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The problem considered i. that of finding an optimal integer oolution

for the hyperbolic programming problem. A geometrical framework for viewing

the problem is developed and a general algorithm for finding an optimal

integer solution is proposed. This algorithm reduces to solving a finite

sequence of linear !nteger programs when the number of feasible integer

points is finite. It is shown that when the integer restriction is remolred,

the general algorithm reduces to an algorithm proposed by Isbell and Marlow

to solve the continuous hyperbolic program. It is also shown that the group

theoretic approach to integer programming can be used for hyperbolic integer

programming. Solutions for a hyperbolic programming problem with bounded

integer variables only and a hyperbolic knapsack problem are also given.

It is shown that using the general algorithm to solve these problems makes

it possible to reduce the number of variables at each iteration.
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CH1APTER~ 1

INTRODUCTION

1.1 The Hyperbolic ProgramminB Problem antd It, riirs'

Mathematical progrkims whose objective functions can be1

expressed as ratios of funcUionais are comnmonl~y called fractional

programs. A special. cane belotiging to thin class of problems is

the hyperbulic progrwamming probleui,(1 ) It has an objective functlion

which is the rdtio of linear functionals and in of tile following formt

max (fx) Xc'x a)/dx' + a))

s~t, AYx b

To avoid pathological ca~es, it will be assurnod that (I'') is defi~ned

over tile field of rationalis, The constraint mntrix A' has dimeonsion

(in X n). X' in an an di~mnnsiontil. column11 vOCtor, c. andi d ' ore n

dimensional row voctors, b is an m dimnwsional column Vectoi- 11nd t An~d

0 are fixed consitanits.

Almogy and Levin [1) note that a fractional objcictiveý function 'IAn

represent a time rate of earning~s and is therorore a tran rMOMIL-1-0 Of

economic. perrorinoamce. Martori [2) recognizem thle npiropriatn, o

1Tnis problem Is alg o known vis the 11 nioar frilct iona I

progrtimmi ng problem,

1.A
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the structure of (P,') when the purpose of optimization is fitd~ng the

most favorable ratio of revenues and allocations,

Dantzig tt. [3] construct ai hyperbolic programi when solving

a ship i'outing problem. Their solution roquires finding a cycle in a

graph which has a minimnal cost to time rtalti. This problem wos also

studied by Fox 14].

Production models in which the manufacturing procerises gencrete

scrap material also suggest problems that resemble (PI). For example,

in their discussion of the cutting stock problem, Gilmore and Cornory

(5] minimize a rational objective function which represcntr¢ percentage

waste. Wagner (6] considers the related problem of finding the

production Schedule which miximize.s the rtaction or usable raw

E material,

Chmrnes and Cooper (7] generate (Ps) when dealing with sysmem

evaluation and rsprtcing problems. In this content, the objective

functi on is the ratio of the total change in cost. to changons i " VoluMe

that nccompany possiblh vnlliAt I onn of a pniti culfir corot coofficvilt:.j

Othor appl.cAt onn 1 un a I InI the Iaras of opt ma,• maIut onat.a

of equipment [8], Markov renewal proyrniamming [ 9], and routing

p rob.1 ovn m[ (].

The 80l ut.0on1 to (",) I a wo01.1 docunIutI t1(ud Wn4il h brief:y rv .ew,,1

II. Chap tor 2. AlthIhotl, h', t1h l m gonciralm fractional proralimnn g 1ono-

-" IIIm I S not conlId.rod )hoie d , It haei alrio ree.lvod conon idorah o

at tlltiOlL,. Dinklhiich [10] studied convox-.colneOvo ratio, Bo.tor

[11. recgo 0101dthuo ILt ioo whi ch are covox , itnd Miat Ian[12 1

-J= _ • ..... , •
e I • .• 4 . . • . . . . .,, , . f , ,. ..



noted thait undut certain testrtctions the P~rank and Uciofe olgovitim

can be used to optimite a convex-concave ratio. A bibliography on I
fractional prograwmIng can be foutid .1n Grunspan (13).

1.2 Hype rbol ic Programmlning 1,11th 3 n t o E-r Vu~a e aA

Tnteger viariable restrictions are just as important in

hyperboll.: pr6gramming for~mulat.lons as it lIInear programiniug.

For example., consiider an investo2-- facrAd with the pulmof determininig

how many shares In each of ni investments he shouLd putchsase at the

beginninig or a timne period so that at OMe end ot the time period, the

ratio of him lioidinga to hiti rost:L is a axlinum Amsmwi~g ttiat theFontranl ts onl the tumUdi avatt Ioh I for finves Lit.mi art, l~ea :z'' 1-

d t;ost of rne s'inre of J nves~ UoOL J Ot: bc'.gl nnligf.1 of 1,11110

porlud.

