marlow algorithm are demonstrated with an
exauple in two varlables in ¥Figure 2,

Baged ot the geometrical analysis of (Pé), the most fwmediate
way of obtaluing an optiwmal solution 18 to rotate Tg about kern(l).
Although the lgbell-Marlow doos not fuplement a rotation of Tz, i
accomplishes the mame¢ enhd. It Bweeps acrcas the fearible region in a
direction towards the optimal solution, The procedure can be

described as sequentially tranalating hyperplanes of changing ulopes

mtil the optima) extrems point for (Pé) is obtaiued,
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CHAPTER 3

iR i

HYPERBOLIC INTEGER PROGRAMMING

3.1 A Genernl Algorithm

Problem (Pi) with Eﬁ bounded implies that the number of
feasible incrger pointa is finite. Thus it ls possible to view (Pi) 1 ”é
as & special case of (P%) which is discussed in Section 2.2, L

Theorum 1 and Corollary 1.1 together with the observation that B

max 2(x') > O provides the basis for an algorithm to solve (P})+  Such

an algorithm 1s glven below.

Alporithm HIP (L)

»

1. Find any feasible integer point belouping to X'. Call the point - A

o
i

' vt -
X and set jel,

2, Define the following linear Integer propram!

max {ZJ = (9}53_1 A Mk ) - ("'55"1 + w@)(d'x" + 8)} i

Bt ATl
w

a.t. x'eX'

x' integer

3. 8alve the problem defined in step 2 by eny convenlent methed.

Call the solution x).

N

4, 1f max z, = 0, stop; otherwise let J » j+)l and veturn o step 2.

J

The convergence of HIV(1) depends aolely on having a finfte

number of fansible Integer pointa as possible optimal solutions for
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(Pi). For convenience, it is assumed that the number of feasible
integer points 1g k., By construction, the algorithm generates a

sequence of points {54} such that f(gi) < f(x', .) ¥1. If there exlist

X4t

some: finite index j such that f(g&) - f(§3+1), it follows that
zj+l(§3+1) = 0, Appealing to Corollary 1.1, 55 and §3+1 are optimal

nyperbolic solutions., In implementing the algorithm, the worst that
can happen is that HIP(Ll) will penerate all k feasible integer points
such that f(éi) < f(éi) € vu, < f(ﬁ&). By the nature of HIP(1), it
must be that at the next iteration fﬁﬁi) - £(§£+l)' Once again,
appealing to Corollary 1.1, it follows that 5& and §4+1 are optimal
hyperbolic solutions., The boundedness of X' insures that (Pi) has

a finite number of feasible integer points, Thus if HIP(1l) is used
to solve (Pi). the optimal solution will be obtained in a finite

number of steps.

3.2 Discussion

The choice of the point 56 in HIP(1) merits further discussion,

To be sure that an objective function is gencrated at step 2 wien
j-l, it is only necessary to impose the reatriction that (5'56 + a)
and (9'56 + B) are not zero simultaneously. In addition, the point
56 need not be feasible and it need not be integer. If 55 is not
feasible, f(ﬁé) i8 not nccessarily a lower bound for the waximum of
the hyperbolic objective function. It should be clear however that,
x
feasible for (P1) and furthermore max f(x') > f(x)). The worst that

3(,";.)_(.'

» the solution to the first linear integer program in HIP(1) is

M




can happer_r 1é _:5{') is lnot feasible 1s ‘that convergence of HIP(l) :'s
slowex. _ \ ' \ \ \ _ '§

Choosing 56 with intepger components 18 not neéessary'but is

\ desirable {f an all integer cutting plane method is used, If the \
constant éerma a and B ate, not both equal to zero, it is convehienr
to ehoose 56 as the null vactor, If a = B = 0, a first feasible

integer point can be found in c¢ne of several ways. For example, a

solution to the problem \ &

max {z = 1'x'} \
\ —
\ sht., x' e}
\ . :
. x' integer ’

)

i '

cﬂn EIWayi be used as 56. If the hyperbolic integer progran is a 1

maximizatisn problem, it is often reasqnable to expect the solution to
| !

the problem

\
] ; max {z = ¢'x'} ‘
k) . = !
_ ! . B.t. .)_{__' € .x_' .
x' integer

to yield a near optimal point for (Pi). Solving this problem is

clearly another meens fog chooaing 56 in HIP(1)}).
i

One of the interesting aspecthof the algorithm HIP(1) 1is that
\

its couvergence depends s%lely on having a finitk number of feasible \

points. Spec{al cases of (Pi) fall into this category and have been
considered by other authors. For example, when the compbnents Lf the
solution vector x' are restricted to be (C-1) variables and X‘ 14

‘efineﬂ by pseudo-boolean equ4tioﬂ » LaF{l) reduces to an algorithm
. P

\




hsolution to (PC) can therefore ke limited to a search of the dxtreme

' fin te convergence 15 insured.

to solve the problem |

~N
N

\
similar to the one propoeed‘by Robillard and Florian'[ZO]ﬁ When the
feasible region is defined by a set of linear inequalities and there
is no iﬂtegevlreétriction on the golution vector, HIP(1l) reduces to
ar. algorithm similar to the one proposed by Isbell an& Maxlow [16].
Thus the same algorithm which 1is used to ;olve an integer problem
can also be used Eo golve a contihuous préblem. This 18 best

explained by the fact that the splution to (Pc) lies on at least one

of the excreme pointn of the feasible region. \Finding the optimal

v — |
points of 5}) UndAr the assumptions made here, the number of \
extreme pointslis finite and hence in this sense (Pé)|is a special

™ |
case of (P }. Tharefore, HIP(1l) can ba used'to solve (Pé) and
i

"’

With rogard to integer prograwming, HIP(l) is general enough

\ 1

max {£(x') = (¢'x' + a)/(d'z' + B)} g

s.. x' éﬁz'

x' integer

—

’ 1
| )
\
: ) !
where Z' is an arbitrary bounded convex set with integer points in its

Interior. The ease with which (P') can be solved dependé on how easily
Aach L.» of the subprobiems ca be solvad, In the case when thel \ ; i%
feasible region is defined by parabolic yonstraints, the method gf.
Witzgall [2i] can be usaid to solve the subproblems. If X' 1s an .
arbitrary convex set with Integer polnts inlits ihterior, the cutuing

plane méthod of Kelley [22] can be used to solve the integer subproblems,




R L

.23

The algorithm HIP(l) is clearly muvh more general than it firet appears.

It will be shown later that HIP(l) cen -also be used to smolve a hyper-

bolie group problem,

3.3 Alternate Optimal Solutions

Having obtained an optimal solution, say x,, for (Pi), the sat
of alternate optimal solutions coincides with all the feasible integer

points which lie on the following hyperplane:

(x'](@'x} + B)('x" +a) - (g'x) + a)(@'x' + 8) = 0}

- N

For the special case when in (Pi) o »w B = 0, the next result can be

useful for generating alternate optimal solutions.

Lemma 3
1f in (Pi) aw@ =0 and if x! 18 an optimal solution then if
k is a positive rational number such that kx, is integer and kx; c Xr

then kx, is an alternate optimal solution for (Pi).

Prooft

When o » 8 = 0, £(x') = ¢'x'/d'x'. It follows immediately that
the optimal objective function value, f(x.) = ¢'x,/d'x) vemains
unchanged 1f numerator and denominator are respectively multiplied by
a positive raticsal numboy k. Therefore 1f kx) ¢ X' and if kx, 18

integer it is almwo optimal,

o S T C e me Tl e
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3.4 Reducing the Constraint Set .

It was noted earlier that if the point 55 is a feasible integer
point for (Py) then f(g&) 15 & lower bound for the maximum of the

objective function value in (Pi). This implies that

@'x) + B (e'x' + o) = (g'a) +af(d'x' +8) 20 (3.1)

is a valid conatraint for the (§+1)th sfbproblem in the general
algorithm. A natural modification of H{iP(l) is therefore to redafiane

the feasible repion for each aubproble#. Let

K= Eat vy =1,

whera Z} " X'. Tg is the hyperplane defined in (2.3), and

1] e e ¢ (' 4w - (elx) + )@+ 8) > 0)

The set described by §%+1 is nothing more than the original constrailnt
sot with the additional consmtraint (3.1).

Trauth and Woolsey [23) have reported that bounding constraints
such as (3.1) have helped to spuod converpence for certain livear
Integer proprams which wore not tractablo previously, Whether or wot
bounding constratnts such as (3.1) will help to speed the convergence
of HIF(L) remains to be seon, 1t 4 of wome dntorest to note that
(3.1) e Ampllett Ju che orfginal statemont of WIP(L) end in therefora
a redundant gconstrafat,

Tt s now showt that for the mod i flad varaton of HIP(O), the

S1yE
1)

“
. E=1

A g

BT Tt

B Gt - -

A, B
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optimality condition zj(gé) =« 0 is equivalent to the condition

z;+1 - z;- By construction X! !

o z'._ Furthermore 1f x! is an optimal

44l 3 =
solution and zj(gé) = 0, it follows that
0 + =
T ¥
T h Ry
or
0yt T T
U ] 1
Ty U Tyn X} e X

By definition~33+l - Tg U T:(] Xs and it follows that

il !
X=X
Therefore, if 5& is optimal Es - z§+1.

