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ABSTRACT 

This is a sequel to MRC Technical Reports #677, 932, 937. 

It concerns uses of the same basic algorithm in establishing (1) the 

existence of a derivative in the mean square sense together with an 

estimate of its norm and of the error in approximating by a finite difference 

ratio; and (2) the existence of a generalized second derivative in the sense 

of Schwartz together with a corresponding inequality. 
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§1. Introduction. Let F(t) be a continuous real, complex or Banach-valued 

function defined for small real t, let be the difference operator defined 

by Ah F(t) = F(t + h) - F(t), and let Ahk = be similarly defined by 

writing 

(1.1) A F(t) = F(t + h + k) - F(t + h) - F(t + k) + F(t) 
IT 

We write further A^ = -A^ A so that 

(1.2) A, F(t) = F(t + h) + F(t -h) - 2F(t) , 
h 

and A,, = A A, , so that hk h k 

(1.3) *hk F(t> = 

F(t+h+k) + F(t+h-k) + F(t-h+k) + F(t-h-k) 

-2F(t+h) - 2F(t+k) - 2F(t-h) -2F(t-k) + 4F(t) 

A pair of functions y>(u), 4<(u) defined for small u > 0 will be termed estimate 

functions of orders n, m if <p is non-negative and Borel measurable, 4< 

continuous and monotone increasing from the value iMO) = 0, provided they 

satisfy the following conditions: 

(1.4) For 0 < 0 < 1, we have <p(0u) > ( }ô)n <p(u), 4<(0u) > ( |0) kjj(u) , 

h 
(1.5) For small h > 0, we have f u </>(u) d^(u) < « 

0 
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For simplicity, we suppose in the sequel (1. 5) to hold for h = 1, so that 

<p, ij< are defined on the unit interval; further -ve confine ourselves to the 

orders n = m = 1 and n = m = 2 . Moreover F will be supposed defined 

for |t| < 3, so that symbols such as F(t + h + k) have a meaning for |t| , 

|h|, |k| all <1 . Finally K will denote an absolute constant, whose 

value may depend on the context. 

One of the consequences, drawn in [1], from an already much used 

algorithm, was that if, for all small t, h, k, F satisfies 

(1. 6) I Ahk F(t)| < <p(h) 

where <p, i|> are estimate functions of order 1, then, for all small h, the 

derivative F'(0) satisfies 

1 |h| 1 
(1.7) |F'(0) - h A F(0)| < K/ u ^(u)d4j(u) , 

0 

and, in particular, exists. In this note we consider two analogues of (1. 6), 

namely 

(1.8) (a) IA hk F(t)| < <p (h) ^ (k) , 

(1.8) (b) / ¡Ahk F(t)|2dt < <p*(h) 4;*(k) , 

* * where <p , are estimate functions of order 2 . In (1.8) (b) we can set 

iQc :$e 

h = k, ^ = i|> if we wish, the conclusions will be the same. We show that 

(1. 8) (a) implies 
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where F" denotes the Schwartz generalized second derivative 

F" (t) = limh^0 h‘2A* F(t) ; 

it is understood that the existence of this quantity is part of the assertion 

(1. 9) (a) . In (1.8)(b) F will be supposed periodic and real or complex¬ 

valued; we can drop the continuity assumption and suppose instead that F is 

square integrable in its period; our corresponding result is then 

^ 1 2 I ^ I ? + * 
(1. 9)(b) / IF1 (t) - h' A, F(t)| dt< K / <p (u)dÿ (u) , 

and in particular, for h = 1 , 

1 , 1 
(1. 9)(c) / |F'(t)|¿dt < K J u"2^*(u)d^(u) ; 

0 0 

these assertions similarly include the existence of F', but this time as a 

limit in L2 . 

52. Estimate functions of orders n, m . Let <p(u), iJj(u) be defined for 

0 < u < 1, and suppose <p non-negative and Borel measurable, continuous 

and monotone increasing from the value 4>(0) = 0; further suppose (1.4) 

satisfied. We denote by {h} a decreasing sequence h ^ (v = 1, 2, ... ) 

with limit 0, and we suppose its terms less than an initial number h = hQ < 1 

We write (for fixed n ) 
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' 3{h}= Z(\)'nWhv) «hv.i) , 

(2.1) ( Sh 

. S 

We say further that {h} is subject to condition C(l, m) if, for each v , 

the ratio h , A is an integer expressible as a power of 2, and to con- 
v-i v 

dition C(2, m) if 

24i(hv) 22m+1iMhv) • 

v= 

= f u'n <p(\ji) d4>(u) , 
0 

= S(l) . 