A-fbvd Cont

9 ntu1111erj Of 111111 1j ,11 Of :PI on41I~jt. 1

thu 010,111 i nVI. mu SmLt pol ley Call be oh tilms 11 nec.]bye 'uIv t he foil low ing

~~~ 4111rfIIil CH J1t 1 I f 1) 1011 Woill wh (10, den1 WI th I 11ic V I till I

C0uII1MLI~cd tf AV ci u Al ~dyo WF ul 11IV I' alIt.!cAll y 1`ot'wcc l d 11-1 intly
pi qpiu~ int A w4e. I Ih of mio k v X1111p lo!; c~all 1w found II a h 11Al nc [1/1).



a.'s t f ')t < b t '+c)(~ dx )

X1> 0 and Integer.,

Certnain roult.i a problems where the objectiv[e Is to 1mil nifi 7.c

tho cost to tivie totle can also he formu2.nt.ýd wn hyperbolic lInteger

programm I

Dautzlg [1.5) has shown that integer variables ajlno rm

ividirectly. For example, the condition that a variaible x can only

Avsu~ii one of a disurotLu set of valucti call c.asi~ly be expresm-A with

thu ald of (0-1.) varinlebic. Integer var1Rbies of the (0-1) type3 Ver

al io umerill whmn I t. .in neconseary to expross the cotiditit I onta. oIi k

alit of III Const~rai otb 111.1t be sati nfi'd.

The importarncco of the Imneger rva tri ction IIn hypvrbol ic

programInf~l g lundsi La prublvn (P,',) withi tho11 1bId It I on resnt.r i.CLi an that

Ole solutioil vect-or X., bc'n 11-i in t eov0T rii ,,4 -oh~i PiT wil he d(WLC)te(M

by~~~.1o (PC.~ Im Cdluf IVIL OVOIA 1,~ tIC'IVC Of irt a~, hee

no loanl II .TnrI fvi1-0,ty' III aIFIik~iII fIn t-lilt.tf II 11P Ow (-l.1)1. i.aIII A',

4U9 and VJ tind b an well 1 416 the ti xec conit anti C1 aind [1, ite 11.1 I tilogors.

Ani ultoruiou ormiu I atit un fol. (PP' ) I obtolinod by fldd I n,ý a] ack

v rII ulblovi t~o t hu noil tt rik.i III equMiotil H I'llI ýI I V II 1t 0 U )ilOb 1 (11 .111

a spiwo ol' hilivhor dl mentilmn wilfl Ia (If' t ho fo I I wA iuq, founnl

x C) 011d tIIt-egcir (



In this formulation A is an m x (m 4- t) integer matrix, x is an

(m + n) dimensional integer column vector, oq and d ar, (in + n)

dimensional integer row vectorn, h is an m dimensional integer column I
vector" and ca and ( are fixed integers.

V robl eins (p1 ) and (P ) are alternate statemeints of the general

hyperbolic integer programming problem. Solving (P1 ) is equivalent to

solving (P'i). The objective of this dissertation is to develop a

elass of algorithm-, for finding the optimal solutiong for (P1 ) or

(P1).

Throughout the remainder of thin paper, it will be assumed

that thim set of feasible solutions for (P,) is bounded and that the value

of the deliominlaLor in theL objective function is strictly gro'ater than

zero for all fevaLnl.e solutions, These assumptions are quite realistic

in all economic cofteXt. Respectively they imply that thr. levels of

activiltes beuint programmed cannot be unbounded and that the objective

fuliction value ¢cannot become inrinite.

7-7
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CHAPTER 2

CONTINUOUS HYPE~RBOLIC PROGRAI4ING

2.1 The lsbell-Marlow Al~goithm

The general algorithm discussed in Chapt~er 3 can be viewed as~

a generalization of an algorithm originally proposed by Isbell and

M~arl~ow (161 for solving the continuous hyperbolic program. To

motivate the presentation which follows, it will be use~ful to review

the ctintral idea behind this algorithm. Let X' {x'JA'x' < b,x' > 0),

and let x' be any point such that (A'x' + f)#0. F~irst suppose that
-a -

the point X' is fea-;ible for (Ph and consider the. following linear
-a

prograimming problem:

max (z(x') (' + 0)(C'xS' + U) -(c'X' + C0(d'X' + 03))

Since the point x' isi feasible for this problem, it follow3 that
a

max (x)> 0, Thus if xv is an optimal solution for the linear

1-

program, the condition

T (d'xe + cu)-ed + ct)(d'er + B) > 0

together with the asnumption that origi+ a) > 0 ro ' c V implies

that

ld + a) (d'x,_ + ) -ao
f1 ( - -a

--

progammlZ prble6
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Hence-given a feasible point x' for (PC), it is always possible to

formulate a linear program whose solution ylelis an objective function-

value for (P') which is at least as good as f (x').

Interestingly enough$ Iven if x' is not feasible for (PC), the-a

solution to the j'near program is still feasible for (PC In this

case however, it is possible that f(x') < f(xQ). Since x' is not

feasibla, this ic) of no consequence, The important thing Is that i\

a feasible point is not immediately available, one can alw~ays be.

obtained by solving a linear program. Once a feasible point is at

nand, it it possible tl formulate a second lnear program which yields

an objective function value for (Pt) which is at least as good as

thp current value. Independent of the feasibility of x', the existence

of a finite solutinn for' the linear program is insured if X' is

t'ned bt-unded, f,

The result cf this analysis is the Ibell-Marlow algorithm.

It is a procedure for solving (PC) which reduces to solving a finite

sequence of linear programming problems.

2.2 An Extension of thc Isbell-Marlow Algorithm

In this section, it will be showýn that hyperbolic programming

problems other than (Pl) can be solved using an approach simil.lnr to

the one described in Sectioni2.1.1.

Consider the problem

max 1f(x') f 'x' + .)/('x' + B))

s.t. hXO C F
r-



where the feasible set F consists of a finite number of points.

Repeating the argument used to develop the Isbell-Marlow algorithm'1

for (P)), if x' is any feasible point for (P'), then an Improved
C -a

solution for (P,') can be obtained by considering the following

probl.em:

max X('.') - (d'x'_+ +)(c'x' + ) - (c'x, + OL)(d'x' + ()}

as.t. X'E F ' (LPF)

The next theorem gives a necessary and sufficieet condition f r the

point x' to be optimal for (P,').

Theorem 1

The point x' c F maximizes the hyperbolic objective function

ýin (Pt) iff x' r. F maximiz~s the objective funiction in(L.)

Proof:

First suppose that

max f\x) f(x') ( 1

xt C F

Assuming that (d'x' + 8) > 0 Vx' c F, (2.1) implies that

(d'x" + a)(c'x' + C) - (c'x' 4 ()(d'x' + •) 0 Vx' C F.
(2.2)

The left-hand side In (2.2) is clea~rly the objective funcýion in (LPF).

PBy inspection, it achieves its upper bound at the point x'.., The point

x' is therefore opttral for (I.P',).
-aI
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To prove the second pert of the Theorem., suppose that

Max N ((A,)) 0

Th-Is imuplies that

EQX*) 0 Vx' C F

Since (dx + ) Vx' c F, the above inequa1 .ity implies that

f~x' f(.~) X' C F

The po)nt x' is therefore en optimal solution for(P)

'rho point x' a which Miaximi~zes ( )isi ropt:imm.~ for (P;,) iff

z -,' 0.

P~roof.:

THi i resul t 1- it directL C011BI(UMIeCo Of tile P-1-oo1 glYL for

Theoremu 1.

'iheorviii 1. and Coroll Iary 1. 1 t ogvther With t~he 01)N rVa t-1.0o thti

ma Z(A') :-U Fmggoht thint the soluti on to (11'') ciii N, oh tafledw by

X, C

solving ai finit~ LU ~teoncie of linear optimizatioii problemns.

2 .3 Alternate Solution Approaches for (P(.,)

Givien that fd 'x' + B3) > 0 Vx' t:X' Mar tos~ (21 proved that

the Solution to (1P ) must- lie on at j asit onoe vxtroeno point (-.f the
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feaiuible net k'. Bated on this resultt ho developed an extreme point

search very similar to the simplex algorithm of linear programming.

The Martos al.Sorthm is fundamental to the cutting plane. mothods

distvssed in Chapter 3. It will be reviewedl later as part of the

development for the cutting planeP algorithms., .
Another approach for solving (P') which is In the spirit. of

Lemke's dual simplex algorithm is due to Darn (171, In this algorithm

it is important that the original problem bie treated as the dual

problem. An extreme point, of the dual feasible set (the original

feasible set) i.; chosen and the current values of the prtmal variables

(the Lagrange multipliersi) are computted. If they all halve the proper

sign, the current solution is optimal. If they do not, an adjkicent 4

ext'reme pgint of the dual feasible set which improves the objective

furictio-i value in chosen and the procodure is -vepeated. Since the dual

4 feasible region has #% finite number of extreme pointo and since a

local mexitium f or (P(',) is also zlobal maw 'mwn, the algorithm

teirminstte'a, in a finite ntimber cf steps, Dor~n also pOilliS Out that the

prblf.'is of finding an initial cxtrerie point Eiolution mnd of: degoneracy

are identical with those onme problemn for linVAr progrutms. R"11nodies

for these problemsa can be found in the oppondices of (18].

Another alt zinative for solving (PC)i rpsdb hrc

and COopar [19]. By mear.s of a simple :ranrsformatJic(, the hyperbolic

progi.ani is tr&nsfornmed to a linear prcgram. If tho sign of the

objiective function value is known at optiinalit.y, (onl~y ono~ liný,.r

V. prograw need be solv:.d. Othe.ewise, it is rnocmssary to solve, two

...........



linear programs, Unfortunataly, due to the nature oý the transforma-

tion, finding the integer aol.ution to the Chatrnes and Cooper linear

program does not guarantee that the integer solution to (PC) is

directly available.

2.4 The Geometry of the }IypFbolic Pro&ýam

This section is devoted to the geometrical aspect* of hyperbolic

programming. The ideas develor'qd here will also be useful In describing

geometrically the algorithms in Chapter 3.

Corresponding to any L"-quence of hyperbolic functional values

with the property that I I X' Vi and f() < f(x

( , ,n-.l) there is a unique see.uence of hyperplanes (T .,T

where

T {x' (d'x + x)(c'j' + a) - (c '.x + u )('x' + 6) • 0)

(2.3)

T'-.: hyiprrplanos T' can be seen to intersect about the solution set of

the follow•iwng set of equati.otsi

c j + ci

Sd'x' + 0 (2.4)

Tho solution act for (2.4) its- aluo t',o Set

k-rnf') {t')(c'x' + c - 0, d'x' + R 0- , ' F n)

which is the Ikemrno 74* the map der'.ned by

'T(x') '' (c'x' + W , c'x' + B) x' n

---------
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The first component of the image of x' under the map T corresponds to

the numerator and the second component corresponds to the denominator

of the hyperboi.c objective function.

Having introduced the set, kern(T), a foundotion for the

geometric description of the behavior of the hyperbolic objective

function in En is developed,

A trivial hyperbolic program occurs when the functionals

(C •'x' + a) and (d'x' + S) are linearly dependent. It is easy tQ Gee

that for such a problem, the objective function value remains constant

Vx' c E , To avoid this case, it uill always be asquited that

c'x' + u) and (d'x + B) are linearly independent. This assumption

also iviures that the set kern(T) is norempty.

I emma 1

The set kern(T) i 4 if the functional (c'£' + a) is linearly

independent of the functional (d'x' + 0).

Proof:

Thib •o•ulL 14 a connU'quP'nce o0 th0e fact f".at the wap T is

onto if (c'x.' + a) and (d'x' + $) are linnarly indepeidont. Suppose

(y),y 2 ) E E2 is chocu arbiltryily. Thu map r it, onto if there exist

xf r..n such that

yl yRx' + ai

e I" Y2

The oxi.steo.c ol a point X• fol.lows from~ the• llnenr Indopendence
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assumjtion, A point d can be obtained by arbitrarily setting the

levels of (n-2) of the variables and solving for the remaining two,

The map T hi therefore onfo and it follows that kern(T) 0 C.

Thus far, based on tho assumptions made about (P.),

kern(T) - O and V' 4 41. With the addiional assumption that
(d'x' + 8) t 0, it also follows that kern(T) n _' 4.

Leunia 2

When (d'x' + 8) > 0 Vx c X', the set kernmT) together with

any x' c X' define a hyperplane To in E".
a a

Proof

A well knovAiresult from linear algebra states that if

TaL n " EnM dim kern(T) + dim range (T) - n. In particular when m-2,

kern(T) is an (n-2) dimensional subspace of En, With the assumptions