3.5 Cuttinp Plane Alporithms

Cutting plane methods for solving the linear integer programming
problem were suggested by Dantzig, Fulkerson and Johnson [24] and
formalized by Gomory [25]. The principle behind these methods 1s to
reduce the oviginal feasible region without eliminating any feasible
integer points and then to reoptimize the objective fuunction on the
reduced feasible set. If the reoptimizaticn phase yields an all
integer solution, it im almo optimal. For the lincar duteger program,
Comory [25) accomplishes this by gencrating now conastraints from
existing constraints und then veoptimizes the objective funotion with
the ald of tho dual simplex alporithm, The finftenean of thia algorithm
1a fnaured 16 the cutclug ploves ave genoratad according to Gomory's

P ocadura,
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A desirable characteristic belonging to the Gomory cuts is that

they can be generated systematically from an optimal noninteger tableau
as well as from a nonoptimal dunl feasible tableau.

In the next few sections, a class of algorithms which can be
viewed as a synthesis of the Martos {2) algorithm, the Isbell-Marlow

(16) algorithm, Gomory cutting planes and Lemke's dual simplex method

of linear programming is developed. Alternately, this class of

algorithms can be viewved as a special case of HIP(l).

3.6 QGomory Cuts

In the context of linear 1ntegér programming, a Gomory cut is
an inequality derived from an existing constraint and must be
satisfied by any integer solution, When added to the original set of

constraints, this inequality reduces the original feasible region
(1)

vithout excluding any feasible integer points. The cutting planes
can be derived in the following manner, Denote by {x]) the largest
integer less than or equal to X, If x 1s any number and ) 1is any

positive number, it follows that

/L o= (x/2) + ¢ 3.2)

x/ )

where O 5.rx/> < L. Equation (3.2) can be rewritten as

x w [x/)\)) + Yy (3.3)

- (1)Gomory's fractional and all integer cuts reduce the feasible
sot X' by cutting off the current extreme point if it is not integer.
S8ince the optimal solution to the continuous hyperbolic program
occurs at an extreme point of X', the possibility of developing a
cutting plane nlgorithm bhecoumes evident.




where 0 < T, A. At fteration t, the ith basic variable can always

be expressed in terms of the nonbasic variables. That is

x; - .;O + ij a:j(~x§) (3.4)

where N 1s the index set for the current nonbasic variables. Using

(3.3)

. ot Lt t
! X, %% 01w ({1721 + r,}

‘:J - [azj/A]h + r:j (3.5)

Substituting (3.5) into (3.4)

x: - {[1/2]) + rz} xz ) [a:OIX] + rio jEN {[aij/A]A

t t
+ rij} (-xj) (3.6)

Collecing and rearranging terms, (3.6) becomes

t _t t. t t t
X, T, + jZN xjrij tiot x{[aio/X]

+ at, /3¢5 + [1/2]) ¢-xM)) (3.7)
jgN 1 : 1

By definition, the left-hard side of (3.7) wust be nonnegative. The

term 1n brackets on the right~hand side is required to be an Integer

and furthernore it must be nonnegative, This can be seen by

letting

g = [azn/l] + jgN [azj/l](—x§) + [l/&](—x;)




- a8

Suppose s 10 a negative inteﬁer. A cholce of A such that

A > (r;OI-a) > 0 implies that (rzo 4 A8) < 0. This is a contradiction

since it implies thet the left-hand side in (3.7) i» negative., The

inequality ¢ > O is therefore an appropriate cutting plane. For the

special case when A=l, (3.8) reduces to the Gomory fractional cut and

whem A > 1 it reduces to the Gomory all integer cut.

3.7 Some Background

Before proceeding to a discussion of cutting plane algorithms

for solving (Pi). some results regarding the continuous hyperbolic

programming problem are reviewad.

Theorem 2 (Marton [2]), Dorn [17))

If in (Pc),'the feasible region z:is bounded, and 1if

dx+8)>0 ¥xe :_')'L:, the optimal solution to (Pc) occurs on at least

one extreme point of z.

The algorithm of Martos is based on Theorem 2. The Theorem

suggests that the optimal solution can be obtained by performing an

extreme point search similar to the simplex algorithm of linear

programming.
Geometrically, the simplux algorithm of linear programming is

initiated by examining any extreme point of the feasible set Z} If

the extreme point is optimal, it is recognized as such and 1f it is not,

rules are avallable for moving to an adjacent extreme point which also

improves the objective function value. 1If no improvement is possible,

To see how these same ends are attailned for

the algorithm terminates.

2 ‘-'muu:uh.wwmm%mﬁmwamn..u-.41}."«;:muﬁil:'iummnmxWﬁuh.mw.ﬂmmmiﬂu&m S S
Lt Wbt S g i s Lot s " o
L T T
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2 :

- QBEB + 8

The subscript B denotes the current basis and Xy denoles the current
feasible solution. Via a change of basis, the new values of 21 and zz,

respectively, become

;1 - nl - e(z; - cj)
o2 2 2 »
3 g - e(zj - dj)

(1)

vhere 0 1s a positive congtant, The quantities (z; - ¢,) and

3

(2? - dj> are the respective relative costs assoclated with numerator
and denominator of the hyperbolic objective function. Clearly, for
an improved objective function value, the following condition must
hold:

1,2 .1,.2

2 /2% < §/% (3.9)

To determine whether or not the condition glven in (3.9) is satisfiled,

it is useful to define the following quantity:

tﬂ " zl(z§ - dj) - zz(z1 - cj) (3.10)

The condition in (3.9) implies that an improvement in the hyperbolic

(1)

of linear programming. That is 0 = min (xBi/yik. Yie 0}.

The constant 6 1s computed exac'ly as in the simplex algorithm



[

i
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A i

objective function value can occur only if there exist some nonbasic
colunn of the comstraint matrix A for which t 4> 0. If dn addition

0> 0, a strict improvement oceurs. Note that the condition 8 » O

is slways true 1if Ky > 0 ¥B, Clearly, ptoblems of degeneracy in
hyperbolic programming are analogous to degeneracy problems in linear
pro#ramming- This being the case, Martos [2] pointe out that
hyperﬁdlin‘cycling which might result from lyperbolic degeneracy can
usually be resolved with the aid of Charne's perturbation method. To
continue with the Martos algorithm, 1if tJ < 0 for all nonbaeic columns,

the current solution cannot be improvaed by wmoving to an adjacent

extreme point.

Theorem 3  (Dorn [17])

A local maximum £for @ hyperbolic programming problem is also

4 global maximum,
Appealing to Theorem 3, 1f tj < 0 V¥j, the solution is atlso optimal,

The algorithm of Martos is demonstrated with an example in

Appendix A,

3.8 A Fractionsl Cutting Plane Algorithm

In this discusuion, the fractional cutting plane algorithwm for
(PI) 18 viewed as a special casc of the algorithm HIP(1)., The first step
ia to choose a feasible point, not necessarily an integer point, and con~
struct a linear Integer program whose solution ia feasible for <P1)‘ In
this algovithm, the feasible point is the thimal aolution for (PC) and

it is obtained by using the column tableau fur Martos' algorithm (see




Appendix A), If the solution displayed in the optimal tableav {a all
integer, it is also optimal for (PI). 1f it 18 not, a Gomory fractional
cutting plane can be generated from the optimal representation of the
constraint det. Appending a legitimate cutting plane to the optimal
hyporbolie tableau does not exclud; any feasible integer points and

thus a reoptimization of the enlarged tableau can lead to the optimal
integer solution, Unfortunatély, the Gomory fractional cutting plane
destroys the primal tableau and there is no analog of the dual simplex
method for the hyperbolic programming problam which can be used to
reoptimize the tableau.

Primal feasibility can however be regained by sclving

wax {2 = (4 x, +B8)(e x+a) - (g, +addx +8))
At A:(_‘-b_

% 2 0 and intoger (rl)

where x, is the extreme point of the feasible set which maximizes the
continuous hyperbolic program. (P1) is solved using Gomory's

fractional algorithm, This requires first obtaining the optimal tableau
for (Fl) without the integer restriertion., This tableau ia avallable
without any additional work if the algorithm of Martos with the column
tableau 18 usad to solve (PC). To eee thia, let the optimal fupctional

value of the numerator be

zl = (c x, + «)

and sinflarly lot the optimal functional value of the denominator be

i TR et
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o (dx, b8

Substituting z1 and v? in (P1) and partitioning the vector x into
@ basic and a nonbasic component, the objective function in (P1)

becomes

2= zz(g ba) - zl(g_Bg_B + d %y + B)

B T Sy Ay

The basiec vector %y 18 eliminated using the relation

-1
Xy = B (b - Nxy)
This yields
2 -1 -1
r =2 [(EBB b + a) + (e” - &yB N)§N] -

1

e + B + @y - d T xy) (3.11)

When B is an optimal basis for (PC), (3.11) roduces to

1, -1 2, -1,
2o (2@ - g - et - o)) x (3.12)

N

The compononts of the vector in hrackets are casily recognized as the

quantitlies t, defined in (3.10), Moreovoer they are tho optlwmal t

i 3°

and hence tj €0 ¥j3 ¢ N This implies that the optimal relative
coats for the continuous version of (Pl) are exactly equal to the
optimal cj's. An optimal baaila for (PC) is therefore alro optimal for
tho continuous version of (P1l). To obtain tho complete optimal

tableau for the latter, it ia only necessary to append a row corveaponding

to (3.12) to thn optimal hyperbolie tableaau, A cutting plane in also

il




= - 1

sppended to the tableau and the linear objective function ie reoptimized
via the dual eimplex algorithm, Thims procedure is repeated until an
all integer solution for (Pl) is obtained. It is interesting to note
that the noninteger optimal objective function value for (Pl) is
zero, This implies that the first Gomory cut is never generated from
= the objective function row.