In accordance with (1.5), <p, 4> are estimate functions of orders n, m if and 

only if S < oo . The following lemma provides alternative forms of this 

condition: 

Lemma (2. 2). (i) The following conditions are all equivalent.: (a) 

S < oo ; (b) S{h| <oo for some (h); (c) S|hj<oo for some {h} subject 

to C(l, n) and C(2, n) . (ii) We have, for any {h}, 

(2.3) S(hQ)< 2nS{h} ; 

and moreover, for any 

(2.4) 

(2.5) 

{h} subject to C(l, m) and C(2, m) 

Whj) ^(hj) < 2n+2m*1S(h1) , 

n+4mt2s(hi) 
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I 

Proof: We write for short 

h i V -1 

sv~ f u-n Ç>(u) d^(u); s v = (hv)'n v(H>t) 4<(hv_1) 

By (1.4) for ç» , 

sv < 2n(hv)'n »(hv)[iKhil_1) - +(hv>] , 

2nsv+1> (\)'n »(hv)[+(hu) - • ' , 

rj * 
From the first of these relations we derive s < 2 s , and so (2. 3). From ! 

V — V I , » 
the second, by successively using the first and the second inequality of 

C(2, m) with V + 1 in place of v, and then the second inequality of C(2, m) 
! 

itself, we find that 

.n -n . -n 
2" V+1 > <>V'“ »(•'„I > <hv)_" »<V «hv) • 2'2m'1> s*v2‘4m'2 

Evidently (2.4) and (2. 5) follow from these relations. 

1 ‘ ! r. ■> 
To establish (i) it will now suffice to show that there exists an {h} 

subject to C(l, m) and C(2, m) . For this purpose, we attach to any 
! I 

h in 0 < h < 1 and h and an fi . Here fi is defined as the smallest 
I 

number of the form 112^(^ = 0,1,2,...) suchthat fi>h ; and h is 

defined so that 41(h) = 2^m+^ 4/(h*) . For definiteness we take h to be 

I * 
the smallest such number unless 4i(h) = 0, in v*-hich case we set h = h/2 

Then 
a * -2 m-1 

4»(h) > 4»(h ) = 2 1 4<(h) ; 

moreover h < 2h , and so by (1.4) for 4> we find that 

#1155 
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I 

A*m * m * 1 
4i(h) < (2h/h ) ^(h ) < 4 ) = 2 4,(h) 

'/s 

Here h * h, so that n * 0 . Hence by setting hQ = h, hj = h and generally 

h = h we define by induction a sequence {h} subject to C(l, m) and 
V v-1 

C(2, m) ., This completes the proof. 

§3. The algorithm for n = m = 2 . We shall base our algorithm on an ele¬ 

mentary consequence of the geometric series identity. Let z = e , N = 2M 

and 
t ^ I 

M-l 

so that 

P= Z <e1(m+*)h + e-i(m+')h> , 
: m=0 

p = z-'N-1,/2 (1 + z + ... + ZN-') = z-(N-1,/2 • (¾ ) . 

Then 

^ + e-iNh . 2 . nV* + e"ih - 2) = z-N * (ZN-1)2 - N^-^z-l)2 

= z'V-D'V2 -N2) = z'^z-l)2 (P - 2M)(P + 2M) 

'= (eih + e“ih - 2) (P - 2M) (P + 2M) 

If we multiply by e^ this shows that for the function F(t) = e we have 
it 

the identity 

o ^ * M-l ,. - 
(A(Nh) - N ih)'F(t) =Ah S' A[(m + i)h] Zo<F<t+<P+i>h> + nt-(p+J)h)+2F(t)} , 

I** 

M-l 

-6- 
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where 

or equivalently, after division by N h , 

,3.1, a*<N,h, = h-2M-2 U < ((m+i)hlHF(t+(,+ i»h)+F(«-(,+ i)h)+2P(t)), 
0 < m< M-l 
0< M-l 

a*(N,h) = (Nh)'2^*^ F(t) - h‘2A*F(t) 

The identity (j.l) is valid for an arbitrary continuous function F(t); for 

we need only establish it at t = 0, and we may suppose F(t) a Fourier 

polynomial on (-it, it), by passage to the limit, since this is a larger interval 

than that of the arguments of F that are present. By linearity in F we may 

ivt suppose F of the form eivt without loss of generality; for v = 0 there is 

nothing to prove, while the case v * 0 reduces by change of scale to v = 1 , 

and this has been treated above. 