made thus far, kern(T) n K' t. Hence any point x' c: i' is lUnearly

Independent of any point belonging to kern(l) and any basis for

kern(T) Logetheir with x' span an (n-1) diluensional. suh1pace of I.

Py definition, tLhIs ic a hyperplano in E,. Recalliig the defntitton of I
T a given fin (2.3), it I n clear that in addicron to tbO, 1point x' , every
a -'A

point In the set karn(T) 11 ij on the y'erpla nu Ta }lence kern(T)

tojiether with x' c define T This proveti the Lemma.

Lemma 2 provides the tool. for showing that a change in the hyperbolic

objective ftnctlon value can be achieved by a rotation of T.i ,1bout

kern (T) To fee that this iH Indeed the case, recall. that given a



ii

sequence fi th 2 C Vi and f (AP < f (A,,

(i-l,... there exist a unique corresponding sequence( pT

Appealing to Lemma 2, note that x .ogether with kern(T) define T,0

and x.' together with kern(T) define To Furthermore, by definition

of the hyperplane T,

o - kern(T)

Since the functional values f(W) and f(x'+1  are achieved with points

that lie on intersecting hyperplanes, and since it was originally

assumed thdt x Y' ' Vi and f(xI) < f(A'+ii' the desired conclusion

follows.

To clarify the exposition in this section, consider the

following problem:

ma{f(x'.x') (c IX1 c'x + /(dx

1 2 2 2 ? )/(dl +dx2 + 2 )}'

, , +a ' II 'b .!.
s t llX1 -a12x2._."

at ' + a ' b21x2 22x2 '2

xx2|> 0

To avoid problemn which need special. atLtention, it tis asnumod that

the feasible rekjt.,n Is bounded, that numerator and donomidnator In the

object-.vo function are linearly independent and that

(dlxI + d'x + BI) 5 0 for all feasible points.

Based on the goometrical aspects of this problem, elements of

the oet karn(T) are also solutions of the system

n ., I - nI.II



--.

+ C~~+ c-0

d2x2 d2x2 + 0 (2.*)

From the linear indepeuident assi, ptiou, the solution to (2.5) is

2
unique and therefore kern(T) Is n singl.eton set in E'. The aesumption

that (dx + dx' + ) > 0 for all fei points implies that kern(T)
2 2

and the feasible region are mutually eYL..sive sets. Appealing to

Lemma 2, kern(T) together with any feasible point xa define a hyper-

plane T0 , This is illustrated in Figure 1. The optim,'l obji.ctlvo

function value for this sample problem is obtained by rotating Ta about

kp.rn(T). Examining Figure I, It can be seen tHit tleo opltimal hyper-

bolic solution for this problem must lie on at least one of the ext't•lle

points of the feasible set, (See Theorem 2 ).

before proceeding to the integer solottion of tOw hypIvhbolitI

programming probletm, it will be useful to eo:amtino the lhbel1-Mil-r uw

algorithm wit.h~i n tihe framework devoloped here. Firsit a 1po]n, x. rutI

that (d'x, + 13) o 0 1 choin and n. rolul hie pv int t x whl .)i ll)laxlldzol

-a'x + 3(''.(,.L'.',, +).;x , c,) .. (.c.'.x -+ .,)(cI'.' + p)

i:s ubtcifl od by tic',lvJnit, a l oLtir progrntilu lien probhi ,l. 11 thO hypertllane i
10
. i n a Bliup ort-1.1i hypcll i .-11 : , to tho fontiitic,; roi1cull, t,,o pC.o1nt X'

Is optvt ulnu. for (P..). I f,' X i.i hOt uptillifi , 11 Point x 2 wh II h 11\11 ?

(d•|+ •) (c'z' .I c.,) - (c'x ' + ,c,) (ci'x ' 4 1.4)

9i s ob id. ). f 110 :. n a hiu o r L n hy o V)it 0 to 0 hV ltf L ] it 11V v(IV. ) ,11

S.....2
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2 'c fe~asible region

Iopt t' iwi, I /

or

II

Iaig~ur41 I,

. .• 1 ? • . " - - . . .. .'. ... ...
_ _ __ IA



. I
is optlimal, If it is not, the proccdur6 1. topeated, The

workings of the Isbell-Mailow algorithm are demoetetited with an

example in two variables fin.Viattre 2 ,

Based on the geometrical analysis of (1) c:he most I.mme'Iinte

way of obtaining kan optimal so~lution is to rotate T° about: knrn(r).:ql a

Although tlhe habcll-Maclow doos nut it:iplement a Ivtat.lon of ,•. ,

accomplishe3 the namve end. It bWeeps actross the feanible region In a

direct.ion towards the optimal soltutiou, The procedure cgin be

described aq sequentially tirfnslatArng hyperpl.anes of chwaiging ,:,iopes

,nt 't. thw optima&-. extran,,u point for (P') in obtairtd.

WC

p.h

'-r , i i iI
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CHAPTER 3

HYPERBOLIC INTEGER PROGRAMMING

3.1 A GnrJ loih

Problcjn (PI) with P' bounded implies that the ritmber of

feasible itnup.ger po)!ntq is fliLit. Thus it Is possible to view (P,')

a~ eSpecial cast, of (P,') whiich is ditacussed in Section 2.2.

Theorem 1 and Corollary 1.1. together with the observation that

max Z(A) 0 pro-ýIdosi 0oi basis for an algorithmi to solve (P'). Such

X' integor

* ~an algorithm is given below.j

1. Find any feasible integer point belotiging to V.Carl. the point

X'and set J1

2. Define the. following linea~r integer program:

MAuX {z (dý'x', (c 'x' a)c - (c'x' + c4) (dtx + 1)
I - A -J-1

St. Xo c

3. Solvo thv problemi de..fined in step 2 by any convenic n t lmethiod

Call the solut:ion X'.

4. If niax z j m .0,stop; otherwise let j r~J+J and retUrn Lo step 2.

The conveigence of 11111(1) depends noltly oil having a flnitoft

nUmbor of fonsible intoger poi nts as possI hic optlilil soluitions for

19

&A 
;
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(PP). For convenience, it is assumed that the number of feasible

integer points is k. By construction, the algorithm generates a

sequence of points {•} such that f() < "(4+0) Vi. If there exist

somc finite index j such that f(x') f(x', it follows that

Z4+l(+I) - 0. Appealing to Corollary 1.1, 1 and x' are optimal.

hyperbolic solutions. In implementing the algorithm, the worst that

can happen is that HIP(l) will generate all k feasible integer points

such that f( ') < f(x') < < f(x4). By the nature of HIP(l), it

must be that at the next iteration V(-) f(x+- )' Once again,

appealing to Corollary 1.1, it follows that 4 and 4+, are optimal

hyperbolic solutions. The boundedness of X' insures that (P,) has

a f.:nite number of feasible integer points. Thus if HIP(l) is used

to solve (P*), the optimal solution will be obtained in a finite

number of steps.

3.2 Discussion

The choice of the point x in IIIP(l) merits further discussion.

To be sure that an objective function is generated at step 2 when

J-l, it is only necessary to impose the restriction that (s'×' + o)

and (d'• + 5) are not zero simultaneously. In addition, the point A

X need not be feasible and it need not be inLeger. If xO is not
!-0 -o 0
fpasible, f(') is not necessarily a lower bound for the maximum of

the hyperbolic objective function. It should be clear however that,

j thie solution to the first linear integer program in 11IP(3) is

feasible for (P') and furthermore max f(x') > f(xj). The worst that

x C



can happen ii =x0 is not feasible is 'that convergence of HI1?Cl)

ulowet4.

Choosing with integer components is not necessary but is

ýdesirable if an all integer cutting, plane method is used. If the

constant ýerma a and B are not both equal to zero, it is conve~ient

to el-)ose xtad the null victor. If a - B - 0, a first feabible

inte er point can be found in cne of several ways. For example, a

solution to the problem

max (z - lx'}

a!. to x' E Y

2x' integer

c~ alwayi be used as x. If the hyperbolic integer program~ is a
cT\

maximizatiin problem, it is often rep gnabie to exp ct the solution to

the problem

max (z ~c'x'}

xý' integer

to yieli'. a neair optimal point for (P,'). Solving this problem is

clearly another merens foiý choo'sing x'in H11¾P 1).

One of the interesting aspects of the algorithm HIP(1) is that

Its convergence depends s~lely on having a flnitý number of feasible

points. Specl~al cases of (P,') fall into chis category and have 'been

considered by other authors. For example, when the compononts ofthe

solution Mector x' are restricted to be (C-1) variables and 4-4

'Oefinedl by psoudo-boolean equttion~p, tii.(1) reduces to an algorithimI



similgir to the ones proposed by Robillard and Florion (20]. When the

feasible region is defi±ned by a set of l.inear~ inequalities and there

is no ittege, -~e~triction on the solution vector, HILP(l) reduces to

ar. algorithm simnilar to the one proposed by Isbell and Marlow [16].

Thus t~ie samne algo'rithm which ise used to solve an integer problem

can also be used to solve a coottnuous problem. This is best

explained by the fact that the Polution to (P') lies on at least one

of the extreme points of the f~eauible region. iFinding the optimal

solution to (P') can therefore~j limited to a search of the 6xtreme

points of Undor the assumptions made here, the number of

extreme points Is finite and hence in *,his sense (P') is a special

tCaSRP Of (P'). Therefore, UIP(l) can be used~to solve '(P C) and,

ftn-ýte convergence in insured.

With rng.-rd to integer programming, HIP(l) is general enough

to solve the problem

max (f~x a ex'+c)/~ + B)}

* ~i' nteger (t

where X1 is an arbitrary bounded convex set with integer points in its

interior. The ease with which (P') can be solved depends on how easily

each c. .of the subprob'p-ma can~ be alŽdIn the case when the

feasible regicon is defined by parabolic 4onstraints, the method of.

Witzgall. (211 can be usec4 to ualve the subproblems. If Xis ani

arbitrar.y convex set with integer Fok~nts in its interior, the cut'Cng

plane m~thod of Kelley [22] can be used to solve the integer subproblems.
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The algorithm HXP(l) is clearly muth more general than it first appears.

It will be shown later that HIP(l) can-also be used to solve a hyper-

bolic group problem.

3.3 Alternate Optimal Solutions

Having obtained an optimal solution, say X, for (P'), the set

of alternate optimal solutions coincides with all the feasible integer

points which lie on the following hyperplane:

(A'd + B)(c'x' + C') - ,g'x, + 0)(j' + 0) 0 0)

For the special case when in (PI) a B O 0, the next result can be

useful for generating alternate optimal volutions.

Lemma 3

If in (P') a - B 0 and if is an optimal solution then if

k is a positive rational number such that kx, is integer and k, c •'

then k ' is an alternate optimal solution for (Pr).

Proof:

When a - 0 .Q, f(x') cx'/d' I'. It follows immediately that

the optlmal objective function value, f(.•) /t'Ž remains

unchanged if numerator and denominator are respectively multiplled by

a positive rational numbor k. Therefore if k4 c 7' and if kxl is

integer it is also optimal.,

ib..
,.II .I
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3.4 -Reducin the Const~raimt Set

It was noted e'rlier that it the point is a foAnible integer

point for (01) then f(x') is a lower bound for the maximum of the

objective function value in (P'). This implies that

(A x ),' + 0)) - (c'i + U)' (S'x' + 8) 0 (3.1)

in a valid con~traint for the (j+l)th sibproblem in the general

algorithm. A natural modification of 41P(1) is therefore to redefliae

the feasible region for eacO subproblev/. Let

-+1 Xj[I T3 UT A

whetre is the hyperplane dufoned in (2.3)p and

Thes act dso.ribt'd by V~., is nothing more. tha~n the originAl. constraint

Trauth and Woolsey [23] have reported that bounding coofstratnts

such as (3.1) have heJped to spuiLd convwrgence for curtain Ii rar

inteaur prorumN wlilch wo••n iot tractahble provlouli.y. Who ther or not

bounditig cotvtrii inti (nih as (3.1) will help to optied th0 convergence

or 11L'1(1) rainm I n- to be scion, It 1ii of wom(% In •rtrst Lo note: thal.

(3.1) , Implivtt: Ili he or0 I 1p Al .tIaAL 1111tM of 11i1'(1) Puld i- tLIrITCfor

a re#dun|'dan\' (muBt~ ruatl# ,

It'



251

optimmility condition x (0g) 0 in equivalent to the condition

v W' By cornstruction Y cl X'. )urthermore if x'is an optittial

solution and z() Oj it, follows that

or

T 0 U T +f t' '