In addition to the optimality condition given in step 4 of
HI?(l), an optimal solution for <PI) can also be racognized with the

aid of the following sufficient condition:

Lemma 4

If the quantitles t, are conputed from the optimal tableau for

3
(Pl) and tJ % 0 ¥J, the current solution is also vptimal for the

byperboite integer program,

Proofs

After (P1l) 18 solved, the reduced feasible region can be

expressed as the intersection of a finfte number of hyperplanes, In

R parifcular, the feasible region is Xl Sl where S, 1s the repgilon

1
B defined by the Gomory cuts used to solve (P1) and gl = X. From the

Gomory cut properties, it follows that z and z 8, contain exactly

1 1 1
the same integer points. Thus appealing to the Martos algovithm, if

tj < 0 ¥j, the zolution to (P1l) is alsc optimal for (PI).

If tj < 0¥, Ti ia a supporting hyperplane to Kl Si at

X, and x

is also optimal for (Pl). 1f there exist t, > 0 for some

3

1 1
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~ 4 ¢ Ny 4t 4s still possible for the current solution to be optimal for
(PI). To;see 1f this is indeed the case, the following problem 1w

formulated.

max (z = (dx, +8)(cx+a)~ (e %) + ) x+8))

s8.t, _’SE-X_]. nSl

X integer (r2)

The optimal solution to (P2) is apain obtained by using Gomory's

fractional algorithm., The noninteger solution which is obtained first
* " *

1s called x,. Note that the hyperplane 2() = (dx; +B8)(cx +a)-

*
(e 3} + a)(d L3 + 8) is parallel to Tg. Thus 1f a cutting plane

algorithm is used to solve (P2), a new integer extreme point on the

integer hull contained in the original feasible region 4s obtained or

"3: an Integer point lying on .rc1> is obtained, 1If the latter occurs, z(;_c_z) = 0
; and x, which is the optimal solution to (P2) is also optimal for (P,).
1f the solution to (P2) does not lie on Ti and there exist some tj > 0,
a new linear integer program is defined and the procedure is repeated.
A statement of the fractional cutting plane algorithm is now given .

il

below. The following definitions will be usaful.

X =X~ {xlax = b, x20)

- o . £

_&J v feasible region for jth linear integer program

m‘m}ﬂ,:,‘::w‘c‘. Ui T

'5J v region defined by Gomnry cuts used to solve jth lincar

integer program.

Lo Mol d
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Algorithm KIP(2)

\

|
1, Disregard the integer restriction and solve (PI} using the ¢column

I

tableau version of the Martos algorithw (see Appendix A). Call
the solution X, If the solutioa is all integer stop; otherwise

let § = 1 and Ky

%o = 4
2, Define the foll%wing linear irteger program: \
l : '

|
max {zj - (é'ﬁj—l +B)(c x+ a) ~ (2-53-1 1 a)(d x + 8)}
s.t. x\e X '
...\l 24 !

X integer

It

where El -

—

X

X, = zjﬂl n Sj—l for §=2,3,...

3, Solve the‘problem in step 2 using Gomory's fractional algorithm,

Call the solution 5j'

4, If max zJ = 0 or if\tJ < 0¥y e Nstop; otherwise let § = j+1 and

return to step 2. \

\ 1 _
Although HIP(2) 3s clearly a speclal case of HIP(l), it is alsd

in the same spirit as Gomory's, fractional algorithm for the linear

integer program. That is, the\optimal extreme point for (PC) is )
obtained first, If the solution is integer, the procedure tevninates,

If 1t is not, a cutting plane which cuts dff the surrent extreme pofnt

and which does not delete any feasible integer poﬂnts is appended to

the original feasible reglon. The objective function is then reoprimized

on the reduced feasible seL‘ New cutting planes are generated until

i
the reoptimization phase ylelds an extreme point of the integer hull

o
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‘contatned in X. What makes (PI) mOfe difficult to solve than the
\ linear integer program is that mnte:than one extreme point oﬁ'the
\
integer hull may have to be ganerated before the optimality condition !

]

a finite number of extreme points. At moLt HIP(2) will generate all
of these ang since f<—ﬂ+1) > f(x ) Vj, HIP(2) will converge in a

finite numbhr of steps. \
(

Although conceptually tLe same, HIP(1l) aud HIP(2) do have some
differences. In HIP(2), the feaﬁible relion is reduced aﬁ each-
iteration whereas in HIP(1) the feasible reglon remains the same at
each iteration. Because of the nature of cutting plane algorithms,
HIP(2) only searches points which lie within}the boundary of the
original feagible region and which are outside or on thg boundary of
the integer hul!l c?ntaineé in the\original feasible region. Thia.ig
not neceaaariiy thg pape with Hl?él) if a brancg and'béund ilgorithm
is used to solve each of the linear integer programs., A specilal
property of HIP(2) is that the optimal taﬁleau for the jth linear
integer problem with sowe slight modification becomes the init%al
tableau for the (J+1)th problem; This eimply meané that when solving
the (j+1)th pro?lem, it 1s not-necessary to start from the baginning.

1

\ The cutting plane algorithm described here is implemented with

The entries in the

the aid of the tableau format shown in Table 1.

first how are the tj's (3 € N) which determine the optimality of the

obtained according to

is satisfied. Clearl, since X is assumed bounded* the integer hull has

oy

hyperbolic program. They a#e computedlafter each Integer solution {s

RN “‘]!.‘ TR Rt e .] v e . ROTRIIAY G s ST — s apm e g
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Appealing to Lemma 4, the current solution is optimal.

Letma 5 {mplies that {f ‘03 > 0 ¥J € N then increasing any one
of the original variables to a pusitive level will decvease the

objective function value., TIf there exist § ¢ N such that a., < 0, the

03
initial tableau {1s primal feasible with respect to the relative costs
displayed in the z-row. It is not however dual feasible. As in
HIP(2), the first step 1v to find a feasible integer point for (PI).

in gddition, un all integer tableau i to be malntained at each itera-
tion. Each of these objectives is achieved 1f the linear objective
displayed in the z-row is maximized using either a primal cutting plane
algoritlm or Gomory's all integer algorithm. If a primal cutting

plane algorithm fe used, the fiist pivot can be made without altering
the first tableau. If the Gomory all integer algorithm is used, the
current tableau must first be rendered dual feasible with respect to

the relative costs of the linear objective function. This 1s

accomplished by appending the constraint

Kopmey "M~ L% (3.13)

to the current tableau and choosing 1t as the pivot row. The pivot
column 18 chosen as the lexicogrvephically smallest column with respect
to the current linear program. The constant M in (3.13) is an
arbitrarily large integer such that ®odml > 0. The constraint given
by (3.13) simplv expresses the fact that the original constraint set
is bounded. A pivot at this point will result in an all Integer dual

feasible tableau, A statoment of the all integer algorithm 1s given

below.




t ¥y e N

3 ™ Boodpy = oy%00

This is the same index t, defined in (3.10). The entries in the second

3

row identify the nonbasic variables at the current iteration., The N

and D rows represent the numerator and denominator, respectively. The

entry Do is the current numerator value and doo is the current denomiua-

tor value.’ The z row denotes the current linear objective whose integer

solution is being sought. Rows Xy through X, are the current nonbasic

variables and rows X1 through X4y BYE the current baslc variables.

i
The last row is for the Gomory cut, The use of HIP(2) is demonstrated

with an example in Appendix B,

2.9 An All Integer Cutting Plane Alporitam

In this section, & cutting plane algorithm based on the Gomory

all integer cut is developed. The algorithm is a speclal case of

HIP (1) and is started by displaying the problem in the column tableau

format (see Table 1). The entries in the z-row are

a « 0

00

an = -noodoj + andOO ¥4 e N

Lemma 5 '

The optimal hyperbolic function value i3 (a/B) and the optimal

integer solution is x = 0 4f a , > 0 ¥j ¢ N.

03

Proof:

By definition tj s —aoj ¥j. Thus {if an > 0 ¥j, tJ < 0 ¥3.
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e

Algorithm HIP(3)

1, Set up tha cnlumn tableau for the hyperbolic program as in Table 1,

i i
)

The components of the vector ¥y are x ., « 0 (4=1,.,..,n) and

-, Xt4,0 = bj (J=1,...,m). Set j=1,

2. Generate the following linear integer programuning problem:

. ‘ max (zj - (g_gjal + ) x + a) - (e Eyoy +a)(d x + 8)}

B.t, X & X

where z& = X

' X, =X S, s
| T R

3. Option A: Solve the problem defined in step 2 using a primal

e

cutting plane algorithm, s
Option Bi Append the constraint given by (3.13) and pivot to
. render tableau dual feasible with respect to the relative costs .P;-'

{n the z-vow. Use the Gomory all integer algorithm to maximize

ﬁ the linear objective function.