From (3.1) we deduce, for an F subject to (1. 8) *3) 

a*(N, h) < <Hh) ill* (Nh)/h2 . 

As in [1], our algorithm first uses (j. 2) to xorm Schwartz second deriva 
* 

tives along certain sequences. We write for short F 

-2 
i 

V 

{h} 
for the limit of 

(h r2A* F(0) as h describes the sequence {h} and in particular Fh 
' y' h V 

for F*r / when h = h2'V . We shall see that these limits exist. We first 
{h > v 

take an {h} subject to C(l, 2) and C(2, 2) of the preceding section (with 

n = 2) . Setting h^ j = Nvhv, we have 

! 



ÉÉMIiHin 

. J 

CO 

-F{h}=-hñ f(») + E a <N„.V - 
/=1 

V' V 

so that, by (3.2) and Lemma (2.2), F then exists and satisfies 

(3.3) I (hQ)”2 A* F(0) - 212 Sihj) . 

■ff _ ^ 
We now consider the binary sequence h = h2 ^ ((i = 0, 1, ... ) with h = hQ 

* * , Choosing any h = h , we determine v so that h^ < h < h^ and we 

% 
set h = Nh . Then N is a power of 2, and excluding the trivial case 

v 

N = 1 we see that the expression 

(h*)'2 A** F(0) - (hv)'2 A* F(0) = a*(N,hv) 
h v 

is in norm at most (h^) <p (h^) ^ (Nh^), and thorefore at most 

<h )"2 <p+(h ) 4<*(h ,) . This last quantity tends to 0 as v -* oo . Thus 
v v v -1 

* 
for an arbitrary hQ = h in (0,1) there follows the existence of F^ and its 

* 
equality with F^j, so that (3. 3) implies 

(3.4) |h’2 Ah F(0) * Fh* - 212 S(h) * 

We next show that F* is independent of h . First consider the dif- 
n 

ference pf - F* where k is a rational multiple p/q of h . We write 
li iv 

h = q6, hv = q6y Then 

(h )‘2A* F(0) - (6 )'2A* F(0)=a*(q, 6 ) , 
vo vo v 

v v 
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where the right-hand side, by (3.2), (1.4) for and (2.4), is in norm at 

(6v)'* <M5V) < 4q2(6u)_2/(6v)^(6v) < 29q2S(6v) . 

By making v — <», we derive - F^ = 0; similarly F^ - F6 = °» an(^ 

therefore F* - F? = 0 . Finally, if in (3.4) we substitute for h a rational 
k h 

$ 
k tending to an irrational h, the number k = Fk must be independent of 

k,h and satisfy by continuity of F the inequality 

(3. 5) lh~2 F(0) - \| < 2^2 S(h) 

Making h- 0 we derive X = F"*(0), and (3. 5) then becomes (1.9)(a) . 

This establishes (1. 9) (a) with K = 2 

4. The L2 norm inequality for a derivative . We now write g for 

the continuous real or complex-valued function of period 1, which was de¬ 

noted by F in (1.8)(b); or more precisely, we can now drop for g the con- 

2 
tinuity assumption, and suppose instead that g « L . We begin by proving 

(1. 9)(c), which is now 

1 o ^ 2 ^ ^ 
J |g'(t)| dt<K/ u' <p (u)d4, (u) . 
0 0 

For this purpose we shall apply (1. 9)(a) to the function 

1 
F(t) = / g(t + u) g(u)du , 

0 

where g is the complex conjugate of g . On account of periodicity of g 

-9- 



,. J,... . 

U.. 

and g , we find easily that 

AhkF ■ /0 Ahk9<t + u) Ahk9(u)du - 

since, in any of the products of the form g(a+t + u) g(b + u), which appear 

when we write out the integrand in full, the range of integration can be taken, 

by periodicity, to be any interval of length 1 . By Schwarz's inequality, 

combined with the same periodicity argument, we have further 

1 1 

hk o 

j ^ 2* 
I/ A g(t + u) Ahk g(u)du| < / lAhk g(u)l du , 

so that 

F(t)l - / *Ahk g(u)|2du- * (h) ^ (k) 

i. e. F is subject to (1.8)(a). 