By definition..i 1  T 0 U T+ fl x' and it follows that

.-j+1 -

Therefore, if x'is optitnal X-j -j z-j +l

3.5 Cutting. Plane Algorithms

F. Cutting plnne niethods for solving the linear integer programming

problemi were suggented by Dantzig, Fulkerson anI Johnson (24) and

formalized by Gomory [251. The principle behind theme niethods Di to

reduce the oviginail feasible region without eliminating any fcasible

integer points and thon to reoptiniize the objective f untctionl onl the

reduced feaslbile met. If the reoptiimi.zativii phane yieldfs ail all,

integer solution, it in alsto optiimal. For tho lincar Jilteger prograni,

Gatiary (25) acucoipllshot thin by genorating now conmt~rntritN fromi

existing conotraintm and thicit leoptitOizos the objective funotion with

the aid of the diiial nii up.) x a 1 ciri thiu, Thtt fin.1tvitunn t of' thlo n J.gor i.thui

1.5 41AR~ldI IIe i tl' (h lit ( I ng p~l IICi tl 11VIVA ldt id icv rd i g to (3oim' zy,1

pi_ __ -- - v
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A desirable characteristic belonging. to the Gomory cuts is that

they can be generated systematically from an optimal noninteger tableau

as well as from a nonoptimal dual feasible tableau.

In the next few sections, a class of algorithms which can be

viewed as a synthesia of the Martos [2] algorithm, the Isbell-Marlow

(16) algorithm, Gomory cutting planes and Lemke's dual simplex method Am

of linear programming is developed. Alternately, this class of

algorithms can be viewed as a special case of HIP(l).

3.6 Gomory Cuts

In the context of linear integer programming, a Gomory cut is

an inequality derived from an existing constraint and must be

satisfled by any integer solution. ViTen added to the original Bet of

constraints, this inequality reduces the original feasible region

without excluding any feasible integer points. The cutting planes

can be derived in the following manner, Denote by Cxj the largest

integer less than or equal to x. If x is any number and % is any

pomitive number, it follows that

Xl (x/] + r (3.2)

where 0 < / < 1. Equation (3.2) can be rewritten as

x [x/X)A + r (3.3)

-- 1oomory's fractional and all integer cuts reduce the feasible
set X by cutting off the current extreme point if it is not integer.
Since the optiM,.a solution to the continuous hyperbolic program A
occurs at an extrome point 'f X', the possibility of developing a
cutting plano ,lgorithn hecu7.ei evident.
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where 0 < rX < . At iteration t, the ith basic variable can alwaysXI
be expreaned in terms of the nonbasic variables. That is

xi- oat + Y a j('x (3.4)

JEN J=

where N is the index set for the current nonbasic variables. Using

(3.3)

t t t t t

+ t [t t X IXj

Sl (At + l t(3.)

Jr.jj

Substituting (3.5) into (3.4)

X [l + rt Xt+ [at Al + rt0  Q A

+ r[ + ) ( - (3.6)

inj

Collec-ý,ing and rearranging terms, (3.6) becomes

Xtrt+ ý xtrt r t~ + % a A

li i F" l l l I j F i == I o

I II[a+ 01 [sj.(-X) + (lI/x](-x 1)) (3.7)
J CN

By definition, the left-hnr.d side of (3.7) must be nonnegative. The

term in brackets on the right-hand side is required to be an integer

and furthern.ore it must be nonnegative. This can be seen by

letting

6 a t 8)\ + I' (a /x](-x) + [1/')(-X ) (3.8)
j EN

"SON-1
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Suppose a is a negative inteser. A choice of X such that

A > (r i-a) > 0 implies that (r 0 + b) ' 0. This is a contradiction

since it implies thtt the lft-hand side in (3.7) is negative. The

inequality s '> 0 is therefore an appropriate cutting plane. For the

special case when X-1, (3.8) reduces to the Gomory fractional cvit and

when,u > I it reduces to the Gomory all integer cut.

3.7 Same ackgroaund

Before proceeding to a discussion of cutting plane algorithms

for solving (PP), some results regarding the continuous hyperbolic

programming problem are reviewed.

Theorem 2jMartoil [2), Dorn 1173).

If in (Pc), the feasible region X is bounded, and if

(A X + 0) > 0 VX C A, the optimal solution to (Pc) occurs on at least

one extreme point of -.

The algorithm of Mertos is based on Theorem 2. The Theorem

suggests that the optimal solution can be obtained by performing an

extreme point search similar to the simplex algorithm of linear

programming.

Geometrically, the simplux algorithm of linear programming is

initiated by examining any extreme point of the feasible set R. If

the extreme point is optimal, it is recognized as such and if it is not,

rules are available for moving to an adjacent extreme point which also

improves the objective function value. If no improvement is possible,

the algorithm terminates. To see how these same ends are attained for

P.

• ,•, ,•. .. .... , . , ,. . .. " . .., :• , ,,



the hyperbolic progr~m, let

-B-i

2
z d x +

The subscript B denotes the current basis and denoLes the current

1 2feasible solution. Via a change of basis, the new values of z and z

respectively, become

1 * -- e 1 j)

2 * 2 2 (z d

where 0 is a positive constant.(1) The quantities (z - c and

(z - d ) are the respective relative costs associated with numerator

and denominator of the hyperbolic objective function. Clearly, for

an improved objective function value, the following condition must

hold:

z1 z2 < jl/i2 (3.9)

To determine whether or not the condition given in (3.9) is satisfied,

it is useful to define the following quantity:

tj t z (zj 2 dj) 2 (z1 - c) (3.10)

The condition in (3.9) implies that an improvement in the hyperbolic

(1)The constant 8 is computed exactly as in the simplex algorithm

of linear programming. That in 0 -min (xBi/yikl Yik 0).

ih

-- ---- - - - - ___
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objective function value cats occur only if there exist some nonbasic

column of the constraint matrix A for which tj > 0. If in addition

0 > 0, a strict improvement occurs. Note that the condition e P 0

is always true if AB > 0 VB, Clearly, problems of degeneracy in

hyperbolic programming are analogous to degeneracy problems in linear

programing, This being the case, Martos (2] points out that

hyperbolic cycling which might result from hypeebolic degeneracy can

usually be resolved with the aid of Charne's perturbation method. To

continue with the Mattes algorithm, if tj 1 0 for all nonbasic columns,

the current solution cannot be improved by moving to an adjacent

extreme point,

Theorem 3 (Darn l711

A local maximutm for a hyperbolic programming problem is also

a global maximum.

Appealing to Theorem 3, if tj !. 0 Vj, the sohltion is also optimal.

The algorithm of Martos is demonstrated with an example in

Appendix A.

3.8 A Fractional CuttinR Plane Alrorithm

In this discusuion, the fractional cutting plane algorithm for

(PI) is viewed as a special case of the algorithm HIP(l). The first step

is to choose a feasible point, not necessarily an integer point, and con--

struct a linear integer program whose solution is feasible for (PI). In

this algorithm, the feasible point is the optimal solution for (PC) and

it is obtained by using the column tableau fur Martos' algorithm (see



Appendix A). If the solution displayed in the optimnal tabloau in All

integer, it is also optimal for (P1). If it is not, a Gomory fractional

cutting plane can be generated from~ the optimal representation of the

constraint set, Appending a legitimate cutting plane to the optimal

hyporbolic tableau doom not exclude any feasible integer points and

"thus a reoptimization of the enlarged tableau can lead to the optimal

integer solution. Unfortunately, the Gomory fractional cutting plane

destroys the primal tableau and there is no analog of the dual simplex

method for the hyperbolic programming problem which can ')e used to

reoptimize the tableau.

Primal feasibility can however be regained by solving

maax {- (z x ( + 0)( + a) - kc ;, + A)(d.+ 3)}

s.t. Ax - b

> 0 and integer (PI)

where A,, iA the extreme point of the feasible set which niaximizes the

continuous hyperbolic program, (P1) is solved using Gomory's

fractional algorithm, This requires first obtaining the optimal, tableau

for (PI.) without the ifteger restriction. This tableau in available

without any addt ional work if the al.Vorithm of 'Martos with the columni

tableau is used to solve (PV) To see thils, let the optimna] fuctti onal

value of the numerator be

1 + a)

ati
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i2

2 _ + 0)

Substituting z and 2 in (PI) and partition•ig the vector x into

a basic and a nonbasic component, the objective function in (PI)

becomes

2 z
zu z2 Qý. + sN' +cia z'(~Bdx ~

The basic vector x, is eliminated using the relation

This yields

2 (c B-1b 4a)+-c l 1

a [(4HB b + 0) + Q(N - d-B N)4] (3,11)

Mhen B is an optimal basis for (PC)0 (3,11) rueduces to

Z " ( d21AB-1 - d Z2(.BB-IN - C2N)) x1 (3,12)

The components of t:he Vector iii brackets are easil.y recogniized as the

quantities t defined in (3,10), Moreover they aret the optlimal t. 'a

and hence t _ 0 VJ E N. This implies that the optImal rclativo.

costs for the continuous version of (P1) are exactly equal to the

optimal tj'a. An optrnil basis for (PC) is th refore A IsH optimal for

the continuous version of (111). To obtain the completeo optimal

tabl.•n for the l atter, it Is only neceRsfi'y to appowd o row correlponnd(ing

to (3.1.2) to tho opt:Ima1 hypevrbol.c tableau., A cut'titnt plaioe it also
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Sppesne.d to the tableau and the linear objective function is reoptimized

*via the dual simplex algorithm. This procedure i.s repeated until an

all integer solution for (PI) is obtained. It is interesting to note

that the noninteger optimal objective function value for (PI) is

zero. This implies that the first Gomory cut is never generated from

the objective function row.

In addition to the optimality condition given in step 4 of

HIP(l), an optimal solution for (P 1 ) can also be recognized with the

aid of the following sufficient condition:

Lemma 4

If the quantities t are computed from the optimal tableau for

(PI) and tj < 0 Vj, the current solution is also optimal for the

hyperboil-c integer program.

Proof i

After (PI) is solved, the reduced feaslble region can be

expressed as the intersection of a finite number of hyperplanes. In

parOdcular, the fea,.lble region is X1  S1 where SI is the region

defined by the Gomor'N cuts used to solve (P1) and X ". From the

Gnmory cut properlies, It follows that X and X, Sq contain eXactly

the same Integer points. Thus appealiuj to the Martos algorithm, if

tj 4 0 VJ, the ýolution to (Pl) is also optimal for (PI).

If tj _ 0 VJ, Tro Is a supporting hyperplane to X Si at

and x, is also optimnil for (PI). If there exist t , 0 for some! !j

l l ! :,.a
l l l l l l l l l l l
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j c N it is still. possible for the current solution to be opitimnal for

(P T6;mse if this i. indeed the case, the following problem is

formulated.

max (z - d 1 + B)(cxA+ c1) - a + cL)(dx i+

S.t. X E X S1

x integer (P2)

The optimal solution to (?2) in again obtained by using Gomory '

fractional algorithm. The noninteger solution which is obtained first

is called 2il. Note that the hyperplane ENx (A Ax + 6)(S X* + a)

(cx + 8)i aallt Thus if a cutting plane

algorithm is used to solve (P2), a new integer extreme point on the

integer hull contained in the original feasible region is obtained or

an integer point lying on To is obtained. If the latter occurs, z(E 0

and E2which is the optimal solution to (P2) is also optimal for(P)

If the solution to (P2) does not lie on T1and there exist some t j 0,