« =N

p 4, Compute tJ ¥ ¢ N. 1If tj < 0¥j e Nor if zj(ﬁj) = 0 stop;

otherwise let J = J+1 and return to step 2.

Since HIP(3) is a special case of HIP(l), the finiteness proofs

' are the same. It should be pointed out that when implementing HIP(3)

with option B, the constant M in (3.13) must be chosen with some cave,
It is lmportant to realiz. that a constraint of the form (3.13) must

be appended every time a linear integer program is generated. Since : E

the set of nonbazic variables changes for every linear integer program,
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a constant M which is large enough for the first problem may not be
large enough for the second problem. This simply meana that the constant
mdy have to be changed at each iteration, Certainly,.if it 18 chosen
large enough at the outset, it need never be changed.

The use of HIP(3) 16 demonstrated with the use of an example

in Appendix C.

3.10 A Variant of the Fractional Cutting Plane Algorithm

This algorithm is initiated in precisely the same way as HIP(2).
The counter index is set equal to one and the first three steps are

repeated., If t, 2= 0 ¥j, the current solution 1s also optiwal for the

3

hyperbolic prcgram. If there exist tj > 0 for some jJ £ N, thisg

elgorithm me'tes use of the fact that £(§ﬂ) is a lower bound for the

maximum of the hyperbolic objective function. In other words, the

intrger solution must satfsfy the following constraintt

2 +8)(ex+a) - (ex, +a)@x+8) 20 (3.14)

Ej
The strategy in this algorithm is to append (3.14) to the current
tableau and use the Martos algorithm to reoptimize ft. This step
yields the optimal hyperbolic extreme point for the current feasible
region., If the optimal solution has all integer components, the
algorfthm terminates. If it does not, let x*

.._j

bolic noninteger extreme point and generate the following linear

denote the optimal hyper-

integer program:

R Lo it
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max (zj+l " (g_§; +B8)(ecx+a)~- (S,E; +a)(d x + 8)}

B.t. x ¢ Ej+1
% integer

= = + 0
here X s X s T T
T T T T B

problem is either optimal for the hyperbolic integer program or it is

(151’2,000 )o The leution to tu.s

an improved lower bound, The algorithm is described below.

Algorithm HIP(4)

1. Solve (PI) disregarding the integor restriction. If the solution

* *
{3 ali integer, stop; otherwise set ¥ = % and j=1,

2. Define the following linear integer progrem:

g  mex (z:j - (d -’-‘-*—l “Benva) - (e 35:_1 + a)(d x + B)}

8.t. x ¢ '_)ZJ, X inceger

—

where zl - X

= = + o
X=X 08, T, UTE, 12,3,

il 3, Solve the problem defined in step 2 using Gomowry's fractional

féz, algorithm, Call the solution gd.

it ty 20 ¥ & Nor if f(ﬁj_l) - f(zd) stop; otherwise go to

step 5.

Use the Martos algorfthm to reoptimize the current tableau., If

]
he resulting solution is integer, stop; otherwlse let x, be

J
the optimal extreme point and let j = j+1 and return to step 2.

The feasible reglon X

41 is defined by appending the constraint

A ———— e t— . N o1y R Y ERPReY
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given'in (3.14) to the optimal tubleau for the jth linear problem.
This constraint {s only kept on the tableau for the (j+1)th problem

and is discarded thereafter. The reason for this is that when

@ xgpq + B exto) - (exy,y +od(dx+8) 20

-—

is appended to 41 il Sj+1’ the resulc is that §j+2 =] §j+l'
The algorithm HIP(4) can be helpful when it is desirable to

terminate at some near optimal integer poilnt, Note that the quantities

J
*
of the hyperbolic function, Thus the quantity ¢ = f(Ej) - f(gj) >0

*
f(gd) and £(x,) are respectively lewer and upper bounds for the maximum

is a measure of how close Ej is to the optimal integer solution, When

x, 18 optimal & = 0. A stopping rule 1is therefore to compute § and

“~J
% *
stop when § < § where § is umer specified. ’
HIP(4) converges in a finite number of steps because
a X
=]

is at least one less than the number of feasible integer points

X

441 ¥J and the number of feasible integer points contained in

X4 _
contained in E . Hence in the worst case there exist some finite

3

iteration K such that Xk contains exactly one integer polnt. Since

by virtue of HIP(4) f(x

j+l) > £(x,) 1t follows that when there is

J
only one integer point left in the feasible region f(5j+1) - f(gj).

Optimality is therefore achieved in a finite number of steps.

3.11 Group Theoretic Approach to Hyperbolic Integer Programming

In this section, it will be shown that the group theoretic

appreoach used to solve the linear integer program cau also be used to

% e




solve (PI)' f¢ will be necessury however to make the additional
aasumption that when disregar&ing the integer restriction, the optimal
value of the numerator is greater than or equal to gero, 'Thie is not
restriective in an economic context since the numerator is usually a

cost function., Before proceeding to the hyperbolic group problem, a
brief review uf the group theoretic aspects of linear intcger programming

is given.

The linear integer programming problem is of the form

max {z » ¢ 2}

s

s.t, g_cx

——

x integer (LPy)

where z is defined exactly as in (PI). The group optimization problem
assoclated with (LPI) is genarated by first solving (LPI) without

the integer restriction. This makes it posaible to partition the
constraint matrix A into a sut of optimal basic columns B and a set

of optimal nonbasic columns N, This partitioning i3 always possible
1f the simplex algoritha 1s used to solve (LPC). Partitioning the

solution vector accordingly, the constraint equation can be written as

Bxy + My = b

Expressing the basic vector 58 in terms of the nonbasic vector Ry
and multiplying the objective function by (-1), (LPI) can be

reformulated as follows!
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, =1 -1
min (g = - B b - (g = g8 "N)xy)

-1
8.t. X, - B (E N_)SN)

B

Xys Xy 2 0 and integer (LPlI)

The term (—EBBnlg) which appears in the objectlve function is constant i

BT O

and therefore the problem

min (2" = - - 8 Nk}

' |
Bty X 2B G - N-’SN) - L
Xpr Xy 2 N and integer (LPZI)

has the same seolution as (LPlI). Furthermore all the coste in the
objective function are nonnegative., This is a consequence of the

optimality criterion used in the simplex algorithm., If the non-

negativity restriction on . is dropped, problem (LP21) becomen

" -1
min {z = ~(ey = &P N)EN}
g 8.8, Bale z Bulb {mod 1)
1 TS
! %y 2 0 and integer (LP3I)
It 1s impo: te that 1f x' minimizes 2%, (2"1(b - Nk').x") necd I-
' 8 lmportant to note tha X minimizes 2 , (B “(b Xy Xy nee \

L]
B

* .
if Xy is all integer, 1t neced not have all pesitive components.

Gomory [26] shows that ff (b - NgN) lies in the cone generated by the

not be feasible for (LPZI). Although the vector x, will be all integer

columns of B, then x

-

cvcititii i s R

s " B*I(R - HEN) > 0, Hence thare exists a class

of problems such that the solution to (LPBI) will alwvays gencrate a

feasible solution for (LPZI).




46

The algorithms which attempt to solve (LPI) via (LPQI) neglect
the nonnegativity restriction on Xy if.the solution.to (LP3I)
generates a feasille solution for (LPI) it can be shown that the
solution {8 alsoc optimal. If the solution is not optimal, special
methods must be used to generate alternate solutions,

The group structure underlying (LPI) was observed in (LPSI) by
Gomory [26). The maln results are summarized here. Denoting the
module of all integer points in m-space by M(I) and denoting the module
of integer combinations of the columne of B by M(B) Gomory shows that

the factor module G = M(I)/M(B) is a finite edditive group of D

elementa whevre D = Idet B|l. Furthermore, the positive fractional parts
of the columns of the matrix (B-lN. B—lg) generate a finite proup F
with tlle group operation addition module 1, Similarly, the positive
fructional parts of the rows of the same matrix generate a finite
additive group FT. The groups, G, F and FT are related by the fact
that they are all isomeorphic to each otlhier. The group structure imbedded
in the constraints allows (LP31) to be viewed as a knapsack prculem
which must be optimized in the group G. Algorithms which take advantage
of the group structure of (LPBI) have been proposed by Gomory [26], White
{27), hHu [28), Glover [?9), Shapiro [30) and Hefley [31].