On the other hand, our periodicity argument allows us to write u for 

u + h in the second and fourth terms of the expression 

g(u) g(u) + g(u + h)g(u + h) - g(u + h)g(u) - g(u) g(u + h) 

when we integrate this form 0 to 1 . Hence, dividing by h , we find that 

(4.3) J h"2|g(u+h) - g(u)|2du =» -Ah F(0)/h 

Hence (1. 9)(a) shows that the left-hand side differs from its limit as h -► 0 

S*(h) = / u-2 «/(u)dil; (u) ; 
0 

#1155 



by taking h * 1 we obtain (4.1), provided we can identify g’(u) with the 

L2 limit of 9(u) • 

This final identification and the proof of (1. 9)(b), i. e. of 

(4.4) / |[g(u + h) - g(u)]A - g'(u)|2du< KS*(h) , 
0 

A 

we shall obtain by considering in place of g the function g given by 

l a b f du / dv{g(t + u)-g(t+v)} 
ab 0 0 

where 0 < b < a < 1 . We write also 

î(u) = «Mu) (u<a), î(u) = »Ma) (a < u) , 

so that 

1 
J u"2 ?» ""(ujdiijiu) = S*(a) 
0 

Arguing as in (4.2), we estimate the quantity 

U g(t)|2dt = / dtl^/ duj 
o 0 0 0 

it cannot exceed the mean value 

<*•*> / Uhkg(t)l2dt = / dtl^/ du/ dvAh>kjU_vg(t + v)|2 ; 

1 a b 
J- f du f dv 
ab 0 0 

of the expression 

/ |Ah>k(u.v9(, + v)|2dt 

#1155 -11- 



by Schwarz's inequality, and this is less than or equal to both 

J* |2Ahk g(t)|2dt and / |2 u_y g(t)|2dt , 

and therefore to both 4?> (h) (k) and 4<p (h) ^(8) • 

Consequently (4. 5) is at most 4<p (h) 30 that g satisfies an integrated 
A 

square double difference inequality similar to (1.8)(b) but with 4vj> in place 

of *Jj* . Since g has a continuous derivative, and therefore a derivative 

in the sense of a limit in L2, (4.1) applies to it, and we find 

(4.6) j* |g'(t)|2dt = / la'1 Aa g - b'1 Afa g|2dt < KS(a) . 

0 0 

2 
By making a, b - 0 (where 0 < b < a) we see that g has in the L sense 

2 2 
a derivative in L : strictly this is a right-hand derivative, the L limit of 

h^A^g as h-* +0, however the left-hand derivative is seen at once to 

coincide with it, since we have, if U II denotes the L norm, 

IIh'1 Ahg - (-h)'1 A hg|2 = Hh'1^ + A h)gII2 = Ilh'V g|| < h'2 **(h) (h) , 

which is at most 2? S*(h) by (2.4). This proves (4.1), and we then obtain 

(4.4) from (4. 6) by making b — 0 and setting h = a . 

5. Remarks. (a) The argument leading to (4. 2) shows similarly that 

\hF = /1(Ahh9(,+u),\ki<u)du - 

11 * * 
J |Ahk g(u)|2du = f Ahhg(u) Akkg(u)du < l|Ahhgll • llAkkgl| = llAhgl| •llAkg|| . 

-12- 
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* * 
Thus we only need (1. 8)(b) with h = k, provided that we set ¢) = ^ . In 

that case the integral whose convergence is required becomes 

h 3 * 

(5.1) / u' ? (u) (u)du , 
0 

j(t 

For # 4> this is a stronger condition than the convergence of 

^ ^ 2 * ^ 
S (h) = J u' <p (u)d4/ (u) . 

0 

In this symmetrical case h = k, ? = 4* (l‘8)(b), Marcinkiewlcz and 

Zygmund [2] and Stein and Zygmund [3] have studied pointwise differentia¬ 

bility almost everywhere of F . 

(b) Our proofs make clear that the inequalities (1.8)(a) and (1.8)(b) 

are needed only for 0 < h < k < Nh, where N is an even integer depending 

on h such that, with m = 2 , 

2m 4Í 
(5.2) 24<(h) < 4j(Nh) < 2 4»(h) • 

This corresponds to the second condition C(2, m) in Section 2. For instance 

if 4>(h) = ha we can take for N a constant even integer such that 

2*/° < N < 25^a . Here 0<a<2 is of course required by monotonicity 

of 4< and by (1.4) for 4, with m = 2, since that inequality, where 0 is 

a 1 2 
arbitrary in 0 < 0 < 1 would require, for an or > 2, 0 > J 0 e- 

0 > 2-2/(a-2), contrary to hypothesis. On the other hand, if 4^ tends to 

0 more slowly than any power, N may vary with h and tend to infinity. 
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