a new linear integer program is defineO and the procedure is repeated.

A statement of the fractional cutting plane algorithim is now given

below. The follo%:ing definitions will be useful.

X I ~X W IxAXý b, xý > 0)

X '~feasible region for jth linear integer program

S "~region defined by Gomory cuts used to solve ith linear

integer program.
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Altorithm HIP l (2)

1. Disregard thl integer restriction and solve (P,) using the column

tableau version of the Martos algorithm (see Appendix A), Call

the solution x,. If the solutio.i is all integer stop; otherwise

let j - l and -0 x,.

2. Define the follow.-Ing linear integer program:

max {z. (!- NJ + )(c+ a K - ( 1 c)(x + )}

s.t. xc XNI

7,. integer

where X -X

x~ Y.for j-2,'1-...;-; -j -

3. Solve the problem in step 2 using Gomory's fractional algorithm.

Call the solution x

4. If max z - 0 or if \tj < 0 VJ £ N stop; otherwise let j - j+l and

return to step 2. 
A

Although HIP(2) is clearly a special case of HIP(l), it is alsJ

in the same spirit as Gomory's fractional algorithm for the linear

integer program. I'hat is, the'optimal extreme point for (P ) is

obtained first. If the solution is integer, the procedure tfrtiinates.

If It is not, a cutting plane which cuts off the current extreme point

and which does not delete any feasible integer points is appended to

the original feasible region. The objective function is then reoptimized

. on the reduced feasible set. New cutting planes are generated until

the reoqtimization phase yields an extreme point of the integer hull

-. •.. ~ 21-~--~- ~ N-.
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contained in X, What makes (1) more difficult to solve than the

r linear integer program is that more than one extreme point oý the ½ .

integer hull may have to be generated before the optimality condition

is satisfied. Clearl± since is assumed bounded the integer hull has

a fl ite number of extreme points. At mo't HIP(2) will generate all

Of these anI since f I f(_xj) Vj, HI'(2) will converge in a

finite numbbr of steps. ,

Although conceptually tie same, HIP(l) mud HIP(2) do have some

differences3  In HIP(2), the feaiible relion is reduced at each

iteration whereas in HIP(l) 'the feasible region remains the same at

each iteration. Because of the nature of cutting p'ýane algorithms,

HIP(2) only searches points which lie within the boundary of the

original feasible region and which arz outside or on the boundary of

the integer hull contained in the original, feasible region. ThIs I,

not nece'isarily th,. onse with HIP(l) if a branch and bound lgorithni

is used to solve each of the linear integer programs. A special

jroperty of HIP(2) is that the optimal tableau for the jth linear

integer problem with some slight modification becomes the initial

tableau for the (J+l)th problem. This simply meaný that when solving

tha (J+l)th problem, it is not niecessary to start from the beginning.

The cutting plane algorithm described here is implemented with

the aid of the tableau format shown in Table 1. The entries in the

first ,•ow are the t•s (j ' N) which determine the optimality of the

hyperbolic program. They ate computed after each integer solution is

obtained according to
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AppealinA to Lemma 4, the current. molution is optimal,

Lemma 5 implies that if ao > 0 VJ c N then increasing any one

of the orIginal variables to a positive level will decreae the

objective function value, If therz exist j r N such that a ' 0, the

Initial tableau iv primal feasible with respect to the relative costs

displaycd in the z-row. It is not however dual feasible. As in I
1IIP(2), the first step it to find a feasible integer point for (PI).

.In ddition, un all integer tableau is to be maintained at each itera-

tion. Each of these objectives is achieved if the linear objective

displayed in the z-row is maximized using either a primal cutting plane

algorithm or Gomory's all integer algorithm. If a primal cutting

plane algori~thm is used, the fi-st pivot can be made without altering

the first tableau. If the Gomory all integer algorithm is used, the

current tableau must first be rendered dual feasible with respect to

the relative costs of the linear objective function. This Is

accomplished by appending the constraint

XM+m+1 - [ X (3.13)
JEN J

to the current tableau and choosing it as the pivot row. The pivot

column is chosen as the lexicographically smallest columin with respect

to the current linear program. The constant M in (3.13) is an

arbitrarily large integer such that xn.m+ . 0. The constiaint given

by (3.13) simply expresses the fact that the original constraint set

is bounded. A pivot at this point will tesult in an all Integer dual

feasible tableau. A statoment of the all integer algorithm Is given

below.

-- _-,

- -.-. , ______
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hj n d00 -dn 0 do00  VE

This is the same index t defined in (3.10). The entries in the second

row identify the nonbasic variables at the current iteration. The N

and D rows represent the numerator and denominator, respectively. The

entry no is the current numerator value and do0 in the current denomitia-

tor value.' The z row denotes the current linear objective whose integer

solution is being sought. Rows x 1 through xn are the current nonbasic

variables and rows x 1  through x are the current basic variables.

The last row is for the Gomory cut. The use of HIP(2) is demonstrated

with an example in Appendix B.

;.9 An All Integer Cutting Plane Algorithm

In this section, a cutting plane algorithm based on the Gomory

all integer cut Is developed. The algorithm is a special case of

HIP(l) and is started by displaying the problem in the column tableau

format (see Table 1). The entries in the z-row are

a 00 ~0

a 0 -n d +n d VjcN

oj 0 -oj . 0oj00

Lemma 5

The optimal hyperbolic function value is (a/a) and the optimal

integer solution is x - 0 if a > 0 Vj c N.

Proof.:

By definition t -aoj Vj. Thus if aoj 0 VJ, tj< 0 VJ.

~ -a 0 ~ a0



401

S~~Al.gorithtm HIPO).•,

1. Set up the column tableau for the hyperbolic program as in Table 1. I
The components of the vector 4 are x " 0 (i-l.., ,n) and

Xn+j,0 ' bJ (j-1,, M)l . Set jml.

2. Genetate the following linear integer programming problem:

max (z Q! X. + )(cx + c1) -4(~ + i) (d x4.)

2i integet

where X - X

-- X -j-l

3. Option A: Solve the problem defined in step 2 using a primal

cutting plane algorithm.

Option B: Append the constraint given by (3.13) and pivot to

render tableau dual feasible with respect to the relative costs

in the z-row. Use the Gomory all integer algorithm to maximize

the linear objective function.

4. Compute t VJ e N. If t < 0 VJ c N or If z (x ) 0 strip;

otherwise let j - j+l and return to step 2.

Since HIP(3) is a special case of HIP(1), the finiteness proofs

are the same. It should be pointed out that when implementing 11IP(3)

with option B, the constant M in (3.13) must be chosen with some care.

It is important to realizi.. that a constraint of the form (3.13) must

be appended every time a linear integer program is generated. Since

the set of nonba,31c variables changes for every linear integer program,

/ ---...
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a constant M which is large enough for the first problem may not be

large enough for the second problem. This simply means that the constant

may have to be changed at each iteration, Certainly, if it is chosen

large enough at the outset, it need never be changed.

The use of HIP(3) is demonstrated with the use of an example

in Appendix C.

3.10 A Variant of the Fractional Cutting Plane Algorithm

This algorithm is initiated in precisely the saine way as HIP(2).

Thn counter index is set equal to one and the first three steps are

repeated. If t < 0 Vj, the current solution is also optimal for the

hyperbolic prcgram. If there exist t > 0 for some J c N, this

algorithm mw'es use of the fact that f(x ) is a lower bound for the

maximum of the hyperbolic objective function. In other words, the

intoger solution must satisfy the following constraint%

(dx + B)(c x+ e) - (x + a)(d x + B) o 0 (3.14)

The strategy in this algorithm is to append (3.14) to the current

tableau and use the Martos algorithm to reoptimize it. This step

yields the optimal hyperbolic extreme point for the current feasible

region. If the optimal solution has all integer components, the

algorithm terminates. If it does not, Let 2 denote the optimal hyper-

bolic noninteger extreme point and generate the following linear

integer program:

t it

MOW.
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MX (.j+.ý (.. + 0)(5c x + (E) - + )(L _ + 0)1

B.t. x +1

a Integer

+ 0where X X S T T (J-1,2,.... The .lution to Lit.8

problem is either optimal for the hyperbolic integer program or it is

an improved lower bound. The algorithm is described below.

iAl.)orithm HIP 42

1. Solve (P1 ) disregarding the intego.r restriction. If the solution

Is all integer, atop; otherwise set 0 " and J-1.

"2. Define the following linear integer program!

nmax - (dx + 0) ,- _CxO. + 01)(d x + 0)}

,.t. x c X1 , x in:eger

where X

- + 0
X -X Cl S nl T U T.j -- ja _• J-1

3. Solve the problem defined in step 2 using Gomo.y's fractional

algorithm. Call the solution

4. If tj < 0 Vj E N or if f(2.) u f(xj) stop; otherwise go to

step 5.

S. Use the Martos algorithm to reoptimize the current tableau. If

he resulting solution is integer, stop; otherwise let xj be

the optimal extreme point. and let j - j+l and return to step 2.

The feasible region X is defined by appending the constraint

y'-- +1.
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given'in (3.14) to the optimal tableau for the jth linear problem.

This constraint is only kept on the tnbleau for the (J+l)th problem

and is discarded thereafter. The reason for this is that when

+ R) (C , + a_ ) - c x2jU+ + C') x + 8) > 0

is appended to X n Si+, the result is that X +IX;-j +l "~ j+2 ;--j+1

The algorithm HIP(4) can be helpful when it is desirable to

terminate at some near optimal integer point. Note that the quantities

f(N) and f(2i) are respectively lcwer and upper bounds for the maximum

of the hyperbolic function, Thus the quantity 6 - f() - (xj 0

is a measure of how close 2ý is to the optimal integer solution. When

nx is optimal 6 0. A stopping rule is therefore to compute 6 and

stop when 6 < 6 where 6 is user specified.

HIP(4) converges in a finite number of steps because
j+l Vj and the number of feasible integer points contained in

--- +1 X V n h ube ffail

X is at least one less than the number of feasible integer points~j +1

contained in X . Hence in the worst case there exist some finite

iteration K such thatXK contains exactly one integer point. Since

by virtue of HIP(4) f(x+) > f(xj) it follows that when there is

only one integer point left in the feasible region f(xj f(

Optimality is therefore achieved in a finite number of steps.

3.11 Group Theoretic Approach to Hyperbolic InteerProgramn

In this section, it will be shown that the group theoretic

approach used to solve the .linear integer program cau also be used to

~i

......... , , .•
___. . ..________________i____I___I____I____I___I________________ . . . . . .. . . .



44 .
solve (rP) %t will. be necessury however to make the additional.

assumption that when disregarding the integer restriction, the optimal

value of the numerator is greater than or equal to zero, This is not

restrictive in an economic context since the numerator is usually a

cost function. Before proceeding to the hyperbolic group problem, a