It will 10w be shown that 1t is possible to proceed as {n the
cage of (LPI) and generate a hyperbolic group problem. The Martos
algoriihm 1s first used to solve (PC). This makes 1t possible to

partition the constraint matrix into a set of optimal basic columns B

and a set of optimal nonbasic column N. Since B is nonsingular
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i

Xy o BN - Nay)

Thus the basic vector x.
substitution, This ylelds
E-'l [
i (EN - EBB N)_)SN + (gBB lh + a)
-1 -1
(gN - gﬂa N)éﬂ + <Q§B b+ 8)
-1

B.t, _)SB « B (3?_ - N?_E_n)

max f(zN)

Eyr Xy > 0 and integer

y can be eliminated from (PI) by direct

(P1)

As a matter of convenience, the following definitiuns ara made

to eimplify the statement of (PlI).

ey " oy T ey
=1
Sy = dy - dyB N

Upon proper substitution, (PII) becomes

* 1

Eu3N + 2
may f(x ') B o ————— e
N d*x + ot

=N-N "

-1
Bete Xy B "(b - NEN)

gy Xy > 0 and integer

Dropping the nonnegativity restriction on gﬂ, (P21) becomas

(®2,)




48

] 1
¢ + 2
‘ max £ (x,) =~
g
s.t. B—1N5N E B'lg (mod 1)
¥y 20 and integer (P3;)

The group structure present in the conatraint of (LPBI) is also present
in the constraint of (PSI). This follows from the fact that the optimal
solution to (PC) pccurs ot an extreme point of X and hence can be
characterized by some basis B, The constraint in (P3I) can therefore
be viewed as one constraint which must be satisfied in a finite additive
Atelian group. Furthermore, the condition which insures that an optimal
solution for (LPSI) gencrates a feasible and therefore optimal solution
for <LP1) also holds for the hyperbolic case. That 1s, 1f (b - NEN)
lies in the cone gencrated by the columns of the optimal basis B then
Xy ™ Bfl(p_- NEN) 2 0. Thus there exists a class of hyperbolic problems
such that the optimal solution to (P31) will always generate a feasible
and thercfore optimal aolution for (PI)' This enlss of problems is
analogous to the asymptotic linear integer programming problem.

It will now be shown that an optimal solution for (PBI) can be

obtained by adapting the general algerithm HIF(1) discussed in Chapter 3.

It will be useful to first prove the followlng result.

Lemma_6
. o 2
Let x, be any feasible solution for (P3;) such that (QNKN +27) » 0,

Then

k
(e




Proof : i . ;
? : !
Suppose the contrary is true. That is . \
[
*
(Qgﬁu + 21)/(§N5N v edy >l
* 2
Bacause (deV +2°) >0 \
2, % 1 1, % 2
z (ENZN +27) - 2 <§N5N +27) >0
or equivalently ' : 1

2 -1 1, -1
{27y =B ™M) = 27(dy - d,B "M} x, > 0

The components of the vector {u 'brackets are the quantities t, which

1

are computed in the %arton algorithm to check optimality. The basis

B being optimal for (P,), i musy be thatit, < 0 V3l e N. A contra-
. i H !

3

diction is thercfore ohtnined\and the Lemma ig proved,

\
fvima 6 indicates how a feasible integar point can §a found

: |
for (PBl). It 18 obtained by solving the following problem:
\

*

max (2 = (zzg - 27d )gl) \ )
F.t, B UMy, % B Db i (mod 1)

> 0 and integer

N

This problem is equivalent to tha problem,

\ .
min (z = X (*tj)xj}
JeN
\ .
s 8.t BﬂlNﬁN E B-IE {mnd 1)
¥, 2 0 and inceger X (GP1)

T T,
i, oo, et BN Lt e o
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\ \ i
where t, is defined in (3.10). Sinde B is optimal for (Pc).

b
\ ‘tj £0V§ e N, (GPl? i1s a gre p knapsack problem and can be solved by
| ’ )
5 sy available algorithm, If the Martos algorithm had terminated

in?egar. the solution to (GPl) would be %y = 0 ¥3 ¢ N and thh optimal
objective function wouid be aéro. If on the other hand, 1t did not
terminate integer, the solutiorn to (GPl) provides a lower bound for

the maxiTum of the hyperbolic ob4ective function, Thus 1f there exists
. -j ) a betteflinteger\point than the one which is optimal for (GPl), it
must yield an objective functioh value which liﬁs in the interval

[Ce <1) + 2 )/§d x( ) + 22,, 2 /z ] where x (1) is opt;mal for (GPl).

\ The_existence of auch a puint cau bo established by considering the i
f problem : | T
N
i ) ! n
‘ \ I N

|

t

}max {(d (l) + zz)(g;§N +2h - (c:xfl) + 21)(i;§N + 29))

: B.t. BﬁlNﬁn g B_lg- ) (mod 1) ' ‘ h'
q 2N > 0 and'integer f (cr2) .

| i,

An equivalent| problem for (GP2) is obtaived by multiplying the cbjective

function by (~]). After rearranging terns, the problem becomss

(1)

min, {2 kc

- '-I * .
. | | + zl) - zl(gN§§l> +\z2)

el + ey - @M+ 2P )]

| | 8.t B_INAN = By (mod 1) ?
X0 _and integer \ (6r3)

\The strategy for finding a scquence of feasihle Intoper polnts

which inprove the objective function of (P31) is reviewed., First an

P T T T YOIV
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uppor bound for the objective funection is used to generate a group
knapoack problem. The solution to this problem provides a lower
bound fo, the maximum of the objective functien., Tt now remeins to

determine whether or not there exist a feasible integer *N such that

* (1) 1 * 1

) S'N?".b(z ) o ) < -%.i%(rw :- : % s)au < ﬁf'-l-.t
¢ % » l o 2 * o I
‘AN’-"N k27) (Q-NEN + ) t

This san be accomplished by using che lover hound in this last inequality
to generate & new group knapsock problem. This provlem has tha same
structnuve as (G¥2). If fta oprima) objective functiou value is strictly
greatsr than zero, an imoroved sclution for (PSI) hos been found. If

the optimal objective function value {9 wero, the currvent solution 11

&180 optimal. A etatemant of the alporithm fa given below,

Alpoxithm HIPCL)

%
4
t

AN
YT,

1, Solve the hyperbolic program uvsing the havtes algorithm. If the

\ X

B algorithm terminaves with an integer solution, atopi ovher+lec ac
0 ']"'l,

i te step 2,

2. Use the optimal t,'e and foumulate the problem

]
min ) (-t,)x,
g CE
R B“.INB_{N & U.l_b‘ ‘.n‘f)d ))

» 0 and integer

XN
\
Solve using any avaifuble algerithm and 11 the wolution ﬁél’. 1f

% 2 :
(gNyil) + 2z") < 0, stopi otherwise ant =1 and crotiaue,

i R

- Bl

I erf2 it

i

T
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3.' Formulate the problem

T A L O I P AL IPO P P
s.t. n“lrﬁg_N : 37y (mod 1)

2y > 0 and integer

vwhere G(J) -z (c (j) + zl) ] (d (j) + 2 ). Solve using

any nvailable elgorithm and call the solution §§j+l). 1f
(dngéj+l) + 22) < 0, stop} otherwise continue.

4, It F(j+l) « 0, the current colution is optimal for (PBI);
otharwige sat | = j4+1 and return to step 3.
An exanple is solved with HIP(5) in Appendix D.

To prove that HIP(S) converger in a finite number of steps,
each linear group prollem muet have a Tinite solution., For the time
being, this will be assumed to be the case. This assumption will be
studied in greuter detall later on, Furthermore, it must suffice tu
conalder only a finlte number of rfeasihle points. To see that this is
the ¢ase when each linear greup problam is finlte, note that each

group problem has exactly the same gonstraint, That is

-1 -]

B "Npe 2 B Th (mod 1)
X2 0 and Integer

This constraint ecan alse be written as

Y g%, "8
iel i i 0

Ay 2 0 ¥l cN

. O B MRS e .
Mo _ AT
I Sl fo 1A -\'.-(\,l'l.'l(_",u':\l BT F R T N S E e T A% 1 T AkdT] IR Lt e e CATLET S R e e S ey S g
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whare'gi Vi¢ N and g, Are olements of a finite Abellun group with

addition modulo D » |[det B

+ If the vector with components X ieN,
is a solution for a linear group problem then the vector with components

(xi + “iD)’ i ¢ N, 18 also a feasf{ble solution. In other words

¥ {x, + n,D) = .
. B, g ;i
1N 471 1 0

]
Furthermore if the vector with components Xy 1 e N, is an optimal
solutipn for the group problem then all vectors with components of the

*
£oxm (xi + “iD) {1 e N yield worse objuctive functlion values than vectors

% .
with components Xy Thus 4f given a feasible solution vector with some L

component Xy 2 D, it 48 always possible to copnstruct a better solution
by replacing Xy by xi with 0 < xi < (D - 1). This cen always be
accomplished by subtracting the largest possible multiple of D that

will keep x) pesitive, Lt follows therofore that an optimal solution :

to tha Jincay group problem must have 0 LR IR (b - 1) ¥ie N and
the feaalble veglon for each linsar probiem can therefore b bounded,

The diseuveion thus far fwplies that {1 euch linear group

prablen geadvaced by HIP(S) {o finito, fta solution can be obtained by

/]
i
i

‘4

connfdoring only a finice number of polnts. Furthetrmore the findite

nuiber of foag!/ble points $8 exactly the same for each linear group

problem.  Recalling HIF({5), at any dtevation, eltber there {8 a strict
Improvesent In tha hyporbolds oblectlive function or the solution 1s
ropartad. Lf the aolution I8 repusted, 4t 149 aleo coptiwal. The
algovithm ternfriates In a rinfte vumbee of steps bacause ouly finftely

many feasible polute ave considered.
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The assumption that each linear group problem has a finite
solution 1s now examined in greater detall. Finiteness of every
linear group problem is iunsured if all the components of the vector

* (3 S LN & D IPPL IR G b 2, ¥
[(ENEN +27)dy - (dgxy (QNEN + 27)cy] are nonnegative at each

iteration. 7To find the conditions when this 1s true suppose that for

gome j one of the components is negative. That is

(e + zl)d; - (Y + zz)c; <0 (3.15)
Since (gggéj) + zl) > 0, (3.15) can be written as
(et + 2/ + 2D -] <o (3.16)

(3.16) 1s an equivalent statement for (3,15). Thus whenever (3.16)
leads to a contradtiction, (3.15) must be nonnegative. Firbkt suppose

* *
dJ = 0, Appealing to (3.16), ¢, » 0. Recalling that t

< 0 at
h] -
the optimal continuous hyperbolic solution, a contradiction is obtained
* * * *
since tj - zzcj - zldj > 0, When in (3.16) dj < 0, elther cJ >0

* *
or c < 0, When dj < 0 and °y > 0 a contradiction is obtained since

*
t1 > 0. When dj < 0 and cj < 0, (3.16) implies

G 4 27+ 2h s e/ ad (3.17)

Lemma & together with (3.17) dwplies that

1 2 ® *
z /2 (—cj)/(-dj)

*
Since zz » 0 and (~dj) > 0, ft follows that

2% 1 %
P - zd, »0 3.18
¢y -z, ( )
A contradiction 18 uchieved since (3.18) fuplies t, > 0,

N

gy > el

N !gwlmmnmm-qm- T g
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*
The last case to consider is when dj > 0. First suppose

* "
(gNyéJ) + zl) > 0. This implies ¢y

> 0 and (3.16) can be written as

el + zl)/(g;§§5> + 22 < c;/d; (3.19)

Appealing to Lemma 6, (3.19) implies either

0 (g hraa® ¢ b <t )
or
) (ol + /gl + P < ra) <oty

1f a) occurs, once again t, > O and a contradiction ig obtained., If

3

b) occurs, (3.15) is true and hence the linear group problem has an

untounded solution. If 5§j) is feasible for the hyperbolic group ;éf
problem, feasibllity is maintained by replacing the jth component of
ég) 4+ nb), Therefore b) implies that Lif n .%
approaches infinity, the hyperbolic function for the group problem

the solution vector by (x

* X
approaches (cj)/(dj) in the limit. Letting n get very large {mplies

that the jth nonbasic variable will get very large. Thus there exist

some n' puch that if n > n' feasibility will be violated in (PI).

* W *
Now suppose dj > 0 and (gNgéj) + zl) < 0, This implies cj <0

and (3.19) still holdas. Thus the argument given above can be repeated
for this case,

The algorithm BIP(5) can therefore terminate in several ways,
1f all the linear proup problems are finfite, HIP(5) converges iun a finite
nutmber of steps. If the solutfon is feasible for (PI), it {8 also
’l
N

3
X
L\"N

optimal, 1f at some pofnt dn the algorlthm (d + zz) < 0, the
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denominater in (Pt) will also be less thau or equal to zero. This
however contradicts the original assumption that (d x + B8) > 0

- *
¥x ¢ X. Thus (Q_N‘:_c_n

for (PI) and tha algorithn terminates. If at some fteratfon a linear

+ 22) < 0 implies that (x,, EN) is not feasible

group preblem with an unbounded solution 1s generated, feasibility will
also be violated in (PI).

| On; way to proceed if the group problem leads to infeasibility
is to generate faces of the corner polyhedra (sece Gomory (26]) and
reoptimize the continuous hyperbolic problem, If this leads to an
integer solution, it is also optimal. If it is not, a new group problem
can be generated and the procedure is repeated.

As of yet there is no evidenhce to indicate whether or not there
exists a class of hyperbolic group problems that will always terminate
at step 4 of HIP(5). To determine whether or not HIP(5) is as useful
as the group theoretic solution to the lincar integer problem will
require implementing an algorithm and testing 1t with a wide variety

of problems.




CHAPTER &

SOME SPECIAL PROBLEMS

4.1 The Hyperbolic Programming Protlem with Bounded Integer Variables
Only

R e
i, ol T A AEBRr i

The problem conasidered here is

n n
max {f(x) = ( c,x, + a)/( d,x, + 8)}
izl i1 121 i1

s.t. 0 ¢ X, L my i=1,...n
N ]
Xy integer Wi (p BI)

ol iy Sl

It 18 assumed that a > 0, 8 > 0 and ci‘> 0, di >0 Wi, (P'BI) has a

B hyperbolic objective function and its feasible region has a finite

5; number of feasible integer points. This sugpests that the general

X § algorithn HIP(1) can be used to solve (P'B,). '

X I1f the feasible region for (P‘BI) does not have all integer

‘..ﬂxw.mmnnﬂ'mhmﬁ'nmmww i)

. é extreme points, it must be that some of the upper hounds m, are not }
o integer. Replacing my by the largest intcger smaller than m, will %
ingure that the reduced feasible reglon has all integer extreme polnts :
and furthermore that no feasible integer points for the oripinal i

problem are eliminated., A speclal version of HIP(1l) which fs given

below can therefore be used to solve (P'Bl).

Alporithm HIP(6)

.

(0) (0)

l. Llet « w g and B

= B. Set j=l.

2. Generate the followlng problem:

g

it s R i

i
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max (2 % (0UVe; - oG a8 4 (0 oe (U1
: 1e1

8.t Xi - 0.1,....mi ¥

3. The solution to the problem in staep 2 is obtained by letting

x§J> - m, if (a(j"l)ci - a(J'l)di) > 0 and letting

xij) - 0 if (e(j"l)c1 - a(j‘l)di) < 0,

4. If max zj = (O, the current solution is optimal; otherwlise compute

3 W W .
a - Q,x% + o ;
b B 121 i1 Z
@) . ¥ €} :
8 - d,x + B
121 1™
k. § Let J = j+1 and return to etep 2, i}5

Clearly, H1P(6) converges in a finfite number of ateps because
4t 15 a apéclal case of HIP(1). .
HIP(6) 1e of special interest for several reasons. Firat note Qé
;; the algorithm 1s still valid if the integer restriction is removed. o

Sacond, the ease with which tie subproblems can be solved wakes the

algorithm computationally attractive. Third, and perhaps monc lmportant,
is that the number of varlfables in each succeading subproblem decrcases,
More partifcularly once @ variable i set to its lower bound at aome

iteratfcn, It can be elininated from the problem, To see that this 14

& valid step suppose %, 1¢ set to zero at iteration k. This implies

b
that,

(C - (u(k“l)/a(k“]))d ) : 0

] N

i
AR el 1)

By viviue of the algorfthsm howovar

RN AR AT F SR
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+

) @® k) 5 (oD eldy (h.1)

N It fallows therefore that

(e, - @® Mgy o

3 J

and the variable x, remains zero at the (k+1)th iteration, From

3

- B (4.1) the variable x1 will also rematin at Lts Jlower bound in the

remaining subproblems. The dimension of the subproblems thervefore

decreases at euch fteration. When no more variables can be eliminated
from a subproblem, the current solution is also optimal,

Also of interest is that (P'Bl) can be viewed ap bivalent
protlem, That {8 each variable cah assume only one of two values,
This becomes apparent once the structure of the solution is known,

If (P'BI) is viewed as a bivalent problem, an algorithm proposed by
. 3; A Hammer and Rudeanu [32] can also be used to solve the problem,

The Hammer and Rudeanu algovithm differs frow HIP(A) in that

ic builds a list of active variables whercus HIP(6) starts with the

Tauvgesy pousible list of active voarfables and reduces it at each

ftoration.

An example 1a uscd to domonsvrate HIP(6) 1In Appendix E.

4.2 The Hyperbolic Kunpsack Problem

In this soctdon, the linear fractionanl or hyperholice knapsack

prohlem 38 studiod, 1This problem hoes the followlng form:

1 n
max (£G0 = (o + izl cjxj)/(ﬁ + jzl dixi)}

4
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x, 2 0 and integer %

In this discussion, it will be assuned that « > 0, 8 > O and e, > 0,

d, » 0 ¥1.. To iusure that (PK) has a bounded feasible region, it will

1
also be amrsuwed that a; 20 Vi,

(PK) is of special importance becauge it arises in many models

and Bradley (23] has recently shown how to reduce m linear constraints

T gy

into one equivalent linear constraiat for integer problems.
Bince (P,) has a bounded feasible reglon, its solution can be

found by specializing HIP(1). Such an algorithm 1is given below,

S e e T LT e

ST

Algorithm HIP(7)
(0)

11 Lat « ~Qa ﬂnd 6(0) = A, Set j"ll

TR

2, Generate the following problem:

TE— O

1)
max {z, « ] (B(j-.nCi - q(J—l)di)xfj) v (U1, - WDy
1=1 :
EY
& t. a,x < b
PR

xfj)'i 0 and intoger

8olve the linear knapsack problem by any convenient method and

o

call the solution x

1¢ man 21 » 0 lat

(1) Y (3)
o LI c,X
121 171

) o .. §
R A+ 121 d x,

e i

AN L N ) Lo .
= L%ﬂﬁ-sﬁae%%a;a-sé&tsas Mifes oy
—————— e T




Sat § = j+1land return to step 2, If max zj w 0 stop. The

current solution is optimal.

HIE(?) will converge to the optimal solution of <PK) in a
finlte number of steps because it 1s a special case of HIP(l). More
important, for exactly the same reasons given in Section 4.1, once a
varisble is set equal to it lower bound it can be eliminated from
the rost of the subproblems generated by the algorithm, Thus HIP(7)
generates a saquence of linear knapsack problems which decrease in
the number of variables, When the number of varlables can no longer
be decreased, the current solution is also optimal.