brief revlcw uf the group theoretic aspects of linear integer programming

is given.

The linear integer programming problem is of the form

max (z C X)

s.t. 9 € X

x_ integer (LI)

where X is defined exactly as in (P1). The group optimization problem

associated with (LPI) is generated by first solving (LPI) without

the integer restriction. This makes it possible to partition the

constraint matrix A into a sot of optimal basic columns B and a set

of optimal nonbasic. columns N. This partitioning is always possible

if the simplex algoritha. ts used to solve (LPc). Partitioning the

solutxon vector accordingly, the constraint equation can be written as

DBxl + VN b

Expressing the basic vector x. in terms of the nonbasic vector ',

and multiplying the objective function by (-I), (LPI) can be

reformulated as rollows:

_ - -:



.45

min (z -4 "c'b - (4eN _B'Nx•

9.t, - B_ (b_- N)

A > 0 and integer (LPII )

The term _ b) which appears In the objective function is constant

and therefore the problem

min - -B )-)

t = (N - NXN)

XB x > 0 and integer (inP2Z)

has the same solution as (1,Pl). Furthermore all the costs in the

objective function are nonnegative. This is a consequence of the

optimality criteriov, used in the simplex algorithm. If the non-

negativity restriction on x is dropped, problem (LP2 1 ) becomen

min (z z cBBN)N}

S-(1 - -

s.c. B Nx4 - B 'b (mod 1)

x,, > 0 and integer (LP3 1 )

* * il * *

It is important to note that if "1 minimizes z , (B (b_- NxN),2) need

not be feasible for (LP2 1 ). Although the vector x will be all integer

if AN is all integer, it need not have a] I positive components.

Gomory (26] shows that If (b- NxN) lies in the cone generated by the

columns of B, then x - B(b - N) 0. Hence there exists a class

of problemis such that the" solution to (LP3 1 ) vill al.ways generate a

feasible solution for (1.1'2 1 ).

--. . '.,.-S . . - I



"46

The algorithms which Attempt to solve (LPI) via (LP3 1 ) tieglect

the nonnegativity restriction on 4t If the solution-to (LP3O)

generates a feasible solution for (LPI) it can be shown that the

solution is also optimal, If the solution is not optimal, special

methods must be used to generate alternate solutions.

The stoup structure underlying (LP 1 ) was obuerved in (LP3 1 ) by

Gomory t261. The main results are summarized here. Denoting the

module of all integer points in m-space by M(I) and denoting the module

of integer combi'nations of the columns of B by M(H) Gomory shows that

the factor module G - H1(I)/M(B) is a finite edditive group of D

elements where D - Idet B1. Furthermore, the positive fractional parts

of the columns of the matrix (B N, B b) genearate a firtite group F

with t:Oe group operation addition modulo 1. Similarly, the positive

fructional. parts of the rows of the same matrix generate a finite

additive group FT . The groups, G, F and FT are related by the fact

that they are all isomorphic to each other. The group structure imbedded

in the constraints allows (LP31) to be viewed as a knapsack prefjem

which must be optimized in the group G. Algorithms which take advantage

of the group structure of (LP3 1 ) have been proposed by Gomory [26], White

[271, flu (28], Glover [29), Shapiro (30] and Hefley (31].

It will %.ow be shown that it is possible to proceed as In the

case of (LPI) and generate a hyperbolic group problem. The Martos

algorithm is first used to solve (P1). This makes it possible to

partition the constraint matrix into a sat of optimal basic columns B

and a set of optimal nonbasic column N. Since B is nonsingular

.. .-............ ..................................
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Thus the basic vector xB can be eliminated from (P1) by direct

substittition, This yields

(% SB- %'N)4N + QýBB-lb + a)
max f(x) - N)4 +(-1dB b + - )

s.t , B B' (b - "N)

X B' 0 and integer (P)

An a matter of convenience, the following definitions are made

to simplify the statement of (Pl 1 ).

1 CB-1
z b +ca

2 -
z ABB b + 0

j! . SN4 -S N

* -IN•N 4"dN "B d-B'N

Upon proper substitution, (PI) becomes

* z

max f(4) 2 N 2dN • + - •

tB"B NAN)..

4aB, N _>. 0 and integer (P2 1) ,.-

Dropping the nonnegativty restricti on n., (P2 1 ) becomes

Z 4.-



48 I
'sax f( ~ 2 3d + 1

a.t, B N4 - b (mod 1)

4 > 0 and integer (P3I)

The group structure present in the constraint of (LP3- is also present

in the constraint of (P3W). This follows from the fact that the optimal

solution to (PC) occurs on an extreme point of X and hence can be

characterized by some basis B. The constraint in (P3d) can therefore

be viewed as one constraint which must be satisfied in a finite additive

Abelian group. Furthermore, the condition which insures that an optimal

solution for (LP3 1 ) generates a feasible and therefore optimal solution

for (LP1 ) also holds for the hyperbolic case, That is, if (b - N4)

lies in the cone generated by the columns of the optimal basis B then

B = (b - NN) _- 0. Thus there exists a class of hyperbolic problems

such that the optimal solution to (P31 ) will always generate a feasible

and therefore optimal oolution for (PI). This cr4iss of problems is

analogous to the. asymptotic linear integer programming problem.

It will now be shown that an optimal solution for (P31 ) can be

obtained by adapting the general algcrithm HIP(l) discussed in Chapter 3.

It will be useful to first prove the following result.

Lemma 6

* z2Let . be any feasible solution for (P31 ) such that (dNxl + z) > 0.

Then

(cýN + Z)(dN + z2) < z1 /z 2

• *•: • :,-" -"V;• ; :• i: • , .. . . .... ...... . .. ....

S. . . .. . . • .. • - -• -- -• •= :' ,. -• •J ' = •. • .. • • • . .• • , . . .•' • • .,-'S L-N,

S. .. .. . . ... . .. • . . .. . ' . .. . .. .. ... . . f '' ' • • ' • ' ' • : •N



Proof:

Suppose the contrary is true, That is

+1z*12 1, 2(C + z (44 + z ) z tz

B-cause + 2) > 0

2 + 1* 2z ( + z) zWA + z > 0

or equivalently Cd

z(-)- cz (. -d N)) 0

The components of the vector ii 'brackets are. the quantities t which

are computed in the ?Iavton algcriLhm to check optimAlity. The basis

B being optimal for (PC), iL must, be thatk tj < 0 Vji F N. A contra-

diction is therefore ohtained and the Lamma is proved.

Lt,1ma 6 indicates how a feasible integor point cn be found

for (PJ1 ). It is obtained by solving the following problem.

2*(a {z (z C •)zd )K1-N dN 4

.s.t . B - (mod I.)

• • J N > 0and integer

This problem is equivalent to the problem

-'win C (- t j)x
JCN

i! . t. b Nx B- b (, 1 )

" ' 0 and integer (Pl)

SI'
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where t is defined in (3.10). Sina. B is optimal for (P

ti !. 0 VJ ý; N. (GI is a grr, tp knapsack problem and can be solved by

any available algorithm. If tht! Martos algorithm had terminated

in'tegers the solution to (GPI) would be -- 0 VJ e N and thý optimal

objective function would be zdro. If on the other hand, it did not

terminate integer, the solution to (GPI) provides a lower bound for

the maxi Tum of the hyperbolic oblective function. Thus if there exists

a better integer point than the one which is optimal for (GPI), it

must yield an objective 'functioh value which lis in th6 interval

(c x + z1)/+ + z2 ), z /z 2 ] where x 1)is optimal for (GPIl).

The existence on c.uch a p.•int ca-a bo established by considering the

problem

S(1) 2 * (- ) *nax {(d + z+)(, z+z) . • + z)(d + z)}

B.t. B IN•x.. B -1b_ (mod 1)

N>- 0 and' integer (GP2)

An equivalent\ problem for (GP2) is obtained by multiplying the objective

function by (-I). After rearranging terns, the problem becomft

mni'2. (c(N + z ) - (dNN +zz )

+ 0 ,() 2,
di [(ex + +)z - + -=V

q .t. B-INAN -8 b-lb (rood 1)

2N- ' )and integer (GP3)

The strategy for finding a sequence uf feasible integer points

which imiprove'the objective function of (P3 is reviewed. First an

-- A

__ _ .:;' -A



uppeir'bound for the objective fuvnction is used to generate agru

4 ~knapamAd problom. The solut~ion to this pyoblem provi4ag a lower

loound f oi the maximumi of the objective funct~ion. It now remains to

deterinino whether or nxot~ the1Pr& *X13t a fe~aS1ble integer x such that

(Cx* + ) (C 1 )t+

A(1 2 * 2 < 2

Thiaýanbu mccornplished by ukigir ;lie 1,ner bhound in this lant inequality

to ganerate a nev gro~up T--ntapvc'ck prcotA.e-n. This prolo1em has~ tlh. wameJ

structuipe ae (0~2) If' Its vpýima) o~bjective function value is stric~tly

greait~r than zero. an ini-rovyed solution. for (PJ3) has been found. If

the QptirnaI objoctive function value is kiro, Ohn current ou].ution lai

also optimal. A 6vttem:!nt of the a4giritlimin g.~ iven below'.

.1. Solve Ow, hype~rbolic pivogrami usIng the N~tcs algorithm. If' tho

aIgnri tin t.erew ntivn~ wI h anh intoete soluti on, Ntop; or~v1im'J.~o 8r

to Otep 2.

2. Use tho Optimal~ t v, and fa,,mulctte thc' problem

S. t. I3 Nx(13wod 1)

0 and~ integer

Solve. usivg ally Avmi (.tihie al.gorithm kind - I the twoluti on Ž.1. r

+ Z) 0, I.top' othe):wI fU flai2t J-1 andU~ C-11H~ti~.I10
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3. F'ormulate the problem

min (F(i+).) G( + (j) +- dx~)+2

B.t. B-1VAN B- - (mod 1)

AN> 0 and integer

'ihere 0~j . 2 * Q() + 21) z Qlc*~) + z2 Solve using

any available dlp~orithmn and call. then solutio if

(d~~jl)+ r , stopi otherwise continue.

4. it F 0, the current siolution is opt>Itnal fot (P31)

otherwise let j J+l and return to 9tep 3.

An example is solved with HIP(3) in Appendix D.

To prove that HIP1(S) convc'rgep in a finite number of am~p3i

eac~h "Linear group problem musnt have a finite solution. For the time

being, this will be assumed to be the case. Thin #anumption will be

studi~ed in greittor dctnil later on. Furthermore, it nui~t WuI~fc6 to

Lhe ý;ase when teach linear grr~up probloum it; fin~tt# notn that oach

group problem has exactly the same constra~int. Thitt is

AN> 0 sand 1ntuAtijr

Ihis constraint ca~n also be written afi

I CN

A 0 V, i c N

...............................................



whero'g, Vi c N and gS are elements of a finite Abolian group with

addition modulo D Idet BI. If the vector with components x,, I e No

in a solution for a linear group problem then the vector with components

(x + niD), i E N, is also a feasible solution, In other words

9 gi(xi +niD) n g

Ic

Furthermore if Lhe vector with components xi, i c N, is an optimal

solution for the group problem then all vectors with components of the

lorm (x + n D) i c N yield worse objective functlon values than vectors

with components x1 . Thus If given a feasible solution vector with some

component x > Dj it is always possible to constrkict a better solution

by replacing xi by x' wiLh 0 < X1 ! (D - 1). This can always be

,,comillshed by subtracting the 14rgest possible multiple of D that

will. keep x' pcsltive. It follo:.i therefore that an optimal solution

to tl,e lin'ar group problem must hava 0 <. xi < (D - 1) Vi r N and

the fA.iblo rqion for each linear problem can therefore bit bounded.

'.Che dinc.Lwsion tius far implie8e thiat if euich linear group

prrblem ge oi-:ted by HIV(S) in finito, Itq soluvtion con be obtained by

c.onsiderng oniy a IJl'in0 number of points. Furthe.rmore th0 finite

wHl-'er o b. ;,Wbno points is eoxaýtly OLh same, for each linear group

prol rn Re.cJ.injr RIPg -it: any IteiY t:i on, e.010 thO? rul .19 a ,strict-

i.'11provekwrint In . ale h:,,•arboliL object lve function or thfe ao.utioii is

ropeucted. 'ý.f t:he solution is repoated, it iq also optiwial. The.

a.•go)ifthm termniratots In a i'inite itntmboL of st-ops because only. finitely

man, fv.asibl., pointo• art, zons.dered.

i 
k I ýAwk

4 ."7.....