The result presented in this section can also be extended to
continuous hyperbolic programming problems with positive constraint
matrices. That 1s 1f the matrix A in (PC) is positive, the number of
variables in each linear problem generated by HIP(1l) can be decreased

at cach iteration.




CHAPTER 5

SOME COMPUTATIONAL RESULTS, SUMMARY AND CONCLUSIONS

5.1 Computational Experience

The computational experience reported here is based on an
experimental computer code for the all integer cutting plane algorithm
HIP(3). The cowputer program was run on an IBM 360/65 and is based on
R, E. Woolsey's [34) IPSC code.

To determine the difficulty of the test problems, the numbar of
iterations required for the first linear integer problem generated by
H1’(3) were compared to the iteration statistic for (PI). Tbe nunber

of linecar ifuteger progvams which had to be solved before an optimal

solution for (PI) was recugnized, was also recordoed.

The test problems were constructed so that the first problem

generated by HIP(3) was a linear integer problem of known difficulty. ;ﬁ

I Gl

ahat is if the problem

max (fF(x') = ¢'x"'/(d'x" + 1)}

s.t. A'x'

ia

b

X 0 anrd integer (P'Tl)

v

is solved with the aid of VIP(3), the flrst aubproblem is

and intager



\ .
The llnear functionils appearing |in the nunerator of (ﬁ'TI) were taken

from Trauth and Woolsey [35]. The components of the vector d' were

\

HIP(3) are given in Appendix F. The results are summarized in Table 2.
\

Bagsed on a sample of l? test problems, the averhge number ﬂf

chosen arbitrarily. The test problems and solutiont obtained via \

. |
linear integer problems which had to be solved ti reach optimality was . \

2,9, Problem 4 did not converge but a *ower bound for the maximom of

\
the objective function valua\was obtxined afceﬁ 62 iteructions.(l) In

. k2 out of 13 test problems which converged, thé optimal solution was

available befora it was recognized. Problem 9 was the exception. ! When

the optimal solution wos available before it was recognized, the average

oumbel of additfonal iterations<l) required to identify the solution
[ ' \ |
was 10.9, The average aumbuy jof iterations to lgolve the firut linear

(1)

problem 1s 46.2 and the average number of iterations

(1)

to solﬂe the

hvperbolie prZBlem is 349,3, Using {iterations as a criterioL, the '
\ ! .

! average test problem 1s 7.6 times more difficult than the first linear

problem. This num?er is considerably reduced however if problems 2, 3
\
‘ and 5'are deleted from the sample. \ \
} B 1
1 ! :

----- i
\

lu Chapter 2, it was establlshed chat the solution to (Pé) can

be obtained by rotading a hyperplane about an (n-2) dimensional i

n
subspace In F . i

(l)Iterntion as 1t 1s used here iq In the context of the
\ Gomory All-Intcger algorithm,
}




R T o TS I e .

T S o
S L g T

R R e Ty

— torInIoes j¥mrzdo .mmu.udmmk
. | 3 $SE/8°7 1 v 1 oeese el
sz 6 | 66T | CTT | ,8T/0 51 s1/9 | ez | us/8 | g1 !
£8°1 6sT | zctz | 2 2275 |- 0L H. RZ/6 | I8 i LWL T “
1wz 4 sot | szz | T | 2t 9 T/t i | ot/ T
18 €T | z9'7 | 0T | ,61/9 9T ; 61/9 | <€ | ezii | 0T |
y2°¢ €zt | 89e | — <8 ££/8 M 8¢ | S/eT: 6
927 L6 807 1 #0111 <y rZVA SN S ¢ BV T S B -
vy o eeT | eLrs g | et | W z/sT T
- . 8LT sTT | ov'r | R $2/02 9 | T/oz | T | wisz| "9
V 51°TZ 850T] 99°8T 43 %2/ 0€ <t6 ¢+ g/0f i o5 i Sriel ¢ w
pcos - z9 Lite]  cw ;
+2°81 18211 86°0C €7 J£/52 1 oBiI e/t 1 8 —9/T9 1 g m _
. ST7YT ZSO0T{ Z9°iT —% 81 ‘mm\.hm 098 g/L¢ 122 /sy *Z ;
¥i°€ —1- SET } 8S°7 I LE/88 1. Te g8t 65— - v/ly <y 8/2% ‘1
! 3 !
*131] *qoig 3IsT] -1331i (o9s) *1331 (x)3 *3931 W )3 *X331 (xy3 - | ~3831 AMvM leMﬁoum
ig pOPTAYS | TEaor| seyl ) . m i _
~3a3r-Yeser | i I®30L ‘ i | : m
. . _ WTqOIg wa1003g ! —maTqo1g w=Tqoad ﬂ m -
|- IRIVIT gy IBIUTY PIL . IB9LT] puy IeS9UYT ISE— .




e

e T B e T
R e

bar i

s g gk

65

' In Chaptor 3, a penerval algerithm fovr solving (P{) (or (P]))
vwhich raquirvas svlvivg a finjte sequence of lianar integer programs
was proposed. It wos also shown that this general alporitht cau be

uwsed to solve the more geuexal problew (Pé).

Cutting plane algorithms were also studied in detatl., These

algorithms were viewed as specfal cases of the general slgordthm HIP(1).

Because Lhe optimal solutien to (P&) lias on at least one extremc
point of the feasible region, the cutting plane algovithma are in the
spirit of Gomory's fractional and all-integer algorithms, That i,
if the solution to (Pé) 18 not all integer, a cutting plane which
cuts the current extreme point is appended to the constraint sct and
the obJective function 1s reeptimisved on the reduced feamsible set.
This procedure ie repeated until an all-integer solution 1s obtained,
In the worst casge, a cutting plane algorithm will generate all the
axtreme podnts of the integer hull contained in the oxiginal feasible
region. Note that If the original) matrix is totally unimodular, the
solution tc (Pé) is all intager and hence also optimal forv (Pi). In
this case cute never have to be added.

Based on the geometry of hyperbolic prograwming, the solution
to (Pi) can also be obtained by rotating a hyperplana about an (n-2)
dimensional subspace 1u E". Although the elgorithms derdvad from
dIP(1) oo not implenent rotations directly, they acideve the same thling.
An equivaleut procedure fer rotating a hypervlanc T? about an (n-2)
dimensfonal aubtspace of E" untls 4t hits a poiunt x} is to firat wove

%2
T parallel to fzeclf fn the divecrion of ¥) watil it hits xj. The
-
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gacoud step 16 to construct & hyperpleve 'I.‘; whicli passes through tha
(n-2) dimensional subspace and the point 3&. Clearly the end rsesult
is a rotation of Ti through a positive aogle, the £inal pogrition of
the hyperplane belug TZ. Algorittms derdved from HIP(1) selectfvaly
deternine finlte sequences of hyperplanes to be tranalated. This
procedure tontirues until the ¢ptimal solution ds recognized.

In Chapter 3, it le aleo shown that the group theoretic approach
can be uged tu solve (Pi) (or (Px)}. This rasult depends on the fact
that the golution tu (PC) can be oxpressed in terms of an optimal
basis. A hyperbolic group problem iv obtalned and it £y shown that 1f
the solution to (Pl) exista, the group-prablem hias a bounded feasible
region. This makes 1t possible to spectalize HIP(1) for molving the
hyperbolic group problem. A ueeful conswquence of the group theoretic
approach 1e that the master polyhedra's gencrated by Gomory [26] for
solving the lir v {nteger program can be uged for solving (PI).

In Chapter 4, tw¢ speclal problems were conciderad., A
hyperbolic problem with bounded iatager variables only was discuasad
first., An algovithm for solving the problem which makes 1t poasible
to decreuwse the number of variables at cach {teration is proposed.

The secand special problem 18 a hyperbolic knunsack problem. 1t is
ghown that the solution to this problem can b: obtalined by solving a

finite sequence of linear kuapsack problems decreastng in the number

of varlables at each iteraticn.

The mnst obvious extension of this work is with regard to
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ot T, e b i e i s AL et o sl

e L L T U S Ry PERNFIER PR S POTSW BT 7~




R LU TSR

67

mixed=integer propranming., For example, can a partitioning procedure

a5 guggested by Benders [36] for the linear mixed-integer problem bu

inmplenented to solve the problem

max {£0x,y) = (% + gpy + )/ (d;x + day +8))
8.t, Alg + Azl.i b
x20

Y >0 and integer

Another open area with regard to this problem is the cutting plane
approach.

The Generalized Lagrange Multiplier approach of Everett also
is worthy of censideration with regard to (Pl)' This method is useful
vhen the c¢onstraints are not binding to the degree indicated by the
problem siatement. The resulting problem has a very special structure
and indicates that special algorithms may be derived.

The structure of the hyperbolic group problem also seems to
indicate thet special algorithms can be obtained for solving this

problem, An intcresting question which arises is whether there is a

network interpretation for the hyperbolie group problem,
5 Further rescarch also needs to be done to establish the
. ~:5 efficiency of hyperbelie integer programming algorithms. This of course

3 necessitates computer programming efforta to obtaln nuwerlcal results

for a wlae variety of test problems.
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APPENDIX A

MARTOS' ALGORITHM: AN EXAMPLE

A column tableau with negative multipliers is adapted for (Pé).