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"The assumption that each linear group problem has a finite

solution is now examined in greater detail. Finiteness of every

linear group problem is insured if all the components of the vector

x (j) + zl * (d (j) , d ,•x QJ 2
- + )N - .N + z )V_ are nonnegative at each

iteration. To find the condItions when this is true suppose that for

some j one of the components is negative. That is

. (c *sXQ)+zI)d- (gx.*()+z 2)c 0 (3.15)

Since (d*x(j) + zI) > 0, (3.15) can be written as

N-ý:'(*(i)x + z *) ••. + *2 dj < (3.16)

(3.16) is an equivalent statement for (3.15). Thus whenever (3.16)

leads to a contradiction, (3.15) must be nonnegative. Firht suppose

d - 0. Appealing to (3.16), c > 0. Recalling that t < 0 at
<j

"the optimal continuous hyperbolic solution, a contradiction is obtained
-2 * 1 I* I I

since t z c z d > 0. When in (3.16) d < 0, either cj >0

or c < 0. When d < 0 and c ?. 0 a contradiction is obtained since

t > 0. When d < 0 and c- , 0, (3.16) implies
j j

Q z ~~~+ Z2 ) >(C d(.7

Lemma 6 together with (3.1.7) Implies that

1lt2 A *
z / > (-c )/(-d )

i ncz2 A'0ad -d

Since ) 0 and (-cd > 0, it follows that

- C z d 0 (3.18)

A conLradiction 1is tchltevod since (3.18) il ies Lj > 0.

-L , i. ," . -

I I I I I I I --.i , , , . -4 >-- __
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The last case to consider is when d > 0. First suppose

(C*x(j) + zI 0. Thia implies c > 0 and (3.16) can be written as

()+ z 1 M(ji,() + 2) < c /d~ (3.19)

Appealing to Lemma 6, (3.19) implies either

1 Wj 21 *d*
a) (cx() + z)/(dM j) + z2) zl < C

or

b) QCg) + zM )I'x-Q) + z2 ) < c/dj < z1/Z2

If a) occurs, once again t > 0 and a contradiction is obtained. If

b) occurs, (3.15) is true and hence the linear group problem has an

unbounded solution. If x N is feasible for the hyperbolic group

problem, feasibtlity is maintained by replacing the Jth component of

the solution vector by (XJ) + nD). Therefore b) implies that if n

approaches infinity, the hyperbolic function for the group problem

approaches (c )/(d) in the limit. Letting n get very large implies

that the Jth nonbasic variable will get very large. Thus there exist

some n' such that If n > n' feasibility will be violated in (PI).

Now suppose dj *> 0 and QCNxN + z)I < 0. This Implies c < 0

and (3.19) still holds. Thus the argument given above can he repeated

for this case.

The algorithm VTP(5) can therefore terminate in several ways.

If all the linear group problems are finite, HIP(5) converges In a finite

number of steps. If the. solutlon is feasible for (P1 ), It is also

2optima]. 1f at some point In the algorlthni (.N+ z 0, the
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denominator in (P will also be less thau or equal to zero. This

however contradicts the original assumption that (d x + 0) > 0

* 2Vx c X. Thus (dA , z) + _ 0 implies that (2i, 4) is not feasible
for (Pa) and the algorithm terminates. If at some iteration a linear

group problem with an unbounded solution is generated, feasibility will

also be violated in (PI).

One way to proceed if the group problem leads to infeasibility

is to generate faces of the corner polyhedra (see Gomory (26]) and

reoptimize the continuous hyperbolic problem. If this leads to an

integer solution, it is also optimal. If it is not, a new group problem

can be generated and the procedure is repeated.

As of yet there is no evidence to indicate whether or not there

exists a class of hyperbolic group problems that will always terminate

at step 4 of 11IP(5). To determine whether or not HIP(5) is as useful

as the group theoretic solution to the linear integer problem will
require impleme.nting an algorithm and testing it with a wide variety

of problems.

j!:3



CHAPTER 4

SOME SPECIAL PROBLEMS

4.1 The Ryperbolic Programming Problem with Bounded Integer Variables

The problem considered here is

n n

-ax ( cx + a)m( d x1 +)}
i-1 im-i

a.t, 0 -mi

Xi integer Vi (P'B)

It is assumed that a > 0, 0 > 0 and c > 0, di > 0 Vi. (P'BI) has a

hyperbolic objective function and its feasible region has a finite

number of feasible integer points. This suggests that the gene;al

algorithm liP(O.) can be used to solve (P'BI).

If the feasible region for (P'b ) does not have all integer

extreme points, it must be that some of the upper bounds mi are not
iI

integer. Replacing mi by the largest integer smaller than mi will

insure that the reduced feasible region has all integer extreme points

and furthermore that no feasible integer points for the originnl

problem are eliminated. A special version of HIP(l) which is given

below can therefore be used to solve (P*B).

Alorithm 1l1P(6)

1. Let a(0) a and 6(0) a. Set j1.

2. Generate the following problem:

. . .. ... ... ,.,



a ~ ., 01661i Vi

3. The solution to the problem in step 2 is obtained by letting

x Q .Mif 0 1)C a01d~ > 0 and letting

X()ý0 if (80-l) - (XJ-l)el <0

4, If max z -0, the current solution is optimal; othe~rwise compute

a~i I + a

iU

Let j UJ+l and return to step 2.

Clearly$ 111P(6) converges in a finite number of ateps because

f.t is a spe~cial case of IIIP(l).

HI11(G) Is of special interest for several reasons. Firnt note

the algorithm is still val-id if the integer restriction is removed.

Second,. the case with whirh the %ubproblenis can be sol ved ntakes tho

algori thmn coinputat onally ottract lye. Third, and perhaps mone iniportrint,

A ~is that the number. of variables in eaich succoeeding stibproblem dccreCiSUS.

More particularly once- at variable is ciet to its oe bound at conic

iterati~cn, :It can be eliminated fr-om the probloin. To see that this is

a valtid stop supposlex i se ot to zero at iteration k. This implies

that,

Bly virv;uv of the, 11lgd thIrn h10owvar

.. . ..........



(c(k)/ k)) ((k-1) •(k-1)) ~ •,, 4l

N4

It follows therefore that

(C -(a (k) 1 ) )d( ) 0

and the variable x remains zero at the (k+l)th iteration, Fromi

(0.1) the variable x, wilt also remain at its lower bound in the

remaining subproblems. The dimension of the subproblems therefore

decreases at each iteration. When no more variables can be eliminated

from a subproblem, the. cureent solu.tion is also optimal.

Also of interest is that (P'B1 ) can be viewed as bivalent

problem. That is each variable can assume only one of two values.

This becomus apparent once the .vtructure of the solution is known.

it (111B) is viewed as a bivalent problem, an algorithm proposer] by

Hamlmer and Rudi, anu 132] can also be used to solve the problem.

The HIammer and Rudoanu algorithm differs from 141P(6) in thOtW

i1L butildn a ]I'.t of active vanriables whercaq HIP(6) starts with the

2 &rgci'i. pOHs31111.c list of oetiv a "tir ablac, and reduc.ics it at eluih

i toratilon,

An example 'Is used to dolmonstrato 1IP1(6) in Appendix E.

4. 2 ..The 4ay~tlIc[m ~~ck P to b 1 .

In this sIC'.0ton, the i, lnnvar frctLiontui or hyperholic knaptlack

problem iSu a ttuicl d. Thi'n prohlem bon the follow no , fo rm

bb.IOW

P-I-



X~ 0 and integer

Ii K +- • ••+++ . ..

In this discussion, it will be assumed that > 0, 0 S 0 and ci > 01

d > 0 Vi. To insure that (PK) has a bounded feasible region, it will

also be assumed that a 0 Vi.

(PK) is of specinl importance because it arises in many models

and Bradley [33] has recently shown how to reduce m linear constraints

into one equivalent linear constraint for integer problems.

Rince (P has a bounded feauible region, its solution can be

found by specializing HIP(l), Such an algorithm is given below.

A14orithm HIP (7.

1. Let a a0 and ((0) 0. Set jll.,

2. Generate the following problemi

n ( ) . ('d )+ Q-01-1) 0(-l)max {z~i C-d+ ( U C )

n
a t. X, < b

X(J) > 0 eand intter

3. Solve tho JiAntar knapsack prob.lem by any convenient method and

call the so8.uti.on 'X(I)

4. If€ mar zj 0 0 let

n~(i) • + X dlxi

AN' ,

ju6



$at J J+1 and return to step 2. If max z 0 stop. The

current solution is optimal,

IIIP(7 will converge to the optimal solution of (PKi

k finite number of steps because it is a special case of HEP(l). More

tmportant, for exactly the same reasons given in Section 4.1, once a

variable ip set equal to it lower bound it can be eliminated fromt

the rout of the subproblems generated by the algorithm. Thus HIPM7

generates a sequence of linear knapsack problems which decrease in

the number of variables. When the number of v'ariables can n~o longer

be decreased, the current solution is also optimal.

The result presented in thin section can also be extended to

continuous hyperbolic programming problems with positive constraint

Matrices. That is if the matrix A in (P ) is positive, the number of

variables in each linear problem generated by HIP(l) can be decreased

at each iteration,



CHAPTER 5

SOME COMPUTATIONAL RESULT1S, SUMMARY AND CONCLUSIONS

5.1 Computational 1Expedicnce

The computational experience reported here Is based on an

experimental computer code for the all integer cutting plane algorithmi

I{IP(3). The computer program was run on an IBMi 360165 and is based on

R. E. Woolsey's [341 IPSC code.

To determine the difficulty of the test problems, the. numnber of

iterations required for the first linear integer problem generated by

H1V(3) were compared to the iteration statistic for (P1) The number

of linear integer programs which had to be solved before an optimal

solution for (P) was recognized, was also recorded,

The test problems were constructed so that the first problem

generated by HIP(3) was a linear integur problem of know~n difficuilty.

'Ahat is if the problem

max ( f(x.') cx/d'+l)

s.t. A'xl b

X. 0 And inteser

is solved with the aid of HH(),the flest subprobl~em iF,

max {Z - c'xY)

s.t. A'x' b-

X,>0 and int~tser

62



63 I
The linear function'.19 appearing lin the numerator of (I'TI) were taken

from Trauth and Woolsey (35]. The. components of the vector d, were

chosen arbitrarily. The teat problems and iolutions obtainedivia

HIP(3) are givin in Appendix F. The resolts are summarized In Table 2.

Based on a sample uf I test problems, the averhge number of

i li.1'ear integer problems wh3.,h hod to be solved t (, reach optimality was

2.9. Problem 4 did not converge but a ½ower bound for the maximom of
•(1 )

the objicetiv, function valuelwan obt.ined afteý 62 itera.tion . In

12 olt of 13, test problems which converged, the optimal solution was

available beforn it v,,as recognized. Problem 9 was the exception. When

the optimal solution wo., available before it was recognized, the average

numbeu" of additional. iterations(l) requiired to identify the solutilon

wat 10.9. The average numbur ;of iterations to solve the first linear

problem is 46.2 and the average number of iterations(1) to solve the

hyperbolic problem is 349.3. Using iterations (1) as a citerion, the

average test problem is 7.6 t,•es moic difficult than the first linear

problem. This num er Is considerably reduced however if problems 2, 3

and 5!are delct.od from the. sample.
_ V

5.2 Sunmary and Conclusions

In Chapter 2, it was established that the solution to (P) car.

be obtained by rutating a hyperplane about an (n-2) d'nmensionn]

subspaco in r.

(I)Iteratlon as it is used here. j in the context of the
Gomory All-lnroger algorithm.

-A.
-- , . -- . .. .. . . -.. . .. .- ;.
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In Chaptr 3t a goneral algorithm for solving (PI) (Or (P 1 ))

which requiro, solvi•gr a finite aiequenci of l'inar integer progrnm...

was propoged. It was also shown that this general. 4lgoritht tcai be

Limad to solve the mro-e geacra3 problemv (P~)

Cutting plane algorithm4 were also studied in detail. These

algor.thms were viewed as special cases of the general olgorithm 11YP(1).

BechUse Lhe Upti.11al. solution to (1'') lip~s on at leas~t ono extireme

point of the feasible region, the cutting plane algorithms are in the

spirit of Gomory's fractional and all-intoger algorithmsn. That ic,

if the solution to (PP) Is not all integer, a cutting plane which

cuts the current exLt~rMe point is appended to the constraint set and

the objective functinn Is reoptimi.".ed on the reduced feasible set.

Thig procedure ip repeated until an all-integer solution is obtained.

In the woret case, a cutting plane algorithm will generate all the

eaxreme points of the ,.ntegar hull] contained in the original feasible

region. Noto that if the oripinal mnatrix is totally untmodular, the

soiutiorn tc (PO) is all intnger and hence also optimnl. for (P!). In

this case cutf never havu to Le added. i

Based on the geometry of hyperbolic prograwtid.n., the solution

to (Pl.' can also be obtained by rotati.ng i hyperpltn3n tibot..t an (n-2)

diniensiontal subqpnac J.i E. Although tile clgorithrhi, dvriv:.!d fromr .

IHIP(l) oo not impi•iment rta~inon,; directly, they ,,%chiiev.! the same th!" g.
C)

An equivaleat procedure fcr rotnatng a hyperolane T,1 about an (n.-2)

dinsniional aubspace of E untifl it hits a point x is to first 1,oVC

T, parallel to .ft •*cf in the direction cf 'l unttil it hits x' The
*2

Z. U .

I'd ,' ~ ~ /
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-ocoud step is to construct c hyperplane T 0 which passes through tOe

(n-2) dtmenoional aubspace and the point . Clearly the end esut

is a rotation of TI tbtough a positive &,rgle, the fina.l position of
o

the hyperplane belt;g T2 . Algorithms derived from 1ITP(l) sel-eLt¼vnl.y

determine finite sequences of hyperplanes to be translated, This

procedure contitnuen until the optimal solution Is recogxnized,

In Chapter 3, it Is also shown that the group theoretic approach

can be used to molve (PQ) (or (U1) , This risult depends on the fact

that the solution to (P ) can be exprmasod in terms of an optimal.

basis. A hyperbolic Broup problem ia obtained And it it shown that if

the solution to (PI) exists, the group probleml has a bounded fessible

region. This maike it possible to specialize 11P(l) for solving the

hyperbolic group problem. A useful consequence. of the group theoretic

approach in that the master polyhedra's generated by Gomory [26] for

solving the lir ?r intcger piogram can be used for solving (P 1 )

In Chapter 4, twc special problems were connidered. A

hyperbolic problemi with bounded int-go.r variables only was discussetd

first. An algovithm for solving tht problem which make.., it po10sible

"to dkecreasc the number of varinbles at each iteration is proposed.

The sec.:%.d -1,ecla). problem is n 1\y~orbol.ic knýO.i,.ck probli, m. It Is

f-bhuwi that the solution to this problom can b2 obtnined by qolviig a

finitu sequence of linear kuapsock problems decrenesng In the number

of variables at each iteraticn.

5.3 Further: Rescarch and Extensions

The most obvious extension of this work is with regard to

--- • . ;-2•,. '.• , .;'• ... r ,:, .!:. i, . ,. " .. ;.,•,. .-.
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mi.xed-integer progr~niming. Fo~r example, can a partitioning procedure

as suggested by Denders [ 36) for the lintiar mixed-integer problem be

implenie~t~d to 6olve the problem

mana {f (x,y) -(c,.K + cy+ a) dx+ d y q. 0

s.t. Aj.?+ A2  < b

Q~x > 0

y10 and integer

Another open area with regard to this problem is the cutt~ng plane

approach.

The Generalized Loigrange Multiplier approach of Everett also

is worthy of cnsideration wIth regard to (P ),This method is useful

when the constraints are not binding to the degree indicated by the

problem statement. The resulting problem has a very special structure

and indicate& that specebl al~orithms tiny be derived.

The structure o'r the hyperbolic group problem also seemis to

indicate thet spcciakl algorithnis can be obtained for solving this

problem. An inLeresting question which arises is whether there is a

network interpretat~on for thn hyperbolic group problem.

Furth(Ar research tcl.ro needs to be done to establish the

efficienczy of hyperbolic integer programming algorilihms. Thisi of course

neces~si tates computer programming efforts to obtaJln numierical resultsI

for at Wide vorlety of test problems.V
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APPENDIX A

MARTOS' ALGORITHM: AN EXAMPLE

A column tableau with negative multipliers P' adapted for (PC).

The M!artos optimality criterion t is easily computed at each iteration

according to

t j n 00  - dnj 00

where no 0 , d0 j, do 0 , and n are defined in Table 1. The format

introduced here is useful for implementing cutting plane algorithms

for solving integer problems. Consider the following problem:

max (f(x 1 1 x2) O (5x1 + 3x2 + l)/(5x1 + 2x2 + W)1

s.t. 3x1 + 5x2 <16

5xI + 2x < 11

x1 , x2 > 0

Slack variables x and x4 are introduced and the constraints

are rewritten as

x - 16 - 3x 5x

X4  11 - 5x1 - 2x2

Table 3 is a statement of the original problem and Table 4 is the

optimal tableau. A side calculation shows it was obtained in one

iteration. The pivot element in Table 3 is circled.

69 I
__ _ __ _ii
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TAB~LE 3

ti 0.1

N -1 -5 -3

D 1 -5 -2 *

x10 -1 0)

x 0 0 -1
2

x316 35

x11 S 2

TABLE~ 4

t-83/5 -1/5

N 53/5 -16/5 3/5

D 37/5 -19/5 2/5

x0 -1 0
1

x 2  16/5 3/5 1/5

x423/5 19/5 2/5

-



APPENDIX B

THE FRACTIONAL CUTTING PLANE ALGORITHMt AN EXAMPLE

The example given in Appendix A with the additional restric-

tion that x and x2 must be integers is used to demonstrate I1P(2).

Table 5 is the noninteger optimal tableau with the z--tcw and Gomory

cut row appended., The source row is found to be the x2 row and the

pivot element is circled. pivoting results in Table 6. Calculating

t Vj e N at this point verifies that the current solution is

optimal for (PI).

71
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TABLE 5

-83/5 -1/5

-X3

N 53/5 -16/5 3/5

D 37/5 -19/5 2/5

z 0 83/5 1/5

x0 ..1 0
I.

x216/5 3/5 1/5

x 30 0-

x423/5 19/5 .-2/5

a -1/5 --3/5 -/

TABLE 6

16

x0 -1 0

x 1 3 -5

3

x -2
00



APPENDIX C

THE td.L-INTLGER CUTTING PLANE ALGOPITHMt AN EXAMPLE

'1.

The example 'ised in Appendix A wi~th the additional. restriction

that x1 and Y2 must be integers is used to demonstrate HIP(3).

Optirn B in step 3 is followed,

Table 7 is a statement of the original problem with the z-row

included. An additional row exhibiting the constraint

Sx 5 - 20 - x 2

where 20 is an upper bound on the sum of the current nonbasis

variables is also appended. Table B is the dual feasible tableau

V:,i with respect to the z-:ow which results from the first pivot operation.

"The x row is tle source row and i is the first cut appended to the

"originel set of constraints. Reoptimizing z after EI is appended

yields the opitimal tableau whlch is displayed in Table 9,

lit

73
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TABLE 7

t j 0 1

S -x -x 2

N 1 -5 -3

D 1 -5 -2

z 00-

xI 0 -1 0

t2 0 0 -1

x 16 3 5

N4  11 5 2

x 20 1 1X5 ____ _..

TABLE 8

N 3,1 -x -x5

N 61 -5 3

D 41 -5 2

20 0 1

0 -1 0

x 20 0 1

x3  -84 3 -5

x4  -2¢ 5 -2

Xr

B,-70 -i

• 5'........................ 1:
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TABLE 9

-15 -i ]

bi 10 -5 3

D 7 -5 2

r,3 0 1

x 0 -1 0
1.. x2 3 01

x 3 3 -5

5 5 -2

x517 1 -1

:1 0 0 -1
1-_____________•___

-_ -3 - -__I . . . . ,-.-S.~- .



APPENDIX D

A GROUP THEORETIC ALGORITHM

The integer version of the example used in Appendix A it;

again used here. The first group knapsack problem which must be

solved is

imin ((83/5)xI + (1/5)x 3)

B.t. xI + (/ -3 (mod 1)
-=4/5 U3/5 3/5

x , x3 , 0 and integer

This problem is easily obtained from Tabln 4L, The group constraint

is generated by taking the positive fractional parts of the rows

corresponding to the basic variable and the objective function costs

are (-tI) and (-t 3 ). The solution to this simple problem can be

found by inspection if It is noted that the right-hand side of the

group equation is the oarne as the group element which multiplies the

variable which has the smallest cost in the objective function. The

optimal solution Is therefore x 0 and x3 1•1. Since x2 - 3 and

X " 5, this solution is also feasible for the hyperbolic Integor

program. Proceeding according to the algorithm HIP(5), the linear

group problem is found to be

76
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min {-1/5 + (78/5)x, + (1/5)X3}\

1I + x3 1 (mod 1)
4/5 3/5 3/5 J

x1 ' x3 > 0 Wnd integer

The sFhkition to this problem is found to be identical to the first

volution and F - 0, The curre'%t solution Is therefore ýIso opti al

for the hyperbolic integer p'og~a~.

I I<

'4

I'i



APPENDIX E

HIP(6)% AN E;XAMPLE

The ease with which 11IP(6) can be i~ppemented is demonstrcated

with the exdmple below.

4x + x + 3x + 2x + 2x + x + 3
1~ 2 3

a l7xI+X2+ Ox3 + 3x 4 +5 +2xbW+ 7

s.t. x, 0,i,2 X - 0,1,2,3,4,5

xK 0,1,2,3 - 0,1,2,3,4

x-0,1 x - 0,1,2
3 6

Applying the algorithm, the first linear objective to be maxi.mizod is

max (x + 4x 2 - 3x 3 + 5X4  X5 + x6

Following the algo rithm, th(' first solution is x, 2. x2 3.

x = 0, x4  5, x i U, and x 2. The new constants in the second

problem are " 0 26 and ý Q 43. The variables x 3 and x are zero
3

and thus &re eliminated from the remaining problems. The second

linear objective to be maximized is

max {-20xI + 17x 2 + 8%4 - 96 "

The second solution Is therefore xI " 0, x 3, x 5, x 0

anrc x 5 X . 0. The now constants In the third problem a-,,;

CL(2) . 16 aud (2) 25, and the variables x e and 6 4rc el filiat ed.

The thlrd 1:LnuCr object..ve. tc be maximized I.,i

7b

7 ....-
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max 1q ,2
U& 9 2  4 x~

*Since no more variables can be eliminated, the optimal solution is

x OR 5 and x 3 - xx x6  0. The optivial oblec:Live

fun,2Lion value Is (16/25).



APPENDIX F

SOME COMPUTATIONAL RESULTS

The computational results sumnarized in Chapter 5 are based

on the following set of problems:

Test Problems

20x+181x2 +17x 3+15x 4+15x 5 +10x68x+x+3x9 +X1
m 1+ X2  ) 3 + 4  5 6 a 9 10

max f (xý) a--

•.t. -i 0,1 im1,2,,,.,10!i.
X + x +25 X+X+ ~+ X -X+X +

3Ux +25x2+20X3 +18x4 +17x +1lx6 +5x7 +2x8+X o 4 .0 b

Problem 1 2 3 4 5 6 7 8 9

b 55 50 45 40 35 30 25 20 10

A2 + A2 + A3

3Amax [f(A 1 1  2 + 3

G.t. AI + PA2 + 2A3 + 2F I 3F 2<

- 2A + A2 7"2A + 3F 2F -
1 2 '3 1 2 2

A.

A1,A 2 ,A 3 ,FV,F 2 2z 0 and hin(,gr,

S80 -

__2 \ ,.'
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Problem R R B1  B2

10 6 7 18 15

11 9 7 18 17

12 9 9 21 21

13 6 8 19 1.5

Problem 14

The objectivw function for this problem is the same as in

problems (10-13). The feasible region Is given below.

A + A + 2F + 2F <10
1 2 1  2~

A1 + A3 + 2F1  + 2F3 <10

A2 + A3 + 2F2 + 2F3 < 10

Al -. 8F1  <0

A2  - 8F2  < 0

A3 - 8B 3 < 0

A1 ,A2,A3 ,FIA 1'3 Y> 0 and integer

The solutions- to prohblem• (1-9) are di.splaye.d i. Table 10 aud

thotic to pr'oblemis (.1O14) 11 Table 11..

I

tiJ
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TABLE 10

Problem f(x) x 1  x 2  iX3 x4 x5 :x6 'x7 x8 ix9 x1O

1. 38/3 1 1 0 0 0 0 0 0 0 0

2. 37/3 1 0 1 0 0 0 0 0 0 0

3. 35/3 0 1 1 0 0 0 0 0 0 0

4. - - - - - - -

5. 30/3 0 0 0 1 1 0 0 0 0 0

6. 20/2 1 0 0 0 0 0 0 0 0 0

7. 18/2 0 1 0 0 0 0 0 0 0 0

8. 17/2 0 0 1 0 0 0 0 0 0 0

9. 8/3 0 0 0 0 0 0 1 1 0 0

TABLE 11

Problem f(A) A1  A2  A3  F] 2

10. 6 /19 6 0 0 1 0 -

11. 7/22 7 0 0 1 0 -

1.2. 9/28 9 0 0 1 0 - ,

13. 6/19 6 0 0 1 0

14. 8/:i~l 0 0 8 0 0 1 3

,n~si __

- - ---
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