The Martos optimality criterion t, is easily computed at each iteration

N

according to

d

€y = ood0s ~ dootoy

where LAY dOj’ dOO’ and “Oj are defined in Table 1. The format

introduced here is useful for implementing cutting plane algorithms

for solving integer problems. Consider the following problem:

max {£0x;,%,) = (5x; + 3x, + 1)/ (5%, + 2x, + 1)}

s.t. 3x, + 5%, <16 ’

1

le + 2x2

X1 Xy 2 0

<11

Slack variables x3 and x, are introduced and the constraints

are rewritten as

- 16 - 3xl - S5x

X3 2

x, = 11 - 5x1 - 2x2

Table 3 1s a statement of the original problem and Table 4 is the
optimal tableau. A side calculation shows 1t was obtained in one

iteration. The pivot element in Tahle 3 {8 circled.




TABLE 3

16

11

TABLE 4

-83/5

=1/5

53/5

-16/5

37/5

~19/5

-

16/5

3/5

23/5

19/5

IR
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APPENDIX B

THE FRACTIONAL CUTTING PLANE ALGORITHM: AN EXAMPLE

The example given in Appendix A with the additional restric-

tion that X and X, must be integers is used to demonstrate HIP(2).

Table 5 is the noninteger optimal tableau with the z-rcw and Gomory

cut row appended, The source row is found to be the X, Tow and the

pivot element 1is eircled. P®ivoting results in Table €. Calculating

tj ¥3 ¢ N at thiz point verifies that the current solution is

optimal for (PI).
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TABLE 5

~83/5

~1/5

“X

53/5

3/5

37/5

2/5

1/5

16/5

1/5

23/%

cortes e

~2/5

—

«~1/5

~3/5

~1/5

TABLE 6

e

Iy T S e 1 g
B B
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tj -15 - -1 ) .

o ’ t 1 |

N 10 -5 3
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APPENDIX C

THE ALL-INTEGER CUTTING PLANE ALGORITHMt AN EXAMPLE

The example used in Appendix A with the additional restriction

that Xy and Y, must be intepers 1s used to demonstrate HIP(3).

Optirn B in step 3 is followed,

Table 7 ig a statement of the original problem with the z-row

included, An additiovnal row exhibiting the constraint

x5 « 20 - xl - x2

whare 20 1s an upper bound on the sum of the current nonbasis

variables 18 also appended. Table B is the dual feasible tableau

with respect tc the z~row which results from the first pivot operation.

The X3 TOW is the source row and 5 is the first cut appended to the

originel set of constraints, Reoptimizing 2 after 8, is appended

yialds the ontimal tableau which 1s displayed in Table 9.
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TABLE 7
- f‘j 0* 1
, . ! %2
N 1 -5 -3
D 1 -3 -2
2 0 0 -1
.
X 0 -“1”_- 0
Xy 70 0 -1
X, 16 3 5
X, 11 5 2
Xy 20 1 1
TABLE 8




15
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TABLE 9

t -15 -1
J

N 10 -5 3

X5 17 1 -1




APPENDIX D

A GROUP THEORETIC ALGORITHM

The integer version of the example used in Appendix A is

again used here. The first group knapsack problem which must be

solved is

min ((83/5)xl + (1/5)x3)

3/5 1/5 1/5
8.t, [ } Xy + ] Xy ™ [ ] {(mod 1)
4/5

/5
X)1 X :‘0 and integor

This problem is ensily cbtained from Table 4, The group constraint
is penerated by taking the positive fractlonal parts of the rows
corresponding to the basic variable and the objective function costs
are (~t1) and (~t3). The solution to this simple problem can be
found ty inspection if it 1is noted that the right-hand side of the
group equation 1s the same as the group element which multiplies the
variable which has the smallest cost in the objective function. The
optimal solution 1s therefore X, = 0 and Xy = 1. Since Xy ™ 3 and

X, = 5, thla solution is also feasible for the hyperbolic integor

program. Proceedlng according to the algorithm HIP(5), the lincar

group problem 1s found to be

ozl et

g O
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\
\ min {-1/5 + (78/5)xl + (1/5)x3ﬁ \
\ \
\ )
’ - 3/5 1/% 1/5
B.t, %+ Xq = (mod 1)

4/5 3/5

' X1s Xq 2 0 and integer

The splution to this protlom 18 found to be ideatical to the first
soJution and F » 0, The curxe\t solution 18 therefore @lso opti%al

for the hyperbolic integer plog&am.
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APPENDIX E
HIP(6): AN EXAMPLE
| | |

The eass with which HIP(6) can be iyplemented is dumohstrated

i
3
=
¥
7
.

with the example below.

i o ixl + x, + 3x3 + Zx4 + 2x5 + Xg + 3
max

7x, + Xy + 0x3 + 3%, o+ st + 2x61+ 7

s.t, X " 0,1,2 « 0,1,2,3,4,5

X4

X, = 0,1,2.; Xy = 0,1,2,3,4 ‘ .
[l i
3 Xy = 0,1 ’ ‘ X = 0,1,2 ‘
-3 : b
,:f Applying the algorithm, the first linear objective to be maximized is
4 . .
A | |
; |
: \ max {/x1 + 4x2 - 3x3 + 5%, - xg + x6} ,
’% Following the algorithm, the first solution is X = 2, Xy = 3,
7’ H l
- \ Xy = 0, X, = 5, x5'= U, and Xg = 2. The new constants in the second

(1)

1%
problem are a(" e 26 and B are zero

= 43, The variables x3 and X

and thus &re eliminated from the remaining problems. The second

linuar'objecgive to be maximized is

max (—20xl + 17x, + Bx, - 9x6} 1

The second solution Is thercfore X" 0, X, = 3, X, " 5, xﬁzﬁ 0 i

! anﬂ L 0. The now constants In the third problem ai. f
u(m) = 16 and B<%J = 25, and the varlablea X and x . are climinated. fﬁ }f

1 4

The third lincar objective te ba maximized 1w i
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max {9x2 + 2x4}

Since no more varisbles can be eliminated, the optimai solutien is

X, = 3, X, = 5 and Xy Xg ™ Xg " Xg ® 0. The optimal oblectllve

funation value fs (16/25).
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APPENDIX ¥
. S0ME COMPUTATIONAL RESULTS
: The computational results summarized in Chapter 5 are based
| K =,
«,, on the following set of problens: f
- ; '
W Test Problems 1‘
o ' i -l
f’,‘ “‘;; .. ‘-,
o nex £6x) = 20x1+18>t +1;x3+15x4+15x +10x+3x., HIxghrgtr, o
7 = Xt xph xgb X xeh XoR xod xgtrotr) oF 1
P f
s.t. %, = 0,1 4=1,2,...,10 ‘ (
;: 3le+25*< +20x3+18~c +17%., +llx6+5x7+ 2x gHrgtEo S b
o8 Problen 1 2 3 4 5 6 7 & 9 3
A b 55 50 45 40 35 30 25 20 10
.8 \
) A1 + A, 4 A,; 3
oY : ¥ Y - L ¥ ! ;
max (£CA) = g2t a w1 ';
. 1 2 3 :
y 1
X 5.t A 4 2, + 2A, + 2F) o+ 3F, < By ;
“"_; AL 4 Ay 2Ay o+ 3F) 4 2F, <08, 1 b
- -: : . ’ < :‘ {i
n A R Fy <0 .’1 g
o . ] E
% Ay Ry¥ye O 3
N b
A L Al‘AJ Ay ]'FZ > 0 and inmoger 3 |
A g
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Problem o Rl R2 B1 B%_
10 6 18 15
11 9 7 18 17
12 9 9 21 21
13 6 8 19 15

The objective function for this problem 1s the same as in

problems (10-13). The feasidle region 1s given below.

Al + A2 + 2?1 + 2F2
Al + A3 + 2Fl + 2F3
A2 + A3 + 2F2 + 2F3
A1 - 8F1
A2 - 8F2
A3 - 8P3

Al,Az,A3,Fl,F2.F

<

Ia fa

Ia

10
10

10

3 > 0 and integer

The solutions to problewms (1-9) are displayed in Table 10 and

those to problems (10-14) in Table 11,
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TABLE 10 g o
=

Problem | £(x) x X X0 : :

1. 38/3 1 1 0 0 0 0 0 0 0 0

2. a3 1 ]o|1]olo]o]o]o|o]o ; 1

5 3. | 3s/3 o [1]1|ofofo oo oo _,é

" s. 130/3]oflolo|1l1]ojo0o o0olo

0
: 6. | 2002 {1 o |ofofo]o|o|ofo]o :}
'éf 7. 1182 o fl1flojoloflo]olofol]o ;
eé 8. | 1772 | o]olr|ololo]ojololo X
% 9. | e | o]ololololo|t]|r]o o |

" TABLE 11
| ..w ‘ ‘..- ........ o R B Rt PURR
: Problem | f(A) Al A2 A3 }1 T2 P3
Al e i — R '

10. 6/19 6 0 0 1 0 - !

N e S . ;
' 1.2} 7 o ol ojo |- 1
[ D Lo L T B Lt B B R T R BT R R T I Tl SR ‘

12. [ 9/28| 9 {0 |0 {1 o |-~ {

13, 6/19 6 0 0 1 0

14, 8731 0 0 8 0 0 1 ,
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